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1. INTRODUCTION

A fundamental problem in the representation theory of a semisimple Lie
group G is to describe its irreducible unitary representations. One can divide
them, loosely, into two classes: those that enter the Plancherel decomposition
of L,(G), and the remainder. We shall refer to the former as regular, to the
latter as singular unitary representations. The regular representations are
parametrized by the regular semisimple integral orbits of the adjoint group in
the dual of the Lie algebra, and have geometric realizations which are related
to this parametrization. Elliptic orbits, for example, correspond to discrete
series representations, provided G does have a discrete series: any such

* Research partially supported by National Science Foundation Grants MCS 76-01692
(Rawnsley and Wolf), MCS 79-13190 (Schmid), and MCS 79-02522 (Wolf).
1
0022-1236/83 $3.00

Copyright © 1983 by Academic Press, Inc.
All rights of reproduction in any form reserved.



2 RAWNSLEY, SCHMID, AND WOLF

regular elliptic integral orbit ¢ can be turned into a homogeneous
holomorphic manifold, and carries a distinguished homogeneous line bundle
L; the discrete series representation attached to /7 arises as a space of
square-integrable harmonic L-valued differential forms on ¢ [31,32]. In a
similar fashion, the representations parametrized by nonelliptic orbits can be
realized as spaces of “partially harmonic” differential forms. See [42].

Except for some groups of low rank, little is known about singular unitary
representations. Guided by the analogy with the nilpotent and solvable cases,
one might hope for a natural bijection between the totality of integral coad-
joint orbits and the full unitary dual. Apparantly no such natural bijection
exists, but several pieces of evidence suggest that all semisimple integral
orbits, at least, do correspond to unitary representations. In this paper we
realize a special class of singular unitary representations geometrically by a
method which fits the correspondence between orbits and representations,
and which makes sense conjecturally for all representations attached to
elliptic integral orbits.

To put our results into perspective, we now recall the realization of
discrete series representations in terms of L,-cohomology groups [31, 32].
We suppose that the semisimple Lie group G contains a compact Cartan
subgroup 7—this is necessary and sufficient if G is to have a nonempty
discrete series. We denote the Lie algebras of G, T by g,, t,, and their
complexifications by g, t. The choice of a Borel subalgebra b — g, with t b,
determines an invariant complex structure on the quotient manifold G/T
whose holomorphic tangent space at the identity coset corresponds to b/t.
Every element y of the weight lattice 4 — it} lifts to a character of T, and
thus defines a homogeneous line bundle L,— G/T. Once an invariant
complex structure on G/T has been fixed, L, can be turned uniquely into a
holomorphic homogeneous line bundle. Since 7' is compact, both G/T and
L, carry invariant Hermitian metrics. The pth L,-cohomology group
#%5(G/T,L,) is defined as the kernel of the Laplace-Beltrami operator on
the space of square-integrable L -valued differential forms of bidegree (0, p);
G acts on it unitarily, by translation. We let g denote one half of the trace of
ad t on b/t." Then #%(G/T, L,) vanishes for all p whenever y + p is singular.
If x + p is regular, #7%(G/T, L,) does not vanish for exactly one value of p,
depending on y and the choice of b. The resulting unitary representation is
irreducible, belongs to the discrete series, and is an invariant of the G-orbit
of —i(x + p), viewed as an element of g via the Killing form. We should
remark that this orbit can be identified with G/T, and that the distinguished
line bundle on the orbit is L_, . The shift by p serves the purpose of making

Yr+p
the representation depend only on the orbit, not on the choices of 7" and b. In

' In order to make integral orbits correspond to representations, one must assume that p lies
in A, which can be arranged by going to a finite covering of G.
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this manner, the discrete series corresponds bijectively to the set of regular
integral elliptic G-orbits in g.*.

Every square-integrable harmonic form is d-closed, and hence represents a
Dolbeault cohomology class. The resulting map

#%(G/T, L) - H*(G/T, L) (1.1)

commutes with the action of G. According to the Hodge theorem, (1.1) is an
isomorphism if G/T, or equivalently G, is compact. One cannot expect the
same result for a noncompact quotient G/T. Nevertheless, there is a close
relationship between the L,-cohomology and Dolbeault cohomology of L, in
an important special case: so far, the choice of b, which determines the
complex structure, has been left open; we can fix it by requiring that y + p
should lie in the anti-dominant Weyl chamber, relative to b. In this situation,
both #%(G/T,L,) and H"(G/T,L,) vanish for all p other than s, the
dimension of a maximal compact subvariety of G/T. Moreover, the mapping
(1.1) is injective for p=s, and its image contains all vectors in H'(G/T,L,)
which transform finitely under the action of a maximal compact subgroup K.
In Harish-Chandra’s terminology, H°(G/T,L,) is infinitesimally equivalent
to #3(G/T,L,). Both may be regarded as realizations of the same discrete
series representation, although only the latter displays the unitary structure.

If one allows the parameter y + p to wander outside the anti-dominant
Weyl chamber, the Dolbeault cohomology group H°(G/T,L,) tends to
become reducible, and cohomology turns up in other dimensions as well, In
a vague sense, the composition factors are “continuations” of discrete series
representations. Some representations in this class are either known or
suspected to be infinitesimally equivalent to unitary representations. It is
natural from several points of view to associate them to singular integral
elliptic orbits in gFf. A conjecture of Zuckerman makes this precise. The
conjecture involves his derived functor construction {39, 43], which is an
algebraic analogue of Dolbeault cohomology on homogeneous spaces. We
now describe the conjecture, translated back into geometric terms.

As homogeneous spaces, the integral elliptic orbits in g can be identified
with quotients of G by the centralizer of a torus. Any such quotient G/H
carries invariant complex structures, corresponding to certain choices of
parabolic subalgebras of g, and homogeneous holomorphic line bundles L ,
indexed by the differential y of the character by which H acts on the fibre at
the identity coset. To each triple consisting of an invariant complex
structure, a character of H, and an integer p between 0 and dim G/H,
Zuckerman’s construction assigns a Harish-Chandra module—presumably
the Harish-Chandra module of K-finite vectors in H?(G/H, L,), although this
has not yet been proved. If y satisfies a condition similar to the anti-
dominance of y + p in the case of the discrete series, the modules vanish in
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all but one degree, equal to the dimension s of a maximal compact
subvariety of G/H. The remaining module in degree s is nonzero, irreducible,
and may be viewed as an invariant of the G-orbit through —iy, shifted by a
quantity which depends on the complex structure. Zuckerman’s conjecture
predicts that it is unitary. By analogy, one should expect

H?(G/H,L)=0 for p+#s, (1.2a)

H*(G/H,L,) is nonzero and is infinitesimally equivalent to an
irreducible unitary representation, v (1.2b)

provided again y satisfies the appropriate anti-dominance assumption.

If H is compact, H'(G/H, L,) turns out to be infinitesimally equivalent to
a discrete series representation and can be realized unitarily as a space of
square-integrable harmonic L, -valued forms on G/H. One might hope to
prove (1.2) in general by relating H*(G/H,L,) to an L,-cohomology group,
but one quickly faces a serious obstacle: the manifold G/H has no G-
invariant Hermitian metric unless H is compact. What does exist is a G-
invariant, indefinite, nondegenerate metric. Although it seems unlikely at first
glance that an indefinite metric can be used to produce a Hiibert space of
harmonic forms, there are some encouraging precedents, such as the
Bleuler—Gupta construction [4, 10] of the photon representation, and the
quantization of the U(k, I) action on R***" by Blattner and Rawnsley [3].

The d-operator on G/H has a G-invariant formal adjoint §* relative to the
invariant indefinite metric. We call an L -valued differential form w
harmonic if it satisfies the two first-order equatlons

dw=0, J*w=0. (1.3)

In a noncanonical fashion, one can manufacture a positive definite metric
from the indefinite one by “reversing signs.” If this is done judiciously, G
preserves the space of square-integrable forms, even though it distorts the L,
norm. We fix such a definite, non-invariant metric, and define #%(G/H, L)
as the space of square-integrable L,-valued (0, p)-forms with measurable
coefficients which satisfy Eqgs. (1.3) in the sense of distributions. It is a
Hilbert space on which H acts continuously. A differential form
w € #%(G/H, L,) need not be smooth, since (1.3) is a hyperbolic system.
Nevertheless, as a oJ-closed distribution, w determines a Dolbeault
cohomology class: just as in the case of a definite metric, there is a natural
G-invariant map

#UG/H, L)~ H’(G/H, L) (1.4)

? For square-integrable forms  on a manifold with a positive definite, complete metric,
these two equations are equivalent to the Laplace—Beltrami equation (6*d + d0*) = 0, but in
the present context they are more restrictive.
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from L,cohomology to Dolbeault cohomology. The invariant indefinite
metric defines a G-invariant indefinite bounded Hermitian form ¢ , ) on
#7%(G/H, L,). If one is optimistic, one may conjecture

the image of the map (1.4) contains all K-finite cohomology
classes, (1.5a)

the kernel coincides with the radical of (, ), (1.5b)

the induced Hermitian form on the image is positive
definite. (1.5¢)

In particular this would make H?(G/H,L,) infinitesimally equivalent to a
unitary representation.
The main result of our paper is a special case of (1.5). We suppose

G/H is pseudo-Kéhler symmetric; (1.6)

more precisely, we require A to be not only the centralizer of a torus, but
also the group of fixed points of an involutive automorphism. Homogeneous
spaces of this type can be identified with minimal semisimple orbits in g,
and should correspond to highly singular representations. In addition to
(1.6), we assume that G/K has a Hermitian symmetric structure which is
compatible with the complex structure of G/H in the following sense:
replacing K by a suitable conjugate, we make H M K maximal compact in
H; we want G/HM K to carry an invariant complex structure such that

both G/HNK-G/H and G/HN K- G/K are holomorphic. (1.7)

Under these conditions on G/H, with the usual anti-dominance hypothesis on
x» we prove (1.2) and (1.5). The representations covered by Zuckerman’s
conjecture all have regular infinitesimal characters. Perhaps surprisingly, a
modified version of our construction produces unitary representations on L,
harmonic spaces well beyond the range where the infinitesimal character is
regular. If H has a compact simple factor, there exist homogeneous
Hermitian vector bundles V- G/H, modelled on finite-dimensional
irreducible unitary H-modules ¥ of dimension greater than one. Since our
arguments extend easily to this situation, we work with homogeneous vector
bundles from the very beginning. We also prove analogues of (1.2) and (1.5)
for certain infinite-dimensional Hermitian vector bundles. The resuiting
unitary representations are infinitesimally equivalent to Dolbeault
cohomology groups of finite-dimensional vector bundies over homogeneous
spaces G/H,, with H, c H.
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Condition (1.7) imposes a very severe restriction on the indefinite-Kéhler
symmetric space G/H. It has the effect of making the G-modules H*(G/H, V)
belong to the continuation of the “holomorphic discrete series.” The unitary
representations in the continuation of the “holomorphic discrete series” were
classified recently by algebraic arguments [7, 8]; also see [23]. In particular,
the representations we exhibit are already known to be unitary. We should
point out, however, that our purpose is not so much the construction of some
specific unitary representation. Rather, we want to explore a general method
which fits into the framework of geometric quantization and which might
apply eventually to all representations attached to elliptic integral orbits in
ay. For this reason we carry our arguments as far as we can without using
(1.7); we prove the vanishing theorem (1.2a), we identify the G-module
H’(G/H,L,), and we prove that the radical of the invariant Hermitian form
on #5(G/H, L,) contains the kernel of the map (1.4).

Let us close the introduction with a brief guide through our paper. In
Section 2 we describe a fibration of the indefinite Kdhler symmetric space
G/H over its maximal compact subvariety K/HNK; it has Hermitian
symmetric fibres and is holomorphic precisely when G/H satisfies condition
(1.7). Holomorphic or not, the fibration leads to a spectral sequence for the
cohomology of any homogeneous vector bundle V, which is the subject of
Section 3. The next two sections use the spectral sequence to identify the K-
spectrum and the global characters of the cohomology H*(G/H, V). Up to
this point condition (1.7) is not needed. It assumes a crucial role in
Section 6, where we write down, more or less explicitly, certain special
harmonic forms—enough to represent all K-finite cohomology classes. We
construct a particular positive definite, non-invariant metric in Section 7, and
show that the special harmonic forms of Section 6 are square-integrable with
respect to it under appropriate hypotheses on the vector bundle V. To
complete the proof of (1.5), we must prove that a square-integrable d-exact
form can be approximated in L, norm by d-boundaries of square-integrable
forms. We do so in Section 8, by means of an L, version of the spectral
sequence of Section 3. Section 9 contains a variant of (1.5), which we can
prove under less stringent assumptions on V, but which suffices to unitarize
the G-modules H*(G/H, V). The various criteria for the vanishing theorem
(1.2a), for the existence of square-integrable harmonic forms, for the
nonsingularity of the infinitesimal character, and for certain properties of the
K-spectrum are not immediately comparable; we sort out the relationships
among them in Section 10. Except for the irreducibility, which we treat in
Section 11, this completes the study of our representations in the case of a
finite-dimensional bundle V. The infinite-dimensional case requires some
further considerations and is the subject of Section 12. Unitary highest
weight modules of the groups U(k, I), and of U(2, 2) in particular, have been
studied extensively by mathematical physicists. To facilitate a comparison of
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our construction with other realizations of these representations, we give a
very detailed account of our results for the indefinite unitary groups in the
last section.

The work described in this paper went through several stages. Its origins
and history are recounted in Appendix A. Appendix B contains completely
explicit formulas for the special harmonic forms of Section 6.

2. FIBRATION OVER THE MAXIMAL COMPACT SUBVARIETY

Let G be a connected reductive Lie group, r an involutive automorphism
of G, and H = (G™)°, the identity component of the fixed point set of 7. The
Killing form of G defines an indefinite metric symmetric space structure on
G/H. Choose a Cartan involution # of G that commutes with z. Its fixed
point set K =G? is the Ad;'-image of a maximal compact subgroup of
Ad(G). The orbit K - H~ K/K N H of K in G/H is a Riemannian symmetric
space; it is our maximal compact subvariety. We are going to describe a C*®
fibration n: G/H —» K/K M H and analyse it thoroughly in the case where
G/H is indefinite Kéhler. That analysis is the geometric basis for our study
of square-integrable cohomologies of homogeneous holomorphic vector
bundles V - G/H.

Retain G, H, K, 1, and 8 as above. Denote M = G% and L = KN H, so
L =M®%=M"=K" = H® maximal compactly embedded subgroup in M and
in H.

Denote the respective real Lie algebras

805 Dos Ty Mg, [ for G,H,K,M,L. 2.0
Denote the (+1)-eigenspace Cartan decompositions
go=% +p, under 6, go="byp+ 49, under . 2.2)
Then of course
8o = (Ea M) + Fo M ag) + (PN hy) + (oM ap), 23)
lo=1Nby, ho=1,+ (Po M ho), my = [y + (Po M ao).

Complexifications will be denoted by dropping the subscript, as in g = (g,)c-
A result of Mostow [22, Theorem 5] says that

a: KX (pyMag) X (PeMbe) > G by a(k, & n) =k -exp({) - exp(n) (2.4)
is a diffeomorphism. In particular, G = KMH. More precisely, choose

a4, S Py a,: Cartan subalgebra for (mg, [,), 25)
as: positive chamber for an ordering of the .

ag-roots of mg.
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Then the Cartan decomposition M = L4 * L gives a decomposition
G=KA"H, where A* = closure(exp a;) (2.6)

which is C* and unique up to (kz)ah = ka(zh) with z € Z,(a,). Flensted-
Jensen also noticed this.

2.7 ProposITION. Define n:G/H—-K/L by n(gH)=kL, where
g=k-exp(&)-exp(n) as in (2.4). Then = is well defined and is given by
n(kmH) = kL for k € K and m € M. Here n: G/H - K/L is a K-equivariant
C® fibre bundle with typical fibre M/L and structure group L. It is
associated to the principal L-bundle K - K/L by the (usual left) action of L
on M/L.

Proof. Let g' € gH, say g' = gh, and express g =k - exp(¢) - exp(n) as
in (2.4). Then exp(n)h€ H=L - exp(p,MY,) has form [-exp(n’), and
exp()lEeM =L -exp(p,MNq, has form [ -exp(l’), so g’ =(kl'):
exp(¢&’) - exp(n’) as in (2.4). As kL = (kI')L, this shows 7 well defined.
Similarly, in any expression g=k,mh,, express h, =/, -exp(n,) and
m,l, =1, - exp(¢,) to see k, = kl;' € kL, so n(gH) =k, L.

The K-equivariance property, n(kgH) =k - n(gH), is clear.

Identify p,M q, with M/L under &+— exp(£)L. The adjoint action of L on
PeM g, goes over to the usual left action of L on M/L. The associated
bundle to K— K/L for this action has total space K X, (Po X qo)s
equivalence classes of pairs (k,&) under [kl &] = [k, Ad(/)]. Now
|k, &] — k- exp(&)H is a fibre space equivalence of the associated bundle
with n: G/H - K/L. Q.E.D.

From now on, we assume that G/H has a G-invariant complex structure,
i.e., that

G/H is an indefinite Kdhler semisimple symmetric space. (2.8)

In other words, G=G,:--G,-Z and H=H, .- H -Z, local direct
products, where the G, are the simple normal analytic subgroups of G and Z
is the identity components of the center, and H; = H M G, either equals G, or
has one-dimensional center contained in K. Here H is the identity
component of the G-centralizer of its center, and Y, has a central element {
such that ad({): 9, — q, gives the almost-complex structure. The holomorphic
and antiholomorphic tangent spaces of G/H are represented respectively by

o, ={€q:[{¢]=i} and q_={{€a:[{,{]=-i} (29)

Let Q denote the parabolic subgroup of Ad(G). with Lie algebra
ad(h + q_). We remark that Ad(G)./Q is the complex flag manifold presen-
tation of a Hermitian symmetric space of compact type and that the G-orbit
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of the identity coset can be identified with G/ﬁ, where H = normalizer of
@ q_ in G has identity component H. See [41]. The quotient G/H is then
simply connected, hence H is connected, and hence H is the full normalizer
of Y@ q_ in G as a consequence of the existence of the complex structure. A
number of other familiar facts about Hermitian symmetric spaces have exact
analogs in our case. Thus, either by direct verification or by application of
[41, Theorem 4.5] one sees that

H contains a §-stable fundamental Cartan subgroup 7; of G (2.10)
and that

there is a system @/ of positive t;-roots of g such that complex
conjugation sends @/} to —®Z, the root system of b is generated
by certain simple roots, and q_ is a sum of positive roots spaces.

(2.11)
In particular,
T=T;NK is a Cartan subgroup in L, in X, and in M.  (2.12)

Note that T contains the center of H.
The central element { of §,, which gives the almost-complex structure, is
in I. Thus

0, =(tNa)+@®Na,) and a =(FNq)+PNq_) (213)
It follows that the maximal compact subvariety

K/L is a complex submanifold of G/H and is a Hermitian
symmetric space of compact type (2.14)

and the fibres

n~'(kL)=kM/L are complex submanifolds of G/H and are
Hermitian symmetric spaces of noncompact type. (2.15)

Nevertheless, the C* bundle n: G/H — K/L often is not holomorphic. See
Proposition 2.21 below.

If x € G, then t,: G/H - G/H denotes the translation gH — xgH, and if
x € K, we also write ¢, for kK — xkL. Tangent spaces are given by

T,u(G/H) =t,q,, Ty (G/H)=t,q,, Tey (G/H)=t,q_;
Tu(K/L)=1oNao), Ti'(K/L)=tNa,), TH'(K, L)=1Nq )
(2.16)
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The bundle G/H— K/L has a K-invariant connection whose horizontal
spaces are the translates

Lt 8N ag) < T uu(G/H), kEK, mEM. (2.17)

The (—1)-eigenspace of fr on g is (TN a) + (pMNb). It is Ad(M)-invariant.
Denote its projections

pitNa)+(mENh)-tNq and p":(ENe)+(PNbH)—>pNh
(2.18)
Now we can express the differential of 7 at kmH € G/H as

n*(tktmé)z()’ for éE pMaq,

(2.19)
=4(p’ o Ad(m)), for L€tNa.

A slight reformulation of (2.19): We can assume m =exp(y) with
nEPMQy, SO

Ad(m)¢ = exp(ad(n))¢ = cosh(ad(17))¢ + sinh(ad(n7))¢.

Even powers of ad(n) send ¥ g to 1M q and odd powers send it to pM .
Thus (2.19) can be phrased
n*(tktmé)=0’ for ée pnq,

(2.20)
= t;(cosh(ad(1))¢), for £€tMaq,

where m = exp(n) with n € p,MNq,.

2.21. PROPOSITION. The following conditions are equivalent:

(1) m: G/H- K/L is holomorphic.

(2) G/K is a Hermitian symmetric space, and one can choose G-
invariant complex structures on G/K and G/L in such a way that both
G/L - G/K and G/L - G/H are holomorphic.

(3) Ifn€pyMay, then cosh(ad(n))FNaq_)ctMNg_.

(4) Ifn€poMag, then ad(n)*ENq_)ctNa_.

(5) lpNay,,[pNa,,tNg_]]=0.

Remark. In (2), the G-invariant complex structure corresponds to an
Ad(K)-invariant splitting p=p, +p_, with p, Ngq_=0.

Proof. The map = is holomorphic just when every =, T (G/H)cC
T4 (K/L), so (2.20) says that (1) and (3) are equivalent, and evidently (3)
and (4) are equivalent.
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Let n€EpoMay, say n=n,+n_withn, EpMNaq,,son_ =17_+. Expand
N, =Y. 1",, where 7, is in the t-root space for a € ®(pMq,). If £ is in the t-
root space for f € @(tMq_), then [q_,q_] =0 gives

adm)e= Y {[Ma,, (Mo €11 + [Ma,> (M0, €11}

aj,ay

and
s (Mays €)1 = [[Mas 110}, E] € [LENG_] cENG_.

Now, since [, , [1,,,¢]] €ETNa,,

ad)’¢€tNa_e 3 (14, [1a,,¢]]=0.

Q)

Suppose that ¢, 77, belong to a Chevalley basis of g. If {z,} are algebraically
independent and »’' =7’ + #. with n, =Y ¢,n,, then ad(n’)*é€tNq_ if
and only if each

taltaz{[”a,’ [”nz’ é” + [r’az’ [”al’ é]]} = O‘

As [a,,q,]=0, that just says that each [7, , [1,,,¢]] =0. Thus (4) and
(5) are equivalent.

We next prove: if n is holomorphic, then G/K is Hermitian symmetric.
For this, we may assume G simple, and need only prove that

t: I-submodule of p generated by pMgq,
is properly contained in p. Calculate with the Killing form and use (5):
(ad(tMa)’(pMq,)pNa,)
=(pNa,,[pNa,,tNg_],tNag))=0.

As ad(tNag)*(pNq,)cpnaq, this forces adfNaq)’(pNag,)cpN a,.
Now we can prove by induction on n that

ad(®)"(pNa,)c(PNa,)+adNa)pNa,)

In effect, that is clear for n =0 and

ad(®){(pNa,)+adtNa)pNa,))
=ad()(pMNaq,)+ad(l) adfNa)pa,)
+adNa)pNa,)+adtNa)’(pa,)
cPNa,)+adNa)pna,)
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Since (pMa,)+ad(f M q)(pMaq,) is a subspace of p that does not contain
pMq_, we have proved t & p and so G/K is Hermitian.

Now we can show that (1) implies (2). For as above, when 7 is
holomorphic, G/K is Hermitian with holomorphic tangent space
p, =ad(U))(pMa,),s0op, Mq_ =0 and we may assume that the positive
root system (2.11) has @(p,)U @(a, )= @*. Now G/L has holomorphic
tangent space (p, + q,), so its maps to G/K and G/H are holomorphic.

Conversely, given (2), p_MNaq, =0, so [pNa,,[pNa,,tNa_]]c
o, [p.,tHl < [p,,p,]=0, showing (5). Q.E.D.

2.22. ExampLE. G/H = U(a, + a,, b, + b,)/U(a,, b,) X U(a,, b,). The
Lie algebras are given in matrix blocks by

tNp pMh tNa, pNa,\ }a,

pNbh tNh  pNa, tNa, ) }h
tNq_ pNa_. tNh pNH Jla,

pMa_ tNg_ pNh tNH / }b,
a, VI;T a, T

One easily checks that [pMa,, [pMNq,,tMNq_))+ 0 unless at least one of
a,, 4, b;, b, vanishes. Thus 7: G/H — K/L is holomorphic if and only if one
or more of a,,a,,b,, b, is zero. Note that G/K is a Hermitian symmetric
space in this example.

The projection p’ of (2.18) is the direct sum of two projections p’, and p’ ,
given by

piENa)+ENa )+ (pNh)-tNa,. (2.23)

We use them to see that x is, at least, never infinitesimally antiholomorphic.
2.24, LEMMA. The differential of n: G/H — K/L, followed by projection
to the antiholomorphic tangent space, at kmH € G/H, is

tt,l— 0, for (€Epnag,

(2.25)
— t(p" o Ad(m)¢), for fetMa.
It restricts to a linear isomorphism of the (0, 1) horizontal space
Lt N Q)N Ty (G/H) = tit, AN q )

onto T3 (K/L).



SINGULAR UNITARY REPRESENTATIONS 13

Proof. The first assertion, (2.25), comes from (2.19). Write (£, &,;) for
the positive definite Hermitian inner product —B(¢,, &) on M q, where B is
the Killing form. Each ad(n)*", n € p,M q, and n > 0 integer, is symmetric
and positive semi-definite on T M p with respect to (, ), so p’ o Ad(exp(n)) =
cosh(ad(z)) is symmetric and positive definite. Thus p’ o Ad(exp(n)) maps
t M q_ isomorphically to itself. Q.E.D.

The inverse of (2.25) is the horizontal left operation for (0, 1) vector fields
on K/L,

Rim: Tii'(K/L)- Riu(G/H)
by ka(tkf) = tktm({pl— ° Ad(m) l! ﬁq_} _lé)

for £ € pMq_. The deviation of n: G/H — K/L from holomorphicity is given
by

(2.26)

Sem: TH'K/L)~ TH(K/L) o)
BY  Sim(t&) = 12", o Ad(m) o {p’ o Ad(m)|yng } 'O,

To see that, note p’ =p’, + p’, so (2.19) becomes

s R4 8) = 1,(8) + Sim(t4€)s (2.28)

so x is holomorphic just when all the S,, =0.

3. A SPECTRAL SEQUENCE FOR 7: G/H — K/L

Retain the setup and notation of Section2 for the indefinite Kéhler
semisimple symmetric space G/H and its fibration 7n: G/H - K/L. Fix

v: irreducible L-finite Fréchet representation of H,
V: representation space of y, 3.1)

V- G/H: associated homogeneous holomorphic
vector bundle.

In general, but not always, y will be an irreducible unitary representation of
H, in which case L-finiteness is automatic. In this section we will develop a
variation on the Leray spectral sequence for the Dolbeault cohomologies
HP(G/H, V).

Here A™(G/H, V) is the Fréchet space of V-valued C* (0, m)-forms on
G/H. A form ¢ € A™(G/H,V) vanishes to order p on the fibres of
n: G/H— K/L if its has base degree >p, i.e., if locally every monomial
summand of ¢ has p or more 1-form factors that annihilate the tangent
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spaces of the fibres. Equivalently, (#,,...,7,)=0 whenever at least
m — p + 1 of the vector fields #, are tangent to the fibres. Set

&9 ={p € A**9(G/H, V): ¢ vanishes to order p}. 3.2)

From the definition,

OFPI Cc FPIt ! 50 FP = Z &P filters the complex {#°9,8}. (3.3)

q20

This is a decreasing filtration, F°=3 #”9, and F"=0 for
m > dimcK/L. So it leads to a spectral sequence {E?*9, d,}, with

EBS =gPa gt o, (3.4)

Since the #”7 are closed in 4°*%(G/H, V), E%57 inherits the structure of
Freéchet space.

3.5. LEMMA. Let AY(M/L, V) denote the Fréchet space of V |, -valued
C*® (0,q)forms on M/L. Then the image of 6_M/L:A"(M/L,V)—>
ATt (M/L, V) is equal to the kernel of 8y, : A°*'(M/L, V) - A***(M/L, V).
In particular, (i) 0,,, has closed range, (ii) the Dolbeault cohomologies
HY(M/L, V) inherit Fréchet space structures, and (iii) H'(M/L, V) =0 for
qg>0.

Proof. Bungart [5] extended Cartan’s Theorems A and B to Fréchet
space valued coherent analytic sheaves over Stein analytic spaces. This
applies to the sheaf ?(V)— M/L of germs of holomorphic sections of V |,
over the Stein manifold M/L. Thus the sheaf cohomology spaces
HYM/L,”?(V))=0 for ¢ >0. We need to carry this over to Dolbeault
cohomology. That is just a matter of noticing that the usual finite-
dimensional argument is valid in our case. The details follow:

First, V|,,, » M/L is holomorphically trivial in the standard manner: an
L-finite section w: M — V corresponds to the function f,,: M/L » V given
by [, (mL)=w(#) - w(m), where MEL, and mEexp(pMq,)-m-
exp(pMq_). So we need only check that, in the standard proof of
Dolbeault’s theorem for the constant line bundle over M/L, we can replace
any space of C-valued forms by the corresponding space of V-valued forms.
Second, that corresponding space is obtained by injective (Schwartz ¢) tensor
product with V. Now the verification of extensibility of Dolbeault’s theorem
comes down to the question of whether exactness of 0> E' - E—E" -0
implies exactness of 0 » E' @ V> E® V- E” ® V- 0 when the E’s are ail
of, or a quotient of, or a closed subspace of a Fréchet space 4™(K/L, C) and
® is the injective tensor product. But that is known (see [S, Theorem 5.3])
because the A™(K/L, C), and thus the E’s, are nuclear. Q.E.D.
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The (continuous linear) action of L on 49(M/L, V) gives us

AYM/L,V)- K/L: associated vector bundle. (3.6)

Similarly, the action of L on the Dolbeault cohomology H?(M/L, V) defines
HYM/L,V)— K/L: associated vector bundle. 3.7

These are the homogeneous vector bundles over K/L whose fibres at kL are
the respective Fréchet spaces A7(kK/L, V) and HY(kM/L, V). We need them
to analyse the spectral sequence.

3.8. LeMMA. If ¢ € P9, define w, by

@ J(KLYX  yers X, YKMH)(Y ey ¥) = QRMHY R X 305 Ry X s Xy srees ¥,
(3.9)

where the X; are (0, 1) vector fields on K/L in a neighborhood of kL, the Y;
are (0, 1) vector fields on G/H tangent to the fibres in a neighborhood of
kmH, and R,, is the (0,1) horizontal lift of (2.26). Then
w, € AP(K/A, AY(M/L,V)), the Fréchet space of A*(M/L,V)-valued C*
(0, p)forms on K/L. Further, ¢ — w,, induces a K-equivariant Fréchet space
isomorphism of E%9 onto A*(K/L, A°(M/L,V)).

Proof. Interpret ¢ as a C® function G-V ® A?*9(q_)* such that
o(gh)={y ®@ A**I(Ad*)}(k~")p(g), and w, as a C* function
KXAPEINq_ )» CM @ V® A% p N q_)*. In doing this,

@y (K)&y 3ees )My 3003 1g) = QRN T Gy 3 T s M1 3evs Mg)s (3.10)

where kEK, meM, {;€tNg_,n;€EpNa_, and

T,:tNg_-tNaq_ is the inverse of p_ o Ad(m) |, ~q_- 3.1

Lemma 2.24 says that T,, is well defined. Now compute

W (k)1 5wves §)mI)(1 1505 1)
= QkmINT &y ees Ty &y Ny soves M)
=y()~" - o(km)(AA() Tpi&, oo A() T,y &, Ad(D) 1, ,e.0, Ad(D) 11,)
=y()™" - @km)(T &y sy T&yr Ad(D) 1y s Ad(1) 1,)
=y()™" - @ (k)& s &) )AL 7, 5ener Ad(D) 71,).

$80/51/1-2
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Thus w,(k)(¢, ..., ¢,) € A9(M/L, V). Furthermore,

(KD 3ees E)mM)(1y 50003 1)
= @(KIM) Ty &, s TGy Ny 3eves 1)
= @(kim)(T,,, Ad(D) &, s Ty AD(1) &5 17, 5ees M)
= 0, (k)(Ad() & 5..., Ad() &,)Im)(7y 5emns 1,).

This says that k+— (k) has the transformation property under L such
that w, € AP(K/L, A%(M/L, V)).

Conversely, if w € A”?(K/L, A%(M/L,V)), then (3.10) suggests that we
define p: G- V' ® AP*9(q_)* by

ORMAY(T €y seees T &y Nyseves My )

=0, if r+p,
(3.12)

=y @A YAd*) (A7) - @(K)(E}seees EXIM)(150ees Mg )s

if r=p.

Calculating as above, we see that ¢ is a well-defined element of 4”9, and
visibly w = w,,. Thus ¢ — w, maps #”? onto A?(K/L, A%(M/L), V)). This
is continuous in the C* topologies. The kernel is #?*'7~!, Now ¢ - w,
induces a continuous one-to-one map of E§? onto A?(K/L, A%(M/L,V)). It
is a Fréchet space isomorphism by the open mapping theorem. Q.E.D.

Now identify E$? with A°(K/L,AY(M/L,V)) as in Lemma3.8. If
w € EPY, use (3.12) to represent it by ¢ € #”%. Then d,w € E5*!' is
represented by dp € #7191, s0

(dy@)(K)(&; sems ép)(m)(’h s Mgy )= a—(p(km)(Tmél seves T ép’ Nisees Mgy 1)
(3.13)

In order to use this, we need a reasonably explicit formula for dg.

Recall the projections p’, p” of (2.13). If nE€p,MNgq,, then
p'oAd(exp(m)):tNag—>tMNq and p”o Ad(exp(n)):pNbh-pNh are
isomorphisms given by cosh(ad(n)). If m € M, now

p o Ad(m):tNa—-1tNgq and p'o Adim):pNbh-opNh

are invertible. Thus we can define

A :tNg-o¥Ng is the inverse of p’ o Ad(m™") ;s

me

B,: tNq-pNh  is —p"oAd(m ')oA,, (3.14)
C,: pNh-opNH is the inverse of p” o Ad(m) |,y» '
D,:

pNyh-otNg is —p'oAdm)eC,,.
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Notice, for m€ M and [, [, € L that

A, = Ad(l}) 0 4,, 0 Ad(];), By m,= Ad(l;)™" o B,, 0 Ad(1)),
Cl,mz2 =Ad(l)"' o C, 0 Ad(l) 7Y, Dllml2 =Ad(l,) o D,, o Ad(};})"".
(3.15)

View m+— D,, as a function M — Hom(p N'b, N q), and let r(n7) D,, denote
its derivative on the right by # € pMq. Then

Ay tor(n)D, o C,}
=p'oAd(m~")o p’' o Ad(m)
o {—ad(n) o p” + Cp, 0 p" o Ad(m) o ad(n7) o p"}
=p' o Ad(m "o (1 — p")
o Ad(m){—ad(n) o p" + C,, 0 p" o Ad(m) o ad(n) o p"}
=—p'oad(n)o p"+ p' o Ad(m ') o p” o Ad(m) o ad(n) o p”
+p o C,p"oAd(m)oad(n)o p”" — p' o Ad(m~') o p”
o Ad(m) o C,, p" o Ad(m) o ad(n) o p”.
But p' o C,,=0 and p” o« Ad(m) o C,, o p” = p” by their definitions, so the

second and fourth terms cancel, and the third vanishes, leaving
—p' o Ad(n) o p". Thus

ifmeMand n€pNaq, then r(n) D,,=—A4,°ad(n)o C,. (3.16)

Now we compute the left and right action of various elements of g at
points km € G, in the sense

at km, I(£) is derivative along the curve k - exp(¢¢) - m, (3.17)
at km, r(¢) is derivative along the curve km - exp(t&). .

First, if £€tMq, then /(4,&)=r(Adm ")oA4,E)=r(p' o Adm")o
A8 +r(p" o Ad(m~") 0 4,8 =r(&) — r(B,?), so

r&)=lA,8)+rB,E for E€tNaq. (3.18)

Second, if { € p MY, then +(C,,{) = {{Ad(m) - C,,)=I(p' e Ad(m) < C, () +
I(p" o Ad(m) o C,,{) = —I(D, &) + I((), so

1Q)=r(C,0)+ID,L) for {EpND. (3.19)
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Consider a V-valued C*(0, p + gq)-form on G/H, ¢:G— V& A?*(q_)*,
such that

PEKM)cV @APEXNa_)*® A (pMa_)*. (3.20)

In other words, ¢ is a form constructed in (3.12). If £,,..,{,€tMNq_ and
Nises Nge1 € PN a_ then, using (3.18),

3_(/)(km)(fl geeey éps '71 seeey ”q+ 1)

L4 . a
= 3 (1) HED Q) € Gy My M)

q+1

+ (_l)p Zl (_l)l_lr(nj) (p(km)(él (] ép’ Nypseees ﬁjw-s Ng+ 1)
= Z (_l)i_ ll(Amél) (p(km)(él gevey éir"s ép’ ’71 gevey nq+ l)
i=1

+ Zl (1) (B &) QURIY(Ey seser Eiseres Eps My s Mg 1)
g+1

+ (_l)p Zl (_l)j_lr(”j) (P(km)(él 9eees ép’ H1seees ﬁj’ms 77q+ 1)'

As A, &€ kmi—o l(A,&E)p(km) has values in VRAPEN_)*®
A%pMg_)*, so each

Ay &) QUMNE, s Eirvnes £y Mynns Mg 1) = 0.
Since B, ¢, €D,
7(B 1y &) @(RIMNE, s &isvves & Myoves Mg 1)
= —dy(B,,&;) - 0(km)(&;seees Gipevns Eps Miswens Mg 1)
- i};.- QURMY(E, s (B s Eiilseres Eppoons €y Miseees Mg i 1)

q+1

- z_: (p(km)(él sovey 51 seeey éi 9erey ép, Hisvees [Bm 619 nj]a--" 'Iq+ 1)-

The dy(B,,¢;) - p(km) make sense because all values of
P:GX AP (g )V

are C® vectors for y. In effect, ¢ as just interpreted is a C* function to V'
which satisfies a right invariance condition for H. Now the dy(B,¢,) - o(km)
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terms and the terms involving [B,,¢;, &,.] € p M q vanish because ¢(km) has
values in V®A°((MNq_)*®4%(pNq_)* The terms involving |B,¢;, n;]
are

(P(km)(él 9eeey Ei,--w ép’ ’71 [IXIT] ”j—ls [Bméh ﬂj], ”j+1""’ ”q+1)
= (=1Y TP QRN E s &i 15 (M5 Bm&ils Ei 13mes Epo Mysnees Honees Mgy 1)-

In summary, now

a-(p(km)(él 3very épa T yseees 'Iq+ l)

P g+l .
=(-1) Z Z (1Y~ 'o(km)(&, ,..., [ﬂj’Bméi]""’ Cps Mismees Hjseens Na+1)
i=1 j=1
g+1
+ (=1 Z (1Y~ o(km)(&, ..., Eps Miseres fjomes Mgy 1) (3.21)
i=1

In order to use (3.21) in (3.13) we must control the [#;, B,, T,,¢;]. Recall
the projections p, of (2.23). Using (3.11) and (3.14), and writing
m=1,-exp(n) I, with , EL and n € p,M q,,

T,'=p. o Ad(m)i~,_= Ad(l;) o p_ o cosh(ad(n)) o Ad(l;)|ine_
and

P oApling. =PL o {p o Ad(m ™ Ving} ' ling_
=Ad(/,)o pL o {COSh(ad(“ﬂ))hmq}_l ° Ad(lz)hnq_-

They are equal because

p"_ o cosh(@d(n)mq_
= p’ exp(ad())ling_ =P’ © exp(ad(—1)) " |1nq_
=p” o {exp(ad(—7)) y~e_} =" = P’ o {cosh(ad(—n))s~q_} "

Now, with a glance at definition (2.27) of §,,,

T,:tNnq_->tNgq_ is the inverseof p’ o4
SpitNa_-tNa, is plLod,oT,.

mo

(3.22)

Iféetnqg_,thend,oT,{=p oA, ,oT,E+p oAd,cT,¢ ie,

A, 0T, E=¢+S5,& for EE€ETNq_. (3.23)



20 RAWNSLEY, SCHMID, AND WOLF

If nE€ pMq_, we compute
rm) Ty=—Tuor(m(p.ody,)oT,
=—Tm° P’_ oAmop' ° Ad(m_l)oAm © Tm
=T, op od,op. oadm)op”oAd(n ")od,oT,
=pl—- ° ad(?])OBmO Tm=ad(”)oBm o Tm

and
rmSpy=podyerMT,+pior)Ad,eT,
=p,odyoad(n)oB,oT,
+p,oA,0op oad(n)o Adm~")od, T,
=0.
So we have

rm)T,=ad(n)oB,oT, and r(n)S,=0 for nepMq_. (3.24)
Now we can continue (3.21) as follows:

a_(p(km)(Tm él baldd Tmép’ nl Labdd ﬂq+ ])

p gq+1
=D Y Y W 0Rm)T &y (101) T) Girens Sps Musess Ajres Mg 1)
i=1 j=1
qg+1 .
+ (_l)p E (_l)’—lr(”j) (p(km)(Tmél 3eeey Tméps ’71’---, ﬁj;--q nq+])
j=1
q+!

=(-1) Z (_l)j_lww(k)(él seees S )M = W)W 5evns fjoees Mg t)

i=1

= (_l)p(a_M/L ww(k)(él 3ees ‘fp))(m)('h yoees Mgy 1)

In summary, we have proved

3.25. PROPOSITION. The spectral sequence differential d, on Ey®=
AP(K/L, A%(M/L,V)) is (—1)0,,,, .

Andreotti and Grauert showed [1, Theorem 1] that a short exact sequence
of Fréchet bundles which is exact on the fibres over any point is exact on the
global section level. In other words, if 0 »K,—» K, — ... is a complex of
Fréchet vector bundles whose differentials have closed range on the fibres,
then its cohomologies are the bundles whose fibres are the cohomology of
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the fibres in the complex. Lemmas 3.5 and 3.8 and Proposition 3.25 say that
we can apply this to the complex {E%’, d,}. Thus we have

E}9=A7(K/L,HY(M/L,V)) as Fréchet space. (3.26)
Using Lemma 3.5(iii), now
EP?*=0 for ¢>0, s0 E%2°=FE""=HP’(G/H,V). (3.27)
It remains to calculate d,: E%'?— E%*"9, and we need only do this for
g =0. But we write it out for ¢ > 0 because we have some future variations
in mind.

Let ¢ € E} Represent it by w € Ef? Then w = w,,, where ¢ € €77 is
given by (3.12) and satisfies (3.20). As

0=d,w € ERa+! = gpa+1jgr+la
we have dp € €7+ "7 and
wp, € E5*" 1 =A4"*Y(K/L, A%(M/L,V))  represents d,c. (3.28)
Now let &,,...., ¢, , €tMNaq_ and 7,,.., 7, EPMNq_, and compute

QUMY (T &1 vy Tl 1o My M)
p+1

= N ) T &) QUMYT oo Tires Ty 15 Myes )

i=1

p
+ (1P 3 (1Y) @Uem) (T seees Tl 15 Myseess joeess Mg)-
j=1

J

As 1; € m, km +— r(n;) p(km) has values in V' ® A?(¥N 9 )*® A4 pNq )%,
so each

r(1,) @(km)(T &1 ses Trlpi1s Miseess fjsees M) = 0.

Also, r(T,¢)=14,T,¢)+rB,T,¢). Since B,T,¢&€EH, r(B,T,&)
acts on the arguments T7,¢., n;, of ¢(km) and the value

N R
@RmNT &y seris Tiy&isers Tlpy1s Myseestly) € V. The action on the arguments
sends, in turn,

N .
one of the p vectors T, &, ey Tp&poenes Trp i into pMa,

one of the ¢ vectors #,,..., 71, into fNaq,

and these terms vanish because p(km)€ V® APENa_)*®@ A (pMNg_)*
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Thus
P
r(T &) @km) (T &yses TG Tl i 15 Nisers Ng)
N
= _‘dW(Bm Tm 61) : (p(km)(Tm 51 seecy Tm éi""’ Tm §p+ 19 Misees "q)‘
Now we have, using 4, T, ¢ =&+ S,¢;,
OQKI)(T &y serrs TGy 13 Myses Mg)

ptl . P
= N (=D)AL T &) @km) (T &y ey Tiy&isees Trnlp i 1s Miseens M)
=
p+1

. N
= N (=) T AY B Tw&y) - OKRMY Ty seess Tpplps Tmlipsis Mysees M)

i=1
p+1

= N (1) @y k - (& + S Crres Eires Sy Y)W Mg)

i=1
p+1

= N (D) T Y BT ) - @) ses Eisnees & NNy 7).

i=1

In other words,

3.29. PROPOSITION. The spectral sequence differential d, on E}*=
AP(K/L,HY(M/L,V)) is given as follows: Let w € A?(K/L, A°(M/L,V))
represent ¢ € E2%. Define dw € A”*'(K/L, A%(M/L,V)) by

&U(k)(él seees ép-}» P(m)
p+1

= f:] (1) 7 (k  ENEyseons Epsnnns &y 1))

p+1

+ S (—l)i—lw(k . Sméi)(il 3eeey éia'-" p+1)(m)

—-

+

- :E—: (=)' dy(B T &) - (K& Eirnes &5 1)(m)s (3.30)

N -

where kEK, mE M, and & €t q_. Then dw represents d,c € E5*!9.
Combine (3.26), (3.27), and Proposition 3.29. The result is
3.31. THEOREM. The Dolbeault cohomology H”(G/H, V)= H}(K/L,
H°(M/L, V)), where H? denotes p-cohomology for the operator
8: A”(K/L, H"(M/L, V)) > A**'(K/L, H*(M/L, V))
defined in (3.30).
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Finally, we specify the operator § in somewhat more familiar terms when
n: G/H — K/L is holomorphic. That is based on

3.32. LEMMA. Let n: G/H— K/L be holomorphic. Then H*(M/L, V) —
K/L has a unique structure of holomorphic vector bundle in such a way that
a local section w: K -+ H*(M/L, V) is holomorphic if and only if

wk - O)(m)=dy(B,T,&) - wk)(m)  for ¢€tNa_. (3.33)

Proof. The integrability condition for the asserted holomorphic vector
bundle structure is that

S B&, (B S)m)=dy(B,T,S) - fim)
be a linear representation of M q_ on H°(M/L, V) such that
BAADE) =a() f&) a(l)™"  forall IEL,

where a is the natural action (restricted from M) of L on H°(M/L, V). See
[38] for the details on this.

Let £€tnq_ and f€ H*M/L,V). We must check that B(&)f €
H°(M/L, V). Define f: M > V by

J(m)=dy(8,T,¢%) - f(m).
From (3.14) and (3.22),
B, Tpé=—p" o Ad(m=")o A, 0 {p" o Aplyne } '
50
J(m)=—dy(p" o Ad(m=")%) - f(m).
If i€ L, now
J(ml)=—dy(p" o Ad(I™") o Ad(m=")&) o f(ml)
—dy(Ad(I""){p" o Ad(m~")¢}) o w(l)~ 'f(m)

=y~ ") o dy(p” o Ad(m~")) o w(l) o w(l)~'f(m)
w()~' - fm).

I

Thus f represents a section of V +M/L. If n€EpNaq_, then f(m-n)=0
because f represents a holomorphic section, so

Jm - 1) = dy(p” o ad(m) o Ad(m ")) o f(m).
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Since 7 is holomorphic, we have our roots ordered with pMg, <p, and
Lo, lcp,,s0 [pPpMNag.tNa_]j=p, N, and it follows that

Ad(m~" )Y E(ENag )+ (p, ND).

Now ad(n)o Ad(m 'Y€ [pNa_,p,NbhjciNq_, so p"oad(n)e
Ad(m~")¢=0, forcing f(m - n)=0. We have shown that f represents a
holomorphic section of V - M/L, so that (&) € H'(M/L, V).

Next, we verify that the action 8 of tNq_ on H(M/L, V) is a represen-
tation. Let &,,& €tMag_. Then [¢,,&,])=0, so we must show that
[B(&,): B(&,)] = 0. Compute in g that

(B, T, &, B, To&]=[p" o Ad(m~") &, p" o Ad(m~') &,]
c[p"{ENp )+ (. NOD)}L P {ENa_) + (P, ND)}]
=[p,Nbhp,Nb]c[p,,p,]=0.

Now, if f € H'(M/L, V), then
[BE,), B&,)) S (m) = [dy(B,, T &) dw(B,, T, 2] S (m)
=dy[B, T, &, B, Tn&,] f(m)=0.

Thus B is a representation of ¥ q_ on H*(M/L, V).
To see L-equivariance, let /&€ L and ¢€tMNq_, and compute

a(l) B&) a(l™")f = a(l) BE)(m > f(Im))
= a(l)(m > dy(B,, o T, &) o f(Im))
= (> AY(Byor © Trim) 0 f(m)).
As B, ,,°T

1-im=Bp, o T,oAd(l), this shows that a()f()a(l~')=
B(AA(/)¢), as required. Q.E.D.

3.34. THEOREM. Suppose that n: G/H - K/L is holomorphic and let
H°(M/L,V)- K/L carry the holomorphic vector bundle structure aof
Lemma3.32. Then the Dolbeault cohomology H’(G/H,V)=
HP(K/L,H*(M/L, V)).

Proof. The operator & of (3.30) is the & operator on H*(M/L, V) - K/L
in the specified holomorphic structure. Now apply Theorem 3.31. Q.E.D.

3.35. Remark. We have implicitly been dealing with a “vanishing
bidegree” decomposition for forms ¢ € 4A™(G/H, V). The decomposition,
which depends on our choice of 8, is
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o= Y ¢,, where ¢, (KM)C V@A ENa_)*@A(pNa_)*
pra=m (3.36)

In this decomposition, it is easy to check that 4:A4™(G/H,V)—
A™*Y(G/H, V) is the sum of three homogeneous terms,

0=08y,+810+8, _,. (3.37)

Here 6_0’, is given by the calculation just before Proposition 3.25; it specifies
dy. The next, 9, o, is given by the calculation just before Proposition 3.29; it
specifies d,. One can show that 9, _, is given on ¢ = ¢, , by

a—w(km)(cl 3000 ép+ 2 771 3eee ﬂq_ 1)
= Z (—1)1+j+p(p(km)(é1 gerey éi’-“’ Ej’"-, p+2°

1Ii<j<p+2

[Buéis éj] - [Bméj? &l e M,-1)- (3.38)

Since this would only affect the differential d, =0, we do not need it now.
But we remark that, by a glance at a local coordinate expression for ¢ in a
holomorphic local trivialization,

if 7: G/H - K/L is holomorphic, then 8, _, =0. (3.39)

4, THE K-SPECTRUM OF H?(G/H, V)

In this section we will describe the natural representation of K (as a
subgroup of G) on the Fréchet space H?(G/H, V), especially in the case
where V- G/H has finite-dimensional fibres. Later, we will need that
description to study the corresponding square-integrable cohomology.

Recall (2.10), the f-stable fundamental Cartan subgroup T, c H of G,
(2.11), the positive t;-root system @} on g, and (2.12), the common Cartan
subgroup T=T;N K c L of K and M. If s is an ad(t;)-stable subspace of g,
we write

Di(s)={a €E P;:g, s} and D(s)t =D(s)N DL,

Similarly, let @ without the subscript denote the root system of g with
respect to the subalgebra t=t;Nt of ;. From (2.11),
Dl ={a€ED;:a(f)>0} for some (EL, so Pt =a|:aE P} is a
positive t-root system on g. If s is an ad(t)-stable subspace of g, we write

D(s)={f € P:g;MNs 0} and D)t =P(s)NPT.
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In particular, we have positive t-root systems @(I)* for f, &(m)* for m,
o)t =)t N P(m)* for L

If g, is a simple ideal of g and g;, &1, then @;(g,;, N h) is the subsystem
of ?.(g;)) generated by all but one of its @(g)*-simple roots. If m, is a
simple ideal of m and m ) &1, then ®(m;, M) is the subsystem of P(m,)
generated by all but one of its ¢(m)™*-simple roots. If t, is a simple ideal of
t and t, &1, then @(f;, M) is the subsystem of &(f,)) generated by all but
one of its @(f)*-simple roots. Further, @.(q,) < @}, P(pMq,)c d(m)*,
and (TN q,)c P(F)*.

Recall Schmid’s formulation [30] for the L-module structure of
H'(M/L, U,). Cascade up from the simple noncompact roots of m:

M, ..., M are the noncompact simple factors of M;
7; is the @(m)*-simple root in @(m, )N S(p N q,);

Via =75
for 1 < j<r;=rankg M,, 7, ;is the lowest root in
@(m;)N D(pMq,)orthogonal to ; |,y 7; ;- 4.1)

Then L acts on the symmetric algebra S(pMq_) by the multiplicity-free

sum of the irreducible representations of highest weights

—Af=— > > n;¥,;, where the n,; are
i=1

11

H

integers with n;y >n;, > -+ >, 2 0. 4.2)

Write U_j;; for the irreducible L-module with highest weight —A7 just
described. Schmid’s result implies

HM/L, V), =2;V,®U_;;  as L-module, 4.3)

where subscript L indicates the subspace consisting of L-finite vectors. Let

U_;;— K/L denote the homogeneous holomorphic vector bundle with fibre
U_%, and V, - K/L the homogeneous C® vector bundle with fibre V.

i
Then (4.3) gives us a C* bundle decomposition

HY(M/L,V), =3V, ®U_; (4.4)

When dim ¥V < oo, this can be made holomorphic.

4.5. THEOREM. Suppose that y is unitary and finite dimensional. Give
H(M/L,V)- K/L the holomorphic vector bundle structure in which a
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local section w: K - H*(M/L, V) is holomorphic if and only if w(k - £)=0
Jorallf€etNng_.

(1) If m: G/H-K/L is holomorphic, then this coincides with the
holomorphic vector bundle structure of Lemma 3.32.

(2) Inany case, H*(M/L, V), and the V® U_ a7 are holomorphic sub-
bundles, (4.4) gives a holomorphic bundle decomposition

H'M/L,V), =3 VO U_s; (4.6)

(3) If n:G/H- K/L is holomorphic, then we have the K-module
structure

H?(G/H, V), = Z H?(K/L,V®U_;,). 4.7

Proof. Since y is finite dimensional and unitary, it annihilates all
noncompactly embedded factors of H, i.e., those with Lie algebra in
[Py, pOb]+PNDH). Now dy(pNnbh)=0, so if £é€tMq_, then
dy(B,, T, £)=0. Assertion (1) follows from (3.33).

The algebra TMgq_ acts trivially on local holomorphic sections of
H°(M/L,V)— K/L. This of course preserves the sub-bundles in question,
which thus are holomorphic, and (4.6) follows from (4.4). Assertion (2) is
proved.

Assertion (3) now follows from Theorem 3.34. Q.E.D.

When V is unitary and finite dimensional and = G/H- K/L is
holomorphic, the Dolbeault cohomologies H”(K/L,V® U_;;) of (4.7) are
accessible by means of the Bott—Borel-Weil theorem. Next, we do something
similar when V¥ remains finite dimensional but z: G/H — K/L is not required
to be holomorphic. There, since all dy(B,, T, &) =0 for £E pM b, we use the
holomorphic bundle structure of Theorem 4.5 to express the operator J of

(3.30) as

éw(k)(él seesy ‘:p+ 1)(”‘)
= 6-w(k)(§l L) ép+ l)(m)

p+1

+ 2 DTl Sl b Gpi)m). (48)

Now filter H*(M/L, V), by order of vanishing at 1- L,

HM/L,V)? = % V®U_;;  as L-module. (4.9)
1@ >p
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Here |/} =}"ny; in the notation (4.2). In view of (4.6) we have associated
holomorphic bundles
H'M/L,V)? = > VU_;s (4.10)

— if

1#1>p

4.11. LEMMA. Let '@" = A*9(K/L, H'M/L,V)®). Then & - '€ <
'@Pat! and if w € '€77 then dw — ow € 'EPH,

Proof. Let w€'#@”7 and view it as a function, w:K-
H(M/L,V)® ® AP 9t N q_)* If EETMq_, define r(S&)w by

[H(SOW](K)(Gy 3 &1 ) (M) = (K - 8 Y&y seess &5 0) (). (4.12)

As a function of m, (4.12) gives a section of V— M/L, and that section is
holomorphic because (3.24) r(pNq_)S,,=0. Since w € ‘¥”? and §,=0
for m € L, that holomorphic section is in H°(M/L, V)!?*". With a glance at
(4.8), now dw — dw € '#?* !9, But dw € '#”7*' because the bundles (4.10)
are holomorphic. Thus, also, dw € '#?7*!, Q.E.D.

Lemma 4.11 ensures that {&”9,d} is a complex. We have, for that
complex, a decreasing filtration and resulting spectral sequence,

'#P=\" '@r9 and ['EP9,’d)}  with 'E57='gPa)igrtia,
q30

The second statement of Lemma 4.11 says that 'd,: 'Ef? - 'Ef?*’, which
by definition is 'dy|w] = [dw], can be expressed 'dy[w] = [dw]. Thus

"EYY=H"1 (K/L,V® > U_ﬁ;) as K-module.  (4.13)

1Al=p

For any particular k € K, the x-isotopic subcomplex {('&”"%),, 8} is finite
dimensional, and (‘#?9) =0 for p>» 0. Later we shall need a stronger
result, Lemma 6.22, so we do not prove these assertions now. They allow us
to manipulate the spectral sequence on the K-finite level as if the filtration
were finite. For example,

4.14. LeMMA. If {'E,,'d,} collapses (on the K-finite level) at 'E,, then
HP(G/H, V), =3 H(K/L,V ® U_g;) as K-module.

Proof. Using Theorem 3.31 and Lemma 4.11, we note that 'E,='E
would give us a sequence of K-module isomorphisms H'(G/V, V),
HyK/LH'M/LV) )y = Y0 (B2 = Tpqu, (39
H'(K/L,H*(M/L,V),), = Y H(K/L,V® U_j;,) as asserted. Q.E.D.

2

i nes
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In order to isolate a situation in which we have the disjointness that leads
to the spectral sequence collapse, consider the vanishing condition

if ve€ L occurs on H'(M/L, V), then H?(K/L, U,)=0 for p#s, (4.15)

where we recall s = dimcK/L.

4.16. ProPoOSITION. If' y is unitary and dim V < o0, and V- G/H
satisfies the vanishing condition (4.15), then H*(G/H, V), =0 for p # s, and
H(G/H, V), =3 ; H(K/L,V ® U_j;) as K-module.

Proof. In view of (4.14), the vanishing condition (4.15) says that
(E%%) =0 for p + g +#s. Thus every 'd,: "E%9— 'E®* "9 is zero on the K-
finite level. That is the hypothesis of Lemma 4.14. Q.E.D.

4.17. Cautionary comment. The Dolbeault cohomology groups
HP(G/H, V) =XKer{d: A*(G/H,V) - A**(G/H,V)}/0A"~'(G/H, V)

inherit a topology from the usual C* topology on the A?(G/H, V). This
inherited topology is Fréchet if and only if & has closed range. In any case,
G acts continuously. The usual argument, convolution over K with an
approximate identity which in turn is approximated by K-finite functions,
shows that H?(G/H, V) is dense in H?(G/H, V). However, density in a non-
Hausdorff space does not have the usual properties. To get around this
difficulty, we define “topologically reduced” Dolbeault cohomologies

HP(G/H,V)=Ker{d: A”(G/H,V)-»A?*'(G/H,V)}/closure{d4”~'(G/H,V)}.

They are Fréchet spaces by definition. For each k € K we have an exact
sequence

0 - (Image 9), — (kernel 9), - H*(H/H, V), - 0

in which the last term is finite dimensional by Proposition 4.16. Thus
(Image 5),c is closed, by the open mapping theorem. This shows

HP(G/H, V), = H?(G/H, V).

In other words, H?(G/H,V) and H?(G/H,V) have the same underlying
Harish-Chandra module. This distinction is only important in the case where
G acts on HP(G/H, V) with singular infinitesimal character; in Section 5 we
will prove that 4 has closed range in the case of nonsingular infinitesimal
character.

Suppose now that V- G/H is a Hermitian line bundle, ic., that v is a
unitary character on H. Identify y = y |, with its weight. Then the L-types on
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H°(M/L, V) are precisely those with highest weights y — 7. If v € t* is K-
dominant integral we denote
T,

W, :

v

irreducible representation of K with highest weight v, @.18)
representation space of 7,,. '

The Bott—Borel-Weil theorem says that the vanishing condition (4.15) is
equivalent to the condition that

if (—A7+pg.a)>0 forsome a€ @(fMNaq.), 4.19)
then (y—A7+pg,a)=0 forsome a€ @(tNaq,) '

for all 7.
Consider the Weyl group element
wo € W, with w, @)t c@(I)* and w,®(fNgq,)c—B()".
(4.20)

In other words, w, interchanges the positive systems @(I)* U @(IMaq,).
Then, given (4.19), the Bott—Borel-Weil theorem says

H(K/L, U, _)
=0, if (x—A7+pg,0)=0 forsome a€ d(FNq,),
=W, =i+ o) - 01> otherwise. (4.21)

We modify (4.1) by cascading down from the maximal noncompact roots
of m:

M,...., M, are the noncompact simple factors of M;
y, is the @(m)*-maximal root in @(m)N P(pMNaq,);

Yin=7is (4.22)
for 1 < j<r;=rankgM,,y, ;is the highest root in
@(m,)N P(p Mg, )orthogonal to y; ;s ¥;.5_ -

Denote the Weyl group element
w,EW, such that w, &)t =—(1)". (4.23)

Then w, @(p N q,)=@(p Mg, ), and so, making proper choices where there
are several highest roots in @(m,) N @&(p M q,) orthogonal to y; ;e Vs 5- 1>
we may suppose

W=V, for 1igec and 1Kjgr;. (4.24)
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Note that w,(x) =y because (y, ®(1))=0, and w,w, € W, sends ®(I)* to
—@(1)*. Now

w

* —
wolx—Af+ox)—ox — 77 —w wolwoly—if+0x) —pk)

and

—w, wodwo(x — A7 + px) — px} = —w,(x — A7 + px) — px
=—x+ 1y —w(px) —px=—X+1y— 20k,

where

iy =

[~
[

ng¥i;  and  Prup =13 ogne 0 (4.25)

]

i

Apply w, to (4.19). Since w, preserves @(tM q,), the vanishing condition
(4.15) is equivalent to

if (x—7Ay+2pg,; —pg-a)>0 forsome a€ @(tNaq,),

(4.26)
then (y—Ay+ 2px; —px.a)=0 forsome a€ ®(IMq,).

And, as we have just seen, if the vanishing condition holds, then

H*(K/L,U,_3;) =0, if (f—Ay+2pg; —pPx-a)=0,
some ¢ € P(tMNq,),
=W, iy-20xy>  Otherwise. (4.27)

Finally, we combine this with Proposition 4.17 to obtain

4.28. THEOREM. Suppose that V- G/H is a Hermitian line bundle and
let y=v|,. Then V> G/H satisfies the vanishing condition (4.15) if and
only if (4.26) holds for every A. In that case, H*(G/H, V), =0 for p + s, and
H*(G/H, V), is the sum over il of the K-modules

0, if (r—fy+2pg, —px,a)=0 forsome a€ ®(tMNgq,),
otherwise.

* -~
—x+RY—20x;.°

In particular, the vanishing condition implies that H°(G/H,V) is K-
multiplicity-free.

Remark. Comment 4,17 applies here.

We now relax the condition that ¥ be finite dimensional, and instead
assume that v has some formal resemblance to a holomorphic discrete series

580/51/1-3
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representation of H. Remember, here V is a Fréchet H-module, not
necessarily unitary. The framework for studying this case is

4.29. LEMMA. Let n: G/H - K/L be holomorphic, so G/K is Hermitian
symmetric  with holomorphic tangent space represented by p, =
ad(#(®))(pNaq,). Then H/L is Hermitian symmetric with holomorphic
tangent space represented by p,. MY, and if EEYMNq_ and mE M, then
B, T, lecp,Nh

Proof. The statement about G/K is part of Proposition 2.21 and its
proof. Now [f,p, ] < p, implies [[, p, Nh] < (p, MD), so H/L is Hermitian
symmetric in such a way that p, N represents its holomorphic tangent
space. For the last statement we may assume m~'=exp(y), where
NEp,Ma,, and decompose n=n,+n_, where 5, EpNqg, =
p,Naq, andn_=#,E€p_Naq_. Then

ad()e=[n,,¢El+ n_.¢l=[n,.El€p,. N
and
ad(n)*¢ € [p, Na,,p, Nb]+ [p_Na_,p, Nl (EMNq_).

Now Ad(m~')¢é = sinh(ad(n))¢ + cosh(ad(n))¢ with sinh(ad(n))} € p, N
and cosh(ad(n))€tMNq_.So B, T,&=—p" o Ad(m™"')¢ = —sinh(ad(n)) €
p. M. QED.

Now let n:G/H-K/L be holomorphic and, in the notation of
Lemma 4.29, suppose that y has a highest L-type relative to @(p, M), i.e.,
that

w |, has an irreducible summand of highest weight y in such a
way that every irreducible summand of y |, has highest weight of
the form y — Y b,8,, b, 20, B, € @(p,. NH). (4.30)

Then V has an increasing L-invariant filtration
V=WV'cVc.., Urve=v,,
defined by
V? is the closed span of the L-types x — > b,;8; with > b, < p. (4.31)
That in turn gives us

VP> M/L: holomorphic sub-bundle of V |, with fibre V*. (4.32)
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Note that dy(p, Nbh) - ¥? < VP~', so Lemma 4.29 ensures
if ¢€tMq_ and m € M, then dy (B, T,¢&) - V?cV?~L.  (4.33)
Now a glance back at (3.30) and Lemma 3.32 shows that
H°(M/L,V?) - K/L is a holomorphic sub-bundle of H*(M/L,V) (4.34)
and that the
ngPd = AP*9(K/L, H*(M/L, V?)) satisfy 8"&"% c "&P7+!, (4.35)
Thus we have an increasing filtration and resulting spectral sequence

"n@FP Z ngZPd and {”Ee,q’ ”dr} with nEg,q = ugpm/ngp—uﬁl-
920 (4.36)

If [w] € "E% is represented by w € "#”*7, then "dy[w] = [dw] € "E5*!
is specified by

3-(0(]()(&1 yeres §p+ q+ l)(m)

= X N0k GG s Gy ))

p+g+l

- Z (_l)i—ldW(Bm T,.¢&) - w(k)(¢) s 51,---, ép+q+l)(m)'

i=1

Here, in view of (4.33), the dy terms take values in ™' as functions of m,
so those terms are in "#?~ "9+l Thus "dj[w]=[0,w], where

81 0(k)(Epyrrs &yt g )m) = T2HH (1) " w0l + E) e Einoes &g 1)),
But this 8, is the Dolbeault operator on K/L for the bundle

HO(M/L, V*)/H*(M/L, V**') = H'(M/L, V?/V?*1),

In other words,
"EP9 = HP*4(K/L,H*(M/L,V?/V?* ). (4.37)

The spectral sequence {”E?9d,} eventually collapses because
"d,: "EP9— "EP~"a+1+r must be trivial when one of "#”? and
ngP=ra+1+7 g zero, e.g., when r > s. Thus the characteristic

s

Z COHE/LHOIL V)= 3 1Y 3 (B,

=S S (B

p+a+r
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as virtual K-modules. In view of (4.37), and with a glance back at (4.4), we
summarize as follows:

4.38. THEOREM. Let 7: G/H - K/L be holomorphic, give H/L the
Hermitian symmetric space structure of Lemma 4.29, and suppose that y is a
holomorphic representation of H in the sense (4.30) that it has a highest K-
type. Then, as virtual K-modules,

S C)H(GH V)= Y -1y 3 B /L, (V/V ) ®U_s),.

r=0 r=0

(4.39)

4.40. Remark. In Theorem 4.38, the right-hand side is computable from
(i) the explicit L-spectrum of w, which specifies the finite dimensional L-
modules V?/V?~", (ii) the explicit decomposition of the (F?/V*~")® U_j;
into L-irreducibles, and (iii) the Bott—Borel-Weil theorem.

The differential “d,: "E?*?— 'EZ~19%! i given by the dy-terms in the
formula for 4. They cause the cancellation in passing from "E, to “E, which
means that, in contrast to the finite-dimensional case, the K-spectrum of
HP(G/H, V) is more sparse than it would be were H*(M/L,V), > K/L a
holomorphic sum of finite-dimensional bundles. We will have more to stay
on this in Section 12.

5. INFINITESIMAL AND DISTRIBUTION CHARACTERS

We now study the characters of the representation 7, of G on H*(G/H, V)
when dim ¥V < c0. Our main result, Theorem 5.23, gives the infinitesimal
character and explicit alternating sum formulae for the distribution- and K-
characters of G on the H?(G/H,V) in the case where n: G/H— K/L is
holomorphic. After proving it, we briefly indicate how to drop the
assumption that # be holomorphic. The distribution character formula is not
really explicit in that more general case.

The reader whose knowledge of semisimple representation theory leaves
something to be desired should just study the statement of Corollary 5.27
below and then go on to Section 6.

For the moment, now, our working hypothesis is that

n: G/H - K/L is holomorphic and
 is unitary and finite dimensional. (5.1)

Then H/L is a bounded symmetric domain where p, M} is the holomorphic
tangent space. Also, y =y |, is irreducible. If v € L, we have denoted its
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representation space by U, and have written U, » K/L and B, —» M/L for the
associated bundles over K/L and M/L. Write

F,— H/L: homogeneous holomorphic bundle associated to U,. (5.2)

We will also need the length function / on the Weyl groups W and Wy: [(w)
is the number of positive roots a such that w(a) is negative. If v € W, then
v(p — py) =p — Py, 0 v(py) — py =v(p) — p, and I(v) is the same for W and
for Wy. Set

Wy, ={v € Wy:l(v) = p and v(p) — p is ®(1)*-dominant}.  (5.3)
Note W, , = {1}. We now prove

5.4. PROPOSITION. There is an exact sequence of H-modules

0—>V—>H°(H/L,Fl)—>---—» ® H°(H/L,F

veWb,p

) --. (5.5)

v(x+p)—p

Remarks. Such a resolution exists for any finite-dimensional irreducible
H-module V, unitary or not, and the following proof can be modified slightly
to cover that more general case. Also, although we will not use this fact,
(5.5) is dual to Lepowsky’s generalized Bernstein—Gelfand—Gelfand
resolution [20].

Proof. Since H/L is a Stein manifold, its d¢ Rham cohomology can be
computed from the holomorphic de Rham complex 0- H°(H/L,Q°)—
H°(H/L,0Q")— ---. Since H/L is contractible, the de Rham complex is
acyclic, so we have an exact sequence

0-C-HH/L, Q2% > H'H/L,2") > ... (5.6)

The homomorphisms in this sequence commute with the action of H. Also,
£* is the sheaf of germs of holomorphic sections of the homogeneous vector
bundle AP(p, NB)* > H/L associated to the representation of L on
AP(p, NBY* = A°(p_ Mh). Kostant proved [19, Coroliary 8.2] that the L-

module A”(p_ M) is direct sum over Wy , of the Uy,,_,. = Uy -, Thus
the exact sequence (5.6) is an exact sequence
0-C->HYH/L,Fy)> -« » @® H'H/L,F,, _,)-- (57)

vVEWY,),

of H-modules.
Since V is a finite-dimensional H-module, we may view it as the fibre of a
holomorphically trivial homogeneous vector bundle F,— H/L. Thus

V ® H(H/L,F,,_,) = H'(H/L,F,® F,,,_,) (5.8)

v(p)—p
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as H-module. The group L =L, - L,, quotient of a direct product by a finite
subgroup L, N L,, where L, is the intersection of L with the product of the
noncompact simple factors of H and L, is the product of the center with the
compact simple factors. Here L, acts trivially on V—this is the point that
needs some care if we replace ¥ by an arbitrary irreducible finite-
dimensional H-module—and L, acts trivially on p_M5Hh. Thus
VO Uppy—p=Upgam—p> 50 F,®F,,,_, =F, ., _,- Substituting this into
(5.8), we obtain our assertion (5.5) by tensoring ¥ with the exact sequence
(5.7). Q.E.D.

Each of the Fréchet H-modules in (5.5) determines a homogeneous
holomorphic Fréchet bundle over G/H, and these form an exact sequence

0-V-HYH/L,F)—--- > @ H'H/L,F,y,, )= (59)

veEWY,,

That will give us a useful spectral sequence converging to H*(G/V, V). To
state the result, denote

Wi=HYK/L,U,qy,,,_,) for vEW,,. (5.10)

Notice that (v(y + p) —p) + px is @(t)-singular if and only if v(y + p) is,
because (p—py,a)=0 for all a € @(). If v(x +p) is P(t)-nonsingular,
choose we€ W, such that wo(y+p) is @(t)"-dominant. Now
w(v(x + p)—p + px) — px = wo(x + p) — p, so the Bott—Borel-Weil theorem
identifies the K-module W? as

Wi=0 if g#I(w),

5.11
if g=Iw). G10)

wo(x+p)—p

Denote
W?— G/K: homogeneous holomorphic bundle for W?2. (5.12)

Now we can state

5.13. PropPOSITION. There is a G-equivariant spectral sequence
converging to H*(G/H, V), for which E}? = @ e, , H'(G/K, WY).

Progf. The resolution (5.9) leads to a spectral sequence, converging to
H*(G/H, V), for which E}'"= @ e, H(G/H, H°(H/L,F,,, _,)). That
is standard from homological algéi)ra. In effect, writing (5.9) as

0-V->V,»V,—-... and A49V,) for A%G/H,V,), the fact that 0
commutes with the bundle maps gives us a double complex
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A°(Vo) > A°(V,) > oo 5 4°(V,) > -

Lo

A Vo) = A (V) oo AN (V,) > -

Lol

The pth row is exact when augmented by A”(V), so the horizontal filtration
gives a spectral sequence 'E with 'E5? = H(pth row) = A4°(V) for ¢ =0,
=0 for g > 0. The sequence collapses so H* (double complex)= H*(V).
The spectral sequence E associated to the vertical filtration (the usual one
for a double complex) has E}?=H(pth column)=H(V,). It also
converges to H* (double complex), which we saw to be H*(V).

We now need to compare HY(G/H,H°(H/L,F,,,, _,) with
H°(G/K, W?). Apply the discussion of Section 3 to the holomorphic fibration
G/L -~ G/H, fibre H/L. There the Leray sequence collapses because H/L is
Stein, so

Hq(G/H’ HO(H/L’ Fv(1+p)—a)) = Hq(G/L’ Yv(z+o)—p)’

where Y, — G/L is the homogeneous holomorphic bundle over G/L with the
same fibre U, as F,— H/L. Similarly, since the base of G/L — G/K, fibre
K/L, is Stein, the associated spectral sequence collapses and

HYG/L,Y )= H(G/K, H*(K/L, F (1 4y ,))-

vix+p)—»p

Combining these two isomorphisms with (5.10) and (5.12), we have
HYG/H,H(H/L,F,,,, _,) = H°(G/K, W?). The proposition follows.
Q.E.D.

Let A be any W,-regular @(t)*-dominant weight. Then 4 —p still is
&(t)* -dominant because p — p, L @(t), so there is an irreducible K-module
W, _, of highest weight 1 — p. It gives a homogeneous holomorphic vector
bundle W, _, - G/K, and the Fréchet G-module H*(G/K, W, _,) belongs to
the “continuation of the holomorphic discrete series” studied by Harish-
Chandra. Its subspace H°(G/K, W, _,), of K-finite vectors has the following
properties:

it has a composition series of finite length; (5.14)

the center of Z'(g) acts on it by the character of Harish-Chandra
parameter 1, i.e, G acts on H°(G/K, W, _,) with infinitesimal
character x,, in Harish-Chandra’s notation [11]; (5.15)

H(G/K,W,_ )x=W,_,® S(p_) as K-module; (5.16)
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H°(G/K, W, _,)x has finite T-multiplicities and 4 —p is a highest
weight for it. (5.17)

In particular we have, well defined,

O(4): distribution character of G on H*(G/K, W, _,). (5.18)

Hecht [15] worked out an explicit global formula for the characters @(1).
We extend the definition (5.18) of ®(1) to all elements of the weight lattice
A by the symmetry condition

O(wi) =¢e(w) O) for A€4, we W,, e(w)=sign(w). (5.19)

In other words, if A is W -singular, then @(1) =0, and if 1 is W -regular,
then @(1) = e(w) @(wld), where w € W, such that w(d) is @(f)*-dominant
and where @(wA) is defined by (5.18).

By (5.17), H*(G/K, W,_,) has finite K-multiplicities, so there is a well-
defined

Ox(A): formal character of K on H(G/K, W, _,). (5.20)

In view of (5.16) it is given on the regular set X’ by Ad(K)-invariance and
by this formula on TN K':

ow© e(w ew(A—p+pK—nlB,—--'—n,ﬂ,)
@K('l)= Z ZWEWK ( )
n, =

..... n,=0 [Tacowm+ (e —e~2"?) ’

(5.21)

where @(p_) = {8, ... B,}. Since W permutes the f, and fixes p — p,, (5.21)
remains valid when we extend the definition (5.20) of the distributions @, (1)
on K by

Op(wh) = e(w) (1) for A€4 and we W,. (5.22)
We can now state and prove

5.23. THEOREM. Let n: G/H— K/L be holomorphic, dim V < co, and
x=|.. Then for every integer p >0, H?(G/H, V), is a Harish-Chandra
module of finite length which is T-finite with weights bounded from above
and which has infinitesimal character of Harish-Chandra parameter y + p.
Write )", for summation over \J,,, W, ,={vE€ Wy:v(p)—p is ®()*-
dominant). Then the distribution characters @(H?(G/H, V)) exist and satisfy

2 (~1YOH"(G/H,V)) =3 , &) O + p))- (5.24)
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The formal K-characters ©,(H?(G/H, V)) exist and satisfy

2 (~1)’O,(H"(G/H,V)) =3 £(v) Oxv(x + p)), (5.25)
© wwr+p)—ptox—nBy— =~ —nB)
T, 3 ey 629

where ®(p )= {B,,, B,}-

Proof. The spectral sequence of Proposition 5.13 has only finitely many
nonzero Ef9, each of which is a finite sum of G-modules H°(G/K, W, _,)
for various choices of A. These each have finite composition series (5.14),
each is T-finite with weights bounded from above (5.17), and each has
infinitesimal character y+p by (5.11) and (5.15). It follows that
HP(G/H, V), has finite composition series, is 7-finite with weights bounded
from above, and has infinitesimal character y + p. Now, in the spectral
sequence we take Euler characteristics as follows:

N (C1POEP(G/H, V)= Y O(E)

p>0 P.q20

=Y (1) O(H"(G/K, W?)).

By (5.11), (5.18), and (5.19),
(—1)'O(H"(G/K, W) = &(w) O(wo(x + p)) = O(v(x + p)).

Thus

Y (=1POH"(G/H,V)) =} &(v) O@(x +p)),

p»0 v
which is (5.24). Since @(1) and O (1) satisfy the same W, -symmetry
conditions, (5.25) follows, and then (5.21) gives (5.26). Q.E.D.

We remark that one can derive (5.26) directly from (4.7), and it is of
course equivalent to the case dim V< oo of (4.39), but we omit the
computation. If one does proceed from (4.7), he first obtains the K-character
and infinitesimal character, but has a hard time showing that H?(G/H, V), is
a (g,, K)-module of finite length whose distribution character is determined
by the K-character. The resolutions (5.5) and (5.9) efficiently avoid this
problem. In fact, proceeding from (4.7), it is only feasible to get the generic
but special case

5.27. CorOLLARY. Let n: G/H— K/L be holomorphic, dim V' < o, and
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x=w |, . Suppose that we have the vanishing condition (recall Comment 4.17

here)
HP(G/H,V),=0 for p#s. (5.28)

Then H*(G/H, V) is a (84, K)-module of finite length, T-finite with weights
bounded from above, with infinitesimal character of Harish-Chandra
parameter y + p, with distribution character

O(H(G/H, V)) = (-1)° > &) O +p)), (5.29)

|WL| vEWy
and with K-character @,(H*(G/H,)V),) given by
—1) . 0 e(w ew(u(1+n)—n+px—n|lll—~--—n,B,)
( ) l s(v) Z Zwewx ( ) 2T} , (5.30)
WLl Jow Myverns [Tecow- (e* € )

where {B,,....B,} = P(p.).

Consider the generic negative case where y + p is “very nonsingular” in
the sense that (x + p, a) < O for @ € @(q, ). More precisely, since v(y) = y for
all v € Wy, suppose that

(@ +p)a)=((x+p)+@p—p)a)<0 for all vE€ W, with
vp —p L-dominant and all a € ¢(tTMq ). (5.31)

Then W{=0 unless g=s, and Wy, =W, ., _,, Where w, is given by
(4.20). In particular, the spectral sequence of Proposition 5.13 collapses at
E,. Thus,

5.32. CoroLLARY. [f (5.31) holds, then the vanishing condition (5.28)
holds, so we have the conclusions of Corollary 5.27. Also, there is an exact
sequence

0 H*(G/H, V)~ H(G/K, Wi+ or-0) =
‘o @ HUG/K, W, i)™ (5.33)

vEWY,,

resolving the representation of G on H*(G/H,V) by “full holomorphic”
representations.

Now we can prove the closed range result mentioned at the end of Com-
ment 4.17.

5.34. PROPOSITION. If (x+p,a2)<0 for all a€ ®(q,), then each
9: A°(G/H, V) > A?*(G/H, V) has closed range, so each HP?(G/H,V) is a
Fréchet space and H*(G/H,V) =0 for p # s.
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Proof. In the proof of Proposition 5.13, each

E? = HY(G/H,V,) = H* (G/H, @ HH/L, va,,_p))

veWy ,

has a natural C* topology, which makes the spectral sequence differential d,
continuous. The Andreotti—Grauert result [1, Theorem 1], quoted just after
Proposition 3.25, and the open mapping theorem show that the isomorphisms
EP > ®,c Wy, H%G/K,W?% of Proposition5.13 are topological
isomorphisms.

Suppose that y + p is “very nonsingular” in the sense that (5.31) holds.
Now, the connecting maps of (5.33), including the injection H*(G/H, V) -
H(G/K, W, ., _,) are continuous. All the H*(G/K, W, 4, —,) Visibly
are Fréchet, so now H*(G/H, V) is Fréchet. Since H?(G/H,V)=0for p#s
by Theorem 3.34 and our negativity hypothesis, the closed range statement
follows.

In general, choose a weight 1 @(h) such that (u,a)>0 for all
a € P(q,), and define y' =y —u. Let V' be the irreducible H-module of
highest weight 4. According to the “very nonsingular” case,
HY(G/H,V' ® Y)= H*(G/H,V')® Y is a Fréchet G-module. Note that V is
a quotient of V' ® Y and that all other composition factors of V' ® Y are
modeled on irreducible H-modules of highest weights v such that
v+p & W (x+p). We collect them all together as V” to form an exact
sequence

0-V'oV®Y->V-0.

If Z is any composition factor, we get a spectral sequence, like that of
Proposition 5.3, for H*(G/H, Z). In particular, since every vector there is a
differentiable vector, the center 2(g) of the enveloping algebra acts on
H*(G/H,Z) by a character. We conclude that

H*(G/H,V' ® Y) is Z(g)-finite
and
H*(G/H,V) and H*(G/H, V") have no Z(g)-character in common,

SO
Hom (H*(G/H, V), H*(G/H, V")) = 0.

In particular, the connecting homomorphisms are trivial in the long exact
cohomology sequence for 0 » V- V' ® Y - V- 0, so we have short exact
sequences

0 H?(G/H, V") - H?(G/H, V' ® Y) - H*(G/H, V) - 0.
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We cannot apply the open mapping theorem, since we have not yet shown
that H?(G/H, V) is Hausdorff. But arguing again with 2(g)-characters, we
see that the sequence splits topologically, concluding that H?(G/H, V)
inherits a Fréchet space structure from H?(G/H, V' ® Y). Q.E.D.

In the preceding discussion we assumed that the fibration 7n: G/H - K/L is
holomorphic, in particular that G/K is Hermitian symmetric. In fact, when
properly rephrased, Theorem 5.23 remains valid without this assumption:
HP(G/H, V) is no longer a highest weight module, but (5.24)-(5.26) still
hold. We now indicate very briefly just how the statement and proof must be
modified for the much more general case where we assume only that
rank K =rank G.

Initially, fix a positive root system @* = @(g)* and give G/T the
invariant complex structure such that the holomorphic tangent space is the
sum of the positive roots spaces. Let & denote the negative Weyl chamber. If
AE A is “very negative,” ie., (4,a)<0 for all a€ @(g)*, then the
techniques of Schmid ([29, 31]) show

if p # dimK/T, then H?(H/T,C,)=0;

if p=dimcK/T, then H?(G/T, C,) is infinitesimally equivalent
to the discrete series representation with
character @, , . (5.35)

Here C, » K/T denotes the line bundle associated by the character et
and @, ., is as defined by Harish-Chandra [14].

Let &(%, A) denote the family of invariant eigendistributions on G defined
in [33] and characterized there by the two properties

#,A)=0, if L€ A is regular and lies in &, (5.36a)
O(#, 1) depends coherently on the parameter A € A. (5.36b)

According to (5.35), if A is very negative, then

Y (Z1YOH(G/T,C,_,) = (-1)""TOZ, A). (5.37)

p>0

A tensoring argument and some homological algebra show that

the H?(G/T, C, _,) are Fréchet G-modules, and their spaces of K-
finite vectors are Harish-Chandra modules of finite length, for
any A€ 4 (5.38)

and

the identity (5.37) holds for any 1 € 4. (5.39)
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Let Q27 > G/T denote the sheaf of germs of holomorphic p-forms. Then
0-C-02°-> 0" ... is exact. However, neither the constant sheaf C nor
the holomorphic sheaves £2° need be acyclic, so the analog of (5.6) does not
carry over directly. But there is an analog if one takes Euler characteristic:

(Wil - 1=30 (-1 "0(H*(G/T, 2)). (5.40)

Here | W, | enters as the Euler characteristic of C - G/T. Use (5.37), valid
for any A € A, to rewrite (5.40) as

| Wil 1= (=1)4"cXT N ¢(w) OF, wp). (5.41)

weWy

Let ch(Y,) denote the character of the irreducible finite-dimensional G-
module Y, of highest weight 4. Under the process of coherent continuation,
(5.41) implies

(=D)ImCKT || ch(Y,)= D e(w) OF, wlu +p)).  (5.42)

weEWy

We return to the pgeometric situation of Section3. Suppose
rank K = rank G, so that the invariant eigendistributions @(%, 1) are defined.
Choose ®(g)* so that G/T— G/H, fibre H/T, is holomorphic. Let V', denote
a finite-dimensional, not necessarily unitary, irreducible H-module of highest
weight y. Then rank L =rank H and we have the analog

(=1)HmCHTI W, | - chy (V)= 3 &) Oy(Ey, u(x +py))  (5:43)

uewy

of (5.42). View (5.43) as an identity between virtual Fréchet H-modules.
These H-modules determine homogeneous holomorphic Fréchet vector
bundles over G/H. They satisfy the identity

(W Vy= > Y (1Y e@H(H/T, Cypspy-,) (5.44)

>0 ueW[)

in the sense .of virtual homogeneous holomorphic bundles. For essentially
formal reasons one can equate Euler characteristics of the characters of the
cohomology groups. That yields

W, Y (1Y@(H(G/H, V)

p>0

=3 Y (=1Y*(u) OH(G/H, H*(H/T, C, 11 1) -,)))-

P\q UEWY
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Using the Leray sequence for G/T - G/H, fibre H/T, this becomes

3N (=1)%e(u) OHYG/T, C iy py_,))-

q>0 uewy
According to (5.37) and (5.39), this is equal to

(—DHImEHT > e(u) OF, ulx + p))-

ueWwy

Thus we have

|W,| Y (=1POHP(G/H, V,)) = (=1)""X/T 3" &(u) O, u(x + p)).
P20 uew
b (5.45)

In deriving (5.45) we implicitly asserted that the H”(G/H,V,), are
Harish-Chandra modules of finite length, so that the &(H?(G/H,V,)) are
defined. In the case where 7: G/H — K/L is holomorphic, the ®(1) defined in
(5.18) and (5.19) are equal to (—1)%™cXT@#,]). This follows, for
example, from the Leray sequence for the fibration G/T — K/T. Thus, (5.44)
is equivalent, when 7: G/H — K/L is holomorphic, to the main assertion of
Theorem 5.23, the alternating sum formula (5.24) for the distribution
characters @(H*(G/H, V,)).

Caution. If ®(g)* is not chosen so that G/T - G/K is holomorphic, then
(5.22) holds only for those u € W, that are products of reflections in
compact simple roots; see [16].

The invariant eigendistributions are virtual characters, so we can define

O (#,A): formal K-character of the virtual Harish-Chandra
module with distribution character (%, A). (5.46)

According to [16],

s Z w 6(w) eV A-ptog—mBy—---—npp
e g,l =(—1 dimck/T weWy
K( ) ( ) n,..;n;o naeo(!H (ea/z - ea/l)
(5.47)

Compare with this with (5.21). An immediate consequence of (5.45) is

| W ; (—1YO(H?(G/H, V,)) = (—1)""KT }" ¢(u) O (%, u(x + p))-
’ (5.48)



SINGULAR UNITARY REPRESENTATIONS 45

In the case where m: G/H— K/L is holomorphic, (5.47) and (5.48) are
equivalent to the K-character assertions of Theorem 5.23, which are the alter-
nating sum formulae (5.25) and (5.26).

We now have shown how Theorem 5.23 extends to the case where
n: G/H - K/L is not necesarily holomorphic and V— G/H is not necessarily
Hermitian, when we replace the extended holomorphic characters ©(1) by
the coherent family &(%, 1) and reformulate (5.24) as (5.45), and (5.25) and
(5.26) as (5.48) and (5.47).

6. HarRMONIC ForMS ON G/H

Throughout this section we assume that H operates unitarily on V. The
complex semisimple symmetric space G/H carries a G-invariant indefinite
Kéhler metric induced by the Killing form of g,. This metric together with
the Hermitian metric on V - G/H specifies the conjugate linear
Kodaira—Hodge orthocomplementation operator

#: EP9(G/H, V) - E"~""~9(G/H, V*), (6.1)

where E**(G/H, V) denotes the space of C® V-valued (a, b)-forms on G/H,
n=dimcG/H, and V* - G/H is the dual bundle. As in the positive definite
case,

d: E»%(G/H,V) - EP"*(G/H, V)
has formal adjoint
9% = —w bg¢: EP9*Y(G/H, V) > E*(G/H, V) (6.2)

with respect to the global G-invariant, generally indefinite, Hermitian inner
product

(0,0") = jam o(x) A #¢' (x) d(xH), (6.3)

where A denotes exterior product followed by contraction of ¥ against V*.
Since (,) need not be definite, the Kodaira—Hodge—Beltrami—Laplace
operator

O=9d* + &* 3: E»(G/H, V) - E*%(G/H, V) (6.4)

need not be elliptic, so we will not use it to define “harmonic” forms.
Instead, we define that

@ € EP%(G/H, V) is harmonic if dp =0 and §*p = 0. (6.5)

This implies Og = 0, but Op = 0 does not imply that ¢ is harmonic.
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In this section we study the possibility of representing a Dolbeault
cohomology class ¢ € H?(G/H, V) by a harmonic form ¢. This will be done
in such a way that, in Section 7, it will be easy to see whether ¢ is square
integrable over G/H.

Let ¢ € E>?*9(G/H,V)=A"*9(G/H, V) such that, viewing ¢: G-V ®
AP (a )%,

PKM)c V@ APENa_)*@A%(pNa_)* (6.6)

Choose bases
{X, s X} of tMq_ such that B(X;, X;) = —4;,

6.7)
{Y,,s Y,} of pMq_ such that B(Y;, Y,) =46 (

ijs

where B(.,-) is the Killing form. Write e and i for exterior and interior
product,

ewW)W=wAW  and iw)wA W)=||w||*W.

Then, on any E“*(G/H, V),
_ s _ t _
d=—Y rX)®eX)+ Y rY)®e()),
i=1 j=1

where _ = q, is identified to (q_)* by the Killing form. That gives us

t

5=~ S HE)® i)~ Y. r(F) ®i(Y), (68)

H

j=1
Now, if ,€tMNq_and 5,EpMaq_,
é*w(km)(él geses ép—l’ Nisenes ﬂq)

=— Zl r(X;) QM) (X, &gy €y 13 Ny reees M)

S AL OSSN Y

As }7j€m and Y;€EpNaq_, (6, 6) forces
r(}7j) O(km)(Y;, &y yens &1 Myseees 1) = 0.
Now, using (3.18),

é*(o(km)(élr"’ Cpm s Miseens Mg)

== 3 HAK) + B E)) UM Ko Ervs Gy s )
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Since B, X, € b,
(B, X7} O(KM)X 15 &y peves Sy 13 Myseees 1)
= {p(km)([BmX.n Xi],él eees ép— 19 Hpseees 'Iq)

p—1

+ Z pkm)(X;;5 & sevss [Bm"?is éa]’---s ép—-], Hyseees ”q)

q —_
+ 3 k)X, &y seens €y s Nyeens [BXis My Jovees 1)

b=1
+ dW(Bmfz) ' (P(km)(X’, 51 seeey cp— 13 771 FAA] 77(;)‘

As [B,X,X;] and the [B,X;,¢&] are in pNg_, and each
[BnX;» 1) E¥Maq_, the first three terms vanish by (6.6). That leaves

a*(p(km)(él seeny ép._1 y My seers ﬂq)
=— N U X)) - k)X, &y ees Ey g My s 11y

1<i<s
+ Z dW(BmX—;l) . ¢(km)(X1a él 9eees ép- 1 nl gre0y 'Iq) (6-9)
1<igs
Also,
OFQ(km)(&y seres §ps My s3eees Mg 1)
s
= z (X)(P(k'n)(X’,él, 7ép9 Nyse- ’nq 1)
t
- Z r(Y ) ¢(km)( él goery ép’ N seens 'Iq—1)-
j=1
We note

KA X)) @Um)(X s €y e &gy Ny soees Hg—1) =0
by (6.6) because 4, X; €1, so {3.18) gives us
_r(ii) (p(km)(X,, él geery éps ”1 9veey ”q—l)
= —r(BmX_i) (p(km)(Xi’ él gesey ip, ”1 FAA ] nq— 1)
= (p(km)([Bmfi’ Xil'» 61 seers ép’ Hysees 'Iq-t)

A

Z (p(km)( '51 ey [Bmfl’ éa]v"’ gp’ Nyseees ﬂq—l)

-h

+ Z (O(km)(X‘,él, 96,;9"13 s[B XI! ”b], ,ﬂq l)

+ dW(Ber) c @MY X5 &y seees &5 Myseens Mg 1)

580/51/1-4
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As X;, [B,X;,n,] EtMq_, the last two terms vanish by (6.6). Permuting
some vectors, that leaves

6_*(p(km)(fl guery ép, Hysenes Hgo l)

= (17" 3 @)y & (B X X Myses 1g1)

i=1

- Z Z (_l)p_a(p(km)(XH él yeney éa 9ecey p; [Bmfi’ éa]’ ’71 9eeey ”q— l)

i=1 a=1
{

+ (1) Z r(Y)w(km)(én s p’ Yp Ny seees ’7q-1)- (6.10)

ji=1

Arguing as for (6.9) and (6.10), one sees

F*Q(km)(&ysvers Ep—35 Mysees Mgt)
s g+l _
=(=1) Z Z (_‘l)i-l(P(km)(Xia [BmX,-, Mpls&rsens ép-—Z’ My yeees T eees ﬂq+1)-
et (6.11)

Remark 3.35 shows that 6* is completely determined by (6.9)-(6.11) and
that the term (6.11) vanishes if n: G/H — K/L is holomorphic.

6.12. LEMMA. Suppose that =n:G/H—K/L is holomorphic. Let
¢ €EA°(G/H,V), s =dimcK/L, such that p(KM)c V® A*XMNq_)*. Then
o*9=0 zfand only if I(4,,&) o(km) = dy(B,,&) - p(km) for k€ K, m € M,
tetng_

Proof. The terms (6.10) and (6.11) drop out and (6.9) reduces to

F*QUMY(X | sy X0 X)) = (= 1) 1A, X)) 0(km)(X 5.0y X,)
+ (=1)""'dy(B, X)) - p(km)(X ..., X,).

That vanishes for each i if and only if every {€fMaq_ gives
I(A,,&) p(km) — dy(B,, &) - p(km) = 0. QE.D.

We are going to compare the d*-closed condition of Lemma 6.12 with the
%, -closed condition for a form w € A°(K/L, H*(M/L, V)). At first glance
we need two things in order to define 3 %/, a holomorphic vector bundle
structure on H'(M/L, V) - K/L and a Hermitian structure on that bundle.
We will assume n: G/H — K/L holomorphic and use the holomorphic vector
bundle structure of Lemma3.32 for H°(M/L,V) and its subbundle
H°(M/L,V), with typical fibre the space H°(M/L,V), of L-finite
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holomorphic sections of V|,,, - M/L. Use (4.3) and the natural b-invariant
inner product on ¥, and choose an L-invariant inner product on each U_;,
to define a conjugate linear isomorphism of H°(M/L,V), with its L-finite
dual space

H(M/L, V) =3 V¥® U*;,,
and thus, as in (4.4), of H°(M/L, V)¥ with its “L-finite dual bundle”
H(M/L,V)} =3 Vi@ U*;, (6.13)

We then have Hodge—Kodeira orthocomplementation operators
#: EPY(K/L,H*(M/L,V),)—» E*~"~9(K/L, H*(M/L, V)}),

which depend, of course, on the choice of inner product on the U_;; Now
9: E»(K/L,H°(M/L,V),) - E>**Y(K/L,H*(M/L, V),) has formal adjoint
0%, = —#0#. That is our

3-,’}‘/L : EP9K/L,H*(M/L, V),)— E”*~Y(K/L,H°(M/L,V),). (6.14)

As we shall see. presently, 3_,}*,L does not depend on any arbitrary choices.
Glancing back to (3.33), we see that

o=— i re(X) ® e(X)) + i dy(BTX)) ® e(X)),

where r (&) f(k) = f(k - £), the X, are given by (6.7), X,EtMq, is iden-
tified to an element of (tM q_)*, and dy(BTX) acts on H*(M/L, V), by

[d(BTX)S |(m) = dy(B, T, X) - f(m).

That gives us

§

fi== Y @) + Y HETEY@IK),  (619)

i=1

independently of the choices that were made to define #. If
w € AP(K/L, H'(M/L, V),), now

3-;("/,_ (k)& 5o fp— (m)

= — IZI (D(k ‘ Xi)(Xi’ él yesey ép—l)(m)

+ Z AY(B, T X;) - k) Xys & &,_)m).  (6.16)



50 RAWNSLEY, SCHMID, AND WOLF
If p=s, then (6.16) reduces to

331 WYX yoos Xyooin X)) = (=)0 (k - X)X oo, X))
+ (=17 'y (B, T, X)) - (k)X 5 X)),

But B,T,X,=B8,T,X; from the definition (3.14), and T,X,=4,'X,
because 7: G/H — K/L is holomorphic. Thus

6.17. LeMMA.  Let w € A*(K/L,H'(M/L,V),). Then 8%, =0 if and
only if w(k-&)(-)m)=dy(B,A,'C)  wk)(-}m) for kEK, meEM,
(etNq._.

Since A,:tMNg_—-tNaq_ isomorphically when =:G/H-K/L is
holomorphic, and 4¢ = A&, Lemmas 6.12 and 6.17 combine to yield

6.18. PROPOSITION. Suppose that n: G/H— K/L is holomorphic. Let
w € AS(K/L, H*(M/L,V),), where s = dimcK/L, and let 9 € A°(G/H, V) be
the corresponding (3.12) form with ¢(KM)cV® A*ENaq_)*. Then
*@ =0 if and only if 3, w=0.

Let ¢ € H°(G/H,V)y, where m:G/H—- K/L is holomorphic. If the
corresponding Dolbeault class ¢’ € H(K/L, H*(M/L, V),) has a harmonic
representative w € A°(K/L, H*(M/L, V),), then the form ¢ € A°(G/H, V) of
Proposition 6.18 will be a harmonic representative for c¢. Since
H°(M/L, V), » K/L has infinite-dimensional fibres, we must work a bit to
show the existence of w.

If veL, we denote the v-isotypic component of H°(M/L,V) by
H*(M/L,V),. Similarly, ¥V, is the v’-isotypic component of V. Every
dim V,. < oo because y is an irreducible unitary representation of H. If v
occurs in ¥, ® U_g;, then v=v" —7j + A, where 4 is a sum of roots of L
and —A7 + A is a weight of L on U_;;. Let { be the central element of § with
ad({)=+i on q,. Then v({)="'({) —AHL)=v'({) —|7A|i. There are only
finitely many possibilities for v’'({) because

s 0]
Vi=dv@ Q) V,.= 3 dy(eNH)"V,.

n=0
for any L-isotypic component V. of V and because any sum of roots from
p MY vanishes on {. Given v, now, there are only finitely many possibilities
for |A|, thus for 7, thus for —A7 + 4. Now, any vy€ L can occur on only a
finite number of the ¥V, ® U_z;. As H'M/L, V), =3, ¢t XV, ® U_z;,
we conclude

if ve L, then dim H°(M/L, V), < . (6.19)
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Let H'(M/L, V), - K/L denote the sub-bundle of H*(M/L, V) - K/L with
typical fibre H°(M/L,V),. Then (6.19) says that if is a finite-dimensional
bundle.
Let O,,=00;,+08%,0, the Kodaira—Hodge-Beltrami—Laplace
operator for H*(M/L, V), - K/L. If k € K, denote
we .

®

the x-isotypic component of 4°(K/L, H*(M/L,V),). (6.20)
By equivariance,

WL wre, G, Wrtaws, Oy WP cWl.  (621)

6.22. LEMMA. If k € K, then there is a finite subset F(x)c L such that
Wl’; CAP(K/L’ ZL'EF(K) HO(K/L’ V)v) for O < p < s.

Proof. Fix p. Let B be the (finite) set of L-types that occur in x|, .
Frobenius  reciprocity for (K,L) says that x occurs in
AP(K/L,H°(M/L,V),) if and only if some vEB occurs in
H'(M/L,V), ® AP(ENq_)*. Let

FP(x) = {v' € L: some v € B occurs in U, ® AP(EMNq_)*)}.

The Lemma is equivalent to the statement that each FP(k) is finite; we then
take F(x) = ;_o FP(K).

Enumerate &#(iNq,)={a,,.,a,}. Every L-type that occurs in
U, ® A7t M q_)* has form

v=v’+a,-|+---+a,~p, 1<il<'“<ip<s'

If v€EB occurs on U, ® A°(tMq_)* now v must be of the form

v—(a;, + - + a; ). There are only finitely many possibilities for each v € B.
Q.E.D.

Let ¢’ € H?(K/L, H'(M/L, V)) be K-finite. Then it is a finite sum of
classes c, € H°(K/L,H*(M/L,V)),, k€ K. According to (6.21), c, is
calculable in the complex {W’,;,a_}. Lemma 6.22, together with (6.19), say
that ¢, € H?(K/L, U), where U - K/L is Hermitian, holomorphic, and finite
dimensional. Using (6.21) again, standard Hodge theory provides a
harmonic form w, € W% whose Dolbeault class is ¢,. Now w =) o, is a
harmonic representative for ¢’. We have proved

6.23. PROPOSITION. Every K-finite class in H?(K/L,H°(M/L, V)) has a
unique K-finite harmonic representative.

Let ¢ € H*(G/H, V), correspond to ¢’ € H(K/L, H*(M/L, V)). Then ¢’ is
K-finite and so has a unique K-finite harmonic representative w. Let
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9: G- V®A*(q_)* correspond to w as in (3.12). As w takes values in
H°(M/L,V) and dw =0, the calculation just before Proposition 3.29 says
d¢ = 0. Proposition 6.18 thus says that ¢ is harmonic. With a glance back to
Theorem 3.34, we now have

6.24. THEOREM. Suppose that n: G/H — K/L is holomorphic. Then every
K-finite class in H°(G/H, V) has a unique K-finite harmonic representative
p:G->V®A(q_)* such that o(KM)c V, @ A*FNaq_)*.

7. SQUARE INTEGRABILITY

In addition to its G-invariant indefinite Ké&hler metric, our complex
semisimple symmetric space G/H carries a distinguished K-invariant positive
definite Hermitian metric that is not G-invariant. Let B denote the Killing
form of g as before. The metrics are specified on the complexified tangent
space q at 1 - H by

G-invariant indefinite Kéhler metric: & n)=B( 1),

(1.1)

positive definite Hermitian metric: (& n) =—(¢& 61).

They are given at an arbitrary point of G/H, say kmH, with k € K and
m € M, through translation by km of the metric at 1 . H, as follows: If k € K
and mEM, then every (€ q=T,.,(G/H). defines a tangent vector
Em=dt, - dt, (&) at kmH, where t,: gH+— (xg)H is translation by x € G.
Since ((,)) is Ad(L)-invariant, &, has well-defined positive definite square
norm given by ||&,,||> = —B(¢ 6&). The action of G on G/H distorts the
norm by

|t (&l = —B(Ad(R)E, 6 - Ad(h)é_) for h€ H withxkm € KMh. (7.2)
Our first task is to bound this distortion.

7.3. LEMMA. If x€ G, then dt, is uniformly bounded on the tangent
spaces of G/H, relative to the positive definite metric ((,)), with bound
continuous in x.

Proof. Let k€ K and m € M, and factor xkm = k'm'h, where k' € K,
m' €M and h=h(x, k,m) € H is well defined modulo L. In view of (7.2),
we must show that Ad(h): q— q has norm bounded by some continuous
function of x. For that, we may absorb k, k' into x and assume
h € exp(py, M b,). Thus, if the Lemma fails then we have

(i) a bounded sequence {x,} < G,
(ii) sequences {m,}, {m,} < M,
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(iii) a sequence {n,} < p,M b, with ||7n,||=1, and
(iv) a sequence {t,} —~ oo of real numbers,

such that x,m,=m, - exp(¢,n,). Passing to a subsequence we may further
suppose {17,} > E pyM b,.

If fr is an inner automorphism of G, then denote G’ = G. Otherwise, let
G' be the semidirect product G - Z, given by &r. In either case, let M’ denote
the G’-normalizer of M, so frEM’' and G’ is generated by M’ and
exp(po M ho).

We need a nontrivial finite-dimensional G’-module U whose space of M’-
fixed vectors has dim UM =1. Let {{,,..¢) be a basis of m, and
u= (N ANEYE S*A(a). Every m' € M’ acts on m,, with determinant
+1, so m’(u) = u. Let U be the G'-subspace of S?4"(g) generated by u. Then
u spans U™', and we have a unique M'-invariant splitting U= U’ @ U" with
U =u".

Recall n=1lim(y,) and decompose u=3'%_,u;, where nu,=2Au;, A
distinct and real, and A, = 0. Asymptotically as n— oo,

(mp)~'x,u = (my)~'x,m,u=exp(t,n,)u
k
~exp(t,n) - u=> e,
. i=0

As {x,u} is bounded and the (m.)~' fix U’-components, now }¥_, e'"u;
has bounded U’-component. Thus u, € U” whenever 4, > 0. As (fr)n = —,
we also have u;, € U” whenever 4, < 0. That leaves us with

k
u=u,+ > u!  where wy=uj+ul, w=ul for i>0,

u, € U’ and u € U”". 1t follows that u =u, € U’. Now u is fixed under the
subgroup of G’ generated by M’ and {exp(tn)}. We may in fact assume G
simple for the proof of Lemma 7.3. Then M’ and {exp(tn)} generate G, so u
is G'-fixed, and U as constructed is just the span of u. In the construction of
U that forces m to be an ideal in g, which is a contradiction. Q.E.D.

As in (6.1), we have Kodaira-Hodge orthocomplementation operators
+: EP(G/H, V)~ E""""~%(G/H, V*) (7.4)

relative to the positive definite metric. That gives a global K-invariant
positive definite inner product on V-valued (p, g)-forms,

o= o@)A+o' ) duH). (7.5)
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That in turn gives rise to Hilbert spaces

L5%G/H,V): completion of the space of Cg° forms in
E”(G/H, V) relative to inner product {, ». (7.6)

Of course the inner product on L5'9(G/H, V) depends on the choice of X,
i.e., on the choice of Cartan involution 8 of G that stabilizes H. But in fact
L5%(G/H, V) itself is independent of this choice because, from Lemma 7.3,

if g € G, then the natural action of g on
E?%(G/H, V) defines a bounded operator on L§%(G/H, V). (1.7)

Since the definite noninvariant metric was obtained from the indefinite
invariant metric by “reversing signs,” every form ¢ € L5%(G/H, V) is square
integrable with respect to the indefinite Hermitian inner product defined in
(6.3). Thus, the Hilbert space L%57G/H,V) carries the continuous G-
invariant indefinite Hermitian form (, ).

In this section we consider the harmonic forms ¢ of Theorem 6.4 and
study the conditions under which ¢ € L9*(G/H, V). Later, in Section 8, we
will analyse (,) on the space of all harmonic (relative to the invariant
metric) forms on L3*(G/H, V).

7.8. LEMMA. If Haar measures are properly normalized, then

j f(x)dx = j j / j f(kmh) det(4,) " 'dhdmdk  for fE CLG)

/L

and

j f(xH) d(xH) = j j f(kmH) det(4,) " dmdk for f€ C/G/H).
G/H K/L "M/L

Proof. The differential of n: G/H —» K/L on the horizontal space at kmH
isgivenby 4,:tNg-tNa. . Q.E.D.

Let w € 4”°(K/L,A%(M/L, V)), and let ¢ € A?*9(G/H, V) correspond to w
by (3.12). Thus ¢: G- V® A”*9(q,)* with p(KM)c V@ APENq_)*®
A% pMNq_)* By Lemma 7.8, ¢ has global square norm

lolem= |, ot detld,)~" dm dic (1.9)

with respect to the positive definite metric. Formula (7.9) also specifies the
invariant Hermitian form, as it gives (—1)*{p, ¢).
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We recast (7.9) in terms of the form w € 4°(K/L, AY(M/L, V)), related by

ORI )y My 1) = YA & v A E N e 1), (7.10)
For this, denote

AP(ENq_)*: trivial (product) bundle (M/L) X AN q_)*>M/L (7.11)
with the nontrivial Hermitian metric

(wa(m), wy(m)) = 2, MAP(4,,) &) m(A"(4,,) &;) det(4,,) ™" where
{&;} is an orthonormal basis of A?(tMq_) and w,, w, are the
“constant” sections of A?(tMq_)* for L, u€ AP(TMNq_)*. (7.12)

We have “fibre restrictions” of ¢ given by

9.: w(k) viewed as an element of 49(M/L, V® AP(EMNq_)*). (7.13)
Compute
loCem)||? det(d,,) ™" = IZJ loem)(&;, 1)l det(d )~
= ; (k) (AP (A4 ) E)m)(m,)|* det(d )~
= ; loxm)m)I* = lloy(m)i®.

Now (7.9) becomes

loWem= 19:lin dk (7.14)

Suppose that 7: G/H — K/L is holomorphic. Then A4, preserves each
tNq,, and det(d4,)=|det(4,,};~, )>. Since A,—0 as m— oo inside
exp(Po M o)

() A7 (A ) &)(m)|* det(d,,) ™" < | o(R)E)m)?

with equality in case p =s. In other words,

7.15. LemMA. If m: G/H— K/L is holomorphic, then ||¢|%; <llollx.
with equality in case p =s.

In V- G/H, q_ acts trivially on the typical fibre V, so pMq_ acts
trivially on the typical fibre of V|,, > M/L. Thus the decomposition of V'
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into L-isotypic components ¥, leads to orthogonal Hermitian holomorphic
bundle decompositions

\4 IM/L =3V
vel
where V,— M/L has typical fibre V,, B,—» M/L is the Hermitian
homogeneous holomorphic bundle associated to the irreducible represen-
tation v of L, and n(v) is the multiplicity of v in |, . Denote

and V,=B,®C"", (7.16)

A (M/L, -): Hilbert space of L, holomorphic sections. (7.17)

Then (7.16) gives us

A M[L, V)= 3 #(M/L,B,)®C"". (7.18)
vel
Recall (4.22) the set {y,,..., .} of maximal roots of the noncompact simple
factors of M. The Harish-Chandra existence criterion for the holomorphic
discrete series says

A, (M/L,B,)+#0 if, and only if, (v +p,, 7)) <0 for 1<i<gc;
and in that case #(M/L,B,) contains every L-finite
holomorphic section of B, —» M/L. (7.19)

We are going to combine this with Lemma 7.15 and prove

7.20. PrOPOSITION. Let m:G/H-K/L be holomorphic. Let ¢€
AS(G/H, V) correspond to a form w € AS(K/L, A°(M/L,V)), i.e., p(KM) <
V® A XM q_)*. Define

SWV)y={vEL:V,#0and (v+p,,7) <0 for 1<i<ec}. (7.21)

If ¢ is -closed and K-finite, then

01 < o i andonly i oGM) = ( T ¥, )@ At Na )" (122)
vES(VF)

Proof. Since dp=0, w€A(K/L,H'(M/L,V)), so ¢, € H'M/L,
VRO AETNq)*)=H'M/L,V)® A°(t N q_)*. Here, with 7 holomorphic
and p =s, (7.12) reduces to the product metric, (w,(m), w,(m)) = (4, u), so
10l < oo if and only if p, € Z5(M/L, V)® A*ENa_)*.

If ¢ is K-finite and L,, then every ||@,|l3,, < oo with ||@],,, continuous
in k. To see this, choose a basis {@,,..., 9;} = L3*(G/H, V) of the span of the
K-translates of ¢. We have sets §,cK of measure zero such that
@)l < o for k € S,. Set S =US,. If ¢’ € span{p,}, then || g3, < 0



SINGULAR UNITARY REPRESENTATIONS 57

for k€ S. As span{g,} is K-invariant, this remains true with § replaced by
any kS, and thus aiso with S replaced by (), . kS, which is empty. So
l@xlla, < oo for all k, and g, = ((k~')*p), gives continuity of the norm.

Now suppose ¢ to be K-finite and L,. Then every ¢, € #(M/L,V)®
A*tMq_)*. Further, if T€A°tNq_), then ¢,(Z) is L-finite, so
0 EAM/L, Y V,)® AS(FNg_)* for some finite set F=F, < L. Using
(7.19), F < S(V). This proves half of (7.22).

Conversely, suppose that ¢ is K-finite with @(KM)< (3 ,cs50) V) ®
AN g_)*. Then every ¢,(Z) is an L-finite holomorphic section, hence
square integrable by (7.19), with L,-norm continuous in k as above. Now
(7.14) ensures |9l < . That is the other half of (7.22). Q.E.D.

We now combine Proposition 7.20 with Theorem 6.24 to obtain the main
result of Sections 6 and 7.

7.23. THEOREM. Let m: G/H —» K/L be holomorphic and, as before, let
{y;} be the maximal roots of the noncompact simple factors of M. Suppose
that, for every L-type v with V,# 0,

W+ Py, v:) <0 for each i. (7.24)
Then every K-finite class in H°(G/H, V) is represented uniquely by a form
0: G- VA (q_)* such that o(KM)cV, @ A*tNq_)*

which is harmonic relative to the invariant metric and L, relative to the
positive definite metric.

If v=yx—2 bp; with b;>0 and §, € ®(p, M), then (B;, ;) >0 forces
(v + Puss 1) € (@ + Pur» 7). Thus we have

7.25. COROLLARY. Let n: G/H— K/L be holomorphic. Suppose that y
has a highest L-type y in the sense of (4.30), as is automatic, for example, in
case y is finite dimensional. If

+puv)<0  for i=l,..,c¢ (7.26)

then every K-finite class in H*(G/H, V) has a unique L, harmonic represen-
tative ¢ with o(KM)c V, ® A*(KMq_)*.

In fact, Corollary 7.25 is very close to the most general case to which
Theorem 7.23 applies, because of

7.27. LEMMA. Let H' be the identity component of the kernel of the
action of G on G/H. Then there are O-stable local direct product
decompositions

H=H -H' and G=H'- -G" with G/H= G”/H”
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and corresponding tensor product decompositions
V=V'®V" and y=y ®y” with v €H' and w"€H".

Set L"=LMNH". Then y satisfies L, condition (7.24) if and only if y"
satisfies it, and in that case y" has a highest L"-type in the sense of (4.30).

Proof. All assertions are clear except the last one, that (7.24) implies
(4.30) for y”. For that, we may suppose G=G" and y=y". In other
words, we may suppose that  contains no nonzero ideal of G.

Fix an L-type V,¥0. Then V,=3),dw(pNh)' -V, by the
irreducibility of w. Suppose that (4.30) fails for . Then
dy(p, Ny)" - V,# 0 for every integer n > 0, for otherwise we choose V', # 0
in the last nonzero dy(p,Mb)"-V,, and dy(p,ND) ¥, =0 forcing
(4.30). Now we have a sequence {v,} < L with 0 U, cdy(p, Nby)"-V,.
Given (7.24), at least one Jd€ @(p, Mbh) has (4,9)<0 for all
YyEDMPMq,)=P(p,MNaq,) (see (2.21)). Since 4 + y is not a root, now

X ={0€ d(p, MY): d strongly orthogonal to P(p M q )}
is nonempty. Thus

t: subalgebra of b generated by all g;+g_;,0 € Z,

is nonzero. As t is semisimple, ad({)-stable and f-invariant, it is an ideal in b
by the theory of orthogonal involutive Lie algebras. But r centralizes p Mg,
which together with § generates g, so r is an ideal in g. This contradiction
completes the proof of the Lemma. Q.E.D.

In view of Theorem 7.23 we define

#(G/H, V)= {p € LY(G/H, V): dp =0 and &*¢ = 0 as distributions}.
(7.27)

This is our L, harmonic space. It is a closed subspace of L9* (G/H, V), its
C® elements are harmonic in the usual sense (6.5), and its K-finite elements
are C®. Theorem 7.23 says that, assuming (7.24), every K-finite class in
H*(G/H,V) has a unique representative ¢ € #3(G/H,V), such that
o(KM)c V, ® A*(t M q_)*. In particular, the natural map of d-closed C*®
forms to their Dolbeault classes maps #5(G/H, V), onto H*(G/H, V). One
can compute Dolbeault cohomology from distribution forms as well as from
C, forms; see [34]. Thus every ¢ € #%(G/H,V) has a well-defined
Dolbeault class [¢] € H(G/H, V), and the natural map

#3(G/H, V)~ H'(G/H,V) by ¢ [g] (7.28)
has image that contains H*(G/H, V) if (7.24) holds.
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8. CONSTRUCTION OF THE UNITARY REPRESENTATION:
NONSINGULAR CASE

In this section we prove that, under certain conditions, the global G-
invariant indefinite Hermitian form (, ) is semidefinite on #%(G/H, V) and
that its kernel there coincides with the kernel of the nature map ¢ — [p] €
H*(G/H,V) to Dolbeault cohomology. The technical device amounts to
tracing square integrability through the spectral sequence of Section 3 to
show that [p] =0 implies ¢ = lim{dn,} for some square-integrable 7,. The
conditions amount to the requirement that the resulting unitary represen-
tation of G have nonsingular infinitesimal character. In Section 9 we will
relax these conditions, obtaining slightly less elegant unitary representations
with singular infinitesimal character.

We start with some preliminiaries on bounded domains, which later will
be the fibres of 7: G/H —» K/L.

Let D < C” be a bounded domain, holomorphically convex, such that
tD < D for |t| < 1 with ¢D relatively compact in D for |¢| < 1. Let W— D be
a Hermitian vector bundle with a particular holomorphic trivialization. We
use the natural (from D < C") holomorphic trivialization on the holomorphic
tangent bundle T"°(D)— D and associated bundles. Now suppose that D
carries a Hermitian metric with the following property:

Compare the metric on V® AT* (D)* ® A"T""°(D) at z€ D
and fz using the isomorphism of fibres given by the specified
trivializations. Then the metric at fz bounds the metric at z,
uniformly for z € D and j¢| < 1. 8.1)

In particular, for ¢ = 0, this implies that

the metric on V® AT (D)*® A"T"*(D) is uniformly
bounded by any metric that is constant with respect to the
specified trivializations. (8.2)

If p€49(D,V), say o= f ,v;0dz, where {v,} is a complete
orthonormal set in the typical fibre ¥ of V— D and the multi-index J has
size |J| = g, then denote

p'(z)=> I ,(tz2)v,®d  for |t L (8.3)

8.4. LEMMA. If ¢ is square integrable, then so is ¢'. Moreover, the map
o+ @' is bounded in L,-norm, uniformly in t for e<t<1 whenever
O<eg .

Proof. Let a, ,(z) =r(z){v,® dZ', v, ® dZ’),, where r(z) is the ratio of
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the Hermitian volume element on D to the Euclidean volume element
dx A dy on the ambient C". By assumption (8.1),

(@,,1/(2)) < Clay,,(tz)),  some C >0,

as positive definite Hermitian matrices, for all z € D and |¢| < 1. Here r(z)
accounts for the A"T"°(D) in (8.1). Thus,

Il =] X #%ui2) 1,() @y u(e) dx A dy
SCIP | 3 1ilt2) ,(02) @i 02) dix A dy
=Clefn | Y fule) @) @ugole) dx A dy

<Clef | 3 fule)3(2) ) dx A dy
=Cle[" " loll;.
The lemma is immediate from this. Q.E.D.

8.5. LEMMA. If ¢ is square integrable, then ¢' tends to ¢ in L, norm as
t— 1 with |t| < 1.

Proof. Let ¢>0 and choose a CZ® form ¢’ with || —¢'|| <é&. By
uniform continuity, ¢’‘— ¢’ uniformly and thus in L, norm. Lemma 8.4
ensures ||¢' — ¢'|| < (const) ¢. The assertion follows. Q.E.D.

8.6. Remark. Let L be a group of automorphisms of V- D that acts
linearly on D and preserves all the bundle trivializations. Then ¢ +— ¢’
commutes with the action of L on V-valued forms.

This ends the preliminaries. We now return to the setting of Sections 2—7
and assume now that n: G/H — K/L is holomorphic. The fibre M/L is iden-
tified, through the Harish-Chandra embedding, as a bounded symmetric
domain Dcpngq,, and there the universal factor of automorphy
construction gives a distinguished L-invariant holomorphic trivialization of
V| = M/L.

We use the fibre restrictions ¢, defined in (7.13). Since V|,,, is trivialized
and AP(EMq_)* > M/L is defined (7.11) as trivial, we write ¢,,,, for ¢,
viewed as a section kM/L -V ® AP(tMq_)* of the trivialized bundle
V® APt q_)* - kM/L over the fibre kM/L = n~'(kL).

The isotropy subgroup L acts linearly on M/L=Dcpnq + and
preserves the trivialization of the tangent bundle. Thus the operations
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@imsL Qi ON the fibres of 7: G/H - K/L combine to give a linear map
@ — ¢', which we may interpret as a map of EJ*? = #P9/&P*+!9"! to itself.
Split =2, , + 8, o as described in Remark 3.35. Then 30 (@)= (60 19)
because any coefficient S of ¢y, (in the sense of the f; , of (8.3)) satisfies
(6/02°)(f (tz)) = {(8f /02 )(tz). Then 3, 4(p*) = (8,.,9)" because J, , is the &
operator on the base and does not act on the coefficients of ¢ on the fibres.
Thus

a(e*) = (9p)' for pE€EM. (8.7)

In order to globalize Lemmas 8.4 and 8.5, we must know when the
condition (8.1) holds on the fibres. Denote A(EMN q_)*=>"5_, A°(ENq_)*,
product bundle with metric (7.12) and typical fibre A(fMNgq_)*=
2o AP(ENag_)*.

8.8. LEMMA. For every weight v of L on V, every weight u of L on
A@EMNq_)*, and every € P(pNq, ), suppose

(v+u+20y,,8<0. (8.9)

Then (8.1) holds uniformly on the fibres of n: G/H— K/L, for the bundle
V®AFEMNq_)* in place of V.

Proof. By L-invariance of the metrics it suffices to check (8.1) when
z=mL lies in the maximal totally geodesic polydisc D' =(a, " D)ca, of
Dcpnaq,. Here a, is the sum of the root spaces for, say, the maximal
strongly orthogonal set {y; ;} of (4.22).

Now V|, is the orthogonal sum of homogeneous holomorphic line sub-
bundles L, — D’ as v ranges over the L-weights of V.

We are going to show that A(t M q_)*|,. is the orthogonal direct sum of
homogeneous holomorphic line sub-bundles L, as 4 ranges over the weights
on A(tMq_)*, ie., the weights on A(TMq,).

Choose root vectors Ej; € m,, w1th B(E,, .E E;)=1. The E;€EpMa, and
the Y, =E; +E, span a,. Set HU— [Ey, E;JEL. Let m=exp X, 1, Y.
The standard identity

i <(t) (; )z ((l) tani:(t)><1/cogh(t) cos(:l(t)><tanil(’) (1)>

gives me exp(p Mg, ) - i - exp(p M q_), where
! =exp (Z log cosh(z;,) Hu)
i

= [ | exp(log cosh(z,)) Hy).

iJ
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If a,.,a,€ @EMq,) are distinct and 0+#¢ €1, , then the Hermitian
homogeneous holomorphic line bundle over D’ with fibre (£, A - A ) C
A€M g, ) has “constant section” given at m € exp(a,) by

Ad(AYE A - NG
—_ 3 n Cosh(tij)2(dk'yi,j)/(ﬂ.j'y,‘.j)% é; A A ér

isJok

=1]1] cosh(tk)( E A AE,
k

where
if a, L everyy;;, then ¢, =0;

if a, Ly, s0a,—17,;Leveryy,,, then z,=¢ .

In particular, that constant section has length

IAd@=") & A - A& =

kfr_ll COSh(tk)guél A NE). (8.10)

On the other hand, 4,,' = cosh(ad 3_ £;; ¥, )ls ~, multiplies & by cosh(z). If
PN, )= {a,.. al, §ETL,, and & is the element of (tNq_)* dual to
¢ by the Killing form, then (7.12) says that the constant section of
ATt g_)* for & | A --- A L¥ =1 has square norm

w12 = §ﬂcosh(tk) 2 A AL 8.11)

Comparing (8.10) and (8.11) we have the asserted decomposition of
AENQ_)*[p. )

The bundle 49T (D)* ® AY™PT"%(D) restricts on D’ to an orthogonal
direct sum of line bundles L; ® sz,wp where E runs over the sums of ¢
distinct elements of @D(pMgq_). The restriction is isometric but not
holomorphic. Note that (E£,8)<0 for every € @(pMq,). Now our
hypothesis (8.9) says that V® AFMNq_)* ® AT"(D)* @ A4™2T-9(D)
restricts on D’ to an orthogonal direct sum of line bundles L, with (J,8) <0
for all € @(pMq,). On each disc factor of D’, any such L; is a
nonnegative power of the holomorphic cotangent bundle, whose metric
1—|z[* | Oas|z[- 1. That gives (8.1) for V® At M q_)*. Q.E.D.

If g€ A"(G/H, W), we decompose ¢ = > [_, ¢;, where ¢, corresponds by
(3.12) to an element of 4'(K/L,A""'(M/L,V)), ie., where g (KM)c
VRAENG_)*® A (pMq_)*. Then we define ¢ =Y [_, ¢;. Applying
(8.7) to each ¢; we have d(p") = (dp)* for |¢| < 1.
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8.12. LEMMA. Assume (8.9). If 9 € A"(G/H, V) is L,, then 50 is o' for
|t|< 1, and {9'} > ¢ in Ly-norm. If ¢ is L, and 0-exact, say ¢ = on, then n'
is L, for |t| < 1 and {0n‘} > ¢ in L,-norm.

Proof. If nis any C® V-valued form on G/H, we assert that n‘ is L, for
14l 2 1 Birat tha nnaffisianita ara lanedad hannnoa tha Anaffisriania ~F
|l«' N oL oL, lllC LUCLLIVIVLILD Ul II ailv uuuuucu vsvauny LIV VUCLLIVIVIIWL UL II
are bounded on |z| < (const) < 1. Second, (8.2) holds uniformly on the fibres
of n: G/H— K/L because of Lemma 8.8, so smooth forms with bounded
coefficients are L,. That gives the L, assertions for ¢‘ and 7' in the
statement of the lemma. Now {¢‘} > ¢ in L, as in Lemma 8.5, and {9n‘} =

{(@n)'} = {¢'} = ¢ in L, as asserted. Q.E.D.

To complete the results of this section we will put hypothesis (8.9) into a
more familiar form. If a € @(tMNq,) and FE€ P(pNq,) with (a,f)+#0,
then —sz(a) € @(p, Mb) and (—sy(a), f) = (a, f). Thus we can replace g,
which is a sum of distinct elements of (M q, ), by —sz(u), in (8.9). Since
(a, ) > 0 here, we need only consider the case 4 = 2p,, , and our argument

shows (o, » B) = (—53(px/)s B) = (P, B). Thus (8.9) is equivalent to the
requirement that

¥+ 200 + Pxp + Puis BY KO (8.13)

for every weight v of L on V and every € @(pMq.).

The p’s in (8.13), and the set of weights v there, all are W, -invariant. Since
every € P(pMq,) is a convex linear combination of W,-translates of m-
simple roots in @(p M q,), it suffices to check (8.13) when § is m-simple. In
that case (v, §) is maximized, on the weights v of an L-isotypic component of
V, at the lowest weight of that isotypic component. With f m-simple,

2(par, BY/ (B, B) =1, 50 3(B, B) = (par» B) = (P, B) + (Ppyy1. B). Putting all this
into (8.13), we see that (8.9) is equivalent to the inequality

(—v*—p, + Py + Py +pH/Lsﬂ) < _'%(ﬂs B) (8.14)

for every highest weight v of L on V (corresponding to lowest weight —v*)
and every noncompact simple root § of m. The opposition (maximal length)
element w, € W, of (4.23) carries these simple roots § to the maximal roots
y; of (4.22), fixes py,, Pxy» and py,, sends p, to its negative, and
transforms —v* to v. Note that p, + py, + Pk, + Py i p=pg. Thus we
have reformulated (8.14) so that Lemmas 8.8 and 8.12 combine to yield

8.15. THEOREM. Suppose that =n: G/H— K/L is holomorphic. Let
{yl,.:, y.} be the maximal roots of the noncompact simple ideals of m. If
vE€ L with V,+ 0, suppose that

20+ 0,7/ v)< =1 for 1<i<e (8.16)

580/51/1-5
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If € A"(G/H,V) is L, and d-exact, then ¢ =lim{dn,} in L,-norm, for
some L,-forms n,€ A"~ (G/H, V).

8.17. Remark. We shall see later that if G (or even just M) is a linear
group, or if V is finite dimensional, then (8.16) can be
written: 2(v + p, 7;)/ (¥, 7)) < 0 for 1 i c. If dim V' < oo, this will turn out
to be the condition that the unitary representation we eventually obtain has
nonsingular infinitesimal character.

Recall (7.25) the space -#5(G/H, V) of all C* V-valued (O, s)-forms on
G/H that are square integrable for the positive definite metric and harmonic
for the G-invariant metric.

8.18. THEOREM. Let m: G/H - K/L be holomorphic and suppose that
every 2(v+p,v,)/(v:> v:) < —1, where {y,} are the maximal roots of the
noncompact simple factors of M and v runs over the classes in L with vV, +0.
Then the natural G-invariant Hermitian form {, ), on L9*(G/H, V) and
the natural map #5(G/H,V)— H(G/H, V) to Dolbeault cohomology, are
related as follows:

(1) (=1)° {,)gu is positive semidefinite on #5(G/H, V).

(2) The null space of {, )¢,y on #5(G/H, V) is the kernel of the map
o+ |p] € H(G/H, V) to Dolbeault cohomology.

(3) The space #%5(G/H,V), of K-finite elements maps onto
HY(G/H, V).

Proof. Let ¢ €75 $(G/H, V) be in the kernel of map (7.28) to Dolbeault
cohomology. Choose an approximate identity {f,} < C*(G). Then
{f, * 0} — ¢ in LY(G/H, V) and each f, x ¢ is C. As [p] =0, there is a
distribution-coefficient V-valued (0, s — 1)-form # on G/H with ¢ = on in the
sense of distributions. Now f, x n is C* and af, * n) =1, e =f, x 0.
Theorem 8.15 applies to the f, x ¢, providing sequences {7, ;};_, ,,. of L,
forms in A*~'(G/H,V) such that lim, , an,,=f,*¢ in L‘”(G_/H V).
Passing to a suitable diagonal sequence ¢, ; , we find ¢ =lim,_ 877,,, in
LY%(G/H, V). Let ¢’ € #%5(G/H, V). Since (p’ is L, and d*-closed in ‘the
invariant metric,

(@, 9" )6 = 1im<5'ln,i,,’ 0 Vom= 1im<’7n.|’,,’ o*¢')=0.

Thus ¢ is in the null space of {, )¢, on #5(G/H,\V).

If 9o €#%(G/H,V), viewed as ¢:G-> V®A°(q_)*, has o(KM)c
V® AN q_)*, then (—=1)° (@, 9)g,u = @ll2/s >0 and vanishes just when
¢ = 0. We have (7.24) because each (p,,, y;) < (p, y,); for if € P(p, NH)L
@(tNq,), then B+ 7, is not a root. Now Theorem 7.23 says that every K-
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finite class in H°(G/H, V) is of the form [p], where ¢ € #5(G/H, V) is K-
finite with o(KM)c ¥V ® A*(1 M q_)*. So, on the K-finite level,

#5(G/H, V), - H(G/H, V),

is surjective from a (—1)* {, )¢,/ positive definite subspace and has kernel in
the null space of (—1)°(,)q/y. It follows that (—1)° (,)s,, is positive
semidefinite on #%5(G/H, V), and that its null space there is exactly the
kernel of the map to H*(G/H,V),. Since A#73(G/H,V) is closed in
LY(G/H,V) and (,)q, is jointly continuous on L3*(G/H,V), now
(=1)° {, )6, is positive semidefinite on #3(G/H, V), its null space there is
an L3*(G/H, V)-closed subspace, and that null space is exactly the kernel of
map (7.26) from #75(G/H, V) to H*(G/H, V). Q.E.D.

In view of Theorem 8.18, we define reduced square-integrable harmonic
spaces by

#5(G/H, V)
=#73(G/H, V)/(null space of {, )¢, 4) (8.19)
with Hermitian form (, ) induced by (—1)* {, )¢/x-

Here .#35(G/H, V) carries a Hilbert space structure as quotient of a closed
subspace of L}*(G/H, V) by a smaller closed subspace and (, ) is a jointly
continuous positive definite Hermitian form on #%(G/H, V).

8.20. LEMMA. Under the hypotheses of Theorem 8.17, the pre-Hilbert
space structure on #5(G/H, V) defined by {,) coincides with the Hilbert
space structure obtained by realizing #5(G/H, V) as a quotient of closed
subspaces of LY*(G/H, V).

Proof. Every class in 2% 3(G/H, V) is represented by a unique form
¢ € #3(G/H, V) such that p(KM)c V® A*(t M q_)*. This is clear for K-
finite classes through comparison with Dolbeault cohomology and follows
by continuity for all classes.

Let ¢ € #5(G/H, V); represent it by ¢ € #7%(G/H, V) such that o(KM)
V® A*(tMq_)* and also represent it by ¢’ € #5(G/H, V) which is L}*-
orthogonal to the kernel of #75 — #7%. To prove Lemma 8.20, we must prove
o' G, = (=1)° {@, ®)g,x- First, since ¢’ is the L3-*-shortest element of 275
representing @,

”¢'”é/u < ||¢”é/n =(=1)° (@ P)ou-
Second, since the kernel of #% — #3 is the null space of {, ),y on #%,

(=1)° 40, ®)m = (1) (0", 0" Yo < |l 0’ ”G/H
The lemma follows. Q.E.D.
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8.21. THEOREM. Let n: G/H— K/L be holomorphic and suppose that
every 2(v +p, v,)/(¥i» ;) £ —1, where {y;} are the maximal roots of the
noncompact simple factors of M and v runs over the classes in L with V.+#0.
Then the natural action of G on V-valued differential forms on G/H
preserves #75(G/H, V) and passes to the quotient #75(G/H, V)/(null space of

(> dam) as
m,: unitary representation of G on #5(G/H, V). (8.22)

The natural map from #3(G/H,V) to Dolbeault cohomology induces a
(84, K)-module isomorphism of #75(G/H, V), onto H*(G/H, V), and thus
7, unitarizes the action of G on Dolbeault cohomology H*(G/H, V).

8.23. Remark. If the highest weights v of L on V all are integral in m,
then the hypothesis 2(v + p, y;)/(y;» 7)) < —1 of Theorems 8.18 and 8.21
coincides with the nonsingularity condition (v + p, y,) < 0. Of course the v
are integral if M is linear, in particular if G is linear. They also are integral if
dim V < o0, for then the highest weight y of L on V is orthogonal to
@(p M'h), hence h-integral, and y is t-integral because it lifts to a well-defined
character ¢* of the torus 7'< K. Thus y is g-integral (every simple g-root is a
root of either b or t), and in particular m-integral.

8.24. Remark. If V has a highest L-type y in the sense of (4.30), then the
hypothesis of Theorems 8.18 and 8.21 that

2040, v/ (i ¥ £ =1 alli, allv€ L with V,#0

reduces to
200+ 2,7/ y)<—1  foralli

as in the passage from Theorem 7.23 to Corollary 7.25. According to
Lemma 7.27, existence of the highest L-type y is not a restrictive condition
here.

Proof of Theorem 8.21. All the statements follow directly from
Theorem 8.18 and Lemma8.20, except weak continuity of
G X #G/H,V)-#5(G/H,V). That weak continuity follows from joint
continuity of the Hermitian form (, )s, on LY*(G/H, V), which is part of
the statement of Lemma 7.3. Q.E.D.

9, CONSTRUCTION OF THE UNITARY REPRESENTATION:
GENERAL CASE

In Section 8 we examined the map #7%5(G/H, V)—» H*(G/H, V) and saw,
under certain circumstances, that its kernel coincides with the kernel of the
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G-invariant form (, ), and that (—1)° (, )/ is positive semidefinite. That
led to a Hilbert space structure on the quotient #5(G/H, V) and a unitary
representation 7, of G on #%(G/H, V) that unitarizes the action of G on the
Dolbeault cohomology H*(G/H, V). The key was the study of the space of
L, “special” harmonic forms,

S ={peAYG/H, V) p(KM)cV® A*FNq_)*}, 9.1)

on which (=1)° (, )¢y is positive definite and whose K-finite subset .¥; maps
isomorphically to H*(G/H, V),. Here we show under somewhat weaker
conditions that .% still corresponds to a G-invariant Hilbert space structure
on an appropriate quotient .¥(G/H, V) of #(3).%, resulting in a unitary
representation of G that unitarizes its action on H*(G/H, V).

The space Z(g) ¥ is the smallest g-invariant subspace of #%5(G/H, V)
that contains %%, and % injects to the quotient #(g) #%x/{%(3) Sx}*
(relative to (, )g,5) because (—1)° (, )¢y is positive definite on &”. We need
to know that the image is invariant.

9.2. THEOREM. Let m: G/H- K/L be holomorphic and suppose that
every 2(v + py, v:)/ (7> ;) < —3, where {y;} are the maximal roots of the
noncompact simple factors of M and v runs over the classes in L with vV, #0.
Then the image of & in 7 (g) - %4 /{# (8) - S }* is g-invariant.

The reader may wish to view this section as a disgression and proceed
directly to the discussion of unitary representations in Sections 10 and 11.
But first he should note that the hypothesis 2(v + py, 7,)/(¥:» ¥;) < —3 of
Theorem 9.2 is very close to the condition 2(v + p,,, ¥,)/(7;, ¥;) < O for the
existence of L, harmonic representatives in Theorem 7.23. See Remark 9.18
for the fact that they coincide if M is linear or if dim V < o0.

We start by estimating the growth of forms ¢ € Z(g) - ¥°. Haar measures
on G=KAH and M =LAL are given through certain functions &g, d,,:
A—-R?* by

dg=0d5(a)dk -da-dm, dm=30,(a)dl-da-dl,
S.(a) - det A, = 3,(a), (9.3)

where we use Lemma 7.8. A Cayley transform c carries a* to the span of the
maximal set {y;;} of strongly orthogonal roots of (4.22). Its inverse carries
the positive root system @(m)* for the compact Cartan t to a positive root
system for the maximally split Cartan

{x € t:each y;(x) =0} +q,

which in turn specifies a positive restricted root system 4] on m. Let
¥ € 4, denote the restricted root sent by ¢ to , ;.
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9.4. LEMMA. Assume the conditions of Theorem9.1. If 9 € # (g) %,
then there exist constants C, € > 0 such that

lotkall < Coo@) ™ exp ( ~ 4 +0) X 75, ) @

uniformly for kEK and a€ A+.

Proof. We first must show that every ¢ € Z(g) %% can be expressed as a
finite sum on KM of the form

o(km) = (det A |y ~g_) 2 by(k) ci(m) fi(m) 6, 9:5)

where the b; are coefficients of finite-dimensional unitary representation of X,
the ¢; are polynomials in the matrix coefficients of C,, and D,, (defined in
(3.14)), the f; are L-finite holomorphic sections of bundles V,— M/L, where
vE L with V,# 0, and the §,€ 4°(q_)*.

Suppose that ¢ € . Then p(km)(¢,,..., &) = w (k)4 &, ey A &) (M) =
(det A, |~y ) @ ()& 5ens &)(m), @, (KY(E5er &) is an L-finite holomorphic
section of V— M/L, and w,, is K-finite. So, here, p(km) has expression (9.5)
with ¢; = 1.

As Z(9) S =Up o p" - F, it now suffices to show that if ¢ € Z(g) &
has form (9.5), and if { € p, then { - ¢ has form (9.5). By (3.17), ({ - ¢)(km)
= @(—{-km) = —p(k - Ad(k™"){ - m) = —I(Ad(k~") {) p(km). Of course,
—Ad(k~"){ is a linear combination of elements of a basis of p where the
coefficients are matrix coefficients of finite-dimensional unitary represen-
tations of K. Now to prove (9.5) we need only show: if ¢ € Z(g) - & has
form (9.5), and if either {€ pMN Y or { € pMq, then I({) ¢ has form (9.5).

Let { € pMb. By (3.19), I({) e(km) = r(C,,{) p(km) + I(D,,{) ¢(km). Here
D, :pNh->tNaq, so I(D,L)e(km)=e((k - D,,{) m), which inherits form
(9.5) from ¢. Also C,:pNY—>pNh, soif n,,..,n,Eq_, then

r(C, Q) o(km)(1, .- 1)
= @(km « C,, )11y 5eees 1)
= _dW(Cm C) * ¢(km)(’71 9eeesy '7:)

- Z (=11 @Rm)YAC &, M), 1y sees ey 1)-

i=1

These terms all inherit form (9.5) from ¢.
Let {€pMq, so I({) acts by differentiating the M-variable on the left,
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I(¢) p(km) = p(k - {m). We look at its action on the (detA4,|,, ) term of
(9.5). Making repeated use of the definitions (3.14),

I An=10) - {p' o Ad(m~ ")}~

= —A, o [P’ o Ad(m~")} 0 4,,
=4, 0p o Ad(m ") ad({)o4,,
—A,0p' o Ad(m~")o p" o ad(() 0 4,,
=A, op' o Ad(m~") o p" o Ad(m) o p" o C,, o ad({) o 4,,
=A, op' oAd(m1)op” o Ad(m)o C, 0ad(l)o 4,
=A,op oAd(m ")o (1 —p’)o Ad(m)o C, cad({)o 4,
=—A,op o Ad(m ") op' o Ad(m)o C,cad(()c 4,
=—p' o Ad(m)o C, 0ad({)c 4,
=D, o ad(() o A,,

sO

I(&)(det A |1~ ) = (trace D, o ad(§)ling_) det(d ey )-

Thus, the part of /({) ¢ that involves differentiating the det(4,,|;~, ) term in
expression (9.5) for g, retains form (9.5). Evidently the same holds for the
part of I({) ¢ that involves derivatives of the f;. As for the c,({ - m), we
obtain the same conclusion by noting that

I(¢)C,,=—C,0op" oad() o Ad(m)o C,
=—C,,0ad({)op’ o Ad(m)o C,,
=C,0ad(() D,
and
Q) D,y =—p' o ad({) o Ad(m) o C,, —p' > Ad(m) o {({) C,,
=—ad({) o p” o Ad(m) o C,, —p' o Ad(m) o C,, o ad({) > D,,
= —ad({) + D, © ad({) o D,

so the derivatives of the C,, D,, coefficients do not occur. This completes
the proof that every ¢ € Z(g) .#% has form (9.5).

The following estimate is implicit in Harish-Chandra’s analysis {11-13] of
the coefficients of the holomorphic discrete series. See his formula [12,
Lemma 14] for his function y and his estimates [13, Sect. 9] on the y,. A
very slightly weaker estimate, valid for the entire discrete series, comes out
of Mili¢i¢’s work [21] on characters and asymptotics.
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Let /: M >V, be an L-finite holomorphic section of V, - M/L. Let ¢ >0
be such that (v + p,,, ¥;) < — (3 + €)(¥;, ¥,) for all i. The estimate: there is a
number C > 0O such that

Gt =Coy@ " ep (- G+aT v )@ ©6)
Ly
forall , I'EL and aliac 4.

If m=exp(n), nE€Pp,MNaq,, we earlier noted that 4, = cosh(ad(y))|;~,
because ad(n) exchanges p Nb and Mg Similarly, C, =
{cosh(ad()),~y}) ' and D, = —sinh(ad(y)) o {cosh(ad(n))lynyl ' =
—tanh(ad(#))|,~. In view of (3.15), now C,, and D,, are bounded uniformly
in mE€ M, so the functions c;(m) are uniformly bounded. In proving the
Lemma we may thus ignore the c; in expression (9.5) for ¢. That having been
seen possible, (9.5) and (9.6) combine using (9.3) to give the estimate of
Lemma 9.4, Q.E.D.

The next step in the proof of Theorem 9.1 is
9.7. LeMmMA. Let ¢ € AP(G/H, V) with p(KM)c V® APt N q_)*. Let
(€ p and define f=F,: KM >V @ A"~ "(tNq_)* by
wWg(k ), 5ers &, 1 )(m)
= (1" @ (k)& s &po1sp" 0 Dpyoo o Ad(k™") O)(m),  (9.8)

where £, €t M q_ and 0: p— p MY is projection with kernel p Mq. Then B is
well dej_ined as an element of A""'(G/H,V), and if 0p=0, then
- 0+B):KM->V®A°(ENq_)*

Proof. To see that f is well defined as an element of 4°~'(G/H, V), i.e.,
that w; is well defined as anm element of A°~'(K/L,A°(M/L,V)), we
compute using (3.15)

g (k)(&; s &5 1))
= (_1)!7 ww(k)(él seees ép_l,p' o Dm cgo Ad(k—l) C)(ml)
=y()™" - wa(k)(&; seerr &1 )(m)
and

Wg(kD)(&) 55 &, 1) (m)
= (—1)? @ (k)& s & _1» D" © D,y 0 3 0 Ad(I™Y) o Ad(k™") {)(m)
= (=1)? @, (k)(A() & s Ad(D) &, _, 5
Ad()) o p' o D, o 0o Ad(I"") o Ad(k~") )(m)
= (=1)? W  (k)(AA() & s Ad() &, _,, P © Dy 0 0 0 Ad(k™") {)(m)
= ws(kYA(l) &, ey Ad(D) &, )(m).
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Now suppose d¢p =0, and decompose (- ¢ =9’ + ¢", where ¢'(KM)c
VR APENq_)* and ¢"(KM)cV@AP'ENq_)*®@A4'(PMag_)* Set
W' =w, € A°(K/L, A"(M/L,V)) and 0" =w,. € AP~ (K/L, AY(M/L,V)).
Note, using (3.19),

" (k)& youer &, )(m)()

= OYKMUT &, s TGy 15 1)

=—l(Ad(k™") Q) 0(km)(T &y ees Ty 15 7)

=—l(o - Ad(k™") ) 9Ukm)(T&yees Ty 157)
—U(1 —0) - Ad(k™") Q) @(km)(T &1 Ty Gp—15 1)

=—I(D,, 00 0 Ad(k™") Q) @(km)(T &y serir Ty 15 1)
—H(Cpo 00 Ad(k™") ) @(km)(T &y serer Ty 11 7)
—I((1 = 6) o Ad(k™") O) @(km)(T &y serer Ty 15 1)-

Here the first and third terms vanish because p(KM)c V® AP(tMq_)*.
That leaves

@"(K)(&, yoeer §5 1 )(m)(M)
=dy(C, 000 Ad(k™") ) o p(km)(T &y seee TGy 15 1)

p—1
+ Z (_l)i—l (p(km)([C,,, °go Ad(k—l) & Tr;léi]’
i=1 P
T,&psees Toyines Ty 15 1)

+ @MY (T &, s Ty 15 [Crpo 0 0 Ad(k™1) ¢, 77]).
Here the first and second terms vanish as before. Using (3.16),
" (k)(&ys0ees &5 )m) (1)
= Wy (k)& seees &y 15 A [Cry 0 0 0 Ad(k™") &, n])(m)
= 0, (k)& s &1, PL 0 Ay o ad(n) 0 Cpy 0 0.0 Ad(k™") O)(m)
= =@, (k)(&;wrs &y 15 PL © (r(11) D) 0 0 0 Ad(k™") O)(m).

Since dp = 0, —w (k)£ .s &,_ 15 E)(m © ) = O for each m; given m we take
& =p’ oD, o000 Ad(k™"){ Now,

" (k)& e Epm 1) (m)(m)
=~ (k)& s &1, P © (r(n) D,y) 0 0 0 Ad(k™") O)(m)
~ o (k)& 5res §p o1, L 0 Dy o 6 0 Ad(k™1) {)(m - 1)
= (=177 wg(k)(& s & ) - 7).
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We write that as
@" (k)& 5 ép—l) = (_l)p_1 a_1‘4/L(("’t;(k)(ef1 seees ép-l))'

In view of Proposition 3.25, or more precisely, the calculation just before its
statement, this is equivalent to

0" (k)& oes &y 1> 1) = —OBURMNE, se0es Gy 1 1):
Thus (o @+ B) =9’ + 5,,0(/3), which proves the lemma. Q.E.D.

9.9. LEMMA. Let ¢ € % and { € p. Define §=p; by (9.8). Under the
conditions of Theorem 9.1, 3 is square integrable and (9B, # (8) % )¢/ = O-

Proof. We have that { - ¢ is square integrable because ¢ is a C* vector
for G on L3*(G/H; V); or one can use Lemma 9.4. Now set ¢ = (- ¢ + 9p.
A glance at (9.8) shows that f inherits K — finiteness from ¢, so ¢ is K-finite.
Also, 66 =0((- 0)+8@@B) =4 - 9)=C - dp =0. Thus, using Lemma 9.7,
#EAG/H,V) is Kfinite and &d-closed, and maps KM into
V® AS(tMNq_)*. Proposition 7.20 says that ¢ is square integrable, and
square integrability follows for d8=¢ —¢ - ¢.

One can write (9.8) as B(km)(&, ..., &_ 1) = (—=1)? @(km)(&; s &, 15
p o Ad(m=")op’” oD, o00c Ad(k™"){), which we use here with p=s.
Note that

p'oAd(m~')op. oD,
=p’ oAd(m~')o D,  (because z is holomorphic)
=—p' o Ad(m~")o p' o Ad(m) o C,
=-—p" o Adm ")o (1 —p”)o Ad(m)o C,,
=p' o Ad(m~ ') o p" o Ad(m)o C, (because p’ o C,, = 0)
=p' o Ad(m™").
Thus, we have
Bkm)(&, ..y &5 _1)
= (=1)° @(km)(&, s &_ 1> 2" 0 Ad(m™ ") 0 0 0 Ad(k™1) {). (9.10)
Every a € ®@(p M}) has projection to the span of the y,; which is 0 or is

+}y,; for some unique (,j). If a€A*, that gives ||Ad(a™")|,ll <
exp(3 X, ¥, )a). Use this while applying Lemma 9.4 to ¢ in (9.10),

|BCka)| < C"64(a)™""* exp ((% ) ya,) @ ©.11)

uniformly for k€K and a€ 4*.
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Now let n€Z(a) - %%. Applying Lemma 9.4 to # and (9.11) to B,
(B A £n)(ka)| < C"d5(a)~ " exp(—2¢ 3, ; ¥ )(a), which is integrable over
G/H. Choose a sequence {f,} of compactly supported C* functions on G/H
such that 0 f,(x) < 1 for all x € G/H, if F c G/H is compact, then f, =1
on F for n sufficiently large, and the gf, are uniformly bounded. For
example, if mR->R is C®, h(t)=0 for <0, A(t)=1 for t>1, and
h'(t) > 0 for all ¢, one could use f,(x) = k((1/n)(distance x to x,)?). Compute

<3_4B$ 7?>G/H

=j 3B A #n= lim f,,aﬂ/\#n
G/H

n—-+o

= lim [ {5(,8) A #n— &, ABA#n)

n-o0 G/H

= — lim af, N\BA#n (becausef,B is compactly

n— o G/H

supported and 9%y = 0)
=0 (because gf, is uniformly bounded on G/H,
and on any compact set 9f, = 0 for n > 0).

Lemma 9.9 is proved. Q.E.D.

Proof of Theorem9.2. Let 9 € ¥ and {E€p; we must show that
(-9€E S+ {# (@) Hlt Let B=B,€A4°"'(G/H,V) as in (9.8), so
BE (Z(8) )}* by Lemma 9.9, and ¢ = (- ¢ + 6B is square integrable, X-
finite, and d-closed, and maps KM to V' ® A*(t N q_)*. We cannot conclude
that @ is in % because it need not be harmonic.

Theorem 7. 23 provides an element of % that belongs to the same
Dolbeault class as @, say ¢+ df'. Necessar:ly, 3B’ is K-finite and
B (KM) V® A*(tMq_)* From the latter, the components of §’ of fibre
degree >0 are d-closed, so we may assume (i) f/(KM)c V® A*~'(fNq_)*
and (i) 3, ,8 =0 using (3.37), ie, w; €A (K/L,H*M/L,V)). If
iy &_ EYMNa_, now wg (k)& &_y) is an L-finite holomorphic
section of V— M/L, hence satisfies (9.6), and wj, is K-finite. Thus for
acAdr,

B’ (ka)(&y s & 1 (@) = @5 (K)(A Gy 3s 4 65-1)(@)

has norm bounded by some

Cou(@) ™ exp (< + 0T 7, ) @A ol .
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Every a € #(t M q, ) projects, on the span of the y, ;, to 0 or to some 3y, ;,
SO

et ling N 147 Al M <exp (4355, ) @)
ij
Combining the last two inequalities with (9.3) we get

16 (ka)l < C'oo(a) exp (6 —2)X 75, ) @

Just as in the last paragraph of the proof of Lemma 9.9, it follows that
OB's%(8) Sx)oyu=0. We now have {op=(§+8")—f+p') with
G+ €. and 3B + B') € (Z(9) S )" () F). QE.D.

Now, in analogy to the situation of Section 8, we define

% (G/H, V) = smallest closed G-invariant subspace
of #5(G/H, V) containing %% (9.12)

and the corresponding “reduced” special L, harmonic space
F(G/H, V)= ¥ (G/H, V)/(nullspace of (, )¢/n)
with Hermitian form induced by

(s dom- (9.13)

In the quotient topology from L%%(G/H, V), which is its topology induced by
G dems L(G/H,V) is a closed G-invariant positive definite subspace of
A(G/H, V).

9.14. THEOREM. Let n: G/H —» K/L be holomorphic and let {y,,...,y.} be
the maximal roots of the noncompact simple factors of M. Suppose that all

200+ Pars ¥/ s 7)) < —3 Jor 1<ige, (8.15)

where v runs over the classes in L with V,# 0. Then (—1)*(, )¢ /u 18 positive
semidefinite on ¥ (G/H, V), its null space there is the kernel of the map
¢+ 9] € H(G/H,V) to Dolbeault cohomology, and % (G/H, V), maps
onto H'(G/H,V),. The quotient .¥(G/H,V) is a Hilbert space and the
action of G on V-valued forms defines

n,: unitary representation of G on ¥ (G/H, V) (9.16)

which unitarizes the action of G on H°(G/H, V). If the stronger (than (9.15))
condition
20+ 9,7/ i 7)) < -1 Jor 1<ige (9.17)
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holds, then #(G/H,V)=#3(G/H, V) and =, coincides with the represen-
tation of Theorem 8.21.

Proof. Since ¥, maps onto H*(G/H,V)y isomorphically by
Theorem 7.23, our assertions follow by the arguments of Theorem 8.18,

Lemma 8.20, and Theorem 8.21, except that we use Theorem 9.2 in place of
Theorem 8.15. Q.E.D.

9.18. Remark. If the highest weights v of L on V all are integral in m,
then hypothesis (9.15) of Theorem 8.15 coincides with the L, condition
(v+puys 7)) <0 of Theorem 7.23. As in Remark 8.23, if M is linear, in
particular if G is linear, or if dim ¥ < oo, then it is automatic that the v are
m-integral.

9.19. Remark. If V has a highest L-type y in the sense of (4.30), then we
may replace (9.15) by the condition that 2(x + p., 7:)/(¥:» ¥:) < —3 for
1<i<e

10. ANTIDOMINANCE CONDITIONS ON THE REPRESENTATIONS

We now start to analyse and identify the unitary representation 7, of
Sections 8 and 9. In order to do that we first examine the interplay between
certain negativity conditions on the representation of L on V. In this section
we carry out the examination for the four conditions listed below, in case
dim V < 0. A few of the results also hold for dim V' = o0 and we discuss
those at the end of the section. Then in Section 11 we will look at
irreducibility and characters for the unitary representations 7,,.

Assume, now, that V is finite dimensional. Thus y = /|, is irreducible and
every weight of y is orthogonal to @(p N Y). As usual, we also write y for the
highest weight. Also assume 7n: G/H - K/L holomorphic.

The condition of Theorem 7.23, which ensures the existence of special
square-integrable harmonic representatives for K-finite Dolbeault classes
¢ € H*(G/H, V) is, for dim V < oo, the

L, condition: (x +p,, 7) <0 forall yed(pnag,) (10.1)

A condition which will give us a reasonable starting point for the analysis of
the K-spectrum of 7, is the

highest K-type condition:
(x+px,2)<0 forall a€ ®(fna,). (10.2)

It says that H°(K/L,H°(M/L,V),) is nonzero, occurs as a K-type in
H*(G/H, V) with multiplicity 1, and is the highest K-type there.
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The results of Section 5 show that z, has infinitesimal character of
Harish-Chandra parameter y + p. The

nonsingularity condition: (y+p,a}<0 forall a€ @(q,) (10.3)

ensures that y + p is interior to the Weyl chamber that contains a generic
negative y, translated by p.

Finally, as we saw in Theorem 4.5, the condition that H?(G/H, V) =0 for
p # s is equivalent to the

vanishing condition:
if v€ L occurs in V®Spna.)
and if (v + pg, @) > Ofor somea € P(fTMNgq.)
then (v + py, a’)=0for some a’ € P(T Mg, ) (10.4)

The various conditions are related as follows:

10.5. THEOREM. Let n: G/H - K/L be holomorphic, let dim V < co, and
set x=y|,. Then we have the implications

L, condition (10.1)

nonsingularity (10.3) see below > vanishing (10.4),

/

highest K-type (10.2)
If G/H has no irreducible factor of the form
SO0(2n—-2,2)/U(n-1,1), n2s,
SU(k + I, m)/S(U(k) x U(l, m)), 0<m<|,

then the L, condition implies the highest K-type condition.

We break the proof into a series of lemmas, the first three of which are the
easy implications and some of which are of independent interest.

10.6. LEMMA. Nonsingularity implies L,.

Proof. Let yE ®(pNq,). If f€ @*\P(m)*, then either € B(p,. MND)
or f€ ®#(tMq,). In either case, §+ y is not a root, so (f,y)>0. Now
m>?) < (p, 7) and (10.3) implies (10.1). Q.E.D.

10.7. LEMMA. Nonsingularity implies highest K-type.
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Proof. If a € ®(t), then (p,, @)= (p, @) because [t, 1] acts with trace O
onp,. Q.E.D.

10.8. LEMMA. Highest K-type implies vanishing.

Proof. Any L-type occurring on V@ S(pMNg_) has formv=x -3 nf,
with ;€ @(pNaq,) If a€ d(tNgq,), then a+pf; is not a root, so
(@,8)>0and (v + px, @) < (x + P4, @) < 0. Q.E.D.

We start the proof that L, implies vanishing. Without loss of generality we
may, and do, assume that

G is simple. (10.9)

Then there is exactly one simple root a, € (M q,) and exactly one simple
root f, € #(p, Nh). Each has multiplicity one in the maximal root. Here
®(q,), resp. P(p,), consists of all roots whose expressions as a linear
combination of simple roots carries a,, resp. f,, with coefficient 1. In
particular, the highest root y, € @(pMq_) connects to any y € #(pMq,)
by a chain of roots whose successive differences belong to @(I)*. Thus
pNaq, is L-irreducible, i.e.,

M/L is an irreducible Hermitian symmetric space. (10.10)

Only 4,, D,, and E; have more than one simple root of multiplicity 1 in
the highest root, and they have only one root length. Thus we may renor-
malize the inner product on t* and assume

la?’=2  forall a€ . (10.11)

In view of (10.10) we denote maximal strongly orthogonal subsets of
P(pMa,) by

Y1 ¥,:  cascade down from the maximal root y,, (10.12)
F1ss ., cascade up from the m-simple root 7. )

We noted (4.24) that the opposition element w, € W, sends y, to 7, for
1 i r. Similarly,

a, = wy(a,) and By =w,(B,) (10.13)

are the respective highest roots in @(fMq, ) and @(p, NH). Also note that
the orthogonal projections

p:t*—>span{y,} and p:t* — span{j,} (10.14)

satisfy w, o p=pFow,.
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The following lemma is analogous to the Restricted Root Theorem for
Hermitian symmetric spaces.

10.15. LEMMA. Every root a € @7 satisfies one of the conditions
(i) pa=0, in which case a € @* (VU (TN q )V P(p,. N D),
(i) pa=— 17, for some i, in which case a € (1),
(iii) pa = 37; for some i, in which case a € P(p N, )U P Ng,)U
D(p +M b);
(iv) pa=3(F;—7;) with i > j, in which case a € ®*(1);
(v) Pa=13(F;+ 7,) with i #j, in which case a € P(pMq,);
(vi) pa =7, for some i, in which case a =7, € P(pNq,).

Proof. Since all roots have length 2, (@, ;) is O or £1 or +2, and
(@, ;)= £2 if and only if a = 7,.

By maximality of {},,..., 7.}, po =0 implies a € ®(p M q,).

Now ad(pMq_)* vanishes on t +h+ (pMq_) and ad(pMq_) vanishes
onpNa,,so (a 7) > 0 for at most two of the 7;, and that can only happen
ifae @(pNa,) If (a,7;) <0, then a € PENY).

To complete the proof we need only verify that if @ € @(1) with pa = 37,
or 3(7; — 7,), where i < j, then —a € ®*. To do that, note , —a € @(pMq,)
and (7; — a) L 7, for I < i, so §, — a is higher than §; in our root order.

Q.E.D.

From the Lemma, if 4, 4’ are sums of roots in @*(I) with p4 = —pA’,
then p4 =pA’'=0 because A, A’ each has inner product <0 with
3. (r+1—1i)7;, and that inner product vanishes only when p4 =pA4’ =0.
Apply w,. Then p4 = —pA’ just when pA =pA’' =0.

10.16. LEMMA. We have pa, = pB, = 37, and pa, = pB, = 37;.

Progf. Here 7, is the lowest root in pMgq,, so necessarily
7, = ay + B, + X §;, where J; are the simple roots between o, and S, in the
Dynkin diagram. In particular,

fi—a €P(p,.NY) and hi—BEPtNa,)
Thus (a,, 7,) = 1 = (B,, 71), SO Pay =47, = PB,. Apply w, to get the second
assertion. Q.E.D.

10.17. LEMMA. Suppose that there is a root 6 € ®(tMq.) such that
(P> 9) < Py v1)s PO = pa,, and, in case H has a compact simple factor, also
pd =pa,. Then L, implies vanishing.

Proof. Let vEL occur in ¥® S(pMNq_) and let ¢ € @M gq,) with
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(v+px>a,)> 0. Since v is L-dominant, we then have (v +py, a,)> 0.
Express v=1— 1y, where 7 is a weight of v and Ay =n,9, + --- +n,7,,
ny 2> - 2n, 20, so that —A7 is a highest weight of L on S(pMq_).

Let a denote an arbitrary root between § and «,, i.., any root in
d(tNq,) such that « — J is a sum of (0 or more) roots from &(1)*. As a,
is maximal in #(tMq,), a, —a also is such a sum. The remark just after
Lemma 10.15, with 4 =a — 0 and A’ = a, — a, shows pd = pa = pa,. Thus
(A7, a) = (A7, a,)-

If H has a compact simple factor, then pd = pa = pa, = {7, as just above,
using Lemma 10.16. Then y, —a,y, —a, € ®(p, NYh). So (1,7, —a)=0=
(r, 7, — @;). This uses dim ¥ < oo in a crucial manner. Also, y — 7 is a sum
from @(1)* and (y —1,7,) > 0. We conclude

@ e)=(na)= (7)< n) (10.18)

The statement (10.18) remains true, with (z,9,)=(x,y,), if H has no
compact simple factor. For then dim V=1 and 7=y, which necessarily is
orthogonal to every simple root except ¢,. In any case, (10.18) combines
with (7}, @) = (4}, a,) to give

d)=0a,)=(a) for all possibilities of (10.19)

because ¢ is one of the possibilities for a. Also, use (10.18) with a = &, and
our assumptions on 4§, for

(@ + Py 71) 2 (1,0) + (oar> 71) > (5, 6) + 0k 9)

=(»9)+ (x> d).
Glancing back to (10.1), now
L, implies v+ pg,0) <0. (10.20)

As a ranges from & to a,, (v + p, @) ranges from negative to positive. By
(10.19), (v, @) is constant as a varies in that range, and by (10.11), (o, a)
varies over all integers from (p,,d) to (p,a,). Thus (v + px,a)=0 for
some a between é and a,. Q.E.D.

One can prove that the hypothesis of Lemma 10.17 is valid, and thus that
L, implies vanishing, without classification theory ((10.11) can be done
without classification). We give a proof using classification because it is
shorter and it yields the additional information of Theorem 10.5.

The height h(a) of a root a € @ is the sum of its coefficients when
expressed as a linear combination of simple roots. By (10.11), A(a) = (p, @).
The analogous height function #; on @(t) satisfies

(px> @) = h(a) = h(a)= (p, a) for ae€ @)
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because @(f)*-simple roots are & *-simple. The @&(m)*-simple roots are
@ * -simple except for 7,, so there we have

(Pr> @) = by (@) = h(a) — h(F,) + 1 for a€ @(m).
Since 7, = a, + f, + (sum of all simple roots between «, and S,),
h(7,) =2 + (number of simple roots between a, and f,).

Finally, A(y,) and h(a,) are visible from the Dynkin diagram of @* and its
subdiagrams obtained by erasing fi, and those simple roots that a, separates
from f,, for y, and «, are the highest roots of the resulting systems.

We run through the inequivalent connected Dynkin diagrams with two
distinct simple roots a,, 8, of multiplicity I in the highest root.

10.21. Case E;.

°
ag | Bo

[¢] o,

Here h(y,)=11, A(§,)=35, and (system D) h(a;)=7. Thus (g, y,)=
hy(y) = k() — h(F) + 1=7=h(a,) = (px, &), so the hypothesis of Lem-
ma 10.17 is satisfied with d =¢,.

10.22. Case D,,n > 4:

Here h(y,)=2n-—3, h(f,)=3, and (system A4, ,) h(a;)=n—1. Thus
OG> 7)) =) =h@)—hF)+1=2n—-5>2n—1=(py, @), so the
hypothesis of Lemma 10.17 is satisfied with § = a,.

10.23. Case D,,n > 5:

) cee o

agy \

Here h(y,)=2n—3, h(§,)=n—1, and h(a,)=n—1,50 (py, y;)=n—1=
(pk» ;). Thus the hypothesis of Lemma 10.17 is satisfied with 6 =, .

10.24. Case D,n>5:

Bo o
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Label the simple roots x; —x, =8y, X; — X35 Xy | — Xps Xy + Xp = Qg
Then §, = x, + x,, with h(7,)=n— 1, and we define d =x,_, + x,_, which
belongs to @(tMq,) and has h(6)=3. Then (px,d)=(p,0)=3<n—1=
h(y)) — h(7) + 1 = hy(y,) = (Pps» 7,)- Here r=1 and L 7, so pd=0, and
a, L y, implies a, L 7, so pa, =0. Since H has no noncompact simple factor
here, J satisfies the hypothesis of Lemma 10.17.

10.25. Case A, n > 2:

Bo
k—1 -1 m-—1

Here k, I, m > 1 are integers with n =k + [+ m — 1. Label the simple roots

Xy = Xgpy Xg — Xpyy = Qoseens Xy = Xgppp1 = Boseos Xbstom—1 — Xkt l4me
Then y, =X, =Xy i 1om> Y2 =X2 = Xigt4motrenr ¥Vr =X — Xy 1y my1—p» Where

r=min(k, m). Similarly, 7, =X, —Xe, 101> T2 =Xko1 = Xep 1420 Ty =
xk+l—r_xk+1+r' Also’ a, =x] "’xk+’. Ifm}l, then
)=k +1+m—D)—(+D+1=k+m—1
>k+l—1=(ﬁ,a1)=(ﬂx,a,)

so the hypothesis of Lemma 10.17 is satisfied with § =a,. Now suppose
m<l and let d=x,—x,,,€EPEMNq,) Then a,—d=x,,,— X, is
orthogonal to all y, and all §, so d = pe, and pd = pa,, and

(oy> 1) =k +m—12>k=h(d)= (pg, 9),
so o satisfies the hypothesis of Lemma 10.17.

Proof of Theorem 10.5. Lemmas 10.6-10.8 give the easy implications.
For the fact that L, implies vanishing, combine Lemma 10.17 with the case
by case verification of its hypotheses. In that verification, we were able to
take § = a, except in the cases

G/H=S50(2n-2,2)/Un—-1,1) with n>35,
G/H = SU(k + I, m)/S(U(k) X U(l, m)) with O<m<l
If & = a, satisfies the hypothesis of Lemma 10.17, then
x+oms 1) 2 067+ x> )
>0 a)+ (pgsay) using (10.18),

which is >(x + px, a) for all a € #(IMq,). In that case, the L, condition
implies the highest K-type condition. Q.ED.
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The highest K-type condition implies, of course, that H(G/H,V)#0. It
can happen that the L, condition holds but the highest K-type condition
fails, and we look at that now.

Let 7n: G/H— K/L be holomorphic with G simple and dim V' < co.
Suppose that (10.1) holds but (10.2) fails. Then (yx+pg,0,})>20>
(x + Pss» ¥1)- There are two cases.

Casel: pa,=13j,.. If n is a large integer, then the L-type y —nj=
x—n@ +--+7) in V®SpPNaq_) satisfies (x—nj+px,a)=
(X +px> ;) —n < 0,50 H(K/L,V® U_,;) # 0 and thus H°(G/H, V) # 0.

Case2: pa,=0. If Vo G/H is a line bundle, then every L-type
v=xy—Hj on V® S(pMq_) satisfies (v+pg,a,)=(Q—px,-a,)20, so
H'(K/L,V®U_gz)=0, and thus H°(G/H,V)=0. Since L, implies
vanishing, here in fact H?(G/H,V)=0 for all p. The situation where
1 < dim ¥ < oo occurs only for SU(k + I, m)/S(U(k) X U(l, m)) and will be
treated in Sections 11 and 13.

Case 1 occurs, for example, with G/H = SU(k + I, m)/S(U(k) X U(l, m)),
k<m<l Case2 occurs for G/H=S0(2n—2,2)/U(n—1,1) with n>$
and for G/H = SU(k + I, m)/S(U(k) X U(l, m)) with m < min(k, /).

If V is infinite dimensional then, according to Lemma 7.27, we may as
well assume that it has a highest L-type y in the sense of (4.30). That done,

(i) (10.1) is the correct formulation of the L, condition,

(ii) (10.2) is the correct formulation of the highest K-type condition,
and

(iii) (10.3) is the correct formulation of the nonsingularity condition.

The vanishing condition (10.4) needs revision to take into account the
cancellation mentioned in the last paragraph of Section 4.

Nonsingularity implies L, by the argument of Lemma 10.6.
Nonsingularity also implies highest K-type by the argument of Lemma 10.7.
In effect, for these one need only consider the highest L-type x of .

As mentioned above, the vanishing condition (10.4) is too restrictive for
infinite-dimensional V. The argument of Lemma 10.8, that highest K-type
implies vanishing in the sense of (10.4), fails for dim V' = co0 because we
must replace y by y— > n,8,, n, >0 and §, € &(p, NHh), and (f,,a) >0
there. The argument of Lemma 10.17, that L, implies vanishing in the sense
of (10.4), fails for dim V"= oo because dim V' < oo is necessary for the proof
of (10.18) there. Finally, the argument that L, usually implies highest K-
type, also fails for dim ¥ = oo because it makes use of (10.18).
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11. IRREDUCIBILITY AND CHARACTERS OF THE
UNITARY REPRESENTATIONS

In this section we prove that the representation 7, of Sections 8 and 9 are
irreducible. Specifically, we will show

11.1. THEOREM. Let n: G/H - K/L be holomorphic. Suppose that
dim V < o0, x = y|,, and V satisfies the L, condition. Then H*(G/H, V) is
an irreducible Harish-Chandra module for (9,, K). In particular, the unitary
representations 7, of Theorems820 and 9.14 are irreducible with
infinitesimal character of Harish-Chandra parameter y +p and with
distribution and K-characters (5.29) and (5.30).

The character statement follows from Corollary 5.27 because L, implies
the vanishing condition. The approach to irreducibility is based on

11.2. LEMMA. Let X be a T-finite (8,, K)-module with weights bounded
from above, and suppose that X has infinitesimal character of Harish-
Chandra parameter A. Let S denote the set of highest weights of K-
irreducible constituents of X. Suppose that there is just one element u € S
such that ||u+p| =||A|, and suppose that the corresponding K-type has
multiplicity 1 in X. Then X is irreducible.

Proof. Suppose that X reduces. Then we have two composition factors
X,, X,. They are irreducible and T-finite with weights bounded from above,
so they have highest weights u,, u,, and thus they are quotients of the
corresponding Verma modules. Since X, inherits the infinitesimal character
of Harish-Chandra parameter A from X, now y; +p=w,(4) for some w,,
w, € W,; in particular, |lu; + p|| =||4||, contradicting our hypothesis that u
be unique and of multiplicity 1. Q.E.D.

Theorem 4.5 tells us that H*(G/H, V) is the sum of the H*(K/L,U,®
U_z), where y =y, is identified with its highest weight. As in (4.20) let
wo € W be the element that interchanges @(1)* U @(fMq_) and @(1)* U
®(tMaq,). The highest weights of X on H'(K/L,U,®U_gz) are the
elements of

S(x, A) = {Wo(v + px) —px: vE Looccurs in U, ® U_p, 113)
and (v +pg,a)<Oforalla € @(tMNq.)}. ‘
Here note that wy(v + py) — px = wo(v + p) — p because p — p, is orthogonal
to every compact root.
According to Theorem 5.23, H*(G/H,V), is a T-finite (go,K)-module

with all weights bounded from above and with infinitesimal character yx,,
A=y +p. Thus Lemma 11.2 immediately specializes to
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11.4. LEMMA. Let S be the union of the sets S(x, n) of (11.3). Suppose
that there is just one element u € S such that ||u + p|| = ||x + pl|, and that the
corresponding K-type has multiplicity 1 in H*(G/H, V). Then H*(G/H, V),
is (94, K)-irreducible.

Now the case of nonsingular infinitesimal character is easy.

11.5. LEMMA. Under the nonsingularity condition, H*(G/H, V),
(84, K)-irreducible.

Proof. LetveE L occur in U,® U_g. Then v is of the form y — B, where
B is a sum of || roots in P(p ﬂ 9, ). By nonsingularity, (x + p, B) < 0 with
equality only when B=0, ie., when |A|=0. The K-type u€ S(y, H)
corresponding to v is g =wo(v+p)—p=wo(x +p—B)—p, so [lu+p|*=
lx+p— BI? =z +pl — 24 +p, B) + | BIF > ||z +p|I* with equality only
when |/i|=0. Of course, |i|=0 gives v=y%, which cannot occur in
U,® U_g, for |7i] # 0 by its value on the central element of §. Lemma 11.3

— iy

applies. Q.E.D.

When nonsingularity fails, we must be more precise about the S(x, 7). Let
x* denote the highest weight of U¥. Parthasarathy, Ranga-Rao, and
Varadarajan proved [24, Corollary 2, p. 394] that —y* — /7 is a weight of
every v € L that occurs in U,® U_g. Let us denote

V() = w(—x* — A7) where weE W,
with v, (7) L-dominant. (11.6)
Then, as an immediate consequence, || vy(#)|| minimizes ||v|| and ||vo(7) + o, ||
minimizes ||v + p, || as v ranges over the classes in L that occur in U,®U_g

and if v does occur, then v — v, (#) is a sum of positive roots of [. From the
last, (v — vo(7), p — p,) =0, so v # v, gives

v +pll>=lv+p >+ 20 +p,0—p)+ o — .l
2 || vo(7) +pL”2 +2(w(A) +pL,p—pL) + ”p_pL”2
> [[vo() + o, ||

Also, if H*(K/L, U, ;) =0, s0 (v(1) + pg,a) >0 for some a € @(tMa,)
and in particular for the highest element a = a, there, we use (d, a,) > O for
all € P(1)* to conclude (v + p,, a;) > 0, so H*(K/L,U,) = 0. Now we can
sharpen Lemma 11.4 as follows:

11.7. LEMMA. If there is only one choice of 7 such that ||vy() + p||* <
lx + ol and (ve(A) + p, @,) < O, then H*(G/H, V) is (8, K)-irreducible. If
there is no such choice, then H*(G/H, V), =0.
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Now we are forced to run through the classification. As in Section 10, we
assume G simple, we write a, for the simple root in @(t M q,) and §, for the
simple root in ®(p, Mb), and we denote a, = w,(a,) and B, = w,(B,), where
w, € W, is the opposition element. Roots are normalized by |a]j* = 2.

11.8. Case E:

84
ag I Bo
(o] {e]
81 &2 33
Here, the simple roots of m are
81
[+]
% 34 52/
(o] {o} O\ s
[e] 53

where 7, =ag+ 0, + 8, +0,+8,. Also, 7,=7,+28,+20,+6,+d; =y,
and y is orthogonal to é,, d,, d;, 8,, and f§,, so dim V"= 1. Since our roots
are normalized to (length)’=2, (p,, 7,)=7, so our L, condition says

0 @)= 0, 71) <=7, s0
a+p7)=07)+ 0 7)<-T+5<0,
x+p7)=0+p7)=-2<0.
Of course dimV=1 gives v(f)=x—#A7, so now |v(A)+p|*=
lx — A7 +p||> > lx + p||* with equality just when 7 = (0, 0). Since L, implies

highest K-type here, we also have (¥ + p, a,) < 0. Thus the conditions of
Lemma 11.7 are satisfied.

11.9. CaseD,,n>4:

We use the standard orthonormal basis {x;} of [* in which the simple roots
Are X; — X5, Xy — X390y Xy — Xy =PBos X,_;+ X, =0ay. Then the simple
roots of m are

o

/
Q :

=]
Xnp—2—Xn-1

o “ee o

and §,=x, 5, +X,_5, for 1<t [n/2]. Now x has form
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—(k/2)(x, + --- + x,), where k is an integer. Here k > n because the L,
condition implies the highest K-type condition 0> (y +pg,a,)=
+pa)=@x+px,+x,)=—k+n—1 Now

n—1 n—1
+o,7++7)= <x+p, > x.-)=—kt+ > (m—1)

n--2t n—2t
2t

=—kt+Y i=tQ2t+1-k)<t
1

< 2t=||771 +oee +)7t”2~

Here dim V=1, so vy()=x — Aif; so now [[ny(A) +p|*> =[x — A7+ p|* >
llx +pl* with equality just when 7= (0,..,0). We have verified the
conditions of Lemma 11.7.

11.10. CaseD,,n>5:

Here ¢, =x, — x, and f,=x,_, + x,, and y = —kx, for some integer k; M
has real rank r=1 and §, =x, + x,. Also, ¢, =x, —x,, y, =X, + x,, and
the L, condition implies the highest K-type condition 0> (y + pg, ;)=
(x+p,0,)=—k+n—1. Thus

G+p7)=—k+n—-1<0.

Again, ||v,(®) +pl*=|x—A7+pl*>|x +p|* with equality just when
fi= (0). The conditions of Lemma 11.7 are verified.

11.11. CaseD,,n>5:

e} cee o

Bo \

Here ag=x,_, +x,, Bo=Xx, —X;, a; =X, + x;, and y = —(k/2)(x, + -+ +
x,) for some integer k; M is the same as in Case 11.10. The L, condition
0> (x+pys71)=—k+n—1 says k> n, and the highest K-type condition
0> (@ +pg-a)=@+p a)=—k+2n—15 says k> 2n — 4. Compute

@+pF)=—k+n—1<0

to see [[v(D) +pl>=llx =77 +pI> > |x +plI> with equality just when
# = (0). The conditions of Lemma 11.7 are verified, but H*(G/H, V), =0 in
the range n < k< 2n—>5.
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11.12. CaseAd,,n>2:

e —————— ag e i e S Bo S
k—1 -1 m-—1

Here &, I, m > 1 are integers with n =k + [+ m — 1, and we use the standard
labelling X1 = Xy geres Xgg = Xy 1 = Ogpeees Xpp 1 — Xy 141 = Boseres Xet f4mo1—
Xi.1+m ON the simple roots. By adding an appropriate multiple of x, + -+ +
X, 41 tO ¥ we may suppose

xr=—(ax,+a,x,+ - +a,x), a,<a,<--- <a;integers. (11.13)

The L, condition says 0 > (x + oy, y))=—a, +k+m—1,ie, a, 2k +m.
Also, —x*=-Y%a,,,_;x;. Since F,=X4 1 ,—Xpsiopr 1<ILr=
min(k, m), that gives

r

k
vo() =w (_Z Qyy1-iXi— Z ni(xk+l—i_xk+1+i))9 (11.14)
i=1

i=1

where w, as a permutation of {x,,..., x,}, only moves {x,,..., x;}. Among all
such permutations, w is the one that makes —y* — ##y dominant, i.e., that
maximizes ||w(—x* — A7)+ p||. Notice that, since @, is L-dominant, this
choice of w also maximizes (w(—x* — A7) + p, a,), which thus is negative for
the correct w if and only if it is negative for all permutations of {x,,..., x,} in
place of w. Those permutations act on a; =x, —x, + [ sending it to any
X; — X4 » 1 i< k. Thus, using (11.14), we have

(M) +p,a) <0< —(a;+n) <—(k+1-1), for 1<i
< —a,<—(k+1-1), for r+

Now we have

H'(G/H, V)¢ #0 < a,>k+1for r+1<i<k  (11.16)

and in that case the highest K-type is given by v,(#), where
n,=max(k + [ —a,;,0) for 1<i<r. In computing ||v,(#) + p||*> —[lx + 2|
we may add a multiple of x, + --- + x,, to p, thus replacing p by —>'7_, ix;.
Now

vo(A) + plI*> —llx +olI?
=[—x*—-Aa7+w |’ —llx + I’
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r

k
> “_Z By 1iXi = 2 (ks = X r4)
| B

i=1

n 2

K
=Y k+1=-Dx,— Y ix
iz1 i=k+1

2

n

— H_?; (@, +)x— Y ix

i=k+1

r k
=Z(al+ni+i)2+ Z (al+i)2
i=1

i=r+1

r k
+ > k+i+i—n)=> (a+i)
i=1 i=1
=3 (k+1+iy
i=1
=2 Z n,(ﬂ,+ai—-k—l).
i=1

Under the condition (vy(#) + p, a,) < 0, which is n, > max(k + ! —q;, 0) for
1<igr, each nn;+a,—k—10)>0 with equality just when n,=
max(k + I —a;,0). Thus, [[v(®)+p|* >|lx +plI* with equality just when
each n, = max(k + ! — a;, 0). This verifies the conditions of Lemma 11.7.

The proof of irreducibility is complete. In each case we have seen just
TSI VITY WAL s EF M T

when H*(G/H, V) # 0 and we have found its highest K-type. Q.E.D.

12. INFINITE-DIMENSIONAL FIBRE

In this section we investigate the results of our construction in the case of
an infinite-dimensional fibre V. The square-integrability criterion (7.24)
essentially restricts our choice of ¥ to a highest weight module, as noted in
Lemma 7.27. At one extreme, we may let V" be a holomorphic discrete series
representation of H, at the other V may be one of the singular represen-
tations attached to an indefinite K#hler-symmetric space of H. The former
produces a holomorphic discrete series representation of G, the latter a
singular unitary representation, which is not quite as highly singular as those
corresponding to finite-dimensional bundles over G/H. We shall also iterate
our construction to obtain representations between these two extremes.

To be more specific, we consider a subgroup H, — G with compactly
embedded center, which is the centralizer of its own center. Replacing H, by
one of its conjugates, if necessary, we make it §-stable. The intersection

L,=H,NK (12.1)
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is then a maximal compactly embedded subgroup of H,. We assume that the
quotients G/H,, G/K, and G/L, carry invariant complex structures which

make the two fibrations
G/L,
/ \ (12.2)
G/H, G/K

holomorphic. In addition, we require the existence of a sequence of &-stable
intermediate subgroups

H cH,c---cHy_<cH,=G (12.3)

such that G/H, fibres holomorphically over G/H, ,, for 1 i N — 1, with
fibres H,, ,/H, that are indefinite-Kéhler symmetric in the sense of Section 2.
These assumptions are hereditary, as we shall see shortly. If N =2, they
merely reproduce the situation described in Section 2; for higher N, they will
allow us to apply our construction inductively.

The homogeneous complex structure of G/H, corresponds to an Ad H,-
invariant splitting

9=b1®q1,+®q1,_, ql,_=('h,+, (124)

such that q, ,represents the holomorphic tangent space at 1 - H,. Since H,
is f-stable and coincides with the centralizer in G of its own center, which is
compactly embedded in G, L, contains a fundamental Cartan subgroup T of
G; T is compactly embedded since G/K has a Hermitian symmetric
structure. As usual, we denote the root system of (g, t) by @. The hypotheses
concerning the fibrations (12.2) can be rephrased as follows: there exists a
system of positive roots @+ — @ so that

o(a, ,)U Pp,)C P* (12.5)
and

@(h,) is the sub-root system of & generated by a
subset of the set of simple roots. (12.6)

In analogy to (12.4), g splits Ad Hinvariantly as

g=bl@q1,+@q1,—’ ql—=ai.+‘ (12.7)

’

The fibrations G/H,— G/H,, , are holomorphic if and only if q; , ©9,,, .,
1 <i< N—1, or in other words, if and only if

¢(ql.+)3¢(q2‘+)3"' 3q’(q)v—l.+)‘ (12'8)
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The H,; ali contain the compactly embedded Cartan subgroup 7, and thus
have compactly embedded centers. Since b,,,Mgq, , represents the
holomorphic tangent space of the fibre H, ,/H;, the final hypothesis on
these quotients is equivalent to

every simple root for @(h;,)N@* is simple also for (b, )N
@+, and the sum of the coefficients of the remaining simple roots
in any a € @(b,, ,) does not exceed one. (12.9)

In particular, any two of the remaining simple roots belong to different
simple factors of b, ,.

If we replace G by H,_, and q; by b,_,MNaq;, 1<i<N-2, the
conditions (12.5)-(12.9) reproduce themselves: if the pair (G, H,) satisfies
the assumptions stated at the beginning of this section, then so does the pair
(Hy_1, Hy).

We shall study the cohomology of a homogeneous holomorphic vector
bundle V, - G/H,, modeled on a finite-dimensional irreducible unitary H,-
module ¥, whose highest weight y, satisfies the nonsingularity condition
analogous to (10.3),

,+p,a2)<0 forall o€ &(q, ;) (12.10)

This condition can be relaxed slightly, but we shall not attempt to pin down
the weakest possible hypotheses, as we did in Sections 9 and 10. The
quotient K/L, can be identified with the K-orbit of the identity coset in
G/H,. It is a compact subvariety; we denote its complex dimension by s,.
Our next result describes the cohomology groups which will be unitarized
later in this section.

12.11. THEOREM. Assume that V|, satisfies the negativity condition
(12.10). Then H?(G/H,,V,)=0 for p+s,, whereas H*(G/H,,V,) is a
nonzero irreducible Fréchet G-module® with finite T-multiplicities, whose
global character equals (—1)* 3., e(v) O@(x, + p)), ¢f- (5.18) and (5.19). In
this summation v ranges over all those elements of W(h,,t) which make
v(x, +p) dominant with respect to ®*(1,). Let w, be the element of W,
which maps every a € ®@*(1,) to a positive root and reverses the sign of every
a€e P(fNa, ) All K-types occurring in H*(G/H,,V,) have highest
weights of the form w(x, + p — B) — p, with B equal to a (possibly empty)
sum of roots in @(pMq, ,). The weight w,(x, + p) — p occurs exactly once
and is the highest weight in H*\(G/H,, V,).

Progf. We first use induction on the length N of the chain (12.3) to show
H?(G/H,;,V,)=0 for p>s,. (12.12)

} Fréchet with respect to the natural C*® topology; cf. Section 5.
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In order to relate our present situation to that of Sections 2-5, we set
H=H,_,,q9=aq,_,. The fibration G/H — K/L is then holomorphic because
of (12.5) and (12.8). As the weight of the one-dimensional H-module 49,
d=dimq_, 2(p — p,) is perpendicular to @(b), so

0+ Py )=0 +p,a)<0 for a€c®(hMa,, ) (12.13)

in other words, the nonsingularity condition (12.10) descends to H/H,. By
induction on N we may assume that H*(H/H,, V,) satisfies the assertions of
the theorem, with H taking the place of G. In particular,

HP(H/H,,V,)=0  for p#S§, (12.14)
with § = dim L/L,. The holomorphic fibration
H/H,- G/H,- G/H (12.15)

determines a Leray spectral sequence, abutting to H*(G/H,, V,). In view of
(12.14), it degenerates at the E,-term. We let ¥ denote the Fréchet H-module
H*(H/H,, V,); then

HP(G/H,,V,)=H?"%(G/H, V).

We now appeal to Theorem 3.34 to conclude
H’(G/H,,V,)=H""%(K/L, H*(M/L, V)). (12.16)

This implies (12.12), since s, =s + §.

We now prove H?(G/H, V,) =0 for p < s, as follows: Both statement and
proof of Proposition 5.4 carry over to the present situation if we let H,, L,
and yx, play the roles of, respectively, H, L, and y. Whenever yx, + p is “very
nonsingular” in the sense that (y, + p, a) < 0 for a € @(q, . ), the resulting
spectral sequence collapses at E, and gives the vanishing of cohomology
below dimension s,, as in Corollary 5.32. The final conclusion remains valid
under the simple nonsingularity hypothesis (12.10); this follows from a
tensoring argument entirely analogous to that in the proof of
Proposition 5.34.

Once the cohomology groups H?(G/H,, V,) are known to vanish for all
p+#5,, we can proceed as in Proposition 5.34 to deduce the Fréchet property
of H'\(G/H,, V,) and as in Theorem 5.23 to prove the character formula.

We recall the spectral sequence (4.36) that we used in Theorem 4.38.
Every K-type of the G-module (12.24) must occur already at the E-level. In
other words, in the notation of the filtrations (4.31) and (4.32), the space of
K-finite vectors injects, noncanonically, into

é H?~S(K/L, H*(M/L, V//V*1))). (12.17)
=0
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There can be cancellation, but only of K-types which show up for more than
one value of p. According to the Borel-Weil-Bott theorem, the irreducible
summands of the K-module (12.7) have highest weights of the form

W(/l +pK)—pK’ weE WK’ l(W)=p——§, (1218)

with ¢ equal to the highest weight of an L-type occurring in @ {2, H*(M/L,
V//V'*1). Any such u can be expressed as

/‘=V‘Bl’ (2.19)

~ where B, stands for a sum of roots in @(p Mg, ,) and v has the highest
weight of an L-type in V. By induction on N, there exists B,, a sum of roots
in @(bNpNa, ), such that

v=0,(ty + Py — By) — py; (12.20)

v, € W, reverses the sign of every a € @(tMq,) and preserves the sign of
every a € @*(I). Since L normalizes q,, v,(p —p,)=p —py; similarly,
w(p — py) = p — py. Combining (12.18)-(12.20), we now find

wiu + px) — px =wv,(x, +p— B)—p, (12.21)

with B= B, + v 'B,, which is a sum of roots in @(p M q,). If p is to equal
s, =s5+S§, I(w) must equal s, which happens precisely when wv, = w,, as
defined in the statement of the theorem: w maps the @ * (1)-dominant weight
U+ px to another @*(I)-dominant weight (in fact, to one that is @*(¥)-
dominant), and hence does not reverse the sign of any a € @ * (1). The weight
(12.21) coincides with w,(x, +p) —p only if B=0 and wv = w,. For this
weight, there can be no cancellation. It is higher than every other among the
weights (12.21), and consequently higher than all other weights which occur
in H*(G/H,, V,).

Because of the character formula, the center 2(g) of Z(g) acts on
‘H*(G/H,, V,) according to the infinitesimal character of Harish-Chandra
parameter x, + p. The irreducibility now follows readily from the criterion
(10.2) and the properties of the K-structure that were just established: any
nonzero sum B of roots in @(pMq, ,) has a strictly negative inner product
with x, +p (cf. (12.10)), so

wiGes + 2 = B = llx, +p — BII*
=llx: + o> =200 + 2, B) +|BI* > llxs +olI*.

This completes the proof of the theorem. Q.E.D.

Our objective is to unitarize the sheaf cohomology group H*(G/H,, V,)
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by identifying it with a quotient of a space of harmonic forms. We continue
to write H instead of H,_,, L instead of L, _,, etc. As was pointed out in
the proof of Theorem 12.11, the nonsingularity assumption (12.10) descends
to H/H,. Thus we may assume inductivity that

there exists a _unitary H-module V which is infinitesimally
equivalent to H*(H/H,,V,) (12.22)

(§=dimcL/L,); in other words, the spaces of L-finite vectors in these two
H-modules are isomorphic over Z (h).

12.23. LEMMA. The G-modules H”(G/H,,V,) and H?~*(G/H,V) are
infinitesimally equivalent.

As was pointed out in Section 4, a nonzero topological G-module which
fails to be Hausdorff may well be infinitesimally equivalent to zero.
Although it seems unlikely, the d-operator in the Dolbeault complex for V
might not have closed range. In this sense, the lemma makes an assertion
only about the space of K-finite vectors in H*(G/H, V).

Proof of Lemma. In order to simplify the notation we set V,=
H’(H/H |, V,). Be careful here: V; is a Fréchet module and V is a Hilbert
space, in contrast to the notation used in the proof of Theorem 12.11, where
V' denoted our present Fréchet space V.. According to the proof of
Theorem 12.11, the Leray spectral sequence of the fibration (12.15) provides
an isomorphism

H’(G/H,,V,)= H"~*(G/H,V,).

We now use the spectral sequence (4.36) to compare the cohomology groups
of V and V.. In both cases, that spectral sequence calculates the K-finite
part of the cohomology. The successive quotients V//V'*' and the
differentials d, depend only on the Harish-Chandra module of L-finite
vectors in V¥, which coincides with the Harish-Chandra module attached to
V. (cf. (12.22)). We conclude: H”~¥(G/H, V) is infinitesimally equivalent to
H?~%(G/H, V,.), and hence also to H?(G/H,, V,). Q.E.D.

Let us check that the nonsingularity assumption (12.10) implies the
hypotheses of Theorem 8.21, at least if G is linear. The highest weight v of
any irreducible L-constitutent V" can be expressed as v=v(y, + p, — B) — py,
with v € W, and B equal to a sum of roots in @(p, M q, N Y); this follows
from Theorem 12.11 applied to the quotient H/H,. Since L normahzes q,,

v(py) — p, equals vp — p, hence
+p,7)=@0+p~B) )= +p—B,v7'y)
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(cf. (12.20)). As a root in @(p, Na,), v~ 'y, has a nonnegative inner
product with every f € @(p, ). Coupled with (12.10), this implies

+p )<+ 7) <0 (12.24)

If G is linear or if

200+, 7/ (my)<—1  for yeP(a, ), (12.25)

(12.24) can be sharpened to (x, + p, ;) < —3(%;» 7;)- In either case we may
apply Theorem 8.21. We also recall Lemma 12.23 and note that s, =5 + 5.
This proves

12.26. THEOREM. If V, satisfies the nonsingularity assumption (12.10)
and G is linear, or if V, satisfles the more restrictive condition (12.25), the
invariant Hermitian form (—1)*(, )¢,y induces a Hilbert space structure on
the reduced L, harmonic space

#4(G/H, V)/(radical of (. Yo m).

The resulting wunitary G-module is infinitesimally equivalent to
H*(G/H,,V,).

Some comments are in order. If the isotropy group H, intersects every
noncompact simple factor of G in a noncompact subgroup, (12.25) follows
directly from (12.10), whether or not G is linear, as in Remark 8.23. On the
other hand, if G does have a simple factor G’ whose intersection with G is
compact, the chain (12.3) can be altered so that

(i) G’'MH is compact, and
(il) G"MN H=G", for every simple factor G” of G, other than G'.

In this case G/H~ G'/G’ N H has a positive definite invariant metric and
(12.26) becomes a consequence of standard results about the holomorphic
discrete series, provided only that V, satisfies the nonsingularity hypothesis
(12.10). In other words, if we choose the chain (12.3) judiciously, our
geometric construction unitarizes the sheaf cohomology of V, even for a
nonlinear group G as soon as (12.10) holds.

It is natural to ask whether Theorem 8.21 extends to nonsymmetric
quotients of the type discussed in the beginning of this section. We have
partial results: the quotients G/H, carry distinguished positive definite nonin-
variant metrics which can be used to define spaces #%(G/H,,V,) of L,
harmonic V,-valued (0, p)-forms on G/H,, again every K-finite Dolbeault
cohomology class has a representative in #%(G/H,,V,), and again the
kernel of the map to Dolbeault cohomology contains the radical of (, ), hs
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so a Hilbert space quotient #%2(G/H,, V,) maps isomorphically, on the K-
finite level, onto Dolbeault cohomology. What is missing is the statement
that the radical of the invariant Hermitian form on #7%(G/H,, V,) contains
the kernel of the natural map to Dolbeault cohomology. A direct attack on
this question leads into some subtle analytic problems.

13. EXAMPLE: U(k + I, m + n)/U(k) X U(l, m) X U(n)

We studied the representations 7, for finite-dimensional V — U(k + I, m)/
U(k) X U(l, m) in Sections 10.25 and 11.12. Here we put that information
together a bit more systematically, especially as regards highest X-type, and
show how the case kK = 1 =dim ¥ produces the ladder representations of the
indefinite unitary groups. Finally, we specialize the iterative procedure of
Section 12 and see that we come close to the realization of all the
unitarizable highest weight modules of indefinite unitary groups.

We start with the case n =0, which is

G/H=Uk +1,m)/Uk)X Ul,m)  with kLm>1  (13.1)

The Lie algebra g =u(k + I, m)c =gl(k + !+ m; C) and various subspaces
are given in matrix block form by

tNa_. tNh pnp J U (13.2)
pNa_ pNbh tNh 7/ }m

N St e el o

k I m

(fﬂb tMaq, pﬂq+) |14

Here 7: G/H - K/L is holomorphic, the compact Cartan subgroup T has
complexified Lie algebra t consisting of the diagonal matrices, and we use
the simple root system {x; — x,,,}, where x,:t » C is the ith diagonal entry.
Thus we have Dynkin diagram

[o]

O

(]

k-1 -1 m~1

(13.3)

where @y = x; — X, is the simple root in ¥(q, ) and f, is the simple root in
D(p,).
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Consider the case dim V' < oo, let y = y/|, , and ad an appropriate multiple
of x; + -+ + X+ m to obtain the normalization

x=—(a;x;+ - +a,x), a,<a,<--<a.integers.  (13.4)
The L, condition (¥ + py,, ¥,) <0 is
L, condition: a, >k + m. (13.5)

From the results of Section 10 we know that it implies the vanishing
condition H?(G/H,V)=0 for p #s. Let r = rankg M = min(k, m). Then, as
noted in (11.16),

H(G/H,V)# 0w a2k +! for r+1<igk (13.6)
Given (13.6), the highest K-type of H°(G/H, V) is H*(K/L, U, ), where
Vo = x(—x* — Ay), n;=max(k +!—a;,0) for 1<<igr,

where y* =Y'¥_,a,,,_;x; is the dual of y, where J,=x,,,_,— X, for
1<t<r, and where w € W, is the element of that Weyl group such that
w(—x* — iiy) is ®(I)*-dominant. Now we simplify

,
—x*—ny=- Z @ +n)xe-i— Z A Xypy- |+Zni'xk+l+l

i=r+1 i=1

by noting that a; + n; = max(a;, k + ), so

r
—* — i =— Zmax(a,,k+l)xk+l,

k
- Z aiXyi1- ,+2max(k+l—a,,0)xk+,+,

f=r+1 i=1

Of course we€ W, simply permutes within the sets {x,..., X}
(X 19000 Xaat)s @0 {Xpy 419000 X 14m)» and @(1)*-dominance means that
the coefficients of the x, are nonincreasing within each of these three sets. As
a, < <a,by (134), and g, > k + I for r < i< k by (13.6),

—max(a,, k+0)>-.->—max@a, k+D)>—-a,.,2- 2—a;
and
max(k +!—a,,0)> --- > max(k +!—a,,0).
Thus, an element of W, that carries —x™* — Ay to v, is the one given by

XXy for 1<i<k and x;>x; for j> k.
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In summary now,

under the nontriviality condition (13.6), H°(G/H, V) has highest
K-type H*(K/L, U, ), where (13.7)

r k r
vo=— > max(a, k+0Dx,— Y ax;+ > max(k+1—a;,0) x4,
=1 r+1 i=1

In particular, the highest K-type condition is a, > k + [, so

L, plus highest K-type: a, > k + max(l, m). (13.8)

Assuming those conditions, (13.7) reduces to v, = y. Without the highest K-
type condition, (13.7) just says vo=x—D i, max(k+[/-—a)
(= Xepr4)-

The K-type H(K/L,U,)=W, .\, -oxs Where wo€ Wy is the Weyl
group element that interchanges @(I)* U @(t M q ) with @()* UP(EINq_).
As permutation on {l,.,k+1I+m}, w, is given by {l..k+1l}—
{k+ 1., k+11,.,k}, and so

! k
wolpx) —px = —k IZ x;+ IJZ Xi4je
=1 =1

Thus (13.7) becomes

under the nontriviality condition (13.6), H*(G/H, V) has highest
K-type

{ r
Hy=— 2 kx;— )" (max(a;, k +1)— 1) x,,, (13.9)

i=1

k r
— > (@—Dx;+ Y max(k+1—a;,0) X444
i=r+1 i=1

If the highest K-type condition is satisfied, then this reduces to
ty=—21_ kx;— >¥_(a,— D) x;,;. In general, the dual H°(G/H,V)* has
lowest K-type

k—r k
uy = Z @y1-i— DX+ Z (max(a,,,_;, k+1)—1)x
iz i=k—r+1

, (13.10)
+ 3 kX — Z max(k + 1 —a;,0) Xy 1o myi—ie
i=1 i=1

Here, if all @, > k + [, then uf = 36 (ag, ., — DX+ 2 i_ kxpy g
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We specialize these results to the case k = 1, which is
G/H=U(1+1,m)/U(1) X U(l, m) with L,m>1. (13.11)

There, adding an appropriate multiple of x, +--- +x,,,, we have the
normalization and L, condition

X =—ax,, a integer, a>m, (13.12)

and the nontriviality condition (13.6) is vacuous because r =k (=1). Thus
(13.9) H*(G/H, V) has highest K-type

ﬂ;(:_(xl + .. +x1)—(max(a,l+ 1)_1)xl+l
+max(/ + 1 —a,0)x,,,. (13.13)

If a> 1, this reduces to u,=—(x,+---+x,_,)—(@—1—1)x,,,. Let us
denote

v, : d-th ladder representation of U(1 + [, m) (13.14)

in the notation of Sternberg and Wolf [37]. Then [37, Proposition 5.6] v}
has highest K-type u, for d=a—1—12>0, and so [37, Theorem 5.8] =, is
unitarily equivalent to v} for d=a—1[— 1> 0. Alternatively, by (13.10),
H*(G/H, V)* has lowest K-type

#y = (max(a, [+ 1) = x; + (5 + - +x,44)
—max(/+1~-a,0)x,,, ;- (13.15)

If @ > [, this reduces to 4} = (@ — I — 1) x, + (x, + -+ + x;,,), so, again, [37,
Proposition 5.6 and Theorem 5.8] show x;f unitarily equivalent to v, for
d=a—-1-120.

We have just seen that the setup (13.11), (13.12) produces the ladder
representations v, for d=a—I/—1 with a>max(l,m), ie., for
d > max(l, m) — . Similarly, the setup

G/H=U(,m+ 1)UL, m)x U(l) with Lm>1,
X=X i 1s aintegral, a >,

gives v, for d=m + 1 —a with a > max(l, m), ie., for d < m — max(l, m).
Combining this with the result of (13.11) and (13.12), we conclude that

the ladder representations v, € U(p,q) , d > max(p— 1,q)—p,
are the ;¥ for line bundles V- U(p, q)/U(1) X U(p — 1, q) that
satisfy the L, and highest K-type conditions, (13.16)



SINGULAR UNITARY REPRESENTATIONS 99

and that

the ladder representations v, € U(p, q) , d < g —max(p,q— 1),
are the 7} for line bundles V- U(p, g)/U(p, g — 1) X U(1) that
satisfy the L, and highest K-type conditions. (13.17)

Specifically, the ranges of d in (13.16) and (13.17) are

ifp<qg: d<0 and d>q—p+1,
fp=q: d<—1 and d>1, (13.18)
ifp>q: d<gq—p—-1 and d>0,

and ladder representations not in those ranges always have singular

infinitesimal character.
We now turn to the somewhat more general case

G/H, = Uk + I, m+ n)/U(k) X U(l, m) X U(n)
with L,m,k+n>1. (13.19)

Then g and various subspaces are given in matrix block form by

tNy, tNa, . pNa, pNa L\ K
tha,- Ny, pNb, pNa, |
pMa,_. pNh tNy, tNa,, Jim (13.20)
pMa,. pNa,_ tNgq,_ tNh, /in

N ——————— N — s N ————t N—————
k ! m n

We consider a finite-dimensional V,—» G/H,, let y, be the action of
L,=KMH, on V,, and add an appropriate multiple of x; + -« + X, , ;1 in
to x, in order to obtain the normalization

Hn=—(@x + - +ax)+ G Xm0 F B X pimin)

where a,<---<a, and b, > --- > b, are integers. (13.21)

The element w, € W of Theorem 12.11, which keeps @(1,)* in ()" but
sends @(tNgq, ,) into —B(f)*, is

W, X=Xy for 1<i<k,
=X for k<i<k+1
ok - (13.22)
Wit Xpy1es= Xestansss for 1<j<m,
2 Xt i4j—m> for m<j<m+n
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SO

x=

)

wi(pg) — P = Z Z Xiti

(13.23)

m m

. DIENE S DN S

i=1 i=1

and thus 4= w,(x, +p) —p = w,(x) + w,(px) — px is

é (—a)x,;
=t (13.24)

m

]
—k 2 x;
i=1
n
Z m—b)) Xyppeit 1 Z Xktl+n+ic

i=1

It will be convenient to note that we can shift this by k(x, + -+ + X4, 1 menh
SO U =p+k(x,+ -+ Xy pimen) 18

k n
= Z k+l—a)x,;+ > bi—m—n)x,, .,
=t = (13.25)

m+n

+k+n) Y Xeprsge

i=1

With a glance at (13.20) and (13.21) we note that
(¢, +px,a)<0 forall a€ P(ENaq, )=
a,>k+1 and b,>2m+n, (13.26)

and
(x+pa)<0 forall a€ P(q, )
>k+!l+m and b, 2l+m+n. (13.27)

According to Theorem 12.26, now

if a,>k+1+m and b, >!+ m+ n, then the representation =,
of G=Uk +1,m+n) on H'(U(k + I, m + n)/U(k) X U(l, m) X
U(n), V,) is infinitesimally equivalent to an irreducible unitary
representation of G on a reduced L, harmonic space (13.28)

and, with a glance at (13.25),
T, ® det* has highest weight u’ of (13.25). (13.29)
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The unitarizable highest weight modules of indefinite unitary groups
U(p, q) were classified by Jakobsen [18]. They are the ones with highest
weight of the form

k n

q
v=_2i=1 UX, 4it+ Z ViXp i+t 2 Xpsjs
-1 =

where O u,; <+ <y, and v, > --- 2 v, >0 are integers, ¢ is an
integer, k<p,n<q, and t > k+n (13.30)

plus a multiple of x, + --- + x, .

The representation of highest weight v belongs to the holomorphic discrete
series if and onmly if (v+p,y) <0, where y is the maximal root. Since
y=x,—Xx,,,and (p,7)=p+ q— 1, we formulate that

holomorphic descrete series condition:
Oupth +0pq0y 2P +q—t. (13.31)

Since the holomorphic discrete series representations come out of the
classical case of our construction, we limit our attention now to comparison
of the representations 7, with those of highest weight v of (13.30) such that

not holomorphic discrete series:
t<p+qandd, ,u, +9,,0,<p+qg—t (13.32)
The relation between the weights v of (13.30) and g’ of (13.25) is
k+1l=p, m+n=gq, ai=u;+k+1,
bj=v,+m+n, t=k+n (13.33)
Given v, not corresponding to a holomorphic discrete series representation,
we first consider the case ¢ > k + n, reducing it to the case ¢t =k + n. Since

t < p+ g, either k < p or n < g or both. If k < p, we can increase k to k + 1
by substituting

—(Oxp—k FUX, gyt et ukxp)
for —(Uy Xy _p1 o F U X))

Then the new u, is 0, and for 2 i<k + 1 the new u; is u,_,. Similarly, if
n < g, we can increase n to n + 1 by substituting

(lep+l + o+ UpXpin +0xp+n+l)

for (V1 Xp 1+ - VpXp i)
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The v, are unchanged for 1 i< n, and the new v,,, is 0. In this way, we
come to the case t=k + n by increasing k, n, or both. The cost: if we
increase k we go to a situation with u, =0, and if we increase n we go to a
situation with v, = 0.

Now suppose ¢ = k + n. Then (13.33) specifies G/H, and x, € L, yielding

V, = G/H, = Uk + I,m + n)/U(k) X U(l, m) X U(n)

such that (13.26) is satisfied with 4’ =v. The condition (13.27), used in
Section 12 to construct an irreducible unitary representation 7, , is u, > m
(unless k=0) and v,>! (unless n=0). This matches (13.18), which in
effect is the case k + n = 1. We will deal with the corresponding “gaps” in a
future publication.

APPENDIX A: HiSTORICAL NOTE

During the 1960s, the metaplectic (= oscillator) representation u,, of the
2-sheeted covering group of

Sp(m;R): automorphism group of (R*”, w), where
w(x, y) = ; (X Vst — Xmii Vi)
=1

come into use in the study of boson operators, Bose—Einstein creation and
annihilation operators, certain facets of the wave equation, and some aspects
of supersymmetry. See Bargmann’s survey article [2]. For more current
developments, see mention below of some recent work of Flato and
Fronsdal.

For various reasons one expects to get 4, by geometric quantization of the
symplectic homogeneous space X = (R*™\{0}, w) of Sp(m; R). That does not
work directly because there is no invariant polarization. During the early
1970s Blattner, Kostant, and Sternberg extended the Kostant—Souriau quan-
tization procedure to handle some cases of moving polarization. In the case
of Sp(m; R) acting on X, this “half form method” produces the metaplectic
representation u,,. See Guillemin and Sternberg [9, Chap. 5] for details.

The Euclidean space R?™ supports the unitary structure (C™, k), where A
is a positive definite Hermitian form with imaginary part w. In 1974, Simms
[35; also see 36, pp. 106-110] used half-forms and a certain polarization %,
on X to quantize the function h(x,x), obtaining the spectrum and
multiplicities appropriate to the harmonic oscillator. Rawnsley noted the
suitability of #,, for quantizing the action of U(m) on X; the polarization
#, is real in the direction of the Hamiltonian vector field for A(x, x), which
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generates the center of U(m), and is totally complex on the quotient P™~'(C)
of any U(m)-orbit by that vector field. Rawnsley [25] proved that
H?”(X, S(#,))=0 for p+# 1 and that H'(X, S(#,,)) is the sum over the set
of integral (Bohr—Sommerfeld condition) U(m)-orbits of the zero-
cohomology of the pushed-down bundles on the quotients P™~!(C). Those
pushed-down bundles are the various nonnegative powers of the hyperplane
bundle, so H'(X, S(#,,)) as U(m)-module gives the U(m)-spectrum of u,,.

Further, R?™ supports indefinite-unitary structures (C™, k) = C?*, where
p + g =m, the Hermitian form A has signature (p + ’s, ¢ — 's), and w is the
imaginary part of A. This realizes the indefinite unitary group U(p, q) inside
Sp(m;R). In 1975, Sternberg and Wolf [37] worked out the U(p,q)-
spectrum of u, and studied the structure of the resulting “ladder represen-
tations” of U(p,q). They tried to match the corresponding subspaces of
Satake’s L, cohomology version {27, 28] of the Bargmann—Fock realization
of u,, with cohomologies of the pushed-down bundles over quotients of the
integral U(p, g)-orbits on X. Those quotients, open subsets of P"~!(C), have
homogeneous space structure

Ulp, /U)X U(p—1,9) and  U(p,q)/U(p,q—1)XxX UQ).

At that point it becamse clear that an intrinsic higher L, cohomology theory
was need for Hermitian holomorphic line bundlies over indefinite Kahler
manifolds.

In the meantime, Atiyah had observed that the transformation laws in
Penrose’s twistor theory were such that various twistor fields could be
viewed as elements of Dolbeault cohomologies H'(D, H™), where H —» P3(C)
is the hyperplane bundle and D is one of its two open U(2, 2)-orbits. Thus

D=UQ2,2/U1)X U(1,2) or D=UQ 2)/UQ 1)xUQ).

There was considerable interest in the possibility of reformulating the
Penrose inner product in a manner natural to this Dolbeauit cohomology
setting.

In 1977, Rawnsley and Wolf looked at the U( p, g)-invariant polarization
on X that is analogous to Simms’ #,,. They did not see how to associate L,
cohomology to the pushed-down bundles. (This was the point at which
Sternberg and Wolf had been stopped.) They did see how Penrose’s inner
product fit into the picture, and they made tentative arrangements to work
together in 1978/79 on the program that eventually resulted in the present
paper.

During the following academic year, 1977/78, Blattner and Wolf
discussed the use of invariant indefinite global Hermitan inner products for a
higher L, cohomology theory that would specialize to produce the ladder
representations of the U(p,q). Sternberg was involved in one of those
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discussions, and a calculation of Rawnsley [26] played a key role. Blattner
succeeded in associating square-integrable cohomology spaces H) to X for
the case (p, g) = (1, 1). The result was the one stated in the next paragraph,
but the method did not extend past the U(1, 1) case.

Subsequently, in the fall of 1978, Blattner and Rawnsley associated
square-integrable cohomology groups H’ to X with its standard U(p, q)-
invariant indefinite Hermitian metric A. They used the polarization &#
spanned by the 6/92; for 1 j< p and the 6/dz; for p <j<m=p+q. They
proved [3] that the intrinsic global Hermitian form on H} is identically zero
for i+ ¢ and is semidefinite on H3, and that H{/(nullspace of the global
Hermitian form) has the same U(p, g)-spectrum as y,,. Here H consists of
all (0,7) forms ¢ in a certain L, space with D ¢ =0 and D } ¢ =0, where
D is the .# -analog of the d-operator and D X is its adjoint relative to A.
This gives a direct but still extrinsic geometric realization of the sum of the
ladder representations of U(p, ¢) on an L, cohomology space.

Rawnsley and Wolf then looked into the question of carrying out a similar
program to obtain intrinsic realizations of the individual ladder represen-
tations of U(p, q), quantizing with the invariant pseudo-Kéhler metric on
U(p, /U)X U(p—1,9) and U(p,q)/U(p,q—1)x U(1), for homo-
geneous Hermitian holomorphic line bundles L. They worked this out
explicitly for G/H = U(1, 2)/U(1, 1) X U(1). There, they defined H5(G/H,L)
to be the space of L-valued (0, {)-forms on G/H, finite under the maximal
compact subgroup K= U(1) X U(2) of G, and L, relative to the usual
positive definite Kahler metric on the P?(C) containing G/H, which are
annihilated by & and its adjoint &* relative to the G-invariant indefinite
metric. They showed (i) H{(G/H,L)=0 for i+ 1, (ii) the intrinsic global
Hermitian form is semidefinite on H}(G/H, L), (iii) the kernel of that global
form is the kernel of the natural map from H3(G/H,L) to Dolbeault
cohomology, and (iv) the action of U(1, 2) on the Hilbert space completion
of H}(G/H,L)/(kernel) is the expected ladder representation. That
calculation was completed in September 1979, and in the following months
Rawnsley and Wolf made some progress in carrying out a similar
computation for U(1,n)/U(l,n— 1) x U(1). These results were not
published formally because they were subsumed by the present paper.

In the meantime, Zuckerman [43; or see 39] developed an algebraic
analog of Dolbeault cohomology for elliptic co-adjoint orbits of real
reductive groups. His construction, which is functorial, gives a Harish-
Chandra module that can be located within Langlands’ classification scheme,
that can be described by K-type, and whose global character can be
specified. The first question here is that of unitarizability, and of course the
basic idea behind the construction calls out for a intrinsic higher L,
cohomology theory for holomorphic line bundles over these indefinite K&hler
manifolds.
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During the summer of 1979, Schmid considered the possibility of
unitarizing some of Zuckerman’s representations using an indefinite
Hermitian metric. He examined the case of the ladder representations of
U(1, 2) and the action of U(1, 2) on the space of all L, bundle-valued (0, 1)-
forms on U(1, 2)/U(1, 1) X U(1) that are harmonic relative to the invariant
indefinite metric. He saw that those harmonic spaces lack a certain finiteness
property enjoyed by the ladder representations and concluded that they could
not be used to realize the ladder representations. When he learned of the
Rawnsley—Wolf computation in late 1979, he and Wolf discussed the
apparent disparity and clarified the role of the kernel of the global Hermitian
inner product on harmonic forms. Schmid then carried out a computation
parallel to that of Rawnsley and Wolf, purely in terms of the structure of
U(1, 2) as real reductive Lie group.

Schmid and Wolf then looked at the case of a negative line bundle
L > G/H, where G/H is indefinite Hermitian symmetric, G/K is Hermitian
symmetric, and a consistency condition holds between the complex
structures. They looked in the dimension s of the maximal compact
subvariety K/(KMH) of G/H, used the KAH decomposition of G to
explicitly solve the equations for certain (“special”) sorts of d-closed d*-
closed L-valued (0, s)-forms on G/H, and calculated which of the K-finite
forms are square integrable in a suitable sense. Schmid and Wolf showed
that the natural map from the space #7%(G/H,L) of square-integrable
harmonic L-valued (0, s)-forms on G/H to Dolbeault cohomology is an
isomorphism from the space of K-finite special forms onto the K-finite
subspace of Dolbeault cohomology, and that its kernel is equal to the kernel
of the global Hermitian inner product on #%(G/H,L). Thus G acts on
#75(G/H, L)/(kernel) by an irreducible unitary representation specified as to
character and K-spectrum. This unitarizes some of the most singular of
Zuckerman’s representations and does it in a natural way. In the case G =
U(p, q) it produces ladder representations intrinsically and shows, through
the mechanism of the Kashdan—Kostant-Sternberg moment map, that
Emlu.g iS given by restriction of X to the symplectic quotient of its U(p, g)-
Bohr-Sommerfeld set. Thus the original Sternberg—Wolf problem was settled.
This work was completed in summer 1980.

At the end of the summer of 1980, Schmid and Wolf saw that their results
could be simplified significantly by using the fibration n: G/H - K/L to
eliminate many explicit calculations. Wolf took advantage of that
simplification, when he wrote the first draft of this paper in early 1981, to
replace the line bundle L — G/H by a possibly infinite-dimensional bundle
V- G/H. The present version was completed by Schmid and Wolf in
summer 1981.

There are two important parallel developments which we understood only
after this paper was first drafted. The more important of these developments
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is an aspect of quantum electrodynamics. The Gupta—Bleuler method [4, 10]
is a quantization in an indefinite Hilbert space that Dirac encountered [44,
especially the last few sentences] in 1936 and more formally introduced in
the early 1940s {45, 46]. The study of gauge invariance there was further
developed by Mack, Salam, and Todorov in the late 1960s [53, 54]. Up to
and including that work, the invariant subspace corresponding to nonob-
servables (such as longitudinal photons) and the quotient corresponding
one—one to observables (such as transverse photons) were not associated to
the action of a semisimple group. The group representations were first
recognized by Fronsdal [51] in 1975; he identified the Dirac-Gupta—Bleuler
space as an indecomposable module for the Lie algebra of SO(3,2).
Fronsdal and Fang described the gravitational analog [47] in 1978, followed
by [52] and [48]. Indefinite metric SO(3, 2)-quantization in electrodynamics
was further developed by Fronsdal and Flato in their work {49, 50] on Dirac
singletons. If one views SO(3, 2) as (quotient of the double cover of) the real
symplectic group Sp(2,R), those singietons are the two irreducible
constituents of the metaplectic representation g,, and they appear in the
context of this paper on Sp(2; R)/U(l, 1). Also see Segal [59], Segal er al.
|60], and Paneitz and Segal [58].

The other parallel development has some results in common with this
paper. In 1978, Parthasarathy [23] gave a sufficient condition for a highest
weight module, whose infinitesimal character has certain nondegeneracy and
integrality, to be unitarizable. Already in 1975, Wallach [40] had obtained
all unitarizable highest weight modules with one-dimensional highest K-type
by continuing the K-central character of that K-type past the holomorphic
discrete series range. He showed that unitarizability is true precisely for a
certain finite set of equispaced discrete values of the character together with
a ray of values which, of course, includes the holomorphic discrete series
case. In February and March of 1981, Enright, Howe, and Wallach
announced an extension of Wallach’s result which eliminates the condition
that the highest K-type be one-dimensional. They relied on [40], on Enright’s
completion functor [6], on Parthasarathy’s condition [23], on various results
of Jantzen, on Howe’s theory of dual reductive pairs, and, at least initiaily,
on some information from this paper. See [7].

Also in 1981, Jakobsen [55,56] independently described the highest
weight unitary representations in a somewhat different but presumably
equivalent form. He determined the “last possible place of unitarity” and
argued that all other unitary highest weight modules are obtained from those
extreme ones by tensoring with one of the representations determined by
Wallach [40]. He wused the Bernstein—-Gelfand—Gelfand resolution,
Kashiwara and Vergne [57], and the fact of the Kashiwara—Vergne
conjecture.

We also mention the paper of Garland and Zuckerman [8], in which the
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unitarizability criterion that enters the proof of Enright e al. is established
by purely algebraic means.

The spaces of K-finite vectors in the unitary representations constructed
here are highest weight modules. In this sense our representations appear on
the list of all unitarizable highest weight modules. Our goal, however, is quite
different. We are after a geometric construction that will unitarize all
formally unitarizable functorial representations attached to integral elliptic
coadjoint orbits.

APPENDIX B. ExpLICIT EXPRESSIONS FOR
SpeciaL HARMONIC ForMs

As noted in Appendix A, we originally constructed the unitary represen-
tations 7, from explicit formulae for the special harmonic forms

9 EAS(G/H,V) with dp=0, 0*%¢=0, o(KM)cV® A*(tNq_)*

in the case where n: G/H - K/L is holomorphic and dim V= 1. Those
explicit formulae were obtained by solving the differential equations. It is, of
course, much easier to proceed directly from Propositions 6.18 and 6.23: for
each L-type U,cH°(M/L,V) write down the harmonic forms
w € A*(K/L,U,) and then the corresponding forms ¢ € 4°(G/H, V). This
works well because K/L is a Hermitian symmetric space of compact type,
but one has to take U, explicitly because v could occur with multiplicity > 1
when dim V > 1.

First, recall the explicit form of the Bott—Borel-Weil theorem in degree s
on K/L. Fix ve L, so we have its representation space U, and the
homogeneous holomorphic bundle U, - K/L. Let w: K-> U, ® A*EMNq_)*
be a U,-valued (0, s)-form. Then dw = 0 by degree, and d*w = 0 if and only
if the right action of tM q, annihilates w. Compute

{LAK)® U, @ A*(TMq_)*}" "0
=3 W@ (WFOU,®A XN )* ™

xeK

=N W, @{WF, QU @4 ENq_)*},

kek

where [W}¥], denotes the highest L-component of W¥. Write w, for the
opposition element of Wy ; then Wk =W_, ,, so [W}], =U_, (.. Now
the space of U, -valued harmonic (0, s)-forms on K/L is

{L,K)®U,®A°(TN q_)*}’(L)Ur(lﬁq+)
= Z W.® {U—wk(,,)® U,,@A’(fmq_)*}L.

k€K
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Since A°(tMq_)* =U,,, ,, the term in braces vanishes unless U_,, ,, is the
L-module dual to U, ,,, ., i.e., unless —wi (i) = —w (v + 2px,, ), i.€., unless
K=wo(v+pg) — Px» where w, is given by (4.20). That requires
wo(v + px) — px to be @(t)*-dominant, or in other words, (v + p,, a) < 0 for
all a € &(t Mg, ), which we now assume. So

{Lz(K) ® Ul, ® As(f e q_)*}r(L)Ur(fﬁqQ

= Wwo("+pl()_‘7k ® {[Wio(v+pk)~pK]L ® Uu ®As(f M q«)*}L'

That, of course, shows H*(K/L,U,)= W, . ,.)-,, 8 K-module, but also it
gives a formula for the harmonic forms, as follows: Let {w}} be a basis of
(W o ror—ols let 0# g € A*(EMq_)*, and choose a basis {u;} of U, such
that {u; ® w,} is dual to {w}*}. f wE W, ., _,, then the corresponding
harmonic form f,,: K- U, ® A*(tMq_)* is given by

(k) =Z k™" w,wHu, ® w,. (B.1)

Note that the proof of (B.1) is valid more generally for compact
homogeneous Kéahler manifolds.

Second, we suppose that V— G/H is a line bundle, so H*(M/L,V), =
2 U,_s as in (4.3) with y=y|,, and we recall the explicit form of the
holomorphic section #: M — V of V- M/L that is a lowest weight vector of
LonU,_g

The Harish-Chandra embedding (:M/L-pnq, is given by
m € exp({(mL)) - L¢ - exp(p M q_). Choose E; € m, and E; €mg , where
D(pNa,)={y;} Y {Bi}, such that B(E,,,E,,)—l Choose v(,;&O in V.
Then

h'(mL)= {[]ziF{ vos where
mL)=> z,E;+ > z,E, (B.2)

is a holomorphic function from M/L to V, and

[Tz

meEexp(pMNq,)-ri-exp(pMNg_) with MEL,, (B.3)

h(m) = x(~") v,

is the corresponding holomorphic section of V — M/L. By direct calculation,
if £€t, then exp(t&) sends & to

[exp(t£) h](m) = h(—exp(e) m) = x(exp(t5)) e~ h(m),
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so h is a weight vector of weight y — 7y for T on H*(M/L, V). Now let us
check that it is a lowest weight vector for L. Fix a € @(1)*. If there is no
root € @(pMgq,) such that § —a =y, for some (i, /), then [E_,, {(mL)]
is a linear combination of the E,, and it follows that E__, annihilates A’
Since (y, @(h)) =0, E_, also annihilates v, and thus kills 2. Now suppose
that B€ @(pMq,) such that f—~a =y, ;. Apply Lemma 10.15 to the ith
noncompact simple factor of m and then use (4.24):

pa=1(,— ) and pB=3(y,,+7:,) forsome /<,

In particular, ¢ specifies one such (i, j) and

Z A Zy

By—a=y;

[E_q» {mL)] =

E modulo span {E, },

where [E_,,E;|=a,E;. Since [<j, so n;>n,, it follows that E_,
annihilates 4’ and thus kills &, We have proved that

the holomorphic section h: M- V given by (B.3) is a lowest
weight vector, weight y — /iy, for L on H°(M/L, V). (B.4)

Note that in the proof of (B.4) we only used the assumption that V - G/H is
a line bundle, in order to facilitate the decomposition of V® U_ iy into L-
irreducible constituents. An analogous result follows whenever that decom-
position is made explicit.

Third, we will combine (B.1) and (B.3) to write down the harmonic forms
w representing classes in H*(K/L, H°(M/L, V)), such that w takes values in
the L-constituent U, ;;=V ® U_z; of H(M/L, V). The w(k)(,,..., &)(m)
will be explicit for meE A. Suppose that wy(y —A7+p)—p is D(F)*-
dominant, so that V® U_;; contributes to H*(K/L, H°(M/L,V)). The
subspace U,_z;=V ® U_;; of H'(M/L, V) has a basis {h } such that A, = h
as in (B.3) and the other 4, are of the form dw(E, ) - --- - dv(E, ) h where
v=x—ny a,€ ®(1)*, 0=#E ,EL,, and p>0 If {(mL)=3z,E;+
> z,E, as in (B.2), then h’(mL) x(m) h,(m) is a linear combination of
monomials

[Tz
i

l—kl Pt with > byy,+ > b= nyyy— a,

because it has weight —Ay + 3  a,. As the number p of a, is at least one,
some b, > 0, and so h'(mL) =0 for all m in

A = exp(a,) where a, is then span of theY ;= E,; + E—,j (B.5)
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In other words, we have exhibited

{h;}: basisof U,_z;withh, =hand h;|,=0fori> 1. (B.6)

Fix 0# w, € A°(t M q_)* and define

{wi}: basisof | Wﬁo(l-ﬁ»-ph = [W—1+ﬁ7—20K/L]L (B.7)
that is dual to the basis {h; ® w,} of U, _;;® A°EMNq_)*
Here recall that W, is the irreducible K-module of highest weight v and

[W,],=U, is its highest L-component. Now, according to (B.1), the
isomorphism W, =~ H*(K/L,U,_;,;) is made explicit by w o w,,,

f wo(x—ﬁ>7+9)—p = x— A7
where w,, is the harmonic form defined by

@, (k) s &)m) =3 (K~ 'w, wi) hy(m), (B.8)

where {£,,..., &} is a basis of TN q_ such that wy(&,,..., &) = 1. Now let us
specialize this to the case

m = exp (Z ty Y,.j) EA. (B.9)

Then, as noted in the proof of Lemma 8.8,
&mL)=>tanh(t;) E;
iJ

and

' =]] exp(log cosh(t,) H;),  where H;=[E,, E;).
iJ

In view of (B.7) we need only consider the term i =1 of (B.8), where h, =h
and w¥ (which we now call w*) is the highest weight vector of

[W x - i+ 0 - e+ For that term, our evaluations of " and {(mL) give

@, (k)& soeer EY(m) = (k™ 'w, w¥) ] ] cosh(t;;)*#¥ tanh(z;)"} v,. (B.10)
iJj

Here note x(H;) = 2(t; v1,,)/ (V15> Vij)-

Fourth, we carry (B.10) over to a statement on harmonic forms ¢ €
A*(G/H, V) such that o(KM) <V ® A°*(t N q_)*. The relation, of course, is
Qkm)(E s &)= W(K)(A y &1 3eers A E ) ) = (det A [ ng JO(K)(E) e &) (). As



SINGULAR UNITARY REPRESENTATIONS 111

in the proof of Lemma 8.8 we enumerate &(t N q_) = {a,,..., a;}, we suppose
& €1, , and we denote

if a, L every y, ;, then ¢,=0
ifa, Ly,;,s0a,— 4y, Leveryy,,, then ¢, =1¢;.

If m is given by (B.9), then A.'=cosh(ad} s;Y;) sends ¢, to
cosh{¢,) £,, so

det(Apling )= [] cosh(r,)™' = [T cosh(z,) =¥

1<a<s iJ,a

=[] cosh(z,;) ~2exntHy),
i
Combine this with (B.10). The result is

0, (km) = (k~'w, w*){[ | cosh(z,,)*~2oxn) ™ tanh(z,)"} v, ® w,, (B.11)
iJj
where m € 4 as in (B.9) and (x — 2px,, )(H ) = 200 — 2px/15 V1)) 01y V1)
Fifth, we incorporate the right action of H in (B.11). Since

0u(kmh) = {x @ A°(Ad*)}(h)~" - o, (km),

this is just a matter of replacing v, by (k) ' v, and w, by A° Ad*(h)~! w,.
Now, since G=KAH as a cosequence of (2.6), we can summarize as
follows:

B.12. THEOREM. Suppose that n:G/H- K/L is holomorphic and
V- G/H is a line bundle. Let y=vy|, and fix nonzero v,EV and
w, € A*(EMq_)*. Then H°(G/H, V) is the algebraic direct sum of those K-
1ypes W, i+ p)—p JOr which wyly — iy + p) — p is P(t)*-dominant, and in
such a K-type the special harmonic form corresponding to a vector w is

ww(kah) = (k—lw’ w*) I‘[ cosh(t,-j)“’_”"’”("’f) tanh(t,.j)""'

iJ

X x(h) "' v, ® A° Ad*(h) ™" w, (B.13)

using G =KAH with k€EK,h€ H, and a=exp ) t;Y; as in (B.9), and
where w* is a highest weight vector for the L-module (W}, ;50,10 =
U

—x+Ay-2px,1"
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