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HERMITIAN LIE ALGEBRAS
AND METAPLECTIC REPRESENTATIONS.I
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SHLOMO STERNBERG' AND JOSEPH A. WOLF®

ABSTRACT. A notion of “hermitian Lie algebra” is introduced which relates
ordinary and graded Lie algebra structures. In the case of real-symplectic
and arbitrary-signature-unitary Lie algebras, it leads to an analysis of the
minimal dimensional coadjoint orbits, and then to the metaplectic represen-
tations and their restrictions to unitary groups of arbitrary signature and
parabolic subgroups of these unitary groups.

1. Introduction. We are going to study examples of the following “hermitian
Lie algebra” structure: [ is a real Lie algebra, represented by linear transfor-
mations of a complex vector space V, and H: V X V — [ is an [-equivariant
hermitian form. Here “hermitian” means that H(u, v) is linear in » and
conjugate-linear in v with

H(v,u) = H(u, v), ~ = conjugation of [ over |,
and “equivariant” means that
[¢& H(u,0)] = H(fu,0) + H(u, {v) for{ €landu,v €V
where [ , ] is extended as usual from I to I.

2Im H: V X V —1is antisymmetric and R-bilinear, so one tries to use it
to make [+ V into a Lie algebra by: the usual bracket I X [—1I, the
representation [ X V>V (ie, [§ u] = u = —[u, §]), and V X V -1 given
by

[u,0] =2Im H(u,v) = i"'{H(u,v) — H(v,u)} foru,o€ V.
This defines a Lie algebra if and only if the Jacobi identity holds, and that is
the case just when it holds for any three elements of V:

(1.1) [[u, v], w] +[[v, w], u] +[[w, ul, v] =0for u,v,wE V.
In other words, (1.1) gives a Lie algebra structure on [ + V just when
12) {H (4, v)w + H (v, w)u + H(w, u)v}
= {H (v, u)w + H(w, v)u + H(u, w)o} =
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2 SHLOMO STERNBERG AND J. A. WOLF

Similarly 2 Re H: V X V —1 is symmetric and R-bilinear, so one tries to
use it to make [ + V into a Z,-graded Lie algebra g =g, + g_, g, =l and
g_ = V, by the usual bracket I X [ -, the representation [ X V' — ¥V, and
V X V - 1given by
(1.3) [4,0v]¢=2Re H(u,v) = H(u,v) + H(v,u) foru,v € V.

See [4] for the definition and basic properties of graded Lie algebras. The
graded version of Jacobi’s identity says that left multiplication is a derivation:

[x, [y, Z]G]G= [ [x,y]a, Z]G+ (__ 1)(dch)(degy)[y, [x, Z]G]a'
Again, (1.3) defines a graded Lie algebra if and only if the graded Jacobi
identity holds, that is, the case just when it holds for any three elements of V,
and the latter is equivalent to
{H (u, v)w + H (v, w)u + H(w, u)v}
+ {H (v, u)w + H(w, v)u + H(u, w)v} =0.
Notice that we obtian both a Lie algebra and a graded Lie algebra, i.e., that
both Jacobi identities are satisfied, just when
(1.5) H(u,v)w+ H(v,w)u + H(w,u)p =0 foru,o,w € V.
In order to indicate a source of hermitian forms H, and to be able to

describe what we do in this paper, we define a basic class of hermitian Lie
algebras in which both Jacobi identities hold. These are the unitary algebras

{u(k, ) @ u(1)} ©CY and {(u(k, I)/u(1)) ® u(1)} ® C¥

where C*/ is complex (k + /)-space with hermitian scalar product

(1.4)

k k+1
(z,w) = - EZJW,"' 2 zj‘-‘-fj’
1 k+1

and where
u(k, I) = {& C*' - C4'linear: &z, w) + (z, &w) = 0}

is the Lie algebra of its unitary group.
u(k, ) has complexification gl(k + /; C), the Lie algebra of all complex
(k + 1) X (k + I) matrices. Let * denote adjoint relative to { , ), that is,

z,w) =<z, &*w). Then u(k, ) = {{ €gl(k + ; O): §* = —¢{},and §{~ =
—§* is complex conjugation of gl(k + /; C) over u(k, /). Now

(1.6)  Hy: CY x C¥' > gl(k + 1; C) by Hy(u, v)w = i{w, vdu

is hermitian and u(k, /)-equivariant, for

(Hy (4, 0)w, z) = i{w, 0)u, z) = i{w, v){z, u ) = —(w, Hy(v, u)z)
and, for ¢ € u(k, /),
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HERMITIAN LIE ALGEBRAS 3

[& Ho(u, v) Jw = i {{w, v)gu — (¢w, v)u} = Hy(¢u, o)w + Hy (u, fo)w.
As to the Jacobi identities, note
Hy (u, 0)w + Hy (v, wu + Hy(w, u)o = i {{w, v)u + (u, wyv + (v, upw}.

The trick here is to give u(1)c = gl(1; C) the conjugate of its usual complex
structure, so that

(1.7 Hp: C*' x C > gl(1; C) by H, (u, v) = i{v, u)
is also hermitian. This done,
(1.8) H: Ck xR s u(k, Nc®u(l), byH=H,® H,

is hermitian and u(k, /)-equivariant, and satisfies (1.5), i.e., satisfies both
Jacobi identities. Thus we have both ordinary and graded Lie algebra
structures on our unitary algebras {u(k, /) ® u(1)} + C*.

Now let u(k, /) ® u(l) act on C*' by (¢, c)u = &u) + cu. In effect, this
action is the projection

(1.9) u(k, 1) @ u(1) - (u(k, 1)/u(1)) ® u(1) = u(k, ).

It gives us ordinary and graded Lie algebra structures on quotient unitary
algebras u(k, /) + C*/. In this latter formulation, the hermitian Lie algebra
structure is obscured, for H seems not to be hermitian. Here note that
u(2, 2) + C2? is the spin-conformal algebra of Wess and Zumino (cf. [4]),
which is of some interest in recent physical literature.

In §2 we give the general construction of unitary algebras. Then we show
how a hermitian Lie algebra is associated to every homogeneous bounded
domain. Here the domain {m X m complex matrices Z: I — Z*Z > 0} gives
a unitary algebra. Finally we associate a hermitian Lie algebra to the
nilradical in a certain class of parabolic subgroups of classical Lie groups.

In §3 we return to the unitary algebras described above, and show that the
H(u, u) give the lowest dimensional nonzero coadjoint orbits for u(k, /). Our
method generalizes a technique introduced by Carey and Hannabuss [3] for
u(2, 2). We work out the transitivity properties of a certain maximal parabolic
subgroup on these orbits. In the u(2, 2) case, that parabolic is the Poincaré
group with scale, and the Poincaré group has the same transitivity, so these
orbits correspond to the zero mass six dimensional orbits in the dual of the
Poincaré algebra. We then discuss the relation between these orbits and these
of the symplectic algebra 8p(k + /; R). For this purpose we use a graded Lie
algebra associated to the symplectic algebra which is known as orthosym-
plectic algebra O Sp(k + /, 1).

In §4 we use the graded Lie algebra associated to give a new and very
simple construction of the metaplectic representation of the 2-sheeted
covering group Mp(m; R) of the real symplectic group Sp(m; R). If k + [ =
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4 SHLOMO STERNBERG AND J. A. WOLF

m, then the imaginary part Im¢ , > of the scalar product on C* embeds
U(k, 1) into Sp(m; R). Restricted to the inverse image of U(k, /) in Mp(m;
R), the metaplectic representation decomposes as a multiplicity-free discrete
sum of representations which remain irreducible on every maximal parabolic
subgroup. Mack and Todorov [16] obtained one case of this for U(2, 2).
Kazhdan [13] also reduced the metaplectic representation for U (k, k).

In §5 we discuss the representations of the 2-sheeted covering group of
U(k, 1), which come from the metaplectic representation of §4, in terms of
holomorphic or antiholomorphic discrete series representations.

In the continuation of this paper we plan to relate the metaplectic repre-
sentation p of Mp(m; R) and its U(k, /)-reduction, » = 3 ;5 ¥, to the
reduction described in §3 for the orbit picture by the method of geometric
quantization.

We thank M. Cahen and M. Parker for pointing out a serious error in the
preliminary version of §2. Parker’s counterexample appears just after (2.16)
below. We would like to thank D. Kazhdan for several suggestions, including
a description of his results on the metaplectic representation. We thank M.
Vergne for helpful conversations and mention that she and Jacobsen devel-
oped an analytic continuation method for constructing the representations of
U(2, 2) that we discuss in §§4 and 5; their method has the advantage of
explicitly exhibiting the relation of these representations to the corresponding
relativistic wave equations. And finally we thank I. Segal for drawing our
attention to Carey and Hannabuss [3].

2. Examples. In this section we construct three classes of examples of
hermitian Lie algebras. The first, the class of “unitary algebras,” satisfies (1.5)
and thus provides hermitian-related Lie algebras and graded Lie algebras; the
unitary algebras mentioned in the Introduction are special cases. The second
class consists of an algebra for every bounded homogeneous domain, and it
overlaps the first class as regards the classical bounded symmetric domains

D, = {k X I complex matrices Z: I — Z*Z > 0}.
The third class corresponds to the nilradicals of the maximal parabolic
subgroups of certain classical Lie groups.

2A. Unitary algebras. Fix nonnegative integersa + b=cand k + I = m,
and let C*' @ C** denote complex (m + c)-space with the hermitian scalar

product
k m m+a m+c _
@D Aawy==-Z g+ 2 g X gt 3 5%
i k+1 m+1 m+a+1

Let u(k, I; a, b) denote the Lie algebra of the unitary group of C*/ @ C*b, It
consists of all linear transformations £ such that (¢z, w) + (z,éw) = 0. In
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HERMITIAN LIE ALGEBRAS 5

matrices, it consists of all

Ay A4, Zy Z, |}k
AY An 2y Zyp |}
-Z% Z3 By, By|la
Zy —Z3% B, By |}b

L N

k / a b
with 4} = — A4; and B} = — B;;. To simplify this denote

#
Un U 21 _ - Ufl U;l
U21 Uzz Ufz - Ufz )

ym A =A*%ie,d€uk,])

Then

22) u(k,;a,b) = (A Z)

’ : .
Z% B/ 3. B=B*ie,Beuab)

Now u(k, [; a, b) evidently is of the form [ + V where
[= {(6’ g): A€u(k 1), B €u(a, b)} = u(k, 1) ® u(a, b),
zZ* 0
and the Lie algebra I acts on the complex vector space ¥ by

[(3 g)’(zo# i)]=((AZ—OZB)* AZ;ZB)’

2.3. PROPOSITION. I = {(¢ $): 4 is m X m, B is ¢ X c}. Give I the complex
structure that is linear in A and conjugate linear in B. Then the map H:
V X V — | defined by

V= {( 0 Z):Ziszc}zC""@C“"’

H(z,w)=izw, ie.

24 H((ZO# ﬁ)’(pﬁ’# ?))"(izgl# iZ?*W)

is hermitian, is l-equivalent, and defines both Lie algebra and graded Lie
algebra structures because it satisfies (1.5). Further, the Lie algebra structure is
the original one on u(k, I; a, b).

ProOF. The statement on I is standard, and the complex structure there is
specified so that H(z, w) is linear in z, conjugate linear in w. An elementary
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6 SHLOMO STERNBERG AND J. A. WOLF

calculation shows (iZW #)* = iWZ#, and this proves H hermitian. [-equi-
variance is seen by direct calculation, using

i[A, ZW*] = i{(AZ — ZB)W* — Z(W*4 — BW*)}
=i{(4Z - ZB)W* + Z(AW — WB)*} ford = A% B=B*
and its counterpart
i[B,Z*W) = i{(AZ — ZB)*W + Z* (AW — WB)}
forA = A¥,B=B*

To check (1.5) we calculate

[H(z,w),u]=i[(zvg# ZSW)’(UO# (0])}

(2.5)

_ i[ 0 ZW*U — UZ*W
ZEWU* — U*Zw* 0 ’
SO
[H(z, w), u] +[H(w,u),z] +[H (u, z), w] = (19# OT)
where

%T= ZW*U — UZ*W + WU*Z — ZW*U + UZ*W - WU*Z =0.
And finally 2 Im H (z, w) = [z, w] directly from (2.4). Q.E.D.

The unitary algebras mentioned in the Introduction are the case a = 1 and
b = 0. For there V is identified with C*/ and (2.5) specializes to

H(z,w):u > i{ZW*U — UZ*W} = i{u, w)z — i{w, z)u.

Here note the necessity of mapping to u(k, /)c © u(l)¢ to ensure that H be
hermitian, even though that algebra acts on C*/ as u(k, /).

When k=1 our graded Lie algebra structure has a more refined
graduation. Split C*¥ = W, + W_,, sum of two complementary k-dimen-
sional isotropic subspaces, and use bases of W, that are dual to each other.
So we have a basis of C** in which its hermitian scalar product has matrix
(G %). In that basis,

u(k, k) = [(M E ): Misk x k and E, F eu(k)},
F -M*
which gives the vector space direct sum splitting u(k, k) = g_, + go + 62
where
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HERMITIAN LIE ALGEBRAS 7

g_2=[(2, g):Feu(k)}, go={(%4 _?W):Miskxk},

6 = {(g g): Ee u(k)}.

Similarly ¥, which maps C*? to C*, splits as g_, + g, where

@7 g ={z€V:z:C*>W_}and g, ={z€V:2:C*> W}
Now we have a vector space direct sum decomposition

28) u(k, k; a, b) = X g; withg; = 0for |i|>2

such that [g,, g;] C g;,;, in general, H: g; X g; > (8;4)c for i, j odd. So the
graded Lie algebra product also satisfies [g;, 8,1 C 8,4, refining the Z,-
grading to a Z-grading.

2B. Bounded homogeneous domains. We now show how every bounded
homogeneous domain in complex euclidean space gives a Z-graded algebra of
the type of (2.8).

Recall the structure of bounded homogeneous domains and their
automorphism algebras from Pjateckii-Shapiro [20], Murakami [18] and
Takeuchi [30]. Start with ©: a nonempty convex cone in R” that does not
contain a line and F: a hermitian map C” X C" — C" such that each
F(w,w) € Q with F(w, w) =0 only for w = 0. These data define a Siege/
domain of Type 11:

9) D={(z,w) EC'"® C™ Imz — F(w,w) €EQ}.
D is called a tube domain or Siegel domain of Type 1 if m = 0, i.e., if D is the

tube R” + iQ over Q. In general the tube part of D is given by w=0. D is
called homogeneous if

(2.6)

G(D) = {complex analytic diffeomorphisms of D },
which is a Lie group, acts transitively on D. If D is homogeneous then
A(D) = {g € G(D): gis affine on C* & C™}

is already transitive. Now the point of all this is that every bounded homo-
geneous domain (in complex euclidean space) is analytically equivalent to a

Siegel domain of Type II.
Fix a Siegel domain D as,in (2.9). Then its affine automorphism group
A(D) has Lie algebra
(2.10) a(D)=go+ 6, +6
where

(i) g, consists of the linear vector fields Az -9/3z + Bw -9 /9w that preserve
Q and F, ie, A: C" - C" is real-linear and each exp(t4)Q = @, B: C" > C"
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8 HERMITIAN LIE ALGEBRAS

is complex-linear, and AF (u, v) = F(Bu, v) + F(u, Bv) forallu,v € C™;
(i) g, consists of the infinitesimal affine vector fields 2iF(w, b)-3/0z
+ b-9/dw, b € C"; and
(iii) g, consists of the infinitesimal real translation a-0/9z, a € R".
If D is homogeneous, then its anlaytic automorphism group G (D) has Lie
algebra
@11) eD)=¢g,+g+a(D)=g+g1+G+6+a
where, writing p, ; to denote a polynomial of degree r in z and s in w,
(iv) g_, consists of all § = p,,:3/3z + {pyo + P2} -3/ 0w such that [£ g,]
C gy and [£, ¢,] C go; and
(v) g_, consists of all n = p,,-3/9z + p,,+9/0w such that [, g,] Cg_,
and such that, if 7 €g, then [{ 7] =Az-0/0z + Bw-9/0w € g, with
Im Trace (¢ $) = 0.
Fix 6 € g, correspondingto4 = 0and B = — il,
(2.12) 0=—iw-9/0w
and identify g, with C™ under

= R S
(2.13) C"2b > § =iF(w,b) az+2b e
The map ad(@): g(D) — g(D) preserves each g, so it maps £, to some £,,, and
[0, b-0/0w] = ib -9 /3w shows b’ = ib. By direct calculation
0 o i = i . i 0 . _a- = i . .l
»Pu’ 57 Pii” 350 P’ 30 Pro° 5,

0 p | = —ip,. O
P02 5y, Po2" Gy 0
so ad(f)? ¢ = —&for £ € g_,. And § commutes with every vector field of the
form p(z)-3/9z + B(z)w-3/0w, in particular, with every element g_, + g,
+ g,. In summary, using (2.13),
2.14. LEMMA. ad(#) is trivial on Geyen = 65 + 8 + @y, is multiplication by i
on g,, and has square —1on g_,.

Now we use ad(f) as complex structure on goqq = g—; + ¢,. This is
consistent with (2.13).

2.15. THEOREM. D eﬁne H: Bodd X Bodd — (geven)C by H (g, 7’) = [[0’ g]) "1] +
i[¢, m]. Then H is a Qey,-equivariant hermitian form whose imaginary part is the
Lie algebra bracket, and H|; ., = — F in the identification (2.13).

PrROOF. If & 1 € g4, then [£ 1] € Geyen 5O [[§ ], 8] = 0 and thus [[6, £],

1] = ([0, ], £] by the Jacobi identity on g(D). It follows that H(n, §)~ =
H (£, 1). Also, since ad(f) is the complex structure on g.44,
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SHLOMO STERNBERG AND J. A. WOLF 9

H(ad(0)%, m) =[ad(8)% n] + i[ad(0)§ n] = iH (£ n)
shows H (£, ) to be C-linear in £&. We have proved H to be hermitian, and
@even-€quivariance follows by Jacobi and [0, g.y.,] = O.

Finally, if u, v € C" and §,, §, € g, are the elements corresponding as in
(2.13),

1. ] 1. F) 3
[gll’gv] =51F(u’v)°§_§lF(O,u)'E= —ImF(u,o)._a_z_.

So the hermitian forms H and — F on g, X g; have the same imaginary part,
and thus are the same. Q.E.D.

Looking back to (1.5), and applying ordinary Jacobi identity to the
[Im H (£ n), §], we see that H gives us a graded Lie algebra structure if and
only if

(106, n].€] + (116 1.81.6] +[[[0.8].€]2] = 0
(2.16) ortnt o

Monique Parker observed that (2.16) can never hold when 8 = [ad(8)¢, £]
for some £ € g 44, for then

[[[6.£].£].£] =[6.£] #0.

She further noted, in view of this, that 3[(2; R) carries a hermitian Lie algebra
structure

[ spanned by 8 = % ( —Ol (1)), V = C under (i fy)ex + iy,
H:VXV-lcbyHE ) =[[6,¢],9] + i[&0],
for which the graded Jacobi Identity (1.4) fails.

Despite this, (2.16) holds trivially when £, 1, { € g,, and so we do have a
graded Lie algebra structure on the infinitesimal affine automorphism algebra
a(D) = go + 6; + G2

2C. Nilradicals of parabolic subalgebras. Let F denote one of the fields R
(real), C (complex) or Q (quaternion). Given k, I > 0 let F*/ denote the right

vector space F**/ with hermitian scalar product (z,w)= —3kz W, +
=i3i 2 w. U(k, I; F) denotes the unitary group of F* and u(k, /; F) is its
Lie algebra.

We recall some information from [38, §§2 and 3] concerning the structure
of parabolic subgroups. A subspace E c F*/ is totally isotropic if {E, E) = 0.
The maximal parabolic subgroups of U (k, /; F) are the

Py ={g€U(k;F):gE=E},
E totally isotropic nonzero. Here there are min(k, /) conjugacy classes as
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10 HERMITIAN LIE ALGEBRAS

s = dim E runs from 1 to min(k, /). Denote
ng: Lie algebra of the unipotent radical of Pg.

Then ng is isomorphic to the algebra n, ,_,,_(F) defined below.

F°*? denotes the real vector space of a X b matrices over F. If 4 € F**?
then A* € F**¢ denotes its conjugate (over R) transpose. F**¢“* denotes
F*' @ F*** with the map H: F*>*¥ X FX(4) _; F*s by

(2.17) H((Z,Z"), (W, W) =Y z'Ww™* - Z"w"*).
Split F*** = Re F*** @ Im F*** under the projections
ReD=1(D+ D*) and ImD =1(D - D¥).
Then, by definition,
n,;,,u(F) = Im F*%5 + FFX0w
with [(D, Z), (E, W)] = (Im H(Z, W), 0).

Now H is F-hermitian here, the double Jacobi identity (1.5) is trivially
satisfied, and so ng acquires a good “hermitian Lie algebra structure” over F.

3. Minimal orbits. In this section we study the 2(m — 1)-dimensional orbits
of U(k,1), k + ] = m, on the dual of its Lie algebra. We describe them in
terms of the map H, of (1.6). This description leads to an easy analysis of the
transitivity properties of parabolic subgroups. It also starts us on the identifi-
cation of the associated unitary representations.

Identify the Lie algebra u(k, /) with its real dual space u(k, /)* by

(3.1 §of, where f, (n) = trace (&).

Of course, if & n € 8u(k, /), then their inner product under the Cartan-
Killing form is 2m - trace(fn). The identification (3.1) is equivariant for
adjoint and coadjoint representations, and so preserves orbit structure. We
then examine the analogous construction for the symplectic group Sp(m; R)
and relate the two.

3.2. LeMMA. Let A be a nonscalar m X m complex matrix and Z(A) its
centralizer in GL(m; C). Then dimcZ (A) < m® — 2m + 2 with equality if and
only if A = B + M with A\ € C and B of rank 1.

ProoF. Split C" = 2V}, sum of the generalized eigenspaces of 4. Each V is
Z (A)-stable, so dimcZ (4) < (dimc V)%, which is < (m — 1)* + 1 unless (i)
there is just one V; or (ii) there are just two V), and one of them has
dimension 1.

We need the elementary fact: if E is a matrix in Jordan normal form, and if
E'’ is obtained from E by changing an off-diagonal 1 to 0, then dimcZ (E) <
dimcZ (E').
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SHLOMO STERNBERG AND J. A. WOLF 11

In case (i) above, 4 = B + AI where A € C and B is nilpotent. By the
elementary fact just mentioned, the dimension of Z(4) = Z(B) is maximized
when B has rank 1. That maximum is m? — 2m + 2.

In case (ii) above, A = (B + AI) + N where A € C, B is semisimple and
rank 1, N is nilpotent and BN = NB. Then N annihilates the nonzero
eigenspace of B and preserves the zero eigenspace, so Z(4) = Z(B) N
Z(N). By the elementary fact above, the dimension is maximized when
N =0, and that maximum is m*> — 2m + 2. Q.E.D.

If § € u(k, 1), viewed as an m X m complex matrix where m = k + [, then
the complex dimension of the GL(m; C)-centralizer of £ is equal to the real
dimension of the U(k, /)-centralizer. For that GL(m; C)-centralizer is a
complex Lie group stable under complex conjugation of GL(m; C) over
U(k, I). In view of the correspondence (3.1), now Lemma 3.2 specializes to

3.3. LeMMA. The nontrivial coadjoint orbits Ad*(U(k, 1)) f, have (real)
dimension > 2m — 2, with equality if and only if £ = &, + A where A € C and
£, has rank 1 as m X m matrix.

If m> 1 and (k, 1) # (1,1), then & € u(k, /) and A € iR in Lemma 3.3.
For m — 1 > min(k, /), so the kernel of £, contains a nonisotropic vector v,
§(v) = Av forces A € iR and thus A € u(k, /), and then §{,=¢— AN €
u(k, I). And, of course, if (k, /) = (1, 1) then all nontrivial coadjoint orbits
have dimension 2m — 2 = 2.

Now observe the connection with the map H, of (1.6):

3.4. LeMMA. The rank 1 elements of w(k,l) are the &: w > i{w, u)u,
0+ u € C*, and the —&,.

PROOF. §, = Hy(u, u), which belongs to u(k, /) because H, is hermitian.
And evidently §, has rank 1. Conversely let ¢ € u(k, /) have rank 1 and let v
span its range. If w Lo then {¢w, x) = —(w, £&x) = 0 for all x € C*, so ¢
annihilates v+. Now §(x) = ¢{x, v)v for some 0 ¢ € C, and {¢x, x) € iR
forcesc € iR, soc = + ir’ with r real. Thus § = +£_. Q.E.D.

Define U (k, I)-equivariant maps
(3.52) Q1 CY>u(k, 1)* by Q) (u)(¢) = i({bu, u) + A trace(§)).

Since &,: w > i{w, u)§(u) has trace i (u, u), (3.5a) is equivalent to
(3.5b) Ox(u) = f, + iAtrace where §, = Hy(u, u): w > i{w, uyu.
Now we can state our orbit structure theorem.

3.6. THEOREM. Suppose m > 1 and (k,1) # (1,1). Then the nontrivial
coadjoint orbits of U (k, I) on u(k, I)*, of minimal dimension 2m — 2, are the

Ourpn = iQ,\({u eCu+#0, |u = r}) = 0.1,0 ® (£i\ trace)
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Jor r\ real. Orbits Og, ) = Og. . just when (&5, r,\) = (&', r,X), O.4,, is
an elliptic semisimple orbit for r #0 and 0., is a nilpotent orbit. The
stability groups on these orbits are given by g € U(k, ) fixes * Q,(u) if and
only if g(u) = au with |a| = 1.

PRrOOF. According to the comment just after (3.52), Qy(u) = f, and Qy(v)
= Qy(u) + i\ trace. Lemma 3.4 now shows that the coadjoint orbits of
minimal dimension 2m — 2 are those of the +Q,(u), 0 *u € C. A
nonzero orbit U (k, I)- v is specified by ||v||%, so equivariance tells us that the
coadjoint orbits of minimal dimension 2m — 2 are just the 0., ,,.

Suppose Og,» = Og., - Then we have nonzero u, v € C*/ with |[u|* = r,
llo]?=7r and &Q,(u) = &'Qy(v). Since m > 1 and (k, ) # (1, 1), the
comment after Lemma 3.3 gives 6§, = &'¢,. Now & {w, uDu = &'(w, v)o
for all we C*. Thus u=tv where 0% ¢ €C, and |{?6{w, v)v =
E{w,wdu=&"(w,v) gives [t =1and & =& Now & =&  and r =r,
)

&(r+Am) =60, (u)(—il) = &'Qy (v)(—il) = &'(r + X'm)
implies A = X',

If u is isotropic, then + Qy(u) = +£, has square zero, so the orbit 0., ¢ is

nilpotent. If u is not isotropic, then

trace(£?) = i(iuu, uy, u) = — {u, u)’<0,

so +£, are elliptic semisimple elements of u(k, /), and it follows that every
*+ 0, (u) is elliptic semisimple.

Finally, g € U(k, I) sends + Q,(u) to + Q,(gu). We saw that &0, (u) =
&'Q,(v) implies & = &’, A =X’ and v = au with |a|* = 1. In particular, g
fixes = Q, (u) just when g(u) = au with |a> = 1. Q.E.D.

The situation is slightly different for U(1, 1), but there it is immediate from
standard results on SL(2; R) = SU(1, 1): The nontrivial coadjoint orbits of
U(1, 1) on u(l, 1)* all have minimal dimension 2, and they are (i) the elliptic
orbits

Osipp = tQ,\({u € CM: ||y’ = r})
where A, r € Rand r > 0, (ii) the essentially parabolic orbits

O.10n = £ 0, ({u € C': u # 0 and ||’ = 0}),
where A € R, and (iii) the essentially hyperbolic orbits
{fe: € € 8u(1, 1) and det(§) = r} @ (il trace)

where \,r € Randr < 0.
The maximal parabolic subgroups of U(k, /) are the
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Pp={g€U(kI)gE=E},

E nonzero totally isotropic subspace of C*/.
The maximal unimodular subgroup of Py is

(3.7b) Py ={g€ U(k,I):gE = E and |det(g| )| = 1}.

These groups are near to transitive on the coadjoint orbits O.,,,. In fact,
setting S, = {u € C*/: u + 0 and ||u||> = r},

3.8. PROPOSITION. The coadjoint U (k, I)-orbit O.,,\ = * Q\(S,) breaks
into three Pg-orbits, each in the closure of the next nonempty one:

@ = 0\(S, n E),

@) = O\(S, N EY\(S, N E)),and

(i) = Q\(S,\(S, N EY)),
which are nonempty except for (i) when r # 0, (ii) when r < 0 and dim E = k,
(ii) when r > 0 and dim E = I, (ii) when r = 0 and dim E = min(k, /). In
particular, if E is a maximal totally isotropic subspace of C*/, then O,
breaks into two Pg-orbits:

ifr#0: 0O\(S, N E*)and = 0)(S,\ (S, N EY));

ifr=0:20,(SoN E) and = 0,(So\ (Sp N E)),
and further, + Q,(S, N E*) is empty when r < 0 and k < I, and when r > 0
and k > 1, in particular, whenr # Qand k = 1.

Py is transitive on all of these orbits except for (i) and (iii) in the case where
dim E = 1.

Proor. The corresponding facts for the action of Pz and Pg on S, come
from Witt’s Theorem. Apply = Q,. Q.E.D.

Let us complete the results of Proposition 3.8 with respect to U(1, 1) and
the essentially hyperbolic orbits. Here dim E = 1 necessarily, and P, has two
orbits on { f;: £ € 8u(l, 1), det (£) = r} ® (iA trace), r < 0, given by £ Ep,
and £ & p,, the first sitting in the closure of the second. To see this, view
su(1, 1) as R'? under the Killing form, note that the Killing form corresponds
to a negative multiple of det, and observe that Ad(U(l, 1)) goes over to
SO(1, 2).

U (k, 1) acts, as a subgroup of GL(m; C), on the projective space P™~!(C)
associated to C*’. Its orbits are: an open orbit consisting of the negative
definite lines, a closed orbit consisting of the isotropic lines, and an open
orbit consisting of the positive definite lines. If r # 0 then = Q,(¥) > uCis a
G-equivariant bijection of 0., onto the negative (if r < 0) or positive (if
r > 0) orbit in P™~!(C). This puts a G-invariant complex structure on the
minimal nontrivial elliptic coadjoint orbit O.,,,. If s =|r'/2>0 then
* O, (se)) represents 0, ., (r < 0) and * Q,(se,,) represents O, ., (r > 0),
so we also have indefinite hermitian symmetric space descriptions

(3.7a)
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14 HERMITIAN LIE ALGEBRAS

Oumin = Uk, 1)/U(1) X Uk — 1,1),

Ouron= UK /UK, I-1) X U(1).
These provide the same complex structures.

Define &; € u(k, )¢ by &;(§) = §;, jth diagonal entry of £ So a simple
root system of u(k, /), relative to the diagonal Cartan subalgebra, is given by
the restriction of the &; — &,,,,1 < j < m — 1. Now notice

3.9

if r <0: Qy(se) = i(r&, +A Sj) where s =|r|'/2,
(3.10) !

if r > 0: Q) (se,) = i(rme +A> Gj) where s =|r|'/2.
1

If r < 0, now exp (£iQ, (se,)) is a well-defined character on U(1) X U(k —
1, 7) if and only if the coefficients of &, and of 27 &; are integers, i.e., A + r
and A are integers. Same situation for » > 0. So we have the integrability
condition:

3.11. LeMMA. Let v € C* with ||v|> = r # 0, and let U(k, I), denote the
isotropy subgroup of U(k, 1) at = Q\(v) € O.,x. Then £iQ,(v) integrates to
a well-defined unitary character on U(k, ), if, and only if, both r and A are
integers.

Assume the integrality condition of Lemma 3.11 for the minimal coadjoint
orbit 0., ,,. Associated to the character on the isotropy subgroup, we have a
G-homogeneous hermitian complex line bundle L— 0., ,,. Using the com-
plex structure, which simply is a choice of totally complex polarization, the
method of [40, Lemma 7.1.4] gives us the structure of G-homogeneous
holomorphic line bundle on L— 0., ,,. Of course, the natural symplectic
form on O.,,, is the curvature of that bundle. This prequantizes 0.,,, for
r#0.

By contrast, the essentially-nilpotent orbits 0. ,,, are not amenable to
prequantization. In fact,

3.12. LemMA. If m > 1 and (k, 1) # (1, 1), then 0., does not admit a
polarization.

PRrOOF. Let q C u(k, I)c be a complex polarization for O, ,4,. Then q is a
complex polarization for 0.4 = Ad*(U(k, 1)) - (£ Q((e, + e,,)). Following
Ozeki and Wakimoto [19], q is a parabolic subalgebra of u(k, /)c. Since f, ..
is nilpotent, a result of Rothschild and Wolf [27] says that the functionals in
0. 100 annihilate g, and then a result of Wolf [41] says q = pc for some
parabolic subalgebra p of u(k, /). Now b is contained in a maximal parabolic
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subalgebra of u(k, /). According to (3.7) that maximal one has form p, = (¢
€ u(k, l): ¢E C E} where E c C*' is a totally isotropic subspace of some
dimension s, 1 < 5 < [m/2]. Also [38, Theorem 2.10], dim p; = m? — 2ms
+ 352 Now p has codimension > 2ms — 3s? in u(k, /). Since it polarizes an
orbit of dimension 2(m — 1), p has codimension exactly m — 1. Now m — 1
> 2ms — 3s? with 1 < s < [m/2]. The only solution is s = 1, m = 2. That is
just the excluded case (k, /) = (1, 1). Q.E.D.

We now examine the relation between the minimal orbits of u(k, /) and the
graded Lie algebra structure of u(k, /) + C*' on the one hand, and similar
constructions for the symplectic algebras 8p(k + /, R) on the other. Let V be
R’ with symplectic form { , }, let Sp(¥) be the group of all real linear
transformations which preserve { , } and let 8p(¥’) denote the Lie algebra of
Sp(V). We define a symmetric linear map ¥V ® V — 8p(¥) sending u @ v —»
[u, v]; where

(3.13) 2[u, v]gw = {u, wjo + {0, w)u.
For § € 8p(V) and u € V we define

[éa u]G= - [u9 £]6= gu,
while for £ and 7 € 8p(V) we set [£, n]; equal to the usual commutator
bracket: [£, n]s = [ n]. As pointed out in [4], this makes 8p(V) + V into a
Z, graded Lie algebra, where 8p(V) is the even part and V is the odd part. In
fact, this is a real form of one of the infinite simple algebras in the
Kac-Kaplansky classification. (Over the complex numbers, this family of
algebras has the distinguishing property that, among all finite dimensional
graded Lie algebras, it is the only one with nontrivial odd part such that all
finite dimensional representations are completely reducible; cf. [5] for this
result.) We can consider the quadratic map of ¥ — 8p(V) associated with the
symmetric map [ , ]s, i.e. the map v —[v, v];. We also have the map &:
8p(V) — 8p(V)* given by
D(¢)n = 3 traén
where trg denotes the usual trace of a real linear transformation of V. The
subscript R emphasizes that we are computing the trace over the real
numbers. In the situation that we have been considering previously in this
section, V' also has the structure of a complex vector space, and we can
consider complex linear transformations, and the corresponding trace over
the complex numbers which we temporarily denote by tr. For a complex
linear transformation, {, the relation between these two traces is clearly given
by
3 trg8 = Re(tred).
(We shall have use of the relation between the two traces in describing the
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relations between the minimal orbits of the unitary and the symplectic
algebras.) We shall denote the composite map v > ®([v, v];) of ¥V — 8p(V)*
by R. A direct computation shows that

R(v)n =3 {v, ).
The map R clearly commutes with the action of Sp(V), i.e. R (av) = aR (v),
where aR (v) denotes the image of R (v) under the element a € Sp(V) acting
by the coadjoint representation. Now Sp(¥’) acts transitively on ¥ — {0}, and
hence R must map ¥ — {0}, onto an orbit of Sp(¥) in 8p(¥)*. The orbits in

8p(V)* have an induced symplectic structure, and so, of course, does ¥V —
{0}. We claim

3.14. PROPOSITION. The map R is a symplectic diffeomorphism of V — {0}
onto a minimal positive dimensional orbit in 3p(V')*. There exists precisely one
other orbit of dimension 2n, which is the image of V — {0} under — R. All other
nonzero orbits have strictly greater dimension.

Proor. It is known (cf. [10]) that each of the simple complex algebras other
than 8l(n) has exactly one coadjoint orbit of minimal positive dimension. In
the complex space 3p(¥)* ® C this orbit is the orbit of the element R (v),
v # 0, under the complex symplectic group. It is easy to see that the
intersection of this orbit with the real subspace has two components, one
consisting of the vectors R (v) and the other consisting of the vectors — R (v),
v # 0. Now V' — {0} is a symplectic homogeneous space for the group 8p(V),
and hence there exists some symplectic diffeomorphism, S, of ¥ — {0} onto
one of these two orbits which is equivariant with respect to the action of
Sp(¥). Now multiplication by +1 commutes with the action of Sp(¥?) on
8p(V)*. Hence S ~'R maps ¥ — {0} onto itself and commutes with the action
of Sp(¥). An elementary argument shows that this implies that S ~'R must be
multiplication by a nonzero scalar. This implies that the symplectic form
induced by R is some constant multiple of the original symplectic form, and
all that is left for the proof of the proposition is to establish that this constant
equals one. To evaluate the constant, we need only compare the two sym-
plectic forms at one point. Let w denote the symplectic form on the orbit, let §
and 7 be elements of 8p(V) and let £, and 7, be the corresponding tangent
vectors at v. Then, by definition,

(s m,) = —<o, [£n])-
Let us choose £ € 8p(V) such that {e = e and & = — f and 7 such that
ne = f and nf = 0. Then [£, 0], = —2f. If { is any element of 3p(¥), let ¢,
denote the value of the image vector field of { at the point v € V. The
equivariance of the map R implies that

dR§, = $po)-
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Now, taking v = ¢,
L=e m=f and [{9],= -2f.
Thus
(R*w) (e, f) = w(dRe, dRf) = w(dR§,, dRn,) = -—(R (v), [& 'q]>
= —}{[&n]00) = —H(-2e} = 1,

proving the proposition.
Now assume that ¥ = C*/ as above. We have an injection «: u(k, /) >
8p(¥V) and a dual projection «: 8p(V)* — u(k, /)*. We have

Hy (v, 0)w = iv{w, v) = iv{iv, w} + v{v, w}
S0
(3.15) Hy (v, 0) =3[0, 0]+ 3 [iv, iv]g
Thus
(7®)H, (v, v)(§) = 3 {v, fv} + 3 {iv, iv} = i{fv, v) for & € u(k, 1)
since Re{{u, u) = 0 for any ¢ € u(k, /). We thus have
(3.16) 7®uH, (v, v) = 7R (v, v) + 7R (iv, iv) = Qp(v).

4. Reduction of the metaplectic representation. In this section, we use a
graded Lie algebra construction to obtain explicit realizations of the meta-
plectic representations p of the 2-sheeted cover Mp(m; R) of the symplectic
group Sp(m; R). In these realizations, we restrict p to the unitary groups
Uk, 1),k + | = m, proving

(i) the space of p is the discrete direct sum of the isotypic subspaces for the
circle group that is the center of U (k, /),

(ii) the representation » of U(k, /) on such a subspace is irreducible,

(iii) » remains irreducible when restricted to certain parabolic subgroups
and their maximal unimodular subgroups.

This extends results of Bargmann [2], Itzykson [9], and Mack and Todorov
[16]. 1t is related to work of Gross and Kunze [7] and Gelbart [6].

Fix an integer m > 0 and let ¥ denote R*” together with a nondegenerate
antisymmetric bilinear form {u,v}. This gives us the Heisenberg group
H,=H),

H(V)=V+R with(4,5)(0, 1) = (u + 0,5 + t + } {u, v}),
the real symplectic group Sp(m; R) = Sp(V),
Sp(V) = Aut(V) = { g € GL(2m; R): { gu, go} = {u, v}, all, v € R*"},

and the semidirect product obtained by viewing Sp(¥’) as all automorphisms
of H (V) that act trivially on R,
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Sp(V)-H(V) with(g,u,s)(h,v,1t)
= (gh, h='(u) + o, s+t +5{h ', o})
Their respectiVe Lie algebras are
b, =B(V) =V +R with [(45), (v, )] = (0, {1, v}),
8p(m; R) = 8p(V) = {¢ € gl2m; R): {§u, v} + {u, {0} = 0, all 4, v},

&p(V) + (V) with [(§ u,5), (n, 0, )] = ([& ], b0 — mu, {u, 0}).

Sp(m; R) = Sp(V) admits a unique two-sheeted covering group Mp(m;
R) = Mp(¥), called the metaplectic group, and so we also have the semidirect
product Mp(V) - H (V).

The equivalence classes [7] of irreducible unitary representations = of
H (V) fall into two classes. First, there are the unitary characters

x: (4, 5) > 7™ where f € V*,

which are trivial on the center R of H (V). Then, for 0 ¢ € R, one has a
class [7,] with nontrivial central character,
a,(u, 5) = e™m,(u, 0).

The =, are infinite dimensional, and evidently [,] is stable under the action
(of conjugation) of Sp(¥’). One tries to extend 7, to a unitary representation 7,
of Sp(V)- H(V) on the same Hilbert space: given g € Sp(V), (4, s) >
7,(g(u, s)g~") is equivalent to =,, so there is a unitary operator #,(g), unique
up to scalar multiple, such that 7,(g(u, s)g~") = #,(g)7,(u, )7,(g)~" for all
(u, s) € H(V). One knows [29] that the #,(g) cannot be normalized to give a
representation of Sp(¥)- H(V), but that they can be normalized to give a
representation—denote it by 7,—of Mp(V)- H (V). Now define (cf. [37]) the
metaplectic representation p, of Mp(V) by p, = 7|y The unitary equiva-

lence class [ p,] depends only on .

f
4.1. LEMMA. Metaplectic representation classes [p] =[] if and only if

tt' > 0, and [ pn_,)is the dual (contragredient) of [ ).

Proor. The multiplicative group R* has an action a by automorphisms on
Mp(V)-H(V): ay(§, 4, 8) = (8, bu, b%). Here =, ° &l = mp and
B © Qlspry = My SO @, gives an equivalence of p, and pyp. If #” > 0, then
¢ = b% forsome b > 0,50 [p] = [}
We see #* = w_, from a glance at central characters. Since 7 restricts to
7t on H (V) and p* on Sp(V), now [pf] = [p_,}.
In Theorem 4.23 below, we calculate that dy, sends a certain J,, o € 3p(V)
to an operator with discrete spectrum {i(d + m/2): 0 < d € Z}. Now
dp_y(J,n0) = dpt(J,,0) has discrete spectrum {—i(d + m/2): 0< d €Z},
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which is different, so [p_,]1 # [p,]. If ##/ < 0,say ¢ > 0 > ¢, now [p,] =[]
#[p] =[] QED.

Lemma 4.1 tells us that there are exactly two metaplectic representation
classes, [ p] = [ ;] and its dual [ p*] = [p_,].

We recall the Z,-graded Lie algebra that will give us an elementary explicit
construction of the metaplectic representations. We saw, in §3, that

4.2) u®ov > §, where2f, (w)={u,wlo+ {ov,w}u

maps V ® V to 8p(V), and in fact is a vector space isomorphism from the
symmetric tensors onto 8p(V). We defined a multiplication [ , ]; on the
vector space 8p(V) + V by

if §,n € 8p(V) then [£1]s =[&n] = & — né,
(43) iif¢€sp(V)andu € Vihen [§ u]g= —[u £]6 = &(u),
ifu,0 € Vthen [u,v]; = §,,.
Define JC to be the space of all holomorphic f: C™ — C such that [|f(z)?

exp(—|z[*) d\(z) < oo where |z]> = S7'|z;|* and A is Lebesgue measure on C™.
Then I( is a Hilbert space with inner product

(4.4) (&) = 77" [ £(2) 8C) exp(~ |2]") dA(2).

Given n = (n,, ..., n,) integral, denote n!=IIn,! and z" =z - - - 2/
usual. Then the functions

4.5) ¢ (z)=2z"/Vn!, n=(n,...,n,)with0< n, €Z,

form a complete orthonormal set in JC.
Since

as

0
o Lexp(— :) = 5o gewp(~ef) - f- g exp(~ )

for f, g € JC, integration by parts says (3/9z,)* = z,, multiplication by z,.

Fix a basis {p;,...,P,; 41,...,4,} of V with {p,, q,} = 8,. The
Bargmann-Fock realization of [«,] as a representation of H(¥) on IC is
given, on the Lie algebra level, by

. i d

dr: (0, 1) i, (P, )b — |z, — 5 )

“6) ' V2 a( )
@0 e G (v g

Define a map T on the graded Lie algebra 8p(V) + V by
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o T E) T (e )

£o b {T(W)T(v) + T(v)T(u)}.
Notice that T'(u) = iVi/2 dm(u, 0) for every u € V. We need this for the
proof of Theorem 4.10 below.
4.8. LEMMA. T is a graded Lie algebra representation.

ProoF. First, T[u, v]g = T%,, = [Tu, Tv]; for u, v in the odd part V" of
8p(V) + V. Now we claim that it suffices to prove T'(§(u)) = [T (§), T (v)] for
¢e€3sp(V) and u € V. For then T[{, u]l; = [T, Tu]; directly, and, since
8p(V) acts effectively on V,

[[T¢ Tal Tulg =[T& [Ta, Tu]] = [ Tn, [ TE Tu]]
=[T¢ Ta(w)] = [ Tn, T&(w)] = TE(n(w)) — Tn(Ew))
= T([£ 1)) =[T[& 1] Tu]g
shows T'([§, n]g) = [T§, Tnlg for & n € 8p(V).
To verify T (§(u)) = [T¢, Tu), we write out the last part of (4.7) in terms of
our basis of V. Setting uo = T'(§, ) this says

T d —32 A R |
Papb_ (gph) 32,0z, —2Z 3z, zbaza Za%p ab |

(4'9) P9 = T(gp,,,q,,) %( -2, _zl; +zb a_Za - zazb)’

qa qb T (g% A )

i_2? d 3
5( 92,0, +za-éz +2z, %, +2z,2, + 8ab).

Now
[ 755 Tp] = 2\/_'_[ am, azb zb-a%: +2,2, = 82, + %]
=0=T(0) = T(4,,,(r))
[EEI»T‘L]="£ i[a—z—zi i-l-zazb—sab,z +_8_]

2V2 | 92,0z, ““%z %, A ?
=4, T(Pb) + 6br:T(pa) = T(gpn,p,, (qc))’
/— i 3 _ _a
[7a Tp.] = 2 [ 32,0z, Za az,, ta o 0z, Za%p 2 0z, ]

= =8.T(p,) =T (%, (P.)) etc.
gives the required verification. Q.E.D.
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4.10. THEOREM. The metaplectic representation class [ p] is given, on the Lie
algebra level, by du = T|y,, as in (4.9).

Proor. Following (49) and Lemma 48, T|,,, is a Lie algebra
homomorphism whose image consists of operators on I that are essentially
skew adjoint from the dense domain J(° = {finite linear combinations of the
z"). If ¢ € sp(V) and p € V then, on I°, with ¢ = (iVi/2)™},

[T¢ dmy(u,5)] =[T& cT(u) — is] = [ T, Tu] = cT(¢(u))

= dm (&, 0) =[du(§), dmy(u, 5)].

As a, is irreducible and J(° is a domain of essential skew adjointness for the
image of du, now Ty, — du is a linear map sp(V) - C, and so T(§) =
du(®) on IC for every & € [sp(V), sp(V)] = sp(V). Closing the operators, the
assertion follows. Q.E.D.

We use Theorem 4.10 and the explicit formulas (4.9) to see

du(§,, +850) = ( +z,, aa +8,,,,)
(4.11)
W ~ &na) = 2 az ~Z Fi;
(G~ tun) = ~1{ 55 +53),
4.12) a™b

d 2
dy‘(émqb + btqa) = azaazb —zazb'

Fix a decomposition k + I = m, k and / nonnegative integers, and define a
closed subspace of IC for every integer d:

k k+1
(4.13) 3(,: closed span of the ,(z) = z,/Vn! with X, n,— > n,=

1 k+1
Then we have

4.14.LeMMA. Let 3}’ be a closed subspace of IC stable under the operators
(4.11) for a < b < k and for k < a < b, and stable under the operators (4.12)
Jora < k < b. Then I’ is the closed span of some of the spaces I, of (4.13).

PrOOF. Taking @ = b in (4.11), 3’ N I’ is stable under the z,(9/9z,)
2" > n,z" so X’ is the closed span of some monomials ¢,(z) = z"/Vn! .
Now fix ¢, € I’ n K, and let ¢, € I(,. By hypothesis and (4.12), I’ is
stable under all 92/9z,0z, and all 2,2, fora < k < b.Setr =3k n, — Sk .
If r > 0 we apply r of these 3%/09z,0z, to ¢,, and if » < 0 we apply |r| of
these z,2, to @,, sending @, to @,» € I’ N I, with ¥ n? = 3X n’. Thus we
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may assume ZX n, = 3k n/, and so also 37,, n. = 27, n’. By hypothesis
and (4.11) with a < b < k, we may apply z,(9/9z,) and z,(9/9z,) repeatedly
to ¢, sending it to ¢,. with n!’ = n/ for ¢ < k. Now we may assume n, = n,
for ¢ < k, and by the same argument we may also assume n, = n_ for ¢ > k.
Q.E.D.

In a trivial way, Lemma 4.14 gives us the standard

4.15. COROLLARY. The metaplectic representation  is the direct sum p* @
B~ of two irreducible representations, where the corresponding subspaces of I
are IC* : closed span of the z" with |n| = T n, even and 3™ : closed span of the
z" with |n| odd.

Proor. The spaces IC*, defined in the statement, are closed and mutually
orthogonal by (4.5) and invariant by (4.9) and Theorem 4.10. Takinga = b in
(4.11), every closed invariant subspace is spanned by monomials z”. Now let
z" and z" belong to the same J(*, that is |n| = |n’| mod 2. Using (4.12), we
apply operators z,z, to z" if |n| < ||, to z" if |n| > |n’|, and so may assume
|n| = |n’|. Now the assertion follows from the case k = 0 of Lemma 4.14.
QE.D.

Our fixed k + / = m gives ¥V = (R?, { , }) the structure of C* with
complex structure

@.16) JerPab> —q, > —p, forl <a<k,
gt —p, fork+1<b<k+]

and hermitian scalar product

4.17) (uy o) = {u, Jy (v)} + i{u, v} foru,0 € V.

Notice that

k+1

“18) g, = % { é(‘spmpa t&a) kgl (W g‘lb»%)} € 8p(V).

We obtain U (k, I) as the Sp(¥)-centralizer of J; ;, and so
(4.19) u(k,I) = {§ €8p(V): [£ Ji,] =0}
Now let us be explicit about (4.19):
4.20. LEMMA. u(k, [) has basis consisting of the §, , + &, ., (a < b < k and

k<a<b)thet,b —& (@<k<b)thef  —§ , (@<b<kand
k<a<b)andthe§, , +§,,  (a<k<b).

PrOOF. One verifies directly that J, , commutes with each of the m? linearly
independent elements of 8p(¥) listed in the lemma. As dim u(k, /) = m?, this
proves the assertion. Q.E.D.

We are going to reduce the metaplectic representation p to
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(4.21) MU (k, 1): inverse image of U (k, I') by Mp(m; R) — Sp(m; R).

A glance at compact Cartan subgroups shows that the “meta-unitary” groups
MU(k, /) are connected, 0 | s,y does not factor through U(k, /) since p
does not factor through Sp(m; R). Nevertheless one knows [39, Proposition
4.16] that o, extends to a representation of U(k, /) H(V) on JC. From this,

(4.22) v = det/? ® (| yy.) factors through U (k, 1),
and we will speak of » as a unitary representation of U (k, /).

4.23 THEOREM. The space I, of (4.13) is the i(d + (k — I)/2) eigenspace of
du(Jy,) and the i(d + k) eigenspace of dv(J,,). It is invariant under

p(MU (k, 1)) and v(U((k, 1)), which are irreducible on it. In particular, v =

3 ezVs discrete direct sum, where v, is the irreducible unitary representation of
U(k, 1) on 3,.

PROOF. As in (4.18), a complex diagonal matrix

ix,
ix,,
in u(k, 1) corresponds to
1 & 1 k!
2 ? Xa(Soon + $00) ~ 2 kgl %o * b0 )

and the case a = b of (4.11) shows that its du-image is

k k+1
. d 1 d 1
'{El:x“(z"a—z‘,-i-f)_ E: x,,(zba—zb+§)}.

k+1
Now, by (4.22), the dv-image is

(& 3 k+1 3
1[2 xa(za-a—z; + l) —-kgl xb(z,,-éz—b )}
In particular,
& 3 kx4
av(Jy,) = l[; zaa—Za- —kgl zba—zb +k}
and
Ap(Jis) = dv(Jiy) — im/2.

This gives the eigenspace assertions. Stability is immediate, and irreducibility
follows from Lemmas 4.14 and 4.20. Q.E.D.

The duals p* and »* are representations on the conjugate Hilbert space ‘j-C,
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so Theorem 4.23 gives us

4.23.* TaEOREM. J(, is the —i(d + (k — 1)/2) eigenspace of du*(J,;) and
the —i(d + k) eigenspace of dv*(J, ), and v* represents U(k, I) on J, by the
irreducible representation v}.

At this point we pause to record the action of dv:
dv(£) is equal to du(£) in (4.11) and (4.12), except for
(4.24) dv(¢,, +4.0) =2i(2,(3/092,) + 1) fora <k,
= 2i2,(9/03z,) fork <a.

Recall the correspondence (3.7) between nonzero totally isotropic sub-
spaces E C C* and maximal parabolic subgroups Py C U(k, /). We now are
going to show that v, and v} remain irreducible on restriction to Pg-and even
to its maximal unimodular subgroup Pz when dimcE > 1. The idea is to
adapt Kobayashi’s reproducing kernel argument [14] to the “nearly transi-
tive” situation provided by Proposition 3.8. The kernels are given by the
elementary

4.25. LEeMMA. Let K’ be a closed subspace of IC. If {{,} e is a complete
orthonormal set in 3C', then E < 4 ¥, (z)m converges absolutely, uniformly on
compact sets, to a function K'(z, {) on C™ X C™ that is independent of choice of
(Yo} aeca- K'(2, $) is holomorphic in z and antiholomorphic in §, and if f € 3
then

(4.26) 7@ =77 [ K@ )@ )ep(= KF) M)
is its orthogonal projection to 3C'.

PROOF. If 9(’ = IC we recall that the ¢,(z) = z"/Vn! form a complete
orthonormal set, and we calculate

(#6)" - - (2nd)

IACTAGIES n!
- m - N = Pm
|21§1| |22§z‘ |zm§m|
—n|2>0 n,! ngo n,! n,..2>0 n,!

= elzlfllelzzle .« e elszm|= elzlfll 4o + lszml.

Thus 2, ¢,(2)9,(¢) converges absolutely, uniformly on compacta, to a
function K(z, {) that is holomorphic in z and antiholomorphic in {. If
{3} gep is another complete orthonormal set, we expand Y3 = 2, 5,9, t0
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see that 35 ¢ pYp(2)Y({) converges absolutely, uniformly on compacta, to
K(z, ). Finally, if f € JC then

7" [K(x ) S@)exp(~ () dME) = S (s a)octa(2) = S (2).

In the general case, increase {y,},e4 to a complete orthonormal set
{¥p} pes in J. Then

2 @%@ < 2 Wa(2)¥@)|
a€A BEB

gives the required convergence, and everything else follows as in the case
X'=3. QED.

Now we come to

4.27. THEOREM. Let P; be the maximal parabolic subgroup of U(k, 1)
corresponding to a nonzero totally isotropic subspace E C C*, and let P, denote
its maximal unimodular subgroup. Then v,|p_and v}|p_are irreducible, and if
dimcE > 1 then, further, v,| p, and v}| p, are irreducible.

PROOF. Let B be a closed subgroup of U(k, /) and suppose that 30, = I(;
@ I(;, orthogonal direct sum of closed »,(B)-invariant subspaces. Then the
corresponding kernel functions of Lemma 4.25 satisfy K,(z, {) = Kj(z, §) +
K;j(z,{), and all three are invariant under the action »,® v} of B on

Now suppose that, for r real, B has a dense open orbit on S, = {u € C":
u # 0 and ||u||> = r}. For z in that dense open orbit, K;(z, z) is a constant
multiple of K,(z, z). Since the kernels are real analytic, we now have a real
analytic function ¢: R— [0, 1] such that K}(z, z) = c(||z|[)K,(z, z) for all
z € C™. We conclude that K}(z, z) is invariant under (v; ® »})(U(k, I)).

As K(z, $) is holomorphic in z and antiholomorphic in §, it is determined
by its restriction K}(z, z) to the diagonal of C” X C”, and thus also is
(v ® ¥H)(U(k, I))-invariant. Now the range J(; of the corresponding opera-
tor (4.26) is »,(U (k, /))-invariant. As », is irreducible we conclude that J(; is
0 or 3C,. This proves irreducibility of »,| 5, and thus also of (v,| )* = v}| 5.

In Proposition 3.8, we noted that the transitivity required of B always is
satisfied by Pg, and is satisfied by Pz when dimcE > 1. Q.E.D.

4.28. REMARKS. As is clear from the proof of Theorem 4.27, we have
irreducibility of »,|, and »}|; whenever B enjoys the appropriate “nearly
transitive” conditions on the S, or the corresponding coadjoint orbits.

If k = [ = 1, then Py is commutative, 50 7,| 5, and v p, are reducible. This
suggests that »,|, and »f|p, may reduce whenever dimcE = 1, in particular,
whenever min(k, /) = 1. That is also suggested by the lack of near transitivity
in these cases.
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In the case k = / = 2 when we take Pj to be the Poincaré group (cf. [4])
these representations are exactly the representations corresponding to relati-
vistic elementary particles of mass zero and varying spins.

More generally, if B acts essentially transitively on S, then the open orbit
on S, corresponds to an open subset of an orbit in u(k, /)* which is a
symplectic homogeneous space for B and, in fact, corresponds to an orbit of
B acting on b* where b is the Lie algebra of B. If B is a semidirect product of
a linear group L with a vector group R’, then the orbits of B on b* have a
simple description in terms of the Mackey-Wigner “little group” construction.
In particular, an orbit, 9, of B acting on b* is fibered over an orbit, O, of L
acting on (R°)* and, for each such orbit, corresponds to an orbit of L, acting
on [, where L, is the isotropy subgroup of a point a € O and [, is its Lie
algebra. Let us call the corresponding orbit in [} the “little orbit”. According
to Mackey’s theorem [17], every irreducible unitary representation of B is
induced from a representation (p, x,) of some L,- R’, where p is an irre-
ducible representation of L, and ¥, is the character on R® given by the
infinitesimal character a, extended to L,- R’ as in [39]. According to
Rawnsley [24], some invariant polarizations on 9 come from polarizations
on the little orbit invariant under L,. Furthermore, in case the little orbit has
an invariant polarization which then gives rise to a unitary representation of
L,, then the Mackey induced representation is obtained by quantizing relative
to the associated polarization of 91. One would expect that in this way the
labelling of the irreducible representation, »,5, is completely determined by
the orbit description of §3. We shall return to this point in Part II.

In general, let 7 be an irreducible unitary representation of a Lie group G
and H a closed subgroup of G such that «|, is of type I. If = is associated to
a coadjoint orbit O c g* by the Kostant-Kirillov orbit method, then the
transitivity properties of H on € should be reflected in the decomposition of
7|y into irreducible representations. This is supported by work of Pukanszky
[21], [22] and Vergne [33] on exponential solvable groups, and by Kobayashi’s
reproducing kernel arguments [14], [15] interpreted as applying to the case of
a totally complex polarization; and the use of Proposition 3.8 in our proof of
Theorem 4.27 is a striking example. That example takes an interesting form
when we consider the algebraic reducibility properties of a parabolic subal-
gebra by C u(k, /) and its subalgebra p on the dense subspace

9 = {polynomials in I(,} = { U (k) X U (!)-finite vectors in I(,}

of vectors finite under the maximal compact subgroup, and we describe this
situation in an Appendix at the end of this paper. In that Appendix we shall
see that the lower dimensional orbits of P; and Pg are reflected in the
existence of invariant subspaces of I under dv(pg) or dv(py). These
subspaces are all of finite codimension and are dense in ¥, and so do not
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have any effect on the unitary irreducibility.

5. Structure of the representations. In this section we look at the relation
between the representations », and »} of U(k, /), and the associated bounded
symmetric domain of k& X / matrices. First, we analyze the restriction of », to
the maximal compact subgroup U(k) X U(/), and use that information to
prove that », and »} are discrete series representations only in restricted
circumstances. Then we recall the extended holomorphic discrete series of
Wallach, Rossi and Vergne, and discuss it in terms of lowest highest weight.
As a result, we show that »} belongs to this extended holomorphic discrete
series in the cases where one expects it to occur on a holomorphic line
bundle, but an example shows that this is not the case in general.

We start by examining the restriction of », from U(k, /) to the maximal
compact subgroup U (k) X U(/). Denote

ko i
(5.1 I, ;: span of the ,(z) = z"/Vn! withr =) n,ands =3, n,,,.
1 1

So Scd = zr—.t-d %r,s’ Set
8, =3(&,, +4.,) for1<a<kd,,

== %(£Pk+d’k+b + £%¢b4k+b) forl < b < 1’
and denote

t: Cartan subalgebra of u(k, /) spanned by the g

The correspondence with matrices is

ix,
m
©2 %59
ix,,

and so we have a simple root system

m
5.2 o ... =¢ — =
(52) o- —0  whereq; = ¢ — g, 6| 2 x. 8, | = ix,

1

Here o, is the noncompact simple root, and the compact simple root system is

a) Q-1 Qy— X+ 1-1
-+ o0®o -+ -0 .

5.3. LEMMA. The spaces X, (r — s = d) are stable under v,(U (k) X U(1)),
and v,(U (k) X U(1)) acts irreducibly on I, by the representation of highest
weight k + re, — se, if kI >0,k + re if | =0, —se,, if k =0, where k = ¢,
+ -+
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PROOF. dv(S7 %,8) = i{S x,(2,(3/32) + 1) — St} x,(2,(3/2,))}
multiplies @,(z) = z"/Vn! by i{Zk x,(n, + 1) — =&+ x,n,}. Invariance is
clear as in Lemma 4.20, and the method of Lemma 4.14 proves that U (k) X
U(l) is irreducible on J( ;. So now U(k) X U(!) acts on I, by the
irreducible representation with weight system

k k+1 k+1
[E(na+l)s D Mgy En =rand ) n,,-s}
k+1 k+1
The highest weight is the one to which no root a;, j # k, can be added to give
another weight, and that is re; — s¢,, + k. Q.E. D
Now we start to locate the series of »,:

5.4. THEOREM. The representation v, belongs to the discrete series of U(k, )
ifandonly ifkl =0,k = 1andd > l,orl = 1 and —d > k.

ProoF. Suppose that », is a discrete series representation of U(k, /). Then,
for some A € it* with (A, a) # 0 for every root a, v, is equivalent to the
discrete series representation m,. Let =* and Z% denote the positive root
systems for U(k,/) and U(k) X U(/) described just before Lemma 5.3.
Define new positive root systems

* = {rootsa: (\,a) >0} and Ag = {a € A*: a compact}.

Let Wy denote the Weyl group for U(k) X U(l). Then =, specifies A only
modulo the action of Wy, and some w € W carries A to ZF, so we may
suppose A = Z¥. Now Lemma 5.3 applies to 7| yuyx vy

W. Schmidt [28, Theorem 1.3] characterized =, as the unique irreducible
unitary representation 7 of U(k, /), such that @],y xyq(a) contains the
irreducible representation of U (k) X U (/) with highest weight

A—20} +p* where2p} = > aand2p*= > B,
aEAR BeAat

and (b) does not contain any irreducible representation of U (k) X U (/) with
highest weight of the form A — 2p} + p* — A, where A4 is a nontrivial sum
from A*. Using m, =~ v, Lemma 5.3, and a; + -+ + + a,,_; = &, — &, We
conclude that

A=x+de +20) —p ifd>0A=k+de, +20%—p* ifd<0,

and that @, + + - - + a,,_, € A*. Here note that A} = =} implies 2o} =
Sk +1- 2!)81 S+ 1 =2 - K)e
Suppose o, € A*. Then A* =Z3*, In the normalization ||g|> =1 we
compute

ANoy=dy,—m+2 ifd >0,=—-db,y,, —m+2ifd <0.
Then (A, ;) > 0 gives us:
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either k=1 and d>m—-1=1, or I=1 and -d>m-1=k
Conversely, if those conditions hold then =* is the positive root system
defined by A = « + (de, or dt,) + 2o} — p* and », is the discrete series
representation , as seen by its U (k) X U (/) restriction.

Now suppose o, & A*. Define a < k and ¢ > 0 by the conditions —(a,
+-- +ak+c)EA+’ _(aa—l +-- +ak+c)$A+’ _(aa L
Qi ycr1) & A*. Then the set A* \ Af of positive noncompact roots is

(@ (O ) (O e
(et F g (ot Gen)s
« o ;(al 4+ o0 4 am_l).

Thus the A*-simple roots are

compact simple: ap, ..., @55 Qg oo vy O3 Opps « « o s Oppcs
e coes Oy ys
noncompact simple: —(a, + -« + ), 0y + -+ oo,

) L O ot
where impossible indices mean that the root does not occur. Now compute

<2Pl)é’ —(ag+ - + ak+c)) = <2PK’ —g t ek+c+l>
=k+1-2(k+c—a+]l),
<2p17é’ 0 LR ak+c> = <2pK’ €a—1— £k+c+l>
=—(k+1)+2(k+c—a+2),
<2pl)}’ a, +---+ ak+c+l> = <2PK’ & — ek+r:+2>
=—(k+1)+2(k+c—a+2).
Write re; — se,, for the lowest highest weight de, or de,,. Using {p*, simple
root) = 1, now
(i) <A’ _(aa + A + ak+c)> = - 8‘,’1)' - 8‘._”,,.5' + m — 2(k + c—a +
2),

(ii) <A,a -1 + - 4+ ak+c> = 8 _l'|r+ 8c+1’,s - m +2(k +c—a +2),
(iii) <A, a, +-.--+ ak+c+l> = Sa,lr + 8c+2’1s -m+ 2(k +c—a+ 2).
Of course, here the second equation occurs only if @ > 1, and the third only if
c<l!-l;anda;+ - + a,_, EA* says that eithera>lorc </ -1

or both.
If @ > 2 the right-hand sides of (i) and (ii) both are positive with sum zero;
s0 1 < a <2 If ¢ <I!—2 the right-hand sides of (i) and (iii) are positive

with sum zero; so/ — 2 < ¢ < / — 1. Now there are three cases: (a, ¢) = (2, /
-2),@2,/—-1Nor(1l,7-2).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



30 HERMITIAN LIE ALGEBRAS

If (a,c)=@2,]—2),thenk+c—a+1=m—4, and (i), (i) and (iii)
say: —m+4>0,s+m—4>0,r+m—4>0.Sincer =0ors =0, this
is impossible.

If (a,0)=Q@Q, /-1 or (1,/—2),thenk+c—a+2=m-—1, and (i)
saysm + s < 2orm + r < 2, in particular m < 2. Thenm =1 and k/ = 0,
which was excluded. Q.E.D.

In general, », and v} will be “close” to the discrete series, but for this we
need some machinery.

Our group U(k, /) acts by automorphisms on the bounded symmetric
domain

) = &, , = {k X I complex matrices Z: I — Z*Z >> 0}
as linear fractional transformations

C D
Similarly, the universal covering group p: G— U(k,[) acts by g: Z >
p(8)(Z). The respective isotropy subgroups at 0 are
U(k)x U(l)c U(k,1) and K=p"{U(k) xU(l)}cG.
Since the actions are transitive, this gives coset space representations
Uk D/UK)X U(I)=D = G/K.

Here the holomorphic tangent space to D at 0 corresponds to the sum of the
positive noncompact root spaces of the positive root system Z* of (5.2).

Let 7, denote the irreducible unitary representation of K whose highest
weight relative to =7 is y. There is an associated G-homogeneous hermitian
holomorphic vector bundle E, — D, and it gives us a Hilbert space

Uk, 1) 3 (A B): Z > (AZ + B)(CZ + D)™\

(5.52) IC(E,): L, holomorphic sections of E, — .
One knows [8] that
(5.5b) H(E)#0=(y+pa+ - + a,_ ) <0

The natural action of G on J((E,) is an irreducible unitary representation,
specifically the relative discrete series representation =, ,. The repre-
sentations so obtained for G form the holomorphic relative discrete series, and
their duals form the antiholomorphic relative discrete series. The ones that
factor through U (k, /)-for the r, that factor through U (k) X U(/)-form the
holomorphic and antiholomorphic discrete series of U (k, /).

Suppose that A* is any positive root system of u(k, /)¢ relative to its
diagonal Cartan subalgebra, and that = is any irreducible unitary represen-
tation of G. We will say that «|, has lowest highest weight y relative to A™ if
7| x has a subrepresentation 7, of highest weight y relative to Az, but 7| x does
not have a subrepresentation r,_ , where 4 is a nontrivial sum from A*. The
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proof of Theorem 5.4 was based on W. Schmid’s characterization of discrete
series representations by lowest highest weight. Now let us see how this
applies to »,, »J, and holomorphic and antiholomorphic discrete series. We
denote positive root systems by

Zt=3¢u ZG x: defined by the simple root system (5.2),

St=3tu EG /K w1th simple system

{1y 0, =277 Qjy Qpygs v v Oy}
Then we have, by an elementary calculation with roots and weights,

5.6. PROPOSITION. The representation v, has lowest highest weight relative to
S*sitis(recallk =, + - - - + &)

(5.7a) Yu=deg+k ifd >0,=de,+k ifd<0.

Similarly, v} has lowest highest weight relative to =+, given by
(5.7b) Yi=—-dg —«k ifd >0,=—dg,,—«k ifd<O.

On the other hand, if E,— D satisfies (5.5b), then the corresponding
holomorphic relative discrete series representation .., (p for %) has lowest
highest weight vy relative to =*, and the correspondmg antiholomorphic discrete
series representation

* p— *
Tyt = T—(v+p) = Ty*—200—pg) +p> Tye = (71) ’

has lowest highest weight y* relative to =*.

In applying Proposition 5.6 and a certain extension of it, we will need a
technical result.

5.8. THEOREM. Let 7 and 7' be irreducible unitary representations of G. If |
and 7’| ¢ have the same lowest highest weight relative to Z*, or have the same
lowest highest weight relative to 2%, then they are unitarily equivalent.

REMARK. As the proof will show, Theorem 5.8 holds whenever G is a
reductive Lie group. Ad(g): gc— g¢ is an inner automorphism of g for
every g € G, and X is the Adg'-image of a maximal compact subgroup of
the adjoint group. Further, here the sum A from the definition of lowest
highest weight need only consist of any noncompact root in * or Z*.

An immediate consequence of Proposition 5.6 and Theorem 5.8, which one
expects from the proof of Theorem 5.4, is

5.9. CoROLLARY. The discrete series representations vy of U(1,1),d > I, and
of U(k, 1), d < — k, belong to the antiholomorphic discrete series.

The proof of Theorem 5.8 uses the “factor of automorphy” that trivializes
the holomorphic bundles E, — 9. After proving Theorem 5.8, we will use
this factor of automorphy to describe an extension of the holomorphic and
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antiholomorphic discrete series, and then will turn to the corresponding
extension of Corollary 5.9.

U(k, 1) has complexification GL(m; C), m = k + I. In gl(m; C), let p,
and p_ denote the respective sums of the positive and negative noncompact
root spaces for =*. Thus

exp(p,) =P, = {(é II;) Bisk X lcomplex},

exp(p_)=P_= {(é ?) Cisl X kcomplex}.

There is a well-defined map
k: U(k, 1) {U(k) X U(l)}.= GL(k; C) X GL(I; C)
by: g€P,x(g) P_.
Under the coverings p: G— U(k, ) and p: Kc— GL(k; C) X GL(/; ©) it
lifts to a map
&: G— K suchthatp(g) € P, -p(k(g))- P-.

Let E, denote the representation space of ,, and extend 7, to a holomorphic
representation of K¢ on E,. The factor of automorphy is

(5.10) ®,: G—>GL(E,) defined by @,(g) = 7,((g)).

Its main properties are given by

5.11. LemMA (Tirao [31]). @, is the unique continuously differentiable
Junction ®: G — GL(E,) such that (i) ®(1) = 1, identity transformation of E,,
(i) D(k, gky) = 7,(k)): ®(g) 7,(ky) for g € G and k; € K, (iii) §@P) = 0 for
all ¢ €p.

Now we can prove

5.12. LEMMA. Let w be an irreducible unitary representation of G, say on I,
such that 7| has an irreducible subrepresentation . relative to 2, but does not
have a subrepresentation 7,_, for any noncompact root a € T*. Then u|y
contains T, with multiplicity 1, and dw(p_) annihilates the 7 -isotypic subspace
E c X. Further, if pg: 30 — E denotes orthogonal projection, and ®,: G —
GL(E) as in (5.10), then ®,(g) = pg- 7(8)|z and <I>7(g") = ® (g)* for all
g EG.

Proor. If dn(p_) - E # 0, let a be minimal among the noncompact positive
roots such that dw(§)- E # 0 where £ € gc®. Fix § and let B be maximal
among the weights of 7, such that E contains a B-weight vector w with
dn(§)-w # 0.Fixw. If 0 € = and 5 € g then
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dn[n,£]-w=0 by minimalityof e anda — 0 < a,
and
dn(§)-dw(n)-w=0 by maximalityof Sand 8+ ¢ > B,
dn(n)-dn(§)-w=dn[n,£]-w+ dn(§) - dr(n)-w=0.
In other words, dn(§)-w is a highest weight vector for a representation,
necessarily ,_,, in 7| . That contradicts the hypothesis on 7,. We conclude
thatdr(p_)- E = 0.

Since gc = b, + Ic + p_, its universal enveloping algebra has
factorization U(ge) = U(p,)- U()- U(_). Now, if E’ is any #(K)-
invariant subspace of E,

W =dr(U(ac))- E' = dr(U(p,))- E".
If Z€ U(p,) is a monomial of positive degree then dn(Z)- E’ cannot
contain a y-weight vector. We conclude E’ = E. Now 7|y contains 7, with
multiplicity 1.

Define ®: G — GL(E) by ®(g) = pg - 7(g)|g- Then @ is real analytic,

®(1) = I, and for g € G and k; € K one has
D(ky gky) = pe- (k) m(8) " 7(1y)lk
= ‘”(kl) *PE* "T(g)IE : 7’("2)'5 = Ty(kl) * @(g) * 'ry(kZ)'
Further, if £ € p_, then §(®@)(g) = pg* 7(g) - dr(§)|z = 0, so §(®) = 0. Now
® = @ by Lemma 5.11. We can write this as

®,(8) =pp 7(8)|e = {Pc*7(8) Pc)|, forg €G.
Since # is unitary now the adjoint is given on E by
D,(8)* =pt-7(8)* Pt =pc 7(87") P =P (g7")
That completes the proof of Lemma 5.12. Q.E.D.
Now let us go back and prove Theorem 5.8. Suppose that 7|, and #’|
have the same lowest highest weight, say v, relative to =*. Let I and 3’ be
their respective representation spaces, E C I and E’ C 3’ the 7, -isotypic

subspaces, f: E— E’ a K-equivariant isometry, v € E and v’ = f(v) highest
weight vectors of length 1. For finite sums we compute

| S am(ayel, = Sag(n(g7'8)o o),
=265(®,(g 'g)v, ), by Lemma 5.12 for v
= cc (087 's)0’, v’)E, under f: E — E’

=3 q5(m (g '8)0, v'),, byLemma5.12 for #

2
= " 2 ¢ (&)o' " %"

SO
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In other words, S¢;7(g)v > Zcn'(g)v’ is an isometry from the dense
subspace {finite linear combinations of the 7(g)v, g € G} of I onto the
corresponding dense subspace of J(’. Clearly G-equivariant, it extends by
continuity to a unitary equivalence of 7 with #’.

We have proved Theorem 5.8 for representations with the same lowest
highest weight relative to =*. Now suppose that 7 and =’ are irreducible with
the same lowest highest weight y relative to =*. Then 7* and #'* have the
same lowest highest weight y*, 7. = (7,)*, relative to =%, so they are
equivalent, and it follows that = and a’ are equivalent. This completes the
proof of Theorem 5.8. Q.E.D.

The total space of E, > G/K = is E, = G XxE,, consisting of all
classes [g, v] = {(gk, 7,(k)"'v) € G X E,: k € K}, with projection [g, v]
> g(0) € 9. An explicit holomorphic trivialization is given by
(5.13) E, >[gv]o(Z,0(8)0) EDXE, Z=g(0).

See Tirao [31] for a proof. As usual we identify a section s: g(0) > [g, ¢(g)]
with the function @: G — E,, which satisfies ¢(gk) = 7,(k)™' - ¢(g). In view
of Lemma 5.11, the section goes over to a well-defined function

D -E byf(Z)=2,(8) 9(g) Z=g(0),

and f is holomorphic if and only if the section is holomorphic. Furthermore,
the section s has global square norm

I = [, Jo(@lz 4 = [ 28" S (5O, 4(K)
so JC(E,) is carried to the Hilbert space
X(D; E,) = {f: ¢) — E, holomorphic:

(5.14)
[, doter e dsk) < .

The nontriviality condition (5.5b) for JC(E,) is also the nontriviality
condition for JC(%D; E,), and one knows [8], [31] that it is equivalent to the
condition that J((D; E,) contain the constant functions f,: Z > v, v € E,.
The section corresponding to f, is ¢,: g > @ (g)‘l - v, and [8] [31]

Ifellseco; E)= "q’v"s)c(x«:)_ c-dim E, -|&(y + p)| |”||E
where ¢ > 0 depends only on normalizations of Haar measure and
il (y+p @)
aESH <P > a>
Given ¢ € J((E,), its projection to the lowest highest K-weight space is ¢,

a(y +p) =
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u = @(1). So the above formula gives us

(5.15) (P Pdogqe,y = ¢ dim E, - [a(y + p)] " (@(1), o).

Write 7 for the action of G on J((E,): [7(x)9](g) = (x~'g). Choose a highest
weight vector v, € E,, ||v,|| = 1, and define

(5.16) %:G—>C byy,(g) = (v, d(g)"" v,,)Ey.

Set ¢ =c-dimE,- |&(y + p)|~' for the moment. Then (5.15) gives us

(T(8)Po, > Po V3 = P> T(87 NP D3k, = €'<0ys [7(87 NP S D),
= c’<vy’ (poy(g)>E,’ = c’<vy9 ¢y(g)_lvy>E1 = c’\l/y(g)'
Now
. - -1
G171 (T(&)P%) P )oey = ¢ dim Ey |3y +0)| - ¥(8)-
(5.17) is the starting point for Rossi and Vergne in their extension [25] of

the holomorphic discrete series. Denote

(5.18) £(E,): finite linear combinations of the vr(g)q),,y, gEG.

It is dense in JC(E,) because = is irreducible, and (5.17) says that the norm on
£(E,) is given by

(5.19) “20‘"(&)%“;@) = c-dim E, -[a(y +p)| " Sy (57'%).

Now they drop the ¢ - dim E, - |&(y + p)| ! factor:

5.20 LemMA. (Rosst AND VERGNE [25]). Do not assume the nontriviality
condition (5.5b); instead make the weaker assumption that Y, (of (5.16)) is of
positive type: 2.y ¢ (g~ g) > 0 whenever {c,,...,c,} CC and
{85...,8,) CGwithn > 0. Then E(E ) (of (5.18)) is a pre-HzIbert space
with (Sam (%)@, » Zb7(y)P, > = Zbatlz(yj" ). Its completion }'(E,) is a
Hilbert space of holomorphic sections of E, on which the natural action of Gis
an irreducible unitary representation w'. If (5.5b) holds, then JC'(E,) = J(E,)
and 7' is the corresponding relative holomorphic discrete series representation.

PROOF. Usmg (5.16), <(m()9%, B Ve = Y (8) = <0, B,(&) 0, =
(@,(27Y) "0, 0,0, = (7(8)9, ), 0,7, Now, by linearity,

(5.21) <(p, %v>e(m:) = {p(1), v >£ for every ¢ € £(E,).

If |p|lee,) = O then, taking left translates, (5.21) says @ has all values 1 v,, so
=0 by irreducibility of 7,. Now £(E,) is a pre-Hilbert space. Also from
5.21), o > o(g) is contmuous on B(E ), hence also on JC'(E,), and so
JC'(E,) consists of holomorphic sections of E,. The remaining details are
routine. Q.E.D.
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The unitary representations =’ of G on J('(E,), of Lemma 5.20, constitute
the extension (“analytic continuation”) of the holomorphic discrete series due
to Wallach ([34], [35], [36]) and Rossi and Vergne [25], [26].

5.22. LeMMA. Let «’' be an extended holomorphic relative discrete series

representation of G on 3C'(E,). Then w'| x has lowest highest weight v relative to
>+,

PROOF. 7 acts on E] = {@,: v € E,} C J'(E,) by 7,, and if £ € p,. then
dn'(§)- E; = 0 directly from the definitions of ®, and ¢,(g) = @,(g)“o.

QE.D.

Recall from Proposition 5.6 that »} has lowest highest weight yJ = — dg,
-k if d>0, = —dg,,—« if d<0, relative to Z*, where k = ¢,
+-:- +g.

5.23. THEOREM. v} is an extended holomorphic discrete series representation
of U(k, 1) if and only if the function {,, of (5.16) is of positive type, and in that
case v} is the representation of U (k, I) on J('(E,,).

In particular, in all the line bundle cases (d =0, or d >0 and k =1, or
d < 0andl = 1) v} is an extended holomorphic discrete series representation of
U(k, ).

Proor. If »} is equivalent to an extended holomorphic discrete series
representation, say on JC'(E,), then y = y} by Lemma 5.22, so y,, is of
positive type. If y,, is of positive type and =’ denotes the representation of
U(k, 1) on JC'(E,), then »} is equivalent to 7" by Lemma 5.22 and Theorem
5.8.

fd=0theny}=—k=—(g,+ - +g)hsolyf,a;+ - +a,_
= —1. It follows [26, Theorem 4.7] that v, is of positive type.

If k=1and d > 0, then vy} = —(d + 1)¢,, and a result of Wallach [34],
[35] announced in [36, §4] ensures that ¢, is of positive type. If / =1 and
d < 0 we tensor »¥ by detd!, replacing y¥ by (d — 1)¢,, and again use
Wallach’s result. Q.E.D.

Let us look at the case d > 0 in U(2, 1). Here v} = (g, + &) — dey, 50
{v¥, @, = d and {y}, @) = 1 — d. Then Wallach’s [36, Theorem 4.1] shows
that »¥ does not belong to the extended holomorphic discrete series.

Finally let us note that », and »} always are realized on some spaces of
sections of a holomorphic vector bundle over 9. For if « is an irreducible
unitary representation of G, say on J(, and 7 is its lowest highest weight as in
Theorem 5.19, then

% ofq ¢ G>E, byg(e)=rem(s7)f

intertwines « with the action of G on some space of sections of E, — 9.
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Appendix: Algebraic reducibility of », on a parabolic. Recall ¥ =
{polynomials in 3(,} = {U(k) X U(/)-finite vectors in I(,}, dense subspace
of J(, consisting of all vectors finite under the maximal compact subgroup.

Let E be a maximal totally isotropic subspace of C*/. We may assume
0< k <7 and that E is the real span of {p, + Prsaticack U {Jis(Ps +
Pesad) = — Qo+ Gevalicack Write uo for £, . By direct calculation, every

£ € 3p(V) on the list

(A1)
(Pa%s — Ps9a) + (Pksa9k+b — Pr+bk+a)s 1<a<b<ik,
(PaPo + 9u9) — (PrsaPr+b t Tvadi+s)s 1<a<b<k,

(Pass + Pess9s) + (Pivals sk — Pessdi+a) 1< a<k 1<b<k,
(PaPr+b = 9aicss) + (PisaPrss + Gradiss)y 1< a<k 1<b<k,
(PaBrtcsc + Prucscda) + (Prsaak+e — Pk cGirals
I1<a<kl<c<I—k,
(PaPrkre = 9aBakve) + (PusaPrrre + Qeradorse)s
1<a<kl<c<!-k,
Pruc+c92k+d ~ Pr+a2k+ o0 I1<ce<d< -k,
P+ Pru+a t Gkt cQok+ar I<c<d< -k,

satisfies §(p; + py4,;) € E for 1 < j < k. If ¢ is listed in (A.1), then Lemma
4.20 shows £ € u(k, I), so also §(Jii(p; + Pi+j)) € E, whence £ € pg. Since
(A.D)is a list of 3k? + 2k(I — k) + (I — k)? linearly independent elements of
bg, and since [38, Theorem 2.10] p has dimension 3k2 + 2k(/ — k) + (I -
k)%, now (A.1) is a basis of p,. The maximal unimodular subgroup Py is [38,
Theorem 2.10] Pz = {g € Pg: |det(g|)| = 1} so by = {£ € pg: trace(t|) €
iR}. Now

by = {€ € bg: sum of the coefficients of the

Pali+a + Prsada 1S 2610}
Combine (4.11), (4.12) and (A.2). The result is that dv(pz)c has basis (over

A2)

C) consisting of all
) Gl 2, 3
gy T, T Tz, T,
92 9

A3 _ d —2Z ’
( ) Zk+b(za azk+a )’ aza822k+c kta asz+C

Z z, = ’ z a

k+c\%a 5z . SR P
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for 1 < a,b < kand 1< c,d< - k. The subalgebra dv(p)c consists of
all linear combination of these, for which the sum of the coefficients of the
02/02,024 4, — 24 +4(3/03z,,,) equals the sum of the coefficients of the
zk-l-a(za - a/azk+a)'

The operators in (A.3) are not quite right for the algebraic part of the proof
of Lemma 4.14, where we worked with the monomials z". So we modify the
monomials:

A.4. LEMMA. For each multi-index n there is a unique polynomial {,, € I of
the form y,(z) = z" + (lower terms)® such that

(i) 2,(8/9z,) — 2, ,(8/02,,,) + 1 multiplies ¢y, by n, — n. ., +1(1<a
< k),

(i) az/azaazk+a - Zk+a(a/azk+a) multiplies y,, by “Meta (1<ac<k),

(iii) Zp4 4.(3 /9254 4. o) multiplies , by ny, . (1 < ¢ < 1— k).

Proor. Fix n and denote d, = n, — n,,,for1 < a < k.

Suppose first that k = 1 and m = 2k. Using (i), the desired polynomial
must have form

U, (2) =2z"+ > bzt

r>1
Writing by = 1, (ii) just says
—(m—d)b=—(n—d— b+ (n—r+1)(n—d—r+1)bh_,

for 1 < r < min(n,, n; — d,). This recursively defines the b,, and in fact gives
us

‘\bn(z) = 2 [( ])" 1 H (nl J)(nl - d J)} n—r, n.-d,—r

r>0

Next suppose that kK > 1 and m =2k. The case k=1 provides a
polynomial
Bu (21 2k41) = 27 iz % + (lower terms)

that satisfies (i) and (ii) for @ = 1. Induction on k gives us a polynomial
Yu(Z2 « v s 25 Zkans -+ > Z2)
=z[2. - zlglan % - 207 % + (lower terms)
that satisfies (i) and (ii) for 2 < a < k. Now

‘Pn(z) = Bn(zl’ zk+l) : Yn(ZZ’ coosZgs Zpqgr e o z2k)
is the unique polynomial of the required form that satisfies (i) and (ii).
Now consider the general case. As just seen, there is a unique polynomial
Wmat a multi-index n’ < n if n/ < n; for all j and n] < n; for at least one j.
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a,(zy, -5 2y) = 21"+ - - z3p¢ + (lower terms)
that satisfies (i) and (ii). Now
Va(2) = (215 - - 5 200) " 23851 - 27
is the unique polynomial of the required form that satisfies (i), (ii) and (iii).
Q.E.D.

Let V be a subspace of HY. If 0 f € V, then there is at least one
expansion f(z) = az" + 3,a,z", a # 0, where the sum runs over multi-
indices n" such that n/ < n; for at least one j. Lemma A.4 gives another
expansion f(z) = a¢,,(z) + 2 b,{,(z) with the same conditions on the »". If
Y is dv(pg)-invariant, then it is stable under the operators (i), (i) and (iii) of
Lemma A4, and we conclude ¢, € V. If V is only dv(p)-invariant, it is
stable under all the operators (i) and (iii) and the difference of any two
operators (ii), and so we have some y,, + Zc,y,- € V where the sum runs
over multi-indices n” with
n —m,=n-—-n,, forl<a<kny,. =ny, forl<c<Il-k,
MWoa = Moy = Mg — My forl <a<b< kn’ <n for someindex .
In view of the first three of these relations, the fourth becomes " < n; for
1 < j < 2k, and thus we have some

‘Pn+2 lPll NECV.

where n — re denotes (n, — r, ny — r, ..., Ny — 1y Nypyyy - . .5 1,) and the
sum runs from r =1 to r=max{n,,...,ny). If s, =231, then the
sentence just after (A 3) tells us that dv(p’s)c contains

0 $ d
2 5, ( az azk+a T Zk+a azk+a ) + 2 ta(zazk+a Zk4a azk+a)

a=1 a=1
k k
_ 2 0 @
a;] (sa + ta)( azaazk+a zk+a azk+a ) +a§l ta(za2k+a azaazk+a .

That operator sends

= 4": + 2 cr‘!’n-re = 2 cr\Pn—re

r>l r>0
to

(f) = E 2 (S +4 )(_nk+j + r)‘!’n—re

r>0 j=1

k Zf'
+ 2 ijk+./f 2
J‘

j=1 az azk+!

If K > 1, and if A4 is the difference of the dv-images of the two operators (ii)
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of Lemma A.4 for indices a, b, then A multiplies the first term by n,,, —
My multiplies 62z, f" by (e, + 8)) — (mey, + §,), and multiplies
5377/ 82024 ) bY (M p — 8) — (s o — 8,). Since V is dv(plg)-invariant,
now

2 < 2 (‘S.’l + {i)(—nk+j + r)‘Pn-re € ov"

r>0 j=1

Choosing 5; = ¢, = §;,, we conclude ¢, € V.

In both the dv(pg)-invariant case and the dv(p})-invariant case, we actually
obtained v, from f = az" + 3 ,a,z" as the image of f by dv(Z) for some
element = of the complex universal enveloping algebra U(pg) or WU (P%).
Iterating this,

A.5. LEMMA. Let V be a subspace of 3G that is dv(p'g)-invariant if k > 1,
dv(pg)-invariant if k = 1. Then every element of V is of the form b\, Y, as
in Lemma A4; if b, # 0 then y, = dv(Z)Eb,Y,) € V for an appropriate
element Z in U(pE) ifk > 1,in WU(pp) if k = 1.

In order to discuss the action of the universal enveloping algebra on a
polynomial ,,, we denote

K k
IQ, = span{lp,,: Sn,=rand > n,= s} c ..
1

k+1
Evidently 32, has finite dimension(**,~")(*37").

A.6. LeMMA. Let p denote py if k > 1, pg if k= 1. If §,, € I, then
a(UEP) -y, contains W2, ,,,, for every integer t > 0. In particular,
dv(U®OP)) - ¥, has finite codimension in IC_,, bounded by

min(r,s) min(r,s)

> dimﬂ(f,’_,)s_,= S (k+r—t—l)(l+s—t—-l).

(=1 t=1 r—ut s—1

Proor. If an element of dv(p{)c carries y, to a polynomial with leading
term z”, then Lemmas A.4 and A.5 tell us y,, € d»(AGEP)) - ¢,

Now write ¢ for (0,...,0,1,0,...,0) with 1 in the j-place and run
through (A.3) as follows:

22k+c(za )gives /R (1<a<kl<cgl),

azk-‘l-a

zk+b(za - '%:) gives lPn+e‘,+e,ﬂ,,, (l <a,b<ka# b)’
a

d d 0 .
zk+a(za azk+a ) + ( aza zk+a) m gIves ‘I’n+e,+ek+, (l <a<x k)‘
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Iterating, we obtain every ¢, € J(,_, such that n/ > n; for every j. In
particular, we obtain some element y,, € 3¢, , ., for every ¢ > 0. Further-
more, with any such v,

02 .
02,0z, ., %k+a '_az““b gives ‘l’n"*‘kn-qﬂ (1<a,b< k,a+#b),

and so
3 3 :
Zbﬁ; “Zk+a T +8, gives Yy, . (1 < a,b<kab).
Also,

0 .
szﬂm givesY,pe o, (1<¢d<I1-k),

62
A —2Z -~ glves y, ., _
aZaz’ZZk+¢: kta a‘z2k+c g 4’" Feva=tee

(1<a<kl<c<lI-k),

sz+c(za - %, ) gives Un ey ot (I<a<kl<c<I-k).

Thus one ¥, € 3¢, ., gives every . € HC,,,,,. QED.

Now we combine our three lemmas to prove the algebraic analog of
Theorem 4.27:

A.7. THEOREM. Let V' be a nonzero subspace of }3 that is stable under
dv(vy) if k > 1, under dv(pg) if k = 1. Then V has finite codimension in (3.

ProOF. Let 0 f € V. Then Lemma A.5 gives us some ¢, € V of the
form dv(E)- f, & € U((PY). Lemma A.6 says that dv(U(HY))- ¢, has finite
codimension in 9. As dv(UPP)) - ¢, C V, the theorem is proved. Q.E.D.
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