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Poincaré series and automorphic
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1. Introduction

Let D be a bounded symmetric domain and K — D its canonical line
bundle. If I is a discontinuous group of analytic automorphisms of D, then
the I'-invariant holomorphic sections of K™ — D are naturally identified (by
a holomorphic trivialization of the bundle) with the automorphic forms of
weight m on D; here one imposes a growth condition at « if dim D = 1.
Denote the space of holomorphic sections by H'(D; O(K™)) and the subspace
of T-invariant sections by HXD; O(K™)). If @ e H(D; O(K™)) is absolutely
integrable relative to the natural Hermitian metric on K™, and if m = m, > 0,
then the Poincaré series

op) =3, 0 TP

converges absolutely and uniformly on compact subsets of D to an auto-
morphic form of weight m. See Borel ([6], [8]) for a discussion of these

1 Research partially supported by NSF Grant MPS75-05270; Alexander von Humboldt
Foundation Awardee.
2 Research partially supported by NSF Grant MPS74-01477.
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398 R. O. WELLS, JR. AND J. A. WOLF

matters. This classical construction, initiated by Poincaré [27] for the unit
disec in C, is the primary source of automorphic forms on D and automorphic
functions on the quotient space I'\D, leading to quasi-projective embeddings
and analytic space compactifications of I'\D in a natural way (cf. [5]).

In Griffiths’ study ([15], [16]) of periods of integrals on algebraic mani-
folds, he looked at a class of open homogeneous complex manifolds (period
matrix domains) that are not bounded symmetric domains and in fact [45]
carry no nonconstant holomorphic functions. Results of Schmid ([28]) show
that if D is one of these period matrix domains and E— D is a “nondegene-
rate” homogeneous holomorphic vector bundle, then the cohomology
H*(D; O(E)) vanishes for ¢ # s = dim;Y > 0, where Y is a maximal compact
subvariety of D, and that H*(D; O(E)) is an infinite dimensional Fréchet
space. In particular there are no automorphic forms in the classical sense
on D. In view of this, Griffiths investigated the space H:(D; O(E)) of
I'-invariant classes in H* (D; O(E)), calling that the space of automorphic
cohomology classes ([15], [16], [14]). While the geometric role of automorphic
cohomology is still unclear, its natural presence on the domains arising in
algebraic geometry makes it a primary object of interest.

Let E— D be nondegenerate over a period matrix domain. Griffiths[15]
conjectured a geometric representation for Hy (D; @(E)) as the space of
holomorphic I'-invariant sections of an associated vector bundle E— M on
the space of all compact (linearly deformed) subvarieties of complex dimen-
sion s in D. More precisely, he conjectured that M with its natural complex
structure is a Stein manifold, that the disjoint union %, of the varieties
parameterized by M sits in a diagram

(1.1) My, 5D

with = and ¢ holomorphic, surjective, and of maximal rank, and that
3. 7*(E) is locally free (z% = s™ direct image) and thus corresponds to a
holomorphic vector bundle E— M. These conjectures are the period matrix
domain cases of our results in Section 2 below, especially Theorem 2.5.6.
Griffiths further conjectured, and we prove as Theorem 3.4.7 below, that
the induced map on cohomology

(1.2) o: H'(D; O(E)) — H°(M; O(E))

is a I'-equivariant topological injection of Fréchet spaces, so that it induces
a topological injection

(1.3) o: Hi(D; O(E)) — H2(M; O(E)) .

The map o transfers a Poincaré series on D,
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AUTOMORPHIC COHOMOLOGY 399

(1.4) 0(c) =3, 7*(c), ce H’ (D; O(E)) ,
to a Poincaré series on M that only involves sections,
(1.5) 0(c(c)) = 35, 7*(0(0) .

As Griffiths illustrated [15], (1.5) converges when c¢ is absolutely integrable
(i.e., |lc|l is L,) with respect to the natural hermitian metrics on D and E.
In Theorem 4.1.7 below, we prove this convergence of (1.5), and it ensures
convergence of (1.4) by the Equivariant Representation Theorem (1.2).

In order to yield automorphic cohomology, our convergence result
(Theorem 4.1.6) for Poincaré series 6(c) = ) ... 7*(c) requires nonzero L,
classes ¢ € H*(D; O(E)). Griffiths [15] asserted that such L, classes could be
constructed by the methods of Schmid’s thesis [28] when E— D is a high
power of the canonical line bundle. But the situation is somewhat more
delicate; the correct setting for L, cohomology is discussed below. Originally
we had combined some results and techniques of Harish-Chandra, of Schmid
[28], and of Trombi and Varadarajan [36], carrying out a program outlined
by Schmid in a letter to us, constructing nontrivial L, cohomology classes
for a specific large family of nondegenerate vector bundles E— D. The
final result is Theorem 4.3.12; here we follow a shorter route, suggested by
the referee, using more recent results of Schmid.

Some of the results in this paper were announced in [40] and [43].

We now turn to a section by section description.

Chapter 2 establishes our basic geometric setting. In Sections 2.1 and
2.2 we recall the definitions and basic facts concerning the complex flag
manifolds X and the flag domains D < X. Here X is a compact complex
homogeneous space G/P where G is a complex Lie group and P is a complex
parabolic subgroup, and D is an open orbit of a noncompact real form G of
Gc. The class of flag domains includes the bounded symmetric domains (such
as the Poincaré half plane and Siegel’s generalized half planes) and also the
period matrix domains of Griffiths [15] that arise in algebraic geometry. In
Section 2.3 we discuss the maximal compact complex submanifolds of D and
the fibration D — G/K over the symmetric space associated to G; there are
nonconstant holomorphic functions on D only when G/K is Hermitian and
D — G/K is holomorphic. Then in Section 2.4 we introduce a deformation
space Y, I, M whose fibres are the maximal compact linear subvarieties of
D and put a complex structure on Y, so that 7 is holomorphic and of maximal
rank. Section 2.5 then is devoted to showing that M is a Stein manifold,
thus verifying Griffiths’ conjecture cited above. Here our principal tools
are Schmid’s exhaustion function for D ([28], [14]), the Andreotti-Norguet
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400 R. 0. WELLS, JR. AND J. A. WOLF

solution to the generalized Levi problem for strictly g-convex manifolds ([2],
[3]), and the theorem of Docquier-Grauert [11].

Chapter 8 sets up our vector bundles and establishes the information
we need on cohomology without bounds. In Section 3.1 we collect the basic
facts on homogeneous holomorphic vector bundles, including the Bott-Borel-
Weil Theorem [10]. The notion of a nondegenerate bundle E— D is developed
in Section 3.2. Its defining condition (8.2.1) is just what one needs to con-
clude from the Bott-Borel-Weil Theorem that H*(Y; O(E ® A'N)) = 0, for
0=<¢g<s and all I, where Y is our maximal compact subvariety of D,
s = dim.Y, and N—Y is the holomorphic normal bundle of Y in D. Our
modification of Schmid’s Identity Theorem [28] appears as Theorem 3.2.2,
and Theorem 3.2.8 is an associated vanishing theorem. Their proofs, which
are in Section 3.3, are minor variations on Schmid’s proofs. These theorems
state that if E — D is nondegenerate

(i) then H*(D, O(E)) = 0 for ¢ + s and

(ii) if ¢ e H*(D, O(E)) vanishes on every fibre of D— G/K then ¢ = 0.
The proof is a finite recursion, considering representatives of the class that
vanish to successively higher order along the fibres. This technique is used
repeatedly in Chapter 4 where growth of cohomology classes (square inte-
grable, absolutely integrable, etc.) is taken into account. In Section 3.4 we
use the Identity Theorem, the Leray spectral sequence, and the fact that
the parameter space M is Stein, to obtain the Equivariant Representation
Theorem (Theorem 3.4.7). It says that H*(D; O(E))— H*(M; O(E)) is a
G-equivariant topological injection of Fréchet spaces whenever E is a non-
degenerate homogeneous vector bundle over a flag domain, thus establishing
Griffiths’ conjecture on this matter.

Chapter 4 gives the convergence and nontriviality of the Poincaré series
(1.4) when E — D is nondegenerate and satisfies certain simple nonsingularity
conditions.

First, in Section 4.1 we establish convergence for the Poincaré series
o(c) = Erer 7*(c) whenever E— D is nondegenerate and c € H*(D; O(E)) is
L,. This is an application of the Equivariant Representation Theorem, and
is a modification of Griffiths’ considerations in [15].

Second, in Sections 4.2 and 4.3 we establish the conditions for existence
of nonzero L, classes in H*(D; O(E)). Square integrable cohomology, the
recent solution of the Langlands Conjecture by Schmid [32], and the work
of Trombi-Varadarajan [36] and Hecht-Schmid [24] on integrable discrete
series representations, are collected in Section 4.2. This allows us to specify
the nondegenerate bundles E— D on whose square integrable cohomology
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spaces J"*(D; E) the action on G is an integrable discrete series represen-
tation. Then we consider the natural map J**(D; E)— H’(D; O(E)) from
square integrable cohomology through Dolbeault cohomology to ordinary
sheaf cohomology. A close look at the mechanism of Schmid’s proof of the
Langlands Conjecture gives us (Theorem 4.3.8): when G acts on J(**(D; E)
by an integrable discrete series representation, the K-finite elements of
JC**(D; E) map to L, classes in H(D; O(E)). Of course this is useful only
when J(*/(D; E) — H’(D; O(E)) is nonzero. We then use some methods of
Harish-Chandra ([19], [20]) to work out an L, version of the recursion pro-
cedure (§3.3) in the proof of the Identity Theorem, and use it to show
(Theorem 4.3.9): if E— D is nondegenerate and ¢ < s then J(*(D; E)—
H*(D; O(E))is injective. Combining these we have (Theorem 4.3.12): if E— D
is nondegenerate and such that G acts on F**(D; E) by an integrable discrete
series representation , then H*(D; O(E)) has an infinite dimensional subspace
H:(D; O(E)) on which G acts by =, and the K-finite classes in Hj(D; O(E))
(which form a dense subspace) are absolutely integrable. This provides the
L, cohomology classes that can be summed in the Poincaré series (1.4).

Finally we mention some open problems.

1. Is H;(D; O(E)) finite dimensional, say, when I' is arithmetic?

2. Which Poincaré series 6(c) are nonzero? What is the dimension of
the space of Poincaré series arising from a given bundle E— D? How does
that space compare with the full automorphic cohomology space Hi(D; O(E))?

3. How does one obtain quasi-projective embeddings from automorphic
cohomology? Are the holomorphic arc components of the boundary orbits
[44] the correct counterparts to the boundary components [46] as used by
Bailey and Borel [5]?

It is a pleasure to express our thanks to Wilfried Schmid, Gregory
Eskin and the referee. W. Schmid gave us permission to use the proof of
the Identity Theorem (3.3.2) from his unpublished thesis [28], and he sug-
gested our original program of using a certain direct image map to prove
Theorem 4.3.8 for E— D nondegenerate and ¢ = s. That program required
some L, a priori estimates, concerning which one of us had several helpful
conversations with G. Eskin. In the present version of this paper we follow
a different program for Theorem 4.3.8, suggested by the referee and based
on results of Schmid that were not available at first writing.

Finally we thank Wanna King of Rice University for her careful job
of typing the manuscript.
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2. Homogeneous complex manifolds
2.1. Complex flag manifolds
In this section we define the compact homogeneous complex manifolds
X=G/P=G,V
which are the natural ambient spaces for our open homogeneous complex
manifolds
D=Gx)cX, D=G|V

of primary interest. Briefly, G is a connected complex semisimple group
and P is a parabolic subgroup, so X = G¢/P is a complex flag manifold. G,
is a compact real form of G, and V = G, N P is the centralizer of a torus
subgroup. In the applications, G will be a noncompact real form of G, with
GNP =V, and D will be an open G-orbit on X. An example: X is complex
projective space

P,(C) = SL(n + 1, C)/P = SU(n + 1)/U(n)

where P = {g e SL(n + 1, C): g has form <g b>, det A = a“}, and D is the
unit ball in C* given by

B,(C) = SU(L, n)/U(n) .

But in our applications D will have nontrivial compact subvarieties.
Let g be a complex semisimple Lie algebra. Its maximal solvable sub-
algebras are the Borel subalgebras

(2.1.1) b=+ D us 8c°

where . is a Cartan subalgebra, A" is a positive root system, and g2 denotes
the complex root space for a root . Evidently any two Borel subalgebras
are conjugate. The subalgebras of g, that contain Borel subalgebras are
called parabolic subalgebras. The ones containing b (2.1.1) are the

(2.1.2) Py = b+ Eﬂe@) gé

where @ is any set of simple roots and (®) consists of all positive roots
> np; with @, € ®. Note b = p, where @ is the empty set, g = py where
¥ is the entire simple root system. Further p, = p; + b2z, the sum of a nil-
potent ideal and a reductive complement given by

(2.1.3) Pe = Bc + 250y 86 + 02 and P =37, .. 0c".

a gDy

For example b = §; and b* = Y, _, gz For a general reference on this
topic, see Humphreys [25].
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If » = rank g, so that | ¥| = 7, then in (2.1.2) there are 2" choices of ©.
Every parabolic subalgebra of g. is conjugate to just one of the 2" algebras
pe of (2.1.2).

Let G, be a connected complex semisimple Lie group and g. its Lie
algebra. A Lie subgroup of G. is called Borel (resp. parabolic) if its Lie
algebra is a Borel (resp. parabolic) subalgebra of g.. Using the Levi-White-
head decomposition and simple transitivity of the Weyl group on the set of
positive root systems, one finds that

(2.1.4) P, = {g € G¢, Ad(g)ps = p,} is the analytic subgroup for p, .

It follows that parabolic subgroups are closed in G, are connected, are self-
normalizing, and are conjugate each to just one of the 2" groups P, of (2.1.4).

The basic facts about parabolic subgroups, essentially proved by Tits
[35], are summarized as

2.1.5. PROPOSITION. Let P be a complex Lie subgroup of G, with only
Sinitely many topological components. Then the following are equivalent:

(1) P is a parabolic subgroup of Gg;

(i) X = G¢/P is compact;

(ili) X 7s @ compact simply-connected homogeneous Kahler manifold,;

(iv) X 7s @ homogeneous complex projective algebraic variety;

(v) X is a closed Ge-orbit in a projective representation.

We will refer to the spaces X = G/P as complex flag manifolds. The
complex flag manifolds X = G./P here are the Kahler C-spaces of Wang [38].
In effect, if G, is the compact real form of G, whose Lie algebra g, has
g. N be as a Cartan subalgebra, then G, is transitive on X = G¢/P, by
dimension and compactness, so

X =G,V where V =G, P, is the centralizer of a torus (Borel[7], Tits[35]) .

These complex flag manifolds include the Hermitian symmetric spaces, such
as the complex projective spaces, complex Grassmanians and complex
quadrics. They include the classical flag manifolds

G./(Borel) = G,/(maximal torus) .

But the important fact for us is that they include the Zariski closures of the
universal coverings of certain period matrix domains.

2.1.6. Example. Here is the example that comes up in the study of
variation of Hodge structure (Griffiths [15], [16]; see Griffiths-Schmid [14],
Wells [41, Example V.5.8]). Let 7, s = 0 integers and consider the Grass-
manian
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G(r, 2r + s; C) = {r-planes through 0 in C*"*?} .
Let b(-,-) be the bilinear form on C*** with matrix
I, 0

(2.1.7) Q= (0 —I,) .
It defines a quadric in G(r, 2r + s; C) consisting of the b-isotropic r-planes,

X = {SeG(r, 2r + s;C): b(S, S) = 0} .
This is a complex flag manifold of the special orthogonal group of b,

X = G¢/P where G, = SO(2r, s; C) = {g e SL(2r + s; C): 'gQg = Q} .

It has compact presentation

X =G,/V = 80@r + s)/U(r) x SO(s) .

2.2. Flag domains

Fix a complex flag manifold X = G/P as in Section 2.1. In this section
we discuss open orbits

D=G@)cX, D=G/V

where G is a real form of G whose stability subgroup V at z, is compact.
An open orbit of this form will be called a flag domain.
Let g be a real form of g, and define

2.2.1) G: analytic subgroup of G for g .

Then G is a closed subgroup of Gg¢; in fact it is the topological identity com-
ponent of the real algebraic group

Gr = {g € G: Ad(9)g = g} .

General considerations (Wolf [44, §2]) tell us that G has open orbits on X
and that every stability subgroup

G N P, where P, = {geGg g(x) = w}
contains a Cartan subgroup of G. We assume from now on that
2.2.2) G has a compact Cartan subgroup .

The maximal compact subgroups of G all are conjugate. If K is one of them,
then (2.2.2) is equivalent to the condition

(2.2.3) rank K = rank G, i.e., K contains a Cartan subgroup of G .
Fix a maximal compact subgroup K C G and
(2.2.4) Hhctcg where )isa Cartan subalgebra of g .

Then the Y-root system of g, decomposes as a disjoint union
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A = AgUAg where fo =9+ 2., 9¢-
This corresponds to the Cartan decomposition
g=1t+38 where 3. =3 .., 4
and specifies a particular compact real form g, = t + 8 of g.. We denote
(2.2.5) G,: analytic subgroup of G¢ for g, .

It is a compact real form of G, and K = G N G,.

Fix a positive root system A* for g.. Then P has a unique conjugate
d.Pg:t, ¢, € G¢, with Lie algebra p, given as in Section 2.1. We replace P
by that conjugate so p = p,, and we denote

2, = 1-PeG¢/P, a “base point” of X .
Then X has the compact presentation
X=G,JV,

where V = G, N P is the centralizer of a torus in G,. Note that V has Lie
algebra

b=g,Np=0+ 3 48 NG+ g’
which is a real form of p~ = p;. Similarly
gNP=b+3 . 80 @+,

another real form of p”, because complex conjugation over g sends every
root to its negative. Now, by dimension,

(2.2.6) D=G@®)=G/GNnPisopenin X = G,/V
and
(2.2.7) G N Pis a real form of V.

Here of course GNP is compact if and only if GNP = V, which is the case
if and only if ® C Ag.

In Example 2.1.6 above we have a specific compact homogeneous complex
manifold X defined by the quadratic form @ in (2.1.7). Let

(2.2.8) D = {SeG(r, 2r + s; C): b(S, S) = 0, b(S, S) >0},

which is an open subset of X. Then D is the open orbit of S, where
I,

S, € G(r, 2r + s; C) is the span of the columns of the (2r + s) matrix (iL),
0

under the action of G C G, where G = SO(2r, s). In fact, D has two com-
ponents corresponding to the components of G. Moreover,

D = SO(2r, 5)/U(r) x SO(s)
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and there is a natural fibration
(2.2.9) D = SO(2r, s)/U(r) x SO(s) — SO2r, s)/SO(2r) x SO(s) ,

which is nontrivial for »>1. This fibering has compact fibers isomorphic to
SO(2r)/ U(r) which turn out to be complex submanifolds of D with respect
to the complex structure on D when D is considered as an open subset of
X = G¢/P. This is discussed for the general case in the next section. This
particular domain D arises in algebraic geometry as a period matrix domain,
the two defining relations in (2.2.8) being generalizations due to Hodge of
Riemann’s classical period relation (see the survey by Griffiths [16] and
Wells [41, Chap. 5]).

The domain D itself is a generalization of the classical upper half plane,
which classifies periods of holomorphic 1-forms on an elliptic curve and the
Siegel upper half space of rank #, which classifies periods of holomorphic 1
forms on an algebraic curve (Riemann surface) of genus ». In particular,
D is the classifying space for periods of holomorphic 2-forms on a compact
Kahler surface of complex dimension 2.

2.3 Compact linear subvarieties

Retain the setup of Section 2.2 and define

(2.3.1) Y=K@xcGx)=DcCcX
and
(2.3.2) L={9eG:9gY=1Y}.

We check that Y is a (maximal) compact subvariety of D and L is a complex
Lie subgroup of G, and then work out the structure of L. In the next
section we will use this to study the G.-deformation space {g € G.: g Y = D}/L
of Yin D.

2.3.3. PROPOSITION. Y isa complex submanifold of X, and isacomplex
fag manifold K./K. N P where K. is the complex analytic subgroup of G
for te. L is a complex Lie subgroup of G given by
(2.3.4) L = K¢ FE where E = Niex kPk™ = Niexc kP,
and E is a closed normal complex subgroup of L.

Proof. The first assertion is clear: f.Np is the parabolic subalgebra
bc + E«p)(mK (gé + ggﬁ) + EA;;,\((D) 95"‘

of t., so K.N P is the corresponding parabolic subgroup, and evidently K is
transitive on the flag manifold Kq(x,) = K¢/K¢N P, which thus must be Y.
L is closed in G because Y is closed in X. Now it has a Lie algebra 1.

This content downloaded from 169.229.32.136 on Sun, 25 Aug 2013 15:28:05 PM
All use subject to JSTOR Terms and Conditions



http://www.jstor.org/page/info/about/policies/terms.jsp

AUTOMORPHIC COHOMOLOGY 407

Since Y is complex, so is I: if y € Y and £€! then &, is in the holomorphic
tangent space, and thus also is (7¢),. Thus L is a complex Lie subgroup of
Ge.

KcC L by construction of Y and L. As L is complex now, K.C L. E is
the kernel of the action of L on Y, hence is a closed complex normal sub-
group. Now compute

L={geGgY=Y}c{geGs:g9YCY}
={geGsagKC K.P} = ﬂkex K PE™
= MNiex KkPk™ = K. ECL. Q.E.D.

We now assume that the Lie group G is simple, i.e., that g has no proper
ideal. For a local direct product splitting of G would give the same for G,
and P and would give a global direct product splitting of X and D. Also
without loss of generality we suppose that G acts on X as a noncompact
group, which in view of simplicity just says

G+ K,i.e.,, L +Ggie., Y+ X, ie., D+X.

These assumptions made, there are two cases, distinguished by the Cartan
decomposition g = f + 8:

(1) non-Hermitian: Ad,(K) is absolutely irreducible on 8;

(II) Hermitian: 8 = 8, + 38_ with Ad.(K) irreducible on 3,.
In the Hermitian case, G/K has just two invariant complex structures,
induced from its Borel embedding gK+ gK.S. as an open G-orbit on the
complex flag manifold G¢/K.S. where S. = exp(3.).

2.3.5. PROPOSITION. In the non-Hermitian case, L is a finite extension
of K¢, so in particular | = f..

In the Hermitian case, each of the following conditions tmplies the
next, and vf G N P s compact then all four are equivalent.

1. D—G/K by g(,) — gK is well defined (i.e., GN PCK), and is
holomorphic for one of the two invariant complex structures on G/K.

2. L = K.S. for a choice of sign *.

3. I+t i.e., | =t; + 8. for a choice of sign *.

4. Omne of the pN (fe + 8.) contains a Borel subalgebra of gc.

If U t. then 1is the [c + 3. whose intersection with p contains a Borel
subalgebra of gc.

Proof. In the non-Hermitian case, f. is a maximal subalgebra of g.. As
[ # gcthen! = f.. Now the identity component L° = K.. As L is a stabilizer,
it is algebraic over R inside G¢, so L/L° is finite, and L is a finite extension
of K.
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We go to the Hermitian case. Given (1), the holomorphic map D—G/K
is proper; in fact Y is the inverse image of a point; so K.S. c L & G¢, which
forces (2). Evidently (2) implies (3). In general Y = L/L N P shows that
L N P contains the solvable radical of L and maps to a parabolic subgroup
of the quotient. Given (8), L is parabolic in G, and now L N P is parabolic in
Ge, i.e., pN( = f; + 8.) contains a Borel subalgebra of g;, which is (4). That
also proves the remark following (4). Finally, given (4) we have the obvious
G¢-equivariant holomorphic maps

G./P
GelP N KoS. <
GC/KCS‘*_' ’
and we can fill in G¢/P — G¢/K.S. just when PC K.S., which is when GNP
is compact. So (4) implies (1) when G N P is compact. Q.E.D.

2.3.6. COROLLARY. IfGN Piscompact,i.e.,ifGNP = V,then D—G/K
by g(@,) — gK 1s well defined, and either | = f; and D — G/K is not (anti)-
holomorphic or | # £, and D — G/K s (anti)-holomorphic.

L is given globally as follows. If | = f; then L is the K.S. such that
p N (fc + 8.) contains a Borel subalgebra of g.. If | = f; then the identity
component L' = K, so K¢isnormal in L, and L C N, (K,) the Gc-normalizer
of K.. By Proposition 2.3.3 every component of L is represented by an
element of E = () kPk'CP; and if p € P normalizes K. then

p(Y) = pKc(w,) = Kep(w,) = Ke(w)) = Y

so peL; now L = K.-Np(K.). Here we can replace P by P" because L°
contains every unipotent element of N (K,), and we can replace K. by K in
the normalizer because compact real forms are conjugate, so finally
L = K¢ N, (K).

The fibering given in (2.2.9) is an example of the case where [ = f; and
hence an example of a nonholomorphic fibering. The fact that I = f; for this
special case is verified by simple matrix algebra in Wells [39, Theorem 3.3].

2.4. Linear deformation spaces

Retain the setup of Sections 2.2 and 2.3. We are going to define and
examine the G¢-deformation space of Y inside D. In the next section we
will assume G N P compact and prove that the base of the deformation space
is a Stein manifold.

If Z is a subset of X we set G{Z} ={9ge€Ge:9Y C Z}. Evidently
GdZ}L = G{Z}. Also, if Z is open in X then G{Z} is open in G.

Fix a subset Z c X with G{Z} = {g € G¢: ¢ Y C Z} not empty, and fix a
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closed complex subgroup L'c G, with K;c L' L. These data specify the
G-deformation space of Y inside Z with respect to L', denoted

T Yy — My,
as follows. M, is the set of all Go-translates of Y inside Z; that is,
(2.4.1) M, = GJ{Z}/L, subset of G./L .

Yz,.o is the disjoint union of those G¢-translates ¢Y e M, where we only
identify g Y to ¢'Y when ¢’ € gL’; that is,

(2.4.2) Yoo =GAZYL' N P.
Now of course the projection is
(2.4.8) 7Y, — M, by w(g(L' N P)) = gL .

Observe that the inclusion Z c X induces inclusions ¥, . C Yy, and
M,c M,. If we denote

(2.4.4) T2 Y — Z by (g(L' N P)) = gP = g(x,)
then these inclusions induce a commutative diagram

Yoo = GAZY L' NP— Yy, = G/L' NP

</ AN </ \
Z/ \n\ v =
2.4.5 = Gy
(2.4.5) N X = G/P \
M, = Gc{Z}/L — M, = Gc/L

whose horizontal maps are inclusions. As L, P and L’ all are closed complex
subgroups of G, the coset realizations of (2.4.5) specify complex structures
on Yy, and M, such that z: Y, ;, — X and #: Yy ,, — M, are holomorphic
fibre bundles. When Z is open in X, and G¢{Z} is open in G, the horizontal
maps of (2.4.5) are inclusions of open subsets. Thus we have the lemma.

2.4.6. LEMMA. Let Z be open in X. Let Y, .., Z and M, carry the
complex structures as open subsets of Yy .., X and My. Then

(i) 7Yz, — M, is a holomorphic fibre bundle, and

(i) 7: Yz, — Z has image open in Z and is a holomorphic fibre bundle

over that image.

One of our principal objectives is to show that the parameter space M,
is a Stein manifold under the assumption that G N P = V (thatis, G N P is
compact). When D — G/K is holomorphic we do this by proving M, = G/K,
which is known to be Stein. When D — G/K is not holomorphic, we show
that M, is an affine algebraic variety, thus Stein, and then in Section 2.5
we show that M}, is an open Stein submanifold of M,.
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We now assume G simple with G # K, so the dichotomy of Section 2.3
holds. Incidently, were G = K, M, would be reduced to a point and so
would trivially be a Stein manifold.

Suppose that [ + f, i.e., that p: D — G/K is holomorphic for one of the
two choices of invariant complex structure on the bounded domain G/K. If
Z C D is a connected compact subvariety, then p(Z) is reduced to a point
by the maximum modulus principle, so ZCp '(9gK) = gY for some g € G. If
further dim¢Z = dim;Y then Z = p'(gK) = gY. In other words,

2.4.7. PROPOSITION. If = f. then Yy — M, coincides with D — G/K,
wn particular My is a Stein manifold.

Now suppose [ = {, i.e., that p: D — G/K is not holomorphic. Then
M, = G¢/L is the quotient of a connected semisimple group /C by a reductive
algebraic subgroup. Ineffect, L is algebraic by its definition as G¢-stabilizer
of an algebraic subvariety of X, and now Lis reductive because its topological
identity component K is reductive. It follows (see [9, § 3]) that M, is an
affine variety and a Stein manifold. We record

2.4.8. LEMMA. If | =, then M, is a homogeneous affine algebraic
variety, in particular s a Stein manifold.

We will prove that M,, which is an open subset of M,, is itself a Stein
manifold, by proving holomorphic convexity for M, in M,. That is the
subject of Section 2.5 below. In Wells [39] a specific representation of M,
(for the special case of D given by (2.2.8)) is computed for the case » = 2,
s = 1, and the fact that M, is Stein in this case is verified directly.

2.5. A Stein parameter space

In this section we will establish that M, is holomorphically convex. In
preparation for this we need the following important lemma which shows
how compact sets in D and M, are related. From now on, G N P is compact,
ie, GNP=1V.

2.5.1. LEMMA. Suppose Z is a relatively compact subset of D, then M,
1s a relatively compact subset of M,.

Proof. We may assume that (i) G¢ is simple and that Y& X = G¢/P
and (ii) My is noncompact (cf. Lemma 2.4.6). Up to finite cover, we can
assume that M, = G./Ksince L is a finite extension of K.. We now rephrase
the statement of the lemma in group-theoretic terms using compactness of
GNP:
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if S is a relatively compact subset of G,
(2.5.2) if , = 1-Pe X = G¢/P, then My, is a
relatively compact subset of G¢/K .

We may take S to be in the form SK (a larger set), so
M, = {9€Gc: 9K P < SKP(=SK.P)}/K, .
Thus the assertion of the lemma is equivalent to

J if S = SK is a relatively compact subset of G, then
{ge G gKPC SK P}
,is relatively compact modulo K. (in G¢/K¢) .

(2.5.3)

Passing to closures, we see that (2.5.3) will follow from:

if S is a compact subset of G, then
(2.5.4) {geGe: gK. PCSK P}
is compact modulo K. (in G¢/K,) .

We recall from Section 2.3, E = N.cx. kPk™", and we observe that G{S},
which is by definition = {g € G¢: gK P C SK. P}, has the property that:

(2.5.5) G{S} = SK.E = SEK. and kE = Ek forall ke K. .
That is, g € G¢{S} = if ke K. and p € P, then gkp € SK P,
—=if ke K.and pe P, then g e SK:Pp~'k™,
= if ke K., then g € SKEkPk™ ,
= g € SKcE .
This verifies (2.5.5). We know that L = K.-F is a finite extension of K

(in fact we reduced to the case L = K, in this proof). Using the represen-
tation of G¢{S} as given in (2.5.5) we see that

GC{S}/KC = SKCE/KC = SEKC/KC ’

and this last representation is the orbit of a finite set in G¢/K, under a
compact set S, which is therefore compact. Q.E.D.

Our main result in this section is the following theorem.

2.5.6. THEOREM. Assume thatG N P = V, i.e., that G N P is compact.
Then M, is an open Stein submantfold of G¢/L.

The rest of this section will be devoted to proving this theorem.
Letting M = My, Yy = Yy, and Y, = Y, ,, we rewrite diagram (2.4.5).
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Y, — X = G¢/P

Lo

(2.5.7) Yy —Y,—5D=GV

[

Ge/L = My—M.

Here the unmarked arrows in the diagram are open inclusions, and 7 and @
are appropriately restricted from Y, to the open subset ¥Y,.

Let K be the canonical bundle of X, and let K, = Kg|,. Then there is
a natural G-invariant metric h, on K, and a natural G,-invariant metric hg,
on K;. Letting

(2.5.8) @ =— logﬁ- ,

he,
we see that @ is a C~ function defined on D. In fact @ is a strongly g-pseudo-
convex exhaustion function for D (Schmid [28], Griffiths-Schmid [14]), which
we formulate in the following theorem.

2.5.9. THEOREM (Schmid). Let ¢ = dim Y = (1/2)dimg K/V, then the
function @ given in (2.5.8) has the following properties:

(a) @€ C=(D)and is an exhaustion function for D, i.e., {x € D: p(x)<c}
18 relatively compact in D for all ¢c e R.

(b) At each point x € D, the complex Hessian (Levi form) L(p) = 100
has n — q positive etgenvalues and q negative eigenvalues.

(¢) There is a G-invariant splitting of the tangent bundle T(D)=
T,(D) @ T,(D), where T, (D) are vertical fibres (tangential to the fibres of
D—G/K)and T, (D) = T.(Y,), where Y,., = gY, and T,(D) is a G-invari-
ant subbundle of T(D) which is transversal to the fibres of D.

(d) L(®)|r,0) s megative definite and L(p)|r, ) s positive definite.

We will use the ¢ given by the above theorem to construct a continuous
exhaustion function for M. First let po = 7*p, and define, for g € G¢{D},

(2.5.10) Pu(9Y) = sup,cy P(9y) = SUDsex Palg-k(L N P)) .
2.5.11. LEMMA. @, is a continuous function on M.

Proof. Let +: G¢{D} — R be the continuous (in fact C~) function given
by +(g) = @(gP). Clearly we have

Py(g-(L N P)) = v(9),
Pu(9Y) = SUDsex ¥(9-k) .

This content downloaded from 169.229.32.136 on Sun, 25 Aug 2013 15:28:05 PM
All use subject to JSTOR Terms and Conditions



http://www.jstor.org/page/info/about/policies/terms.jsp

AUTOMORPHIC COHOMOLOGY 413

Thus it suffices to take A = G{D} equipped with any metric and verify the
following proposition, the proof of which is a simple exercise in uniform
continuity and is omitted.

2.5.12. LEMMA. Let A and B be metric spaces, A locally compact, and
B compact. Suppose 1: AX B— R s continuous, then 7j: A— R given by
7(a) = sup,.5 (e, b) is continuous.

We now proceed to use the exhaustion function ¢ to show that M = M,
is Stein. First we consider the relatively compact subdomains of D defined
by

D, ={zeD:p(x) <c}.

Let M, = n(c7'(D.)). By Lemma 2.5.1, we see that M, is relatively compact
in M. Our first objective is to show that M, is Stein, and then later we will
use this to conclude that M is Stein.

We shall be constructing holomorphic functions on M, to show that M,
is Stein. Our basic principle will be to integrate cohomology classes over
the fibre to obtain holomorphic functions. We will discuss this principle now
with regard to the domains D and M, but it applies with no change to D,
and M,. Let & be a Dolbeault cohomology class represented by the 3-closed
(¢, 9)-form + on D, then t*y is a d-closed (g, ¢)-form on <,, and we may
consider ¥4 as a (g, ¢)-current on %,. Since m is a proper holomorphic
mapping, the push forward 7,t*y = fis a d-closed current of type (0, 0) on
M. Thus, by the regularity theorems for currents, we see that fis a holo-
morphic function on M. Moreover, if » € M, then

=\ =y
Yp

Y,<

is simply integration over the fibre. Since ‘ o does not depend on the re-

Y

presentative differential form used, by Stokes’ theorem, we write simply
fOy=| ¢, seHD, ), e M.

Y
For references to the recent literature on the interaction of currents and
complex analysis see the survey paper by Harvey [22] (cf. also Wells [42],
for more details with regard to the specific discussion here).

We shall need the following deep result due to Andreotti and Norguet

[2, Prop. 7]. Recall that a function ¢ is called strongly g-pseudoconvex on
a complex manifold if ¢ is real-valued, C?, and ¢99¢ has at least n — ¢ eigen-
values >0 at each point.

2.5.13. THEOREM (Andreotti-Norguet). Let @ be a strongly g-pseudo-
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convex function on a complex manifold Z, and let B = {x e Z: p(x) < 0}.
Suppose that at x € 0B, dp, # 0, and i&égz)]u(ag, hasn — q — 1 positive eigen-
values and q negative eigenvalues. Let {X.},.x be a sequence of compact
subvarieties of Z, each of pure dimension q, and having  as ¢ limit point.
Suppose there exists an Hermitian metric for which sup,.y vol(Z,)< + .
Then there exists a & € HY(B, Q) such that

Supue N

Sz,{:':—!—w'

The following lemma describes the behavior of the Levi form of ¢
restricted to 0D, near limit points of compact subvarieties.

2.5.14. LEMMA. Let z,€ 0D, be a limit point of q-dimensional compact
submanifolds of D,, and suppose dp(x,)#0. Then the Levi form L(p)=1ddp
restricted to T, (0D,) has n — q — 1 positive eigenvalues and q negative
ergenvalues.

Proof. Since L(p) is nondegenerate on T, (D), and L(p) has n — ¢
positive eigenvalues and ¢ negative eigenvalues, it follows that L(?)IT,me
has either n — ¢ — 1 positive eigenvalues and ¢ negative eigenvalues or n — ¢
positive eigenvalues and ¢ — 1 negative eigenvalues. We will assume the
latter situation in conjunction with the hypothesis of the lemma to derive a
contradiction.

Thus assume that L(@)[T%(wc, has n — g positive eigenvalues and ¢ — 1
negative eigenvalues. Thefollowing constructionisdueto Andreotti-Norguet
[2, I, pp. 225-226]. Choose coordinates (z,, - -+, 2,) defined in U> z,, so that
©, ---,0) =z, and

P(z) = p(0) + Rez, — 337 a;lz;[" + 227 . a; 12 + O(2[) ,
where ¢;>0, j =1, ---, n. Here our assumption that L(9)|r, =, has ¢ — 1
negative eigenvalues is used in making Re 2z, the normal coordinate to 4D,.

Let
E=1(2y *+*1 2y 1 = Rqyny =+ *) Za)y |6 = 2P+ 2o - +[2,
17 = |2 '+ 42,
and thus |2 = |£? + |p*. Let E = {¢ = 0}N U, and find an ¢ > 0 so that
?lp(z) — P(0) = 227__ a;lz;[* + O(|z[) > 0
for 0 < |p? < et Letting D' = D,N U, we set
P={zecU:|c]P<a% |n*< e}
for o small and fixed, and
P={zeU:|sF <, |7] = ¢}
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(part of the boundary of P). It follows that
PcU PcUN(D - D).

Let @ = {z € P: p = 0} and let 7: P— @Q be the natural projection (¢, ) = 7.
Note that EN D’ = @, and from thisit follows that the image of 7 restricted
to any subset of D' N P cannot contain the origin in @. Now let K be any
compact subset of D, and let S = K N P, then it follows that x| is a proper
mapping into Q. Indeed, if 7(S) = S,, consider

(S, nller=a)n S, 0, <0,
and suppose this set is not compact in S. Then there must be a point in this
inverse image with coordinates (&, ) where |[7* = &* since || < 02 < o%.
But then (&, ) € Pand PND' = PND, = @. Thus T|s is proper.

Suppose now that £ < D, is a compact subvariety of dimension ! and
NP+ @. Then n|s-, is proper and holomorphic. It follows from the
Remmert proper mapping theorem (Gunning and Rossi [17]) that =(£ N P) is
a closed subvariety of @ of dimension [ (the fact that dimension (X N P) is
! is due to the fact that the fibres of 7|s,, have to be compact complex sub-
varieties of P, and since P is Stein, these fibres are zero dimensional). By
the hypothesis of the lemma there is a sequence {X,} of compact subvarieties
of D, of dimension ¢ which have z, as a limit point. Choose a X, in this
sequence whose intersection with P is non-empty. Then, by the above con-
struction, (X, N P) will be a closed ¢-dimensional subvariety of @ which
does not contain the origin. But @ is a ball of dimension ¢, and the only
closed ¢-dimensional subvariety of @ is @ itself which does contain the
origin. Thus we have a contradiction. Q.E.D.

We can now prove the principal lemma in this section.

2.5.15. LEMMA. Suppose ¢ is such that dop + 0, for all x€dD,, then
M, is Stein.

Proof. Since M, is an open subset of the Stein manifold M, = G./L
(Lemma 2.4.8), it suffices to verify that M, is holomorphically convex. Re-
calling that M, is relatively compact in M (Lemma 2.5.1), we see that it
suffices to find, for any discrete sequence {\,} of points in M, which converge
to a boundary point \, € 0M,, a holomorphic function f€ O(M,) such that

sup, [f(M)] = +eo.
Let £, = 77'(\,), and let us observe that, since n, — )\, € 0M,, it follows from
Lemma 2.5.1 that the compact subvarieties {X,} have a limit point z,€0D,.
By Lemma 2.5.14 we have that L(¢)|Tzo(‘”)c) has n — ¢ — 1 positive eigen-
values and ¢ negative eigenvalues. Moreover, the domain D, is strongly
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g-pseudoconvex. Since X is projective algebraic (Proposition 2.1.5) it is
equipped with a Kahler form @, and we see that the volume of the fibres in
Y, is a constant. That is, for » € M,, we let
vol(Y)) = S ! = g ON -+ \NO .
Y2 Y;

g-factors
Thenletting v(\) = vol(Y,), weseethat v=r,(r*®?), and thusdv=d(r, v *(®?))=
7, T*(d(w?) = 0, since dw = 0, by the Kihler property. Thus v is a constant
on the connected manifold M, = G¢/L.

Thus we have verified all of the hypotheses of Theorem 2.5.13, and can
then conclude that there exists a Dolbeault cohomology class & of bidegree
(g, 9) on D, satisfying

). ¢

Now f = m,7*¢ is a holomorphic function with

sup,ey | f(d)| = + o,
and the lemma is proved. Q.E.D.

To finish the proof of Theorem 2.5.6, we note that the family of open
submanifolds [M,CM],.r satisfies the following conditions of Docquier-
Grauert [11]:

i) M, is Stein for a dense subset of R (Lemma 2.5.14 and Sard’s lemma
showing that 0D, is smooth for almost all ¢);

11) UaeR M, = M;

ili) M, cM,,if ¢, <c,;

iv) U~—w<c<e, M. is the union of the connected components of M, , ¢, < oo;

v) M,, is the union of the connected components of the interior of
Neo<o<os M, —oo<e<oo.

By the main theorem in Docquier-Grauert [11], it then follows that M itself
is Stein, and this concludes the proof of Theorem 2.5.6. Q.E.D.

SupveN = —|—c>o .

3. Homogeneous vector bundles

3.1. Homogeneous holomorphic vector bundles

In Chapter 2 we discussed in some detail the geometry of the flag
domains D = G/V contained in a complex flag manifold X = G¢/P, where
G is a complex semisimple Lie group and P is a parabolic subgroup. In this
chapter we turn our attention to homogeneous holomorphic vector bundles
E — D. They are the holomorphic vector bundles on D with the property
that the action of G on D lifts to an action on the total space, by holomorphic
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bundle maps. Examples of homogeneous vector bundles on D are the holo-
morphic tangent bundle T, and the canonical bundle K, = A%™¢’T%, and
these are described in more detail below in terms of the homogeneous struc-
ture of D. In general for a homogeneous space of the form S = G/Q, where
G is a Lie group and @ a closed subgroup, we associate to each continuous
representation ¢ of @ on a complex vector space E,, the homogeneous C*
complex vector bundle E, = G X ,E,— S defined by the equivalence relation
(9, 2)~(g-9, 1q)-z) in G X E, (cf. Bott [10]).

Using the notation of Chapter 2 we now describe in detail the basic
properties of homogeneous holomorphic vector bundles E— D, where
D = G(x,) isaflag domain in a complex flag manifold X = G¢/P. If necessary,
replace P by a conjugate so that v, = 1-Pe G/P = X.

3.1.1. LEMMA. Let pt be a continuous representation of the isotropy
group G N P = {g € G: g(&,) = x,} on a complex vector space E,.. Let

E.=Gx,.E,— G/IGNP=D

denote the associated homogeneous complex vector bundle. Suppose that D
carries o G-invariant Radon measure, that ts [44, Thm. 6.3] that
P = (GN P)c-P" where P"is its nilradical. Then E,— D s a G-homogeneous
holomorphic vector bundle in such a way that the holomorphic sections
over an open set U C D are represented by the functions

f:U={9eG:g(x)e U}— E,

such that f(gp) = t(p)~'f(g) for g € G and pe GNP, and &(f) = 0 for sep”,
where every & € q. 18 viewed as a left invariant complex vector field on G.

Note. The hypothesis holds whenever G has a compact Cartan subgroup,
in particular when G N P is compact. See [34] for the corresponding result
where G is replaced by an arbitrary extension and the equations for sections
are used to define the complex structure on E,.

Proof. Since G N P is connected, /¢ extends uniquely to a holomorphic
representation ¢’ of P on E, such that ¢/(P") = 1. Let E, = G¢X v E,—
G¢/P = X denote the corresponding Gc-homogeneous holomorphic vector
bundle. Note that E,is the underlying real structure of E}|, and that E}|, has
local holomorphic sections as described, and observe that these sections speci-
fy the complex structure on E;|,. Now give E, the structure of E,|,. Q.E.D.

We fix the notation

(3.1.2) T, — D is the holomorphic tangent bundle
so that A?(T%) ® AYT%) — D is the bundle of (p, g)-formson D. If E— D is

This content downloaded from 169.229.32.136 on Sun, 25 Aug 2013 15:28:05 PM
All use subject to JSTOR Terms and Conditions



http://www.jstor.org/page/info/about/policies/terms.jsp

418 R. 0. WELLS, JR. AND J. A. WOLF

a holomorphic vector bundle we denote
(3.1.3) &”1(D; E): C~ sections of E® A?(T3) ® AYT:)— D .
The elements of &% D; E) are called (p, q)-forms on D with values in E.
The (0, 1)-component of exterior differentiation is well defined there and gives
us the first order operator
(8.1.4) 0: 6"(D; E) — &”*"Y(D; E) .
Aformw ¢ &”%(D; E)iscalled d-closed if 6w =0, called -exact if w € 667" (D; E).
Since 9> = 0, exact forms are closed and one has the Dolbeault cohomology
spaces
(8.1.5) H?(D; E) = {® € §"D; E): 0w = 0}/0&”*(D; E) .
Uniform convergence of derivatives on compact sets defines a Fréchet space
structure on each &”¢(D; E). Evidently o is continuous. If E — D is homo-
geneous under G, then G acts naturally on &”%D; E), and the action

G x & (D; E) — &>4(D; E)

is continuous. If & has closed range, then H?”*D; E) inherits a Fréchet
structure, and, in the homogeneouscase, theaction G x H>(D; E)—H"*(D; E)
is continuous.

All this applies equally well to the maximal compact subvariety
Y = K(x,)cD. By a theorem of Serre we know that d always has closed
range, so the H”(Y, E) all are Fréchet spaces (cf. Wells [41]).

If §—D is a sheaf, then H(D; S) denotes the sheaf cohomology groups.
The case of interest is

(3.1.6) OE)— D,

the sheaf of germs of holomorphic sections of E— D, where E— D is a
holomorphic vector bundle. Dolbeault’s theorem says that

(3.1.7) H(D; O(E)) is naturally isomorphic to HY(D; E) .
Now let us be more specific. We assume that
(3.1.8) G N Pis compact; thatisGNP =V

and we have a compact Cartan subgroup H of G and a maximal compact
subgroup K of G such that

(3.1.9) HcVcK.

Further, we have a positive }).-root system A* on g, and a subset ® of the
simple roots, such that

p=p+p
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with

(3.1.10) Y=0=09c+ 20t Fafand pr =31 08"
where (®) = {®¢ € A™: « is a linear combination from ®}.

The root system A decomposes into the set A; of compact roots and the
set Ag of noncompact roots. If # is the Cartan involution of G with fixed

point set K, so that g = f + 8 is the Cartan decomposition into eigenspaces
of 6, then

tc = he + EAKQg and §; = EASQI: .
We write A; for A;,NA"and Ay for A;NA". GNP = VCK says PCAy, so
{®), which in effect is A}, is a subset of A%. Let us fix the notation
1 1 1
(3.1.11) 0= 0¢= ?E“B, Ok = ?EAZ'B and o, = —2-E<¢>/3 .
Let ¥ denote the simple root system for (g¢, A*), and enumerate

(3-1-12) D = {(Pu cc @r} - {¢1y M) (Pl} =¥,
Given \ € §¢, and letting (,) be the Killing form on g;, we denote

(3.1.13) n(\) = 20 @D Psy P -

\ is called integral if all the n,(\) are integers. If G. is simply connected,
then X\ is integral if and only if

¢*: exp(&) —— e, ey,

is a well defined character on the torus group H. For example, p is integral
with n,(0) = 1 for all ¢, and p, is integral within V with n,(o,) = 1 for t < ».

If ¢ is an irreducible representation of V, then p|; is a finite sum of
characters ¢’ where the ) are integral elements of % called the weights of
p. If we impose a lexicographic order on the real span 79* of the roots such
that A" consists of positive elements, then ¢ has a unique highest weight
and it does not depend on the choice of the ordering. That highest weight
determines /¢ up to equivalence, and we write

E;: representation space of p;;

rc,;: irreducible representation of V with highest weight ;
E, — D: holomorphic vector bundle associated by Lemma 3.1.3;

(3.1.14)
&, — D: sheaf of germs of holomorphic sections of E, — D (i.e.,
O(E,), cf. 8.1.6).%

* &, here should not be confused with the notation for C=(p, ¢) forms &9, and this will
be clear from the context.

This content downloaded from 169.229.32.136 on Sun, 25 Aug 2013 15:28:05 PM
All use subject to JSTOR Terms and Conditions



http://www.jstor.org/page/info/about/policies/terms.jsp

420 R. 0. WELLS, JR. AND J, A, WOLF

If G is simply connected, the highest weights of representations of V are
exactly the linear functionals A € )¥ such that

n,(\) is a non-negative integer for 1 <7< 7r,

3.1.15
( ) an arbitrary integer for r <t 1.

In any case, the highest weights satisfy (3.1.15). We note that the degree
dim E, of z; is 1 just when n,(A) = 0 for 1 < ¢ < 7, so the homogeneous
holomorphic line bundles over D are the E,— D withn,(\) = 0for1<i< 7,
n;(\) an arbitrary integer for » <1 < 1.

The holomorphic tangent bundle T, — D is the restriction of the holo-
morphic tangent bundle Ty — X, and the latter is the homogeneous holo-
morphic vector bundle over X = G/P associated to the representation of P
onT = ge/P =D 3,4\ 0 Similarly the bundle T} — D of (1, 0)-forms is based
onthedualspace T*of T'. AstheKilling formpairs} ;, .\ 4, 86t0D 4+ 0, 357 ="
we identify T* with g¢/(p" + 3,4\, 8%) = p™*. Let n = dim¢D, so the canon-
ical bundles {(n, 0)-forms} are K, = A"T%— D and K, = A"T*— X. Note
that P" acts trivially on A"T*, and that V acts on A"T* by the character ¢?
where A= —2(0 — p,). This shows that K, — D is the homogeneous holo-
morphic line bundle E,,,_, — D.

Similarly, the holomorphic tangent bundle T, —Y is based on f;/pNf.=
EA}\@ gt, and if s = dimcY then Ky = A'T¥ = Eypp—pplr-

The irreducible representations of K similarly are described by highest
weight relative to AL. Here we must be careful because the simple root
system for (f;, A%) usually is not contained in .

We end these preliminaries by recalling the Bott-Borel-Weil theorem for
our maximal compact subvariety Y = K/V = K./P N K. (Bott [10], cf.
Griffiths-Schmid [14], Kostant [26]). First, it says

(8.1.16) if (N + Pk, B) = 0 for some B € Axthen H(Y; &;) = 0 forallgq.
If (L + g, B # 0 for all B € Ag, then we denote
ax(™ + 0x) = [{Be Ak (0 + i, B < 0}

and we take the element w of the Weyl group W(K, H) such that
{wh+ 0g), B>>0 for all B€ A%. Now the second and main part of the Bott-
Borel-Weil theorem says that

H(Y; &) =0 for q+# qx(™m + px), and
(3.1.17) Hx***0(Y,8,;) is the K-module of

highest weight w(» + 0x) — 0x -

For example, let us apply this to the sheaf X, —Y of germs of holomorphic

This content downloaded from 169.229.32.136 on Sun, 25 Aug 2013 15:28:05 PM
All use subject to JSTOR Terms and Conditions



http://www.jstor.org/page/info/about/policies/terms.jsp

AUTOMORPHIC COHOMOLOGY 421

sections of the canonical bundle K, —Y. We saw Ky = E,;,,_,.)ly. Now
{0y — Px, B) =0 for every B € Ay, and it is easy to check that {ox—pv, 8)>0
for all B e AF\(®). It follows that

(2(py — Px) + Px, BY >0 for Be (D), <0 for Be AL \(D)
80(3.1.17)appliesand the cohomology occursindimension |AF\(D)|=dim Y =s.

3.2. Schmid’s Identity Theorem and some consequences

In this section we state a variation on the Identity Theorem [28, Corollary
6.5] of Wilfried Schmid and we indicate consequences used in the sequel.
The Identity Theorem is proved in Section 3.3.

Retain the notation and conventions of Section 3.1 and consider a homo-
geneous holomorphic vector bundle

E, — D for a representation p;
of V with highest weight x€19*.

We will assume that E; — D is nondegenerate in the sense that

if B, ---, B, are distinct noncompact positive §-roots then
3.2.1) NF o+ B+ -+ B,y >0forall ae (D) = A
o and

N+ P+ B+ oo+ B, 7) <0 for all Y € AF\(D) .

Two remarkson (3.2.1): First, (o,, @) = {0k, @) for all @ € A,, so the second
condition of (3.2.1) is equivalent to: (A + ox + B+ +++ +8,, @) >0 for all
a e (D). Second, in the case where V is reduced to the compact Cartan sub-
group H, A, is empty and (3.2.1) reduces to:
N+ O+ B+ +B,7) <0forall YeAr.
The Identity Theorem is
3.2.2. THEOREM. Suppose that E,— D 1s nondegenerate (3.2.1) and

that ¢ € H*(D; §,), s = dim. Y, such that ¢ restricts to the zero cohomology
class on every fibre gY of D — G/K. Then ¢ = 0.

The proof will yield the complementary result

3.2.3. THEOREM. If E,— D is nondegenerate (3.2.1) then HY(D; &;)=0
for q +# s.

One important and immediate consequence of the Identity Theorem is

3.2.4. THEOREM. IfE,;— D is nondegenerate (3.2.1), then H*(D; &,) is

a Fréchet space on which the natural action of G 1s @ continuous represen-
tation.
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This is just a matter of proving Fréchet, and that follows from
3.2.5. LEMMA. The maps d: &7 (D; E;) — &>4D; E;) have closed range.

Proof (W. Schmid). Let {dp,} — @ in &/(D; E;). As & is continuous,
dw = 0, so w represents a cohomology class ¢ € HYD; &;). We must show
¢ = 0; then w will be in the range of a.

If ¢ = s then ¢ = 0 by Theorem 3.2.3.

Let g =s. Let ge@ so gY is a fibre of D— G/K. As Y is compact,
3: 8" (gY; E,) — &(gY; E,) has closed range. The topologies being com-
patible, now {39, |,y} — ®|,y shows w|,, to be 5-exact, so ¢|,, = 0. Thus the
Identity Theorem says ¢ = 0. Q.E.D.

Lemma 3.2.5 allows us to apply Serre duality. Writing K, — D for the
canonical bundle, and then glancing back at Theorem 38.2.8, we conclude
(letting H*() denote cohomology with compact supports)

3.2.6. COROLLARY. Let E,— D be nondegenerate, n = dim.D and
s =dimcY. Then Hr Y(D; & Q Kp) = 0 for q # s and H**(D; & ® K p) is
the strong dual of H*(D; &,).
We close Section 3.2 with some comments on the existence of vector
bundles satisfying the nondegeneracy condition (3.2.1).
First we note that nondegenerate bundles E, — D always exist. At the
end of Section 3.1 we saw that
(20, — Pr, @y >0 for ae (D)
and
(20, — Pz, V> <0 for 7eAL(D) .
It follows that
» = a{(db + 1)p, — bog}, @ and b positive integers, ¢ > 0,

satisfies the nondegeneracy conditions (3.2.1). More generally, to construct
N satisfying (3.2.1) in terms of the integers n, = 2{\, @,>/{®;, ®,>, we first
choose integers

M, = max 2Bt - +Bu P B, -+, B, € A} are distinct
{Ppiy P

for 1 <4 < r, and then choose n,,,, + -+, n, sufficiently large negative so that
the (v + B+« +8, V) < {—pPxg, 7) for all 7€ AF\(D).

Second, we note that a homogeneous holomorphic line bundle can satisfy
(8.2.1) only under special conditions:

3.2.7. PROPOSITION. If G issimple, and if a homogeneous holomorphic
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line bundle L, — D 1s nondegenerate (3.2.1), then either V = H and P is a
Borel subgroup of G¢, or V = K and D is a Hermitian symmetric space
G/K of noncompact type.

Proof. Let L;— D be a homogeneous holomorphic line bundle. Then
the representation f;, of V with highest weight A must have degree 1. This
says (\, @y = 0 for all @ € A,.

Suppose H =V # K. Then A, is non-empty and ) shad g+ contains a
nontrivial irreducible V-module E. Let 8 e AL\(®) denote the lowest weight
of Von E. Then (B, @) < 0 for some simple root & of b., and we calculate

2N + Oy + By @) _ 2{py, @) n 2{B, ) —1 2{B, a) <0.
{at, ) {a, ) {a, @) {e, @) —
This contradicts (3.2.1).

Now either V= Hor V = K. If V = H then P is reduced to its Borel
subgroup because P has reductive part V.. If V = K, then G/K = D, so
G/K has invariant complex structure and thus D is the Hermitian symmetric
space G/K. Q.E.D.

In the Borel case V' = H, one obtains nondegenerate line bundles L, — D
by taking A\ to be a large negative multiple of p;. In the Hermitian sym-
metric case V = K one obtains nondegenerate line bundles L, — D by taking
\ to be a large positive multiple of ox.

Of course if G = G, X - -+ X G, with G, simple, then D = D, x - -+ x D, ac-
cordingly, and the homogeneous holomorphic line bundles L; — D are just
tensor products of line bundles L,, — D, with A =+ +++ +X\,. L—D is
nondegenerate just when all the L, — D, are nondegenerate, so Proposition
3.2.7 settles the question of whether D admits nondegenerate homogeneous
holomorphic line bundles.

3.3. Proof of the Identity Theorem

The Identity Theorem was proved by Wilfried Schmid [28] in the case
where V is reduced to the compact Cartan subgroup H. Our proof is a
combination of Schmid’s arguments witha Leray spectral sequenceargument.
The spectral sequence comes from a holomorphic projection
(3.3.1) fiX=G/B— G¢/P = Xby f(gB) = gP
where B is the Borel subgroup of G. with Lie algebra b = 9. + >, gc*.
Take %, = 1- B¢ X as base point sitting over 2, = 1. P X and denote

D = G(&,) = G/H, open G-orbit in X,
and
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¥ = K&, = K/H, maximal compact subvariety of D .
Then f restricts to holomorphic fibrations,
(8.3.2) fiD—> D and ¥Y——Y with fibre V/H .
We apply Schmid’s arguments to D and carry the results down to D by the
Leray sequence. The nondegeneracy hypothesis (8.2.1) combines with the
Bott-Borel-Weil theorem to collapse the spectral sequence.
The holomorphic normal bundles to Y in D and to ¥ in D are the
K -homogeneous holomorphic vector bundles
N — Y and N — ¥ associated to the adjoint
(3.3.3) actions of K, N P and of K;N Bon

.N: EAg'_gé .

Notice that N = f*N where f is given by (3.3.2).

3.3.4. LEMMA. IfE;— Disnondegenerate (3.2.1),! = 0and q = dim.Y,
then HY(Y; 6, ® A90) = 0.

Proof. Let L,—Y denote the homogeneous holomorphic line bundle for

the character ¢’ on K N B and write L; ; for L, ® A'N. As KN Bis solvable,

it is triangulable on the fibre of L, ;. That gives a sequence
0=F,cF,c---cF,=1L,,;

of K .-homogeneous holomorphic vector bundles over Y, such that each

F./F._, is a homogeneous line bundle L,, for a character ¢* on K.NB. Here

N, is of the form A + B,+ .-+ B, where the 8; € Af are distinct. So (3.2.1)

ensures

v+ 0g 7Y <0 forall v e AR\(D) .
Now the Bott-Borel-Weil theorem (3.1.17) says
Hu(Y; £,) =0 for ¢ <|AR(®)| = dim,Y .
In consequence, the exact sequences
0 Fia I £ 0

i

give us

H(Y:;F,.)= H(Y;F,) forq<dim.Y.
Iterating this and using F, = £,, we conclude
(8.3.5) HY(Y; £,,) =0 for q <dimY .

In case V = H, that completes the proof of the lemma.
The Leray spectral sequence (Godement [12]) is based on some direct
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image sheaves f%(£;,) — Y constructed as follows. If p is an integer > 0,
then f%(£;,) is associated to the presheaf that assigns the abelian group
H (YN f'U; £,)toanopenset UCY. Asf: Y —Yisa holomorphic fibre
bundle, f%1(£;,) is the sheaf of germs of holomorphic sections of the bundle
over Y with fibre H*(Y N7 'z,; £,,). Restrict the bundles F;and L, of the
proof of (3.3.5) to Y N f'(x,) = VBN V. without change of notation.
From (3.2.1), each

N+ o, a) >0 forall ae ().
Now the Bott-Borel-Weil theorem says

H (YN [ £,) =0 for p>0
Tm,H%YnfﬂmgQQ is the V-module E; of highest weight \,. Using
N = f*N we conclude

f2(L.) =0 forp>0
(3.3.6)
and

Fu(&) = 6 &® AL,
In view of (3.3.6), the Leray spectral sequence collapses and gives us
H(Y; £,) = H(Y; 6, R A9 .
That combines with (3.3.5) to give the statement of the lemma. Q.E.D.

For every root we A choose nonzero e,cg: and define h,ebh. by

(hoy By = a(h) for all h €Y. Then constants n, , are defined by
[€as €5] = Mo slars If @, B, a0+ BEA.

It is standard that the e, may be chosen so that
(€ar €5) = 0On,—p and [, €_o] = I
Nq 5 is Teal and n_, = —mn,; for @, B, a + BEA;
Ngp = Np,; = Ny, fOr @, B, YeA witha@ + 8+ v = 0;
Te,= —e_, Where 7 is conjugation of g. over g, .

(3.3.7)

Then the conjugation ¢ of g, over g, and the Cartan involution 8 = o7 = 7o,
satisfy
0(e,) = €._o= —0(e,)
where ¢, = 1 for €« € A, —1 for € A; and thus also
€66, =—1 whenever a, 8, YcAwitha +8+7v=0.
The dual complex-valued linear differential forms on G are given by

w*(e;) = 05 and w*(He) = 0.
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Calculating
a 1 a (/4 (4
dw*(es, €;) = —2‘{9»9'0) (e;) — er-@%(es) — w°ey, 6]}

one has the Maurer-Cartan equations

do*=—23  _ m,@" A @ + terms involving §* .
5 _

Let @ belong to the space &"(D; E;) of E;-valued (0, ¢)-forms on D.
Then w has lift to G of the form
@ = ElBl=q fz0™%,
B={B, ++,BJCAND), 0 Z=w A +es A0
where the f,: G — E, represent sections of E,. Then the Maurer-Cartan
equations above give

(5(0)~ = Eaeﬁ\«p) EIBI=L] e_(fpo*Nwo "

3.3.8 1 i1 _a _ B\
( ) -+ ?EléiSq ngﬁe___A;\«m ElBl=q (_1) Ina’ﬂwa N @ g N @ o

We will need this for a calculation below.

The typical fibre N = 3, g* of the holomorphic normal bundle N — Y
carries an Ad(V)-invariant positive definite Hermitian inner product (e, f)=
—<e,tf). If Af ={a, -+, @;} and ¢, = ¢,, € ¢ as above, then (3.3.7) shows
that {e,, ---, ¢,} is an orthonormal basis of N. Thus A’(N) has orthonormal
basis consisting of the ¢; = ¢, A -+ ANe, wherel <, < ... <14, =¢. Now
we have K-invariant Hermitian metrics on the A'N—Y, and the K-invariant
tensor fields

(3.3.83.) hl = EIII=l é—-I ® er
combine with those metrics to give the complex conjugation operations
AN — AN.

Let &4(D; E;) denote the space of all E;-valued (0, ¢)-forms on D that
vanish to order = » on the fibres of D — G/K. Thus &%%(D; E,) consists of all
w € &Y D; E;) whose lift to G has the form

@ =) [0 F where f; = 0 whenever | BNA{| < 7.
If o, 5 At with @ + B e A}, then one of @, 8 must be noncompact, so (3.3.8)
gives us
(3.3.9) 06%4(D; E;) C E33(D; Ey) .

Recall the K-invariant sections #' of A'N ® AN —Y given by (3.3.82)
and define
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R,: EL(D; Br) — & (Y; E; @ A'N)

by restriction to Y and contraction with A". In other words, if &, ---, &,_,
are tangent to Y at a point x¢ Y,

(3°3'10) (g{rw)x(su ] Eq—r) = 2”1:,. wz(éI; STRRRN Eq—r) ® € .
Comparing definitions we have
(3.3.11) &% (D; Ey) = {w e &3(D; Ey): R, (g*w) = 0 forall g € G}.

In particular, &%, is in the kernel of R,.

3.3.12. LEmMMA (W. Schmid [28]). If @ € &(D; E,), then R, (0w) is well
defined by (3.3.9), and

59{,(0)) = (_1)Tg{r(gw) .
Proof. Split ® = « + @ where @ € &%%,)(D; E;) and + lifts to G as
"} = EfBCw_B /\ a)—C ’

B:{Bu ""Br}CA; ]
C={", -+, Ve JTAL.

Now (R,4)” = 3 f5® ¢ ® e and so, using (3.3.8) restricted to K, and cal-
culating e_.(f 3.¢3) by the product rule, we have

(3.3.13) (—a-g{rﬂlfy = E + EB,C e_o([r)®0* N O™ & eg
aEAK\(@)
+ _;—El§i§q~»r E,,l'azﬂz\@)(—1)i—1nal,a2fBCa)—a1 A @ e A @ N R ey
a tag=rg

B,C
Do oo Fac®™ A 07 ® A (ad(e-)-¢ -

Since
Aad(e_n))-en = 3 e A vr Ao Alewes ] Aes A os At
the third term of the right hand side of (3.3.13) is
Exsisr EaeA;{\@» EB,C (—1)i—1n—a»ﬂif30a)_a NO°Q €p,—a N ep; +

B;—ae A}t’
Similarly
(3.3.14) (1Y (@) = Leuia 2um -l [ )@ " A 0™ A 0™

1 i—1 -B —a —a, —(C\13)
+ _2—El§i§q—-r Eal, azeAjé\«l»(_l) nal,angCw ANO NGO 2N\ ® i

@t ag=1;
B,C

1 i— - - —(B\g; -c
+ ?E1§i§r Eal,azeﬁ\@)(_l)rﬂ 1na1,a2fBCw RO R AN O R AN )

artag=F;
,

B,C
+ lifts of terms in &34(D; Ey) .«
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In the third term of the right hand side of (3.3.14), @, + «, = 8, € A§ forces
one of the «,, @, to be noncompact and the other to be compact. So the
third term becomes

Eléigr Eae A;&\(cl)) EB,C (—1)i_1%ayﬂi—afBCw_ﬂi+a /\ a)—(B\ﬁi) /\ w—a /\ (’)—C .

+
Bi—ae AS

AS Nyp,_o = N_,, from (3.3.7), we conclude oR,(y) = (—1)'R,(d+). Since
® — €& ,(D; E;), the lemma follows from (3.3.9) and (3.3.11).  Q.E.D.

3.3.15. LEMMA (W. Schmid [28]). Let wec&3(D; E;) be such that
0w € &554(D; Ey), so (3.8.11) and Lemma 3.8.12 tell us that aR,(g*®) = 0 for
all g € G. Suppose further that every R, (g*®) is 6-exact. Then there exists
o € ELI7Y(D; B,y with @ — o+ € &%%,(D; E)).

Proof. Every g € G has unique factorization exp(&é)k, é€8andk € K, and
exp(8)K +— exp(&) is a C= section to G — G/K. Now
(3.3.15) G/K — & 7(Y; E;® A'N) by exp(§) K —— R, (exp(8)*w)
is a C> map from G/K to the d-exact forms in the Fréchet space
& (Y; E;® A'N). As Y is compact, d has closed range [41], so

0—— (e dy = 0} —> & —— §E T —— 0

is an exact sequence of Fréchet spaces. Thus [1] the C~ map (3.3.15") lifts
to a C* map

G/K— & Y(Y; E;® A'N) by exp(&)K+—— @, withdp, = R, (exp(§)*w).

That gives ¢ € &% 74(D; E;) with o, = (—1)"R,(exp(&)*y). If g € G, say g = vk
with p = exp(§), £€3, and k € K, then

R(g*(@ — 99)) = kXR,(p*®) — (=1)I R, (p*y)} = 0.
Now @ — d € &%%,,(D; E;) by (3.3.11). Q.E.D.

Now we prove the Identity Theorem and Theorem 3.2.3 in their Dolbeault
cohomology formulation.

3.3.16. THEOREM. Let E,— D be nondegenerate (3.2.1) and let we
&"4(D; E,;) be d-closed.

1. If ¢ # s = dim.Y then @ is 0-exact.

2. If ¢ = s and if every |,y is d-ewact, then ® is 9-exact.

Proof (Schmid [28]). D is (s + 1)-complete by Theorem 2.5.9, so
HYD; &) = 0 for q > s, proving  is d-exact if ¢ > s, [1].

Now assume ¢<s. Each R,(g*®) = 0|,y € §*(Y; E,) is d-exact by hypo-
thesis if ¢ = s, by Lemma 38.3.4 if ¢ < s. Now Lemma 3.3.15 provides
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2, € &7 Y(D; E;) such that @ — v, € §%4(D; E)) .

@ — v, is d-closed, and each R,(¢*(@ — 9v-)) € & (Y; E; ® N) is 5-exact by
Lemma 3.3.4, so Lemma 3.3.15 provides

¥, € §477'(D; Ey) such that @ — (v, + v,) € 3(D; E)) .

Continuing, we obtain 4, € 877!, 8 < j < ¢, such that ® — 3(y,+-++ +,) €
&%4(D; E;). Every d-closed form in&%%(D; E,) is zero because H(Y; E;Q A’N)=0,
SO NOW ® = O(nr,+ * + + + ). Q.E.D.

3.4. The Main Cohomology Representation Theorem

Let D be an open orbit of a complex flag manifold X, and let E; — D be
a homogeneous vector bundle over D, using the same notation as in the
previous sections of this chapter. In the classical case where, say, D is a
bounded symmetric domain, and E,is the canonical bundle, H(D, §,,;) =I'(D, ©)
is an infinite dimensional Fréchet space. Also, if T' is a discrete subgroup of
G acting on D, then the invariant sections, which we denote by HXD, &,.,),
are the classical automorphic forms on D of weight m (cf. Borel [8]; in the
one-dimensional case one must add an additional growth condition), and are
a finite dimensional subspace of H°(D, &,,;) when I is an arithmetic subgroup
of G. The vanishing theorem of Schmid (Theorem 3.3.16) shows that in the
general (non-Hermitian) case when D has nontrivial compact complex fibres
of dimension s > 0, the vector space H(D, &;) = 0 for nondegenerate holo-
morphic vector bundles, and thus H(D, &;) = 0, and there are no classical
automorphic forms. However, Theorem 3.2.4 tells us that H*(D, §,) is a
Fréchet space, which we shall see later is infinite dimensional (cf. Schmid
[28]). Thus welet H:(D, &,) be theT-invariant cohomology classes in H*(D, &,)
and, following Griffiths [15], we call Hi(D, &,;) the vector space of auto-
morphic cohomology classes on D (with respect to the particular nondegen-
erate vector bundle E, — D). At present it is unknown whether this vector
space of automorphic cohomology classes is finite dimensional or not. Never-
theless, we are able to represent automorphic cohomology classes as sections
of an associated homogeneous vector bundle over the parameter space for
the fibres, M,, and this we carry out in this section, utilizing the previous
results.

Consider the diagram

Y, —— D
(3.4.1) l
M - MD
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as in (2.5.2). Let E; — D be a homogeneous holomorphic vector bundle over
D, whose sheaf of holomorphic sections over D is again denoted by &;. Let
F; — %, be the pullback bundle F, = 7*E,, and let &, be the corresponding
sheaf of holomorphic sections. There is a natural mapping

(3.4.2) t*: H(D, &;) — H(Y,, F,) ,
which can, for example, be represented by the pullback of d-closed E,-valued
(0, 9)-forms on D, by Dolbeault’s theorem.

Suppose now that F is any coherent analytic sheaf on Y,, then, as in
Section 3.3 we let 72F denote the direct image sheaves on M. The Leray
spectral sequence for this fibration 7= has the form
(3.4.3) HY(M, n%F) == H"(Yp, F) .

Let H(Yp, F) and HYM, n%F) be equipped with their natural topologies
induced by uniform convergence of holomorphic functions on compact sub-
sets.

3.4.4. THEOREM. The topological vector space H"(Yp, F) is a Fréchet
space which is topologically tsomorphic to H'(M, 7iF).

Proof. Since M is Stein, by Theorem 2.5.1, we have by Cartan’s
Theorem B that H"(M, n3F) = 0 for » > 0, since, by Grauert’s direct image
theorem (Grauert [13]), the direct image sheaves are coherent. Thus the
spectral sequence (3.4.3) is completely degenerate and we have algebraically
HM, 7% F)= H(Y,, F). Moreover, the natural continuous mapping in the
spectral sequence giving the above algebraic isomorphism is the edge homo-
morphism
(3.4.5) e: H(Yp, F) — H(M, niF) .

Since ¢7*(0) is a closed set, it follows that HY(Y,, ¥F) is Hausdorff and thus a
Fréchet space. Moreover, H°(M, 7.¥) is a Fréchet space, and thus ¢ in (3.4.5)
is a bijective continuous mapping of Fréchet spaces. By the open mapping
theorem we conclude that e is a topological isomorphism. Q.E.D.
We now return to the pullback mapping (3.4.2). Recall that
s = dim¢ K/V = dim. Y c D.

3.4.6. THEOREM. Supposethat E;,— D is a non-degenerate homogeneous
vector bundle. The mapping

T*H*(D, &) — H*(Yp, F))
18 a topological injection of Fréchet spaces.
Proof. We know by Theorem 3.2.4 that H*(D, &,) is a Fréchet space.
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By Theorem 3.4.4, H*(%Y,, F,) is also Fréchet. We need to show two things:
first, that * is algebraically injective, and, second, that z* has closed range.
The fact that z* has closed range follows from the fact that ¥, S Disa
holomorphic fibre bundle. One uses a family of semi-norms on %Y, which are
compatible via the projection z with a family of semi-norms on D, which is
simple to construct. Then a sequence of forms t*p, which converge on %,
to + implies that @, will converge on D to an element ¢ € & 4D, E,), and
T*@ = +r. Since ¥ commutes with 9, we see that t*(H*(D, §,)) is closed in
H*(%Yp, F,). Toseethat t* isinjective, suppose that we represent & € H*(D, &;)
by a d-closed form ¢ with coefficients in E,. Then suppose that 7*¢ = 0 in
H*Y,, F)), i.e., t*p is d-exact. This implies that t*p is G-exact on the
G-translates of the principal fibre Y, i.e., on the fibres of D. Thus we have
that @ restricted to the fibres of D is d-exact on those fibres, and hence by
Theorem 3.3.16 we find that @ is 6-exact on D. Thus & = 0, and injectivity
is proved. Q.E.D.

We can now state and easily prove our principal representation theorem.

3.4.7. THEOREM. Let E, be a nondegenerate homogeneous vector bundle
over D. The composition of the mappings (3.4.2) and (3.4.5) s a topological
injection of Fréchet spaces

o: H(D, &) — H"M, 7%.F)) ,
which 1s equivariant with respect to the action of G.

Proof. The first part of the theorem follows immediately from Theorems
3.4.4 and 3.4.6. We merely note that the action of G on E; and on the homo-
geneous space D = G/V induces an action on H*(D, &;). This action is com-
patible with the mappings 7 and « since the elements of G map fibres of D
to fibres of D inducing an action on Y, and on M. We then see that the action
of G on H*(%Y), &,;) induces an action on H°(M, 73 ;) and thus the theorem is
proved. Q.E.D.

Remark. The sheaf 737, is a locally free sheaf of rank = dim H*(Y, E))
(since 7 is of maximal rank and ¥, is a locally free sheaf on ¥,). So Theorem
3.4.7 gives a representation of cohomology on D (with coefficients in E,) by
sections of a holomorphic vector bundle E, — M whose sheaf of sections is
755 ,. Note that even if E, were a homogeneous line bundle on D, it would
not follow that E; would be a line bundle. Also, we see that the action of
& on M induces an action of G on the sections of ﬁ; — M. Thus we could say
that E,is a homogeneous vector bundle in the general sense. However, M
can be homogeneous only in the “Hermitian case”:
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3.4.8. PROPOSITION. M 1is homogeneous under a subgroup of G¢ if, and
only if, G/K is Hermitian symmetric with D — G/K holomorphic or anti-
holomorphic along each irreducible factor.

Proof. The maximal subgroup of G, preserving M is Q=
{9e€Ge:¢'Y C D= gg'Y C D}, which contains G but cannot contain a simple
factor of G just when it is homogeneous under G, in which case M = G/K.
That is the situation in the “Hermitian case.” In the “non-Hermitian case,”
Proposition 2.8.5 shows dim M = dim;G, — dimgL > dim G/K, so M cannot
be homogeneous. Q.E.D.

In the notation of Section 2.3, M is a subset.of G¢/L, and E; — M is the
restriction of a Gc-homogeneous holomorphic bundle E, — G¢/L. The repre-
sentation of L involved here is seen from the proof of Theorem 3.4.4, the
Bott-Borel-Weil theorem and Proposition 2.3.5.

4. Poincare series and integrability

4.1, The Poincaré series of an absolutely integrable cohomology class

In this section we formulate the basic result on convergence of the
Poincaré series associated to an absolutely integrable cohomology class
c € H*(D; &;) and a discrete subgroupI' G. The convergence follows directly
from the results of Sections 2 and 3 and a theorem of Griffiths [15]. Then in
the remainder of Section 4 we show, under appropriate conditions on \, that
H*(D; &) contains nonzero absolutely integrable classes.

Let D = G(z,)CX = G¢/P as before, so D=G/GNP. From now on we
assume that V = G N P is compact. Thus we have G-invariant Hermitian
metrics on (the fibres of) the holomorphic tangent bundle T, — D, and more
generally on every homogeneous holomorphic vector bundle. This gives us
a pointwise inner product on E-valued (p, ¢)-forms and gives us a G-invariant
volume element on D. For every real number » = 1 we denote

(4.L.1) &(D;E) = [pe& ol = (|, @I dz) <=l”

where dx is the invariant volume element and || p(z)|| = {p(x), (x)>'/* is the
norm associated to the inner product on the fibre of E® AT} ® AT% over
xe D. We denote

(4.1.2) L2 D; E): Banach space completion of &2(D; E)

and observe that L2(D; E) is a Hilbert space with inner product

* &2 should not be confused with &f:f used in Section 3.3 in the proof of Schmid’s
Identity Theorem.
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(4.1.3) @90 = |, 2 wde = | p7sm.

Here we are using the Hodge-Kodaira orthocomplementation operators
— ¥E _
EQ® AT Q AT E* @ AT ® AT
*El

for our inner products, and A is exterior product followed by contraction of
E with E* (cf. Wells [41], p. 175). The compactly supported C~ (p, q) forms
are in each &7 and dense in L?? so the latter may be viewed as their
Banach space completion.

We say that a Dolbeault cohomology class [¢] € H”‘(D; E) is of Lebesgue
class L, if it is represented by a form ¢ € L2 %(D; E), and we denote

H?*(D; E): the L, classes in H»*(D; E) and

4.1.4
( ) H(D; &) = {c e H(D; &): ¢ corresponds to a class in H>(D; E)} .

Later in this chapter we will give sufficient conditions for the existence of
integrable (L,) and square integrable (L,) cohomology classes. We are inter-
ested in the integrable classes, but their existence depends on representation-
theoretic facts about the square integrable classes.

Let T be a discrete subgroup of G. In other words, since D = G/V with
V compact, I' is a subgroup of G whose action on D is properly discontinuous:

if Z C D is compact then {7 €I': YZ meets Z} is finite .
If ¢ € H(D; &) we form the Poincaré series
(4.1.5) 0(c) =3 ,..Y*c) .
If s = dim.Y as before, our result on convergence of these series is

4.1.6. THEOREM. Let E,— D be a nondegenerate (3.2.1) homogeneous
holomorphic vector bundle, I' a discrete subgroup of G, and ¢ € H{(D; &,).
Then the Poincaré series 6(c) = Y. 7*(c) converges, in the Fréchet topology
of H'(D; &), to a I'-invariant class.

Convergence of the Poincaré series for L, classes in dimension s was
conjectured by Griffiths [15, p. 616] for the case where E; is a high power
of the canonical bundle. In view of Proposition 3.2.7, a high power of the
canonical bundle is nondegenerate only when P is a Borel subgroup of G,
that is, only when V is reduced to H. The result that Griffiths proves in
[15] is a weak form of Theorem 4.1.7 below in which nondegeneracy is not
required (except perhaps implicitly for the existence of L, classes), but the
fibres gY of D — G/K are required to be complete intersections in D (which
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may be true in general but is only known in a few particular cases).

Theseresultsarerelated to some theorems of Godement, Harish-Chandra,
and Borel (see [8], § 9) which are proved by methods of harmonic analysis on
G. Those theorems apply to the case where

¢ is K-finite, i.e., {k*c: k € K} has finite dimensional span
and

¢ is 3-finite, where 3 is the center of the enveloping algebra of g .

We will see below that 3-finiteness is not a serious restriction, but K-finite-
ness essentially says that ¢ has a finite Fourier series. At any rate, in this
case one has by their methods convergence of 6(c), and also the result that
0(c) has a bounded I'-invariant Dolbeault representative.

Let 0: H(D; &,) — H(M; m%7*&,) be the G-equivariant Fréchet injection
of Theorem 3.4.7. Then we can form the Poincaré series for o(¢) and T, and
prove

4.1.7. THEOREM. Let E;— D be a nondegenerate (3.2.1) homogeneous
holomorphic vector bundle, T' a discrete subgroup of G, and ¢ € Hi(D; &;).
Then the Poincaré series on M

0(a(c)) = 2,cr TH(0(¢))
converges in the Fréchet topology to a T'-invariant section in H(M; w5.7*&,).

Theorem 4.1.6 is a consequence of Theorems 3.4.7 and 4.1.7.

The remainder of Section 4.1 is a proof of Theorem 4.1.7 following
Griffiths’ line of argument [15, pp. 619-623], but using nondegeneracy to
simplify matters, clarify some technical points, and avoid the restriction
that the fibres of D — G/K be complete intersections.

Fixao-closed L, form ¢ € &§*(D; E;) whose Dolbeault class[¢] € H*(D; E,)
corresponds to ¢. If Z is a compact subset of D, let b(Z) denote the (finite)
number of elements ¥ € I" such that v(Z) meets Z. Evidently

@18 blpl=b] le@idaz T, | le@lds =02,

for every finite subset FFC T,

The inclusion g Y — D induces the restriction r,: H*(D; &;) — H*(gY; &)).
Note that H*(gY; &;) is the fibre over ¢gY e M = M, of the vector bundle
whose sheaf of germs of holomorphic sections is 7%7*&, — M. Thus
(4.1.9) 0(e)(gY) = r,(p), geGe withgY C D .

Using Corollary 3.2.6 and Serre duality on g Y, we denote the map on dual
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spaces induced from », by
(4.1.10) ris HY(gY; 67 ® Kyy) — H™*(D; 67 @ Kp) -
Given e H'(@Y; 6, ® K ,r) = H*(gY; E;), and ¢ = [p] € H*(D; &;) we have

@@, ¥) = (@), ¥ = (o, i) = | o7 iy
We will use this to calculate

4.1.11. LEMMA. Let ve H'(9Y; &f Q K ,v) and let F be a finite subset
of I'. Then there is a constant @ = a(y; F') > 0 such that
2 X709 Y), vy | S aliell,
Proof. rf+r has compact support Z cD. Now denote a =
b(Z)-sup..; |75 (¥)(@) || = b(Z)-sup,erz || (V) riy(x)||. Observe that
<A/*0-(c)(g Y)’ "/f‘> = <’ry’\/*¢’ "l"> = <7*(Py 'r:"/f> =
S T R rig = S e N (N i) = S AN G K
zZ z 7Z
That gives
(oY), 1 5 | Ie@) 107 @) e < 2L e do
iz b(Z) )z
The assertion now follows from (4.1.8). Q.E.D.

Now we must be more precise about the support of 7+ as cohomology
class:

4.1.12. LEMMA. If e H(gY; & Q K,y) then the compactly supported
class v}, viewed as a linear functional on H*(D; &,), has support in gvY.
In particular, of U is a netghborhood of gY in D, then r} is represented
by a form in &*(D; E,) with support in U.

Proof. In the duality

H*(D, E;) — H}" (D, K, ® E})

we have used C~ forms above to represent the pairing by integration, but
to compute compact supports it is easier to represent H>" (D, K, ® E*) by
currents. First we note that

H" (D, K, ® E}) = H»" (D, EJ) ,
and if T € K~ 4D, E}) is a current of type (n, n — q) with coefficients in E}
and with compact support, then the current pairing (T, &) is well defined
for &€& YD, E,;) (currents in K™~ 4D, E*) with compact support can be
defined as the dual space to &*%(D, E), cf. e.g., Serre [33], Wells [42], Harvey
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[22]). Thus we have

HD, E) > H'(gY, E))
o
H™» (D, E}) «—— H*(Y, E}) .
Define the current T, acting on forms & € &*(D, E,) by

@& = wume=| v wnQ

where 4, given above is an element of H(gY, K,; ® EY), i.e., an (s, 0)-form
which is 9-closed with coefficients in Ef. Thus 4, 7 & is a scalar (s, s)-form
on gY and the integration makes sense, giving a well defined current.
Moreover 0T, = 0, since

<§Tg’ €> = <Tgy 5E>

= [ anme=o,

after integrating by parts once. Thus 7T, is a current representing a
cohomology class in H™" *(D, E¥) with support equal to ¢Y. We now show
that the class represented by T, is indeed 7*(+,), but this is clear since

<’r;("/fg)! $> = <"/f‘g: ra(§)>
= SgY '\/f‘g N /rg(‘f)

which is the definition of the action of T, on &. Q.E.D.

4.1.13. LEMMA. Let x,€ M. Then there exists a compact neighborhood
Uof m, in M such that, given € > 0, there exists a finite subset F T with

2orerr |<THO(@), vo> | < €
for gL e U.

Proof. Choose U to be a compact neighborhood of x,such that U,..p 9Y
is compact in D. Let (9) € H>" %D, K, @ E*) be defined by r(4,). By
Lemma 4.1.12, suppy(g) = g Y. We can choose a C* representative +(g) for
9r(9) With support close to gY (but not equal to ¢gY, which is impossible),
and we can choose these representatives +(g) with supports close enough to
gY so that

Uiev supp y(g) = C
is compact in D. Let
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= suD, . |v(9) ], -
AeU

Then @ < =». Now ¢ is given by hypothesis to be in L', so we can choose C
large and compact in D so that
dp < —=_ .
Sp_zw ©< Z(C)
Let
F={rer:vcnC=0g},

which is a finite set by proper discontinuity of I'. For gL € U, we have
IR Gl (- (=) IRV R ) T Sm (@ [7*(g) | dw

<aX,..| lolds
< ab(C) SD_FW do < ¢ . Q.E.D.

In conclusion we see that Lemma 4.1.11 and Lemma 4.1.18 combine to
give the convergence of

2>er TH0(@))0r Vo)

uniformly on compact subsets of M. But since the fibre of the vector bundle
associated with the locally free sheaf 75.0(c*E,) is given by H*(¢9Y, E,), and
9, 18 an element of the dual space of this fibre for each \ € M, we can con-
clude that the Poincaré series

oo(@)) = 22, V¥ (0(9))
converges uniformly on compact subsets of M. This completes the proof of
Theorem 4.1.8.

4.2. Square integrable cohomology

In order to obtain the absolutely integrable cohomology classes that we
need for the Poincaré series in Theorems 4.1.6 and 4.1.7, we apply some
unitary representation theory to the cohomology groups based on square
integrable forms. In this section we discuss those square integrable coho-
mology spaces.

As before, D = G(x,) © X = G¢/P, so D = G/G N P and we assume that
V = GNP is compact. E— D is a homogeneous holomorphic vector bundle
with a G-invariant hermitian metric; that is, E— D = G/V is associated to
a unitary representation of V. Wealso have a G-invariant Hermitian metric
on the holomorphic tangent bundle T, — D, and thus a G-invariant volume
element dx on D. The operator
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5: §(D; E) — &7*(D; E)

has formal adjoint 6* = —*,%9%,, where *,* and ¥, are the Hodge-Kodaira
orthocomplementation operators as in Section 4.1 (cf. Wells [41], p. 177). Let

4.2.1) O = @ + 0%)? = do* + %3 :
be the Kodaira-Hodge-Laplace operator acting on &% D; E). View [] as an
operator on L ‘(D; E) with dense domain consisting of the compactly sup-
ported C~ E-valued (p, ¢)-forms on D. The work [4] of Andreotti-Vesentini
shows that 7] is essentially self-adjoint; that is, [ ] has a unique self-adjoint
extension, which is its closure. We also write [] for the closure. Andreotti
and Vesentini also show that the Hilbert space L?(D; E) is an orthogonal
direct sum
(4.2.2)  LpYD; E) = 3(D; E) @ cl[JLz(D; E)] @ cl[5*Le**(D; E)]
where

] has kernel J»%D; E)c&2%D; E) ,
(4.2.3) d has kernel J(*%(D; E) @ cl[oLy*'(D; E)] ,

0* has kernel J(*4(D; E) @ cl[3*Ly**(D; E)] .
A form ¢ € L?(D; E) is called harmonicif e = 0. From (4.2.2) and (4.2.3),
we see that the Hilbert space

H?YD; E): square integrable harmonic E-valued (p, ¢)-forms on D

is the analogue of Dolbeault cohomology where one only uses square inte-
grable forms, and so we call it the square integrable cohomology group.

The action of G commutes with 4, *, and *,*, thus also with 9*. Now
G commutes with [[] and acts on J(»¢(D; E). It is easy to see that this action
is a unitary representation. If ¢ is an irreducible representation of V, we
denote

4.2.4) ml: unitary representations of G on H%D; E,) .

The representations 7% now are completely understood ([30], [45], [32]), and
we proceed to describe them.

Let G denote the set of all equivalence classes [] of irreducible unitary
representations w of G. The discrete series of G is

Gasse = {lz] e G: [7] is a subrepresentation of the regular representation} .
If [z] @, then H, denotes its representation space, and the coefficients of
[7] are the functions
fuwi G—C by fo,(9) = (4, 7(g)v); u,veH,.

If [7] e G then the following conditions are equivalent:
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(1) [7:] € C:;!\disc;
(4.2.5) (ii) there exist nonzero u, v € H, with f, , € L,(G®);
(iii) whenever u, v € H, the coefficient f, , € L,(G) .

In view of (4.2.5), the discrete series classes are often called square integrable.
We say that a vector ve H, is K-finite if {n(k)v: ke K} is contained in a
finite dimensional subspace of H,. Restricting = to K one sees that K-finite
vectors are dense in H,. The L, analog of (4.2.5) is: A class [7] €@ is

(4.2.6) integrable if f, ,€ L,(G) for all K-finite u, ve H, .
Since | f,..(9)| < llw]|-||v||, L, implies L,, and so integrable classes are square
integrable. The converse is false.

The space of compactly supported C= functions G — C is denoted by
C2(G), and we view it with the standard locally convex topology. If [z]e G

then 7(f) = S f(9)m(g9)dyg is a trace class operator on H, for every fe C2(G),
G
and

(4.2.7) 0.: C°(G) — C by 0.(f) = trace n(f)

is continuous, i.e., is a Schwartz distribution on G. The distribution O, is
called the global or distribution character of [x], and it specifies [z] within
G. In addition, ©, is invariant under conjugation by elements of G, and it
is an eigendistribution of

3: algebra of bi-invariant differential operators on G .
The eigenvalues define the infinttesimal character of [x]
(4.2.8) Y=t 8 — C homomorphism by 20, = %.(2)0, .
& has a dense open subset, the regular set, given by
G’ = {g e G: {ceg: Ad(g)¢ = ¢&} is a Cartan subalgebra of g} .
Harish-Chandra proved
(4.2.9) 0, is a locally L, function on G, analytic on G’ .

Now we can state Harish-Chandra’s description ([20], [21], [45]) of Gaiee
in our notation. For convenience, replace G, by a finite cover if necessary
so that p = p, exponentiates to a well defined character e’ on the compact
Cartan subgroup H of G. Then

AG»H = HaeA*‘ (ea/Z - e—a/Z)
is well defined on H and nonzero on H N G'. Let
A" = {neih*: e defined and @(\) == 0} where @(\) = J[,cor v @) .

If » e A/, Harish-Chandra associates a class [x;] € @dlsc, characterized by
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(4.2.10) 0., lune = ce(—1)"P(1/Ag 1)} dety (w)e*?
where
(4.2.11) gn) = {@e At v, a) <0} + [{v e Ad: (n vy >0}

and the summation runs over the Weyl group W; n = W . Every class in
Gaise is one of the [x;] just specified, and discrete series classes [7,] = [7,] if
and only if M € W, (V).

Now we can specify the representations 72 of G on the square integrable
cohomology spaces H*YD; E,). Let A be the highest weight of g, so
[#] = [l € V and E, = E;. Combining [45, Theorem 7.2.3] with the recent
vanishing theorems of Schmid [32] (cf. [31], [37]), we have

(i) if v + p ¢ A’ then every H*Y(D; E;) =0,
(i) if v + oA’ and g #= g(\ + 0) then H*(D; E;)) =0,
(iii) if » + pe A’ and ¢ = g(» + p) then 7% belongs to the discrete

series class [7;,,].

(4.2.12)

See Section 4.3 below for a sketchy indication of the proof.
We will say that E, — D is L,-nonsingular if

(4.2.13) »+ peA,and |\ + 0, B > %Eam [{a, B)| for all Be A} .

Trombi and Varadarajan [36] proved that (4.2.183) is a necessary condition for
the square integrable class [7,.,] to be integrable, and recently Hecht and
Schmid [28, 24] completed the proof that (4.2.13) is sufficient for [x,,,] to be
integrable. Thus (4.2.12) specializes to

4.2.14. PROPOSITION. Let E,— D be an L,-nonsingular (4.2.13) homo-
geneous holomorphic vector bundle. The G acts on FH14*(D; E,) by the
integrable discrete series representation [T, ,].

Recall (3.1.12) the simple root system ¥ = {gp,, - --, ¢} for (¢, A*) such
that ® = {p,, ---, »,}. Consider N defined by the integers n, = 2{\, ¢,)/
(P, p;) Where

(i) if i < 7 then n, = max {0, “2<512F J;Bt’ P with
¢i’ g)l

B, ---, B, €A} distinct} and

(4.2.15) (ii) if » < 7 then n, is sufficiently large negative so that
(a) <)" + 181+ M +:8t; 7>< —<|0K’ >"> forve AI-‘E\<(D> and
B; e A} distinct.

(B) O+ 0, 8) < == Epepe [< 8] for all e ag.
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Then (i) without the 0 and (iia) say that E; — D is nondegenerate (3.2.1).
The 0 in (i) says {v+p, @) >0 for all @ € (@), (iia) witht=0says (v +p, 7> <0
for all 7 € A;\(®) and (iib) implies (A + o, B) <0 for all Be Af;so M+ pe A/
with g(Av + 0) = |AR\(D)| = s. Glancing back at (4.2.13) we now see

4.2.16. PROPOSITION. A homogeneous holomorphic vector bundle E,— D
satisfies (4.2.15) if and only 1f it is nondegenerate (3.2.1) and L,-nonsingular
(4.2.13) with q(\» + p) = s. In that case, H*U(D; E;) = 0 for q # s, and G
acts on H"%(D; E,) by the integrable discrete series representation [7;.,].

4.3. Absolute integrability of K-finite cohomology

Retain the setup of Section 4.2. Every square integrable harmonic
form is C= and d-closed, and so defines a Dolbeault cohomology class. That
gives us a G-equivariant homomorphism

(4.3.1) JC9(D; E) — H*YD; E) by @ —— w + 6&>7'(D; E)

of our square integrable cohomology space to the subspace H*(D; E) re-
presented by square integrable forms. In this section we examine the iso-
morphism of (4.2.12 (iii)) to see, for E = E, satisfying (4.2.15), that (4.3.1)
gives a G-isomorphism of J(**(D, E) onto H;*(D; E) which maps the dense
subspace of K-finite classesinto H>*(D; E). That provides the L, cohomology
classes which we can sum in the Poincaré series of Theorems 4.1.6 and 4.1.7.

Several comments are in order before we proceed. First, the natural
map (4.3.1) is not injective in general; Theorem 3.2.3 and Proposition 4.2.14
give situations in which J(*(D; E) is infinite dimensional and H*(D; E) = 0;
for example, ¢ = 1 with any positive power of the holomorphic tangent
bundle over the unit dise. Second, given (4.2.15), a class in J(**(D; E;) does
not have to be K-finite to map into H*(D; E;); one only needs that its
K-isotypic components go to zero fast enough. Third, one can prove the
results of this section using the methods of [28] and [29] together with some
L, a priori estimates based on [36]—that was done in the original version of
this paper—but here we take a shorter route using recent results ([31], [32])
of W. Schmid.

Fix [¢t] € V, say with highest weight A, such that \ + peA’, and let
q = q(» + p). We need Schmid’s equivalence [32] of 7?2 with the discrete
series representation 7,,, of G.

Whenever [7] € G, we write H? for the space of K-finite vectors in the
representation space H,.. It consists of analytic vectors, and is a module
for the universal enveloping algebra ® of g.. Let Q; € & denote the “Casimir”
element that is the sum of the squares of a basis of f; orthonormal with
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respect to the Killing form of g.. Each dn(Qx)" is a symmetric operator on
H?, and we set

H? = N7~ (domain of H.-closure of dm(Qx)"x>) .

It is equal to the intersection of the closures of the dn(E), E€®, from H;
and of course H> c H® C H,.

Let 0: HZ @ A(W")* — H ® A(P™)* denote the coboundary operator for
Lie algebra cohomology of the p"-module H. We proceed as in [30, § 3] and
[32, § 8], using p" in place of Z,+gs*and V = G N P in place of the compact
Cartan subgroup H, to examine the cohomologies H?(p"; H). The usual
Ady(K)-invariant positive Hermitian inner product (&, n)=—(&, 6(77)) on g
gives a Hilbert space structure to p" and thus also to H, ® A(p")*. Asin
[30] and [32],6 + 0* is essentially self adjoint there from the domain
Hr @ A(P™)*, so each “harmonic space” J(”(z) (=kernel of closure of
(0 + 0%)|x,0avm+) is & closed subspace. Let A denote the square of the closure
0 + 0%, so that J(?(x) is the kernel of A on H, ® A?(p")*. Then, as in [32,
Lemma 3.6], ¢ — (Lie algebra cohomology class of @) defines a V-module
isomorphism J*(x) — H*(p"; H?), and asin [32, Lemma 3.21] H = H¢ defines
a V-module isomorphism H?(p*; H) — H*(p"; H?). Therefore, as in [32,
Thm. 3.1],

(4.3.2) JH*(z) is V-module isomorphic to H?(p"; H?) .

If M is a V-module then M" denotes the subspace of V-fixed vectors.
If [pl]eV we write M_, for the p}-isotopic component of M, and so
dim(M Q E,)" = dim(M_, ® E,)" is the multiple of #¥ by which V acts on
M_,.

We use Harish-Chandra’s notation for infinitesimal characters of classes
[7] G. Thus, if M e A’ the discrete series class [7;] has infinitesimal char-
acter x;.

Fix [t;] € V. Schmid’s result [30, Lemma 6] holds in our situation, in
the form

(4.3.3) Fon(D; By = SG H. ® {1"(x*) @ B da

as unitary G-module, where drz is Plancherel measure. If we write z? for
the action of ¥V on A?(p™)* induced by Ad, then this isomorphism comes from

JOND; By)) =—{f: G — A*(0)* @ Ex: [|fl| € Ly, f(gv) = (27 @ ) (v)*f(9)}
={FeL(G) @ A*(0)* Q Ex: (r @ * @ t)(w)F = F'}

= |, B {H: ® A" @ By
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and comparison of A with the Hodge-Kodaira-Laplace operator (4 2.1). A
result [47] of Casselman and Osborne also holds here: if H?(p*; HX)_; = 0
then 7 has infinitesimal character y;,,. Note that (4.2.12(i)) follows using
(4.3.2). Now, as in [32, Cor. 3.22 and 3.23],

(4.3.4a) nl,, is a sum of discrete series representations of G
and
(4.3.4b) [7] € Guiee has multiplicity dim{F("(z*) ® E.}" in 5. .

The remainder of Schmid’s proof [32] of (4.2.12) consists of combining [26]
and [31] with a close look at the Hochschild-Serre spectral sequence for the
p"-cohomology of an (H} )~ relative to the subalgebra p"Nft¢; it gives us: if
[7.]e Gaiee where v — 0 is V-dominant, then
dim{H*(py"; H3) Q E}}Y =1ifv =X+ pand p = q» + 0),

’ = 0 otherwise .
Now (4.2.12) follows from (4.3.2), (4.3.4) and (4.3.5).

Now we reverse the map that gives (4.3.3). Fix a discrete series class
[7:40]. Using the Weyl group W(G, H) we may suppose that » is V-dominant,
i.e., that we have [ft,] € V. Using (4.3.2) and (4.3.5) with ¢ = ¢(\ + 0), the
isomorphism H,,Hp — J(*Y(D; E,) is given by
H’fz+p = H. Tito R {H(x}.) @ B}

= H., QH! QANWFE)QE LG ANKI)QE.
Asin [32, Lemma 3.4], JC*(z},,) C(HZ,. )" ® A"(b")*. Also, if [r] Gaise then
H, ® (H¥)" = LZ(G) has image in C=(G). Since the
o OHEHE )" ® NG @ Byl = &7(D; E»)
11@5@1 13

H.. QUH: ) @ A" E] = &7(D; E)
commute, and since every d-cocycle in (Hf, +p)‘” ® AYp™)* is cohomologous to
one in (H, +p)"° & A(PM*, now every form in the image of (4.3.6) is d-coho-
mologous to one in the image of
(4.3.7) H., QH:. ) Q A1) ® B, =— {L(G)NC G} Q A(h")* @ Ej .
In particular, every form in the image of H ., under (4.3.6) is d-coho-

mologous to a form in the image of H, il X ( n+p)°° ® AW")* ® E, under
(4.3.7). That gives us

4.3.8. THEOREM. If E;— D is L-nonsingular and q¢ = q(\» + p), then
the natural map (4.3.1) sends every K-finite element of I*(D; E;) into
Hlo ’q(D; Ez).

(4.3.5)

(4.3.6)
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Of course, Theorem 4.3.8 is not very useful unless the natural map
(4.3.1) is nontrivial. For that, we will prove

4.3.9. THEOREM. Let E, — D be a nondegenerate (3.2.1) homogeneous
holomorphic vector bundle. Then the natural map JC*Y(D; E;) — H*>(D; E,)
18 @ topological imjection, with image H)(D; E,)), for 0 < g < s.

We start the proof with two technical lemmas. Recall, from Section 3.3,
the spaces &%2(D; E,) of all E;-valued (0, p)-formson D that vanish to order=7
on every fibre gY of D — G/K. Also recall the holomorphic normal bundle
N —Y to Yin 9 and the maps R,: &,°(D; E;) — &* (Y, E; ® A'N).

4.3.10. LEMMA. Let

@ e LyY(D; E) N &4D; E) N 66 Y(D; Ey)

with 0= r<qand0<q=<s. Then there exists i € Ly*"(D; E;) N &4(D; Ey)
with @ — o+ € &%%,,(D; E)).

Proof. First, suppose that {p,,} C &"?(Y; E; ® A'N)is a C~ family of
0-exact forms parameterized by G/K, where 0 = p # s + 1. We show that
there is another C= family {v,;} € &*X(Y; E; ® A’N) with 0v,; = @, and
L,norms over Y satisfying |[v,¢v|[y < c¢l|l@,v|[} for some ¢>0. For let
(L7} & (Y; E; ® A'N) be any C= family with 4¢,, = @,,. Lemma 3.3.4
says H*» (Y; E; ® A'N) = 0, and Y is compact, so the Laplacian [, for
E;: ® A'N —Y has bounded inverse S on Ly*(Y; E; ® A'N), say [|S]] < c.
Set o,y = 0%09L,y. That gives a C> family, 04,y = 0 1ySC,r = 0,y = Pyry
and

| Por | = ”5’%11’”2 = ([—]Y"/fm Vor)y Z ¢ | Pgrll¥
as claimed.

Now let S be the image of a C~ section to G — G/K and set ¢,, = R, (9*P)
for g€ S. Thatisa C~ family in &>7"(Y; E; ® A’N). Each ¢, is d-exact: if
g —r<s, @,y is 0-closed by Lemma 3.3.12 and so d-exact by Lemma 3.3.4;
if ¢g—7r=s then »=0 and, if ¢ =3, @,y = (9%30) |y = 3((g*C)|y). The
paragraph above, gives us a C* family

(Yo} &Y E; @ A'N) With 09,y = @pr and [[4r,r [l = ¢ll@pr[lf -
The formula for R, in the first few lines of the proof of Lemma 3.3.12 pro-
vides v € &317(D; Ey) with R,(¢*v) = v,r and [[g*y[ly = [y |[7 for geS.
Now the L,-norm of + over D is finite:

ol = | _llo*witd@k) = | llv.lkd@K)

=o| lenltd@r) = o] lg*pldK) = cllpll <= .
G/K G/K
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So 4 € Ly Y(D; E) N&57(D; Ey). Each R, (¢9*(p — dv)) = 0 by construction

of 4y, which says @ — dyr € &%%,,(D; E,). Q.E.D.
4.3.11. LEMMA. In Lemma 4.3.10, if @ is K-finite and 3-finite then

can be chosen so that @ — o+ 15 K-finite, 3-finite and square integrable.

Proof. Let F K be a finite subset such that ¢ transforms under F.
In other words, if @, is the sum of the normalized characters deg(k) tracex,
k€ F, then a;+p = S a(k)k*(@)dk is equal to . Start with + given by
Lemma 4.3.10 and define ' = atpxyp. Then 4’ € Ly(D; By N &% (D; Ey), v
is K-finite, and @ — 0y’ = a,*(p — o) € §%%,,(D; E,).

As ¢ is K-finite and 3-finite, it transforms under G by some finite subset
J C Gaiee. Let B, be the sum of the normalized characters deg(r)O., deg(rw)
meaning formal degree, and set "' = B xp’ = S BHg)g*¥'dg. " remains
K-finite, in Ly (D; E;) N &2 (D; E,), and such th?at @—0y"" =B, x(p—0y"") €
&%%.,(D; E;). But " also is B-finite.

Recall the Casimir operators Qg, Q; € . Express 4" = Y, fre@ *AN@~"
where BCAf, CcAX\® and |B|=17r. As +" is L, and 3-finite, each
Qu(f5.c) € L(G). As +" is K-finite, each Qx(f3,) € L(G). Taking a linear
combination, we see that each 3 o ede_o(f5.0)) € Ly(G). Integrating
(EAE €._of 5.0y [5.c) DY Darts, we get e_,(f5,) € L(G) for every a € Af.

We use (3.3.8) to calculate v = (3v""), + (0v"),., + (0v"),,, Where
subscript denotes exact order of vanishing on the fibres of D — G/K. Here

0 1 —a — — .
(09 = —Z—Erec Ea,ﬂeAJS“ EByC (£00,6) [ 5,00 “NOPNOP NN

a+B=y
is square integrable because each f; ;€ L,(G),

(09") i1 = EaeAg EB’C e_o(f5)0 *ANO PN

is square integrable because each e_,(f ;) € L,(G), and (3+"), = @,, because
@ — oy €8%%,,(D; E;), which gives its square integrability. So now
P — oy € Ly*(D; E;) N &44.,(D; Ey) .
But 6 commutes with the action of K and of 8, so 94" inherits K-finiteness
and 3-finiteness from +"’, and now also @ — 9+ is K-finite and 3-finite.
Q.E.D.

Proof of Theorem 4.3.9. We first prove injectivity on K-finite elements
of J(>U(D; E,).

Let @ € H"*(D; E;) be K-finite and d-exact. Note that ¢ is 3-finite because
G is irreducible on J*YD;E;). Lemmas 4.3.10 and 4.3.11 give us
v, € Ly (D; E,) such that ¢ — 3+, is K-finite, 3-finite, L, and in &%%(D; E)).
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Now apply Lemmas 4.3.10 and 4.3.11 to @ — 9+, with » =1 to get
2V, € LY (D; E;) such that @ — (v, + +,) is K-finite, 8-finite, L, and in
&%4(D; E;). Iterating, we have {4, +-, ¥ Ly *(D; E;) such that
P — 8(Pi+ - ) € LUD; E)NELD; Ey) = 0. Sonow @ = a(yr,+ -+« + +)
lies in JC*>4D; E;)NoL>*Y(D; E;) = 0.

We have just seen JC*4(D; E;) — H"(D; E,) injective on the dense sub-
space of K-finite vectors. Itiscontinuous, sonow it must be injective. Q.E.D.

Finally, we combine Theorems 4.3.8 and 4.3.9 to see

4.3.12. THEOREM. Let E;, — D be a nondegenerate (3.2.1) L,-nonsingular
(4.2.13) homogeneous holomorphic vector bundle with g(n + p) = s. Then G
acts on Hi(D; E;) by the integrable discrete series representation [7,,,], and
every K-finite class ¢ € Hy(D; E;) is absolutely integrable, i.e. vs in H{(D; E;).

This provides the promised abundance of L, cohomology classes that we
can sum in the Poincaré series of Theorems 4.1.6 and 4.1.7.
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