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Let G be a reductive Lie group subject to some minor technical restrictions.
The Plancherel Theorem for G uses several series of unitary representation
classes, one series for each conjugacy class of Cartan subgroups of G. Given
a Cartan subgroup H C G, we construct a G-homogencous family X — Y of
oriented riemannian symmetric spaces, some G-homogeneous bundles
Y p.o = X, and some Hilbert spaces H;*(¥}, 4) of partially harmonic spinors
with values in ¥}, ;. Then G acts on H,*(¥},,) by a unitary representation

77':,0 . We then show that these % , realize the series of representation classes

of G associated to the conjugacy class of H.

INTRODUCTION

In a recent memoir [13] we extended part of Harish~Chandra’s
theory of harmonic analysis [5, 6, 7] to a class of reductive Lie groups
that includes all semisimple groups, and we worked out geometric
realizations for the corresponding unitary representation classes on
certain partially holomorphic cohomology spaces. Here we realize
those representation classes on Hilbert spaces of square integrable
partially harmonic spinors. This extends results of R. Parthasarathy
[11] and W. Schmid (unpublished) from the case of discrete series
representations of connected linear semisimple Lie groups. See [14]
for another special case.

In Section 1 we review the structure, representation theory and
Plancherel formula for our class of reductive Lie groups G. There is
a series

{[7e.v.01: v €1t* consistent with [x] € Z,,(M°)" and o € a*}
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of unitary representation classes associated to any conjugacy class of
Cartan subgroups H C G. Here H = T x A where T is the anisotropic
component, lower case german letters denote Lie algebras, and Zo(R)
means the Q-centralizer of R. That series is called the H-series.
Plancherel measure of G is concentrated on the union of the various
H-series. Important facts: (i) 7, , (Casimir) = [[v |2+ [[o |2 —[[p|?
where p is half the sum of the positive roots, and (ii) if ¢ is a number
then the set of all irreducible unitary representation classes [7] € G
not of the “relative discrete series,” such that #(Casimir) = ¢, has
Plancherel measure zero.

In Section 2 we construct the Hilbert spaces of square integrable
partially harmonic spinors on which an H-series class [, ] will
be realized. Let P = MAN cuspidal parabolic subgroup of G
associated to H = T x A. Consider the G-equivariant fibration

p: X = GJUAN — GIM'AN = Z

where M = Z,(M°M?° and U is the maximal compactly embedded
subgroup of M* that contains 7. The fibres Y, = p~1(2) are oriented
riemannian symmetric spaces of noncompact type. &+ — X are the
G-homogeneous bundles whose every Y, -restriction are the half
spin bundles there. If [u] € U and o € a* we have the G-homogeneous
bundle ¥, , — X associated to the representation uan — erat®(a) u(u)
of UAN where p, is half the sum of the positive a-roots of g. The
Dirac operators of the ¥, |, fit together to form a G-invariant
first-order essentially self-adjoint operator D = D+ @ D~ where
DE: LS+ Q ¥,.0) = Lo(LF R ¥,...). Then G has a natural action

i, on the space
HA(Y,,0) = {$eLy(F* ®@ ¥,..): D' = 0}

of ¥, ,~valued square integrable partially harmonic spinors on X,
and 7%, is a unitary representation.

In Section 3 we work out a formula for D? on Ly(&* ® ¥, ,) in
terms of the Casimir operator of M. This formula is of crucial
importance in the identification of the [#f_].

In Section 4 we more or less identify the [#F_]. The Plancherel
formula recalled in Section 1 is combined with the formula of Section 3
to show that [#f,] is a finite sum of H-series classes of the form
[7y.5.0] where: (i) [u] = [x ® p®] using U = Z,(M®)U?, (ii) u® has
highest weight v + pymm, and (i) | B2 = ||v + p¢|? where p;
(respectively, pim/y) is half the sum of the positive (respectively,
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positive noncompact) tc-roots of mg. Thus [#f ] has well-defined
distribution character @,,ﬁ.o. We then show
6,5, Oug, = (—17e0+0 6

T, 0 ‘”x,v+ot.0

where v + p; is m-regular and pyv + pi) counts the noncompact
positive t-roots ¢ of me with (v + p;, ¢> > 0. Next we show that,
under rather mild conditions, there is a sign 4+ such that
H,"(¥,..) = 0, so then [n%_] is the H-series class [7,,,, ,]. Finally
we indicate how any H-series class is realized on one of the Hy*(77, ).

The reader will note that we make considerable use of ideas from
[6, 10, 11, and 13].

1. UNiTARY REPRESENTATIONS OF REDUCTIVE LIE GROUPS

We review the representation theory [13, Sects. 2, 3, 4, 5] for a
class of reductive Lie groups that contains all the connected semisimple
groups and has certain hereditary properties convenient for harmonic
analysis. If G i1s a group in that class, there is a series of unitary
representations associated to every conjugacy class of Cartan sub-
groups. Those series of representations support the Plancherel
measure of G. In Section 4.we will realize those representations on
Hilbert spaces of square integrable partially harmonic spinors with
values in certain G-homogeneous vector bundles.

In Section 1.1 we recall the general notion and basic facts con-
cerning relative discrete series representations. Then we specify our
class of reductive Lie groups in Section 1.2, and in Section 1.3 we
specify the relative discrete series for the groups in that class. The
relative discrete series is building block both for the other series and
for the geometric realizations.

In Section 1.4 we go over the structure theory of cuspidal parabolic
subgroups associated to a Cartan subgroup H of a reductive Lie
group G in our class. The corresponding “‘H-series” of unitary
representation classes of G is described in Section 1.5. Then in
Section 1.6 we give the Plancherel Formula for G using the distribution
characters of the various H-series of representation classes.

"The material of Section 1 is our extension [13, Sects. 2, 3, 4, 5] of
some results of Harish—Chandra [5, 6, 7].

1.1. General Notion of Relative Discrete Series

Let G be a unimodular locally compact group and Z a closed
normal abelian subgroup. G denotes the set of all equivalence classes
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[#7] of irreducible unitary representations of G, and similarly Z
denotes the multiplicative group of all unitary characters { on Z.
If 7 is a unitary representation of G, then H, denotes the representation
space, and the coefficients of [#] are the functions

Jout G—> Cby fou(x) = <y m(x)f>  for ¢, eH, . (LLI)

Every { € Z specifies a Hilbert space

LG|Z,§) = |f: G — C: f(gz) = {(2)7' f(g) and fG/Zlf(g)Izd(gZ) <
(1.1.2)

where f is measurable and we identify functions that agree a.e. G.
Ly(G|Z, {) is representation space for ;¢ = Ind;({). Induction by
stages relates the left regular representations /2 of Z and I¢ of G:

IZ = Indgy, {1} = fZZdC and 1€ = Ind (1) = fz 1.5dt. (1.1.3a)
That gives a direct integral decomposition
L(G) = | LiGIZ,0)dt for 1 = fz LSdt.  (1.1.3b)

Let {€Z and denote G, = {[#]eG:{Cm|,}. Thus IS is a
direct integral over G, . A class [7] € G is {-discrete if = is equivalent
to a subrepresentation of /;°. The {-discrete classes form the {-discrete
series Gigige C G; of G. The relative (to Z) discrete series of G is

aiso = Utez Gi.aise - If Z is compact then Gy, is the discrete
series of G in the ordinary (subrepresentation of [°) sense.

If [#] € G4, then its coefficients satisfy | £, , | € Ly(G/Z). In effect,
if ¢, yeH,CLA(G|Z, ) and ¢ is projection of ¢'eL(G[/Z,{) N
Ly(G/Z, {), then

[ Vsrdez) = [ | (o@gdez)| du2)

= [, 1

[ #@dez)| dwz) < o
G/Z

In general ¢ is approximated by projections from L,(G/Z, () N

Ly(G|Z, {). Conversely, if [7] € G, has a nonzero coefficient f; v with
| fo.0 | € Ly(G|Z), then the closed linear span of [°(G)(fs,s) is re-
presentation space for a multiple of [#], so [7] € G gjec -
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Now suppose that Z is central in G. Then the above remark
sharpens as follows. If [#] € G, then the following are equivalent:

there exist nonzero ¢, € H, such that f, , € Ly(G/Z, {); (1.1.4a)
if ¢, € H, then f, , € Ly(G/Z, [); and (1.1.4b)
[7] € Grase - (1.1.4c)

Under these conditions there is a number deg(w) > O called the
formal degree of [#], uch that

<fd>1,|b1 yf¢2‘w2> = deg(n) (¢, , ¢z>@1 s by for ¢;,¥;eH,. (1.1.53)
Writing ( f*h)(x) = [¢/,f(g) h(g~1x) d(gZ) this is equivalent to
Jouu *fop = deg(m) ™K, B fuw  for &40, BeH, . (1.1.5b)

Further, if [7] # [#], both in Gy g;., then {f,,,fy s> = O for
¢, e H, and ¢', 4’ € H-. These results are due to R. Godement
[2] (see [1, Sect. 14]), Harish—Chandra [3], and M. Rieffel [12] in
varying degrees of generality. If Z = {1} and G is compact, they
reduce to the classical Frobenius-Schur Relations.

1.2. A Class of Reductive Lie Groups

From now on, G is a reductive Lie group. Thus its Lie algebra

g = ¢ @ g, where ¢ is the center and g, = [g, g] is semisimple. We
suppose

if g € G then ad(g) is an inner automorphism on gc . (1.2.1)

As usual,

G? is the identity component of G and Z4(G®) is its G-centralizer.

Then (1.2.1) says that G/Z;(G") is a subgroup of the linear algebraic
group Int(g.). Note that G/Z;(G°) has finite index in the real form
{r € Int(gc): ¥(9) = g}-

We further assume that G has a closed normal abelian subgroup Z
such that

ZCZg(G%, |G/ZG°| <o and Z N Gis cocompact in Z,. (1.2.2)

Here Zso is the center of GO If | G/G°| < co then Zg. satisfies
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(1.2.2). In any case, Gy, is independent of choice of subgroup
Z C G that satisfies (1.2.2). Denote

G' = {g € G: ad(g) inner automorphism of G} == Z5(G%)G°. (1.2.3)

Then (1.2.2) gives ZG® C G and forces Zz(G%)/Z to be compact.

From now on, the reductive Lie group G satisfies (1.2.1) and
(1.2.2). We recall some general results of Harish-Chandra, slightly
extended [13, Sect. 3.2] to G. Choose

K/Z: maximal compact subgroup of G/Z.

Thus (1.2.2) Zg(G% C K and K/Z(G") is a maximal compact sub-
group of G/Zz(G®). The basic fact is the existence of an integer
ng > 1 with the following property. If [«] € K and [#] € G then

the multiplicity m(x, = |¢) < ne dim(x) < oo, (1.2.4)

The first consequence: G is CCR, i.e., if [7] € G and fe L,(G) then
7(f) = [¢f(g) 7(g) dg is a compact operator on H, . In particular G
is of type I. The second consequence: if [#] € G and f € C,*(G) then
w( f) is of trace class, and

8,: C.2(G)— C by @,.(f) = trace n(f) (1.2.5)

is a Schwartz distribution on G. @, is the global character or distribution
character of [7]. Classes [#] = [#'] if and only if @, = 6,-.

View the universal enveloping algebra G of g, as the associative
algebra of all left-invariant differential operators on G. Then the
center 3 of ® consists of the biinvariant operators; this is equivalent
to (1.2.1). 3 acts on distributions by (2@)(f) = O(‘z -f) where
o (% - f)(%) h(x) dx = [ f(x)(z - h)(x) dx. If @ is an eigendistribution
of 3 (dim 3(®) < 1) then we have an algebra homomorphism
xe: 3 — C defined by 20 = y4(2)0. If [#] € G, then its distribution
character O, is an ad(G)-invariant eigendistribution of 3, and the
associated homomorphism

Xt 3 = Cby 20, = x.(x)6, (1.2:6)
is called the infinitesimal character of [].

Choose a Cartan subalgebra ) C g and let I(hc) denote the algebra
of polynomials on hc* invariant by the Weyl group W(gc, bc)-
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Then [4] there is an isomorphism y: 3 — I(hc) such that, if A ehc*
then

% 3 — C by xa(2) = [7(2)](2) (1.2.7)

is a homomorphism. Every homomorphism 3 — C is one of these x, ,
and x, = xy precisely when A’ € W(gc , Hc)(A). Combining (1.2.6) and
(1.2.7), one sees [4] that @, is a locally L, function on G which is
analytic on the regular set

G = {geG: {£eg: ad(g)f = £} is a Cartan subalgebra of g}. (1.2.8)

G’ is a dense open subset of G and G — G’ has measure zero. The
differential equations (1.2.6) and (1.2.7) also show that only finitely
many classes in G can have the same infinitesimal character.

1.3. Relative Discrete Series for Reductive Groups

G is a reductive Lie group that satisfies (1.2.1) and (1.2.2). We
recall the structure of Gy, (relative to Z) from [13, Sect. 3].

Gysee is nonempty if, and only if, G/Z has a compact Cartan
subgroup {13, Theorem 3.5.8].

If G/Z has a compact Cartan subgroup H/Z then [13, Theo-
rem 3.5.9] Gy, consists of the classes [, ,] constructed as follows. Let

L = {Meih*: & is well defined on H®. (1.3.1)
Choose a positive he-root system Z+ of g¢ and define

p=%Y ¢ and A= [] (¥ — e2r). (1.3.2)

gext pezt

Replacing G by a Z,-extension if necessary we may assume p €L,
so 4 is a well-defined function on H°. Denote

&) = ] <A and L' ={eL:a() ~0}. (1.3.3)

Ppext

Then peL’. If AeL’, define the sign (—1)2™ by
(—1)20 = (—1)7 - sign &) where ¢ = (1/2) dim G/K. (1.3.4)

Step 1. If AeL’ there is a unique class [m,] € (G%g;,, Whose
distribution character satisfies

1
O gong: = (=10 — ¥ det(w)er (1.3.5)
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where w runs over the Weyl group W(G® H®). These [n,] exhaust
(G"{isc - Classes [m)] = [m,] if and only if X' € W(G®, H®(}). The
class [m,] has dual [7,*] = [_,], has central character e |, ,, has
infinitesimal character y,; so m(Casimir) = ||A|2 —||p|2. For
appropriate normalization of Haar measure, deg(w,) = | &(2)).

Step 2. Letdel’, £ = 7|, , € (Zs0)", and [x] € Z(G®)s. Then
[x ® m,] is the unique class in (G*)];,, whose distribution character
satisfies

6,0 (38) = trace x(2) - @,,(g) for 2eZG(G® and geG® (1.3.6)

where @, is determined by (1.3.5). These [x ® m,] exhaust (G")gs. -
[x ® m,] has infinitesimal character y, .

Step 3. LetAelL’, § = ' |, , € (Zso)" and [x] € Z5(G°);. Then
[mea] = [Indgt,o(x @ m)] € Gayse » (1.3.72)
its distribution character @,  is supported in G, and

0, (38) = Y tracey(xlax) O, (x7gx) for zeZg(G®) and ge G°
«GleG/Gt (1.3.7b)

where O, is determined by (1.3.5). These [x,,] exhaust Giigo -
Classes [m,,] = [m.,] precisely when ([x'], ') e W(G, H)([x], A).
The class [m,,] has dual [#},] = [# _,] and has infinitesimal
character y, . Thus =, ,(Casimir) = [| A2 — || p ||

1.4. Cuspidal Parabolic Subgroups

Let G be a reductive Lie group that satisfies (1.2.1) and (1.2.2).

If § is a Cartan subalgebra of g, then the associated Cartan subgroup
is H={geG:ad(g)¢ = ¢ for all £ eh}. Note Z;(G°) C H. If G° is
a linear group, or if H/Z is compact, then H N GY is commutative.

By Cartan involution of G we mean an involutive automorphism ¢
of G whose fixed point set

K={geG: g =g (1.4.1)

satisfies (i) Zg(GP) C K and (ii) K/Z is a maximal compact subgroup
of G/Z. If L/Z is a maximal compact subgroup of G/Z then [13,
Lemma 4.1.1] there is a unique Cartan involution of G with fixed
point set L. Any two Cartan involutions of G are ad(G°)-conjugate,
and every Cartan subgroup of G is stable under a Cartan involution

[13, Lemma 4.1.2].
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Fix a Cartan subgroup HC G and a Cartan involution 6 with
6(H) = H, and let K denote the fixed point set of § on G. Then
h = t + a where t is the l-eigenspace of 0 |y and a is the (—1)-
eigenspace. That splits

H=TxA where T=HNK and 4 =exp(a). (1.4.2)
The G-centralizer of A has unique splitting [13, Lemma 4.1.5]
ZoA)y =M x A with 6(M)= M. (1.4.3)

The reductive Lie group M inherits (1.2.1) and (1.2.2) from G
[13, Proposition 4.1.6]: every ad(m) is an inner automorphism on g ,
ZCZp(M®, | M|[ZM®| << 0 and Z N M° is cocompact in Zpe.
Further, T is a Cartan subgroup of M and T/Z is compact, so My,
is nonempty.

The a-roots of g are the nonzero real linear functionals ¢ € a*
such that

0 £ g° = {€eq: o, €] = (a)f for all ac al.

Let 2, denote the set of all a-roots of g. Every ¢ € 2, defines a hyper-
plane ¢+ = {aea: ¢(e) = 0}. If d is a topological component of
a — ¢+, then no a-root changes sign in d, and Z;* = {2
¢ > 0 on d} is a positive a-root system. If X,* is a positive a-root
system on g and 2yt is a positive fc-root system on me then [13,
Lemma 4.1.7] there is a unique positive he-root system X+ on g¢ such
that 2.t = {y [(tye 2t and y |, %% 0} and ZyF = {y |;: y € Z* and
y(a) = O}

Fix a positive a-root system 2.+ on g. Then we have
n = Y g nilpotent subalgebra of g, (1.4.42)
¢ez:a+
N = exp(n) unipotent analytic subgroup of G, and (1.4.4b)
P = {ge G:ad(g)N == N} normalizer of N in G. (1.4.4¢)

One knows [13, Lemma 4.2.2] that P is a real parabolic subgroup of
G with unipotent radical N and reductive part M X 4. Thus

P = MAN in the sense of smooth unique factorization.  (1.4.5)

One says that P is a cuspidal parabolic subgroup of G associated to H.
The cuspidal parabolic subgroups are characterized by the property
[13, Proposition 4.2.3] that their reductive parts have relative discrete
series representations.
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1.5. Nondegenerate Series for Reductive Groups

G is a reductive Lie group that satisfies (1.2.1) and (1.2.2). We fix a
Cartan subgroup H C G and a Cartan involution  under which H
is stable. Then, as in (1.4.2) and (1.4.3),

H=TxA4 and ZgA4)=MXxA.

Fix a positive a-root system X,* on g, thus fixing the cuspidal
parabolic subgroup P = MAN (1.4.4) of G. We will need

Pa =% Y. (dim g%)4 so a acts on n with trace —2p, .
¢e2:‘a+

If [7] € M and o € a* we have [ ® ¢i°] € P defined by (y ® €i*)(man) =
¢i°(a) n(m). The unitarily induced representation

Tp,e = Indpanra(n & €)
is the representation of G on the Hilbert space of all measurable

fi+ G — (representation space of 7)

such that
flgman) = (@) nm} 1 f(8)  and [ |f(RIFARZ) < oo.

The H-series of G consists of the [m,,] with [g] € My;,,. The
nondegenerate series are the various H-series.

The unitary representation classes [, ], whether of the H-series
or not, are pretty well understood [13, Theorem 4.3.8]. Let {eZ
such that [5] € M, let y, be the infinitesimal character of [r] relative
to t, and let ¥, be the distribution character of [y]. First, [m,,] has
infinitesimal character y,,,, relative to h. Second, [=,,] is a finite
sum from G, so it has distribution character @, that is a locally
summable function analytic on the regular set G’. Third, 6, o 18
supported in the closure of the union of the G-conjugacy classés of
Cartan subgroups of MA. And fourth one has a formula there for
8, in terms of ¥, and ¢*. A corollary: [m, ] is independent of the
choice P = MAN of cuspidal parabolic subgroup associated to
H=Tx A

We specialize to the H-series. In analogy to the situation of Sec-
tion 1.3, M, consists of the classes [5,,] constructed as follows. Let

Ly = {v eit*: ¢” is well defined on 7'%.
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Choose a positive tc-root system 2+ on me and denote

pr=% Y ¢ and  dy= [] (e#2— ).

d)EZ'a“‘ ¢E}L'a+
We may adjust p; €Ly, so 4 is a well-defined function on T Let

&) = [] <¢v> and LY = {pely @) # 0.

¢Ezt+

Finally (—1)#® = (—1)%sign &¢(v) where ¢; = (1/2) dim(M|K N M).
Now letveLi, £ = e#t|,, , and [x] € Z(M°);. The corresponding
class in My, is

(0] = [Indyprep(x @ 7)) (1.5.12)

where M' = Z,(M%M?® and [5,] is the unique class in (M3,
whose distribution character satisfies

¥, lpomaer = (=1 470 Y det(w)er. (1.5.1b)

W(M®,T%)
The H-series of G consists of the unitary representation classes
[7xv0) = [Ty 0] = [Indaranro(ny,, @ €)1 (1.5.2)

An H-series class [m,,,] is specified by O, Iy [13, Theo-
rem 4.4.4).

If H and 'H are nonconjugate Cartan subgroups of G then [13,
Theorem 4.4.6] every H-series class is disjoint from every 'H-series
class.

If [#,,.] is an H-series class such that v 4 ic is g-regular then
[13, Corollary 4.5.3] the class [, , ] is irreducible.

1.6. Plancherel Theorem for Reductive Groups

Fix a Cartan involution 8 of G and a complete system
Hj"—: T] x Aj, 1 <]<l, (1.6-1)

of f-stable representatives of the conjugacy classes of Cartan sub-
groups of G. Let { € Z and denote

LI, —{eL{; ¢ = Lon ZN M. (1.6.2)
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If veLj, let & denote the Zy p-restriction of ¢, and define

Stn0) = Zu (M), (finite set), (1.6.3a)

Titwtric = 2, (dimyx)m . (finite sum), and  (1.6.3b)
R

0;.1is = », (dimy)®, .  (finite sum). (1.6.3c)
S.0)

Then Harish—Chandra’s Plancherel Formula [6, 7] goes over to G
as follows.
There are unique Borel functions m; ., on a;*, 1 <j <</ and

vel; ., with the following properties.

(1) Them;,,
W(G, H,).

(2) If feLy(G|Z,{) is C* with support compact modulo Z,
and [, f](g) means f(gx) for x, g € G, then

are equivariant for the action of the Weyl group

f@ =% 3 10 [ Oreridrf) ko) de  (164)

1git velf ¢

where the sums are absolutely convergent.

In particular the various H-series carry the Plancherel measure for
each G;, (e Z.

Let ¢ be a number. In the expansion (1.6.4) of f we may omit
those nondiscrete @; . (7, f) for which [[¢ [+ o[ — [ p | = c.
In other words,

{[#] € G — Gy.qisc: 7(Casimir) = c} has Plancherel measure zero. (1.6.5)
This applies to M, where it is crucial for the proof of L.emma 4.2.3
below.

2. SQUARE INTEGRABLE PARTIALLY HARMONIC SPINORS
We formulate a geometric setting for realization of the various

nondegenerate series representations of a reductive Lie group G of
the class discussed in Section 1. The setting consists of a fibration

p: X = GJUAN — G/M*'AN = Z



SPINORS AND GROUP REPRESENTATIONS 129

of G-homogeneous spaces such that every Y, = p~}(2) is a riemannian
symmetric space, G-homogeneous bundles

SEQ Vo> X

whose every Y,-restriction is a bundle of spinors with values in
¥, ,ly , and operators

D#* densely defined on the space Ly(&= %) ¥, ) of Ly-sections

such that D+ is the Dirac operator over every Y, . Then G acts by
a unitary representation =, on the space

HA () = {pely S+ R Y, ,): D¢ =0}

of “square integrable partially harmonic spinors” with values in
... Later the mf  will be seen to realize the various nondegenerate
series representations of G.

In Section 2.1 we recall the Clifford algebra construction for spin
groups and spin representations. Then in Section 2.2 we discuss
generalized riemannian spin structures and the corresponding notions
of spin bundle, Dirac operator and harmonic spinor. These concepts
are extended to measurable families of riemannian manifolds in
Section 2.3. Finally in Section 2.4 we specialize to the situation of
representations of reductive Lie groups.

2.1. Spin Construction

We recall the Clifford algebra construction for spin groups and
spin representations. See [14, Section 1].

Let E be a real n-dimensional vector space with positive definite
inner product e, €’). If {¢;} is an orthonormal basis, then the Clifford
algebra i1s the real associative algebra CI(E) with generators and
relations

e;re;=-—1 and ¢e;- ¢, + e, ¢, =0 for 1 <j<n, I<j<bk<n
(.1.1)
Cl(E) has basis {g; - - -¢;1 1 <j, < <j <}, hence dimen-

sion 27 It is Z,- graded by the subspaces CIH(E) spanned by the
e, v ey with (—1)F = 41

CI(E) carries an 1nvolut1ve automorphism x - & given by
€, e —>(—1)Fe; - -e; . The spin group of E is the multi-
plicative group

Spin(E) = Spin(n) = {xe CH(E): x5 = land x - E - & = E}. (2.1.2)
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Spin(E) has vector representation on E given by
v(x)e =x-¢e-X; so v: Spin(E) — SO(E). (2.1.3)

This vector representation interprets e; as reflection in the hyperplane
e/t of E. It has kernel {+1}. If » > 2 it is the universal covering
group Spin(n) — SO(n).

Left multiplication is a linear representation / of Spin(E) on the
complexified Clifford algebra CI/(E). .

If n=2m+ 1 odd, then [ = 2™tls where s is an irreducible
unitary representation of degree 2™ called the spin representation. If
m > 2, the vector and spin representations have diagram

1 1
v:0— - —C—® and §:0— ‘' —0—"@ (2.1.4)
If n = 2m even, we choose an orientation on E and define

€ = e - " - &, Where {, ..., £,,,} is an oriented orthonormal basis. (2.1.5a)

Then Spin(E) has center {41, +¢}. [ = 2™s, s = st @ s~, where the
s* are irreducible unitary representations of degree 21 distinguished
by the orientation:

st(e) = ™ and  s¥(—1) = —1I (2.1.5b)

The s* are the half spin representations of Spin(E), and s = st @ s~
is the spin representation. If m > 3, the diagrams are

O

v O— ——C< ;

O

Q1
tro— e —o/ ; STio— - —o/o . (2.1.5¢)
s No Nos

Let n = 2m even. Choose a representation space S+ C CI(E)¢ for st.
Then S~ = e- St is independent of choice of 0 % ec E, S~ is
representation space for s—, and S = S+ @ S~ is representation space
for s. Thus Clifford multiplication defines linear maps

m*: Ec ® St — ST and m=mrPm:E:RS—>S (2.1.6)

2.2. Riemannian Spin Structure

Y is an oriented #-dimensional riemannian manifold. We discuss
a generalization of the classical notion of spin structure and the
corresponding notions of spin bundle, Dirac operator and harmonic
spinor. Compare [14].
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Let m: # — Y denote the oriented orthonormal frame bundle and
I' the riemannian connection on % . This is a principal SO(n)-bundle.
Now fix a Lie group homomorphism

Spin(n)
/
a: U > SO(n) that factors U v (2.2.1)
SO(n)

By riemannian (U, o)-structure on Y we mean a principal U-bundle
7yt Fy— Y with a connection Iy, such that

7y = 7 - & with & given by (2.2.1) on each = y-fibre, and (2.2.2a)
(l'g,) =T, i.e., a*w = «*wg, on connection forms. (2.2.2b)
Fix a riemannian (U, a)-structure (Fy, I'z ) on Y. Given
g+ finite-dimensional unitary representation of U (2.2.3a)
we have

¥, — Y: hermitian vector bundle associated to Fy by u. (2.2.3b)

Applying this to the composition of &: U — Spin(n) with the spin
representation, we get
F =YV,g—>Y  spinbundle, and (2.2.4a)
S R®Y,—Y  bundle of ¥, -valued spinors (2.2.4b)

If » is even, the spin bundle is direct sum of its subbundles

FE =Y sy Y  half spin bundle, (2.2.4¢)

and then & ® ¥, is direct sum of its subbundles &£+ & ¥, .

If #~ — Y is an hermitian vector bundle and ¢, ¢ are Borel sections,
then the pointwise inner product {¢, >, = {($(¥), ¥( »)> is a Borel
function on Y. Integrating against the volume element we have the
global inner product

by = [ b oy (22.50)
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The L,-norm of a Borel section is defined by |¢|? = {¢, ¢>.
Throwing out sections that vanish a.e. Y,

Ly(#") = {¢ Borel section of #": [|¢ || < oo} (2.2.5b)

is 2 Hilbert space with inner product (2.2.5a).
We now have the Hilbert space

L(& & ¥,): square integrable ¥ ,~valued spinors on Y (2.2.6)

If n is even, it is orthogonal direct sum of its subspaces Ly(F* & 7).

Now assume n = 2m even. Let . — Y denote the complexified
tangent bundle. We denote the covariant differential on C* sections
of #% @ ¥, for the connection associated to I'z, , by

Vi Co(FE® V) — CAT* @S2 @Y,) and  V=V+@V-.
The riemannian metric of Y gives a bundle isomorphism
BT*>T by (f) e = f@)
The multiplication maps (2.1.6) define bundle maps
mh T QFE>SLT and mIT RF —>S.
The Dirac operators
DECAS=R V) — CA(FFRY,) and D=D+@D (22.7a)
are defined to be the compositions

DE=(m@Do(A®1®1)cVE and D=(m® 1)k @1Q1)oV.
(2.2.7b)

Let {e,,..., ¢,} be a moving orthonormal frame on an open set
0 C Y. Then [14, Sect. 3] D is given on 0 by

D$ = Y ¢ -V,(¢) where - is Clifford product. (2:2.8)

1<ign

It follows that D is elliptic. Viewing D as an operator on Ly(¥ & 7.)
with dense domain C,*(& & 7,), the compactly supported C*
sections, it also follows [14, Sect. 4] that D is symmetric.

Now suppose that the riemannian metric of Y is complete. Then
[14, Sects. 5 and 6] D and D? are essentially self-adjoint on
Ly ® 7,). This means that each has closure (denoted ~) equal to
its adjoint, which thus is the unique self-adjoint extension, so each
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has well-defined spectral decomposition. The space of square integrable
¥ -valued harmonic spinors is their common kernel

Hy7,) = {$ eLo(& ® ¥,): Dp = O} (2.2.9a)

It is closed in Ly(& ® ¥,), is contained in C*(¥ ® ¥7), and is

orthogonal direct sum of its subspaces
HAY,) = {$ eLy(F* ® ¥,): D=¢ = O}. (2.2.9b)

2.3. Measurable Families of Riemannian Spin Manifolds

We consider a measurable family of oriented riemannian z-mani-
folds and extend the notions of Section 2.2. Thus we discuss partial
spin structures and the corresponding notions of partial spin bundle,
partial Dirac operator and partially harmonic spinor.

By measurable family of differentiable manifolds we mean

p: X — Z locally trivial Borel fibre space (2.3.1a)
where X and Z are analytic Borel spaces, together with
the structure of C* n-manifold on each fibre Y, = p~'(2), (2.3.1b)

with the compatibility condition that

X induces the intrinsic Borel structure on each manifold V,. (2.3.1c)

In practice, p: X - Z will be a C* fibre bundle.

Fix a measurable family p: X — Z of differentiable manifolds. By
partially C* fibre bundle over X we mean a locally trivial Borel fibre
space #” — X such that all the #"|, — Y, are C” fibre bundles
with the same structure group. Then partzally C> section means a
Borel section that is C* over each Y,. The case of the product
bundle X x C — X gives us the notion of partially C* function:
Borel function f: X — C such that each f [y is C*.

Let us denote

, — Y complexified tangent bundle.

We define the partial tangent bundle to be

=UJ,>X by Tly,=45..
V4

580/15/2-3
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If f is a partially C* function on X, each differential d(f |y ): Z, — C
is C°. The differential of f is )

df: T —>C  defined by (df)ls, = d(f|s)-

We give J the smallest Borel structure such that, if f is a partially
C* function on X then df is a Borel function on . Combining
local triviality of X — Z with local triviality of the 4, — Y,, one
sees that J — X is a locally trivial Borel fibre space. Thus the
partial tangent bundle is a partially C* fibre bundle.

Let © be a geometric structure, e.g., riemannian. By measurable
family of ©-manifolds we mean a measurable family p: X — Z of
differentiable manifolds, and a collection of partially C* fibre bundles
and partially C* sections over X whose restrictions to each Y, define
an S-structure there. For example, a measurable family of riemannian
manifolds comes from the partial tangent bundle 4 — X by an
appropriate choice of partially C® section of 7 * 9 J *; the section
will be a Borel assignment of hermitian metrics on the 7, — V.

We now fix a measurable family p: X - Z of oriented n-dimen-
sional riemannian manifolds and a Lie group homomorphism

a: U — SO(n) that factors U —&— Spin(n) ~%—> SO(n). (2.3.2)

The union of the oriented orthonormal frame bundles of the Y, =
p7Y(2) is the partially C* fibre bundle

w: F — X partial oriented orthonormal frame bundle

with Borel structure defined by the maps
df: # — C» for all partially C* functions f on X.

It is a principal SO(zn) bundle in the category of Borel spaces. Now
we define partial riemannian (U, o)-structure on X to mean a partially
C* principal U-bundle 7y: % — X with a measurable assignment
Iy, of connections on the & |y, — Y, such that

my == m - & with & given by (2.3.2) on each = y-fibre and (2.3.3a)

& sends the connection on &y |y, to the riemannian connection. (2.3.3b)

Fix a partial riemannian (U, a)-structure (%, I's ) on X. If p
is a finite-dimensional unitary representation of U and V, is the
representation space, then we have

¥, = Fy Xy V, — X associated partially C*® vector bundle. (2.3.4a)
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In particular we have

F = Vg — X partial spin bundle, (2.3.4b)
and thus

¥ ® ¥, — X bundle of ¥ -valued partial spinors. (2.3.4¢)
If # is even, then % is direct sum of its subbundles ¥+ = ¥ 13 — X,
so & ® ¥, is direct sum of its subbundles * ) ¥, . Associated
to unitary representations of U, all these bundles carry natural,

partially C*, hermitian metrics.
Fix a positive o-finite Borel measure dz on Z. If #" — X is a

partially C® hermitian vector bundle and ¢, are Borel sections,
then the global inner product is

Gy = [ hmar=[ || tndli @35

The L,-norm of a Borel section is defined by |[¢ | = {¢, é>.
Throwing out sections ¢ such that (¢, >y, = 0 a.e. (Z, dz),

Ly(#") = {¢ Borel section of #": ||¢ | < oo} (2.3.5b)

is a Hilbert space with inner product (2.3.5a). Given z € Z denote
W, =W |y, — Y, and define the Hilbert space Ly(#,) as in (2.2.5).
Then 5 — L o(#7) 1s a measurable assignment of Hilbert spaces
on Z and

L(#") = f Ly(#,)dz  (direct integral). (2.3.5¢)
z
This uses analyticity of the Borel structures on X and Z. We now
have the Hilbert space

L& ® V,): square integrable ¥, -valued partial spinors on X. (2.3.6)

If n is even, it is orthogonal direct sum of its subspaces Lo(F* & 7).
Now assume 7z = 2m even. Let C*(-) denote the set of all partially
C* sections. The covariant differential associated to I'y  is denoted

VECASER V) > CATH @SR Y,)  and  V=V+@V-

Let h: 7% — 7 be the isomorphism from the riemannian metrics
of the Y, . The multiplication maps (2.1.6) define bundle maps

mt: T Q) L —> FF and mI RL L.
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The partial Dirac operators
D= Co(FEQV) > CAFFRY,) and D=D+@D- (2.37a)
are defined to be the compositions
DE=(mr@Do(h@1®1)cV: and D=(m®@1)(;:®1®1)-V.

(2.3.7b)

Let 0 C X be a Borel set with each 0 N Y, openin Y, and {e, ,..., ¢,}
a partially C* section of & over 0. We apply (2.2.8) to each 0N Y,
to see that D is given on 0 by

D¢ = Y e -V,(¢) where - is Clifford product. (2.3.8)
1gign

It follows that D is transverse elliptic for X — Z in the sense that
its symbol o(D)(£) is nonsingular whenever £ is a nonzero element
of the real partial cotangent bundle.

Now suppose that the riemannian metric of Y, is complete a.e.
(Z, dz). Then almost every D |y and D[y is essentlally self-adjoint
on Ly(& @ ¥, |y with domain CAL R Iy ), and their common
kernel

Hy(7.ly) ={$.eLo(F @7, |v): (Dy) ¢, =0}  (2.3.92)

is closed in Ly(# @ ¥, |y ), consists of C* sections of & @ ¥ |r,,
and is orthogonal direct sum of its subspaces

HA (7, ly,) ={$: € Lo(S* @ Vo 1) = (Dt [y)~¢. = 0. (2.3.9b)

The spaces of square integrable ¥ . -valued partially harmonic spinors
on X are the

HAY) = [ H(# |y) dx and Hy%) = [ Hy%.1y)dz (23.108)

Evidently these Hilbert spaces satisfy Hy(¥,) = H,*(?,.) @ Hy(77),
and

HY,) ={$el(F ®7Y.): ¢y, e Hy(¥, Iy, ae. (Z, d2)}

—{peLy(F Q@7): Dp |y, =0ae.(Z,dz)}  (2.3.10b)
={peL(¥ ®@7,): Dp =0inLy(¥ Q@ ¥,)}.
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2.4. Families of Riemannian Symmetric Spaces

Let G be a reductive Lie group of the class considered in Section 1.
Fix

6: Cartan involution of G, (2.4.1a)
K: fixed point set of 0, (2.4.1b)
H = T x A: 6-stable Cartan subgroup of G, and (2.4.1¢)

P = MAN: associated cuspidal parabolic subgroup of G. (2.4.1d)

Recall our notation that, if L is a topological group then LO is
its identity component, Z;(L% is the L-centralizer of L’ and L' =
{xeL: ad(x) is an inner automorphism on L%; so L' = Z;(L%)L°.
Now define

U=KnM', X=G/UAN and Z = G/M'AN = K|U. (2.4.2)

Then p: X — Z, given by gUAN — gM*'AN, is a real analytic fibre
bundle. The fibres

Y,y = EM'/U riemannian symmetric space of noncompact type (2.4.3)

with metric derived from the Killing form of ad(k)m. Since M?*
acts on M*/U as a connected group, the linear isotropy (real tangent
space) representation maps U into SO(n) where n = dim M*/U.
Replacing G by a Z,-extension if necessary, that linear isotropy
representation

a: U — SO(n) factors U &> Spin(n) -%> SO(n). (244

Choose an orientation on Y, . If k€ K, give Y, the orientation
such that k: Y, — Y, is orientation-preserving. Now we have the
partial oriented orthonormal frame bundle =: # — X. Choose
Fen(1- UAN) oriented orthonormal frame on Y, at 1 - U. Since
AN is normal in UAN we have

Fy = GJAN — G|UAN = X principal U-bundle, (2.4.52)
& Fy — F bundle map given by a(gAN) = g(F). (2.4.5b)

Let I',, denote the riemannian connection on Y, and wj, the
restriction of its connection form to ang(Yyy) = AM'(F). Then wyy,
takes values in u N [m, m]. m has center ¢, that is the Lie algebra
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of Zy(M°, and u = ¢,, @ (u N [m, m]), so we may view wy, as
taking values in u. Now let

I'g,, = {'T',v} where Ty has connection form &*w,y .  (2.4.5¢)

Then (#y , I's,) is a partial riemannian (U, a)-structure for p: X — Z.
There is a unique K-invariant probability measure on Z = K/U.
We denote it dz = d(kU).
If X+ is a system of positive tc-roots on ¢ then n = dim MU
is twice the number of noncompact roots in Zy+. Thus # is even.
Let p be a finite-dimensional unitary representation of U. As in
Section 2.3, we have the Hilbert spaces

LS ® 7)) = Lo(S* @ V) D Ly(S~ ® 7))

of square integrable ¥ ,-valued partial spinors, and the Dirac
operators D = D+ @ D-. The Y, are complete riemannian mani-
folds, so we also have Hilbert spaces Hy*(¥,) of square integrable
¥ .-valued partially harmonic spinors on X. Now we want to realize
these Hilbert spaces as unitary G-modules.

Let X', * denote the positive a-root system on g such that i is the sum
of the negative a-root spaces. As usual, p, = %Z“Za* (dim g®)$, so
a acts on n with trace —2p,. Let

[WleU and oea* ie [u®e]e(Ux A (2.4.62)
Now UAN acts on the representation space V, of u by
Vuoltian) = ¢+%(a) p(u). (2.4.6b)

Similarly UAN acts on the representation space S* & V, of
(s*- &) @ p by

[(5* - &) @ 7, cl(uan) = e (a){s*(@(u)) ® n(x)}. (2.4.6¢)

Now consider the associated G-homogeneous complex vector bundles,
Y,.0 — GJUAN = X associated to y, , and (2.4.72)

FER Y, ,—> GIUAN = X associated to (s* - &) ® v,,,. (2.4.7b)

Each has K-invariant hermitian metric that is ad(k)3*-homogeneous
over Y, for all k€ K. Thus

1/‘;Z.gUxUVu=(G/AN)XuVu=GXUANVu='V

1,0
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and
FERY, = (GIAN) Xy (SE®V,) =G Xpyan SEQV, = FERY s

are K-equivariant hermitian bundle isomorphisms. Now (2.4.7) are
realization of the bundles of Section 2.3 as G-homogeneous vector
bundles. Ly(¥* ® ¥, ,) is the Hilbert space of Borel functions
f: G— 8= ® V, such that

f(guan) = [(s* - &) @ ,..(wan) f(g) ac. Gand  (2.4.82)

1A= |

K/U

[ f(km)HZd(mU)E dkU) < o (2.4.8b)

MU

with inner product

f S em, f (k) d(mU)i d(kU)  (2.4.8¢)

MY U

Sf>=|

K/U

The partial Dirac operators of F*®¥,,-—>X act on
Ly(#* Q ¥, .) with dense domain consisting of all partially C*
sections f such that f|y  is compactly supported a.e. K. As the
riemannian manifolds Y,; are complete, D = D+ @ D~ and its
square are essentially self-adjoint, and the kernels

HX(Y,,0) = {feLy(F* ® ¥,,..): D¥f = 0}
are closed subspaces consisting of partially C* sections.

Lemma 2.4.9. The natural action of G on sections of = R ¥, ,—~ X
preserves Lo-norm; it defines

wE unitary representation of G on Loy(F+ R ¥, ). (2.4.10a)

If g€ G then wt (g) commutes with D= on Ly(F* ® ¥, ,); thus 7t
restricts to

w¥ + unitary representation of G on Hy* (¥, ,). (2.4.10b)

Proof. Define 'y, J(uan) = e*°(a) u(u) unitary, soy, , = e -y, ..
Note that uan acts on the real tangent space g/(u + a + n) of X
with determinant e?fo(q). By definition now, the action of G on L,
sections of S+ @ ¥, , is the unitarily induced representation

7t = Indyanro((s* * &) @ Vu.o)- (2.4.11)
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The ingredients of the definition of D+ all are K-invariant, so
each #f (k) commutes with D+

Let mane M*AN. Then n acts trivially both on Y, and the
fibres of S+ Q 7., lr,y» @ acts trivially on Y3, and acts as multi-
plication by the scalar e*e(a) on the fibres of S+ ® ¥, , Ir,,,, and m
preserves all the ingredients of the definition on the Dirac operator of
F*Q Yo lr,, - Now man commutes with D* over Y, . Conjugating
by an arbitrary element of K, we see: if xe{ge G: gY,, = Vy,} =
ad(k)(M'AN), then x commutes with D+ over Y, .

Let g G. If ke K we have k' € K such that k'gY,, = Y,y .
Now k’g commutes with D+ over Y}y, i.e.,

Kg - (D* lyy) = (D* |yy) - K8
But k' commutes with D%, so
(D= lyp) - K = k- (D* |y,y)-
Combining these, and noting that k € K was arbitrary,
g (D*ly,) =(Dtly,,) g forallkeK.

We conclude that 7 (g) commutes with D=+, Q.E.D.

The point of this paper is the realization of the H-series of unitary
representation classes of G by the representations 7, of G on the
HHY,0)

3. FormuLA FOR D?

Let ¥, ,— X = G/UAN be one of the bundles of Section 2.4.
We obtain a formula for D? on the spaces C*(F+ ) ¥, ,) of partially
C* ¥, ,-valued spinors on X. The formula involves a certain
G-invariant operator & derived from the Casimir element £2,, of M
and the highest weight of u |ye. As consequence of the formula,
the spaces H,*(¥,,,) of ¥, ,~valued partially harmonic spinors, are
eigenspaces of D? on the L,(%* & ¥, ). That fact later plays a
key role in the identification of the representations =, of G on

HH(Y.0)-
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3.1. Statement of Formula

G is a reductive Lie group of the class discussed in Section 1.
As in Section 2.4 we fix the data

6: Cartan involution of G, (3.1.1a)
K: fixed point set of 8, (3.1.1b)
H = T x A: 0-stable Cartan subgroup of G, and (3.1.1c)

P = MAN: associated cuspidal parabolic subgroup of G. (3.1.1d)

In order to discuss Casimir operators and length of roots con-
sistently for several subgroups of G, we fix

{, »: nondegenerate ad(G)-invariant symmetric form on g (3.1.2a)

such that
{, > is negative definite on I. (3.1.2b)

In other words, split g = c @ g; @ - @ g, where ¢ is the center
and g; are the simple ideals; then <, ) is direct sum of an ad(G)-
invariant negative definite form on ¢ with positive multiples of the
Killing forms of the g;. We extend {, > to gc by linearity, to gc*
by duality, and write || x| for {x, x>. Note that {, ) is positive
definite on #t* ++ a*,

Let L be a reductive subgroup of G, e.g., KN M, U, K or G.
Then £ denotes the universal enveloping algebra of I., and 2,
denotes the Casimir element of 2 relative to the Io-restriction of

{, >. Thus
if {x;} is an orthogonal basis of [ then 2, = Y [ x,|2x2 (3.1.3)
As in Section 2.4 our basic spaces are
p: X = GJUAN — G|M'AN = K|U = Z where U = K N M'. (3.1.4)

If k€ K then Y, = p~%(RU) carries the riemannian symmetric space
structure whose metric is induced by the ad(k)m-restriction of {, >.
Now choose [u] € U and o € a*, and consider the bundles ¥, , — X
and ¥+ ® 7, , — X. In each case we define an operator Z on the
space of partially C® sections by

EN vy = Caawm(f ny) forall ke K. (3.1.5a)
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Z is well defined because, if k k' €K with kU = ¥ U, then
RM = E'M, so ad(k)M = ad(R)M and 2,404 = Peat:)s- The
action of £2,, on C* sections of the Y, -restrictions of the bundles,
commutes with the action of M'A because 2, is central in MY,

commutes with the action of N because the latter is trivial. As
G = KM'AN it follows from (3.1.5a) that

& is a G-invariant operator. (3.1.5b)

We need a better description of [u] € U. Observe M' = Z ,(M°)MP°
with Z (M%) C(T = HN K)C(U = M'n K). Now

U = Zy(M)U, M*= UM® and UN MO = U9 (3.1.6a)
In particular
Bl = [x ®u’] where [x]eZy(M%)" and [u]e 0% (3.1.6b)
Now choose
Z¢t: positive te-root system on Mg . (3.1.7a)
It is disjoint union of its subsets

iy ={peZrimeCl} and Zhyny ={peZirim? i} (3.1.7b)

Thus we have p; = piy + pt.m/u Where
pt=%2¢ pu=%2¢ pmu=1% 2 ¢ (3179
zt-i- + +

Ztu Zt,m/u

The half sum of any positive hc-root system on gc exponentiates to
a character on H [13, Lemma 4.3.6], and it follows [4] that p,
exponentiates to a character on 7. As p ./, is a weight of st - & now

pt.u and ps m €xponentiate to characters on 7. (3.1.7d)

We now come to the formula for D2 The case where G is a con-
nected linear semisimple group and H is compact, is due to R.
Parthasarathy [11, Proposition 3.2].

TueoreM 3.1.8. Let [ple U, say [p] = [x @ p°] as in (3.1.6)
where [u®] € U has highest weight v + pyyy relative to X, . Let
o ea* If f is a partially C* section of S+ R ¥, ,— X, then

D¥f)y = —E(f) +{llv + pe P — ll pe I7}f (3.1.9)
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View D2 and X as essentially self adjoint operators on Ly(F* ® ¥, ,).
Then Theorem 3.1.8 gives us

CoroLLARY 3.1.10. The space H,X(¥,, ,) of square integrable ¥, .-
valued partially harmonic spinors on X, is the {||v + pt|[* — || pt|[*}-
eigenspace of 5 on LS+ R V,.,).

The remainder of Section 3 consists of the proof of Theorem 3.1.8.

3.2. Proof of Formula

We first prove (3.1.9) over Y,,, following the general lines of
[11, Section 3]. For this purpose we denote

Y = Y,y = J/L where | = M*A and L = UA; (3.2.1a)
W — Y the J-homogeneous bundle for ((s - &) @ p) ® e (3.2.1b)
Dy the Dirac operator on C® sections of #” — Y. (3.2.1¢c)

The space C*(#") of C* sections of # — Y consists of the C*
functions k: | — S ® V, such that

h(jua) = {&=(a)[s(&(u) @ p ()  for je], uel, acA.

In other words, writing { }* for the L-fixed elements under (right
translation) @ (s * &) @ (p Q eratic), we view

CW) =)@ S® VI~ (3.2.2a)
If x ej, write I(x) for the left translation action of x on C=(J). If
ece = {xem: 0(x) = —ax}, write cl(e) for left Clifford multiplication

on the subspace S C Cl(e)c . Choose an orthonormal basis {e, ,..., ea,,},
m = | Ly |, of e. Now (2.2.8) goes over to the formulation (3.2.22) as

Dy= 3 le)®clle) ® 1. (3.2.2b)

1<i<em
We will prove (3.1.9) over Y by squaring (3.2.2b). For that, we need
(s - @)(82yp) is scalar multiplication by || p¢ |2 — || p.u || and  (3.2.32)

ifxeuthen(s-&)x) =% > <[« ], e clle)clle). (3.2.3b)
I, i<em
We check (3.2.3b). If 7 # j then e, - ¢; € Cl(e) satisfies (e; - ;)2 = —1
so exp(te; * e;) = cos(t) + sin(t) e; - ¢; . That gives us
&, if {52k %7,
exp(te; - €;) * e, * exp(—te; - e;) = { cos(2t)e; + sin(2t)e; , if k=1i%],
cos(2t)e; — sin(2t)e, , if k=j+1.

H
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First, we conclude that e, - ¢; is in the Lie algebra spin(e) of Spin(e),
thus by dimension that {e; - ¢;: 1 <7 < j < 2m} is a basis of spin(e).
Second, we conclude that the differential of the vector representation
0: Spin(e) — SO(e) satisfies

ole; - e;): e, — 0if 1 % k # §, 2¢; if kb =1, —2e;if k =j.

If xeu then we express (s-@&)(x) = X;_;pycle;) - cl(e;). Since
o(s(d(x))) = ad(x) |., the above calculation says
[x, &] = z pivles - e)e = 2 Z Prie;i — 2 z LT
i<J >k i<k
Thus p; = (1/2){[x, ;], e;) for ¢ < j, and (3.2.3b) follows.

We check (3.2.3a). Enumerate 2}, = {¢; ,..., $,,}. Then s* - & has
weight system {3(e;; + *** + €,8,): ¢, = lor —land[Je;, = +1},
the multiplicity of a weight being the number of ways it can be so
expressed. Now

trace s+(a(exp ) — trace s—(@(exp x)) = [ (4@ — @) et
1<im (3.2.4)

Denote Weyl groups and a subset by
Wine: M for te 3 Wi == Wy: M° for T% Wy = {w € Wi Zfy CwZi ).

Then W,y is a set of representatives for Wi \Wy,., and if w € Wiy
then wpy — pyy is 2i,-dominant. Write u° for the irreducible
representation of U° with highest weight v. Using (3.2.4) and the
Weyl character formula, we calculate on 70 = exp(t):

trace st - & — trace s~ * &

= 1"[ (e®/2 — e¢72) - H (e¥/2 — e~¥/2)-1

sezyt yeziy
~( 3 e/ T deryems)
we WmC vEWm
= Y det(w) ( Y det(v) e”""”‘) / ( Y. det(v) e”"*v“)z
weWm/u vEWn & Wiy
= ), det(w)trace py, ,; , -
weWm/n '

There is no cancellation because st -& and s~ - & have no weight
in common: every weight of st-& (respectively, s~ - &) is an
Pram — (Bg, + - + #4), b, € 2y and 7 even (respectively, r odd).
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So
S [y = Y Koot - (3.2.5)
we Wiy detwo)=+1

As oo (Q20) = N wpe B = prulP =l pell® — [l pul® (3.2.32) 18
proved. We now have established (3.2.3).
We calculate Dy? by combining (3.2.2) and (3.2.3):

Dy = 3 el @clle) @1+ ) Ues) Ues) ®clle)) clle;) @ 1

1igm k2]
==, P @11 +1) e, 6] @cle:) clley) @ 1.
1igm i)

Let {ix,,...,ix,} be an orthonormal basis of u. Then [e;,¢] =

—2 <le; 5 &], xp)xy 50
1Y e, 6] @ clle) elle) @1

= —3 Z z Uxw) @ e; 5 5], 21 cl(e;) cle;) @ 1

= 2L l) @ (s B)ew) @1

= «;i@s-a)(xk)z@l IDNCEECIES ECIGLIOVIEY
=11 @E@m) + Lnr @101+ 106 k@1
=11 Qu®R) ~ (20)®1®1 -1 HQ) @1

Dyt =15 ey — Qo) + (v +pelt — el @ 1®1

1igm
={—lQm) + (v +ptlE— P ® 1@ L.

In summary, following the lines of [11, Sect. 3] we have proved
(3.1.9) over the fibre Y, of p: X — Z.

Consider the operator B = D? + Z on the space C*(¥+ ® 7..,)
of partially C* sections of ¥+ ® ¥, ,— X. B commutes with the
action of every g e G, thus with the action of every ke K. Since
B = |lv 4 pt|P — | pt]P over Yyy ,now B = ||v + p¢|* — || pt||? over
every Y., . That proves (3.1.9). Q.E.D.
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4. IDENTIFICATION OF THE REPRESENTATIONS

Let 7, ,— X = GJUAN be one of the bundles of Section 2.4
and n%, the unitary representation of G on H,*(¥, ). We prove
that [#%,] always is a finite sum of H-series representation classes.
In particular 7%, has a distribution character. We calculate the
difference @,,zo — @,,;0 of those characters and see that it is
0 sinpo where [7,, +;t,,,] is a certain H-series class given in terms
of 1 and o. Finally, we show for a certain choice - of sign, that
H¥(¥,,) =0 and [7f,] = [m,4p,0]. Afterwards we note that
[7v+,.c] could, with appropriate choice of 1 and g, be any H-series
class. '

4.1. Formulation of Main Theorem

G is a reductive Lie group of the class discussed in Section 1.
As in Sections 2.4 and 3.1 we fix a Cartan involution 8 of G, a §-stable
Cartan subgroup H = T X A of G, and an associated cuspidal
parabolic subgroup P = MAN of G. Then we have

p: X = GJUAN — G/M'AN = K|U = Z,

where K is the fixed point set of § and U = K n M'. The fibres
Y,, = p~Y(kU) are riemannian symmetric spaces of the ad(k)M" as
indicated in Section 3.1.

Our choice of P specifies the positive a-root system Z;* on g
such that n is the sum of the negative a-root spaces. We also choose
a positive tc-root system Zi+ on mc and decompose it into the subset
2, of compact roots and the subset 2, of noncompact roots,
and define py, pi.y and pymsm to be the respective half-sums of the
elements of X+, Zi, and 2, . It is the positive hc-root system
on gc that induces X,* and Zit. We assume G replaced by a Z,-
extension if necessary [13, Section 4.3] so that p = § 3,5y
exponentiates to a character on H; so then py, pry and pgmm
exponentiate to characters on 7. In particular they are contained
in the lattice

Ly = {veit*: ¢ is well defined on T9}. (4.1.1a)
Further p; is contained in the m-regular set

L} = {veLy &v) # 0} where an(v) = [] <&4)>. (4.1.1b)
dezpt
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Finally, define a function from #t* to the nonnegative integers by

21(v) = [{p € Z{mpu: v, ) > 0. (4.1.1¢)

For example, pyp) = | Zitmu |-
Recall U = Z,(M®)U°, so every [n] € U decomposes

1] = [x ® u] where [x] € Zy(M®)" and [u®] € U°. (4.1.22)

Further [u°] is characterized by its highest weight. That highest
weight can be expressed in the form v + py

[°] = [1°]  where v + pg oy is its highest weight for 2, . (4.1.2b)
We can now state our main result.

THEOREM 4.1.1. Let [1] € U, say [u] = [x ® w0} as in (4.1.2), and
suppose v + pyeLy . Let o € a* and recall the unitary representation
wt, of G on the space Hy(V,.) of ¥, .,-valued square integrable
partially harmonic spinors on X.

(1) [#t,] is a finite sum of H-series classes [, g . where 8 € Ly with
I BIF = [l + pell*
(2) The [7;,] have well defined distribution characters O.= , and

O, —60_ = (_l)pt(v+pt) o)

Ty,0 Tu

4.1.2)

TXVt4a

(3) There is a unique Weyl group element w € W(mc , tc) such that
w2, C 2yt and {w(v 4 py),¢) > 0 for all $ € Z+. Fix the sign +
so that det(w) = 4-1. If

v+ pe—wlpy, ¢y £ 0  foralldp e Zfn, (4.1.3)

then Hy"(7,,;) = 0 and [m,] is the H-series class [m,,,.,, o]-

If G is a connected linear semisimple group, and if the series
under consideration is the discrete series (i.e., H is compact), then
the result is due to R. Parthasarathy [11]. W. Schmid independently
obtained some results in that case but did not write them up. Our
proof combines ideas of Parthasarathy [11] and of Narasimhan-
Okamoto [10] with certain induced representation techniques [13,
Section 8.2]. The proof is distributed through the remainder of
Section 4.
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4.2. Analysis Along the Fibres

Note that K meets every component of M and choose a system
{1 = ky, ky,..., k} C K of representatives of M modulo M. Define

Y= U Yeg=MU and #,=%,,|y. (42.1)

Iigr

Then we have unitary representations of M, independent of o:
fEonLly(FER#,) and  9,* on HH#,). 4.2.2)

Recall the normal abelian subgroup Z C Z;(G® of G from (1.2.2),
observe Z C U, and let { € Z such that [u] € U;. Cut Z to a subgroup
of index 2 if necessary so that it is annihilated by the s*-4&. Then
.5 (mz) = [(2)71 5,5(m) forme M and 2 € Z.

Lemma 4.2.3. Let %,* denote the sum of the irreducible subrepre-
sentations of 7,%. Then n,= is a subrepresentation of %y,*, and ['n,*]
is a finite sum of {-discrete classes in M.

Proof. 4, is contained in the left representation of M on
L (M|Z,{) ® S* ® V,, so its irreducible subrepresentations are just
its {-discrete subrepresentations. Corollary 3.1.10 and the Plancherel
Theorem for M, force [n,*] to be a discrete sum of classes from
M 4150 » 80 m,* is a subrepresentation of %,*.

Since ZM? has finite index in M, the restriction (%),%) ;0 = X n7;
discrete sum with [5,] € (ZM°)g,,, - Since p is finite-dimensional the
restriction p [0 = Y. m;u; finite sum with m; < oo and [p,] € (ZU%)".
Our extension [13, Theorem 2.5.1] of Kunze’s Frobenius Reciprocity
Theorem for square integrable representations [9] says that the
multiplicities

m(n, , IndZU°TZM°(P'j)) = m(""j » 7 }zuﬂ)‘

Write m,; for that multiplicity. Every m;; < oo; given j, only finitely
many m; > 0. Note n; = ¥ ; m(n; , Indyyorzy0(g;)) = X; my; . Now
Ying = 2;(X; my) < 00,50 (%,%) |0 is a finite sum from (ZM°)3;, -
As ZM? has finite index in M, it follows that %;,* is a finite sum
from My, Q.E.D.

If ¢ is a rapidly decreasing C* function on M, we decompose
é = [, d¢ in the sense

$(m) = f2¢>5(m) d¢  where $i(m) = fz¢(mz) {z) dz. (4.2.4a)
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Then ¢, € Ly(M|Z, £) is smooth and rapidly decreasing on M/Z, and
its projection to the ¢-discrete part of Ly(M|Z, £) is the C* function
%, given by

Bem) = Y deg(n) ¥ (rmde) (4.2.4b)

[MeMgqise

where [7] has formal degree deg(n) and distribution character ¥, ,
and (r,$e)(x) = $e(xm).
Denote orthogonal projection of Ly(¥* ® #,) to the subspace
°Ly(F= @ W) for %, by
E: L(S* @W,) = Lo(F* R HL). (4.2.3)

The analysis of %,* is based on

ProposiTioN 4.2.6. Let ¢ be a rapidly decreasing C* function on M
such that ¢, is U-finite. Define

Ky (=, p) = fm"<l>c(9my‘1)[(si $8) @ pl(w) dz).  (4.2.72)

Then K, M xX M — (linear transformations of S* Q@ V,) is well
defined and C*. If feL(SF* Q W) then

[7.4(¢) - Ef})(x) = fM/Z K%, )1 () d(2)- (4.2.7b)
Further 4,%(¢) - E is an operator of finite rank on L(F+ QR W), and
trace(%n,£)(¢) = f trace K,+(x, x) d(xZ) (4.2.7¢)

M/Z
Proof. Since %, is rapidly decreasing on M/Z we can differentiate
(4.2.7a) under the integral sign; so K+ is C*. Let fe Ly(F* ® #,).

Calculating with convolutions over M|Z,

|, Kt ) [(2) d(32)

[, 1658 ® (W) - “4elony™) 1 (7) d(w2){ d(52)

M/Z
= ], [ ) ® l(w) - (e *F)ow) d(u2)
= (e ) = Che *ENN) = (e *ENx) = [(e) - 1)
That proves (4.2.7b).

580/15/2-4
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Since ¢, is U-finite, there is a finite subset BC U, such that
7,5(#) - E has range contained in the sum of the 8-primary subspaces
of °L(F+ R ¥,), BeB. Lemma 4.2.3 ensures that that sum of
B-primary subspaces is finite dimensional. Thus 7,%(¢) - E has finite
rank.

Choose finite subsets {v;}, {w;} of the sum of the B-primary
subspaces of °L,(F*+ &Q #,), B € B as above, consisting of C* sections
such that

@.28) - EXf) = L <ws, frue for feL(F+ Q@ H).

i3

Then trace K,(x, x) = X; ; {w;(x), v,(x)) and we compute
f trace K (v, %) d(xZ) = | trace Ky#(x, ) d(xU)
MiZ M/U
= 3 <w;, v;) = trace §j,%(¢) - E = trace(",*)(¢).
Y]

Q.E.D.
4.3. Difference Formula Along the Fibres

Retain the notation of Sections 4.1 and 4.2. It follows from
Lemma 4.2.3 that [5,*] has distribution character ¥, . thatis a locally
integrable function on M, analytic on the regular set /" and deter-
mined by its restriction to T N M". Write ¥, o » [x] € Z (M) and
B L}, for the distribution character of [z, 4] EM, aisc - We are going
to prove

ProposiTioN 4.3.1. ¥, + — ,, o= (—1)ptete) P,

The proof is a calculation with (4.2.7) and some character formulas.
In order to simplify the calculation we first prove

x. V+Pt

LemMa 4.3.2. In proving Proposition 4.3.1 we may assume that M
is connected.

Proof. Let £,* denote the representation of M* on HyX (¥, Iy, ,)-
Then (4.2.1) says 75,* = Indpuya(€,%). By construction we have
Nuwio, = 1nd mrem(X @ o) If [E1€ MY and ¥, is its distribution
character, and if [] = Ind, Mt u(£), then [7] has distribution character
¥, supported in M* and given there by

Y (x) = Y Pelkaki?).
1igr

In proving Proposition 4.3.1 we thus may assume M = M".
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Suppose M = M. Let n”., denote the representation of M° on
H (¥ ,0) where ¥,0 — Y, is the homogeneous bundle for [u%] € 0"
The representatlon spaces satlsfy Vo=V, QVw, so ¥,, ly,y
V,® 7. and it follows that n,* = y Q nk. If zeZM(M") and
m e M° now

i(zm) = trace (=) ¥, n (m)  and 'P,,x,wrpt(zm) == trace y(2) nu+pt(m).
In proving Proposition 4.3.1 we may thus assume M = M°. Q.E.D.

Proof of Proposition. Let ¢ be a C* function on M that satisfies
the conditions of Proposition 4.2.6. Define

J = trace(®y,*)(¢) — trace(%n,~)}(¢). (4.3.3)

To calculate | we need

At — H (ea/Z - e—a/2), At,u — H (ea/2 _ e—m/2)’
zpt 2
At,m/u — H (ea/2 — e—a/2).

Zfm/u

Evidently, if ¢ € T then
| At (O At mpu(t) = (—1)7 Ayut) A4(t) where p = | Zfy | (4.3.4)

Now assume M connected, as is allowed by Lemma 4.3.2. Then
U is connected, so the Weyl Character Formula for (1) = trace p(u)
is

Put) = A () Y det(w) *®P(1)  for U-regularte 7.
weWy
The formula for the distribution character ¥, " of the discrete
class [9,,,] € M now tells us

Ap(t) $(1) = (=172 A0y V.t for teTA M. (43.5)

where ¢ = | 2+ |.
We are ready to evaluate J. Using (4.2.7), then (3.2.4) and the
Weyl Integration Formula on U, then (4.3.4) and (4.3.5), we calculate

J= U [trace s+(&(x)) — trace s~(&(w))] ¥, (1) - O (anux—1) duZ), d(xZ)
M/Z\YUlZ

. 1 2
i CTT7oT Joyg Q0D |1 A0 Ao 2

- 0 (otu~tx) d(t2)§ d(xZ)

— (__ 1 )v+q+p(v+ot) 1

| Wy
A dwz) f Aty E,,,, 9 dautux) d(1Z)| d(xZ).
M/IZ YUz Tz
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Denote

F(%; 1) = 4() JM/Z%C(xtx‘l) dxZ) and B, = 4¥,

vipt

Now the integration on U/Z drops out and
J = (npeneed L [ RO, 1) B(t) d(12).
| Wyl Jrz Tt

Since %, is finite under the center of the enveloping algebra of m¢,
[5, Lemma 79] adapted to Ly(M|Z, {) implies

1
Vo) = 1 g [ FO8e, 1) @) de2)
Thus, using Wy, = W,
J= (__I)p(v+pt) anpt(o‘l’t) - (__l)p(v+at) anv+pt( ).
In summary we have shown

b4

g, T

= (—1p" 0y, (4.3.6)

X,v+Pt

qj("n,f)

Lemma 4.2.3 gives us an M-equivariant exact sequence
0 — Hy* (W) — LS+ @ #,) 2> Lo S~ @ #,) — Hy (#,) — 0.

It follows that
¥

Onhy T

3 ¥, =Y, -

O™y = Ty

In view of (4.3.6), this completes the proof of Proposition 4.3.1.
Q.E.D.

4.4, Vanishing Theorem Along the Fibres

Retain the notation of Sections 4.1 and 4.2. We are going to prove

ProrosITION 4.4.1. There is a unique element w of the complex
Weyl group W(me , tc) such that

wr W CZt and  (w(v + )¢ >0 forallge 2yt (4.4.2)

Define + by det(w) = +1. If v+ py— wlps,¢> # 0 for all
¢ € Zt-'.-m/u , then HZ:F(%) = 0 and [nui] = [nx,v+pJ € M{-disc .
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Proof. Since v -+ py oy is the highest weight of a representation
of U® we have (v + pymm, 9y = 0 for all e Xf,. On the other
hand {p;y,¢) > 0 for all € X}, . Now

ve{ €Ly (" -+ pr, ¢y > 0forall ¢ € 27 ).

Let W = {v e W(mc, tc): v12F, C Zi*t}. Then [8, Lemma 6.4] the
map (v, v) = v(»' + py) — p:t bijects

el +pi,¢> >0foralld e 2t} x W1

onto the set just mentioned as containing v. Now there are unique
elements v € L, and v € W? such that

& Hpr, > >0 for all ¢ € 2t and (v 4 pt) = v -+ py.

For the first assertion we set w = v~*. Note that det(w) = det(v)
here, so det(v) = 41 with + as in the statement of the Proposition.
Note also that v(v') = v + p, — wlp;.

Suppose v + py — wlpy, ¢y # 0 for all e Xf,,,. Then
(), ¢> # 0 for all pe2f,,,. In view of Theorem 3.1.8, the
proof of R. Parthasarathy’s vanishing theorem [11, Theorem 2] is
valid for H," (¥, , lr ) so that space vanishes. Now

H¥ W) = 3 n.3k) - Hy¥ (7, |y, = 0.

1gr
Finally, Proposition 4.3.1 forces [9,t] = [(t] € M 4ise- Q.E.D.

4.5. Proof of Main Theorem

Retain the notation of Sections 4.1 and 4.2. The argument of
Lemma 2.4.9 implies

o = Indpranra(n.® @ ). 4.5.H

[7.%] is a finite sum of classes [7, 5] € M ;4. by Lemma 4.2.3. Each
[«] = [x] € Zu(M®)" by the considerations of Lemma 4.3.2, and
Corollary 3.1.10 implies that each|| B2 — || p; |2 = v+ pe P — 1] pe 12
Now [7,*] is a finite sum of classes [, ] € My;,, With || B2 =
v+ ptl% and (4.5.1) says that [#,] is the corresponding sum of
H-series classes [, 5 ,] of G. We have proved the first assertion of
Theorem 4.1.1. The second and third assertions follow from Proposi-
tions 4.3.1 and 4.4.1 using (4.5.1) and the formula [13, Theorem 4.3.8]
for induced characters. Q.E.D.
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4.6. Application to Geometric Realization

Let [7] be an element of the H-series of unitary representation
classes of G. Express [7] = [m, .., ] where [x] € Z4(M%)", v +- pye L]
and ¢ € a*. We may assume <{v + p;,¢> > 0 for all 42}, , and
then (v + pymmu, ¢y = 0 for all ¢ € Xf, . Now let [u] € U° be the
class with highest weight v + p;uy and define [p] = [x @ p°] € U.
Theorem 4.1.1 says that [#] is a subrepresentation of either [},]
or [7,,]. If the mild condition (4.1.3) holds, it further identifies [r]
as one of the [#F ].

In summary: Theorem 4.1.1 gives an implicit realization of every
H-series unitary representation class of G, and it gives an explicit
realization of “most” of those classes. '
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