COHOMOLOGY OF THE COMPLEX GRASSMANNIAN
JONAH BLASIAK

ABSTRACT. The Grassmannian is a generalization of projective
spaces—instead of looking at the set of lines of some vector space,
we look at the set of all n-planes. It can be given a manifold
structure, and we study the cohomology ring of the Grassmannian
manifold in the case that the vector space is complex. The mul-
tiplicative structure of the ring is rather complicated and can be
computed using the fact that for smooth oriented manifolds, cup
product is Poincaré dual to intersection. There is some nice com-
binatorial machinery for describing the intersection numbers. This
includes the symmetric Schur polynomials, Young tableaux, and
the Littlewood-Richardson rule. Sections 1, 2, and 3 introduce no-
tation and the necessary topological tools. Section 4 uses linear
algebra to prove Pieri’s formula, which describes the cup product
of the cohomology ring in a special case. Section 5 describes the
combinatorics and algebra that allow us to deduce all the multi-
plicative structure of the cohomology ring from Pieri’s formula.

1. BASIC PROPERTIES OF THE GRASSMANNIAN

The Grassmannian can be defined for a vector space over any field;
the cohomology of the Grassmannian is the best understood for the
complex case, and this is our focus. Following [MS], the complex Grass-
mannian G,(C™*™) is the set of n-dimensional complex linear spaces,
or n-planes for brevity, in the complex vector space C™™" topologized
as follows: Let V,,(C"*™) denote the subspace of the n-fold direct sum
Cm™t @ ... @ C™" that consists of all n-tuples of linearly independent
vectors in C™*". Two points in V,,(C"™™) are equivalent if they span
the same n-plane. G, (C™%") is the quotient space induced by this
equivalence relation.

Proposition 1.1. Each point W € G,(C"*™) has a neighborhood U
homeomorphic to C"™. G,,(C"™) is a compact complex manifold of di-
mension nm. Its tangent bundle is isomorphic to Hom(~y™(C"t™), v1),
where ™ is the canonical complex n-plane bundle over G, (C"™).

To prove this, we look at a neighborhood U of W, homeomorphic to

C"™ for each Wy € G,,(C"*™). Let U be the set of all n-planes W such
1
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that W N W, = 0. Consider the map that takes W € U to p: Wy —
W — W4, where both maps are the orthogonal projections and the
first is an isomorphism. This defines a homeomorphism between U and
Hom (W, Wg+), which is homeomorphic to C*™. This also describes the
tangent space because the tangent space at a point in C™ is canonically
isomorphic to C"™. See lemma 5.1 [MS] for more details.

It is not clear that the proof in [MS] can be adapted to show the
Grassmannian is a complex manifold. This is proved in [GH] using a
different approach. Recall that any complex manifold has a canonical
preferred orientation. We will need this in section 3.

2. A CW-COMPLEX STRUCTURE AND ADDITIVE COHOMOLOGY

A partition A of r is a weakly decreasing sequence A = (A, Ag, ..., \,)
such that 7 = Y"1 | A\;. We also define |A\| = r. Typically it is required
that A\, > 0, but it is convenient to not make this restriction. Let ¢ be
the largest integer such that \; > 0; we say A is a partition of r into @
parts.

We define a CW-complex structure for G, (C""™). Choose a basis
Vi, ..., Upem for C" and let F; be the span of vq,...,v;. The chain
of nested subspaces

O=FCF C...CF,,=C""

is a complete flag, which we denote by F'. For A\ with at most n parts
and A\ < m define e(\, F) C G,,(C"™) to be the set of all n-planes W
such that

dlm(W N Fm+if/\¢) = i, dln’l(W N Fm+if)\¢71) =71—1

for i = 1,2,...n. We'll use e()) instead of e(\, F') when there is no
confusion. The restriction A\; < m is made because if \y > m, F,,11-),
is either 0 or undefined. Therefore, we define e(\) to be empty if A has
more than n parts or \; > m.

Example 2.1. Let n =3, m =4, and p = (3,3, 1). Points in e(p) can
be thought of as the row space of a 3 by 7 matrix. W € e(u) implies
dim(WNFy) =0, dim(WNEy) = 1, dim(WNFE;) = 2, dim(WNF;) = 2,
and dim(W N Fg) = 3. dim(W N Fy) = 0 and dim(W N F,) = 1 imply
that civ1 +v9 € W for some complex number ¢;. We can make the first
row of the matrix correspond to the vector ¢;v; +wv,. Similar arguments
show that such a matrix represents a point in e(u) if and only if it is
row equivalent to a matrix of the form (columns correspond to the basis
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Vi, Umn)
«x 1 00 0 0 0
*x 001 0 0 0 0],
*x 00 = x 1 0

where * denotes an arbitrary element of C.

The closure () of e()) is a Schubert variety. [MS] shows that €(\)
is the set of all n-planes W such that

It is not hard to see that each W € G,(C"*™) is in exactly one of
the open sets e(\). Each e()) is homeomorphic to an open disk of
real dimension 2(nm — |A|) [MS]. It is shown in detail in [MS] that
the e(\) give the real Grassmannian a CW-complex structure and the
same proof works for the complex case.

CW-cohomology determines the additive structure of the cohomol-
ogy ring because all cells are even dimensional so the boundary maps
are zero [GH]. CW-cohomology shows that to each e(A) there corre-
sponds a generator of the cohomology, and these generators have no re-
lations. The Schubert cycles are the cohomology classes oy = [e(\)]* €
HPM(G, (Cv™) Z), where * denotes Poincaré dual. In this paper all
the homology and cohomology will be computed over the integers so
from now on we omit this from the notation. Note that o, is 0 if A has
more than n parts or A\; > m. To summarize,

Proposition 2.2. The set of Schubert cycles oy such that |\ = r, A
has at most n parts, and A\; < m is a basis for H*" (G,,(C"*™)) over Z.

3. INTERSECTION AND COHOMOLOGY

Following [Hu|, we introduce machinery we will need to compute
cup products in the cohomology ring of the Grassmannian in terms
of intersections of the Schubert varieties. Let X be a closed oriented
smooth manifold of dimension d. Let A and B be closed oriented
smooth submanifolds of X of dimensions d —a and d — b. Let [A] €
H, (X)), [B] € Hi—p(X) be the images of the fundamental classes of
A and B under the inclusions A — X, B — X. Denote the Poincaré
duals of these classes by [A]* € H*(X) and [B]* € H*(X,Z).

Since there are many submanifolds that represent the same homol-
ogy class, it is not surprising that we need to put restrictions on how
the submanifolds A and B intersect to say something useful about how
intersection relates to cup product. For example, in S! x R, the sub-
manifolds S' x 0 and S* x 1 represent the same homology class and
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have empty intersection whereas if A = B = S! x 0, AN B = A;
clearly, the cup product can’t be the homology class of the empty set
and the homology class of A. We want to rule out situations like A = B
in the example. Intuitively, we want A and B to be “randomly cho-
sen” and their intersection to look like what happens “most of the
time.” The notion of intersecting transversely captures this intuition.
A and B intersect transversely means for every p € AN B, the map
T,(A) @ T,(B) — T,(X) induced by the inclusions is surjective, where
T, denotes the tangent space at p. This implies AN B is a submanifold
of dimension d — (a + b).

Recall that the tangent bundle of a manifold, 7x, of the smooth
manifold X has as its total space the tangent manifold, and X as its
base space. By lemma 11.6 of [MS] an orientation of X gives rise to an
orientation of the tangent bundle 7y and vice-versa. The fundamental
classes [A], [B], and [X] determine orientations for A, B, and X and
therefore also for their tangent bundles. We need a convention for
determining which fundamental class of AN B to take, or equivalently,
a convention to give an orientation to the tangent space of AN B. In
this paper we only need the convention for the case when A N B is
finite set of points: p € AN B is positively oriented if and only if
the isomorphism 7),(A) @& T,(B) ~ T,(X) induced by the inclusions is
orientation preserving. See [Hu] for the general case.

Now it makes sense to talk about [AN B] € Hy_(q44)(X), the image
of the fundamental class of AN B induced by the inclusion ANB — X.
We can now state the main theorem; a proof can be found in [Hu].

Theorem 3.1. Cup product is Poincaré dual to intersection. If A and
B intersect transversely, then
[A]" — [B]" = [An B]" € H*"(X))

Example 3.2. Let X be a torus described explicitly as R?/Z?. Let
A and B be circles in the x and y directions respectively and let p be
their point of intersection. We must choose the classes [A], [B] and [X],
or equivalently orientations for T,,(A), T,(B), and T,(X). Let v,, v, be
vectors in the positive x and y directions respectively. Declare that v,
is an orientated basis for T),(A), v, is an orientated basis for T,(B),
and v,, v, is an orientated basis for T,(X). T,(A) & T,(B) ~ T,(X)
is orientation preserving, while T,,(B) & T,(A) ~ T,(X) is orientation
reversing; AN B is a positively oriented point, while BN A is a negatively
oriented point. Theorem 3.1 implies [A]* « [B]* = [p]* = [X] and
[B]" ~ [A]" = =[p]" = —[X].

The situation above cannot happen with complex manifolds and sub-
manifolds. For suppose X, A and B are complex manifolds and A and
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B intersect transversely at the point p. Let uy,...,uq_q,V1,...,0q_p
be a complex basis for T,(X), uy,. .., u4—, a complex basis for T),(A),
and vy, ...,v4-p an complex basis for T,(B). Let wy,...,wq be some
reordering of the v; and w;. Then the isomorphism (induced by the in-
clusions of A and B into X)) from the ordered basis wy, iwy, . .., wq, twy
to the ordered basis uy, ity ..., Ug_q, (Ug—q, V1,107 . . . , Ug_p, 1Vg_p 1S OTi-
entation preserving. AN B and B N A are positively oriented points.

Unfortunately it is not completely correct to apply this theorem to
our situation. We need a more general theorem that handles subva-
rieties rather than just closed smooth submanifolds. For this to work
the intersections must occur away from singularities of the subvarieties.
This is certainly true in our case as we are looking at Schubert varieties
that intersect in their interiors and these interiors are homeomorphic
to open disks. Appendix B of [Fu] gives a sketch of the topology and
algebraic geometry needed for this.

4. PIERI’S FORMULA

Given a partition A of r, a Young diagram with shape X is a collection
of r top-left-justified boxes with A; boxes in the ith row. We also talk
about the columns of a Young diagram or its corresponding partition;
A has A\; columns. This is a convenient way to picture partitions and
prepares us to define Young tableaux in the next section.

Pieri’s formula is

(1) O\~ Oy = ZU)\’

where the sum is over \’ obtained from A by adding k boxes, no two in
a column.

Example 4.1. This simple example of Pieri’s formula will be continued
in more detail after the necessary theory has been developed. Let n = 2,
m =4, A = (2), and k = 2. Pieri’s formula implies

O(2) ~ 0@2) = 0(4) +0@3,1) t+0(@22)-

Replacing each partition with its Young diagram makes this easier to
see:

WIF“TD:@\H\+ﬁJH+ﬁE-

does not appear in the right hand side because this is obtained

from [T ] by adding two boxes to the same column.
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We follow the proof of Pieri’s formula given in section 9.4 of [Ful.
First we show that é(\, F') and €(\, F’) represent the same cohomology
class for any complete flags F and F'. GL(C"™) acts transitively on
the set of flags so there is a g € GL(C™™) such that g(F)) = g(F})
for all k. GL(C"™™) also acts on G,(C""™) continuously. That is,
there is a continuous map GL(C"*™) x G,,(C"") — G,,(C"*™) taking
fxW — f(W). Since GL(C"™) is connected, there is a path G :
I — GL(C™™) from G(0) = g to the identity G(1) = I,4,,. This path
induces a homotopy from ¢ : G,(C"™™) — G,(C"*™) (the function
taking W to g(1W)) to the identity on map on G,(C"*™). Therefore
the induced maps on cohomology, ¢g* and I, are the same. Thus
e(\, F) and g(e(\, F)) = e(\, F') represent the same cohomology class.
Equivalently, [e(\, F)]* = o = [e(\, F)]*.

Let F), be the subspace of C"* spanned by Uy 1m, Untm—1, - - - s Untm—kt1
and let F' be the flag

FoyCF C...CFpip.

We need this flag because we want to look at Schubert varieties that
intersect transversely. €(u, F') and €(\, F') do not intersect transversely
in general. (Probably most flags distinct from F' would work, but this
one makes computations particularly easy.)

Example 4.2. Let n = 3, m = 4, p = (3,3,1), and A = (3,1,1).
Recall from example 2.1 that W € e(u, F) if and only if it is the row
space of a matrix of the form

* 1 0 00 0O
*» 001 00 0O
*+ 00 x x 1 0

Points in e(u, F') — e(p, F) are represented by matrices like the above
except with 1’s appearing further to the left. Similarly, an element of
e(\, F') is the row space of a matrix of the form

010

* *x 0
00 * x 0
0 0 0 01

* % %

1

0
The intersection (u, F)Ne(\, F) clearly contains the point in G, (C™™)
that is the row space of

0100000
001 0O0O00O0
0000O0OT1O0
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Call this point Wy. It is not hard to see that Wy is the only point of
intersection and we will prove this in general. To show that e(u, F)
and e(\, F') intersect transversely at W, we look at the neighborhood
U of Wy homeomorphic to C™ described in section 1.

Given any matrix M such that row space(M) = W € U, the orthog-
onal projection of W onto W, = span(vq,v3,vg) is an isomorphism.
Therefore the submatrix consisting of columns 2,3, and 6 of M is in-
vertible, which implies M is row equivalent to a unique matrix of the
form

* 1 0 % % 0 =%
* 01 % % 0 x%
x 0 0 % *x 1 =%

We see that e(y, F) and e(), F') are contained in U. U is homeomor-
phic to C'? and it is clear from the matrices above that Ty, (e(u, F))
and Ty, (e(\, F)) are orthogonal to each other and of dimensions 5
and 7 respectively. We conclude that the inclusion Ty, (e(u, F)) &
T, (e(A, F)) — T, (U) is surjective and the intersection is transverse.

This is an example of the duality theorem. The following subspaces
are convenient to work with: Ay = By = 0; A; = Foyiu, Bi =

Frtioxn,and C; = A; N By for v =1,...,n. Let C be the span of
the C,L

Theorem 4.3. Suppose |u| + |\ = nm. Then

o ooy = T(m,...,m) ifui+f\n+1_i:mf0ri:1,2,...,n
# 0 otherwise

PROOF. If ji;+ A, 1-; > m, then (m~+i—p;)+(m+n+1—i—X114) <
m + n + 1. Therefore A; and B, ,_; intersect only at 0. So for any
n-plane W, dim(W N A4;) + dim(W N B,,11-;) < n. On the other hand,
W € e(u, F) Ne(\ F) implies dim(W N 4;) + dim(W N By1-4) >
i+ (n+1—1i)=n+1,s0e(u F)NelA F) is empty.

If i + Np1—i < m for i = 1,...,n, then since |u| + |\ = nm,
i + Anr1—i = m for all 4. In this case, (m+1i—p;)) + (m+n+1—1i—
An+1—i) = m+n—+1 for each i and C; = Cv,,y;—,,,. The exact sequence

O—>WﬂAiﬂBn+1_iH(WﬂAé)@(WﬂBn_H_i)—>W—>O

and dimension counting shows that dim(W N A; N B,,11-;) = dim(W N
C;) > 1. This is an equality since dim(C;) = 1, and thus W =
D, Cvppsiy, is the point of intersection of e(y, F) and e(A, F'). The
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proof given in example 4.2 that the intersection is transverse easily
generalizes so by theorem 3.1

Op ™~ OX= [é(:ua F) N E()‘> ﬁ)]* = O(m,...,m),

the cohomology class of a point. This point is positively oriented by
the discussion in section 3. O
The unique partition p such that o, -~ oy is nonzero is called the
dual to X, which we denote .
o)~ o) has cohomological dimension 2(|A| + k) and therefore

(2) Ox~ Ok) = ZC)\/U)\/

for some integers ¢y, where the sum is over all X with || = |\| + k.
Now by the duality theorem, taking a cup product of (2) with any o,
so that |u| 4+ |\ + k& = nm yields

(3) Op = ox~ 0y = (0~ 07) = i O(m,....m)-

To prove Pieri’s formula we must determine the ¢z and this is done by
computing the left hand side of (3).

Given an (m + 1 — k)-plane L, define €((k), L) (a slight abuse of
notation) to be the set of n-planes that intersect L nontrivially. For
each p such that

(4) |l + (Al + & = nm

we compute 0, ~ 0y -~ o) by determining e(p, F') Ne(A, FYne((k), L).
We compute this for a small example before doing the general case.

Example 4.4. Let n = 3, m = 4, A = (2), and k£ = 2. Points in
€((2), F) are 3-planes in G3(C®) that intersect F3 nontrivially. Let L
be a generic 3-plane. €((2), L) is the set of 3-planes that intersect L
nontrivially. According to Pieri’s formula, o(9) ~ 02) = o) + o031y +
0(2,2)- To check that o4y should appear on the right, cup product both
sides with O = T(44), which yields

[e((4,4), F) ne((2), F) Ne((2), L) = oaa

by the duality theorem. e((4,4), F) N&((2), F) is the set of 3-planes
containing v; and v, and intersecting span(vs, vg, v7) nontrivially. L in-
tersects the span(vy, ve, vs, g, v7) in a 1-plane; there are complex num-
bers ¢y, ¢s, ¢s5, ¢g, ¢ such that this 1-plane is span(civy + covy + csvs +
ceVs+crvr). Thuse((4,4), F)Ne((2), F)Ne((2), L) is the single 3-plane
span(vy, vg, c101 + CaUs + C5U5 + CUg + C7U7), as required.
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Lemma 4.5. (a) C = AO + B[) + Z?:l Az N Bn—i—l—i = H?ZO(A, + Bn—i)-
(b)) W e &(u, F) Ne(\, F) implies W € C. (c) If e(u, F) Ne(\, F) is
nonempty, then > . dim(C;) = k+n. (d) Cy,...,C, linearly inde-
pendent and W € &(u, F') Ne(A, ﬁ) implies W = @, (W NC;).

ProOF. To prove (a) all we need to use is that Ay C Ay C ... C A,
and By C By C ... C B,. In general given W, X, Y C C"™ with
Wy W+X)nY =W4+XnY. fweW,ze X, and
w+z €Y, thenzr = (w+2z) —w e Y since we W CY. Therefore
w+x € W+ XNY. The other direction is easier. By applying
this twice we obtain the following fact: If W C Y and Z C X, then
W+X)n(Y+2)=W+Z+YNX. Applying this n times yields
(a):

(Ao+Bn)N(A1+By-1)N. . .N(A,+By) = (Ag+A1NB,+B,-1)N(As+B,—2)N. ..

= (Ap+A1NB,+AsNB,_1+B,2)N... = ... = Ag+AiNB,+A:NB,_1+... A,NB1+By

The second equality uses that Ag+ A1 N B, C Ay and B,,_» C B,,_1.

By (a) it suffices to show W C A; + B,,_; for all i. If A, N B,,_; # 0,
then W c C*"™™ = A, + B,,_; as needed. Otherwise 4, N B,,_; = 0 and
(WNA)e(WNB,—;) Cc W. dim(WnA;) > iand dim(WNB,,_;) > n—i
so (WNA;)®(WnNB,_;) has dimension n, the same dimension as .
Therefore (W N A;) ® (W N B,_;) must be all of W so W C A; + B,,_;.

dim(C;)) = (m+i— )+ (m+n+1—i— A1) — (n+m) =
m+1— p; — i\nﬂ_i if this is nonnegative, and 0 otherwise. W €
e(u, F) Ne(\ F) implies (by dimension counting as in the proof of
Pieri’s formula) dim(W N C;) > 1. Therefore Y ., dim(C;) = nm +
n — |p] — |A| = k + n; the last equality is by (4).

The C; linearly independent implies the W N C; are linearly inde-
pendent and thus @, W N C; C W. We just mentioned that W e
e(u, F)Ne(\, F) implies dim(WNC;) > 1. The dimension of @, WNC;
is at least the dimension of W so @, W NC; =W. O

The condition that the C; are independent corresponds to the right
hand side of Pieri’s formula. If the C; are independent, this means they
are nonzero 50 C; = sSpan(Vptn-41—(m4n+1—i-Ani1_:)s - - - » Um+i—p, ). Lhe
C; are independent if and only if

the intervals [m+n+1—(m+n+1—i—X\,41-;), m—+i—u;) are disjoint
if and only if
0 < m4n+1—(m+n—>X\,) < m+1l—pu < m+n+l—(m+n—1-Xx,_1) <

m4+2—p<...<m+n-—pu,
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if and only if
O<14+N, <m4+1—mp <24+ A 1 <m+2—pu<...<m+n-— iy,

Because these are integers, we can get rid of the strict inequalities to
obtain the equivalent statement

O< A <m—m < g <m—py <...<m— iy, or

(5) OS)\nSﬁnS)\n—lS/jn—lgéﬁl

This precisely means that p is obtained from A\ by adding k& boxes, no
two in a column. B

By lemma 4.5 (c), if e(u, F) Ne(\, F) # () and the C; are linearly
dependent, then dim(C) < k + n. A generic (m — k + 1)-plane L
intersects C only at 0. W € &(u, F)Ne(\, F) implies W C C by lemma
4.5 (b) and this implies W N L = 0. Thus e(u, F') Ne(\, F) Nne((k), L)
is empty. (3) implies

0 =0y~ 0x~ 0k = Cii Om,...m)

and therefore ¢; = 0. Combining this with the previous paragraph, we
conclude that if iz is not obtained from A by adding k& boxes, no two in
a column, then c; = 0.

Conversely, if (5) holds, then the C; are linearly independent and
dim(C) = k + n. Let L be a generic (m — k + 1)-plane that intersects
C in a 1-plane of the form C - u, with u = u, @ ... D up, u; a nonzero
vector in C;. e((k), L) intersects e(u, F') Ne(\, F') transversely. Given
W € e(u, F)Ne(A, F) such that W intersects L nontrivially, W must be
span(uy, ..., u,). This is because span(uy,...,u,) C (W NC;) =W
and equality in dimensions show the inclusion is an equality. Thus
the triple intersection is a single point and (3) implies ¢z = 1. This
completes the proof of Pieri’s formula.

5. LITTLEWOOD-RICHARDSON NUMBERS

In this section we sketch a nice combinatorial description of the co-
homology ring of the Grassmannian that is implied by Pieri’s formula.
Notation and proofs follow various parts of [Fu]. We give more specific
Let A be a partition of r. A Young tableaux or, more briefly, a tableaux
of shape A is Young diagram of shape A filled with positive integers,
one in each box, such that entries weakly increase along each row and
strongly increase along each column. The following is a tableaux with
shape (4,3, 2).

1
2
3]

4]

3
4

o ||
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Given a tableaux T' define 27 = ]2, a:?i(T), where b;(7T) is the num-
ber of boxes of T filled with an i. For the tableaux above, 2! =
r2x9x3137576. The Schur polynomial corresponding to partition A on
variables z1, ..., 2, is sx(71,...,2,) = > 2T, where the sum is over all
tableaux T' of shape A with entries in [n] = {1,2,...,n}.

Theorem 5.1. The Schur polynomials satisfy Pieri’s formula (we omit
the dependence of the Schur polynomials on xy, ..., z,):

SAS(k) = Z Sy

where the sum is over all X' obtained from X by adding k boxes, no two
mn a column.

This formula is naturally the “projection” of a similar formula that
holds in the tableaux ring. The tableauz ring Ry, is the free Z-module
with a basis element for each tableaux with entries in [n]. Multipli-
cation is determined by a certain product on tableaux, which we now
describe.

Given a tableaux T and positive integer aq, the result of row bumping
ay into T is a tableaux, 1", with one more box than 7. To obtain 77,
first find the left-most entry in the first row of T that is larger than
a; and replace this by a;. Let ay be the entry that a; bumped out. If
there is no entry larger than a; in the first row, add a new box to the
end of first row with entry a;. If a new box wasn’t added, continue by
finding the left-most entry in the second row that is larger than ay and
replace this with as; let ag be the deleted entry. Continue this process
until a new box is added. If an entry is bumped out from the bottom
row, add a box below 7" to make a new row with one entry. The result
is T".

For example, the following sequence of tableaux show the process of
row bumping 2 into the first tableaux in the list.

1122\3\1122\2\1122\2\1122\2\5;)?2‘2‘
2045 12145 ,12]3]5 [2]3]5 Tal6
56 56 56 4[6 5

In this example ay = 2, ay = 3, az = 4, and a4 = 5; the entries bumped
in are in bold.

The product, T - U, of the tableaux T and U is the result of row
bumping the entries of U into 7', in the following order: begin with
the bottom-left entry of U and continue from left to right along the
bottom row; proceed with the next to the last row, from left to right,
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and so on. For example,

—_

1]4]

4
.:

1]3]4]

1]3]
L2l

112 =

BN

[o]=]=
B

‘cn‘phoo —
‘Cﬂ‘ﬂkw —

This product is associative, although this is not obvious from this def-
inition (see chapters 1 and 2 of [Fu]). It is not commutative. We now
have the machinery to prove theorem 5.1.

PROOF OF THEOREM 5.1. There is a canonical map from R, onto
Z|ry,...,x,) that sends the tableaux T to the monomial z”. Let
Si[n] € Ry be the sum of all tableaux of shape A with entries in [n].
The image of Sy[n] is the Schur polynomial s)(z1,...,x,). It therefore
suffices to show

(6) nlSeln] = 3 Swln]

holds in Ry, where the sum is over all A" obtained from A by adding &
boxes, no two in a column. We show that there is a bijection between
terms in the left hand side and terms in the right hand side of (6).
More precisely, given T' of shape A and U of shape (k), we must show
that T'- U is a tableaux with shape obtained from A by adding k boxes,
no two in a column. We must also show that if A\’ is a shape obtained
from A by adding boxes with no two in a column, then a tableaux V'
on X' determines tableaus of shape A and shape (k). Furthermore, we
must show that these two processes are inverses of each other.

Suppose that a; is row bumped into 1" and a4, ..., a, is the sequence
of entries that are bumped, and let B(a;) be the box a; is bumped into.
Note that a; < ay < ... < a, and that B(a;;1) is below and weakly to
the left of B(a;).

Consider the product of tableaux T - ¢;|cy|. . Jei), for some ¢; such
that 1 < ¢ < ... < ¢, <n. Let ¢ = a1 < ay < ... < a, be the
sequence of entries obtained from row bumping ¢; and let co = by <
by < ... < bs be the sequence of entries obtained from row bumping cs.
Put 7" =T -|¢y]c,] As above, use the notation B() to denote the box
a given entry was bumped into.

1]1]2]2]3]
For example if T'=[2[4]5 , cp =1, and ¢y = 2, we have
56
1[1]1]2]3 1[1]1]2]2
TeRE GRS  BhEnre
2]4[5 [1]2]= [2]=
46 4|5
516 5 56
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The sequences a; = 1,as = 2,a3 = 4,a4 = 5 and by = 2,by = 3,b3 =
5,by = 6 are in bold and italics respectively. Note that B(a;) is to the
left of B(b;) for ¢ € [4]. We will prove that this happens in general.

a; < by implies a; and b; both appear in the first row of 17" with
B(ay) to the left of B(b;). Therefore the entries bumped out by a; and
b1 came from two entries in the first row of T'; T" a tableaux implies
as < by. Since by was bumped into the second row after as, B(az) is to
the left of B(by). Repeating this reasoning we see B(a;) is to the left of
B(b;) fori=1,...,s (and s < r). As noted in the previous paragraph,
B(a,) is below and weakly to the left of B(as). This implies B(a,) is
strictly left of B(bs) and these are the new boxes in 7" and not in 7.
They are in different columns, as desired. More generally, this shows
that the new box after row bumping ¢;_; is strictly to the left of the
new box after row bumping ¢;, and therefore no two of the new boxes
is in the same column.

To go the other direction, the proof is similar (section 1.1 [Fu] has
more details). We note that row bumping is reversible if the position
of the new box is known. Given V of shape )\, reverse bump the boxes
that are not contained in the Young diagram A. Do this in order from
right to left. We obtain a tableaux 7" of shape A and the entries reverse
bumped out form a tableaux U of shape (k). T'- U =V, as required.
O

Define A} to be the ring of homogeneous symmetric polynomials over
Z of degree i in n variables. Using theorem 5.1, it takes a little work
to show

Proposition 5.2. The Schur polynomials s\(x1, ..., x,) are symmetric
in the variables xy, ..., x,. The set {sx(x1,...,x,) : |A\| =1} is a basis
over 7 for A

See sections 2.2 and 6.1 of [Fu] for a proof; we omit it here.
The S\ € Rp,) and the Schur polynomials sy(x1, ..., z,) satisfy the
Littlewood-Richardson rule:

(7) Saln] - Suln] = c5,Su[n).

v

The ¢f, are positive integers called the Littlewood-Richardson numbers.
These numbers have several combinatorial interpretations. ¢, is the
number of ways a tableaux V' of shape v can be written as a product of
a tableaux T of shape A times a tableaux U of shape u. Remarkably,
this number is the same for every tableaux V of shape v. See chapter
5 of [Fu] for many more facts about these numbers.
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The fact that ¢, does not depend on n and the rest of formula (7)
does may seem strange at first. Here’s an example with n = 2:
1 1/1]1 1112 1122
S (252 = - (0 + 2]+ 2721) = R+ 2+ 222 )

implying CE?’B(Q) = 1. However this does not imply all the other
Littlewood-Richardson numbers c’(’1 1)(2) are 0 because, for instance,
S,1,1[2] = 0. The same computation for n = 3 follows.

1 1 2
S 3-S@Bl = (3 + 3+ 13]) - (Ax)+ 0121+ [113)+ 202)+ 2[3]+[3]3]) =
B1\1\+@1\2\+@1\3\+B2\2\+\é\‘z\g\_{_@3\3\_'_@1\1\_‘_@1\2\_{_&\1\3\_|_2 2+

l+++++é”+@23+@33= S [Bl4S @11 [3]-

Therefore cgi)l&) = 1. We could have deduced this much more quickly

from theorem 5.1 since there are only two ways to add two boxes to

(1,1) with no two in the same column. This also tells us that we have

found all nonzero Littlewood-Richardson numbers of the form ¢t
We conclude with the main theorem.

Theorem 5.3. The Schubert cycles oy in G,(C™™) satisfy

S 14
O\~ 0, = g CAuOvs

v

where cf,, are the Littlewood-Richardson numbers.

PROOF. There is an additive surjective homomorphism © from ;- , A
to H*(G,,(C™™)) that sends sy(z1,. .., 2,) to o) for each X (recall that
oy is 0 if A has more than n parts or more than m columns). This de-
termines © completely by proposition 5.2. Now @;°, Al is generated
as a ring by the Schur polynomials sy for £ = 0,1,...,n. (It is well
known that the elementary symmetric polynomials generate the ring
of symmetric polynomials as a Z-algebra. These Schur polynomials are
the complete symmetric polynomials and it is not surprising that they
generate as well. See section 6.1 [Fu| for more details.) Because of
Pieri’s formula and the corresponding formula for the Schur polynomi-
als (theorem 5.1), © is a homomorphism of rings.

— v
5x\S, = E v
12

holds in €@;°, A?, so the image of this formula holds in H*(G,(C™*™)),

as desired. O
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This method of proof shows indirectly that Pieri’s formula is enough
to compute any cup product in the cohomology ring of the complex
Grassmannian. Although we have not described many properties of the
Littlewood-Richardson numbers, we have shown that multiplication in
the cohomology ring of the complex Grassmannian can be given an ex-
plicit combinatorial interpretation. We conclude with a small example
where we can do all the combinatorial calculations and visualize the
geometry (at least a little).

Example 5.4. Shown below is a multiplication table for the cohomol-
ogy ring of G3(C?), where oy has been replaced by the Young diagram
of A. The Schubert cycles () and o33y have been omitted because
they are less interesting. The remainder of the table can be filled in
using the fact that cup product is commutative in this case and that
o, ~ oy =0 when |u| + |\ > 6.

The first three rows and columns were computed using Pieri’s for-
mula. The duality theorem applies when |u| + |[A\| = 6. There are
several good ways to compute the other products. For example, we

can use (7) to compute H — Hj = H}jz

1] [171] [1]1]1
Sanl2] - Senl2] :. ! |_ 11 |

Alternatively, we can use Pieri’s formula in a tricky way:

HeH=H'~o-vo-m) == -H-=HF

Proposition 5.2 and theorem 5.3 imply that we can always use Pieri’s
formula for such computations.

We can use this multiplication table to compute the number of 2-
planes in C® intersecting 6 2-planes in general position, as is done in
[GH]. This is the 6-fold intersection of the Schubert variety €((1)),
which we can compute from 0(61).

O)° = O~ H+m))? = @+’ =4HH+HH=3HH
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the class of 5 distinct points in Go(C?). So there are 5 2-planes inter-
secting 6 2-planes in general position.

REFERENCES

[Fu] Fulton, William, Young Tableaur, Cambridge University Press, Cam-
bridge, 1997.

[GH] P. Griffiths and J. Harris, Principles of Algebraic Geometry, Wiley, 1978.

[Hu] Hutchings, Michael, Cup product and intersection, course handout,
http://math.berkeley.edu/ hutching/teach/215b/cup.pdf, April 2005.

[MS]  J. Milnor and J. Stasheff, Characteristic Classes, Princeton University
Press, Princeton, NJ, 1974.



