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EXHAUSTION FUNCTIONS AND
COHOMOLOGY VANISHING THEOREMS
FOR OPEN ORBITS ON COMPLEX FLAG MANIFOLDS

JOSEPH A. WOLF

AsstracT. Let Gp be a real semisimple Lie group, let R be a parabolic
subgroup of the complexification GG of Gg, let D be an open Ggp-orbit in
the complex flag manifold X = G/R, and let Y be a maximal compact
linear subvariety of D. First, an explicit parabolic subgroup Q C R C G is
constructed so that the open Go-orbits on W = G/Q are measurable and
one such orbit D = Go(w) C W maps onto D with affine fibre. Second, it
is shown that D is (s + 1)-complete in the sense of Andreotti and Grauert,
s = dim, Y; thus cohomologies H?(D; F) = 0 for ¢ > s whenever F — D
is a coherent analytic sheaf. This was known [7] for the case of measurable
open orbits, and the proof uses that result on D. Third, it is shown that
the space Mp of compact linear subvarieties of D is a Stein manifold. For
that, a strictly plurisubharmonic exhaustion function is constructed as in
the argument [9] for the case of measurable open orbits.

1. Background and statement of results

Let Gy be a connected reductive real Lie group, gq its real Lie algebra,
and g = go®rC the complexification. As usual, Int(g) denotes the complex
connected semisimple Lie group of all inner automorphisms of g, consisting
of the Ad(g) as g runs over any connected Lie group G with Lie algebra g.
Given

(1.1) v parabolic subalgebra of g
we have the complex flag manifold
(1.2) X=G/R: all Int(g)-conjugates of ¢

where R is the parabolic subgroup of GG that is the analytic subgroup for t.
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G acts on X through its adjoint action on g. Since we will only be
interested in the G-orbits and their structure, we may, and do, assume
that

(1.3) G is connected, simply connected and semisimple, and Gy C G .

The Go-orbit structure of X is well understood [8]. There are only
finitely many orbits; in particular, there are open orbits. If x € X let t,
be the corresponding parabolic subalgebra of g; that is, if = gR then
t, = Ad(g)r. Let £ — ¢ denote complex conjugation of g over go. Then
t; NT, contains a Cartan subalgebra of g of the form h = hy Qg C where hg
is a Cartan subalgebra of gg. Let A = A(g, h) denote the root system. Fix

(1.4a) At = AT (g,b) : positive root system
such that the corresponding! Borel subalgebra,

(1.4b) b=0bh+ Z g_q is contained in v,.

acAt

Then there is a unique set ® of simple roots such that

(1.5a) =t +;", t=h+ Z o, T, = Z g-p
aEedr Bed™

where

®" consists of all roots that are linear combinations from ® ,

1.5b
( ) ®"™ consists of all positive roots that are not contained in ®".

Here ;" is the nilradical of t, and t, is a reductive complement. Given b
and A% (g, h), every parabolic subalgebra of g is Int(g)-conjugate to one of
the form (1.5), for a unique set ® of simple roots.

In the context of (1.4), one knows [8, Theorem 4.5] that

(1.6) Go(x) is open in X if and only if

we can choose h and AT such that A+ = —AT.

LOur parabolic subalgebras, which include Borel subalgebras, have nilradicals that
are sums of negative root spaces. This is so that holomorphic tangent spaces will be
spanned by positive root spaces, so that in turn, positive linear functionals will corre-
spond to positive vector bundles.
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Here note that A+ = —A* implies that b, contains a regular elliptic ele-
ment, so that by is a fundamental (as compact as possible) Cartan subal-
gebra of go. Fix

D = Gy(x) C X : open real group orbit on X,
(1.7) h, A" : Cartan subalgebra and positive root system, and

Ky : maximal compact subgroup of Gy

such that €y N h is a Cartan subalgebra of 5. Here £, and ¢ = ¢y ® C are
the real and complexified Lie algebras of K. The isotropy subgroup of Gg
at x is Go N R, , which has Lie algebra go Nt, . Now

(1.8) D = Gy/(GoNR,) and GyNR, has complexified Lie algebra t,Nt,.

Most of the work on open orbits has been done in the case [8, §6] of a
measurable open orbits—the case where D carries a Gg-invariant measure.
If D is measurable then, in fact, the measure is induced by the volume
form of a Gp-invariant indefinite-kdhler metric. The following conditions
are equivalent, and D is measurable if and only if they hold [8, Theorem
6.3].

Go N R, is the centralizer of a torus subgroup of Ko N R,

t, N7, is reductive,

(19) Ty qut;,

W T n __
vy =1t " where vy =3 5 50 05

In general, D = Gy(z) is open in X if and only if t? C t,, which is implied
by the last of the conditions (1.9). For t} represents the holomorphic
tangent space to X at x, thus to D at = in the case of an open orbit, so in
that case t? represents the antiholomorphic tangent space.

The conditions (1.9) are automatic if K contains a Cartan subgroup of
G, that is, if rank K = rank G, in particular if Gy N R, is compact. They
are also automatic if R is a Borel subgroup of G. More generally, they are
equivalent [8, Theorem 6.7] to the condition that T be Int(g)-conjugate to
the parabolic subalgebra

(1.10) t7 =1t" 4+ " where t" = Zﬁeq)n 93

of g that is called the opposite of .

Compare (1.10) with (1.5): v and v~ have the same reductive part, but
their nilradicals are “opposite” so that g is the vector space direct sum of
", v~ " and t".
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Whether D is measurable or not, € N t, is a parabolic subalgebra of &,
for A" consists of all roots whose value on some element £ € £ N b has
positive imaginary part. It follows that

1.11
( ) is a complex submanifold of D.

Furthermore, Y is not contained in any compact complex submanifold of
D of greater dimension. So Y is a maximal compact subvariety of D. We
will refer to

(1.12) Mp ={gY | g€ G and gY C D}

as the linear cycle space or the space of maximal compact linear subvarieties
of D. Since Y is compact and D is open in X, Mp is open in

(1.13a) Mx ={g9Y |ge G} 2G/L
where
(1.13b) L={ge€G|gY =Y}, closed complex subgroup of G.

Thus Mp has the natural structure of a complex manifold. The point of
this paper is to prove

1.14. Theorem. Let D = Gy(x) C X, open orbit on the complex flag
X =G/R. LetY = Ky(x), maximal compact subvariety, as above. Denote
n = dim¢ D and s = dimc Y. Then D is (s + 1)-complete in the sense
of Andreotti and Grauert [1]: there is an exhaustion function ¢ : D — R
whose Levi form L(¢) = /—100¢ has at least n — s eigenvalues > 0. In
particular, if F — D is a coherent analytic sheaf and q > s then the sheaf
cohomology H1(D; F) = 0.

Schmid and I proved this theorem some years ago [7] for measurable
open orbits.

1.15. Theorem. Let D be an open G-orbit on a complex flag manifold
X = G/R. Then the linear cycle space Mp is a Stein manifold.

I proved this a couple of years ago [9] in the case where the open orbit
D is measurable.
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2. The overlying measurable orbit

In this section we show that an arbitrary open orbit D = Go(x) C X
is the base of a canonical holomorphic fibration mp : D — D where D is
a measurable open Gy-orbit in a certain flag manifold W that lies over X.
We then take a close look at that fibration and its relation to the maximal
compact linear subvarieties.

Fix the open orbit D = Gy(z) C X = G/R and consider the parabolic
subalgebra t= = t" 4+ t" C g opposite to t, =t =1t" +t7". Denote

(2.1a) g=tNt— .

As D is open, so t—" Nt=" = 0, q is the sum of a nilpotent ideal q~" and
a reductive subalgebra q" given by
(2.1b)

q =t Nt and

g =" N+ "N+ (T Ne) = (" Nen) 4

2.2. Lemma. q is a parabolic subalgebra of g, and g Nq =" Nt", which
is reductive.

Proof. By construction q is the sum of the parabolic subalgebra (r" Nt") +
(t" Nt™) of " with the nilradical =" of v. The assertion follows. [

Let @ denote the parabolic subgroup of G corresponding to q C g and
let W denote the corresponding flag manifold G/Q. Our choice of R was
such that v = v, where x € X and D = Gy(z) is the open orbit under

study. Let’s check that we have implicitly made the corresponding choice
on W.

2.3. Lemma. Define w € W by q = qu, . Then D = Go(w) is a measur-
able open Gg-orbit on W, and gw — gx defines a surjective holomorphic
projection Tp : D — D. Finally, the following are equivalent: (i) D is
measurable, (i) D = D, (iii) 7p is one to one, and (iv) Q = R.

Proof. To see that g N{q is reductive we compute

gNg= (Nt )NENt ) =Nt )NENt )=t Nt =q".

Now Go(w) = D is a measurable open orbit. As Q C R we have the natural
projection of W onto X:

mx : W — X by mx(guw) = gz,
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in other words

mx : G/Q — G/R by mx(9Q) = gR.

It is holomorphic, and 7p is the restriction of mx to the open orbit 5, thus
also holomorphic. Further, wp is surjective by construction. Finally, the
equivalence statement is immediate. [

2.4. Lemma. Let u = (*" Nt=") + (™™ N¥7), nilradical of t N, and
let U be the corresponding complex analytic subgroup of G. Then U is
unipotent, ug = go Nu is a real form of u, Uy = Go NU is a real form
of U, U(w) = Up(w), and 7p : D — D is a holomorphic fibre bundle
with structure group U and affine fibres 75" (gz) = gUo(w). If g € Go
then the holomorphic tangent space to gUp(w) at g(w) is represented by

Ad (g)(t Nt=") and the antiholomorphic tangent space is represented by
Ad (g)(xtnm).

Proof. Here U is the nilradical of RN R so Uy = Go N U is the nilradical
of the isotropy subgroup Gy N R and is a real form of U. Note u = v + v
where v = " Nt=" = uNq”, and where ® = uNgq~". Both are subalgebras;
v represents the holomorphic tangent space of Uy(w) at w and b represents
the antiholomorphic tangent space. Note [v, 0] = 0.

Now U(w) = V(w) = Uy(w) is the fibre over z of 7p : D — D, and
Gy N R is the semidirect product of its unipotent radical Uy and a Levy
complement Go N Q. Thus 7p : D — D satisfies 5 (g (Go N R)) =
gUp - (Go N Q); in terms of the complex groups this is the same as gV - Q.
Now we can express mp as quotient of Go/(Go N Q) by the action of Uy on
the right. Thus, the surjective holomorphic map 7wp is the projection of a
principle Uy-bundle. The assertions follow. [

2.5. Lemma. Denote Y = Ko(w). Then Y = K(w), Y is a mazimal
compact complex subvariety of D, and wply is a biholomorphic diffeomor-
phism of Y onto Y.

Proof. The first two assertions are the analog of (1.11) for D. As mp(kw) =

kx it is clear that 7p(Y) = Y. The restriction 7ply is nonsingular by

homogeneity, and is injective because the compact affine subvariety Y N
Up(w) must be reduced to a point. The third assertion follows. O

2.6. Lemma. Let M}, denote the linear cycle space of 15, as in (1.12).
Then mp induces a finite covering 7p : My — My, where Mp, is an open
subset of Mp .

Proof. Let g € G. Then g)N/ € My, if and only if gKoQ C GoQ. Similarly
gY € Mp if and only if gKoR C GoR. Note that gkoQ C GoQ implies
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gkoR = gkoQR C GoQR = GyR. Thus g? € M, implies gY € Mp . Now
7p induces a map of 7p : M, — Mp.

Let M}, denote the image of 7p. Let L and L denote the respective
G-stabilizers of Y and Y. Then [9, (1.4)] shows that L is a subgroup of
finite index in L, so 7p is the restriction to an open set of the finite cover
G/L — G/L. Now M}, is open in Mp, and 7 p restricts on each topological
component of 75" (M},) to a covering of M}, . [

3. Pushing down the exhaustion function

Recall the result of [7], which applies to measurable open orbits. It says
that the measurable open orbit D = Go(w) C W carries a real analytic
exhaustion function 5, constructed as follows.

Let Q@ = @, be given by a set I' of simple roots relative to a Cartan
subalgebra hy C go N q and a positive root system such that AT = —A*,
in the way that R = R, is described in (1.5) by the set ®. Here I" C ®.

Let A = 2pg/qr, sum of the roots in I'". The corresponding holomorphic
line bundles over D and W are the duals KE — D and Ky, — W of the

canonical line bundles. As e* : Hy — C* is unitary we have

(3.1a) ho :  Go-invariant hermitian metric on K7 — D,
and K — D has curvature form

(3.1b) wo = 21/ —1dg\ = —00 log hy

where dj refers to Lie algebra cohomology of gg. The maximal compact
subgroup Koy C G is the fixed point set of a Cartan involution € of Gy. Here
we may assume that 0(Hy) = Hy. On the Lie algebra level, g = €5 + po
where pg is the (—1)-eigenspace of df, and g, = €y + v/—1pg is the Lie
algebra of a compact real form G, of G. e* remains a well defined unitary
character on the Cartan subgroup H, of G, with Lie algebra b, = (ho N
o) ++v/—1(ho Npo). Thus we have

(3.2a) hy @ Gy-invariant hermitian metric on Ky, — W,
and Kj;, — W has curvature form
(3.2b) Wy = 21/ —1dy A = —90log h,.

If ¢ and n are holomorphic tangent vectors to W at w, say

(3.3a) €= Z éa€q" and n = Z No € 4" where &, 10 € g ,

acl'n acl'n
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then
V=109logho(&,m) =7 > (A a){é.75) and
(3.3b) et B
V=100loghu(&m) =7 D (A ), 8)

a,Bel'n

where 75 refers to complex conjugation of g over gy and 75 refers to con-
jugation over g,. Here A = —X and I'" = —I'" = I'*. The parabolic
subalgebra q is f-stable, in particular g™ = q™, so 4" = (4" N€) + (4" Np).

The hermitian form /—19d1loghg is negative definite on g™ N € and
positive definite on g™ Np, while /=109 log h,, is negative definite on all of
g". More precisely,

(3.42)  V=100logho(&,n) = V=100 log hu(&,m) (&,m € q" NET =T),

(3.4b) V/=100logho(&,1) = V—10dlog hu(&,n) (£, € 4" Np,7j = —7),
and
(3.4c) /—100logho(q™ NE,q" Np) = 0= +/—190log h,(q" NE,q" Np).

This last uses the hermitian property of /=190 log hg and of v/—190 log h,, .
We now recall the argument of ([6], [7]) for

3.5. Lemma. Define ¢: D — R by ¢ = log(ho/hy). Then its Levi form

(3.6) L(3) = V1094 = /—188log ho — v/—18310g hs,

is positive semi-definite with at least n — § eigenvalues > 0, where n =
dime D and § = dim¢e Y. On the holomorphic tangent space to D at w it
is positive semi-definite, zero on t" NE and positive definite on ™ Np. More
generally, if g € Gy then 5(5) is positive definite along the subspace of the
holomorphic tangent space that corresponds to Ad(g)(x™ Np).

Proof. The assertions at w are the content of (3.4). The holomorphic tan-
gent space to D at g(w) is represented by Ad(g)t™ for any element g € G
of the complex group such that g(w) € D. Now let z € D, say with
go(w) = z = gu(w) where go € Gy and g, € G,,. Let £ and 71 belong to the
holomorphic tangent space of D at z and represent

Ad(go)éo = & = Ad(gu)&u and Ad(go)no =n = Ad(gu)nu
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where &g, £y, M0, N € t" . Then the invariance properties of hy and h, say
that

V—1001log ho(€,m) = v—10010g ho(&,m0) and
V—=1881log hy(&,n) = V—=10910g by (Eu, 1)

Now /—1001og hg is positive-definite on the 72 — §-dimensional subspace
Ad(go)(q™ Np) of the holomorphic tangent space Ad(go)q™ at z, transver-
sal to the homomorphic tangent space Ad(go)(q™ N¢) to goY at z, and
vV/—1001og h,, is negative-definite on the entire holomorphic tangent space

at z. So the difference, which is £(¢), is at least positive definite on that
transversal. [

The next step is to push 5 down to a smooth exhaustion function on D.

3.7. Lemma. If g € Gy then /—1001log holguy(w) = 0.

Proof. The holomorphic tangent space uN g™ = t" Nt~ to Up(w) at w has
basis given by elements &, € g, as a runs over I = ®" N —®", Let o, 8 €
. If@ € g_o then a € ®7N®™, s0 then o € P"N—d*NO"NO" C ["NI™",
which is empty. Now use (3.3b) to see v/—199log ho(a,&5) = 0. Take
linear combinations to conclude that /=190 log holu, (w) is identically zero
at w. As v/—100log hg is Go-invariant, v/—190 log holguy(w) is identically
zero at gw, for every g € Gg. That proves our assertion. [J

3.8. Lemma. If g € Gg then L(9)|qu,(w) i5 positive definite.

This shows in particular that the fibres gUy(w) of 7p : D — D are Stein
manifolds. We already know that, because we knew, from unipotence of U,
that those fibres are affine varieties.

Proof. Lemma 3.7 gives that /—190 log h| gUo(w) 18 identically zero. Since
vV/—1001og h,, is negative definite, so is v/—100log hu|guy(w)- Hence, the

difference L(9)|qv,(w) = V=100 log holguo(w) — V=100 log h,, is positive
definite. [

3.9. Proposition. If g € Gy then 5|9U0(w) has a unique minimum point
m(g), so the function ¢ : D — R given by

(3.10) (9(x)) = (m(g)) = min{o(w') | w' € 75 (g(x))}
s well defined. Also, ¢ is a real analytic exhaustion function on D.

Proof. Let g € Go. If ¢ > 0 then D, = {w' € D | $(w') < ¢} is compact
because ¢ is an exhaustion function. Thus D N gUy(w) is compact. In
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particular %]QUO(U,) has an absolute minimum. Let w; # wsy be relative
minima of $\gUo(w). Choose a smooth curve s in gUp(w) from w; to wy,
say s(0) = wy and s(1) = we, with s'(t) # 0 for 0 < ¢t < 1. Set f(t) =
do(s'(t)) = %a(s(t)). Then f has a relative maximum at some ¢, between 0
and 1. Here we use wy # wo . But Lemma 3.8 says f”(t) > 0 for 0 < ¢ < 1.
Thus w1 = wy . We have proved that qNSQUO(w) has a unique minimum point
m(g) € gUp(w).

Now ¢ : D — R is well defined as in (3.10). By construction, mp(D,) =
D., so D, is compact, for every real number ¢ > 0. Thus ¢ : D — R is an
exhaustion function. It remains to show that ¢ is C“.

Let M = {m(g) | g € Go}, the minimum locus just described. Define
Y Gy x Uy — R by ¢(g,u) = g(gu(w)) Then M is the image under 1
of the C* subvariety of Gy x Uy defined by d,, ) = 0. Thus M is a C*¥
subvariety of D. As ¢ - Tolm = $|M now ¢ is C¥. 0O

8.11. Remark. The first part of the argument of Proposition 3.9 shows
that m(g) is the unique critical point of 5\ gUs(w) - The second part of the
argument shows that the minimum locus M = {m(g) | g € Go} is a C¥
subvariety of D.

4. The Levi form of the exhaustion function

Define ¢ = ¢ 7p, s0 ¢ : D — R by ¢(g(w)) = d(m(g)) = ¢(m(g(w)).
Then the holomorphic tangent spaces of the fibres of mp are in the kernel
of the Levi form £(¢), and if g € Gy then £(()4(w) has the same number
of positive eigenvalues as L(¢) This will allow us to calculate that
number.

We start with a simple remark from linear algebra, whose proof is in-
cluded only because several people have questioned this point.

g(z) -

4.1. Lemma. Let E be a finite dimensional vector space over a real di-
vision algebra F = R, C or H. Let (-,-) be an hermitian form on E, say
with “signature” (p,q,z), that is, with p signs +, q signs —, and z signs
0. Let E™ be a positive definite subspace, m = dimg ET, and let E' be a
complementary subspace of E. Suppose that (-,-) has signature (p',q’,z")
on E'. Thenp = p—m.

Proof. We can divide out the kernel of (-, -) and assume z = 0. Let ET be
a positive definite subspace of E of dimension p —m and orthogonal to £,
so ET @ ETT is positive definite and its orthocomplement F is negative
definite. If {e1,...,en}, {€m+1,...,€p} and {f1,..., fy} are respective
orthonormal bases of B+, ET+ and F, then E’ has a basis of the form
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{€ls ey ms fiy -5 fo} with €] = e +u; and f] = f; + v; where
Ui, V; € Et.

Case 1. ETT = 0. Then m = p and the assertion reduces to p’ = 0.

Case 2. ET =0. Then m = 0 and p’ = p, so the assertion reduces to p = p.
Case 3. ETT £ 0 # ET. Making an orthonormal changes of basis in £ we
may assume that u; is a (possibly zero) multiple of e , say €] = e,,,+1+ae; .
Look in {e1, €,,41}+, with E* replaced by Span {ea, ..., e}, ETT replaced
by Span {em2,...,¢ep}, and F replaced by Span {e3, ..., e, i f1,-- -, fo}s
where e = e,,4; + v} and v} is the orthogonal projection of the element
u; € Span{eq,...,e,} onto Span{es, ..., e, }. By induction on n we have
p-12(p-2—(m—-1),s0p' Z2p-—m. O

Denote complex dimensions of our spaces by
(4.2) n=dimcD, f=dimecD, s=dimcY , §=dimcY

where Y = Ky(z) € D and Y = Ky(w) C D are the maximal compact
subvarieties. Lemma 2.5 implies s = s.

4.3. Lemma. Recall the minimum locus M C D of Proposition 3.9 and
Remark 3.11. Let m € M and let TS’O)(M) denote the part of the holo-

morphic tangent space to D tangent to M at m. Then E((E) has

bt (ary
at least n — s eigenvalues > 0.

Proof. Proposition 3.5 says that £(¢) has at least 1 — § eigenvalues > 0 at
m, and dimc 75 7p(m) = 7 — n. Lemma 4.1 now says that E(¢)|T(1,o)(M)
has at least n — § = n — s eigenvalues > 0. [J

4.4. Lemma. Let ( = ¢-mp as defined at the start of §4. Then L(C) has
at least n — s eigenvalues > 0 at every point of D.

Proof. If m € M then E(()]T(l,O)(M) = L'(qﬁ)\T(l,O)(M), by construction of
(. The assertion now follows from Lemma 4.3. [

Proof of Theorem 1.14. As was described earlier, the holomorphic tan-
gent spaces of the 75" (g(x)) are in the kernel of £(¢), so L(¢)g(x) has the
same number of positive eigenvalues as £(()4(w). Lemma 4.4 says that this
number is = n — s. Combining this with Proposition 3.9, we see that ¢
is a real analytic exhaustion function on D whose Levi form has at least
n — s eigenvalues > 0 at every point. This completes the proof of Theorem
1.14. O
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5. The Stein property for Mp

Proof of Theorem 1.15. Theorem 1.15 is known [9] when D is measurable,
so we assume that it is not measurable. The considerations of [9, §1] make
no use of measurability. If My is a projective algebraic variety, then G/ K
is an hermitian symmetric space, Gy has a compact Cartan subgroup, and
D is measurable. Thus [9, Corollary 1.5] Mx is an affine algebraic variety.
We have set things up so that the argument of [9, §3|, for D measurable
and Mx affine, goes through: push ¢ : D — R™ down to ¢ps : Mp — RT
by ¢ar(9Y) = sup,cy ¢(g9(y)); then ¢y is a C“ plurisubharmonic function
on Mp that blows up on the boundary of Mp in Mx . Choose a C* strictly
plurisubharmonic exhaustion function N on the affine variety Mx . Then
om + Ny, is a C¥ strictly plurisubharmonic exhaustion function Mp , so
Mp is Stein. O

This argument relies on a certain amount of Lie structure theory. D.
Barlet pointed out that it could also follow from the general result that the
space Cs(Z) of compact complex analytic cycles of pure dimension s, in an
(s + 1)-complete complex analytic space Z of finite dimension, is a Stein
variety. For that result see [4], which extends results from [2], [3] and [5].
Now observe that Mp = Mx NCy(D). If one proves that this intersection
is a closed subvariety of the Stein variety Cs(D), then the restriction to
Mp of a strictly plurisubharmonic exhaustion function on Cs(D) will be a
strictly plurisubharmonic exhaustion function on Mp , giving an alternate
proof that Mp is Stein.
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