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PROCEEDINGS OF THE 
AMERICAN MATHEMATICAL SOCIETY 
Volume 27, Number 3, March 1971 

A COMMUTATIVITY CRITERION FOR CLOSED 
SUBGROUPS OF COMPACT LIE GROUPS 

JOSEPH A. WOLF 

ABSTRACT. Let r be a closed subgroup of a compact Lie group 
G. If the identity component ro is commutative, and if the order of 
r/ro is prime to the order of the Weyl group of G, then it is shown 
that r is commutative. If G is a classical group this extends a 
theorem of Burnside on finite linear groups. If G is exceptional this 
gives some information on Cayley-Dickson algebras, Jordan alge- 
bras and the Cayley projective plane. 

Let I' be a complex linear group of degree n and finite order I r1. If 
every prime divisor p of I rf satisfies p> n, then it is both standard 
and clear that the character of the representation rCGL(n, C) is a 
sum of characters of degree 1, so r is a commutative group on ? n 
generators. Here we extend that simple comment to a remark on 
subgroups of compact connected Lie groups: 

THOEREM. Let G be a compact connected Lie group and let WG be its 
Weyl group. Let rC G be a closed subgroup such that 

(i) the identity component rO of r is commutative, and 
(ii) the orders I rro I and I WG I are relatively prime. 
Then r is contained in a maximal torus subgroup T of G. In par- 

ticular, r is commutative and r/ro can be generated by _dimT-dim ro 
elements. 

The special case ro { 1}, i.e. r finite, is: 

COROLLARY 1. Let G be a compact connected Lie group, WG its 
Weyl group, and PG a finite subgroup such that the orders I rl and 

I WGjI are relatively prime. Then r is contained in a maximal torus sub- 
group T of G. In particular, r is commutative on -<dim T=rank G 
generators. 

Let 7r(WG) denote the set of all prime divisors of f WG|. G is locally 
isomorphic to a direct product of a torus and some simple groups GC, 
and WG is the direct product of the WG&, SO Ir(WG) is the union of the 
lr(WGi). To apply the theorem and its special case Corollary 1, now, 
one must know lr(WG) when G is simple. For simple G, it is given as 
follows (cf. [2, ?8.10]). 
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620 J. A. WOLF [March 

Cartan class of G ir(WG) 

A n n _ I {primes p: p_n+ } 

Bn, Cn or Dn, n _ 2 {primes p:p?n} 

G2 or F4 {2, 3} 

E6 {2, 3, 5} 

E7 or E8 { 2, 3, 5, 7} 

The result mentioned at the beginning of this note is the case 
ro = { 1} of part 1 of the following specialization of the theorem to 
classical linear groups. 

COROLLARY 2. Let r be a compact linear group of degree d. Suppose 
that its identity component rO is commutative. Let -(r/ro) denote the set 

of all prime divisors of | r/rol . 
1. If p > d for every p Cir(r/ro) then r is commutative and r/ro can 

be generated by ?d-dim ro elements. 
2. If r has a nonsingular symmetric or antisymmetric bilinear in- 

variant, and if p>max (2, [d/2]) for every pe7r(r/ro), then r is 
commutative and r/ro can be generated by _ [d/2] -dim rO elements. 

One also has an interesting specialization of the theorem to groups 
of type G2 or F4. Here F denotes a subfield of the complex number 
field C, and "compact" refers to the topology on matrices over C of 
appropriate degree. 

COROLLARY 3. Let r be a compact group, ro commutative, and 
2, 307r(r/ro). 

1. If r is a group of automorphisms of a Cayley-Dickson algebra A 
over F, then r is commutative and r/ro can be generated by< 2-dim ro 
elements. 

2. If r is a group of automorphisms of an exceptional simple Jordan 
algebra J over F, then r is commutative and r/ro can be generated by 

4 4-dim ro elements. 
3. If r is a group of collineations of the (real) Cayley projective plane 

P, then r is commutative, r/ro can be generated by <4-dimro ele- 
ments, and r has afixed point on P. 
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PROOF OF THEOREM. If I WG I =1 then G is a torus and the asser- 
tion is vacuous. Now suppose I WG| >1. As WG is generated by re- 
flections it has even order, so r/ro has odd order, and the Feit- 
Thompson Theorem [1 ] proves r/ro solvable. 

If r = ro the assertion is vacuous. Now assume I r/ro >1. As 
r/ro is solvable it has a normal subgroup A/ro of prime index p. By 
induction on I r/roI , A is contained in a maximal torus subgroup S of 
G. 

Let ZG(A) denote the centralizer of A in G. Let K denote the iden- 
tity component of ZG(A). As S is connected, ACSCZG(A) implies 
ACSCK. Thus K is a closed connected subgroup of maximal rank in 
G, and A is central in K. 

r normalizes A, thus ZG(A), and thus normalizes K. Let 'zr-A. 
Now K has a maximal torus T that is stable under conjugation by7y. 
Note AC T because A is central in K. Now r normalizes T. Let 
NG(T) denote the normalizer of T in G, so rCNG(T), and represent 
WG=NG(T)/T. Then NG(T)-)WG induces a homomorphism r/ro 
-*WG. As I r/rol is prime to I WGI, the image of r/ro-+WG is 
trivial, so rC T. Q.E.D. 

PROOF OF COROLLARY 1. Let ro = { 1 } in the theorem. 
PROOF OF COROLLARY 2. We start with a compact group r in the 

general linear group GL(d, C), so we may conjugate and assume r in 
the unitary group U(d). The chart says lr(Wu(d)) = {primes p:p f d } 
because U(d) is locally isomorphic to the product of the special 
unitary group SU(d) (type Ad-l) and a circle group. So the hypothesis 
of part 1 says that j r/roP is prime to I Wu(d) , and the assertion of 
part 1 follows from the theorem. 

Suppose that F has a nonsingular bilinear invariant f,. If ,3 is 
symmetric then rCO(d) orthogonal group. Under the hypothesis of 
part 2, r/ro has odd order, so ICSO(d). The latter is of type B. for 
d = 2n+ 1, type D, for d = 2n, so we have rC G with rank G= [d/2] 
and I r/rol prime to I WGI . If 13 is antisymmetric then rCSp(d/2), 
symplectic group which is of type Cd/2, and again rCG with rank 
G= [d/2] and Ir/roI prime to I WGJ. The assertion of part 2 now 
follows from the theorem. Q.E.D. 

PROOF OF COROLLARY 3. We write Aut(.) for the automorphism 
group, Ac and JC for the scalar extensions A0FC and J?FC, G2 and 
F4 for the compact connected simple groups of types G2 and F4, and 
Gc and Fc for their complexifications. 

In part 1, rCAut(A) CAut(Ac) =Gc, and the maximal compact 
subgroups of Gc are the conjugates of G2, so we may take rCG2. As 
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622 J. A. WOLF 

Ir(WG2)= {2, 31 our assertion follows directly from the theorem. 
In part 2, rCAut(J)CAut(Jc) =FC, so we may assume rCF4 as 

above, and the assertion follows directly from the theorem. 
The collineation group of the Cayley plane P is a connected Lie 

group of type E6 whose maximal compact subgroups are the con- 
jugates of the elliptic group F4 of P. Thus we may take FCF4, and the 
theorem says that F is contained in a maximal torus T of F4. As a 
homogeneous space, P =F4/Spin(9), so T (and thus also 1) has a fixed 
point. Q.E.D. 

REMARK 1. It would be preferable to avoid use of the powerful 
Feit-Thompson result [1]. 

REMARK 2. Parts 1 and 2 of Corollary 3 remain valid when r is 
finite and F is an arbitrary field of characteristic zero. 
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