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Goal: obtain p (1) = Trz(p(2)).

Making seperability assumption + truncation + secular approximation, one
can obtain Markovian approximation, i.e. Lindblad equation.

How to simulate the non-Markovian dynamics p () exactly?
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Pseudomode theory

Pseuodomode theory: construct a fictious/auxiliary bath to replace the original
bath.

Unitary case: discrete the continuous spectrum in some way: equidistance grid,
Gauss-Legendre, adaptive quadrature, ...

Lorentzian pseuodomode theory: replace the unitary bath with diagonal
Lindbladian bath.

Quasi-Lindbladian pseuodomode theory: replace the unitary bath with Lindbladian
bath, replace the unitary system-bath coupling with Lindbladian coupling.

Conditions for exact simulation: make sure correlation functions are the same!
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Number of baths required for getting accurate
correlation functions
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 Number of bath required is much smaller in quasi-Lindblad pseudocode
theory, compared to Lorentzian and unitary.

e Similar things, known in the HEOM community (Free pole HEOM).



Quasi-Lindblad theory for spin-boson model
Original unitary dynamics: Fony = Hs + Hy + Hep = Hg + /dw w &t e, + Zgjfgj
Bath correlation functions: CP.(t,t') =Trp [Bj(t)Bj,(t’)ﬁB(O)] |
Quasi-Lindblad Pseudomode theory:
0,p = = i[Hus 1+ DA(P) + Dsp (D), Hue= Hs + Ha+ Hsy
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Let Lo, (p) = — i[I"AISAaﬁ] + Dgs(P), Ly(p) = — i[I"AIAaﬁ] + D,(p).

L, has the decomposition Lsa=—1 Z S;jF;+1 Z gjfj,
J J

Then BCF is C4,(t,t') = Tra [fjeﬁA<t—t’>fj,eﬁAt’ﬁA(0)] .

Matching condition: Cg,(t, ') = C;}(t, 1) .



e Single-site and two-site
fermonic Anderson impurity
model.

Result
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Mathematical foundations (1): Error analysis
beyond Gronwall

Lemma 1.1 (Gronwall-type error bound for system observables). Let C(t —t') and C'(t — t') =
C(t—1t') 4+ 6C(t —t') be two-point BCFs corresponding to two different environments, and for a

bounded system operator Os, let Os(t), O%(t) be the system observables corresponding to the two
environments. Then, we have

0s(t) — 04(t)] < ués fortefo,7] Lo~ 0O (ﬁ 1Og(l/ﬁl))

Here, €, = H(SCHU{O,T], M = ||C||L1jo.1) (see Eq. (2.31)), ||Os]|| is the operator norm of Og, and
| - ||L1[0,17 is the L* norm of a function on [0, T.

Theorem 1.1 (Main theorem, for system observables). Let C(t —t'), C'(t —t'), Os(t), O5(t) and
€1 be the same as in Lemma (1.1} Then, we have

0s(t) - O4(t)] < 05|t~ 1), fortefn,7] T ~ O(1/e)




Mathematical foundations (2): Stability analysis

The quasi-Lindblad equation breaks the positivity condition. Yet it appears
stable in practice. WHY?

Turns out this is a coherent-induced stability.

1ESsys jEbath

Theorem (informal): (with some technical assumption), there exists constant m,
if || > m, the dynamics is stable.

Rigorous proved for quasi-free case (quadratic Hamiltonian, linear jump).

Ongoing work: proof for general case.
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* The instability is not improvable by increasing the truncation dimension.



Pseudomode theory

e Various pseudomode theories that break positivity to gain computational advantage.

 Comparison? (Using same parameter settings as the previous HEOM experiment)

Our pseudomode theory

(a) y V —iM =, V +iM = Vu* (b) y V —iM = 2y/w, V +iM = Vw* /2 (c) y V —iM = w/2, V +iM = 2v/w*
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Discussions

 Mathematics:

» Stability.

* Error bound analysis.
 Numerics:

* Algorithms for solving quasi-Lindblad equations.
* Applications:

* Nonequilibrium dynamics of density, non-equilibrium Green’s function, ...





