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§ 1. Introduction

In this paper we relate two constructions of representations of semisimple Lie
groups — constructions that appear quite different at first glance.

Homogeneous vector bundles are one source of representations: if a real
semisimple Lie group G, acts on a vector bundle E - M over a quotient space
M=Gy/H,, then G, acts also on the space of sections C*(M, E), and on any
subspace Vo C®(M, E) defined by a Gy-invariant system of differential equa-
tions. Ordinary induction, so-called cohomological induction and the construc-
tion of representations by “quantization” all fit into the framework of homoge-
neous vector bundles.

For any complex semisimple Lie algebra g, there is an equivalence of catego-
ries, due to Beilinson-Bernstein [1], between g-modules on the one hand, and
sheaves of Z-modules over the flag variety X of g on the other. In the context
of real semisimple Lie groups this equivalence of categories associates infinitesi-
mal representations to orbits in the flag variety of the complexified Lie algebra
— orbits not of the group G, itself, but of the complexification of maximal
compact subgroup K, < G,.

We shall show that these Beilinson-Bernstein modules are naturally dual
to modules attached to certain homogeneous vector bundles. In the special
case of a compact group, both the Beilinson-Bernstein construction and the
construction via homogeneous vector bundles reduce to the Borel-Weil-Bott
theorem; our duality theorem is then a particular instance of Serre duality.
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To be more precise, we fix a connected semisimple Lie group G, with finite
center, and a maximal compact subgroup K,=G,. We write g and ¥ for the
complexified Lie algebras of G, and K. By definition, a Harish-Chandra module
V is a module over the universal enveloping algebra % (g), equipped with an
action of K, such that

a) Vis finitely generated over %(g);

b) K, acts locally finitely and continuously (i.e., V is the union of finite

dimensional K y-invariant subspaces in which K, acts continuously);

¢) the actions of K, and g are compatible (i.e., I = g operates by the differen-

tial of the K-action).
Harish-Chandra modules arise as infinitesimal representations corresponding
to global representations of G.

For the purposes of this introduction, we suppose G, is linear, to ensure
that its Cartan subgroups are abelian. The datum of a Cartan subgroup H,< G,
and a character y of H, determines a homogeneous line bundle E — G,/H,,
whose fibre at the identity coset is the representation space of y. In the terminolo-
gy of geometric quantization, the choice of a Borel subalgebra b<g with b}
(=complexified Lie algebra of H,) puts a G,-invariant polarization on the sym-
plectic manifold Go/H,. The sections of E which are annihilated by the polariza-
tion constitute a sheaf Oy(E). At one extreme, in the case of a real polarization,
0Oy(E) consists of all sections that drop to Go/B,, the quotient of G, by the
largest subgroup with complexified Lie algebra b. At the opposite extreme, if
bnb=h, Go/H, carries an invariant complex structure, E — Go/H,, is a homoge-
neous holomorphic line bundle, and Oy(E) the sheaf of holomorphic sections.
In all cases G, acts on the sheaf @, (E), and thus also on its cohomology groups.

For technical reasons, it is simpler to work not directly with the global
representation of G, on the cohomology groups, but rather with certain analo-
gously defined Harish-Chandra modules. The idea is due to Zuckerman (see
[22]); translated back into geometric terms, it can be explained as follows.
The cohomology of Oy (E) is computed by a complex of E-valued differential
forms. Conjugating H, if necessary, we may suppose that K, H, is maximal
compact in Hy. Both g and K act on the complex of K ,-finite, E-valued forms
on a formal neighborhood of K ,/(K,n Hy) in Go/H, — in other words, differential
forms with coefficients which are formal power series in directions normal to
K/(Kon Hg), but smooth along Ko/(K,n Hy) itself. The cohomology groups
of this formal complex, equipped with the induced actions of g and K, are
Harish-Chandra modules, the standard Zuckerman modules corresponding to
the homogeneous line bundle E — Gy/H, and the polarization b. These are the
modules that appear on one side of our duality theorem.

The assignment (G,/H,, b) — orbit through b sets up a bijection between
pairs (Go/H,, b) as above, modulo isomorphism, and G,-orbits in the flag variety
X of g. The bijection extends to homogeneous line bundles: the G,-stabilizer
of beX contains H, as Levi component, so the character of H, that defines
E can be continued uniquely to the stabilizer. In this manner the standard
Zuckerman modules are parametrized by triples (S, E, g), consisting of a G4-orbit
Sc X, a Gy-homogeneous line bundle E— S, and an integer g (the degree of
the cohomology). .
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The complexification K of K, acts on X via the adjoint homomorphism.
A K-orbit Q = X will be said to be dual to a G,-orbit S = X if K, acts transitively
on the intersection @~ S; according to [17], this notion of duality pairs the
two types of orbits in a bijective, order-reversing fashion. Each G,-homogeneous
line bundle E over a Ggorbit S is carried along by the duality: there exists
a unique K-homogeneous algebraic line bundle F over the dual orbit Q, such
that E and F coincide as Ky-homogeneous line bundles over the intersection
OnS. In addition to F, the line bundle E (equivalently, the character of H,
that defines E) determines a g-equivariant twisted sheaf of differential operators’
2 on the flag variety X, whose restriction to Q operates on sections of F.
The additional datum of the sheaf 2 makes the correspondence E — (F, &) bijec-
tive.

For the moment, we consider a particular K-orbit Q c X, a K-homogeneous
algebraic line bundle F— Q, and a g-equivariant twisted sheaf of differential
operators & on X which, when restricted to @, acts on sections of F. Then
0y(F) can be pushed forward to a sheaf of #-modules j,0y(F) on X, the &-
module direct image with respect to the inclusion j: Q — X. Both g and K,
act on j,0y(F), and hence also on the cohomology groups HY(X, j,Oy(F)).
These cohomology groups are Harish-Chandra modules, the Beilinson-Bernstein
modules corresponding to the data (Q, F, 2, g).

The duality theorem is now easily stated: if S and Q are dual orbits, and
if the duality relates E to (F, &), the Beilinson-Bernstein module HY(X, j. Oy (F))
is canonically dual, in the category of Harish-Chandra modules, to the standard
Zuckerman module in degree s—g, corresponding to the bundle E*® Q4 — S;
here s=dimg (Q N §)—dim¢ Q depends on the orbit Q, 2, denotes the canonical
bundle of X, and E* the dual of E.

The example of Go=SL(2, R), K;=S0(2) may help to clarify the theorem
and its setting, In this case X=P'=Cu{}. Up to conjugacy, G, contains
two Cartan subgroups, namely K, and the diagonal subgroup D,. The choice
of an invariant polarization for G,/K, amounts to an identification with the
Go-orbit in Cu {co} through one of the fixed points of K, : either Go/Ko= G- i
= U =upper half plane, or Go/Ky= G, -(—i)= U =lower half plane. The homoge-
neous holomorphic line bundles E, — U =Gy/K, are parametrized by neZ=
character group of K,. Since K,-i={i}, the Zuckerman modules for (U, E,)
are computed by the complex of K,-finite germs of E,-valued (0, p)-forms at
i, with coefficients in the ring of formal power series. The polynomial Dolbeault
lemma shows that this complex is acyclic. In degree zero its cohomology reduces
to the space of K-finite, holomorphic formal germs (i.e., with formal power
series coefficients) of sections of E, around i; both K, and g operate on such
germs by translation. The same discussion applies to the other polarization
of Go/K,.

Two Borel subgroups of G, contain the R-split Cartan subgroup D,, but
they are conjugate and thus correspond to the same Ggy-orbit in the flag variety:
Rou{o0}=Gy-0=Gy/By, with By=lower triangular subgroup. Since D,
{41} xIR, the datum of a character ¢ of the two-clement group {+1} and

! See [21] for a heuristic discussion of the Beilinson-Bernstein construction in general and of twisted
sheaves of differential operators in particular
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of a complex number { (C2character group of R!) determines a homogeneous
line bundle E, , - G,/D,; as in the general case, the bundle drops to Gy/B,.
The formal complex in this situation consists of K,-finite, E, ,-valued, relative
differential forms for the fibration Go/Dy — Go/B,, defined in a formal neighbor-
hood of the K,-orbit through the identity coset. The polynomial Poincaré lem-
ma, applied fibre-by-fibre, shows that cohomology occurs only in degree zero —
the space of K,-finite C* sections of E, , over Go/By=R u{w0}.

Still in the case of Go=SL(2,R), K=S0(2, €) has three orbits in the flag
variety X =Cu{oo}, namely {i}, {—i}, and their common complement. The
duality pairs these orbits with the three G,-orbits U, U, R U {0}, in the given
order. For each neZ, the line bundle E,— U extends SL{2, C)-equivariantly
to all of Cu{oo}. To be consistent with our previous notation, we write F,
for the fibre of E, at i; then F, is a “K-homogeneous line bundle” over the
one-point space {i}. The Beilinson-Bernstein sheaf j, 0;(F,) is supported at i,
and has no higher cohomology. Its sections are E,-valued “algebraic distribu-
tions” with support at i — i.e., principal parts around i of rational sections
of E,. Via multiplication and residues such “algebraic distributions” are dual
to germs of regular sections of E_,® Q4 at i, even to formal germs. The pairing
exhibits the Beilinson-Bernstein module and the module of K,-finite formal
germs as dual Harish-Chandra modules — the assertion of the duality theorem
in this special case. For the Gg-orbit U and the dual K-orbit { —i} the situation
is entirely analogous.

At points of X —{ +i}, K has isotropy subgroup { 4 1}, so the duality between
orbits carries a line bundle E, .- R u {0} to a K-homogeneous bundle F,—
X —{ i} which depends only on ¢, and not on the continuous parameter {. The
second ingredient of the construction, the twisted sheaf of differential operators
9, is specified by {. Since X contains X —{+i} as an open subset, the direct
image j. Ox_ 4 5(F) coincides with the direct image in the category of sheaves.
Again the higher cohomology vanishes; the space of global sections consists
of the algebraic sections of F, over X —{+i}. The Lie algebra g acts via the
inclusion g I'9, whereas K, acts already on the level of the bundle F,. Global
sections of F, can be restricted to the Ky-orbit R U {0}, and their restrictions
can then be integrated against K,-finite smooth sections of E_, ® Qy—
R o {oo}. This pairing is g-equivariant and realizes the duality between the
two constructions.

The fact that all K-orbits in X are affine and the resulting vanishing of
the higher cohomology groups of the sheaves j,0,(F) is an atypical feature
of SL(2,R). A vanishing theorem, formally analogous to Cartan’s Theorem
B, exists also in the general case, but it depends on a positivity conditions
for the twisted sheaf of differential operators 2 [1]; cohomology may occur
in various degrees when this condition fails.

By its very nature, the Beilinson-Bernstein construction leads to a classifica-
tion of the irreducible Harish-Chandra modules. The equivalence of categories
between % (g)-modules and sheaves of 2-modules on X associates irreducible
K-equivariant sheaves to irreducible Harish-Chandra modules. Such sheaves
can be classified by geometric arguments: they arise as unique irreducible sub-
sheaves (of 2-modules) of direct images j, Oy (F). Whenever the vanishing theo-
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rem applies, the global sections of the subsheaf constitute an irreducible Harish-
Chandra module or reduce to zero. In this manner irreducible Harish-Chandra
modules correspond bijectively to certain Beilinson-Bernstein data (Q, F, 2).

Two earlier classification schemes, due to Langlands [15] and Vogan-Zuck-
erman [22], can be interpreted geometrically in terms of Zuckerman’s construc-
tion, though the original statements and proofs are non-geometric. In effect,
Langlands classifies irreducible Harish-Chandra modules as quotients of stan-
dard modules attached to “maximally real” polarizations, whereas Vogan-Zuck-
erman work with quotients of standard modules that correspond to “maximally
complex” polarizations. Via the duality theorem, the Beilinson-Bernstein classifi-
cation can be rephrased as follows: under mild regularity conditions, standard
Zuckerman modules corresponding to negative polarizations have unique irre-
ducible quotients; every irreducible Harish-Chandra module arises as such a
quotient. In a continuation of this paper we shall show how changes of polariza-
tion affect standard modules. This, coupled with the duality theorem, makes
it possible to relate the three classifications directly and totally explicitly.

The Beilinson-Bernstein construction — alternatively, a similar idea of Bry-
linski-Kashiwara [6] — is the crucial ingredient of the proof of the Kazhdan-
Lusztig conjectures: the equivalence of categories between % (g)-modules and
sheaves of 2-modules, followed by the equivalence of categories between sheaves
of @-modules and perverse sheaves (the “ Riemann-Hilbert correspondence” [5])
translates the decomposition problem for Verma modules into a combinatorial
problem, which has already been solved by Kazhdan and Lusztig [14]. The
same line of reasoning was carried over to the setting of Harish-Chandra mo-
dules by Lusztig-Vogan [16] and Vogan [23]. The first of the two papers treats
the combinatorial aspects, the second identifies the standard modules of Lang-
lands’ classification, in the case of integral infinitesimal characters, with their
Beilinson-Bernstein counterparts. In effect, this last step is a special case of
our results on the connection between the different classifications.

Via the duality theorem a number of known, but seemingly subtle results
on the Zuckerman modules become consequences of quite general, or even obvi-
ous properties of the Beilinson-Bernstein construction. The vanishing theorem
of Beilinson-Bernstein and the vanishing of cohomology below degree zero,
for example, are far more transparent than the equivalent statements on the
Zuckerman side. In the continuation of this paper we shall explore other, less
immediate implications of the duality, in particular geometric explanations and
proofs of certain irreducibility theorems.

Our main result was announced in [21]. It is related to work of Bernstein,
who has given a 2-module interpretation of Zuckerman’s functor. He has recent-
ly informed us that he now sees how this may be used to prove the duality
theorem.,

The paper is organized as follows. Section two recalls details of the Beilinson-
Bernstein construction; we then express the cohomology of the sheaves j, 0y (F)
in terms of a particular complex. We do the same for the Zuckerman modules
in section three. The proof of the duality theorem is completed in section four,
where we set up a duality between the two complexes. An appendix, addressed
to non-experts on the theory of Z-modules, summarizes some technical results
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for which there is no ready reference. To simplify the exposition, the main
body of the paper establishes the duality in the setting of a connected group
with finite center; a second appendix shows how both of these restrictions can
be removed.

While this paper was written, two of us were guests at the ETH Ziirich and the Institute for
Advanced Study; we thank both institutions for their hospitality. We are also indebted to Armand
Borel: he followed our project with interest, and made available to us a preliminary version of
his manuscript [5].

§ 2. Localization of Harish-Chandra modules

In this section we describe first, in a sketchy way, the results of A. Beilinson
and J. Bernstein on the localization of g-modules [1]. For more details see
[18].

Let g be a complex semisimple Lie algebra, and G the group of inner
automorphisms of the Lie algebra g. Let b be a fixed Borel subalgebra in g
and B the corresponding Borel subgroup in G. Then the flag variety X =G/B
of G can be identified with the variety of Borel subalgebras of g. The group
G acts naturally on the trivial vector bundle X x g — X, and the vector bundle
# of Borel subalgebras is a homogeneous vector subbundle of it. For each
xe X, we denote the corresponding Borel subalgebra of g by b,, and the nilpotent
radical of b, by n,. Hence, we have the homogeneous vector subbundle A4~
of # of nilpotent radicals.

Let # =4%/A4". Then # is a homogeneous vector bundle over X with fiber
b,/n, over xe X. The group B acts trivially on b/n, hence # is the trivial vector
bundle over X with fiber h=b/n. We call the abelian Lie algebra b the (abstract)
Cartan algebra for g.

Let Oy be the structure sheaf of the algebraic variety X, ie. the sheaf of
regular functions on X. Let g®=0,®cg be the sheaf of local sections of the
trivial bundle X x g. Denote by b® and n® the corresponding subsheaves of
local sections of # and 4] respectively. If we denote by 7 the natural homo-
morphism of the Lie algebra g into the Lie algebra of vector fields on X, we
can define a structure of a sheaf of complex Lie algebras on g° by putting

[fR®&Leg@n]=fr(D)g@n—gtm)f R+ fe@[ 1]

for f,ge0y and &, neg. Then b° and n® become sheaves of Lie subalgebras
of g° In fact, the homogeneity of # and .4 implies that b® and n° are sheaves
of ideals in g°. We extend 7 to a homomorphism from g° into the sheaf of
Lie algebras of local vector fields on X. The kernel of this extension, which
we also denote by 7, coincides with b%. The quotient sheaf h®=b%n® is the
sheaf of local sections of # and is therefore equal to the sheaf of abelian Lie
algebras Oy ®¢h.

Similarly, if we denote by % (g) the universal enveloping algebra of g, we
can define a multiplication in the sheaf %°®= 0, ®¢¥(g) by

(fRHE®@N=f1(b)g®n+fg®n,



Localization and standard modules for real semisimple Lie groups I 303

where f, ge0y and Eeg, ne#(g). In this way %° becomes a sheaf of complex
associative algebras on X. Then g° is a subsheaf of #°, and the natural commuta-
tor in #° induces the bracket operation on g°. It follows from the previous
remarks that the sheaf of right ideals n®#%® generated by n° in %° is a sheaf
of two-sided ideals in #°. The quotient Py =%°/m°#%° is therefore a sheaf of
complex associative algebras on X.

Since h® is a sheaf of Lie subalgebras of &, there exists a natural homomor-
phism of the enveloping algebra #(h) of § into I'(X, Z;). One can check that
its image is equal to the G-invariants of I'(X, %;). On the other hand, the natural
homomorphism of #(g) into I'(X, %) maps the center Z(g) of %(g) into the
G-invariants of I'(X, ). Finally, there is the canonical Harish-Chandra homo-
morphism y: Z(g) - % (b), defined as follows: For any xeX, the sum of the
subalgebra #(b,) and the right ideal n, % (g) contains the center % (g) of %(g),
so % (g) projects naturally into

AU (b)) U () U (D)) = U (b)/n U (b)) =U (by/n);

the composition of the projection with the natural isomorphism % (b,/n,) =% (b)
is independent of x and, by definition, equal to y. A simple argument shows
that the diagram

Z(g)———U(b)

Dy
is commutative.
Let xeX. Fix a Cartan subalgebra ¢ in b,. Let R be root system of g in
¢* and for aeR denote by g, the corresponding root subspace of g. We order
R so that the set R™ of positive roots corresponds to n,,

R* ={aeR|g,cn,}

(this is the ordering opposite to the one used by Beilinson and Bernstein [1]).
The canonical isomorphism ¢ —b,/n, — b induces an isomorphism of the triple
(¢*, R, R") onto the triple (h*, Z, ) - the Cartan triple of g. We call the inverse
isomorphism of the Cartan triple (h*, X, ¥) onto (¢*, R, R™") a specialization
at x.

Let W be the Weyl group of 2. Let p be the half-sum of all positive roots
in X. The enveloping algebra % (h) of b is naturally isomorphic to the algebra
of polynomials on h*, and therefore any Aeh* determines a homomorphism
of % (b) into €. Let I, be the kernel of the homomorphism ¢ ,: % (h) — C deter-
mined by A+ p. Then y~(I,) is a maximal ideal in Z(g), and, by an old result
of Harish-Chandra, for 4, uebh*,

y~1(I)=y~'(,)if and only if w A=y for some we W.

For any Aeb*, the sheaf I, 2, is a sheaf of two-sided ideals in Zy; therefore
9,=2y/1, 9, is a sheaf of complex associative algebras on X. In the case when
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A= —p, we have I_,=b%(b), hence Z_,=%°/b°%°, ie. it is the sheaf of local
differential operators on X. In general 9,, Aeh*, are twisted sheaves of differential
operators on X. In the parametrization of homogeneous twisted sheaves of differ-
ential operators which we use in Appendix A, we have

D, =Dx;1+p, A€h™.

The shift by —p in this parametrization, which is unnatural in general, reflects
the Weyl group symmetry of the global sections of 2, which we shall now
discuss.

Let 6 be a Weyl group orbit in h* and i€0. Let J,=y~1(I,) be the maximal
ideal in % (g) determined by 0 (it is independent of the choice of A, by the
previously mentioned result of Harish-Chandra). Then the elements of 4%,
=% (g)/J, % (g) determine global sections of 2, ; in fact, we have

rX,2,)=% forany Acf

([1]; for a simple proof of this statement see [19]).
Any g-module V with infinitesimal character y,=0o,°y, 1€0, can be consid-
ered as a module over %, thus

4;(V)=2,®a, V, Vel (U),
defines a covariant functor 4, from

M (Uy)=the category of g-modules with infinitesimal character y,
into
A (2,) =the category of quasi-coherent 2,-modules on X .

The functor 4, is called the localization functor.

For any quasi-coherent 2,-module ¥~ on X, the cohomology groups
HY(X, ¥), 0<i<dim X, are g-modules with infinitesimal character y,; i.e. they
define covariant functors going in the opposite direction.

For any root aeX we denote by «" its dual root in the dual root system
ZV in bh. We say that leb* is regular if ¥ (1) is non-zero for any seX and
that A is antidominant if ¥ (4) is not a strictly positive integer for any aeX*.

Now we can state the results of Beilinson and Bernstein [1]. First we have

2.1. Theorem (Beilinson, Bernstein). Let ¥ be a quasi-coherent @,-module on
the flag variety X. Then

() if A is antidominant, all cohomology groups H'(X, ¥"), i>0, vanish;

(i) if A is antidominant and regular, ¥ is generated by its global sections.

This result can be viewed as a vast generalization of the classical Borel-Weil
theorem. As one consequence, the localization functor is an equivalence of cate-
gories, if Aeh* is antidominant and regular, and the functor I' is its inverse.
If 4 is singular and antidominant the situation is more complicated (as can
be seen already from the Borel-Weil result). Still, the equivalence of categories
statement remains true if one replaces # (2,) with its quotient by the full subcate-
gory consisting of modules with vanishing cohomology. In particular, we have
the following simple result [19]:
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2.2. Lemma. Let 1€b* be antidominant.

@) If ¥ is an irreducible 2,-module, I'(X, ¥") is an irreducible g-module or
zero.

(i) For any irreducible g-module V with infinitesimal character y,, there exists
a unique irreducible 9,-module ¥~ such that V=I'(X, ¥").

We shall use the localization functor in a more restricted category of modules.
Let K be a connected complex linear algebraic group and ¢: K—Aut(g) a
morphism of algebraic groups such that the differential of ¢ is an injection
of the Lie algebra f of K into g. Then we can identify the Lie algebra f with
its image in g. The group K acts naturally on the variety X. We say that
the pair (g, K) is a Harish-Chandra pair if the following condition is satisfied:

(HC) The group K acts on the variety X of Borel subalgebras of g with
finitely many orbits.

By making the assumption that K is connected we avoid some minor techni-
cal difficulties. We shall show in Appendix B how to remove this restriction.

Let (g, K) be a Harish-Chandra pair. We say that a representation n of
K on a complex vector space V is algebraic if

(A1) the space V'is a union of finite-dimensional K-invariant subspaces,

(A2) for each finite-dimensional K-invariant subspace U of V, the action
of K induces a morphism of the algebraic group K into the algebraic group
GL(U).

The category (%, K) is the full subcategory of .# (%) consisting of finite-
ly generated modules on which K acts by an algebraic representation, such
that the actions of g and K are compatible; concretely:

(CM) the action of f as a subalgebra of g agrees with the action of T which
is the differential of the action of K.

We call the objects of #,,(%,, K) Harish-Chandra modules (with infinitesimal
character y;).

Similarly, #.,,(2;, K) is the full subcategory of .#(2Z,) consisting of all
coherent &;,-modules on X with an algebraic action of K ([20], Ch. 1, §3),
such that the action of 2, is K-equivariant and compatible with the action
of K, ie.,

(CD) the action of f as subalgebra of g%, =I'(X, 9,) agrees with the differ-
ential of the action of K.

We call the objects of #,,,(2,, K) Harish-Chandra sheaves on X.

The localization functor 4, maps Harish-Chandra modules into Harish-
Chandra sheaves. Conversely the cohomology groups of Harish-Chandra
sheaves are Harish-Chandra modules. The finiteness condition (HC) puts severe
restrictions on the structure of Harish-Chandra sheaves:

2.3. Lemma (Beilinson, Bernstein [1]). Any ¥ '€ .#,,(2,, K) is a holonomic
2,-module. In particular, ¥ is of finite length.

The preceding results lead to a classification of irreducible Harish-Chandra
sheaves. If #” is an irreducible Harish-Chandra sheaf in .#.,,(2,, K), its support
supp ¥~ is an irreducible subvariety of X. Also, supp ¥~ is K-invariant, hence
a union of K-orbits in X. Thus supp ¥ is the closure of a K-orbit Q in X.

Let i: Q - X be the natural immersion and X' =X\(Q\@Q). Then X’ is an
open subvariety of X, Q is a closed smooth subvariety of X’ and ¥ | X' is
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a holonomic 2, | X’-module on X’. As explained in Appendix A4, 2, “induces”
a K-homogeneous twisted sheaf of differential operators (2,)' on @, and the
irreducible 2, | X'-module ¥ | X’ is isomorphic to the 0'® direct image of a holo-
nomic (Z;)-module © on @ under the immersion of Q into X'. Since Q is a
K-orbit and ¥~ a (2,, K)-module, t is an irreducible ((2,), K)-connection on
Q. On the other hand, the 0" direct image R°i, (z) is a holonomic 2,-module
on X which is a Harish-Chandra sheaf. We denote it by #(Q, 1), and call it
the standard Harish-Chandra sheaf for the data (Q, ). We can view .#(Q, 1)
as the 9;,-module obtained by applying to t the 0" direct image for closed
immersion of Q into X', followed by the 0'" direct image for the open immersion
of X" into X. By the very nature of the second step, every nonzero 2;-submodule
of J(Q, 1) restricts to the same 2,|X’-module on X', which is isomorphic to
¥ | X'. Therefore £(Q, 1) has a unique irreducible Harish-Chandra subsheaf,
which we denote by £ (Q, 7). By construction it is isomorphic to ¥
This leads to the classification of irreducible Harish-Chandra sheaves [1]:

2.4. Theorem (Beilinson, Bernstein). (i) £(Q,)=2(Q,t) if and only if
©, 9=(2, 7).
(ii) Any irreducible Harish-Chandra sheaf is isomorphic to some ¥ (Q, 7).

From 2.2 it follows that, for a fixed antidominant Aebh* the module
(X, Z(Q, 7)) is either an irreducible Harish-Chandra module or zero, and all
irreducible Harish-Chandra modules in .#,,(%,, K) are obtained in this way.
Any irreducible Harish-Chandra module in .#,(%,, K) is attached to a unique
set of data (Q, 7).

Let Aeb*, Q a K-orbit in X and xeQ. Then A+ p determines a linear form
on b,. The irreducible ((2,), K)-connections t on Q are parametrized by the
irreducible finite-dimensional algebraic representations of the stabilizer S, of
x in K with the property that their differential is a direct sum of copies of
the restriction of A4+ p to fnb,. To describe them, we must first understand
the structure of S,. Let U, be the unipotent radical of S,. Then U, is a connected
closed subgroup of S, ([13], Chap. 10). The Lie algebra of U, is a subalgebra
of m,, hence the irreducible representations determining irreducible
(2,)}, K)-connections on Q are trivial on U,. On the other hand, if T is any
maximal closed reductive subgroup of S,, S, is a semidirect product of T with
U, ([13], 14.2). The Lie algebra t of T is a reductive subalgebra of the Borel
subalgebra b,, hence an abelian subalgebra of some Cartan subalgebra of g.
The canonical isomorphism of b,/n, onto b identifies t with a subalgebra of
b, hence 1+ p defines a linear form on t by specialization and restriction. It
follows that the irreducible ((2,)’, K)-connections are parametrized by irreducible
finite-dimensional representations of T whose differentials are direct sums of
copies of this form.

Let ¢ be a Cartan subalgebra of g and R* a set of positive roots in the
root system R of (g, ¢) in ¢*. We call such pair (¢, R*) an ordered Cartan subalge-
bra. Let Y be the set of all ordered Cartan subalgebras of g. The group G
acts on Y by conjugation, and this action is transitive. The stabilizer of a point
yeY is the corresponding Cartan subgroup of G. Therefore Y has a natural
structure of an algebraic variety, which we call the variety of ordered Cartan



Localization and standard modules for real semisimple Lie groups I 307

subalgebras. Since Cartan subgroups are reductive, a result of Mumford ([20],
Theorem 1.1) implies that Y is an affine variety. Each ordered Cartan subalgebra
(¢, R*) determines a Borel subalgebra b spanned by ¢ and the root subspaces
of g corresponding to the elements of R*. We thus have a natural projection
p from the variety of ordered Cartan subalgebras Y onto the flag variety X
of g. Then p is a morphism of algebraic varieties, in fact an affine morphism
since Y itself is affine.

The group K acts on Y by conjugation. Let y be a point of Y and b, the
corresponding Cartan subalgebra. Then the stabilizer T, of y in K is a reductive
subgroup of K with Lie algebra t, equal to ¥nh,. By the previously mentioned
result of Mumford, the K-orbit of y is an affine variety. We conclude that
all K-orbits in Y are affinely imbedded in Y.

Let @ be a K-orbit in X. We say that a K-orbit in Y lies over Q if p maps
it onto Q. We want to study in more details the structure of a particular type
of K-orbits in Y lying over Q. Let xe Q, and B, the corresponding Borel subgroup
of G. Then, by the previous discussion, the stabilizer S, of x in K is the semidirect
product of a maximal reductive subgroup T and the unipotent radical U,. The
integer s =dim U, depends only on Q. As a closed reductive subgroup of B, ¢(T)
is contained in a Cartan subgroup H,< B, for some ye Y. Therefore T stabilizes
y; in other words T'=T,. But T is a maximal closed reductive subgroup of
S,, so T=T,. The K-orbit 0 of y in Y, which lies over Q, has the following
property:

(O) The canonical projection 7: §— Q is an affine morphism with fibres
isomorphic to C*.

We call such orbit @ a standard orbit lying over Q. It is clear that (O)
characterizes completely standard orbits lying over Q and they are all mutually
isomorphic.

In the following we fix a K-orbit 0 in X and a standard orbit § lying
over Q. Also, we fix xeQ and ye(Q such that p(y)=x. We denote by n: § - Q
the canonical projection, and by i: @ — X and j: § ~ Y the canonical injections.
We then have the following commutative diagram

0——y

in which the morphisms p, 7 and j are affine.

Let Aeb*. The natural isomorphism of b,/n, onto h defines Lie algebra
morphisms of b, nf into j and t, into b. From the previous discussion it follows
that there is a bijection between the irreducible finite-dimensional algebraic
representations of T, whose differential is a direct sum of copies of 1+ p special-
ized at x and then restricted to t,, and the irreducible finite-dimensional algebraic
representations of S, whose differential is a direct sum of copies of the representa-
tion of b, defined analogously by A+ p. This bijection induces a bijection
of corresponding K-homogeneous connections on @ and Q. If 7 is such a connec-
tion on Q we denote by T=n" (1) the corresponding connection on (. The
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connection % is a left ((2,))"-module, and

(('@l)i)n=(‘@X,/1+p)ia”=(gx,i.+p)p°j=((gx,l+p)p)j=(9)'.l+p)ja

hence we can view 7 as a left (2, ,1+,,)f-module.
The inverse of the map 7 — 1 is given by the following result, which is critical
for our purposes.

2.5. Lemma. We have
an+(f)=0 for q#:_sa
Rr, (f)=r.

Proof. Since T is a ((%y,+,), K)-connection, its direct images are
(2,)', K)-modules, and in particular K-homogeneous ¢,-modules. Hence they
are completely determined by their geometric fibres at a point x considered
as modules for the stabilizer S,, and all their higher geometric fibres vanish.
Let F=n"'(x), #' the projection of F into {x}, and i,: {x} > X and ir: F—>Q
the natural immersions. Then F is a smooth closed subvariety of § isomorphic
to €. Moreover, it is the orbit of y under S, and under its unipotent radical
U,. Since T is a K-homogeneous connection, the inverse image if () is a
S.-homogeneous connection and all higher inverse images of ¥ vanish. By base
change ([5], 8.4), we have

T(R'm, () =ii (R'm () =R 7', (if (7).

As U,-homogeneous connection, ig () is isomorphic to a direct sum of a number
of copies of (g, since the stabilizer of y in U, is trivial. From the description
of the direct image functor for submersions in terms of the de Rham complex
in A.3.3, and using the isomorphism of F with ¥, we see that R, (if ()
is the (—g)** homology of the Koszul complex associated to the natural action
045 ..., 05 on a direct sum of €[X,, ..., X,]. By ([7], Chap. X, §9, no. 6,
Remarque 4) it follows that Ri7, (if (£))=0 for g+ —s and R™*n', (if () is
the space of constant global sections of i (f). Hence, as S,-module, R™*#’, (if (7))
is isomorphic to the geometric fibre of t at x. The lemma follows. [

As we have seen, the irreducible ((2,), K)-connections on Q are parametrized
by irreducible finite-dimensional algebraic representations of T, whose differen-
tial is a direct sum of copies of the specialization and restriction of 1+p to
t,. The standard Harish-Chandra sheaf .#(Q, 7)=RCi_ (1) corresponding to the
data (Q, 1) is a special case of the following expression for the direct images
of the connection t:

RO, (1) =(R%,) (R™*.,) () =RY*(iem).. ()
=R (o)) (=R**p, (R (@), qeL;

here we have used the spectral sequence for the composition of the direct images,
as well as the fact that the morphisms p, = and j are affine and that i and
j are immersions.

Using the relative de Rham complex (A.3.3) we can express this in the follow-
ing form. First, we transfer our situation from left 2-modules to right 2-modules.
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The left Z,-module R?p, (R%, (%)) is a right 2_,-module. In the notation of
Al
(@—A)p—_-(@x, —A+p)p==@y, —A+pe

Moreover, R%j, (?) is a left @y ,, ,-module, hence a right 2y _,_,-module. It
follows that, if we denote by Qy,y the invertible @y-module of relative differential
forms of top degree for the projection of Y to X, R% . () ®q, Qyx is a right
Dy, - 3 +p-module. As explained in A.3.3, this implies

Rip, (Roj+ @)= Hq(P*(CY|x(ROj+ ] ®oy an))),
as left &,-module. Then
Hq_s(P*(C}']x(Roj+ ® ®o, lex))) =R, (1) for qeZ;

in particular
H 73 (p4(Cyx(R%) + (1) ®o, Qv x))=F(Q, 7).

This gives the expression for the standard Harish-Chandra sheaves we alluded
to before. We can use it to calculate the cohomology of Harish-Chandra sheaves.
Since the morphism p and the variety Y are affine, the components of the direct
image of the relative de Rham complex are I'(X, .)-acyclic. We therefore have
the spectral sequence

HY(X, H' (p4(Cyx(R%] + () @y 2¥1x))
=H"""(['(X, p4(Cyx(R% + (1) ®g, Ly x))
=HT""(I'(Y, Cy x(R% + (D) @y Qy 1))
([12], I1.2.4). This leads to the following result:
2.6. Proposition. There exists a first quadrant spectral sequence
HY(X, R, (1)==H*"""*(L(Y, Cyx(R% + () ®g, 2y x)))-
Since E3'°=E%°, we conclude:

2.7. Corollary.
X, #(Q, )=H*(I'(Y, Cyx(R%+(?) ®e, Ly 1x)))-

In two important special cases the spectral sequence 2.6 collapses. If 4 is
antidominant, all higher cohomology groups vanish by 2.1, and we have

(X, R, (D))=H*""*(I'(Y, Cy x(R%] (1) ®g, Qy|x)))-
If i is an affine imbedding, the higher direct images vanish and we have
HY(X, R%, () =H*(I'(Y, Cy x(R%] + () @, Qv x)-

As we shall see in Sect. 4, all K-orbits are affinely imbedded if (g, K) is a Harish-
Chandra pair with the additional property that the Lie algebra f of K is a
fixed point set of an involution. In particular, the preceding identity applies
in this case.
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On the other hand, we remarked before that  is an affine variety and
therefore affinely imbedded into Y. This enables us to rewrite the right-hand
side of 2.6 in a simpler way. The connection 7 is a left (% ;. ,Y-module, hence,
T ®ogJ* (Qy)x) is aleft (Py, ;_ ,)-module, and therefore a right (Zy, —; . ,)-module.
The dual (f ®,/* (Qyx)" of T ®g, j* (Qy)x), Which we denote by %, is a homoge-
neous Up-module. By differentiation of the K-action % becomes a connection
for @4=(@y, -,.,Y. From A3.3 we kpow that, in our situation, the shifted
relative de Rham complex can be written as

Cyix(R0j+ (D) o, an)=(Roj+ () ®g, an) gy A '7Y|x
=(R0j+ ('E®n)éj*(QY1X))) ®o, A %[x-

Moreover, the right action of % (g) described in A.3.3, composed with the princi-
pal antiautomorphism, defines a left action of % (g) on the complex. In addition,
since the varieties Y and Q are affine, we get

I'(Y, Cy1x(R% + (}) ®oy 2y x)) =T (L, (R% 1 ( R0y j* (Qy)x) ®oy A Ty %)
=I(, R0j+(f®0@j*(gy|x»)®r(r,wy)F(Y, A~7y|x)
=F(Q, f®oaj*(gy|x))®r(Q,%)F(Q, ®Q—»Y.~z+p)9r(y.my)r(x ATy x)-

In terms of the notation

Ryavix,u=T(0, 20y ) ®ru.on (Y A T3 1),
this becomes:

2.8. Lemma. As left % (g)-module,

F(Y, Cy|x(R0j+ ('E) ®(Vy Qy|x))=r(g, T~®ng*(9y|x)) ®r(a, Dar) RQ—»YIX, —A+p-

§ 3. Standard Zuckerman modules

Let g be a complex Lie algebra, T a complex reductive linear algebraic group
and ¢: T— Aut(g) a morphism of algebraic groups such that its differential,
which is a Lie algebra morphism from the Lie algebra t of T into the derivations
of g, factors through an injective morphism of t into g. Then we can identify
the Lie algebra t with its image in g. Also, t is reductive in g.

We say that (r, V) is a (g, T)-module if it is simultaneously a module for
g and T, such that

(Z1) T acts by an algebraic representation; cf. Sect. 2,

(Z2) the action of t as a subalgebra of g agrees with the action of t which
is the differential of the action of T, and t-¢-t~-v=(Ad @(t) &)-v for teT, feg
and veV.

A morphism of (g, T)-modules is a linear map which preserves the g- and
T-module structure. We denote by Hom, (U, V) the linear space of all (g, T)-
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morphisms between the (g, T)-modules U and V. The (g, T)-modules form an
abelian category, which we denote by .# (g, T).

Let (£, T) and (g, T) be two pairs such that the Lie algebra ! is a subalgebra
of g containing the Lie algebra t of T We then can define two exact covariant
functors ind§" and prof-{ from the category .# (f, T) into the category .# (g, T)
as follows.

If U is a (f, T)-module, the linear space of ind§-{ (U) is #(q) R U, where
U(g) is considered as right % (f)-module via right multiplication. The action
of g is given as left multiplication on the first factor, and the action of T as
the tensor product of the adjoint action on %(g) and the action on U. This
procedure gives us a covariant functor, and the Poincaré-Birkhoff-Witt theorem
implies that it is exact.

For any T'module V, we denote by V{4 its largest algebraic submodule.
Let Hom,(#%(g), U) be the space of all f-morphisms from %(g), considered as
f-module via left multiplication, to U. The adjoint action of T on %(g) and
the action on U induce a natural action of T on the space Hom,(%(g), U).
The linear space of proff(U) is Homy(%(g), U)r;. The action of g is given
by right multiplication on %(g). This construction gives a covariant functor,
and its exactness follows again from the Poincaré-Brikhoff-Witt theorem.

We have the following two forms of Frobenius reciprocity:

Hom, r(ind§'f (U), V)=Hom, +(U,V) 3.1
Hom,, 7(V, pro:7 (U))=Hom, 1(V, U) (3-2)

for any (g, T)-module V; therefore ind§7 is the left adjoint, and pro@{ the right
adjoint of the forgetful functor from .# (g, T) into .# (£, T).

Let V be a (g, T)-module. Both g and T act on the linear dual V* of V
by the contragredient action. One checks that V'V =¥, is also g-invariant, and
in fact a (g, T)-module. We call V¥ the contragredient of V. The functor V-» V"
from the category .# (g, T) into itself is exact and contravariant. it relates the
functors ind$" and progf:

3.1. Lemma. Let U be a (f, T)-module. Then
(indyf (U))" =prog:7 (U"Y).
Proof. This is a minor modification of ([10], 5.5.5). [

Now let T be a closed reductive subgroup of another reductive algebraic
group K, and ¢r: T— Aut(g) and ¢g: K — Aut(g) morphisms of algebraic
groups which induce inclusions of Lie algebras, such that ¢g| T= ;. We then
have the natural forgetful functor For: .# (g, K)~».# (g, T). In his lectures at
the Institute for Advanced Study, Princeton, in the fall of 1977, G. Zuckerman
introduced a covariant functor I ; from the category .# (g, T) into the category
# (g, K) which is the right adjoint of For (for a detailed discussion of Zucker-
man’s construction and related results see Chap. 6 of D. Vogan’s book [22]).
The two forgetful functors Fr: # (g, T)~».#(, T) and Fy: .# (g, K )~».#(1, K)
fit into a commutative diagram:
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M (g, T)—"— ML, T)
Fx. 1 I, T
Mg, K)—% s 4}, K).

Moreover, I risleft exact, and its right derived functors R' I ,,0<i<dim(K/T),
satisfy the analogous commutativity property with respect to F; and Fy. This
justifies our use of the same symbol R*I ; in both instances.

The functors R' [y 7 4 (g, T)~».# (g, K) play an important role in represen-
tation theory. In the remainder of this section, we calculate these functors by
means of a particular resolution, for certain T, K and certain modules in .# (g, T).

Let ¢ be an abelian subalgebra of g and T a closed reductive subgroup
of K which centralizes ¢, with Lie algebra t equal to ¢~ f; in particular, cot.

3.2. Lemma. For any (¢, T)-module U, pro® T (U) is Iy r-acyclic.

By the previous remark, it suffices to show that it is (f T)-injective. Let
V be a (i, T)-module. Then by (3.1) and (3.2)

Hom, r(V; prof:7 (U))=Hom, r(indff (V), pro¢ 7 (U))=Hom, r(ind§ f (V), U).
The (f, T)-injectivity of pro® 7 (U) thus reduces to the following statement:
3.3. Lemma. Let V be a (f, T)-module. Then ind$7 (V) is (¢, T)-projective.

Proof. Let a be a complement of t in ¢. Because T is reductive and ant={0},
we can find a T-invariant subspace s of g such that g=a ®s @, as T-module.
Let /1 be the symmetrization map from the symmetric algebra S(g) into %(g)
({81, Chap. I, 2.6). We can define a linear map

w: U{(a) @c S(s) D¢ U (¥) > U (g)
by the rule

o(@n®H=Ccim) ],

for £e(a), neS(s) and (e (f). According to Poincaré-Birkhoff-Witt, this map
is an isomorphism of T:modules. It is also an isomorphism of left % (a)-modules
for left multiplication, and right % (f)-modules for right multiplication. Therefore
ind$ f (V)=%(a) ®¢ S(s) ®¢ V both as an a- and T-module.

Let Wbe a (¢, T)-module. Then

Hom, ,(ind§'{ (V), W)=Hom,(ind§ 7 (V), W) n Hom(ind§: £ (V), W)
=Hom(S(s) R V, W).
Since T is reductive, the functor W~»Hom(S(s) ®¢ ¥, W) is exact. This implies
the conclusion of the lemma. [J

We now consider a pair (g, K) with g semisimple. Let ¢ be a Cartan subalge-
bra of g, and T the centralizer of ¢ in K. Then T is a reductive subgroup
of K. The choice of a set of positive roots R* in the root system R of (g, ¢)
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determines a Borel subalgebra b, spanned by ¢ and the root subspaces corre-
sponding to the positive roots. Let n be the nilradical of b. Then T normalizes
band n.

Denote by N(n) the standard complex of n,

NI )= ®cAn, 0=g=dimn,

with differential

q
dE@nn.oan)=Y (D) " en®@m A Afin. A,

i=1

+ Y (=DERML AN A L ARA AN AT,

1si<jsq

for Ce#(n) and 1, 45, ..., n,en. This is a right resolution of the trival n-module
C in the category of n-modules ([9], Chap. XIII, Theorem 7.1). Let U be a
(b, T)-module in which n acts trivially. The complex (N(n)®q¢ U, d® 1) is then
a left resolution of the n-module U. Because n and U are (¢, T)-modules, the
spaces N(n)®¢ U are (¢, T)-modules and, as can be checked, the differentials
commute with the (¢, T)-action. Therefore N(n)®¢ U is a complex of (¢, T)-
modules. For each ¢, 0=g=<dimn, there is a natural map from N%(n)®cU
into % (b) ® 4 ( A 1 ®¢ U), and by the Poincaré-Birkhoff-Witt theorem this map
is an isomorphism of vector spaces. Also, the c-action on N (1) ®¢ U corresponds
to the action by left multiplication on the first factor of % (b) ®4 (A Q¢ U).
Similarly, this isomorphism preserves the T-module structures. Thus we can
interpret our complex as the complex ind% I ( A n®¢ U), with differential d® 1.
The differential commutes with the (b, T)-action. We have produced a left resolu-
tion of the (b, T)-module U. Tensoring from the left by #(qg), considered as
right % (b)-module, we obtain a left resolution of ind¥ T(U) in .# (g, T) by the
complex ind® T (A n®¢U); here we have once more used the Poincaré-Birkhoff-
Witt Theorem. According to 3.1, the contragredient of our complex
ind® (A n®¢ U) is pro® T (A n* ®¢ UY), which resolves prog T.(U") on the right.
This proves the following result (compare [11], (5.2)).

34. Lemma. Let U be a finite-dimensional (b, T)-module, in which n acts trivially.
There is a right resolution of pro T(U) in # (g, T),

0 prog 1(U) —» prof { (1* ®¢ U) = ... > pro2 1 (A n* @ U) - ...,
with differential

AR (1 A2 A AN ® )= Y (=1 ROy Ao A A AR )
i=1

i=

+ Z (_l)i“R(é)([ﬂh ’7j]/\’11 L ATA L /\ﬁj/\ /\’1q®f)’

15i<jsq

Jor EcU(Q), 115 N2 ..., een and feUY.
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Any finite-dimensional (¢, T)-module U can be interpreted as (b, T)-module
with trivial n-action. The (g, K)-module

I"(c, R™, U)=(R?I, 1) (pro 7(U)),

is the g™-standard Zuckerman module for the data (¢, R*, U).
Combining 3.2 and 3.4, we get:

3.5. Proposition. The standard Zuckerman modules I’(¢c, R*, U), 0< g <dim (K/T),
are the cohomology modules of the complex

Iy, T(prOg,‘g( AT* ¢ U)).

We return to the setting of Sect. 2, in particular we again assume that K
is connected. Let y be the point in the variety of ordered Cartan subalgebras
Y determined by the data (¢, R*), and { its K-orbit. The triple (¢, R, R*) is
a specialization of (, 2, 2*). For uebh*, we denote by €, the one-dimensional
c-module determined by the specialization of the linear form u to c. We consider
a finite dimensional (¢, T)-module U which is, as c-module, a direct sum of
copies of C; for some Aeh*. Let # be the K-homogeneous locally free 05-module
with geometric fibre U at y. As explained in Appendix A, the linear form 4
on b determines a homogeneous twisted sheaf of differential operators %y ;
on Y, and 24=(%y,,) is the K-homogeneous twisted sheaf of differential opera-
tors on § which corresponds to the differential of the K-action on %. At the
end of Sect. 2, we introduced a complex Ry yy ; of left I' (0, @y)- and right
% (g)-modules. Therefore we can consider the complex

Homp g, 5, (Ro-vix, 2, I'(G, %))

of left #(g)-modules. Since @ is an affine variety, localization defines an equiva-
lence of the category of I'((, @,)-modules with the category .#(2,). In addition,
if we denote by i,: {y} —» Y the natural injection, we have the functor i} from
the category .#(%24) into the category of vector spaces, which associates to
a P4module & its geometric fibre T,(#) at y. The composition of these two
functors defines a right exact functor y, from the category of I'(Q, %,)-modules
into the category of vector spaces.

Now we calculate the action of this functor on our complex. We start with
a discussion of the action of ¥, on Rgy_yx,,. The localization of Ry_yx.,
is equal to D5,y , ®;j-10,)J ~ { A Ty x). Therefore, in the notation of A.3.3,

‘//y(RQ—»Hx,u): i;r (g(zay,y)@wy.y A %]X,y
=9(y)—»y,u®0y,y/\ -%qx,y: R(CY”((@Y,M))'

Hence ,(Rp . yx.,) is a left resolution of the right % (g)-module
T Dy x,)=p°i,)*(Zx, ) =T(Dx, ) =C- , Qu ) % (9).

In addition, we have the following result:
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3.6. Lemma. Let uch*. Then

YU(R3E 1%, =(C ,®e A1) ) X (9)
as right % (g)-module.

Proof. As we remarked above

. _ V(R v1x,) = Dy »v, 4 By, A Ty x, y
which contains

c@@v,yAqlex,yz /\qTle.y(Y)z /\qn

as a linear subspace (here we denoted by Ty x,,(Y) the kernel of the differential
of the projection p: Y- X). Using this natural identification, we can define a
bilinear map ¢: ATn x %(g) > ¥, (Ry%yx,,) by

e, )=(1®s)-{, senn [eU(g).

For fec, se An?n and (€% (g), we have

(5, E)=(1®s)-E{=((1®s)-&)-L
=u@)(1®s)-1®d)s)-{=pu(s+s-¢0).

Hence ¢ defines a linear map from (C_, ®¢ A 1) ®g % (8), which we denote
by the same symbol. This map is a homomorphism of right %(g)-modules.
The filtration of 9, .y, ,, by degree of differential operators, induces a filtration
on ¥, (R3%yx, »)- If we denote by T,(Y) the tangent space of Y at y, we have

Grlpy(RéiY|x,z)=S(7}(Y))®c/\qTy]x,y(Y)-

We equip % (g) with a filtration F% (g) such that F%(g), reZ ., is the left %(c)-
submodule of #(g) generated by %,(g) (=" subspace of % (g) with respect to
the standard filtration). By the Poincaré-Brikhoff-Witt theorem, this induces
a filtration on (€C_ , ®¢ A 1) Qg % (g) with

Gr(C-, ®c A1) Quy % (9)=(C_, ®¢ A1) @ S(g/¢).

Then ¢ is compatible with these filtrations and induces the natural linear
isomorphism of the graded spaces. The lemma follows. [

According to the preceding discussion, the functor s, induces a morphism
of the complex Hompgp gu(Rp-yix.2» F'(Q, %)) into the complex
Homg((C- ; ®¢ A1) Ry %(g), U). Since the action of T on
(C- ;, ®¢ A1) @y % (g) is algebraic, the complex of (g, T)-modules

Homge((C- 3 ®¢ A1) Ruq %(9), Uy
is a right resolution of prof 7(U). In addition,

Hom¢((C- ; ®¢c A1) R %(g), U)r=Hom (% @), A* ®¢ Uy

=pro¥ 1 ( A* ®¢ V),
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and the terms in our resolution are equal to those of the resolution introduced
in 3.4. One can check that the differentials agree up to sign, but this is not
necessary for our purposes.

To sum up, ¥, defines a morphism of complexes of (g, K)-modules

¥Y: Homrp, 5,)(Rp~vx, 1> F(Q, Uiy
— Iy r(Home(€C_, ®¢cAn) (o)  (g), U)[T])a

and the cohomology of the latter complex calculates standard Zuckerman mod-
ules.

3.7. Lemma. The morphism ¥ is an isomorphism.

From Appendix A we know that 9.y, ; has a natural filtration according
to normal degree. The filtrants F, 9y .y, ,, reZ . , are K-homogeneous and invar-
iant under the right f-action, and

GrDy .y 1,=%a ®0Q S(M;Q)-

Since @ is affine, this filtration induces a filtration F,I'({, Dyv,2)» €L, , on
the global sections of &y, ;. We note that

G"rF(Q, 9@—»}',1):['(@’ Grr@Q—»y,A)
=I(0, 24®0, 5" (H110))
=F(Q, 9%) ®F(Q.0Q)F(Qa S’(‘/VHQ))-

For any qeZ,, A9y x is a locally free Oymodule of finite rank, hence
(Y, A%9y,) is a projective I'(Y, Oy)-module. It follows that

FrRégnx,f—’FrF(Q’ gQ—'Y,}.)V®I‘(Y.@y)F(Ya /\qg;'p()a‘\.

for reZ,, defines a filtration of R3%yx,2 by left I'(Q, Zy)- and right % (P)-
modules, with

Gr, R34 y1x.2=T(0, Do) ®rp.00 (D, 5" (N710) Rog A * (Ty x))-

Again, §"(Ay9) ®op A 4j*(Jy|x) is a locally free Op-module of finite rank, hence
rg, 8" (Hy10) oy A Tj* (Fyx)) 15 2 projective I’ (Q, 0Op)»-module and Gr, RG% v x, 2
is a projective I'(J, 24)-module. By restriction

V,=Homyp 5, (Rp%y|x, 1 (@, %)

Vq.r = Homr(Q. %,)(E RQ_i Y|X, 4> F(Q, X))

According to the preceding discussion, there is exact sequence

maps into

0— Hompp, 9,)(Gt, R3% v x, 25 r@,w)- Var=Vor-1—0.

In particular, restriction from V, , into V, ,_, is surjective. Also,
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Hom,—(Q‘%)(Gr, Réiﬂx.ls F(Q, U))
=Homrg, ¢5)(I'(Q, §7(A710) ®og A * (T3 1)), T(D, X))
=T(Q, Homos (S (Ny10) ®op A 4* (Ty x), X))
=T(0, (5" (4710 By A J* (Fy1x) " ®opU),

where %V denotes the dual of a locally free Op-module ¥. Hence
Hompg, 4,,(Gr, R34y x, 5, T (0, %)) is the module of global sections of a K-ho-
mogeneous (Vy-module and the K-action is algebraic. By induction on r we
sec that each V,, is an algebraic K-module. The modules {V, ,|reZ,} form
a projective system in the category of algebraic K-modules, and V, is its limit.
Since F,Rp%v)x,, and Gr,Ry%y x, , are the spaces of global sections of K-
homogeneous (y-modules, the functor ¥, induces an exact sequence

0 "‘/’y(ﬂﬂ R(E(—Ivnx,l) "’l/’y(FrRé‘—l»nx.A)—’ '//y(GrrRéiy(x‘A)"’O
of algebraic T-modules. We put

Uq,rzHomC(‘//y(Fr RéiYIX, }.)1 U)

Since T is reductive, there is exact sequence
00— Hom«:(l//y(Grr Réi Y|X, A U)[T] i (Uq, r)[T] - ([Iq.r— 1)[T] -0

of (, T)-modules. We argue as in the proof of 3.7, to show that

Y, (Gr, R4y x, ) =(C_ , ®cS"(9/(E+ ) R A T1) @gyy % (F) ;

here we view $"(g/(f+ ¢)) as the geometric fibre of 8"(.#%,p) at y. This implies

Home (¥, (G, R3% y1x. ) Uly=Hom,(# (0), (5"(a/(f+0) ®e A 1)* ®¢ Uy

=pro}: 7((S" (g/(E+¢) ®c A 1)* @c U).

Let V be an algebraic T'module and ¥~ the corresponding K-homogeneous

Op-module on J. We can interpret the (t, T)-module
¥,=Hom (U (f), V)ry=prop. 1(V),

geometrically as a formal completion of I'(J, ¥") at y.

3.8. Lemma. (i) The homomorphism I'(Q, ¥)— 17y induces an isomorphism of K-
modules

rQ, )= (%)
(i) R'Ix, 1(¥,)=0 for i>0.

Proof. (i) The canonical homomorphism we described is injective. On the other
hand, from Frobenius reciprocity and its algebraic version (3.2) one sees that
the K-multiplicities in I'({, ¥) and I 7(¥;) are finite and equal.

(ii) Since “f@:pro{; L(V) is injective in .# (I, T), the assertion is evident. [
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There is a commutative diagram of K-modules,

0—— Ir(@.# —— V,, —— V., ——0

wa iy

r

0—— I, T(('gﬂbr)y/\)__’ Iy, T((Uq,r)m) —— I r(( Uq,r' 1)[T])

with

— 0,

FOT=(S"(N110) Bop N J* (Ty1x))" g U -

We already remarked that the first row is exact. By 3.8(ii) the second row
is also exact. The first vertical arrow is an isomorphism by 3.8 (i), and the second
and third are the morphisms induced by the functor ¥,. By induction on r
we see that the Y2, reZ ., are isomorphisms. We can therefore identify the
projective systems {V, ,|reZ .} and {I}x +((U, )r)|reZ.}. This gives a projec-
tive family of morphisms

&f: I, r(Home (€ ; @¢ A 1) Quey Z(8), Ukr) = Vo
which factor through V, and induce
P Ig, r(Homg (C- ; ®c¢ A 1) Qao X (9), Ukr) = V-

It follows that @7 ¥?=1, and ¢ is surjective. On the other hand, any element
of the kernel of & has trivial restrictions to all filtrants ¥ ,(F, Ry % y|x.,), r€Z,,
of (€2 ®¢ A1) O, %(g), hence is equal to zero. This implies that ¢ is also
injective and ends the proof of 3.7.

Finally, 3.7 leads to the following “geometric” version of 3.5.

3.9. Proposition. Fix Aeb* and let U be a finite-dimensional (¢, T)-module which,
as c-module, is a direct sum of copies of C,. Let % be the coherent 0y-module
of local sections of the homogeneous vector bundle on Q determined by U. Then
the standard Zuckerman modules 1%(c, R*, U), 0< g <dim (K/T), are the cohomo-
logy modules of the complex

Homyg, 9,)(Rpvix, 1- F(Q U)xy-

§ 4. The duality theorem

Now we can formulate the results which relate localization to the Zuckerman
construction.

In the following g will be a complex semisimple Lie algebra, K a connected
complex linear algebraic group and ¢: K— Aut(g) a morphism of algebraic
groups such that the differential of ¢ is an injection of the Lie algebra ¥ of
K into g. We shall identify the Lie algebra I with its image in g. We assume,
in addition, that the pair (g, K) satisfies the following condition:

(D) The Lie algebra f is the fixed point set of an involutive automorphism
aofg.
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Under this condition we can describe the cohomology of standard Harish-
Chandra sheaves using standard Zuckerman modules. First we recall a few
simple consequences. The algebra ¥ is reductive in g. Therefore, the group K
is reductive and the pair (g, K) satisfies the assumptions of Sect. 3. In addition,
it will be crucial for our purposes to know that K has finitely many orbits
on the flag variety X and that these orbits are affinely imbedded; therefore
(g, K) satisfies also the conditions which were imposed in Sect. 2. The finiteness
of the number of orbits is a consequence of a result of Wolf [24], and the
affinity of imbeddings is due to Beilinson and Bernstein. We are indebted to
Beilinson and Bernstein for communicating their argument to us, which also
implies the finiteness statement.

4.1. Proposition (Beilinson, Bernstein). The group K acts on X with finitely many
orbits, and these orbits are affinely imbedded in X.

We denote the involutive automorphism of G with differential o by the
same letter.

The key step in the proof is the following lemma. First, define an action
of Gon X x X by

g{x, y)=(gx, o(g) y)
for geG, x, ye X.

4.2, Lemma. The group G acts on X x X with finitely many orbits. These orbits
are affinely imbedded in X x X.

We claim that 4.1 is a consequence of the lemma. Let 4 be the diagonal in
X x X. The lemma implies that the orbit stratification of X x X induces a stratifi-
cation of A by finitely many irreducible, affinely imbedded subvarieties which are
the irreducible components of the intersections of the G-orbits with A. These
strata are K-invariant, and therefore unions of K-orbits. Let ¥ be one of these
subvarieties, (x, x)e ¥V and Q the K-orbit of (x, x). If we let b, denote the Borel
subalgebra of g corresponding to x, the tangent space T.(X) of X at x can
be identified with g/b,. Let p, be the projection of g onto g/b,. The tangent
space Tj, ,,(X x X) to X x X at (x, x) can be identified with g/b, x g/b,. If the
orbit map f: G — X x X is defined by f(g)=g(x, x), its differential at the identity
in G is the linear map & — (p, (&), p.(c(&)) of g into g/b, x g/b,. Then the tangent
space to V at (x, x) is contained in the intersection of the image of this differential
with the diagonal in the tangent space Tj, ,,(X x X), i.e.

T, (V)= {(p=(8), Px(€)1E€g  such that  p(&)=p. (o)}
= {(Px(é)s px(é))l éef} = T('x.x)(Q)'

Consequently the tangent space to V at (x, x) agrees with the tangent space
to @, and Q is open in V. By the irreducibility of ¥, this implies that V is
a K-orbit, and therefore our stratification of the diagonal 4 is the stratification
induced via the diagonal map by the K-orbit stratification of X. Proposition
4.1 follows.

To prove 4.2, we fix a point ve X. Let B, be the Borel subgroup corresponding
to v, and put B=a(B,). Every G-orbit in X x X intersects X x {v}. Let ueX.
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Then the intersection of the G-orbit Q through (u, v) with X x {v} is equal to
Bu x {v}. Because of the Bruhat decomposition ([4], Chap. IV, 14.11), this
implies the finiteness of the number of G-orbits in X x X.

To show that the orbit Q is affinely imbedded, we remark first that the
Bruhat cell Bu in X is an affine variety ([4], Chap. IV., 14.11). Let N be the
unipotent radical of a Borel subgroup opposite to B. Then ¢(N)v is an open
neighborhood of v in X, and the map #— o(#) v is an isomorphism of N onto
this neighborhood. The intersection of @ with X x ¢(N)v is equal to the image
of the affine variety Bu x N under the map (x, i) — fi(x, v), which is an immersion.
Therefore this set is affine. It follows that we can construct an open cover
(U, 1<i<n) of X x X such that the intersection of Q with each U; is affine.
Since affinity of a morphism is a local property with respect to the target variety,
this ends the proof of 4.2.

From 4.1 we see that the pair (g, K) satisfies the assumptions of Sect. 2,
ie. it is a Harish-Chandra pair. Moreover, the orbits of K in X are affinely
imbedded, hence the spectral sequence 2.6 collapses. Thus we can calculate the
cohomology of standard Harish-Chandra sheaves from the complex we
described there.

Let £(Q, r)ejlcoh(@l,K) be a standard Harish-Chandra sheaf. We fix a
standard orbit § lying above Q, and a point ye( lying above xeQ. Then
y corresponds to a Cartan subalgebra I, and a system of positive roots X
in h¥. The connection 7 on @ corresponds to a connection % on Q given by
an irreducible finite-dimensional algebraic representation U of (b, T)). As
b,-module U is a direct sum of copies of a linear form on b, which is the
specialization of 1+ pebh*. Set n=dim X and s=dim ({nn,). Let Q4 denote the
invertible @y-module of differential n-forms on X. The geometric fibre T.(Qx)
at x is a one-dimensional (b,, T,)-module, isomorphic to A"n,. The “dual”
set of data (by, , UY ®¢ T,(2y)) determines a family of standard Zuckerman
modules I“(h,, X, U ®¢ T.(2y)), 0= g <dim (K/T), as explained in Sect. 3.

We can now state our main result.

4.3. Theorem.
HY(X, #(Q,7))" =I*"(h,, Z;, U" ®¢ Tx(2x)),
for all qeZ.

The proof of 4.3 depends on a simpler duality statement which we discuss
first. Let # be the sheaf of local sections of a homogeneous vector bundle
on §, corresponding to a finite-dimensional representation L of T,. Denote
by &£V the sheaf associated to the representation L' of T,. Then £ ®,,L"
is the sheaf associated to the representation L®¢L" of T,. The natural pairing
between L and L' induces a ¢p-module morphism of £ ®q,%" onto 0,
which is compatible with the action of K. Passing to global sections, we obtain
a surjective morphism of algebraic K-modules

F(Q, Z) ®r((z,w@)r(é, g")_,['(é, @Q)-

By differentiation, this is a morphism of % (f}-modules. Let # be the projection
map from the K-module I'(J, 0g) onto its K-invariants, i.e. the constants. Then
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n induces a % (f-module homomorphism of I'(J, #) ®rg.es (0, £") into C.
We can view % as a left Z,-module, and as a right (Z24)"-module. Since the
representation of T, on the top exterior power of the cotangent space of
at y is trivial, the opposite sheaf of rings (Z4)° of 9, is isomorphic to D
by A.2. Moreover, this isomorphism is compatible with the principal antiauto-
morphism of % (f). On the other hand, § is affine, so I'(J, 0p) and the differential
operators induced by the action of #(f) generate the global sections of the
sheaf of differential operators on %, resp. & ". Hence, we can form the tensor
product I'(Q, %) ®rg. 2.1 (0, #") and # factors through it. Therefore we can
view # as a I'((, & 4v)-invariant pairing on I'(J, £)xI'(Q, £"Y).

Denote by R(K) the ring of regular functions on K. By the algebraic version
of the Peter-Weyl theorem, the pairing on R(K) x R(K) defined as multiplication
of functions followed by the K-equivariant projection onto the constants is
nondegenerate. Moreover, the global sections of % can be identified with the
T,-invariants (R(K)®¢L)"> of the module R(K)®¢L where T, acts on R(K)
by right translations and K by left translations, and analogously the global
sections of #" can be identified with (R(K)®¢L")T>. Hence, our pairing is
induced by the pairing on R(K) x R(K) we just described and the natural pairing
of L with L". Since T, is reductive, we deduce the following result.

4.4. Lemma. The natural I'(Q, D 4 )-invariant pairing on I'(Q, £)xI'(Q, £")
induces an isomorphism between the K-modules ['((Q, %)" and I'(Q, £ V).

Now we can start the proof of 4.3, As has been remarked the spectral
sequence 2.6 collapses because of 4.1. Hence we have

HY(X, £(Q, )=H""*(I'(Y, Cyx(R% + () @0y, 2y 1x)))-

From 2.8 we know that the right side can be expressed as the cohomology
in degree g —s of the complex

rey, Cle(R°j+(f)®0Y QYIX))‘_‘F(Qa f®0qj*(QY|X)) ®F(Q.%)RQ—~Y|X, —A+p*

The duality between ® and Hom, together with 4.4, gives a natural pairing
of this complex and the complex

Homr((z, 94{)(RQ—'Y|X, —A+po F(Q, @ ®0Qj*(QY[X))V))[K]'

The latter complex calculates the standard Zuckerman modules
I, 2, UY ®¢ T,(2y)), as was explained in Sect. 3.
It remains to be shown that the complex

Hompp, 9,)(Rp - Y|X, —A+p> F(Q, # ®0@j* (QY|X)) v ik
is the contragredient to the complex
I'(@, T ®oJ*(2y)x) ®r@, 24y Ro-11x, -2+p-

If we identify TI(Q,(f®oy/*(Qyx)") with the contragredient of
rag, ‘f®@°j* (2y,x)) by 4.4, we have
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Homr(o,@q)(RQ-»le. —i4p> F(Q’ @ ®ng*(QY|x))v))[x]
=Homyg 9,)(Rg-vx, ~1+p r, %®(9éj*(9}’]x))v)[l(]
=Homy g, 9, (Ro-y(x, —1+ps F(Q, f@m@j* Qv )iy

Here we used that the action of K on Ry_yix, —a+p is algebraic, hence any
element of Home¢(Ry o yx, - 44 T(Q, T ®0pi* (Qyx))*)xy takes values in
I(0,, T ®es*(Qyx)" . This implies

Hompp, g.(Rp-vix, -2+p» F(Q, (‘E®a@j*(9y|x))v))[xl
=(r(é, f@méj*(gnx)) ®r@.9¢.) RQ—>Y|X. —}.+p)ikK]
=(F(Q, f@c"@j*(gnx)) ®r(Q,9q) RQ—»le, —).+p)v‘

Therefore our pairing identifies the second complex as the contragredient
(in the category of (g, K)-complexes) of the first complex. Because of the exactness
of the contragredient functor, this implies 4.3.

The following two results are simple consequences of 4.3. The first is a result
on vanishing of standard Zuckerman modules.

4.5. Corollary. Let U be a finite-dimensional (,, T,)-module. The standard Zucker-
man modules 1*(b,, 2,/ , U) vanish for p>s.

Proof. We may suppose that U is irreducible. Thus we can transfer the problem
to the cohomology of standard Harish-Chandra sheaves, using 4.3. For these,
the cohomology vanishes below zero for trivial reasons. []

The second is a vanishing theorem for cohomology of Harish-Chandra
sheaves. It follows immediately from 4.3.

4.6. Corollary.
HP(X, 4(Q,1))=0
for p>s.

Since N1, is the Lie algebra of a unipotent subgroup of K,
s=1/2dim(K/T) and sZdimQ.

Hence 4.6 gives a stronger vanishing result for the cohomology of standard
Harish-Chandra sheaves than the Leray spectral sequence together with the
affiness of the orbit imbeddings. The vanishing result 4.5 for standard Zuckerman
modules is not entirely trivial either (compare [22], 6.3.21).

Corollaries 4.5 and 4.6 do not depend on the position of Aebh*. If we take
in the account the position of A we can get more precise results from the general
vanishing theorem ([2, 19]). In this paper we shall restrict ourselves to the
simplest case, which corresponds to 2.1(i). It gives a vanishing theorem for
all ordered Cartan subalgebras (h,, Z;) and representations of (h,, T,) satisfying
a positivity condition. More precisely, we have:
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4.7. Corollary. Let U be a finite-dimensional (b, T,)-module such that b, acts
by a sum of copies of the specialization of Ach*. Assume that p— A is antidominant.
Then the standard Zuckerman modules 14(y,, 27, U) vanish for q*s.

In conclusion, we want to discuss how 4.3 applies to real semisimple Lie
groups. Let G, be a connected semisimple Lie group with finite center and
K, a maximal compact subgroup of G,. Denote by g the complexified Lie
algebra of G, and by K the complexification of K, ([8], Chap. 111, §6, Def.
4). The Lie algebra  of K is naturally identified with the fixed point set of
a Cartan involution ¢ on g. It follows that the pair (g, K) satisfies the condition
(D) which was introduced at the beginning of this section.

As we mentioned in the Introduction, there is a natural duality between
G,-orbits and K-orbits in X : for each K-orbit Q there exists a unique G,-orbit
S such that SN Q is a K,-orbit; this relation is symmetric in S and Q [17].
For any xeS N Q, we can choose ye Y such that

() p(y)=x, ie. the Borel subalgebra b, is spanned by b, and the root sub-
spaces of 2.
(i) b, is o-stable and defined over R.

One can check that the K-orbit of y depends only on Q and not on the particular
choice of x. Moreover, this K-orbit is a standard orbit over @, so that 4.3
applies in the present situation.

We fix one such yeY, and let T, resp. T,, denote the stabilizers of y in
K, resp. K,. Then the identity component of T is an algebraic torus and T,
is the compact real form of T. We therefore have a natural bijection between
finite-dimensional algebraic representations of T and finite-dimensional continu-
ous representations of T,. It follows that the K-homogeneous connections
on @, and the corresponding Harish-Chandra sheaves .#(Q, 1)e.#,.,(2Z;, K),
are parametrized by irreducible finite-dimensional continuous representations
of T,, whose differentials are direct sums of copies of the linear form 1+ p,
specialized to b, and then restricted to the Lie algebra of T;.

On the other hand, the same data also parametrize standard Zuckerman
modules corresponding to S. In more geometric terms, the point ye Y determines
a Gg-orbit § in Y which covers the orbit S in X. The stabilizer of this point
is the Cartan subgroup H, of G, with complexified Lic algebra b,. It follows
that irreducible finite-dimensional continuous representations of H, parametrize
irreducible Gy-homogeneous vector bundles on S. Standard Zuckerman mod-
ules, as we explained in the Introduction, are the formal analogues of the coho-
mology groups of sheaves of local sections of these vector bundles annihilated
by the right action of the polarization b,. Moreover, Tj, is the maximal compact
subgroup of Hy. Any irreducible finite-dimensional continuous representation
of Hy remains irreducible when restricted to Ty, and its differential is a direct
sum of copies of a linear form on §,.

Finally, we note that the shift s in the statement of the duality theorem
can be interpreted as the difference of dimensions of orbits:

s=dim¢(f N n,)=dimeg(Enb,)—dime(Enb,)
=dim¢(t/(f N b,))—dime(/(E b))
=dimg(Q N S)—dimg Q.
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Appendix A. Some results on Z-modules

In this appendix we collect some basic facts on twisted sheaves of differential
operators on smooth complex algebraic varieties, and corresponding sheaves
of modules, which we use in the paper. These constructions and results are
implicit in the work of A. Beilinson and J. Bernstein on localization, and were
announced in part in [1] and [2]. Although complete proofs have not appeared
yet, the interested reader can extract the arguments from the discussion of the
nontwisted case in A. Borel’s notes [5]. A complete exposition of the twisted
case will appear in [18].

A.l. Twisted sheaves of differential operators

Let X be a smooth complex algebraic variety. Denote by Oy its structure sheaf.
Let 2y be the sheaf of local differential operators on X.

Denote by iy the natural homomorphism of the sheaf of rings ¢y into 2.
We can consider the category of pairs (<, i,) where &/ is a sheaf of rings
on X and i,: 0Oyx— o/ a homomorphism of sheaves of rings. The morphisms
are the homomorphisms ¢: o — % such that ¢oi =igz. A pair (2,i) is called
a twisted sheaf of differential operators if X has a cover by open sets U such
that (2| U, i| U) is isomorphic to (Zy, iy) [1].

Let f: Y— X be a morphism of smooth algebraic varieties. Let 2 be a twisted
sheaf of differential operators on X. Put

91!—»){=f*(@)=(oy®f~1@xf_lg-

Then Zy_y is a right f~192-module for right multiplication on the second
factor. Denote by 927 the sheaf of differential endomorphisms of the ¢y-module
Dy . x which are also f ~! 2-module endomorphisms. Then 9 is a twisted sheaf
of differential operators on Y. If g: Z — Y is another morphism of smooth algebra-
ic varieties, one has 27°¢=(2/p.

Let G be an algebraic group acting on a smooth algebraic variety X. Denote
by u: Gx X — X the action morphism, and by pr,: Gx X — X the projection
to the second variable. The notion of algebraic G-action on an Oy-module #
is defined by giving an 0. y-module isomorphism of the inverse image u*(%)
into pr} (&), subject to certain natural conditions; for details see ([20], 1.6).

Let 2 be a twisted sheaf of differential operators on X with an algebraic
action y of G, and a: % (g) — I'(X, £) a homomorphism of algebras such that

(H1) the multiplication in 2 is G-equivariant,

(H2) the differential of the G-action on 2 agrees with the action of g given

by D - [«(£), D] for éeg and De2,

(H3) if we consider %(g) as a G-module for the adjoint action of G, « is

a morphism of G-modules.
Then we say that the action of G on 2 is compatible with its structure as
a twisted sheaf of differential operators. If, in addition, X is a homogeneous
space, 2 is a homogeneous twisted sheaf of differential operators on X.
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We shall describe now the parametrization of all homogeneous twisted
sheaves of differential operators on a homogeneous space X. Let x,eX and
denote by B, the stabilizer of x,, and by b, its Lie algebra. To each
B, -invariant form 1 on b, we associate a homogencous twisted sheaf of differen-
tial operators 9y ;. First we introduce the structure of a sheaf of algebras on
U°=0x ®c % (g) by

(fR®HEe®N= 1) g®n+fg®@&n,

where f, ge®y and feqg, ne#(g) (here © denotes the natural action of g on
Oy). Let g° = Oy ®¢ g, considered as 0 y-submodule of #°. The natural commuta-
tor in %° induces the structure of a sheaf of Lie algebras on g°. The map
7 extends to a homomorphism of g° into the sheaf of local vector fields Jy
on X. Denote by b® the kernel of 7. Then b® is a sheaf of ideals in g°. The
geometric fibre of b° at x, is b,,. Therefore, to each B, -invariant linear form
on b, we can associate a G-equivariant morphism o, of the @y-module b°
into Oy. Let @,: % - %° given by ¢,(s)=s—0,(s), seb®. Then Im ¢, generates
a sheaf of two-sided ideals _# in #°. We put

gx,z=%o/fz'

Then G acts on 9y _;, and the natural morphism of I'(X, #°) =T (X, Ox) ®¢%(g)
into I'(X, 9y ,) induces a homomorphism of %(g) into I'(X, 9y ;). One can
check that &y , is a homogeneous twisted sheaf of differential operators on
X.

Let 2 be any homogeneous twisted sheaf of differential operators on X.
Denote by i, the inclusion of x, into X. Then 2 has a natural structure
of a homogeneous twisted sheaf of differential operators on the one-point space
{xo}, considered as a homogeneous space for B, . As such Z% is completely
determined by a B, -invariant linear form u on b, . Moreover, 9 is isomorphic
to 9y , as a homogeneous twisted sheaf of differential operators. This shows
that the sheaves Py ,, pe(b} )P~o, exhaust all G-homogeneous twisted sheaves
of differential operators on X.

If =9y ; and f: Y— X is a morphism of smooth algebraic varieties, we
put Dy . x=%y . x,2-

A.2. D-modules

Let 9 be a twisted sheaf of differential operators on X. Then the opposite
sheaf of rings 2° is again a twisted sheaf of differential operators on X. We
can therefore view left 2-modules as right 2°-modules and vice versa. Formally,
the category .#*(2) of quasi-coherent left Z-modules on X is isomorphic to
the category .#%(2° of quasi-coherent right 2°-modules on X. Hence one
can freely use right and left modules depending on the particular situation.

In the case of a homogeneous space X, if 8 is the B, -invariant linear form
on b, which is the differential of the representation of B, on the top exterior
power of the cotangent space at x,, (% ,;)° is naturally isomorphic to @y, _;+5.
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For a category # (2) of 2-modules we denote by ., (2) the corresponding
subcategory of coherent 2-modules. For any coherent 2-module ¥~ we can
define the characteristic variety Ch(¥") of ¥ in the same way as in the nontwisted
case [5]. Because its construction is local, the results in the nontwisted case
imply:

(a) Ch(¥") is a conical subvariety of the cotangent bundle T*(X),

(b) dim Ch(¥")=dim X.

If dim Ch(¥")=dim X we say that ¥ is a holonomic 9-module. Holonomic
modules form a subcategory #o/ (2) of M., (D).

Modules in .#,,,(2) which are coherent as ¢ y-modules are called connections.
Connections are locally free as ¢y-modules and their characteristic variety is
the zero section of T*(X); in particular they are holonomic.

Assume that G is an algebraic group acting on a smooth algebraic variety
X and 2 a twisted sheaf of differential operators on X with a compatible action
of G. A (2, G)-module # is an object of #(2) on which G acts algebraically,
so that

(i) the action map from 2 ®,, % into & is a morphism of G-homogeneous
Ox-modules,

(i)) the actions of g on & given by the action of 2 and the differential
of the action of G coincide.

A.3. Functors

A3.1. Twist. Let Z be an invertible Ox-module on X. Then ¥ ®,, 2 has a
natural structure of right 2-module by right multiplication on the second factor.
Let 2% be the sheaf of differential endomorphisms of the 0y-module ¥ ®,, 2
(for the Ox-module structure given by left multiplication) which commute with
the right Z-module structure. Then 2¥ is a twisted sheaf of differential operators
on X. We can define the twist functor from .#%(%) into .#*(2¥) by

V(L Ry D) Qg Y
for Ve (D). As Ox-module,
(g ®@x.@)®g/1/-=g®@x V.

The operation of twist is visibly an equivalence of categories.
In the case of a homogeneous space X, if & is the homogeneous invertible
Ox-module on X determined by the character of B,, with differential pe(bZ,)~o,

we have
(gx, A)g :‘@x, Atue

A.3.2. Inverse image. Let ¥"e #*(2P). Put
f+(7/)=9y—-x®f-19f‘11/-

Then f*(¥)e.#%(P’) is the inverse image of ¥ (in the category of Z-modules),
and f* is a right exact covariant functor from .#%(2) into .#%(2"). Considered
as Oy-module,
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f+(V)=(9Y®f"(')x f_l"V=f*(V)-

The left derived functors I f * : .#™(D)— M™(2@') of f * have analogous proper-
ties. Moreover, if g: Z > Y is another morphism of smooth algebraic varieties,
we have the Grothendieck spectral sequence

Lg*oLif*=Lr*(fog)".

A.3.3. Direct image. To define the direct image functor for 2-modules efficiently
one has to introduce derived categories (although in this paper we deal only
with affine morphisms where one can take also a more elementary approach).
In addition, it is simpler to define it for right 2¥-modules. Naively speaking,
one would like to define the direct image as the functor ¥~ f, (¥ ®gr Dy - x)
for ¥’e #*(27). Unfortunately, the direct image functor f, is left exact and
the tensor product — ®g4r Dy -, x is right exact, so this definition is unsatisfactory.
We first give the correct general definition of the direct image using derived
categories, and then discuss the special cases needed in the paper, where more
naive constructions apply.

Let D*(#®(27)) be the derived category of bounded complexes of quasi-
coherent right 2/-modules. Then we define

RE0)=RY,(7 39@ )

L
for any #"eD*(#*(2’)) (here we denote by Rf, and (X) the derived functors
24

of direct image and tensor product) [5]. Moreover, if g: Z — Y is another morph-
ism of smooth algebraic varieties, we have

Rf,oRg.=R(f°g)+.

Let ¥~ be the complex in D*(.#®(%')) which is zero in all degrees except 0,
where it is equal to a quasi-coherent right 2/-module ¥ Then we put

Rif,(#)=HRSf,(?") for icZ,

ie. we get a family R'f,, ieZ, of functors from .#*(2’) into .#%(2). We call
R'f, the i™ direct image. This also leads to the spectral sequence

Rif,oRig,=R"(fog),.

Now one can check that

(i) if f is an immersion, R'f, =0 for i <0,

(ii) if f is affine, R'f, =0 for i>0.
In the first case, if f is an immersion, @y is a locally free 2/-module. This
implies that

Rf,(9)=Rf(¥ ®a:Dy-y) for Ves (@),

ie. R°f, is our “naive” direct image functor, it is left exact, and R'f, are
its right derived functors. In the second case, if f is an affine morphism, R'f.
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are the left derived functors of R°f,. Moreover, for an affine open subset U
of X and V= f"1(U), it follows that

FU,Rf e (M N=T(V, ¥)®rw,anT(V, Dy ~x),

which completely determines R°f, (¥").

Finally, if f: Y— X is an affine immersion, R'f, =0 for i+0 and Rf, is
exact.

We need more precise information in two special cases.

Closed immersions. If Y is a closed smooth subvariety of X and f: Y— X the
natural immersion, R%f, is an exact functor from .#®*(2/) into #R(D). 1t is
an equivalence of the category .#%(2”) with the full subcategory of .#%(2)
consisting of modules supported in Y. As we remarked before,

R0f+ ("V)=f*(7/®9f anx)

for any v'e#®(D’). If % is the ideal of 0y consisting of germs vanishing on
Y, we can define an increasing filtration of @y., by left 9/- and right
S~ Ox-modules, by setting

F, 9y x={TeZy.x| To=0for pe(H)"*'},

for peZ, . We call this filtration the filtration by normal degree. By the previous
discussion, it induces also a natural @y-module filtration of 2-modules sup-
ported on Y. In particular, if ¥’ e.#%(2),

GrRf,(¥)= £, (¥ ®o, S(Nx}¥)

where Ay y=f*(Fy)/Fy denotes the normal sheaf of Y and S(A%,y) the corre-
sponding sheaf of symmetric algebras.

Surjective submersions. Let f: Y — X be a surjective submersion. Denote by Jyx
the sheaf of local vector fields tangent to the fibres of . Then J3x is a sheaf
of Lie subalgebras of the sheaf 3. From the construction of 97 it is evident
that Jy ycP’. Therefore, for any ¥ e#®(2”7) we can form the complex
CY|X (’V)’

C’{f[x(V)=1/®oyA _k‘d/_Y|Xa keZ,
with differential

dU®vi AvaA ... A
k
=3 (=DM un, @0 AV AL ADA LAY
i=1
+ Y (—)Yu@o, v]Av AL ABA L ADA LAY,

15i<jsk

for ue¥; vy, v,, ..., € Jyyx. The complex Cyx(¥') is, up to a shift in degree,
the relative de Rham complex for the right 2/-module ¥, One can show that
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Cyx(2’) is a left resolution of Zy_y by locally free left @/- and right
f 1 0x-modules. Therefore, as complex of ¢x-modules,

Rf,(V)=Rf, (V" Qg Cy|x(@f))=Rf*(V.®oy A %lx)

for any #"e DP(#* (27)). Moreover, if we assume in addition that f is an affine
morphism, we have

R, (V)=H(fo(¥ @0y A Ty x))= H (/o (Crx (),

for any ¥ e.#®(2’). This describes the direct images for f as ¢y-modules. One
can describe the action of 2 locally in a noncanonical way.

Fortunately, in the homogeneous situation, the Z-module actions are in-
duced by the action of the enveloping algebra %(g), which makes it possible
to describe the Z-module structure on H'(f,(Cy;x(¥")) in a canonical manner.
Assume that X =G/B and Y=G/H are homogeneous spaces for an algebraic
group G such that Hc B. Let f: Y— X be the natural map. Assume in addition
that B/H is an affine variety, so that f is an affine morphism ([3], Lemma
L.1). Let 9y , be a homogeneous twisted sheaf of differential operators on X.
Then the linear form Ae(b*)? determines, by restriction, u=4|he(h*)¥, and there-
fore a homogeneous twisted sheaf of differential operators 2y ,=(%x ;) on Y.
In this situation, A Jy,x is a G-homogeneous Oy-module on ¥, and by differentia-
tion it has a natural structure of left %(g)-module. It follows that we can define
a right action of %(g) on Cyx(¥") via

URv)é=ult®v—u®v

for ue¥” and ve A Jy|x. The action induces a right action of %(g) on the coho-
mology groups of £, (Cy,x(¥) that generates the right action of &y ,.

Appendix B: Extension to a larger class of groups

In this appendix we show how our arguments can be extended to more general
situations which play some role in applications of the duality theorem. We
have avoided this degree of generality in the main body of the paper to keep
the notation simple and to make the basic ideas as transparent as possible.
Here we restrict ourselves to brief indications of the ideas involved in these
generalizations.

To begin with we may assume that the Lie algebra g is reductive, rather
than semisimple. Also, in the definition of Harish-Chandra pair, the connected-
ness assumption on the group K can be dropped and replaced with the assump-
tion that the image ¢@(K) is contained in Int(g). We no longer insist that the
differential of ¢ be injective; instead we require that it factors through an injective
morphism of I into g. In this case, K acts trivially on £ (g), and the categories
M (U, K) and M ,,(Z;, K) are well-defined if we add to the compatibility
condition (CM) the condition that the action of %, is K-equivariant. Moreover,
these categories have the same properties with respect to the cohomology and
localization functors. The only essential difference comes from the fact that
K-orbits in X are not necessarily connected. To deal with this difficulty we
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now analyze more carefully the structure of standard Harish-Chandra sheaves
(0, 1) and their unique irreducible subobjects £ (Q, 7).

For any subgroup K’ =K of finite index, there is a natural induction functor
from M, (U, K') into M ;,(%,, K), as follows. Let R(K) be the ring of regular
functions on K. For any ¥"e.#;,(%,, K') we can view R(K)®¢ V as the space
of regular Vivalued functions on K. Let Ind¥.(V) be the subspace of all such
functions F which satisfy

Fkhy=n(h Y F(k} for heK' and keK.
We can then define the action of g and K on Ind¥.(V) by

(v(k) F)(h)=F (k' h) for h, keK,
W(X)F)(K)=n(Ad(k ) X)F(k) for Xeg, keK;

one checks that Indf.(V)e 4, (%,, K).

Fix a K-orbit Q and a point xeQ. Denote by S, the stabilizer of x in
K. If K is the identity component of K, K° and S, generate a subgroup K! <K
of finite index which stabilizes the component Q° of Q with xeQ°. Then (g, K')
is again a Harish-Chandra pair. Let i be the natural immersion of Q into X,
and 7 an irreducible ((2,)}, K)-connection on Q. The restriction t|Q° is an irre-
ducible ((2)"| @°%, K*)-connection on Q°. The standard module .#(Q° 1| Q%) is
therefore a well-defined object of #..,(2,, K'), and its cohomology modules
are in M, (U, K*). We claim that

HP(X, #(Q, 1))=Indk. (HP(X, #(Q° ©| Q%)

for any peZ . . This follows directly from the construction of the direct image.
Indeed, as %,-module, H?(X, .#(Q, 7)) is the direct sum of H?(X, #(Q’, 1| Q")
taken over all connected components Q' of the orbit Q. Moreover, the elements
of K/K! parametrize connected components of Q. Let ke K be a representative
of the right K'-coset corresponding to the connected component Q' of Q, and
7,: X - X translation by k. Then the action of k identifies .#(Q°, ¢|Q°) and
¥ (F(Q,7|Q)), which in turn identifies H?(X, #(Q%|Q%) and
H?(X, #(Q, | Q). Our statement follows from the classical block matrix con-
struction of induced representations.

The proof of the duality theorem holds without any changes for .#(Q°, t| Q%
considered as an object of .#,,,(Z;, K'). Since K! is reductive, passage to the
contragredient commutes with induction, hence the duality theorem for #(Q, 1)
follows from the description of standard Zuckerman modules for nonconnected
K ([22], 6.2).

This discussion applies in particular to the representation theory of real
reductive groups of the Harish-Chandra class, as discussed at the end of Sect.
4,

Another situation which can be treated by the duality theorem is the case
of a real reductive group G, with infinite center. In this case the action of
the natural complexification of the maximal compactly imbedded subgroup K,
on the flag variety X is not algebraic, hence one has to modify the approach
significantly. The way to do this is an algebraic analogue of a trick introduced
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in ([25], 3.3). For simplicity we assume that G, is a connected semisimple Lie
group and g its complexified Lie algebra. Let Z, be the center of G,. Then
Z, is a central subgroup of K, and K,/Z, is a compact group.

Denote by .#,,(g, K,) the category of Harish-Chandra modules, i.e. the cate-

gory of modules V with the following properties
(i) Vis finitely generated as % (g)-module,

(ii) as a K,-module it is a sum of irreducible finite-dimensional continuous
submodules,

(iii) the actions are compatible, i.e. the differential of the action of K, agrees
with the action of the Lie algebra .

If ¥ is an irreducible object in .# (g, K,), the center Z(g) of % (g) and
the center Z, of G, act on V by scalars. The action of Z, is given by a character
{: Z,— €* which we call the central character of V. Therefore, to describe all
irreducible Harish-Chandra modules for (g, K), it is sufficient to describe irre-
ducible objects in the categories (%, Ko, {) of all Harish-Chandra modules
with infinitesimal character y; and central character {. We claim that the study
of M (U, Ky, () can be reduced to the study of the categories analogous to
the ones we encountered before.

Let C be the center of K, and C, its connected component. Let Z, =Z,n C,.
One sees that K,/Z, is a compact group. By going to a finite cover of K,
if necessary, we can always assume that K, is the product of its commutant
and C,. With this additional assumption, there exists a one-dimensional repre-
sentation w of K, such that w|Z,={]Z,. In the following we assume that
K, satisfies the above assumption.

Let (n, V) be an object in .# (%, K,, (). Then 1® 0~ ! is a representation
of K, which is trivial on Z,. We can therefore view it as a representation
of the compact group Ky/Z,. This group has a natural complexification K.
It follows that V is a finitely generated %,-module which is also an algebraic
K-module via the K-action v, and these actions satisfy the compatibility condi-
tion:

(10 forany cet RO =¥(O+0();
here we identify w with its differential.

This leads us to the following definition of the category of twisted Harish-
Chandra modules. Let w be a K-invariant linear form on the Lie algebra f.
The category #,,(%,, K, ) consists of objects (=, v, V') such that

(i) (m, V) is a finitely generated %-module,

(i) (v, V) is an algebraic K-module,

(iii) the actions satisfy the compatibility condition (IC).

There is a natural equivalence of categories between .#,(%,, K, w) and
Mo (U, K, @) if ©— ' is a differential of a one-dimensional algebraic represen-
tation of K. Moreover, if @ is a one-dimensional representation of K, such
that w|Z,={|Z,, we have a natural equivalence of categories between
Me, (U, Ko, () and a full subcategory of #,,(%,, K, w). More precisely,
Mo (Uy, K, w) is equivalent to the direct sum of categories ., (%,, K,, {') for
central characters {' such that {'|Z,=w|Z,.

On the other hand, the category .# (%,, K, ) can be studied by localization.
Define #,,(Z,, K, ) to be the category of coherent 2,-modules on the flag
variety X with an algebraic action of K such that the action of 2, is K-equivar-
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iant and satisfies the compatibility condition analogous to (IC). Then the local-
ization functor maps objects of .#,,(%,, K, w) into M ,(Z;, K, w). Moreover,
the cohomology modules of objects of #,.,(Z;, K, w) belong to #,,(%,, K, w).

The classification of irreducible objects in 4 (Z,, K, w) in terms of stan-
dard twisted Harish-Chandra sheaves proceeds as in the nontwisted case with
minor modifications. The same is true for the construction of standard Zucker-
man modules and the proof of the duality theorem.

References

1. Beilinson, A., Bernstein, J.: Localisation de g-modules. C. R. Acad. Sci. Paris, Ser. I 292, 15-18
(1981)

2. Beilinson, A., Bernstein, J.: A generalization of Casselman’s submodule theorem. In: Representa-
tion theory of reductive groups, Progress in Mathematics, vol. 40, pp. 35-52. Boston: Birkhduser
1983

3. Bialynicki-Birula, A.: On homogeneous affine spaces of linear algebraic groups. Am. J. Math.
88, 577-582 (1963)

4. Borel, A.: Linear algebraic groups. New York : Benjamin 1969

5. Borel, A, et al.: Algebraic 2-modules. Boston-New York: Academic Press 1986

6. Brylinski, J.L., Kashiwara, M.: Kazhdan-Lusztig conjecture and holonomic systems. Invent. Math.
64, 387410 (1981)

7. Bourbaki, N.: Algébre, Ch. I-X. Paris: Masson 1980-1981

8. Bourbaki, N.: Groupes et algébres de Lie, Ch. I-VIIIL Paris: Masson 1981

9. Cartan, H., Eilenberg, S.: Homological algebra. Princeton: Princeton University Press 1956

10. Dixmier, J.: Enveloping algebras. Amsterdam: North-Holland 1977

11. Enright, T.J., Wallach, N.R.: Notes on homological algebra and representations of Lie algebras.
Duke Math. J. 47, 1-15 (1980)

12. Grothendieck, A.: Sur quelques points d’algébre homologique. T6hoku Math. J. 9, 119-221 (1957)

13. Hochschild, G.: Introduction to affine algebraic groups. San Francisco: Holden-Day 1971

14. Kazhdan, D., Lusztig, G.: Representations of Coxeter groups and Hecke algebras. Invent. Math.
53, 165-184 (1979)

15. Langlands, R.P.: On the classification of irreducible representations of real algebraic groups,
mimeographed notes. Institute for Advanced Study, 1973

16. Lusztig, G., Vogan, D.: Singularities of closures of K-orbits on flag manifolds. Invent. Math.
71, 365-379 (1983)

17. Matsuki, T.: The orbits of affine symmetric spaces under the action of minimal parabolic sub-
groups. J. Math. Soc. Japan 31, 332-357 (1979)

18. Militi¢, D.: Localization and representation theory of reductive Lie groups mimeographed notes;
to appear

19. Mili¢i¢, D., Taylor, J.L.: Localization and coherent continuation. (Preprint)

20. Mumford, D.: Geometric invariant theory. Ergebnisse der Mathematik, Band 34. Berlin-Heidel-
berg-New York: Springer Berlin 1965

21. Schmid, W.: Recent developments in representation theory. In: Proceedings of Arbeitstagung,
Bonn 1984, Lect. Notes Math,, vol. 1111, pp 135-153. Berlin-Heidelberg-New York-Tokyo: Sprin-
ger 1985

22. Vogan, D.: Representations of real reductive Lie groups. Progress in Mathematics, vol. 15. Boston:
Birkhéduser 1981

23. Vogan, D.: Irreducible characters of semisimple Lie groups III: proof of the Kazhdan-Lusztig
conjectures in the integral case. Invent. Math. 71, 381-417 (1983)

24. Wolf, J.A.: Finiteness of orbit structure for real flag manifolds. Geom. Dedicata 3, 377-384 (1974)

25. Wolf, J.A.: Unitary representations on partially holomorphic cohomology spaces. Mem. Amer.
Math. Soc. 138 (1974)

26. Zuckerman, G.J.: Geometric methods in representation theory. In: Representation theory of reduc-
tive groups, Progress in Mathematics, vol. 40, pp. 283-290. Boston: Birkhduser 1983

Oblatum 12-VIII-1986



