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ON THE GEOMETRY AND CLASSIFICATION
OF ABSOLUTE PARALLELISMS. 1

JOSEPH A. WOLF

1. Introduction and summary

A. General introduction

Within the context of riemannian geometry, the euclidean spaces are dis-
tinguished as the only complete simply connected manifolds in which parallel
translation of tangent vectors is independent of path. When Elie Cartan de-
veloped the general notion of affine connection he saw that this absolute sort
of parallelism was (at least locally) a matter of vanishing curvature. Then
Cartan and Schouten [3] described curvature-free connections on Lie groups,
thus exhibiting absolute parallelisms on group manifolds. This generalized
Clifford’s parallelism on the 3-sphere, which had previously been an isolated
phenomenon. Cartan and Schouten [4] also gave a local description of the
riemannian manifolds which have an absolute parallelism whose parallel vector
fields have constant length and integrate to geodesics; they are the products of
euclidean spaces, compact simple groups and 7-spheres. Unfortunately their
reduction to the irreducible case may have gaps, and the cause of the paral-
lelism on the 7-sphere was not too clear.

Here we extend the work of Cartan and Schouten to pseudo-riemannian
manifolds. This means that the metric form ds* is of some nondegenerate
signature' (p, ), but not necessarily of positive definite signature (n,0). The
de Rham decomposition theorem fails for indefinite signatures of metric; in
fact, our example (3.7) shows that it fails for bi-invariant pseudo-riemannian
metrics on nilpotent Lie groups. Thus we adopt an algebraic curvature condi-
tion (“reductive type”; see (5.7) below) which is automatic in the riemannian
case and ensures us of a de Rham decomposition. Our main results are proved
under that condition.

Let (M, ds*) be a connected pseudo-riemannian manifold of “reductive type”
with an absolute parallelism ¢ which satisfies the Cartan-Schouten consistency
conditions described above. Our main result (Theorem 9.1) says that (M, ds?%)
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1 Signature (p,q) means p positive squares and g negative squares in dimension p + g,
as 3 P(x%)? — X {(x*+P)* on Rp+q,
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is locally isometric to a globally symmetric pseudo-riemannian manifold
(M, do") = (M_,,ds®)) X (My,ds}) X (My,ds}) X - X (M,,ds})
with ¢ corresponding to a consistent absolute parallelism

F=¢ XXX X,

where the (M, ¢,, ds?) are given as follows. M_, belongs to a certain class of
simply connected nilpotent Lie groups of even dimension 2r, 1 # r # 2, with
center of dimension r, and ds%, is a flat bi-invariant metric of signature (r, r)
on M_,. M, is a real vector group and ds; is a (necessarily flat) translation-
invariant metric there. Other M,, say for 1 < i < u, are simply connected
real’ simple Lie groups with bi-invariant metric ds? derived from a nonzero
real multiple of the real® Killing form. For —1 < i < u the parallelism ¢; on
M, is the one whose parallel vector fields are the left-invariant fields on the
group M,. Then, for u + 1 < i < t, M, is a 7-sphere SO(8)/SO(7), a certain
indefinite metric version SO(4, 4)/SO(3, 4) of the 7-sphere, or the complexifi-
cation SO(8,C)/SO(7,C) of the 7-sphere; there ds? is the invariant metric
induced by a nonzero real multiple of the Killing form of SO(8), SO(4, 4) or
SO(8, C), and ¢; is obtained in an explicit manner from the triality automor-
phism. The (M,,ds?),1 < i < t, are the irreducible factors of the de Rham
decomposition of (M,ds?). The flat factor is (M_,,ds%,) X (M,,ds?). The
parallelism ¢, on M, is the euclidean parallelism, and is the largest euclidean
factor of the parallelism ¢_, X ¢, on M_, X M,. Here ¢_, is noneuclidean
(unless M _, is reduced to a point); if & is a non-isotropic ¢_;-parallel vector
field on M_,, then there is another such field 5 with [§,7] # 0. The
(M_,, ¢_,, ds*,) represent a new phenomenon which starts in signature (3, 3).

If (M,ds* is (geodesically) complete, then Theorem 9.1 also provides a
pseudo-riemannian covering z: (M, ds® — (M, ds®) such that ¢ = m*¢. All
such coverings are classified in Theorem 9.7. Thus we classify the complete
pseudo-riemannian manifolds with consistent absolute parallelism of reductive
type, picking out those which are globally symmetric or compact or riemannian.
One interesting consequence (Corollary 9.10) is that the parallelism ¢ is con-
sistent with a riemannian metric dr’ on M if, and only if, (M,d¢*) has a
compact globally symmetric quotient manifold on which ¢ induces an absolute
parallelism.

B. Summary

§ 2 is a discussion of absolute parallelism ¢ on a differentiable manifold M,
the flat connection /" associated to ¢, and the torsion tensor T' of I'. Most of

* The group may be a complex simple Lie group viewed as a real simple (but not
absolutely simple) Lie group. Then we use its Killing form as real Lie group.
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the results are classical [3]. Then we characterize the case where /" is complete
and T is parallel, as M = D\G where G is a Lie group, D is a discrete sub-
group, and ¢ is induced from the parallelism of left translation on G. That
result is due to N. J. Hicks [6]; our proof is more direct.

§ 3 is a discussion of the Cartan-Schouten consistency conditions for an
absolute parallelism ¢ on a pseudo-riemannian manifold (M, ds*). We show
that the Levi-Civita connection ‘I" of ds® is given by 'I' = I" — 1T, a fact
essentially due to Cartan and Schouten [4]. We also show that, if &,7 and {
are ¢-parallel vector fields, then ds*([£,7],0) = ds*(, [, {]); that forms the
basis of most subsequent developments. In the case where " is complete and
T parallel, so M = D\G as described above, the latter fact says that ds* comes
from a bi-invariant metric on the Lie group G, and thus from a nondegenerate
invariant bilinear form on the Lie algebra g of G.

§ 4 is a discussion of the curvature of a pseudo-riemannian manifold (M, ds?)
with consistent absolute parallelism ¢. We start by direct computation of the
sectional curvatures in terms of the torsion tensor T of ¢. In the riemannian
case it follows immediately that (M, ds?) has every sectional curvature >0.
Next we show that every ¢-parallel vector field is a Killing field of (M, ds®);
so (M, ds*) is homogeneous if it is complete and connected. Then we compute
the curvature tensor ‘R of ds?, and show that its coefficients are constant in a
¢-parallel frame; the result is that if &, » and { are ¢-parallel, then ‘R(§, 3)-C
= —1[[&, 9], ¢] and that is ¢-parallel. It follows that (M, ds®) is locally sym-
metric. Some of these results were worked out by Cartan and Schouten [4] in
the irreducible riemannian case. The arguments in the last half of § 4 follow
some ideas developed by J. E. D’Atri and H. K. Nickerson [5] in another
context, and the riemannian case of Theorem 9.1 completes the classification
they started in [5, § 4]; Corollary 4.15 gives the relation between absolute
parallelism and the D’ Atri-Nickerson work.

§§2, 3 and 4 comprise the general theory. To go farther one needs a de
Rham decomposition. The idea is suggested by the facts that, if &,7 and ¢ are
¢-parallel vector fields, then

/R(Ea 7]) N C = — Ilf[[E’ v], C] s ¢-parallel,
ds*(§, 71, 0) = ds*(&, [, LD .

The first of these facts says that the ¢-parallel vector fields form a Lie triple
system p under the composition [§7(] = [[&,7],¢], and the second suggests
some sort of invariant bilinear form on .

§ 10 is a summary of the theory of Lie triple systems (LTS) due to N. Jacobson
[7] (§ 10A) and W. G. Lister [9] (§ 10B). Then there is a theory of invariant
bilinear forms (§ 10C) on LTS which we develop to fit the considerations
mentioned above. By “invariant bilinear form” on a LTS m we mean a sym-
metric bilinear form b such that
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b(z, [yxw]) = b([xyz]l,w) = b(x, [wzy]) .

Then the pair (m, b) is said to be of “reductive type” if b is nondegenerate
both on m and on the center of m, and if every ideal i C m with [imi] = O
is central in m. We show that (m, b) is of reductive type if, and only if, m is
a b-orthogonal direct sum m,® m, @ - - . @ m, where m, is the center and
the other m; are simple ideals. If m is a Lie algebra, then this says whether m
is reductive, and even that seems to be new. Evidently this LTS information
is just what we need for a de Rham decomposition. It is separated as an ap-
pendix in order to preserve continuity of exposition, but it is used in §§ 5, 6,7
and 8.

§5 is a de Rham decomposition theory for pseudo-riemannian symmetric
spaces of reductive type. Let (M, ds?) be a locally symmetric pseudo-riemannian
manifold, x € M, g, the Lie algebra of germs of Killing vector fields at x, and
g: = I, + m, the Cartan decomposition under the local symmetry of (M, ds?)
at x. Then m, is the space of germs of infinitesimal transvections of (M, ds?)
at x, and it is a LTS under the composition [uvw] = [[u, v], w]. ds? induces a
nondegenerate symmetric bilinear form b, on m,, and we show that b, is an
invariant bilinear form on m, in the sense of LTS. If M is connected, then the
isomorphism class of (m,, b,) is independent of choice of x and determines
(M, ds*) up to local isometry; a splitting (m,, b,) = (m}, b,) ® (m7, b)) gives
an isometric splitting of a neighborhood of x. The connection with the curva-
ture tensor ‘R of (M, ds?) is that 'R(u,, v,) - w, = —[uvw], for u,v,we m,.
Now we say that (M, ds?) is of “reductive type” if the (m,, b,) are of reductive
type, except that we say it with the curvature tensor. The local and global de
Rham decompositions follow when (M, ds?) is of reductive type.

§ 6 translates the results of §5 to a consistent absolute parallelism ¢ on
(M, ds?). The delicate matter is the decomposition of ¢ under a product decom-
position of (M, ds?); that is the gap in [4]. Let xe M, (m,,b,) be as in the
description of §5, and p be the LTS of g¢-parallel vector fields. Note
germ,, (p) C g,. If g, is the symmetry we show that & — germ, (§) — o, germ, (§)
is a LTS isomorphism of p onto m,. Then we characterize the submanifolds
N C M on which ¢ induces an absolute parallelism. With that information it
is fairly straightforward to prove: if (M, ds?) is of reductive type, then ¢ induces
an absolute parallelism on each factor of the de Rham decomposition. Thus
questions of classification come down to the cases where (M, ds®) is either flat
or locally irreducible.

§ 7 is the classification of flat pseudo-riemannian manifolds (M, ds*) with
consistent absolute parallelism ¢. Let p be the LTS of ¢-parallel vector fields,
and T the torsion tensor of ¢. We first show that T is parallel so that p is a
Lie algebra and [[p, p], p] = 0. We then classify all pairs (g, b) such that g is
a Lie algebra with [[g,g],g] = 0 and b is a nondegenerate invariant bilinear
form on g. From that we obtain local product structure (global in the complete
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simply connected case) of (M, ds?) as (M_,,ds’,) x (M,,ds}), with ¢ corre-
sponding to ¢_, X ¢, where ¢, is the euclidean component of the parallelism
and (M_,, ¢_,, ds>,) corresponds to elements of a certain class of metabelian
Lie algebras.

§ 8 is the classification of irreducible pseudo-riemannian manifolds (M, ds®)
with consistent absolute parallelism ¢. There the LTS of ¢ satisfies either
[p,9] = porp,pl N p=0.If [p,p] = p, then we are in the case of a real
simple group manifold. If [p, p] N p = O, then [p, p] 4 p is the Lie algebra g
of all Killing vector fields; thus we have two decompositions

p,pl +p=g=%+m, g simple,

where the second is Cartan decomposition under local symmetry ¢, at a point
x e M. Also, the LTS isomorphism p — m extends to an automorphism ¢, of
g. With a bit of technical fuss we show that 1, ¢, and e, represent different
components of the automorphism group of g, so g is of type D, and ¢, is a
triality automorphism. It then follows that the complete simply connected
symmetric space for (m,,b,) is the 7-sphere SO(8)/SO(7), a quadric
SO(4,4)/50(3, 4), or SO(8,C)/SO(7,C). Conversely we use triality automor-
phisms to construct all consistent absolute parallelisms on those three spaces.

§ 9 is the synthesis of the results of §§ 6,7 and 8, described above in the
general introduction.

C. Notes to the reader

In general we follow the conventions of [11]. As most computation is done
in the flat connection associated to the parallelism, we denote

I, reg, T, T, V: for the flat connection
and
'T,'T,’R,’R%y,, 'V : for the Levi-Civitd connection.

This paper is written so that the following segments can be read separately.

§§2,3 and 4 give the general theory of absolute parallelisms on differ-
entiable and pseudo-riemannian manifolds. § 10 is a summary of the general
theory of LTS and a theory of reductive LTS. §§ 10 and 5 in that order are a
de Rham decomposition theory for pseudo-riemannian symmetric spaces. § 7
with a few glances at §§ 4 and 10 is the theory of absolute parallelisms on flat
pseudo-riemannian manifolds. § 8 with a few references to §§ 3, 5, 6 and 10 is
the theory of absolute parallelisms on irreducible pseudo-riemannian manifolds.
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2. Absolute parallelism on differentiable manifolds

By absolute parallelism on a differentiable manifold M, we mean a rule ¢,
for translation of tangent vectors between any two points x,y ¢ M, which does
not depend on additional choices. More precisely, it is a system of linear
isomorphisms

(2.1a) ¢ ={dys}» Pyo:M, =M, (forall x,yeM)

of tangent spaces, with consistency condition

(2.1b) Gy byz = Buz » Py = ident.  (for all x,y,ze M)
and regularity condition

2.1¢) if §,eM, then & =1{§},§, = ¢,.6,, Issmooth.

Let ¢ = {¢,,} be an absolute parallelism on M. We say that tangent vectors
§,e€M, and &, € M, are parallel if ¢, = ¢,,&,. This is an equivalence relation
on the set of all tangent vectors to M by (2.1b), and the equivalence classes
are smooth vector fields on M by (2.1c). We call these equivalence classes the
parallel vector fields of (M, ¢) or ¢-parallel vector fields on M.

The following classical theorem contains the basic facts about absolute
parallelisms on differentiable manifolds.

2.2. Proposition. Let M be a connected differentiable manifold. Then there
are natural one-one correspondences between

(i) absolute parallelisms ¢ on M,

(ii) smooth trivializations X of the frame bundle B — M,

(iii) smooth connections I' on B — M with holonomy group reduced to the
identity .’

The correspondences are (a) X = {§,, -+ -, &,}, n = dim M, where the §,
are parallel vector fields of (M, ¢) which are linearly independent at some (thus
every) point; (b) the I'-horizontal space at X(x) e B is the tangent space to
X(M) at X(x); and (c) ¢ is the ['-parallelism.

Proof. Given ¢, let X’ = {&], ---,&,} be a second parallel frame on M.
Choose xe¢ M and define ge GL(n,R) by X'(x) = X(x)-g. Then X' = X .g
globally on M, so X’ and X define the same smooth trivialization of B — M.

Given X the ['-horizontal space at an arbitrary point X(x)-ge B (x e M,
ge GL(n, R)) is the tangent space there to X(M)-g. If a(),a <t < b, is a
sectionally smooth curve in M based at x, then its horizontal lift to X(x)-g is
t — X(a(9))-g. Since the lift has endpoint X(x)-g, the [-parallel translation
around ¢ is trivial. Thus I” has trivial holonomy group.

Finally, notice that X is ['-parallel. q.e.d.

3 It follows from the Cartan structure equations that I" is flat (i.e., has zero curvature).
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We remark that when M is simply connected, the class (iii) of Proposition
2.2 coincides with the class

(iii)’  flat (zero curvature) connections I' on B — M.

2.3. Example. Let G be a Lie group. Define 1,,: G, — G, to be the
tangent space map of the left translation g~ yx~'g. This defines an absolute
parallelism 2 = {2,,} on G. Euclidean parallelism is the case G = R" of real
vector groups, and Clifford parallelism on the 3-sphere is the case G = SU(2)
=~ $° Similarly, p,,: G, — G, from g — gx~'y defines another absolute paral-
lelism p = {p,,} on G.

Fix an absolute parallelism ¢ on M. By the connection associated to ¢ we
mean the connection [” on the frame bundle provided by Proposition 2.2, so
that ¢ is the parallelism of /'. If I" is complete then we say that ¢ is complete.

Choose a parallel frame X = {§,, ---,§,} on M, and let § = {6', - - -, 6"}
be the dual coframe. Then the V, (§) = 2 I";&; vanish identically because
the &, are ['-parallel, so I, = 0 and the connection forms «} = 0. Now the
equations of structure of I” in the frame X are reduced to

(2.42) do' =% ¥ Ti,0° N 6% and o} =0,
where the torsion tensor of I is given by

(2.4b) T80 = X Tué = —1855,6] .
In particular,

(2.4¢) T is parallel if, and only if, the T%, are constants.

2.5. Proposition. Let M be connected. Then there exist a connected Lie
group G and a discrete subgroup D C G such that M has the structure of the
coset space D\G = {Dg: g € G} with ¢ induced from the absolute parallelism
of left translation on G if, and only if, (i) ¢ is complete and (ii) T is parallel.

Proof. Let G be a connected Lie group, D C G a discrete subgroup, and
A the parallelism of left translation on G. Then left translation by any ge D
preserves every A-parallel vector field, so 2 induces an absolute parallelism on
D\G. Choose a basis X’ = {£&], - - -, &,} for the Lie algebra g of left invariant

vector fields on G, and let X = {§,, - - -, §,} be the global frame induced on
D\G. Then [§;, §,] = 2] ci.§; where the ¢}, are the structure constants of g,
ie., [§,&] = X ¢,&i. So the T%, = —c%, are constant. Thus T is parallel,

and completeness on D\G comes from completeness of 2.

Conversely, suppose ¢ complete and T parallel. Then the parallel vector
fields of (M, ¢) form a Lie algebra g. Let G be the simply connected Lie
group for g. If §eg and xe M, then the 1-parameter group {exp (¢§)} acts
by: {exp (t§)-x} is the integral curve for & through x. This defines an action of
G on M corresponding to the action of G on itself by right translation. All
G-orbits in M are open, so the action is transitive.
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Choose x,e M and let D = {ge G: g(x,) = x,}. D is a discrete subgroup
and M = D\G with the action corresponding to right translation. The paral-
lel fields of (M, ¢) correspond to the fields on D\G induced by elements of g,
from construction of the action of G. Thus ¢ is induced by the left translation
parallelism of G.

3. Consistent pseudo-Riemannian metrics

Let M be a differentiable manifold, ¢ an absolute parallelism on M, and
ds® a pseudo-riemannian metric on M. We say that ¢ and ds* are consistent if
ds® is ¢-invariant in the sense

(3 la) dsz(¢yx51, ¢yz”z) = SZ(Ez, 7]3) (x9 ye M; 5:0; Nz € MJ:)
and, modulo parameterization,
(3.1b) the ds*-geodesics are the ¢-geodesics.

Here ¢-geodesic means geodesic for the connection associated to ¢.

Choose a ¢-parallel frame X ={§,, ---,§,} on M, let § = {¢", - - -, 6"} be the
dual coframe, let /" be the connection associated to ¢, and recall the structure
equations (2.4) of I'. Now denote

(3.22) ds’ = 3, g,,007 , global expression,
and
(3.2b) 'I": Levi-Civita connection of ds? .

3.3. Lemma. ds* is ¢-invariant if, and only if, the functions g,; are

constants.
Proof. V. (&) =0="V,(§). If g; is constant, then

sck(gij) =0= dSZ(Vek(fi), éj) + ds*(&,, ka(Ej)) s
so ds® is ¢-invariant. Conversely, if ds® is ¢-invariant, then
§u(8y) = A’V (€D, &) + ds*(§,, 7 () =0,

so the g;; are constants.

3.4. Lemma. Let ds* be ¢-invariant. Then the following conditions are
equivalent.

(1) ¢ and ds* are consistent.

(2) The ds*-geodesics are the ¢-geodesics with the same affine parameteri-
zation.

(3) In the ¢-parallel frame X, the 'I';;, are alternating in every pair of
indices.
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@ 'I'=TI — 1T, i.e., in some (hence every) moving frame one has
Ty = I'lp — 3T

(5) If &, 7 and § are ¢-parallel vector fields, then ds*([§, 7], () + ds*(y, [£,L])
= 0.

Proof. ds* =}, g;;0'07 and Lemma 3.3 say that the nonsingular symmetric
matrix (g;;) is constant.

Assume (1) and let ¢ be a ¢-geodesic in affine parameter. Thus ¢/() =
31 a'€;, ., at constant, and o(f) = a(#(s)) is a ds>-geodesic with affine parameter

s. As the a* and the g;; are constant,

ds*(o’(t), o’(1)) = 2, 8;;a’a’ constant.

Thus ¢z is a ds’-affine parameter for ¢, proving (2).
Assume (2). If ¢ is a geodesic, then ¢’ = }; a’€; with a* constant, so

0 =da'/dt + }, 'T%a‘a* = ), 'T"alak .

Thus the '™, + 'I't; = 0. Now the 'I"y; = 3 gni' I3 satisfy "Iy + "1 i
= 0. On the other hand,
0 = &lgs) = d(V (£, 0 + ds’E;, T, (6)
= ds" (3 'T'm, §n) + A5’y X 'T5Em) = "Tijr + 'Tinyg -
Thus 'I";;; is alternating in (i,j) and in (j, k), hence also in (i, k), so (3) is
proved.

Assume (3) and consider the tensor field of type (2,1) given by S(&,7) =
Vi@ — V.. Then S(&;,&) = — 2 'I'46;, so S is alternating. As ‘I" has
torsion ‘T = 0 now

25(51, 51:) = S(Sja Sk) - S(gk, Ej)
=V, &) — Ve, (N — {V: (&) — T, (€1}
= ,Vek(gj) - ,Vej(ék) = [fk;fj] == T(Sj,gk) .
Thus S = T, i.e., '[' — I' = —1T, proving (4).
Assume (4), so T, (§x) = V. (&) — 3T(§;,§) = 3€;, &l Then
0= §(gs) = ds’(V (§)), §x) + ds*(§;, 'V, (Ex))
= H{ds’([§;, 6,1, §) + ds*(§5, [€4, &eD)} s
proving (5).
Assume (5), so the Ty, = 3, 8xn T satisfy T, + Ty = 0. Thus the T,

are alternating in every pair of indices. Let 4 be the connection with com-
ponents —§T%,, D its covariant differentiation, and S its torsion tensor. Then

§i(gjk) =0= —%Tijk - %Tikj = dSZ(Dei(‘fj), &) + dSz(Eja Dei(gk))
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shows ds* to be invariant by D, and
S(§5,80) = D¢ (§) — D¢ (&) — [€5, &)
= =3 20Tué + 3 2 Tié +TE;6) =0

shows 4 to be torsion free. Thus 4 = ’I" by uniqueness of the Levi-Civita
connection for ds®>. Now "I, + 'I'i; = 0 so, for any constants (d, - - -, a"),

dat ey
Tat—l—z I'.ala* = 0 .

That proves (2), thus implies (1). q.e.d.
Let g be a Lie algebra. By invariant bilinear form on g one means a sym-
metric bilinear form b on g such that

(3.52) b([§,7],0) = b, [, LD forall &,9,Ceg.

If G is a connected Lie group with Lie algebra g, then G acts on the space of
symmetric bilinear forms on g by the symmetric square of the dual of the
adjoint representation, and (3.5a) is equivalent to G-invariance of b, i.e., to

(3.5b)  b(ad(g)s,ad(g)y) = b(&,7) forall &,peg and geG.
The main example of an invariant bilinear form on g is the trace form

b.(&,7) = trace n(§)-z(p) ,

where = is a linear representation of g. The Killing form is the trace form of
the adjoint representation.

A Lie algebra g is called reductive if it has a faithful completely reducible
representation. It is standard that the following conditions are equivalent.

(3.6a) g is reductive.
(3.6b) The adjoint representation of g is completely reducible.
(3.6c) g = 3@ g where 3 is the center and g’ = [g, g] is semisimple.

(3.6d) g has a nondegenerate trace form.

It turns out that some non-reductive Lie algebras have non-degenerate in-
variant bilinear forms. In particular such a form cannot be a linear combina-
tion of trace forms. Here is an example. Let g be the nilpotent algebra with
basis {z,, Z,, Z;, W1, W,, W;} Where

{z,, 2,, 2;} spans the center of g and

(3.7a)
wowl=2z, [w,wl=2, w;,w]=z,.
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Now define

bw;,w)) =0 = b(z;,z;) forall i,j;
(3.7b) bw;,z;) =0 = b(z;,w,) for i+ j;
b(w;,2) = 1 = b(z;,w;) forall i.

Then b is a nondegenerate invariant bilinear form on g with signature (3, 3).

Proposition 2.5, Lemmas 3.3 and 3.4, and definition (3.5) have the follow-
ing immediate consequence.

3.8. Theorem. The triples (M, ¢, ds*) such that M is a connected manifold,
¢ is a complete absolute parallelism on M with parallel torsion tensor, and ds*
is a pseudo-riemannian metric consistent with ¢, are precisely the triples
(D\G, 2, d¢*) where

(i) D is a discrete subgroup in a simply connected Lie group G whose Lie
algebra has a nondegenerate invariant bilinear form,

(ii) A is induced by the absolute parallelism of left translation on G, and

(iii) d¢® is induced from a bi-invariant pseudo-riemannian metric on G,
i.e., from a metric defined by a nondegenerate invariant bilinear form on the
Lie algebra.

In the positive and negative definite cases, invariant bilinear forms are trace
forms, so Theorem 3.8 simplifies as follows.

3.9. Corollary. In the riemannian case, the triples (M, $, ds*) of Theorem
3.8 are precisely the triples (D\G, 2, da*) where

(i) G =V X G’ where V is a real vector group and G’ is a compact
simply connected semisimple group, and D is a discrete subgroup of G,

(ii) A is induced by the absolute parallelism of left translation on G, and

(iii) dd® is induced from a bi-invariant riemannian metric on G.

Remarks. Given (M, ¢), Lemma 3.4 (4) shows that ¢ determines the Levi-
Civita connection of every consistent metric ds*. One cannot expect more
because every translation-invariant metric on R" is consistent with the euclidean
parallelism. Also, the converse is false: (M, ds®) does not determine ¢ modulo
isometries of (M, ds?). For, if G is the 6-dimensional nonabelian nilpotent
group for the algebra (3.7a), and de¢® is the bi-invariant metric of signature
(3.3) specified by (3.7b), then we will see in (4.7) that (G, d¢® is flat, hence
isometric to the euclidean space of signature (3,3). The left translation
parallelism 2 on G is not the euclidean one because [w;, w;] % O for i # j.
This matter will be explored systematically in § 7.

4. Curvatore and symmetry of consistent metrics

Let ¢ be an absolute parallelism on M, and ds* a consistent pseudo-rieman-
nian metric. We work in a ¢-parallel frame X = {§,, ---,&,} and the dual
co-frame 6 = {6', - - -, 6"}. Lemma 3.3 says ds* = } g;;6'¢’ with the g;; con-
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stant. Lemma 3.4 says that the Levi-Civita connection ‘I" for ds® has
“components”

@.1 T4, = —3T¢

W

where T is the torsion tensor (2.4) of the connection I" associated to ¢. Now
denote

(4.2a) ‘R: curvature tensor of ds? .

Its components in the frame X are given by the

(4.2b) ‘R4, 608 = Weys Vel — Viepe)és = 2 'Riniés
or, using the metric,

(4.2¢) Rij = ), 'Ri@n: = ds(R(E,, £)E,, E) .

4.3. Theorem. Let xe M and o, Be M, such that « and B span a plane on
which ds® is nondegenerate, i.e., such that

(4.4a) le A\ BIF = ds’(a, @)ds*(B, p) — ds*(a, B)’
is nonzero. Then the sectional curvature of (M, ds®) on the plane spanned by
a and B is
(4.4b) K., = ds"(T(a, p), T(a, P)) /|l N\ BII* .
Proof. Leta = a‘¢,, and B = bi&,;, (we use the summation convention).
Then
4ds*(R(a, P, p) = 4ds*('R(§;, €;)Sx, §)atblakb!
= 4ds*(V, ’Ve & — V. ’Ve St — Viepe .]Sk,&)aibfa"b’
= 2ds"(="T, T Tebm + ’V ¢, Tién + 2TV, &ur §)atblakd!

(interchange i, k to see that the second term vanishes)

= ds'(—28,(T7)én + ThT5.6, — 2T5T .S, §)atblakb!
= {—28(T;) + T7T i1 — 2T7T i }a*b’a*bt

(interchange j, I to see that the first term vanishes)
= T%T;ma'bla*bt — 2T7T ,xa'bia*b’
= T0Tymia'blatbt — 217 Ty ma'biakbt
= —T7Tyna‘biakbt
= —ds*(a‘'bITy &, a*b'T;E,)
= —ds"(T(e, B), T(e, B)) .
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Now recall K,;, = —ds*('R(a, P, B) /|| N\ BIP-

4.5. Corollary. If ds® is positive definite, then (M, ds*) has every sectional
curvature K, > 0.

Let {¢:(2)} be the local one-parameter group of local diffeomorphisms whose
orbits are the integral curves of &,. Suppose x e M, x, = ¢,(¢)-x, and

a, = a0z, , B = b0,
are vector fields along {x,}. Then the Lie derivatives
L (@) = (@)% — a'T(,8) . Lo (B) = &b)E; — bITELE)) .
In particular, {«,} and {B;} are ¢,-invariant if, and only if,
§p(a@) = Ti,a™ and &,(b%) = Ti.b" .

In that case,

%dsz(at,ﬁt) = ds¥(T%,ame;, b'E,) + ds¥(aé,, TL,b'E;)
= Tyn;a™b? + T4,0°b" = (Tyy; + Tyja'b? =0 .

Hence:

4.6. Proposition. Every ¢-parallel vector fields is a Killing vector field of
(M, ds®). In particular, if (M, ¢) is complete, and M is connected, then (M, ds?)
is homogeneous.

We go on to show (M, ds?) to be locally symmetric. Consider the tensor S of
type (1, 3) given in the frame X by

SCr,§)-&5 = STuém = — 6k, 61,651 .
Lowering an index,
Sigr = ds*(S(x, §)-€5,§) = —1ds*([[§, 611, 651,60 .
Evidently we have the identities
Sisue + Suje + Sy = 0 = S + Sijur -

Also, as [§,&;] is a Killing vector field by Proposition 4.6, and as g;; is
constant,

ds*([[€x, €1, €51, 60 + ds’(§y, [[€x, €,), 6D = O;

so we also have the identity

Sier + Sjue =0
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If (a®) and (%) are n-tuples, then Theorem 4.3 ensures
Sijklaibjakbl = ’Rijklaibjakbl Py

which implies S;;.; = 'R;jx, in view of the identities satisfied by S. Thus we
have proved

4.7) 'R, &)-&; = — 1[4, 81,41 and is a Killing vector field.
We need the derivations of the tensor algebra given by

(4.8a) A, =L, — 'V, where L is Lie derivative.

As [ is torsion free they satisfy

(4.8b) 7,(§) = —A.(y , for all vector fields &, 7.

In particular, £ is a Killing vector field if and only if

(4.8¢) ds*(A:n, ) + ds*(yp, A.L) = 0, for all fields 7, ¢.

4.9. Lemma (D’ Atri-Nickerson). Let & and vy be Killing vector fields of
(M, ds*). Then ds*(§, ) is constant if and only if A.(y) + A,(§) = 0.

Proof. For any vector field { we have {-ds*(&, ) = ds*(V &, p) + ds*(§, 'V n)
= —ds (AL, n) — ds*(§,4,0) = ds*(§, A + A,8).

4.10. Lemma. The 'Ry, are constants.

Proof. Letp = 'R(&, §))¢;, so that 'R;;,, = ds*(y, &;) and 7 is a Killing
vector field by (4.7). Then

& "Rigu = ds (T, 80 + dsi(n, T &) .

Now 27, (p) = [&4, 71 = L, () shows 4, (n) =V, (), and 'V, (§,) = — A, (§,)
= A,,(§;) by Lemma 4.9. Thus

£, R = ds¥(A, 1, &) + dsi(p, A, (£)) = 0 . g.e.d.

As the g;; are constants, Lemma 4.10 says that the 'R%,, are constants. In
view of (4.7) we have

4.11. Proposition. If &,y and { are ¢-parallel vector fields on M, then
[[&,7],¢] and 'R(§, )¢ = —1l[&, 9], L] are ¢-parallel vector fields on M.

Let x,e M, and {x,} be a geodesic arc through x,. We may assume X to be
chosen so that {x,} is an integral curve to &,, i.e., x, = ¢4(?) -x where ¢, is the
local one-parameter group local isometries for the Killing vector field &,. Now
let a,, By € M,,. We extend them to two pairs {&,}, {8;} and {"a.}, {’8:} of vector
fields along {x,} by the conditions that «, = a‘(1)§;,, and B, = b/(1)§,,, be ¢~
invariant, and ‘a, = ‘a{(t)§;;, and ‘B, = 'b/()§,,, be ds*-parallel. In the dis-
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cussion following Corollary 4.5 we saw that the ¢,-invariance means that &,(a?)
= Ti,a™ and §,(b%) = T;,b". Similarly, 'I"i, = —4T%, says that ds*-parallel
means that §,('a’) = {T%,’a™ and &,(’b’) = 4T3 ’b". Thus

(4.12) §(a) = 26,(a") and &,(b7) = 2¢,('b7) at x, .

As the ¢,(#) are local isometries of (M, ds®) we have

_dd?{’Ri adbiatht) = 0 .

With (4.12) and Lemma 4.10 this says that

_(clit_t=0/Rijkl,ai’bj/aklbl = 0 )
and thus that derivative vanishes for all . Now |’a, A ’B,|} is constant. Thus,
if ds* is nondegenerate on the plane spanned by «, and f§,, then
) =0 )

(4.13) %(K,M,M
which proves sectional curvature of (M, ds?) to be invariant under ds?-parallel
translation. We summarize as follows.

4.14. Theorem. Let M be a differentiable manifold, ¢ an absolute paral-
lelism on M, and ds* a pseudo-riemannian metric consistent with ¢.

1. (M,ds? is locally symmetric.

2. If & is a ¢-parallel vector field on M, then & is a Killing vector field of
(M, ds?).

3. If & and y are ¢-parallel vector fields on M, then ds*(&, y) is constant.

4. If &,5 and { are ¢-parallel vector fields on M, and 'R is the curvature
tensor of (M, ds*), then 'R(§, )¢ and [[&,7],(] = —4'R(§,9)C are ¢-parallel
vector fields on M.

We note that Theorem 4.14 can be turned around.

4.15. Corollary. Let (M, ds*) be a connected pseudo-riemannian manifold.
Then M has an absolute parallelism ¢ consistent with ds* if, and only if, M
carries a global frame X = {§,, - - -, §,} such that

(i) each &, is a Killing vector field of (M, ds?), and

(i) the ds*(§;, &) are constants.

Then the &, are ¢-parallel, and ds* is locally symmetric.

Proof. Given ¢ and ds® consistent, the assertions are contained in Theorem
4.14.

Given X, define ¢ by the condition that the §; be ¢-parallel. Then (ii) is ¢-
invariance (3.1a) of ds*, so we must check (3.1b) that the ds*- and ¢-geodesics
agree, i.e., that 'V,(§&) = 0 for all ¢-parallel £. For that, note (4.8) that A4,(¢)
= 0 by Lemma 4.9, so —"F (&) = [£,£] — T.(§) = A.(6) = 0.
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5. Decomposition of pseudo-riemannian symmetric spaces

Let (M, ds*) be a locally symmetric pseudo-riemannian manifold. Choose
xeM, let g, be the Lie algebra of germs of Killing vector fields at x, and let
s, be the local symmetry at x. Then s, induces an involutive automorphism
g; of g;, and we denote

f,: +1 eigenspace of g , m,: —1 eigenspace of g, .
As is standard, g, = f, + m, and
bt L1, [Eymlcm,, [m,m]Ct,.

Thus m, is a Lie triple system (LTS) under the composition m, X m, X m;,
— m, given by

(5.1 (u, v, w) = [uvw] = [[u, v1, wi (definition).

We say that m, with the LTS structure (5.1) is the Lie triple system of (M, ds?)
at x.

We may identify m, with the tangent space M, under v — v,. Then [11,
Theorem 8.4.1] the curvature tensor of M is given at x by

5.2) 'R(ug, v)w, = —[uvwl, for u,v,wem, .
Also, this identification carries ds% over to the real bilinear form
(5.3) b (u,v) = ds¥(ug, v,) for u,vem, .

The main fact on b, is the following lemma.
5.4, Lemma. Viewing m, as a LTS, b, is a nondegenerate invariant
bilinear form on m,. In other words (10.11), if t,u, v,w e m, then

b, (v, [utw]) = b ([tuv], w) = b,(t, [wovul) ,

and b, is nondegenerate as a symmetric bilinear form.

Proof. The nondegeneracy of b, on m, follows from nondegeneracy of
ds® on M.

Let t,u,v,we nt, and denote r = [¢t, u] € f,. Then r preserves ds2, i.e.,

dSZ([r, ’U].w wz) + dsz(vza [r: w]z) =0 )
which implies
b ([tuv],w) = —b,(v, [tuw]) = by(v, [utw]) .

Let {y,, - - -, Y} be a basis of m,, and extend it to a moving frame on a
neighborhood of x. In that frame the curvature tensor ‘R has components whose
values at x are given by
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,Rijkl = ds’(R(yy, yl)yja ) = _bz([ykylyj], y) .
Ift=y,u=y,v=y;and w =y, then
b.t([tu?)]a W) = _,Rijlcl = —,Rklij = bx([wvu]’ t) - b.t(t’ [W'I)u]) .

It follows that b ([tuv]l, w) = b,(t, [wvul) in general. q.e.d.

Lemma 5.4 allows us to apply the theory of LTS with nondegenerate in-
variant bilinear forms to (m,, b,). That theory is worked out in § 10 and forms
an appendix to this note. From now on we use the facts on LTS, as collected
in § 10, without much comment.

Let (m;, b,) be LTS with invariant bilinear forms. By isomorphism of (m,, b))
to (m,, b,) we mean a LTS isomorphism f: m, — m, such that b,(u,v) =
b(f~'u, f~'v).

5.5. Lemma. If (M,ds® is a connected locally symmetric pseudo-rieman-
nian manifold and x,z e M, then (m, b,) is isomorphic to (m,, b,).

(For there is an isometry of a neighborhood of x onto a neighborhood of z,
which sends x to z.)

We collect some standard facts in LTS formulation.

5.6. Theorem. If (m, b) is a real LTS with nondegenerate invariant bilinear
form, then there is a unique (up to global isometry) simply connected globally
symmetric pseudo-riemannian manifold (M, ds*) such that (m,b) = (m,, b,)
for xeM. If m=m,®m, and b = b, ® b,, then (M,ds*) = (M,,ds?) X
(M,, ds2) where the factors correspond to (m,, b,) and (m,, b,).

Let (M, ds*) and (N, do®) be locally symmetric. Let xe M and ze N. Let
(mg, b;) and (n,,b,) be the associated LTS and invariant bilinear forms. If
f: (mg, by) = (n,, b,) is an isomorphism, then

exp, (u,) — exp, (f(w),) , uem,,

gives an isometry, from a local coordinate neighborhood of x to one of z, which
carries x to z. In particular, if M is connected, then (M, ds?) is locally isometric
to the simply connected globally symmetric space corresponding to (m, b,).

Proof. For the first assertion let g be the standard Lie enveloping algebra
of m. Then g = { 4+ m,f = [m, m] in g, vector space direct sum; so g has an
automorphism ¢ which is +1 on f and —1 on m. Let G be the simply con-
nected Lie group with Lie algebra g, and K the analytic subgroup for f. Now
¢ extends to G; here K is the identity component of its fixed point set, so K
is closed in G. Thus M = G/K is a simply connected manifold whose tangent
space at x = 1-K is represented by m. As b([k, u], v) + b(u, [k, v]) = O for
all ket and u, v e m, and as b is nondegenerate, now b defines a G-invariant
pseudo-riemannian metric ds* on M such that (m, b) = (m,, b,). As b(ou, ov)
= b(u,v) for u,vem, ¢ is an isometry of (M,ds*), so (M, ds®) is globally
symmetric.
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If m = m, @ m, with b = b, @ b,, then the corresponding g = g, ® g, and
f = f, @I, because we use the standard Lie enveloping algebra, and the product
statement follows.

The second assertion is an application [11, Theorem 1.7.20] of the polar
coordinate form of Cartan’s structure equations, and gives the uniqueness in
the first assertion. q.e.d.

We say that the locally symmetric space (M, ds®) is of reductive type at x if

ds% is nondegenerate on the subspace

(5.7a)
Z,={eM,:'R(§,M,) = 0} of M,
and
(5.7b) if § € M, subspace such that ‘R(S,M,)-M, C S

and 'R(S,M,).S=0, then SCZ,.

We say that (M, ds®) is of reductive type if it is of reductive type at every
xeM.

We translate the definition (5.7) to the LTS of (M, ds?) at x. Using (5.2) we
see that

Z,={u,eM,:uem, and [um,m,]=0}.
In other words (10.8),

Z, = {u,: uegp,} where 3, is the center of m,.

Thus (5.7a) says that b, is nondegenerate on the center of m,. Similarly,
(5.7b) says that if 1 is an ideal in m, such that [im,i] = O then 1 is central in
m,. Thus (10.15) and Lemma 5.4 say:

(M, ds®) is of reductive type at x if, and

(5.8) . . .
only if, (mg, b,) is of reductive type.

5.9. Theorem. Let (M,ds* be a connected pseudo-riemannian manifold
of reductive type. Then there exist simply connected globally symmetric pseudo-
riemannian manifolds (M, ds?),0 < i < t, unique up to global isometry and
permutation of {1,2, - - -, t}, with the following properties.

(1) (M,,ds?) is flat (curvature = 0).

(2) Ifi > 0, then (M,,ds?) is irreducible (in the strongest sense: the in-
finitesimal holonomy group at each point is real-irreducible in the tangent
space).

(3) If xe M, then a neighborhood of x is isometric to an open set in
My, dsg) X (M, ds}) X -+ X (M,,ds}).
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4) If (M,ds® is complete, then there is a pseudo-riemannian covering
(Moa ng) X (Mn dS%) X oo X (Mta de) Ed (M, dsz);

if (M, ds?) is complete and simply connected, then it is isometric to (M,,ds?)
X o X (M, ds?).

Conversely, if a locally symmetric space is locally isometric to the product of
a flat and some irreducible symmetric spaces, then it is of reductive type.

Remark. If (M, ds? is riemannian, i.e., if ds® is positive definite, then it is
automatic that (M, ds?) be of reductive type, and the result of Theorem 5.9 is
standard.

Proof. Let xeM. Then (m,, b,) is of reductive type. Theorem 10.16 says
m, =m,®m® --- @ my, b-orthogonal direct sum, where 1, is the center
and the other m, are the simple ideals of the derived system m{’ = [m,m,m,].
Let (M, ds?) be the simply connected globally symmetric space associated to
(my, by), b; = by|m;xm;, by Theorem 5.6, and (M, da®) be the one associated to
(m, b;). Theorem 5.6 gives a global isometry

(M, do®) = (M,, ds}) X (M, ds}) X --- X (M,,ds) .

As ni, is central in m, we have [m,m,m,] = 0. Now (5.2) shows that the
curvature tensor of (M, ds3) vanishes identically, proving (1).

Let i > 0. Then m; is simple, i.e., it has no proper subspace i such that
[im;m,] C t. If x; e M, then (5.2) says that the tangent space M, ,, has no
proper subspace S such that the curvature tensor satisfies 'R(S, M; ;,)-M; ,, C S.
This implies irreducibility of the infinitesimal holonomy group, and hence (2)
is proved.

Theorem 5.6 says that (M, ds®) is locally isometric to (M, dg®), which is iso-
metric to the product of the (M,, ds3}). Hence (3) is proved, and (4) follows.

The converse follows from Theorem 5.6 and the converse statement of
Theorem 10.16.

6. Decomposition of absolute parallelism

Let M be a smooth manifold with an absolute parallelism ¢. Suppose that
ds® is a pseudo-riemannian metric on M consistent with ¢.

Theorem 4.14 says that (M, ds®) is locally symmetric. If x ¢ M, then we have
the Lie algebra g, of germs of Killing vector fields at x, the involutive auto-
morphism ¢, of g, induced by the local symmetry, the g,-eigenspace decompo-
sition g, = f; + m,, the LTS m, of (M,ds” at x, and the nondegenerate
invariant bilinear form b, on m,. We also have

(6.1a) p: space of all ¢-parallel vector fields on M.

Theorem 4.14 tells us that
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(6.1b) & — (germ of £ at x) injects p into g,
and that
(6.1¢) p is a LTS under [£7¢] = [[£, 7], 1.

6.2. Lemma. Let xe M, and consider the evaluations

TP ->M,byn(§) =&, pu:m,— M, bypu)=u,.
Define
foi p — my by £,(8) = 2p7'n(§) .
In other words,

f=(8) = (germ of & at x) — a,(germ of & at x) .

Then f, is a LTS isomorphism of p onto m.
Proof. The curvature tensor ‘R of (M, ds?) satisfies

‘R(p(u), p(v)) - p(w) = —pluvw] for wu,v,wem,
by (5.2), and also satisfies
‘R(@(§), n(n)-7(0) = —ixlénC] for &,9,lep
by (4.7). Thus

f-[98] = 2p7'xl&, 9, {1 = —8p {'R(=&, mp) - nl}
= —2u ' {'R(uf (&), pf: () - tf (D)} = [f2(Ef (S (D] . q.e.d.

Lemma 6.2 is one of the basic ingredients in our decomposition of ¢ under
a product decomposition of (M, ds?). Here is the other basic ingredient.

6.3. Proposition. Let (N,ds?) be a pseudo-riemannian submanifold of
(M, ds*). Then the following conditions are equivalent.

(1) ¢ induces an absolute parallelism on N, i.e., the tangent spaces satisfy
$ysNz = Ny forall x,yeN.

(2) There is a subsystem q C p such that N, = {£,: & e q} for every point
xeN.

(3) (N,dg? is totally geodesic in (M,ds?). Further, if xe N, then q, =
{6 ep: &, e N,} satisfies [§,7], € N, for all §,7¢q,.

Proof. If xe N, define q, = {£ep: &, e N,}.

Assume (1). If x,ye N, then {§,: fcq,} = N, = ¢,.N, = ¢,.{6,: E€q,}
= {§,: §eq,}, which says q, = q,. Thus we have a linear subspace q C p
such that each N, = {{,: £ e q}. As N is a submanifold of M, now xe N and
&,neqimply [§,7], € N,; then { e q further implies [7(], e N, so [&p¢]eq.
Thus q is a subsystem of p and (2) is proved.
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Assume (2). If x e N, then the geodesics of (M, ds?) tangent to N at x are
the integral curves through x of the elements of q. Those are contained in N
locally. Thus (N, de¢?) is totally geodesic in (M, ds*). By assumption (2), also
every q, = q; as in the proof that (1) implies (2), this forces [£,7], e N, for
all &,9¢q = q,. Thus (2) implies (3).

Assume (3). Let x,ye N, and y be a smooth curve in N from x to y. As
(N, dd? is totally geodesic in (M, ds?), ds*-parallel displacement along y sends
N, to N,,. The other assumption of (3) can be phrased: T(N,,N,) C N, for
all ze N. Lemma 3.4 (4) says I' = 'I" + 3T where I" is the connection of ¢
and ‘I is that of ds*. Thus [-parallel displacement along y sends N, to N,
i.e., ¢,sN, = N,. Now (1) is derived from (3). q.e.d.

The following is stated separately for reference in § 8.

6.4. Lemma. Let (M,ds®) be a simply connected globally symmetric
pseudo-riemannian manifold. If ry is an absolute parallelism on an open set
U C M consistent with dg?|y, then there is a unique absolute parallelism + on
M consistent with dg* such that Vry = V|y.

Proof. Let {y, - -+, 9,} be a basis of the space of \,-parallel fields on U.
Each 7, is a Killing vector field on (U, do®) ; by hypothesis on (M, ds® now N
has a unique extension &; to M, which is a Killing vector field of (M, do?).
The do*(§;,&;) = da*(y;,7n;) are constant on M by real analyticity. Now
Corollary 4.15 provides an absolute parallelism v» on M consistent with dg®
such that v|; = ¥y, and uniqueness also follows from Corollary 4.15. q.e.d.

Now we can describe the general situation.

6.5. Theorem. Let M be a connected manifold, ¢ an absolute parallelism
on M, ds* a pseudo-riemannian metric M consistent with ¢, and (M, do*) the
simply connected globally symmetric space locally isometric to (M, ds®). Then
there is an absolute parallelism § on M consistent with dg*, which has the
following properties.

(1) Let p be the LTS of ¢-parallel fields on M, and % the one for M. Then
every x e M has a neighborhood U and an isometry

h: (U,ds?) — (U, ds>, U openin M ,

such that h sends @|y to |z, i.e., such that h,:p —p well defined LTS
isomorphism.

() If (M,ds® is complete, then there is a pseudo-riemannian covering
r: (M, ds®) — (M, ds?) which sends é to @, i.e., such that o :p = p. In that
case the local isometries h can be realized as local sections of the covering.

(3) Letyp =p, @Dy, be a ds*-orthogonal direct sum of ideals such that

xeM and &,y ep; imply [&,9], e {C,: Cepy) .

J:hen (M, do®) = (M,, ds?) x (M,, ds?) pseudo-riemannian product, and
& = ¢, X ¢, where ¢, is an absolute parallelism on M; consistent with ds?,
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such that each of the local isometries h maps %, isomorphically onto the LTS
of ¢.-parallel vector fields on M;. Conversely, any isometric product decompo-
sition of a neighborhood of a point of M, which splits ¢, induces a ds*-orthogo-
nal decomposition p = p, @ p, such that [p;, p;1, < (v;), for every xe M.

Remark. We claim neither local homogeneity of (M, ¢,ds*) nor global
homogeneity of (M, $,dd?®. In fact that seems to be a delicate matter.

Proof. Fix ze M, a normal coordinate neighborhood V of z, and an iso-
metry f: (V, ds?) — (W, dg*) where W is open in M. Then { carries ¢l to an
absolute parallelism -, on W consistent with do¢?®|,,. Lemma 6.4 says that
extends uniquely to an absolute parallelism » on M consistent with dg?.

Let x e M with x + z. Choose a smooth curve 7 from z to x such that y has
no self intersection and y N V is a geodesic arc. Choose a simply connected
tubular neighborhood T of y such that T 1 ¥V is a normal coordinate neighbor-
hood of z. Then f|;,, extends uniquely to a differentiable map g: T — M
which is locally an isometry. Let U C T be a neighborhood of x on which g
is an isometry, and A = g|;. We will check that (h, U) has the parallelism
property of assertion (1).

Let § € p. By construction of - we have { € j such that f,&, = {;,, for every
yeV. In particular, g,&, = {,,, for every yeT N V. Let 5 be the vector
field on T, which is g-related to . Now 7 and £ are Killing vector fields on the
connected manifold (7', ds?), which coincide on the open subset T N V. Thus
p = &|p, i.e., &|p i3 g-related to {. Hence &|, is h-related to { = f,&, and
assertion (1) is proved.

Let (M, ds») be complete, and define z: W — V to be the inverse of f: V —
W. Then = continues to a pseudo-riemannian covering (M, de® — (M, ds?),
and the argument of (1) shows that =,: P = p is a well-defined LTS isomor-
phism, proving (2).

The LTS isomorphism f,: p — m, of Lemma 6.2 doubles lengths of tangent
vectors, so it sends ds?-orthogonal pairs to b,-orthogonal pairs. If p = p, D p,
is an orthogonal direct sum of ideals, then m, = m, ® m, is a b,-orthogonal
direct sum of ideals where m; = f,(p;). The assertions of (3) now follow from
Theorem 5.6 and Proposition 6.3. q.e.d.

We say that the absolute parallelism ¢ is of reductive type relative to ds®, if
the pair (p, ds?), viewed as an LTS with nondegenerate invariant bilinear form,
is of reductive type. Thus Lemma 6.2 gives

6.6. Lemma. ¢ is of reductive type relative to ds* if, and only if, (M, ds®)
is of reductive type.

Combining Theorems 5.9 and 6.5 we have the following description for
parallelisms of reductive type.

6.7. Theorem. Let (M, ¢, ds?) be a connected manifold with absolute paral-
lelism and consistent pseudo-riemannian metric such that ¢ is of reductive type
relative to ds*. Then there exist simply connected globally symmetric pseudo-
riemannian manifolds (M, ds?), 0 < i < t, unique up to global isometry and
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permutation of {1,2, ---,t}, and there exist absolute parallelism ¢, on M,
consistent with ds2, which have the following properties.

1. (M,,ds?) is flat. If i > O then (M;,ds?) is irreducible (strongest sense:
infinitesimal holonomy).

2. Every xeM has a neighborhood U and an isometry h: (U, ds?) —
(U,ds?, U openin My X M, X --- X M, and do* = ds: X ds? X --- X dsi,
such that h sends ¢|y to (§y X ¢ X -+ X @)z

3. If ¢ is complete, i.e., if (M,ds?) is complete, then there is a pseudo-
riemannian covering

n: (M, dsy) X (My,ds}) X -+ X (M,,ds}) — (M, ds”)

which sends ¢, X ¢, X -+ X ¢, to .
The next two sections are a detailed examination of the possibilities for the
(M;, ¢y, ds?) in Theorem 6.7.

7. The flat case

Let (M, ds®) be a flat connected pseudo-riemannian manifold. We will de-
scribe, locally in general and globally in the complete case, the absolute paral-
lelisms ¢ on M consistent with ds*. Example (3.7) sets the pattern and shows
that ¢ need not be the euclidean parallelism.

7.1. Lemma. Let ¢ be an absolute parallelism on M consistent with ds?, p
the LTS of ¢-parallel vector fields on M, and T the torsion tensor of ¢. Then
T is ¢-parallel, p is a Lie algebra under Poisson bracket, and [ppp] = 0.

Proof. According to Theorem 6.5 we may assume (M, ds®) to be complete
and simply connected, and then let g denote the Lie algebra of Killing vector
fields of (M, ds®) and [ the subalgebra generated by p. Thus

[=q+p where q=1I[p,p].

As (M, ds?) is flat, (4.7) says [ppp] = 0 so [q, p] = 0. Jacobi identity implies
[g,9] = 0. Now q is central in [. Thus q = [’ the derived algebra, and ad({) is
a commutative Lie algebra of linear transformations of .

Choose a basis {8, - - -, 5,} of ad(l). As f, and B, are commuting linear trans-
formations of [, there is a linear combination «, of them such that a,({) = 8,(0)
+ B). As a, and 8; commute, they have a linear combination «, such that
() = a(1) + By() = Bi(D) + B(D) + Bs(1). Continuing, we get a, € ad(l) such
that o, () = () + -+ + B,() = [[,1] = g. Choose £ ¢ p with ad(§) = «,;
that is possible because [ = p + q and ad(q) = 0. Now [, p] = q.

As (M, ds? is flat, Theorem 4.3 says that ds*([y, {1, [y, ¢]) = O whenever
7, L € p span a plane on which ds* is nondegenerate. Such pairs (y, {) are dense
in p X p. By continuity now ds*([y,¢],[y,¢]) = O for all 5, Lep. If 9,Cep,
then
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0= dsz([g,v + C], [E}ﬂ + C])
= ds¥([§, 9], [§, 7)) + 2ds°([¢, 7], [£,ED) + ds*([€, <1, [£, 8D
= 2ds*([&, 91, [&,CD) .

As [§, p] = q, now ds*(a, p) = O for all &, feq.
Choose a basis {§,, - - -, &,} of p, so the torsion tensor T(§;,&;) = Tré, =
—I[&;,&;1. We have just seen ds*([&;, &1, [£x, &.]) = 0. Thus

0= dsz(_Tz’;‘Ema —'T;r&s) = T';';'Tkrm - T;';'ka'r .

Raising r we get T7;T7, = 0.

As (M, ds*) is flat, its curvature tensor has 'R(§;,&;)-&, = 0. Now (4.7)
and the just-proved fact T75T7, = O give

0 = [[§:, €51, el = [=T758m, &l = THT s, + E(T7)Em = E(TT)6n

Thus the T7; are constants, i.e., T is ¢-parallel, and [p,p] C p. q.e.d.

We now work out the algebraic classification of the pairs (p, ds?) of Lemma
7.1. :

Let tv be an r-dimensional vector space over a field F, let v = v* dual space,
and let z € 4%(b) alternating trilinear form on {v. We use this data to define a
2r-dimensional Lie algebra g = g(z, iv):

(7.2a) g = I @ b as vector space over F,
(7.2b) b is central in g, i.e., [g,0] = 0, and

if w,, w, e fv then [w,, w,] € b defined by:

(7.2¢) {Iw,, w,l, w> = t(w,, w,, w) for w e n.

Antisymmetry of [, ] is obvious, and the Jacobi identity follows from the
observation that

(7.32) [[g,gl, gl = O, i.e., g is abelian as a LTS,

(7.3b) g is abelian as Lie algebra if and only if - = 0.

Observe also that g = g(z, {v) has a natural nondegenerate symmetric bilinear
form given by

(7.42) b,0) = b(v,w) =0 and b:b X w—F by bv,w) = v,w)>.

If w, w,, wyei, then b(lwy, w,l, w)) = t(wy, wy, wy) = T(Wy, Wy, W) =
b([w,, w,l, w)) = b(w,, [w,, w;]). Thus

(7.4b) b is a nondegenerate invariant bilinear form on g.
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In the real case, b has signature (r,r). The first nontrivial example of the
real case is (3.7).

7.5. Proposition. The pairs (g,b), such that g is a Lie algebra with
[[g, gl, gl = O and b is a nondegenerate invariant bilinear form on g, are just
the (g, @D 3,, b, @ b,) where

(i) (g, b)) is constructed as in (7.2) and (7.4a),

(ii) 3, is an abelian Lie algebra, and

(ili) b, is a nondegenerate symmetric bilinear form on 3,.

Proof. Let 3 be the center of g, and ¢’ = [g, g] the derived algebra. Hy-
pothesis [[g,gl,g] = O implies ¢’ C 3. Let | denote b-orthogonality. As
b(3,¢’) = 0 by invariance, now g’ C 3*. Define

3, = 3 N 3! and 3, is a complement to 3, in 3.

The 3, are ideals in g,3 = 3, D 3,,¢" C 3;, and b is nondegenerate on 3,. As 3,
is an ideal, so is 35-. Define

g =3 sothatg =g, D3, .

Now b = b, ® b,. Thus we need only check that (g, b,) is constructed as in
(7.2) and (7.4a).

We have reduced the proof to the case g = g,. Thus we may assume 3 =
3 N 3L, ie., 3 C 3t. If 3 # 3%, then there is an element w € 31 not central in g,
so we have x e g with [w, x] # 0, and nondegeneracy of b provides y e g with
b([w, x1,y) # 0. Invariance of b gives b([w, x],y) = b(w, [x,y]), and [x,y] e ¢’
C 3 | w. That is impossible. Thus 3 = 3*.

Now we are down to the case 3 = 3*. Let r = dim 3. Then dim g = dim 3
+ dim 3+ = 2r. Let v be a vector space complement to 3 in g such that tp =
fpl. As b pairs 3 with tv, it identifies 3 with the dual space fv*. Define a trilinear
form ¢ on v by :

T(wu W, W3) = b([wu wz], w3) .

Then z(w,, w,, w,) is visibly antisymmetric in (w,, w,), and is antisymmetric in
(w,, wy) because b([w,, w,], w;) = b(w,, [w,, w;]); now antisymmetry in (w,, w,)
follows. Thus = € £°(0*) and g = g(z, v) with b given by (7.4a). q.e.d.

We combine Lemma 7.1 and Proposition 7.5 with the flat case of Theorem
3.8, as follows.

7.6. Theorem. The triples (M, ¢, ds>), such that M is connected, (M, ds®)
is flat, and ¢ is a complete absolute parallelism on M consistent with ds’, are
precisely the triples (D\G, 2, dd®) given as follows.

1. (g, b)) is areal Lie algebra of dimension 2r with nondegenerate invariant
bilinear form of signature (r,r), constructed as in (7.2) and (7.4a).

2. (3, b,) is an abelian real Lie algebra of dimension p + q with a (non-
degenerate) symmetric bilinear form of signature (p, q).
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3. g=¢,P3,andb=>b,Db,.

4. G is the simply connected group with Lie algebra g, and D is a discrete
subgroup of G.

5. do® has signature (p + r,q + r) and is induced by the bi-invariant
pseudo-riemannian metric on G defined by b.

6. A is induced by the absolute parallelism of left translation on G.

One can separate the euclidean and noneuclidean parts of the parallelism 1
by observing, in the proof of Proposition 7.5, that g can be “normalized” by
the condition: the center 3, of g, has 3, = 3 relative to b,.

If r < 2 in Theorem 7.6, then the form z which is used in the definition
(7.2) of g, must vanish, so g, is abelian. In particular, if n» = dim G, then G
is abelian in case do? has signature (n, 0) or (0, n) (riemannian), (n — 1,1) or
(1,n — 1) (lorentzian), or (n — 2,2) or 2,n — 2).

Finally note that the (M,, ¢, ds3) of Theorem 6.7 are just the (G, 2, do?) of
Theorem 7.6, i.e., the case where D = {1} there. In particular, the automor-
phism group of (M,, ¢,, ds?) is transitive on M,.
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