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Let  I be the c losed  in t e rva l  of r ea l  n u m b e r s  i ron  -1 to +1. A d i f f e r en t i ab l e  

funct ion F : I  -~ I is sa id  to be convex if it has jus t  one c r i t i c a l  point  at the o r i g in  0, 

say ,  and  if it is mono tone  d e c r e a s i n g  to the left  of 0 and mono tone  i n c r e a s i n g  to the 

r ight .  

C 1 In th is  p a p e r  we c o n s t r u c t  a convex  funct ion F which  has  a " w a n d e r i n g "  

in t e rva l  in the s e n s e  of Denjoy.  Tha t  i s ,  t h e r e  e x i s t s  a c losed  in t e rva l  J c I such  that  

the s e t  of f o r w a r d  and i n v e r s e  i m a g e s  of J unde r  F a r e  d i s jo in t  and the c o m p l e m e n t  of 

the union of t h e i r  i n t e r i o r s  is a C a n t o r  s e t .  Th i s  C a n t o r  s e t  is  an excep t iona l  m i n i m a l  

s e t  s i n c e  it is  c losed  and inva r i an t  unde r  F, con ta ins  no s u c h  p r o p e r  s u b s e t s ,  and is  

n e i t h e r  pe r iod i c  nor  the en t i r e  i n t e rva l  I . (Coven  and Nitecki  [ 1 ]  have  r e c e n t l y  c o n s t r u c t e d  

a re la ted  e x a m p l e  with two t u r n i n g  points  by adap t ing  the Denjoy d i f f e o m o r p h i s m  of the 

c i r c l e .  ) 

tt t u r n s  out that  F is  not topologica l ly  con juga te  to any C 2 convex  funct ion  of I. 

In fact ,  if G is C 2 and topologica l ly  con juga te  to F then G has  a inf lec t ion  point  in i ts  

n o n w a n d e r i n g  se t .  It is not known if such  a G e x i s t s  o r  if t h e r e  a r e  any C 2 m a p s  of the 

in te rva l  wi th  except iona l  m i n i m a l  s e t s .  

I w i s h  to thank H. Whi tney  fo r  te l l ing  me  about  th i s  p r o b l e m  which  is s ta ted  a s  

a ques t i on  in logic by H. F r i e d m a n  [ 3 ] .  I a l s o  thank J. Mi lnor  and  W. T h u r s t o n  fo r  

helpful  c o n v e r s a t i o n s  and f inal ly  the Ins t i tu te  fo r  Advanced Study f o r  i ts  s u p p o r t .  

w Basic F a c t s  about  Kneading.  

A p a r t  f r o m  Denjoy  a n a l y s i s ,  the ma in  t echn iques  w e  u s e  a r e  ba sed  on the 

knead ing  i n v a r i a n t  of Mi l no r  and T h u r s t o n  [ 4 ] .  T h i s  is  a topologica l  i n v a r i a n t  wh ich  is  

defined in t e r m s  of the b e h a v i o u r  of the  c r i t i c a l  poin t  of a convex  funct ion and 

c h a r a c t e r i s e s  much  of the d y n a m i c a l  b e h a v i o u r  of con t inuous  f a m i I i e s  of C 1 func t ions  
2 

such  as  f(x) = x - a .  
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If  f is  convex  and x r I l e t  s i (x)  be  - l ,  0 o r  +1 a c c o r d i n g  to w h e t h e r  i 

fi(x) > 0, =0, o r  <0. The  s e q u e n c e  e i (x  ) is  ca l l ed  the  i t i n e r a r y  of x .  L e t  0i(x ) =j_I~sj(x). 

T h e n  the  f o r m a l  p o w e r  s e r i e s  0(x) = j ~  0j(x) t j i s  ca l l ed  the  i n v a r i a n t  c o o r d i n a t e  of x .  

T h e  map  x ~ 0(x) is  m o n o t o n e  d e c r e a s i n g  if  we endow the  r i n g  ~ [ t ] ]  wi th  the  

l e x i c o g r a p h i c a l  o r d e r i n g .  Le t  A deno t e  t he  s u b s e t  of ~g[ [ t ] ]  c o n s i s t i n g  of t h o s e  f o r m a l  

p o w e r  s e r i e s  w h o s e  c o e f f i c i e n t  l ie  in { - 1 , 0 , + 1 } .  Then  it fo l lows  f r o m  the mono ton i c i t y  

of 8 that  

8(x~ = ysxlim 8(y) and 8(x-) = litm x @<y) 

ex i s t  in t he  topology  on A induced  by the  m e t r i c  

" e ' t J )  = - o]!2 -j P(j~9 8j t l '  j=~0 j j~01Oj 

Definition. The  knead ing  i n v a r i a n t  V of f, deno ted  by V(f) is  the  f o r m a l  p o w e r  s e r i e s  

8(0+). 

T h e  n ' t h l a p  n u m b e r  is  de f ined  a s  f o l l ows .  Le t  % - i  be  the  n u m b e r  of local  
n 

m a x i m a  and m i n i m a  of fn wi th in  the  i n t e r i o r  of I. T h e s e  po in t s  d iv ide  the  i n t e r v a l  into 

s s u b i n t e r v a l s ,  each  mapped  h o m e o m o r p h i c a l l y  by in.  M i l n o r  and T h u r s t o n  p roved  
n 

that  ~ can  be  exp l i c i t l y  d e r i v e d  f r o m  the knead ing  i n v a r i a n t  [ 4 ] .  
n 

92. Blowing up orbits. 

Consider any convex  funct ion  f:I -+ I s u c h  tha t  f(1) = f ( -1) .  E a c h  poin t  

x r (f(O),f(1)] has  two i n v e r s e  i m a g e s ,  deno ted  a(x) and b(x) w h e r e  a(x) < b(x).  Extend 

a and b to f(0) by l e t t i ng  aft(0))  = b(f(0)) = 0. F o r  x r I, d e f i ne  G to be  the  s e m i - g r o u p  
X 

c o n s i s t i n g  of al l  w o r d s  of  the  f o r m  a f n ( x )  w h e r e  a is  a word  in the  l e t t e r s  a and b, n ~ 0. 

Cal l  G the  e n t i r e  o r b i t  of  x .  T h e  se t  of po in t s  {fn(x) ,n  ~ 0} is  ca l l ed  the  
x 

f o r w a r d  o rb i t  of x, and the  s e t  of  po in t s  { a ( x ) , a  a w o r d  in a and b} is  ca l t ed  the  b a c k w a r d  

o r b i t  of x .  If p r G le t  liP// be the  n u m b e r  of s y m b o l s  in the w o r d  ~ p lus  n.  
x 
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A new func t i on  g c a n  be  m a d e  f r o m  f, r o u g h l y  s p e a k i n g ,  by r e p l a c i n g  the  

e n t i r e  o r b i t  of  x by  a s e t  of  d i s j o i n t  i n t e r v a l s  I and  r e q u i r i n g  g(Iy) = If(y).  T h e  
Y 

i t i n e r a r y  of any  po in t  r e m a i n s  u n c h a n g e d .  W e  ca l l  f t he  b a s e  f u n c t i o n  of g .  T h e  

p r o b l e m  i s  to c h o o s e  g to be  a s  s m o o t h  a s  p o s s i b l e .  

If t he  g r o w t h  of  t he  lap n u m b e r s  i s  bounded  by a p o l y n o m i a l  t h e n  it  i s  we l l  

known tha t  the  00- l imi t  s e t  of  x e I i s  a p e r i o d i c  po in t  of  p e r i o d  2 n.  In th i s  c a s e  it i s  

C 1 not  too d i f f i c u l t  to b l o w - u p  G and ob ta in  a f u n c t i o n  g .  
X 

We e x a m i n e  t he  s p e c i a l  c a s e  w h e n  t he  lap  n u m b e r s  g r o w  f a s t e r  t han  a n y  

p o l y n o m i a l  and  s l o w e r  t h a n  a n y  e x p o n e n t i a l .  

T h e o r e m  1. L e t  f:I -~ I be  a c o n v e x  func t i on  s u c h  t ha t  the  l ap  n u m b e r s  ~ s a t i s f y  
n 

C 1 s 1 6 3  --~ i .  T h e n  t h e r e  e x i s t s  a c o n v e x  f u n c t i o n  g p o s s e s s i n g  an  i n v a r i a n t  s e t  of  

d i s j o i n t  i n t e r v a l s  I w i th  t he  c r i t i c a l  po in t  c c Int I s u c h  tha t  v f  = vg .  
X C 

Proof. There are two possibilities corresponding to whether or not G is dense in I. 
c 

When it is not, I - G contains a maximal open interval U. Since U does not contain 
c 

c it i s  m a p p e d  h o m e o m o r p h i c a l l y  onto  i t s  i m a g e .  A l s o  f(U) f] U = ~ ,  o t h e r w i s e  a 

po in t  p r G would be  in the  i n t e r i o r  of  one o r  t he  o t h e r  w h i c h  i m p l i e s  U • G r ~ . 
C C 

H e n c e  t he  m a x i m a l  c o n n e c t e d  i n t e r v a l s  in the  c o m p l e m e n t  of  G a r e  m a p p e d  
C 

h o m e o m o r p h i c a l l y  onto  one  a n o t h e r .  W e  s i m u l t a n e o u s l y  c r u s h  t h e s e  down to p o i n t s  and  

b l o w - u p  t h e  o rb i t  of  c .  If G is  d e n s e  in I, o u r  m e t h o d s  m e r e l y  b l o w - u p  G . 
C C 

L e t  x c O . W e  c o n s t r u c t  d i s j o i n t  i n t e r v a l s  I w i th  l e n g t h  
C X 

ax : k/llxlla~x II 

where k is a constant such that 

(i) x~G ax  = 1. 
C 
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Such a k exists since 

xr 
C 

1/llxllaz xll ~ n~1<q + ~2 + " ' "  + ~ ) / n 3 f 2  
n 11 

co p,n/n3 2 n 
< nEl n. 

co 

< n~  1 1/n2 

Then 

a2f2(c ) 

a2c 

~ f2(c) 

i , ~ c  - f ( c )  

(ii) 
I ! l i~  ~o a f ( x ) / a x  

: lim 3 2 , 13 2 I]x]l--,~ <llxll• ~IxII,I/~IxL ~[[xll 
3 2  , 3 2  

= l i m ( n •  ~ n •  Zn 
El~co 

= l i m  2 2 
n-*~ l n ~ : l / i n  

= 1 . 

Both of  t h e s e  cond i t i ons  a r e  usefu l  in e s t a b l i s h i n g  the  d i f f e r e n t i a b i i i t y  of ou r  f inal  func t ion  

g.  2[he f i r s t  m u s t  hold in o r d e r  tha t  I r e m a i n s  c o m p a c t ,  but,  l e s s  obv ious ly ,  i t  i s  

use fu l  to e n s u r e  that  the  i n v a r i a n t  s e t  of i n t e r v a l s  have  full  m e a s u r e  in I. Th i s  wi l l  m a k e  

it e a s i e r  to c a l c u l a t e  the  d e r i v a t i v e  of g a t  a point  not  in UI s i n c e  l eng t h s  can  be  
X 

e x p r e s s e d  a s  s u m s  ( p o s s i b l y  inf in i te )  of the  a . 
X 

The second condition (ii) is necessary for a canonical smoothing of g since, for 

some base functions f, arbitrarily close to an endpoint of I there will be both contracting 
x 

and expanding intervals. 
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Define I by 
X 

Ix = E?<xay '  1 - y>x~ ay]  = E S x , t x ] .  

yeG yeG 
C C 

Then gp = g lip is obtained by i n t eg ra t i ng  g'p which sa t i s f i e s  ~ g ;  = af(x) and g'(x)p = +1 

o r  -1 on the endpoints  of Ip ,  p r c, depending  on whe the r  p > c or  p < c.  F o r  example  

if p > c, le t  

~ + R (s -x)(x- t  ) /a  2, x c I 
g'p(X) = P p P P P 

, X j l p  

t 
Then  SsP[1 + Rp(Sp-X)(X-tp)/a2~dXp = af(p) Hence  Rp = 6(af(p) /ap-1) .  F i n a l l y  i n t eg ra t e  

P 
g'p(X) and add a cons tan t  so that gp(Sp) = Sf(p) . 

S i m i l a r l y  cons t ruc t  __gD over  Ip, p < c by l e t t ing  

~_-i i + g (s -x)(x-t )/a 2, x c I 
, P P P P P 

gp(X) = , x ~ Ip 

F o r  x = c le t  gc:Ic -+ If<c) be any smooth  funct ion sa t i s fy ing  g'c(Sc) = -1 and g'c(tc) = +1 . 

Def ine  g:.I -+ I by 

fgp( X), x c Ip, p s G c 

g(x) = ~ i m  gp(Sp) x = l im  Sp 

It follows f rom condi t ions  (i) and (ii) above that  g is  C 1. F o r  if x r UI then 
P 

g '(x) : l im  Ig(x)-g(Y)l 
y~x I x-y I 

l im  �9 E a. ,  , /  E a 
y-+x x<p<y Itp) x<p<y P 

> 

(the sign depending  on whe the r  x < c . )  

s ince  UI has full m e a s u r e  in I and x ~ UI . 
P P 

n u m b e r s  sa t i s fy ing  bk/C k -~ I then 

In g e n e r a l  if bk, c k -~ 0 a r e  pos i t ive  r ea l  

oo 

l i m  k-~a ~ b k / k - ~  Ck = 1 
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f -  
Hence, for x r UI , g'(x) = ~ f x > c 

p L l  x < c  
Thus g is continuously dtfferentiable.  

Final ly  observe that I is a wandering interval ,  c~ 
C 

w The Base Function.  

2 
Consider  any continuous family of quadrat ics  such as fix) = x -a. 

Theorem 2. There  exists a value A such that fA(x) = x2-A sat isf ies  ~n+l/~n -* 1 and 
k 

~ ( 0 )  a l te rnates  on ei ther  side of 0, drawing monotonically and a rb i t r a r i l y  c loser .  

Proof. Let A be sup{a : c r i t ica l  point of f converges to a periodic orbit  of period 2n}. 
a 

Milnor and Thurston discuss  this in [4, w and prove that ~n+l/~n -* 1. Using 

their  notation, we verify the res t  of the theorem. 

Wri t ing f for fA' observe that the reciprocal  zeta function 

~(f, t) -1 = ~[  (1-t 2k) = E(-1)cffn)tn 
0 

where a(n) is the number of l's in the diadic expansion of n. 

and Thurston, w in this case the kneading determinant 

D(f,t) = ~(f,t) -1 

Hence 0n(0 +) = (-1) a(n) 

�9 * 0n(fP(0)) = 0n+p(0+)/%_l(0+ ) = (_l)&(n-1)+c4n+P) 

00(f22k(0)) = (_l)&(22k-1)+~(22k) (_1) 2k+l Therefore  if k > 1 = = -1 

+2-2k+1 = ( 1)a(22k+l_l)+&(22k+l ) = (_1)2k+2 
and 00(~ ( 0 ) )  - 

According to Milnor 

= + 1  . 
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Since  @0(p) : s 0, the " a d d r e s s "  of p, 

f22k(0) < 0 < f 22k+1(0) 

We c o m p a r e  0(f22k(0)) to 0(f22(k+l)(0)).  

s a m e  s ince  fo r  n < 22k , 

and 

But if n = 2 2k, 

and 

Note that  the f i r s t  22k t e r m s  a r e  the 

0n(f22k(0)) = (_1)2k+2+~(n) 

T h e r e f o r e  

L > k .  

2k(0 ) 2k 
F ina l ly ,  note  that  l i m  @(f2 = 0(0-) .  Hence  @(lim(f 2 (0))) = 0(0-) s ince  

22k 22k 
l im( f  (0) e x i s t s .  In fact ,  l im( f  (0)) = 0 as in this  e x a m p l e  0 is  the unique point  p 

such  that  0-(p T) = 0(0-).  

~2(k+l) (_ l )2 (k+ l )+ l+a(n )  8n(f z (0)) : 

8n(f22k(0)) : (-1) 2k+l  : -1 

8n(?2(k+i ) (0) )  = (_1)2(k+1)+2 = +1 . 

f22k(0) < f22L(0), L > k. In a s i m i l a r  fash ion ,  f22+i(0)  > f22L+l(0) ,  

S i m i l a r I y  l i m  O(f -2(k+1) ~ 
~2(k+i) 

(0)) = {9(0 + ) so  that  l i m f  z (0) = 0.:~ 

w Unsmoo thab i l i t y  of g. 

With the r e s u l t s  of Denjoy  on the c i r c l e  in mind,  one migh t  n a t u r a l l y  su spec t  

C 2 that  a map f of I with growth  r a t e  f a s t e r  than po lynomia l  has  no s u b i n t e r v a l  J such  

that  f~[J i s  a h o m e o m o r p h i s m  fo r  a l l  k ~ 0. (See a l so  the w o r k  of G u c k e n h e i m e r  and 

M i s i e u r w i c z  fo r  d i s c u s s i o n  of the c a s e  when f has nega t ive  Schwarz i an  d e r i v a t i v e . )  We 

C 2 apply  T h e o r e m  1 to fA'  c r e a t i n g  g, and show that  t h e r e  is  no convex  map 

con juga te  to g. 

If x , y  r I we denote  the open i n t e rva l  with endpoints  x and y by (x ,y)  

r e g a r d l e s s  of the o r d e r .  
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L e m m a  3. L e t  fix) = x 2 - A.  T h e r e  e x i s t s  an i n c r e a s i n g  s e q u e n c e  of p o s i t i v e  

i n t e g e r s  n.t and po in t s  C _ l , . . . , C _ n .  such  tha t  f(c_k) TM C_k+l,  c o = 0, and the  i n t e r v a l s  
1 

(c k, C_n+k) a r e  d i s j o i n t  w h e r e  c k = fk(0).  

Proof. Let i r z. Consider all points x in both the forward and backward orbits of 

c~ such that llxll < 2 i. Suppose x. is a member of this set with minimum distance to 
U I 

n. n. 

c o . D e n o t e  i t  by  Cn. if f l (c0)  = x.1 and by C_n. if f t (x i )  = c 0 . 
1 1 

In the  f o r m e r  c a s e ,  we c h o o s e  c i n d u c t i v e l y .  It h e l p s  to o b s e r v e  t ha t  if 
- n .  

c 1 r (x ,y )  and f (x ' )  = x is  g iven ,  then  t h e r e  1exists  y '  s u c h  t ha t  f (y ' )  = y and 

f ( x ' , y ' )  --~ ( x , y ) .  T h u s  t h e r e  e x i s t s  c _ l  such  tha t  f ( c _ l , C n . _ l  ) -~ (c0, Cn. ) = I+ s i n c e  
1 1 

c 1 r I+. F u r t h e r m o r e  c 1 ~ (c 1 , c  n _1 ) o t h e r w i s e  c 2 r I+. H e n c e  we can  c h o o s e  c_2 
i 

s u c h  tha t  f(c_2,  c _2 ) ~ and i n d u c t i v e l y  c s u c h  tha t  n. ( c _ i ,  Cn. _1 ) -P f(C_p, Co) (C_p+l,  c 1) 
1 l 

p < n. s i n c e  c r I 1 p + 

s i n c e  c o 

In the  l a t t e r  c a s e  f m a p s  I = (c0, c ) d i f f e o m o r p h i c a l l y  onto (Cl ,C + i  ) 
- n ,  - n  

1 i 
r I . I nduc t ive ly ,  c O r fn(I ) o t h e r w i s e  c _ i  r f n - i ( I _ )  ~ C_n r I . H e n c e  

f(Cp, c ni+P) ~ (Cp+ 1, C_ni+P+l) .  

It is  e a s y  to c h e c k  tha t  in  bo th  c a s e s ,  t h e s e  i n t e r v a l s  a r e  d i s j o i n t  by  

c o n s i d e r i n g  a l l  t h r e e  p o s s i b l e  i n t e r s e c t i o n s  : If x. = c , 
1 -It 

(i) Cp e (c m , c m _  n) and Cm_ n r (Cp, Cp_ n) ~ C p _  m o r  Cp_m o r  Cm_p_n e I_ 

o r  

(i i)  Cp_ n r (c m , c m _  n) and Cm_ n r (Cp, C ) = c o r  c r I 
m - n  p - m - n  m - p - n  

( i i i )  Cp e (C m , c m _ n )  and Cp_ n r (Cm, Cm_n)  = Cp_ m o r  Cp_m_ n r I 

t h e s e  a r e  p o s s i b l e  s i n c e  l P - m l  < n.  A s i m i l a r  a r g u m e n t  ho lds  if x. = c . None  of 
1 n 

Note  tha t  T h e o r e m  2 i m p l i e s  the  n. a r e  unbounded  so  c h o o s e  an  i n c r e a s i n g  
t 

s u b s e q u e n c e .  n 
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We a r e  now in a p o s i t i o n  to app l y  D e n j o y  a n a l y s i s  in w h i c h  t he  fo l l owing  

s t r a i g h t f o r w a r d  l e m m a  i s  c r u c i a l .  

L e m m a  4. If f '  h a s  bounded  v a r i a t i o n  and I1 / f ' ( x ) l  i s  bounded ,  t h e n  log  f '  h a s  bounded  

v a r i a t i o n .  

If t h e r e  i s  a c r i t i c a l  po in t  t hen  the  D e n j o y  a n a l y s i s  m i g h t  not  app ly .  H o w e v e r ,  

t he  c r i t i c a l  po in t  of  o u r  b l o w n - u p  f u n c t i o n  g is  c o n t a i n e d  in the  i n t e r i o r  of  a w a n d e r i n g  

i n t e r v a l  t 0. T h i s  t u r n s  out  to be  s t r o n g  enough  to p r o v e  : 

C 2 T h e o r e m  5. T h e  b l o w n - u p  f u n c t i o n  g is  not  C O c o n j u g a t e  to a n y  c o n v e x  f u n c t i o n  G.  

P r o o f .  We  c o n s t r u c t  a r e s t r i c t e d  f u n c t i o n  a v o i d i n g  t he  c r i t i c a l  po in t  c . L e t  U 0 c I 0 

be  a s m a l i  open  i n t e r v a l  c o n t a i n i n g  c, and  ]0 be  a c o n n e c t e d  c o m p o n e n t  of  I 0 - U 0 . 

L e t  J = I - ( the e n t i r e  o r b i t  of  U(~and  F:J -* ] be  de f ined  by  F(x)  = G(x).  L e t  

Jn = fn(J0) and  d e n o t e  by  J n t he  n ' t n  i n v e r s e  i m a g e  of J0 u n d e r  c o n s i d e r a t i o n .  L e t  a 
- n 

d e n o t e  the  l e n g t h  of Jn" 

x 0 

C o n s i d e r  t he  s e q u e n c e  n. -* = in L e m m a  S. T h e n  fo r  e a c h  i t h e r e  e x i s t s  
1 

e J0 s u c h  tha t  

a 
n .  n .  

1 = (F 1)'(x0) = G ' (x  n 1)G'(x  n 2 ) - a0  . _ . _ G ' (x0) .  
1 1 

T h e r e  a l s o  e x i s t s  i e J n c I ( w h e r e  I i s  the  b l o w n - u p  i n t e r v a l  c o r r e s p o n d i n g  
-n. - , - n .  - n .  

1 1 1 1 

to c w h i c h ,  in  t u r n ,  i s  de f ined  in L e m m a  3) s u c h  t ha t  
- n .  

1 

a 0 n. 
a = (F 1),(:~ n) = G , ( X _ l l O , ( i  2) . . .  G ' ( i  ) 

- , - n .  

- n .  1 1 
1 

Hence 

2 n 

a 0 i 
l og  ~ - k__E1 [ log G'(X_k) - l og  G'(Xn._k) [ 

n. - n .  1 
1 1 

~ flog log c'%._k) l k=l G'(~_ k) - 
l 

< constant 

The last inequality holds since X-k and Xn._k, k = l,...,n/: are pairs of points in 
I 
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dis joint  in te rva ls  (according to Lemma 3), all de r iva t ives  a r e  bounded away f rom 0 and 

G' has bounded var iat ion.  

The re fo re  

2 
a0 k 

a a  
n . - n .  

t 1 

a .a  > constant  
n. -n. 

1 I 

+ ~  
~ a = ~  

i = - ~  n. 
1 
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