EXOTIC METRICS ON IMMERSED SURFACES
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To A. A. Albert on his sixtieth birthday

1. Introduction. In a series of articles ([1], [2], [3], [4]), Tilla
Klotz studied immersed surfaces by examining riemannian metrics
constructed as linear combinations siI-+s.II+s3III of the funda-
mental forms of the immersion. Here we study the Gauss curvature
of pseudo-riemannian metrics siI+s.II+s;II11. If s; are constants,
and if mean and Gauss curvature satisfy s;+s:H+s5;K =0, then we
show that the metric siI+s.II+s;II1 is flat where it is nondegenerate.
In particular we prove that II is a flat Lorentz metric on the comple-
ment of the umbilic set of a minimal surface.

2. The structure equations. Let .S be a pseudo-riemannian 2-
manifold with metric dv2. This means that S is a 2-dimensional differ-
entiable manifold and dv? is a smooth? family of nondegenerate inner
products on the tangent planes of S. If the inner products are all
positive definite, then S is a riemannian 2-manifold. Given xES we
write S, for the tangent plane at x. If X&S;, then dv? denotes the
inner product on S;, and || X||? denotes d»2(X, X). Let { X1, X»} be a
moving frame on an open set UC.S. This means that the X; are
smooth tangent vector fields on U which are linearly independent at
every point. Then the “dual co-frame” is the pair {6, 62} of linear
differential forms on U defined by 6i(a'X1+a?X,) =a?; the metric
has local expression dv?= D ; g:#:®6’ where the “coefficients” are
the functions g;;(x) =dv2(X i, X ).

The moving frame { X, X 2} is called orthonormal if g;;= + 8;;. This
means that l|X,~||2=e,~= +1 and dv?(X,, X,)=0, and it says that
dvt= Zi ef*®0:'. An obvious modification of the Gram-Schmidt
process constructs an orthonormal moving frame from an arbitrary
moving frame.

Let {Xi, X»} be an orthonormal moving frame on an open set
UCS. Then the dual coframe {6, 62} is also called “orthonormal,”
and we have the signs ¢;=||X|2= + 1. New forms are defined on U
by

2.1) 9; = edi,
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and we define functions a;(x) on U by
(22) dB, = a,-01 /\ 02.

Now the connection forms are the linear differential forms w;; defined

on U by
(2.3) —wig = + wa = exa101 + e1as8s, wn = 0 = ws.

They are characterized by the structure equations

i j i
(24) dg = Z N Wi, Wj = €,;Wj, Wsj + wj; = 0.

i
The connection forms w;; are specified by wy,, and the structure equa-
tions can be written

(25) d01 = 6202 /\ wi2 and d02 = wi2 /\ 6101.

Gauss curvature is a function K(x) on S. In the notation above, it
is defined on the open set UC.S by the equation

(26) dw12 = KG] /\ 02.

One can check [5, Theorem 2.2.1] that this defines K independently
of the choice of orthonormal moving frame, and we will note in
Lemma 4.5 that it is equivalent to the classical definition for surfaces
immersed in R®.

3. Metrics associated to quadratic differential forms. .S denotes a
fixed riemannian 2-manifold with (positive definite) metric dv?, and
we study the geometry of a smooth family = {@,},es of inner prod-
ucts on the tangent planes of S. Eventually S will be an immersed
surface and ® will be a linear combination of its fundamental forms.

If xES, then we diagonalize ®, relative to dv?; so ®, has matrix

<fl£)x) f 2?96))

in some orthonormal basis of S,. Generalizing the case where ® is the
second fundamental form of an immersion, we define

fi(x): the principle ®-curvatures at x,

Hy(x): the mean ®-curvature %{ fi(x) +fax) },
Ks(x): the Gauss ®-curvature fi(x) - fo(x),
®-elliptic point: point x with Ke(x) >0,
®-parabolic point: point x with Ke(x) =0,
®-hyperbolic point: point x with Ke(x) <0,
®-umbilic: point x with fi(x) =fo(x).
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The set of all ®-umbilics, and the set of all ®-parabolic points, are
closed in S. Thus the set

@3.1) Ss = {x € S: x is neither ®-umbilic nor &-parabolic}

is open in S, and @ restricts to a pseudo-riemannian metric ds} on

Ss. We will study the pseudo-riemannian manifold Ss with metric
dss.

3.2. THEOREM. Let x&Ss. Then x has an open neighborhood U C Ss
which carries linear differential forms 6% such that

(3.3) d*=0'Q6 +602®0 and dse>=f10' @ 0' + 2 @ 62 in U.

Define functions r;>0 in U by 7; =¢ifi, €,= £ 1, so the ¢'=rf' are
dsy-orthonormal. Let wi, and Pis be the respective connection forms for
dv? relative to {67, 02} and ds relative to {p*, ¢2}. Then

(3.4) 612 = = Iflfz I_l/2{(flal - lf:l-2)0l + (f2a2 + %f2;1)02}
where dfi= Y ; fu. 7 and wis = — (0:0'+a.0?).

Proor. For the first assertion we choose an orthonormal frame
{ X1, X2} on a neighborhood U of x such that &, is diagonal relative
to { X1, X} for every 2€U. Then (3.3) follows with {6, 62} dual
to {X1, X»} because fi>f, throughout Ss.

Define a; and b; by d¢; =b.p1/\¢2 and df;=a b1 /\b.. Then (2.3) says

wiz = — (@161 + axf2) and Br = — (eabidr + erdogr).

Now compute
do: = d(ed?) = eidp® = e(dr; /\ 0° + r.d67),
€dr; )\ 0° = erid(logr,) N 0 = d(logr,) N\ &

= 1d(log 7)) N ¢ = drid(ef) A o

1
= 3 (fi10" + fi;20°) N\ ¢ = 7{1fi;l¢l + 672- i;2¢2} /\ i,
4 2

. rid;
er 0" = eridf; = eriaf; /\ 02 = 162 — 1 /\ P
7172

Thus

SO
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I E O WA SO
B2 = { . <al 2f1>¢l + e (az + 2f2> ¢2}

€171 2f101 —f1;2 1 62_1'2 2f202 +f2;1 .
B {—r:< 2 )0 e < 2 >0}

e o et

The assertion follows from f;= ;7. q.e.d.
A pseudo-riemannian 2-manifold is called flat if its Gauss curvature
is identically zero.

3.5. COROLLARY. If 2a:1fi=f1,2 and 2azfo+f2;1=0, then Ss is flat.

Il

It

4. Metrics defined by immersions. An tmmersed surface is a pair
(S, v) where S is a two dimensional differentiable manifold and
v: S—R3? is a differentiable map with nowhere vanishing Jacobian
determinant. Thus »(S) is a smooth surface in R? which has no singu-
larities but may have self intersections. The inner products on the
tangent planes of »(S) define a riemannian metric dv?=dv-dv on S,
and we view S as a riemannian 2-manifold with that metric.

Let £ be a smooth choice of unit normal to »(S), defined over an
open set UC.S. Then we recall the classical quadratic differential
forms

I = dv-dv, first fundamental form;
II = dv-d§, second fundamental form;
III = d&-d¢, third fundamental form.

Of course II is only defined up to sign unless we have an orientation
on S. Principle, mean and Gauss curvature of (S, »), and elliptic,
parabolic, hyperbolic and umbilic points, are classically defined as in
§3 for the case ®=11I.

Let {vl, Vg, 1}3} be a Darboux frame on an open set UCS. This
means that {o1, v} is a moving orthonormal frame and v; is a smooth
unit normal. Viewing » as position vector, now

4.1) dv = 0'v; + 6%, where {01, 02} is dual to {vl, vz}.
We define forms «} on S by

3
(4.2) d?}j = Z (.:.):"Ui.

7=1

Writing out 0=d(dv) and 0=d(dv;), one has
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. 2 . . 2 . . 3 i
(4.3) 46 =26 Nwy, 0=26 Aoy dos= 3 w; A wn
k=1

=1 =1
As ||v,-|l 2=1 now w,; =w}, and differentiation of v;-v,=0;; gives wi;+w;;
=0. Now (4.3) yields
(4.4) df; = 0; N\ wiz, dby = wiz N\ 01, dwi2 = w3z N\ w13,
and (2.4) shows that wy; is the connection form.

4.5. LEMMA. Let k; be the principle curvatures on (S, v) and suppose
that xS is not an umbilic. Then x has an open neighborhood UC .S
which carries a Darboux frame {111, Vg, vs} in which

2 . . 2 . . 2 . .
I=Y060®6, I=ri®6 and I =Yt 4.
=1 =1 =1
In this frame ws;=kf;, so Gauss curvature K = kyks.

The result is standard. x has a neighborhood U of nonumbilics,
which contains a smaller neighborhood U carrying a smooth unit
normal v;. Order the k; on U with k; > k., and let {vl, vz} give the cor-
responding principle directions. That constructs the Darboux frame,
and I and IT have the required form. It follows that dv;= D 2_, kf%,,

s0 w3; =k0; and III has the required form. Now the structure equa-
tions give

K6, N\ 02 = dwiz = wse /\ w1s = wa1 /\ wsz = Rikab1 N 0
so K =kik,. q.ed.

4.6. THEOREM. Let (S, v) be an immersed surface with principle
curvatures k;,mean curvature H = 1(ki+k2) and Gauss curvature K = k1k,.
Let s; be differentiable functions on S and define ® to be the quadratic
differential form s\I+ssII+ssIII. Choose a Darboux frame {vl, Vg, 1]3}
satisfying Lemma 4.5 and define functions a;, ki; and s;; by df
=a,01/\02, dk.~=k¢;101+ki;202 and dS¢=S,‘;101+S,';202. If

2a1(s1 + $2H + 53K) — (s1;2 + 95001 + Sa;zkf) =0
and

2a2(s1 + seH + 53K) + (su1+ szaka + Ss;1kZ) = 0,
then Se 1s flat.

Proor. Following Corollary 3.5, we find the condition for 2a,f;
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—fi;2=0=2a,sfs+f21. Here Lemma 4.5 shows that f;=s;+sok;+ssk%;
thus

@“.7) Fius = Stz Suki 4 suiks + Sokis; + 2sshiba.
To evaluate this we compute
(arky — k1;2)01 N\ 02 = dky N\ 01+ k1db; = d(k101) = dwrz = was N\ wie
= kofs /\ w12 = G1k201 /\ O
and similarly
(agks 4+ ko1)01 /\ 02 = d(ksfs) = a2ki6; /\ 69,
)
(4.8) k1o = a1(k1 — ko) and ko1 = as(kr — ka).
Combining (4.7) and (4.8) we have

Fro = sz + swak1+ ssok1 + (52 + 2s3kn)ar(ky — k),
Jur = su1+ smaks 4 ssaks + (52 + 25eka)as(kr — k).
It follows that
2asfy — frie = 2a1(s1 + 2H + 55K) — (5152 + s0ks + s0,080),
2asfs + for = 2a5(s1 4 s2H 4 $3K) 4 (51,1 4 sn1ks + s5;1k5).

Now our assertion follows from Corollary 3.5. g.e.d.
The most tractable special case is when the s; are constants. Then
si,;=0 and Theorem 4.6 simplifies to:

4.9. THEOREM. Let (S, v) be an tmmersed surface with mean curva-
ture H and Gauss curvature K. Let s; be constants and suppose

(4:10) S1 + S2H -I" SsK =0 on S.

Then Ssdte,dl+sIII 15 flat.

Condition (4.10) specifies an interesting class of Weingarten sur-
faces, including the surfaces of constant mean curvature and the
surfaces of constant Gauss curvature. For those surfaces we have:

4.11. COROLLARY. Let (S, v) be an immersed surface of mean curva-
ture H and Gauss curvature K, and let b be a nonzero real number.
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1. S_sulyell is the set of nonumbilic points of S. If H is constant
then S_sulssll is a flat Lorentz® 2-manifold.

2. S_ykr+sIII 15 the set of nonumbilic nonparabolic points of S where
H=0. If K is constant then S_s11o1II 15 flat.

Recall that minimal surface means an immersed surface with mean
curvature H=0.

4.12. CoROLLARY. If (S, v) is an immersed minimal surface, then
Sir is a flat Lorentz 2-manifold.

In the context of Corollaries 4.11 and 4.12, we note that one com-
bines (3.4) and (4.8) to see that Sir has connection form

(4.13) Bz =

w12«

| K Jre

3 Here, Lorentz signature means that the pseudo-reimannian metric is neither posi-
tive definite nor negative definite.
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