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Part 0: Introduction

Quantum Machine Learning
Dimensional Reduction



A Toy Example

Consider all smooth functions on the unit interval

How can we (minimally) describe a function?

• Taylor approximation
(to some approximation)

• Harmonic approximation
(to some approximation)

• Low/High pass filter
(within some thresholds)
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C1([0, 1];R)
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f : [0, 1] ! R



A Toy Example

Consider all smooth functions on the unit interval

How can we (minimally) describe a function?

Decompose the space with respect to an operator

And record the coefficients of the dominant 
eigenfunctions

• Taylor approximation

• Harmonic approximation
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C1([0, 1];R)
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f : [0, 1] ! R
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�
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� = �(x@x)
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� = �@2
x

<latexit sha1_base64="JssoCS0VjvWtYunc9phHnv5AtLw="></latexit>

C1([0, 1];R) = span {'i}

<latexit sha1_base64="T30yhBN0RRaViM1nOvuWRY2t0Vo=">AAACAnicbVBNS8NAEJ3Ur1q/op7Ey2JRPJVEFL0IRS8eK9gPaELYbDft0t0k7G4KpRQv/hUvHhTx6q/w5r9x2+agrQ8GHu/NMDMvTDlT2nG+rcLS8srqWnG9tLG5tb1j7+41VJJJQusk4YlshVhRzmJa10xz2kolxSLktBn2byd+c0ClYkn8oIcp9QXuxixiBGsjBfZBhE6ukacyETAUmfIGWKY9FrDALjsVZwq0SNyclCFHLbC/vE5CMkFjTThWqu06qfZHWGpGOB2XvEzRFJM+7tK2oTEWVPmj6QtjdGyUDooSaSrWaKr+nhhhodRQhKZTYN1T895E/M9rZzq68kcsTjNNYzJbFGUc6QRN8kAdJinRfGgIJpKZWxHpYYmJNqmVTAju/MuLpHFWcS8qzv15uXqTx1GEQziCU3DhEqpwBzWoA4FHeIZXeLOerBfr3fqYtRasfGYf/sD6/AGREpZH</latexit>

f =
X

i

fi'i



Parts 1,2,3: Slow Feature Analysis
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Unsupervised Supervised

Classical 2002 2005

Quantum 2018
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Part 1: Slow Feature Analysis

Quantum Machine Learning
Dimensional Reduction
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Wiskott, Sejnowski
Slow Feature Analysis: Unsupervised 
Learning of Invariances
Neural computation, 2002
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Berkes, Wiskott
Slow feature analysis yields a rich 
repertoire of complex cell properties
Journal of Vision, 2005



The problem statement of SFA

Given a high dimensional input signal, find a transformation into a low dimensional output signal which varies 
slowly and carries significant information.
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Input signal

Dimensional reduction transformation

Output signal

Minimise:<latexit sha1_base64="5z0qAE2g5VrGU3Z3eSDGV8cNbTI="></latexit>

x ⇠

0

B@
x1(t)
...

xN (t)

1

CA 2 RN ⇥ [0, T ]

<latexit sha1_base64="hY/tvgReo5VUd3DwgJA1lnnCX0A=">AAACCnicbVC7SgNBFL0bXzG+Vi1tRoNgFXZFUayCFgqCRDEPyK5hdjJJhsw+mJkVwpLaxl+xsVDE1i+w82+cTbaIiQcGDufcy9xzvIgzqSzrx8jNzS8sLuWXCyura+sb5uZWTYaxILRKQh6Khocl5SygVcUUp41IUOx7nNa9/kXq1x+pkCwM7tUgoq6PuwHrMIKVllrm7iU6Q46PVc/zkrvhww1yVDgpXLfMolWyRkCzxM5IETJUWua30w5J7NNAEY6lbNpWpNwEC8UIp8OCE0saYdLHXdrUNMA+lW4yijJE+1ppo04o9AsUGqmTGwn2pRz4np5Mb5TTXir+5zVj1Tl1ExZEsaIBGX/UiTnSadNeUJsJShQfaIKJYPpWRHpYYKJ0ewVdgj0deZbUDkv2ccm6PSqWz7M68rADe3AANpxAGa6gAlUg8AQv8AbvxrPxanwYn+PRnJHtbMMfGF+/yZSZtg==</latexit>

G : RN ! RK

<latexit sha1_base64="W7jGF4vMwzoe8AVHwKN9T7CBFME=">AAAB+HicbZDLSsNAFIYn9VbrpVGXbgaL0G5KIopuhKILXVawF2hDmUyn7dDJJMyciDH0Sdy4UMStj+LOt3HaZqGtPwx8/OcczpnfjwTX4DjfVm5ldW19I79Z2Nre2S3ae/tNHcaKsgYNRajaPtFMcMkawEGwdqQYCXzBWv74elpvPTCleSjvIYmYF5Ch5ANOCRirZxeTMlTwJb7B5UdDlZ5dcqrOTHgZ3AxKKFO9Z391+yGNAyaBCqJ1x3Ui8FKigFPBJoVurFlE6JgMWcegJAHTXjo7fIKPjdPHg1CZJwHP3N8TKQm0TgLfdAYERnqxNjX/q3ViGFx4KZdRDEzS+aJBLDCEeJoC7nPFKIjEAKGKm1sxHRFFKJisCiYEd/HLy9A8qbpnVefutFS7yuLIo0N0hMrIReeohm5RHTUQRTF6Rq/ozXqyXqx362PemrOymQP0R9bnD2DmkPU=</latexit>

y(t) = G(x(t))

<latexit sha1_base64="sxtw+KIeJqKouB63RyQ+u7W12EY="></latexit>

h•it =
Z T

0
dt • (t) = time average of •

<latexit sha1_base64="1iE37OwnmOPYB4IDLSdpnsIU68U=">AAACGnicbVDLSgMxFM34rPVVdekmWIS6KTNF0Y1QFEFwU8E+oDMOmTRtQzOZIbkjlKHf4cZfceNCEXfixr8xbWehrQcuHM65N7n3BLHgGmz721pYXFpeWc2t5dc3Nre2Czu7DR0lirI6jUSkWgHRTHDJ6sBBsFasGAkDwZrB4HLsNx+Y0jySdzCMmReSnuRdTgkYyS84V/gcuzoJ/ZS7XLZvvBF2BZE9wXDJ7USAhz4/uq9gV01EH/xC0S7bE+B54mSkiDLU/MKneYcmIZNABdG67dgxeClRwKlgo7ybaBYTOiA91jZUkpBpL52cNsKHRungbqRMScAT9fdESkKth2FgOkMCfT3rjcX/vHYC3TMv5TJOgEk6/aibCAwRHueEO1wxCmJoCKGKm10x7RNFKJg08yYEZ/bkedKolJ2Tsn17XKxeZHHk0D46QCXkoFNURdeohuqIokf0jF7Rm/VkvVjv1se0dcHKZvbQH1hfPzMMn74=</latexit>

E =
X

i2[K]

h(ẏi)2it

<latexit sha1_base64="dxWokq5lL4+Hwj8PCxVtve7++Ls=">AAACWXicbVFLSwMxGMyur7q+qj16CRbFU9ktil6EohePFawK3bpks19rbDa7JN8KZemf9CCIf8WD6eNgrUMCw8x8JJnEuRQGff/TcVdW19Y3Kpve1vbO7l51/+DBZIXm0OGZzPRTzAxIoaCDAiU85RpYGkt4jIc3E//xDbQRmbrHUQ69lA2U6AvO0EpRNT8JJVMDCXQUCRrqKY+QXlE/DD27fvvPzYVEsJygIU8ytOx1IRkmIJFFpXgdR9W63/CnoMskmJM6maMdVd/DJONFCgq5ZMZ0Az/HXsk0Ci5h7IWFgZzxIRtA11LFUjC9ctrMmB5bJaH9TNutkE7V3xMlS40ZpbFNpgxfzF9vIv7ndQvsX/ZKofICQfHZQf1CUszopGaaCA0c5cgSxrWwd6X8hWnG0X6GZ0sI/j55mTw0G8F5w787q7eu53VUyCE5IqckIBekRW5Jm3QIJx/k21lz1p0v13ErrjeLus58pkYW4NZ+AJ3tsPc=</latexit>

hyiit = 0

hy2i it = 1

hyi · yjit = �ij

What kind of G will we allow?

Minimise Energy subject to:
unit variance (and zero mean)
decorrelation

subject to:



Linear dimensional reductions

Assume that G is a linear transformation.                       consisting of weights                                        . And to 
simplify the problem, assume the input data has already been whitened.
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<latexit sha1_base64="5z0qAE2g5VrGU3Z3eSDGV8cNbTI="></latexit>

x ⇠

0

B@
x1(t)
...

xN (t)

1

CA 2 RN ⇥ [0, T ]

<latexit sha1_base64="hY/tvgReo5VUd3DwgJA1lnnCX0A=">AAACCnicbVC7SgNBFL0bXzG+Vi1tRoNgFXZFUayCFgqCRDEPyK5hdjJJhsw+mJkVwpLaxl+xsVDE1i+w82+cTbaIiQcGDufcy9xzvIgzqSzrx8jNzS8sLuWXCyura+sb5uZWTYaxILRKQh6Khocl5SygVcUUp41IUOx7nNa9/kXq1x+pkCwM7tUgoq6PuwHrMIKVllrm7iU6Q46PVc/zkrvhww1yVDgpXLfMolWyRkCzxM5IETJUWua30w5J7NNAEY6lbNpWpNwEC8UIp8OCE0saYdLHXdrUNMA+lW4yijJE+1ppo04o9AsUGqmTGwn2pRz4np5Mb5TTXir+5zVj1Tl1ExZEsaIBGX/UiTnSadNeUJsJShQfaIKJYPpWRHpYYKJ0ewVdgj0deZbUDkv2ccm6PSqWz7M68rADe3AANpxAGa6gAlUg8AQv8AbvxrPxanwYn+PRnJHtbMMfGF+/yZSZtg==</latexit>

G : RN ! RK

<latexit sha1_base64="W7jGF4vMwzoe8AVHwKN9T7CBFME=">AAAB+HicbZDLSsNAFIYn9VbrpVGXbgaL0G5KIopuhKILXVawF2hDmUyn7dDJJMyciDH0Sdy4UMStj+LOt3HaZqGtPwx8/OcczpnfjwTX4DjfVm5ldW19I79Z2Nre2S3ae/tNHcaKsgYNRajaPtFMcMkawEGwdqQYCXzBWv74elpvPTCleSjvIYmYF5Ch5ANOCRirZxeTMlTwJb7B5UdDlZ5dcqrOTHgZ3AxKKFO9Z391+yGNAyaBCqJ1x3Ui8FKigFPBJoVurFlE6JgMWcegJAHTXjo7fIKPjdPHg1CZJwHP3N8TKQm0TgLfdAYERnqxNjX/q3ViGFx4KZdRDEzS+aJBLDCEeJoC7nPFKIjEAKGKm1sxHRFFKJisCiYEd/HLy9A8qbpnVefutFS7yuLIo0N0hMrIReeohm5RHTUQRTF6Rq/ozXqyXqx362PemrOymQP0R9bnD2DmkPU=</latexit>

y(t) = G(x(t))

<latexit sha1_base64="MVWcM38EmCUHgcZHgLqegZWRpp0="></latexit>

B = hxxT it = I 2 MatR(N,N)

<latexit sha1_base64="8oR7QGsc/2c2yCSD+tjoiKXBU3w="></latexit>

min
X

i2[K]

Ei, Ei = hẏ2i it
<latexit sha1_base64="8UeY2BWiXeu0Jj0Vp7exF0Dax/g=">AAACH3icbVBNS8NAEN3Ur1q/qh69LBbBU0jEr4tQ9OJRwarQlLDZTuu2m03YnQgl5J948a948aCIePPfuI09qPXBwNv3ZpidF6VSGPS8T6cyMzs3v1BdrC0tr6yu1dc3rk2SaQ4tnshE30bMgBQKWihQwm2qgcWRhJtoeDb2b+5BG5GoKxyl0IlZX4me4AytFNYPg5jhnY5z46JLCxpIpvoS6CgUtgY00OU7RHpCgy5IZGEuBkVYb3iuV4JOE39CGmSCi7D+EXQTnsWgkEtmTNv3UuzkTKPgEopakBlIGR+yPrQtVSwG08nL+wq6Y5Uu7SXalkJaqj8nchYbM4oj2zm+xvz1xuJ/XjvD3nEnFyrNEBT/XtTLJMWEjsOiXaGBoxxZwrgW9q+U3zHNONpIazYE/+/J0+R6z/UPXO9yv9E8ncRRJVtkm+wSnxyRJjknF6RFOHkgT+SFvDqPzrPz5rx/t1acycwm+QXn8wtg+6KS</latexit>

s.t.hyiyjit = �ij

<latexit sha1_base64="kbgrsqxPPk5kerKvuQUSWjZTXRE=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVRS9C0YMeK7TdQruWbJptQ7PJkmSFsvRHePGgiFd/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+QUvLVBHaJJJL1Q6xppwJ2jTMcNpOFMVxyKkfjm6nvv9ElWZSNMw4oUGMB4JFjGBjJf8OXSP/sdErV9yqOwNaJl5OKpCj3it/dfuSpDEVhnCsdcdzExNkWBlGOJ2UuqmmCSYjPKAdSwWOqQ6y2bkTdGKVPoqksiUMmqm/JzIcaz2OQ9sZYzPUi95U/M/rpCa6CjImktRQQeaLopQjI9H0d9RnihLDx5Zgopi9FZEhVpgYm1DJhuAtvrxMWmdV76LqPpxXajd5HEU4gmM4BQ8uoQb3UIcmEBjBM7zCm5M4L8678zFvLTj5zCH8gfP5A86sjpE=</latexit>

G = WT <latexit sha1_base64="GxnipdDScDrvzUUkbcwD1JYq0Uk=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFqFDKjCi6EYpuBDcV7APaYcikmTY08yDJKGXswl9x40IRt/6GO//GtJ2Fth4IHM65h3tzvJgzqSzr28gtLC4tr+RXC2vrG5tb5vZOQ0aJILROIh6Jlocl5SykdcUUp61YUBx4nDa9wdXYb95TIVkU3qlhTJ0A90LmM4KVllxzr4kuUAk9uHa5042ULGt6g45cs2hVrAnQPLEzUoQMNdf80nGSBDRUhGMp27YVKyfFQjHC6ajQSSSNMRngHm1rGuKASied3D9Ch1rpIj8S+oUKTdTfiRQHUg4DT08GWPXlrDcW//PaifLPnZSFcaJoSKaL/IQjFaFxGajLBCWKDzXBRDB9KyJ9LDBRurKCLsGe/fI8aRxX7NOKdXtSrF5mdeRhHw6gBDacQRWuoQZ1IPAIz/AKb8aT8WK8Gx/T0ZyRZXbhD4zPHzHpk6Y=</latexit>

W = (w1, . . . , wK)

<latexit sha1_base64="yRRzdpnsOU7AhTuptjdX8wOINTg="></latexit>

Ei = hẏ2i it = h(wT
i ẋ)

2it
= wT

i hẋẋT itwi

= wT
i Awi

<latexit sha1_base64="1/8W8wP73SRq8PCa+E5QlXADlqE="></latexit>

�ij = hyiyjit = wT
i hxxT itwj = wT

i wj

This is an eigenvalue problem for the weights with respect to A

So minimise the energy by choosing the lowest eigenvectors of A



Low-degree-polynomial dimensional reductions

Assume that G is a linear transformation.                       consisting of weights                                        . And to 
simplify the problem, assume the input data has already been whitened.
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<latexit sha1_base64="MVWcM38EmCUHgcZHgLqegZWRpp0="></latexit>

B = hxxT it = I 2 MatR(N,N)

<latexit sha1_base64="kbgrsqxPPk5kerKvuQUSWjZTXRE=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVRS9C0YMeK7TdQruWbJptQ7PJkmSFsvRHePGgiFd/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+QUvLVBHaJJJL1Q6xppwJ2jTMcNpOFMVxyKkfjm6nvv9ElWZSNMw4oUGMB4JFjGBjJf8OXSP/sdErV9yqOwNaJl5OKpCj3it/dfuSpDEVhnCsdcdzExNkWBlGOJ2UuqmmCSYjPKAdSwWOqQ6y2bkTdGKVPoqksiUMmqm/JzIcaz2OQ9sZYzPUi95U/M/rpCa6CjImktRQQeaLopQjI9H0d9RnihLDx5Zgopi9FZEhVpgYm1DJhuAtvrxMWmdV76LqPpxXajd5HEU4gmM4BQ8uoQb3UIcmEBjBM7zCm5M4L8678zFvLTj5zCH8gfP5A86sjpE=</latexit>

G = WT <latexit sha1_base64="GxnipdDScDrvzUUkbcwD1JYq0Uk=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFqFDKjCi6EYpuBDcV7APaYcikmTY08yDJKGXswl9x40IRt/6GO//GtJ2Fth4IHM65h3tzvJgzqSzr28gtLC4tr+RXC2vrG5tb5vZOQ0aJILROIh6Jlocl5SykdcUUp61YUBx4nDa9wdXYb95TIVkU3qlhTJ0A90LmM4KVllxzr4kuUAk9uHa5042ULGt6g45cs2hVrAnQPLEzUoQMNdf80nGSBDRUhGMp27YVKyfFQjHC6ajQSSSNMRngHm1rGuKASied3D9Ch1rpIj8S+oUKTdTfiRQHUg4DT08GWPXlrDcW//PaifLPnZSFcaJoSKaL/IQjFaFxGajLBCWKDzXBRDB9KyJ9LDBRurKCLsGe/fI8aRxX7NOKdXtSrF5mdeRhHw6gBDacQRWuoQZ1IPAIz/AKb8aT8WK8Gx/T0ZyRZXbhD4zPHzHpk6Y=</latexit>

W = (w1, . . . , wK)

BEFORE

NOW

Assume that G is a linear transformation in the space of low-degree-polynomials
Now solve the problem as we did before.

Warning 1: Even for low degree, the dimension of this space is very big.

Warning 2: It is even worse for the covariance matrices where are of dimension 

<latexit sha1_base64="QEEv8LMewYd7+/BBfDwwP4oBqXs=">AAACG3icbVDLSgMxFM34rPVVdekmWIQKpcwURZdFN66kgn1AOwyZzG0bmnmQZKTDMP/hxl9x40IRV4IL/8b0IWjrgcDJufdw7z1uxJlUpvllLC2vrK6t5zbym1vbO7uFvf2mDGNBoUFDHoq2SyRwFkBDMcWhHQkgvsuh5Q6vxvXWPQjJwuBOJRHYPukHrMcoUVpyCtWuT9RA+Gk95EnmpD9fD/pZlwP2MlwaOVa564VKlvHIuTlxCkWzYk6AF4k1I0U0Q90pfGg3jX0IFOVEyo5lRspOiVCMcsjy3VhCROiQ9KGjaUB8kHY6uS3Dx1rxcC8U+gUKT9TfjpT4Uia+qzvHq8v52lj8r9aJVe/CTlkQxQoCOh3UizlWIR4HhT0mgCqeaEKoYHpXTAdEEKp0nHkdgjV/8iJpVivWWcW8PS3WLmdx5NAhOkIlZKFzVEPXqI4aiKIH9IRe0KvxaDwbb8b7tHXJmHkO0B8Yn98idaFl</latexit>

Polydegd(x1, . . . , xN )

<latexit sha1_base64="j1vi5DiK+78dtTij80PnGHM17jk=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCwCruiaBm0sQoRzAOy6zI7O5sMmccyMyuEJV9g46/YWChia23n3zh5FJp44MLhnHu5954oZVQb1/12Ciura+sbxc3S1vbO7l55/6CtZaYwaWHJpOpGSBNGBWkZahjppoogHjHSiYbXE7/zQJSmUtyZUUoCjvqCJhQjY6WwXPV1xsOc+lT04mAM8wb08UBKTWA8hr6mHDbu47BccWvuFHCZeHNSAXM0w/KXH0uccSIMZkjrnuemJsiRMhQzMi75mSYpwkPUJz1LBeJEB/n0nTGsWiWGiVS2hIFT9fdEjrjWIx7ZTo7MQC96E/E/r5eZ5DLIqUgzQwSeLUoyBo2Ek2xgTBXBho0sQVhReyvEA6QQNjbBkg3BW3x5mbRPa955zb09q9Sv5nEUwRE4BifAAxegDm5AE7QABo/gGbyCN+fJeXHenY9Za8GZzxyCP3A+fwCB05u9</latexit>X

i2[d]

✓
N

d

◆
⇠ Nd

<latexit sha1_base64="uTA+iJD+O6XV11YoXBnSEfj+JIY=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KklR9Fj04kkq2A9IY9lsNu3SzW7Y3Qgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5YcqZNq777aysrq1vbJa2yts7u3v7lYPDtpaZIrRFJJeqG2JNORO0ZZjhtJsqipOQ0044upn6nSeqNJPiwYxTGiR4IFjMCDZW8nuaJejuMa9Hk36l6tbcGdAy8QpShQLNfuWrF0mSJVQYwrHWvuemJsixMoxwOin3Mk1TTEZ4QH1LBU6oDvLZyRN0apUIxVLZEgbN1N8TOU60Hieh7UywGepFbyr+5/mZia+CnIk0M1SQ+aI448hINP0fRUxRYvjYEkwUs7ciMsQKE2NTKtsQvMWXl0m7XvMuau79ebVxXcRRgmM4gTPw4BIacAtNaAEBCc/wCm+OcV6cd+dj3rriFDNH8AfO5w/Fr5Dr</latexit>

⇠ N2d
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The problem statement of SFA Clustering

Given high dimensional data labelled with one of a fixed number of patterns, construct a classifier

26

P patterns                     and n data points

Labelling

Classifier

Minimise energy subject to
- (zero mean and) unit variance 
- decorrelation

Minimise:

<latexit sha1_base64="hY/tvgReo5VUd3DwgJA1lnnCX0A=">AAACCnicbVC7SgNBFL0bXzG+Vi1tRoNgFXZFUayCFgqCRDEPyK5hdjJJhsw+mJkVwpLaxl+xsVDE1i+w82+cTbaIiQcGDufcy9xzvIgzqSzrx8jNzS8sLuWXCyura+sb5uZWTYaxILRKQh6Khocl5SygVcUUp41IUOx7nNa9/kXq1x+pkCwM7tUgoq6PuwHrMIKVllrm7iU6Q46PVc/zkrvhww1yVDgpXLfMolWyRkCzxM5IETJUWua30w5J7NNAEY6lbNpWpNwEC8UIp8OCE0saYdLHXdrUNMA+lW4yijJE+1ppo04o9AsUGqmTGwn2pRz4np5Mb5TTXir+5zVj1Tl1ExZEsaIBGX/UiTnSadNeUJsJShQfaIKJYPpWRHpYYKJ0ewVdgj0deZbUDkv2ccm6PSqWz7M68rADe3AANpxAGa6gAlUg8AQv8AbvxrPxanwYn+PRnJHtbMMfGF+/yZSZtg==</latexit>

G : RN ! RK

<latexit sha1_base64="G3r/0HWz3HWqW7GBbHz81jB8ec8=">AAAB+nicbVC7TsMwFL3hWcorhZHFokJiqhIEgrGChQkVRB9SGyrHdVqrjhPZDlCFfgoLAwix8iVs/A1OmwFajmTp6Jx7dY+PH3OmtON8WwuLS8srq4W14vrG5ta2XdppqCiRhNZJxCPZ8rGinAla10xz2oolxaHPadMfXmR+855KxSJxq0cx9ULcFyxgBGsjde3SY4cJ1AmxHvh+ejO+u+raZafiTIDmiZuTMuSode2vTi8iSUiFJhwr1XadWHsplpoRTsfFTqJojMkQ92nbUIFDqrx0En2MDozSQ0EkzRMaTdTfGykOlRqFvpnMMqpZLxP/89qJDs68lIk40VSQ6aEg4UhHKOsB9ZikRPORIZhIZrIiMsASE23aKpoS3Nkvz5PGUcU9qTjXx+XqeV5HAfZgHw7BhVOowiXUoA4EHuAZXuHNerJerHfrYzq6YOU7u/AH1ucPGHyT5A==</latexit>

x 2 RN<latexit sha1_base64="QxIcEUsoRP7XKpqsMXSNjbGmaHI=">AAAB/nicbVDLSsNAFL2pr1pfVXHlZrAIrkoiii6LblxWsA9IQphMJ+3QyWSYmQglFPwVNy4Ucet3uPNvnD4W2nrgwuGce7n3nlhypo3rfjulldW19Y3yZmVre2d3r7p/0NZZrghtkYxnqhtjTTkTtGWY4bQrFcVpzGknHt5O/M4jVZpl4sGMJA1T3BcsYQQbK0XVo6BAgWSRRME4KmTAhN8Mx1G15tbdKdAy8eakBnM0o+pX0MtInlJhCMda+54rTVhgZRjhdFwJck0lJkPcp76lAqdUh8X0/DE6tUoPJZmyJQyaqr8nCpxqPUpj25liM9CL3kT8z/Nzk1yHBRMyN1SQ2aIk58hkaJIF6jFFieEjSzBRzN6KyAArTIxNrGJD8BZfXibt87p3WXfvL2qNm3kcZTiGEzgDD66gAXfQhBYQKOAZXuHNeXJenHfnY9ZacuYzh/AHzucP7GWVdw==</latexit>

{⇡p}p2[P ]

<latexit sha1_base64="XqvGlmlSUfMLJQM/RwyfNc58a2Y=">AAAB/nicdVDLSgNBEJz1bXxFxZOXwSB4MezGaFQQRC+CHiIYIyQhzE46yeDM7jLTK4Yl4K948aCIV7/Dm3/jrImgogUNRVU33V1+JIVB1313RkbHxicmp6YzM7Nz8wvZxaVLE8aaQ4WHMtRXPjMgRQAVFCjhKtLAlC+h6l8fp371BrQRYXCBvQgainUC0RacoZWa2ZU6wi1qlZyBUmyf9k8PypteM5tz83u7O4XiDnXzrlvyCl5KCqXiVpF6VkmRI0OUm9m3eivksYIAuWTG1Dw3wkbCNAouoZ+pxwYixq9ZB2qWBkyBaSSf5/fpulVatB1qWwHST/X7RMKUMT3l207FsGt+e6n4l1eLsb3bSEQQxQgBHyxqx5JiSNMsaEto4Ch7ljCuhb2V8i7TjKNNLGND+PqU/k8uC3lvO++eF3OHR8M4psgqWSMbxCMlckhOSJlUCCcJuSeP5Mm5cx6cZ+dl0DriDGeWyQ84rx+NpJU3</latexit>

Lemma: K = P � 1

<latexit sha1_base64="ZfCXhOXYZ+9oDysO3/3naEMkGwQ=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJRNFl0Y3LCvYBSQiT6bQdOpkMMxOxhLjxV9y4UMStf+HOv3HaZqHVAxcO59zLvfdEglGlHefLKi0sLi2vlFcra+sbm1v29k5bJanEpIUTlshuhBRhlJOWppqRrpAExREjnWh0NfE7d0QqmvBbPRYkiNGA0z7FSBsptPf8DN7XxDE9gn4eZtSn3OOhCPLQrjp1Zwr4l7gFqYICzdD+9HsJTmPCNWZIKc91hA4yJDXFjOQVP1VEIDxCA+IZylFMVJBNP8jhoVF6sJ9IU1zDqfpzIkOxUuM4Mp0x0kM1703E/zwv1f2LIKNcpJpwPFvUTxnUCZzEAXtUEqzZ2BCEJTW3QjxEEmFtQquYENz5l/+S9kndPas7N6fVxmURRxnsgwNQAy44Bw1wDZqgBTB4AE/gBbxaj9az9Wa9z1pLVjGzC37B+vgGdh2WRQ==</latexit>

{x(p, i)}i2[np]

<latexit sha1_base64="LL/1IQJZdu5WdU/uQTu1Tse8PjU="></latexit>

Z =
X

p2[P ]

✓
np

2

◆
= number of pairs of labelled data

<latexit sha1_base64="O6oD+M1+rytrLPlreXK13UmAHG8="></latexit>

think of i 2 [np] as t 2 [0, T ]

<latexit sha1_base64="6Rb7vSP9uTgoNBgdzjTvP/icFX4=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5KIohuhKAXBTQX7gCSEyXTSDp2ZhJmJUGIX/oobF4q49Tfc+TdO2yy09cCFwzn3cu89Ucqo0o7zbS0sLi2vrJbWyusbm1vb9s5uSyWZxKSJE5bIToQUYVSQpqaakU4qCeIRI+1ocD322w9EKpqIez1MScBRT9CYYqSNFNr7dXgJfZXxMB/4VHi3wQjWw0FoV5yqMwGcJ25BKqBAI7S//G6CM06Exgwp5blOqoMcSU0xI6OynymSIjxAPeIZKhAnKsgn94/gkVG6ME6kKaHhRP09kSOu1JBHppMj3Vez3lj8z/MyHV8EORVpponA00VxxqBO4DgM2KWSYM2GhiAsqbkV4j6SCGsTWdmE4M6+PE9aJ1X3rOrcnVZqV0UcJXAADsExcME5qIEb0ABNgMEjeAav4M16sl6sd+tj2rpgFTN74A+szx+FHZUl</latexit>

E =
X

k2[K]

Ek

<latexit sha1_base64="4j6P2zDWv2IJMzvwM1Fzv+k0j0Y="></latexit>

Ek =
1

Z

X

p2[P ]

1

2

X

i,j2[np]

�
(G(x(p, i))�G(x(p, j)))k

�2



The problem statement of SFA Clustering

Given high dimensional data labelled with one of a fixed number of patterns, construct a classifier

27

P patterns                     and n data points

Labelling

Classifier

Minimise energy subject to
- (zero mean and) unit variance 
- decorrelation

Minimise:

Subject to
<latexit sha1_base64="hY/tvgReo5VUd3DwgJA1lnnCX0A=">AAACCnicbVC7SgNBFL0bXzG+Vi1tRoNgFXZFUayCFgqCRDEPyK5hdjJJhsw+mJkVwpLaxl+xsVDE1i+w82+cTbaIiQcGDufcy9xzvIgzqSzrx8jNzS8sLuWXCyura+sb5uZWTYaxILRKQh6Khocl5SygVcUUp41IUOx7nNa9/kXq1x+pkCwM7tUgoq6PuwHrMIKVllrm7iU6Q46PVc/zkrvhww1yVDgpXLfMolWyRkCzxM5IETJUWua30w5J7NNAEY6lbNpWpNwEC8UIp8OCE0saYdLHXdrUNMA+lW4yijJE+1ppo04o9AsUGqmTGwn2pRz4np5Mb5TTXir+5zVj1Tl1ExZEsaIBGX/UiTnSadNeUJsJShQfaIKJYPpWRHpYYKJ0ewVdgj0deZbUDkv2ccm6PSqWz7M68rADe3AANpxAGa6gAlUg8AQv8AbvxrPxanwYn+PRnJHtbMMfGF+/yZSZtg==</latexit>

G : RN ! RK

<latexit sha1_base64="G3r/0HWz3HWqW7GBbHz81jB8ec8=">AAAB+nicbVC7TsMwFL3hWcorhZHFokJiqhIEgrGChQkVRB9SGyrHdVqrjhPZDlCFfgoLAwix8iVs/A1OmwFajmTp6Jx7dY+PH3OmtON8WwuLS8srq4W14vrG5ta2XdppqCiRhNZJxCPZ8rGinAla10xz2oolxaHPadMfXmR+855KxSJxq0cx9ULcFyxgBGsjde3SY4cJ1AmxHvh+ejO+u+raZafiTIDmiZuTMuSode2vTi8iSUiFJhwr1XadWHsplpoRTsfFTqJojMkQ92nbUIFDqrx0En2MDozSQ0EkzRMaTdTfGykOlRqFvpnMMqpZLxP/89qJDs68lIk40VSQ6aEg4UhHKOsB9ZikRPORIZhIZrIiMsASE23aKpoS3Nkvz5PGUcU9qTjXx+XqeV5HAfZgHw7BhVOowiXUoA4EHuAZXuHNerJerHfrYzq6YOU7u/AH1ucPGHyT5A==</latexit>

x 2 RN<latexit sha1_base64="QxIcEUsoRP7XKpqsMXSNjbGmaHI=">AAAB/nicbVDLSsNAFL2pr1pfVXHlZrAIrkoiii6LblxWsA9IQphMJ+3QyWSYmQglFPwVNy4Ucet3uPNvnD4W2nrgwuGce7n3nlhypo3rfjulldW19Y3yZmVre2d3r7p/0NZZrghtkYxnqhtjTTkTtGWY4bQrFcVpzGknHt5O/M4jVZpl4sGMJA1T3BcsYQQbK0XVo6BAgWSRRME4KmTAhN8Mx1G15tbdKdAy8eakBnM0o+pX0MtInlJhCMda+54rTVhgZRjhdFwJck0lJkPcp76lAqdUh8X0/DE6tUoPJZmyJQyaqr8nCpxqPUpj25liM9CL3kT8z/Nzk1yHBRMyN1SQ2aIk58hkaJIF6jFFieEjSzBRzN6KyAArTIxNrGJD8BZfXibt87p3WXfvL2qNm3kcZTiGEzgDD66gAXfQhBYQKOAZXuHNeXJenHfnY9ZacuYzh/AHzucP7GWVdw==</latexit>

{⇡p}p2[P ]

<latexit sha1_base64="XqvGlmlSUfMLJQM/RwyfNc58a2Y=">AAAB/nicdVDLSgNBEJz1bXxFxZOXwSB4MezGaFQQRC+CHiIYIyQhzE46yeDM7jLTK4Yl4K948aCIV7/Dm3/jrImgogUNRVU33V1+JIVB1313RkbHxicmp6YzM7Nz8wvZxaVLE8aaQ4WHMtRXPjMgRQAVFCjhKtLAlC+h6l8fp371BrQRYXCBvQgainUC0RacoZWa2ZU6wi1qlZyBUmyf9k8PypteM5tz83u7O4XiDnXzrlvyCl5KCqXiVpF6VkmRI0OUm9m3eivksYIAuWTG1Dw3wkbCNAouoZ+pxwYixq9ZB2qWBkyBaSSf5/fpulVatB1qWwHST/X7RMKUMT3l207FsGt+e6n4l1eLsb3bSEQQxQgBHyxqx5JiSNMsaEto4Ch7ljCuhb2V8i7TjKNNLGND+PqU/k8uC3lvO++eF3OHR8M4psgqWSMbxCMlckhOSJlUCCcJuSeP5Mm5cx6cZ+dl0DriDGeWyQ84rx+NpJU3</latexit>

Lemma: K = P � 1

<latexit sha1_base64="ZfCXhOXYZ+9oDysO3/3naEMkGwQ=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJRNFl0Y3LCvYBSQiT6bQdOpkMMxOxhLjxV9y4UMStf+HOv3HaZqHVAxcO59zLvfdEglGlHefLKi0sLi2vlFcra+sbm1v29k5bJanEpIUTlshuhBRhlJOWppqRrpAExREjnWh0NfE7d0QqmvBbPRYkiNGA0z7FSBsptPf8DN7XxDE9gn4eZtSn3OOhCPLQrjp1Zwr4l7gFqYICzdD+9HsJTmPCNWZIKc91hA4yJDXFjOQVP1VEIDxCA+IZylFMVJBNP8jhoVF6sJ9IU1zDqfpzIkOxUuM4Mp0x0kM1703E/zwv1f2LIKNcpJpwPFvUTxnUCZzEAXtUEqzZ2BCEJTW3QjxEEmFtQquYENz5l/+S9kndPas7N6fVxmURRxnsgwNQAy44Bw1wDZqgBTB4AE/gBbxaj9az9Wa9z1pLVjGzC37B+vgGdh2WRQ==</latexit>

{x(p, i)}i2[np]
<latexit sha1_base64="O6oD+M1+rytrLPlreXK13UmAHG8="></latexit>

think of i 2 [np] as t 2 [0, T ]

<latexit sha1_base64="6Rb7vSP9uTgoNBgdzjTvP/icFX4=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5KIohuhKAXBTQX7gCSEyXTSDp2ZhJmJUGIX/oobF4q49Tfc+TdO2yy09cCFwzn3cu89Ucqo0o7zbS0sLi2vrJbWyusbm1vb9s5uSyWZxKSJE5bIToQUYVSQpqaakU4qCeIRI+1ocD322w9EKpqIez1MScBRT9CYYqSNFNr7dXgJfZXxMB/4VHi3wQjWw0FoV5yqMwGcJ25BKqBAI7S//G6CM06Exgwp5blOqoMcSU0xI6OynymSIjxAPeIZKhAnKsgn94/gkVG6ME6kKaHhRP09kSOu1JBHppMj3Vez3lj8z/MyHV8EORVpponA00VxxqBO4DgM2KWSYM2GhiAsqbkV4j6SCGsTWdmE4M6+PE9aJ1X3rOrcnVZqV0UcJXAADsExcME5qIEb0ABNgMEjeAav4M16sl6sd+tj2rpgFTN74A+szx+FHZUl</latexit>

E =
X

k2[K]

Ek

<latexit sha1_base64="nPBBn+dBEHjU7JSLOJapdBIfho0="></latexit>

1

n

X

p2[P ]

X

i2[np]

G(x(p, i))k = 0

1

n

X

p2[P ]

X

i2[np]

G(x(p, i))2k = 1

1

n

X

p2[P ]

X

i2[np]

G(x(p, i))kG(x(p, i))` = �k`

<latexit sha1_base64="4j6P2zDWv2IJMzvwM1Fzv+k0j0Y="></latexit>

Ek =
1

Z

X

p2[P ]

1

2

X

i,j2[np]

�
(G(x(p, i))�G(x(p, j)))k

�2



Eigenvalue problem of SFA Clustering

30

P patterns 
Labelling
Classifier

Minimise sum of energies:

Subject to:
zero mean, unit variance, 
decorrelation

<latexit sha1_base64="hY/tvgReo5VUd3DwgJA1lnnCX0A=">AAACCnicbVC7SgNBFL0bXzG+Vi1tRoNgFXZFUayCFgqCRDEPyK5hdjJJhsw+mJkVwpLaxl+xsVDE1i+w82+cTbaIiQcGDufcy9xzvIgzqSzrx8jNzS8sLuWXCyura+sb5uZWTYaxILRKQh6Khocl5SygVcUUp41IUOx7nNa9/kXq1x+pkCwM7tUgoq6PuwHrMIKVllrm7iU6Q46PVc/zkrvhww1yVDgpXLfMolWyRkCzxM5IETJUWua30w5J7NNAEY6lbNpWpNwEC8UIp8OCE0saYdLHXdrUNMA+lW4yijJE+1ppo04o9AsUGqmTGwn2pRz4np5Mb5TTXir+5zVj1Tl1ExZEsaIBGX/UiTnSadNeUJsJShQfaIKJYPpWRHpYYKJ0ewVdgj0deZbUDkv2ccm6PSqWz7M68rADe3AANpxAGa6gAlUg8AQv8AbvxrPxanwYn+PRnJHtbMMfGF+/yZSZtg==</latexit>

G : RN ! RK
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Assume that G is a linear transformation consisting of weights
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Let’s assume the data has been whitened. So the constraint is
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This is an eigenvalue problem for the weights with respect to A
So minimise the energy by choosing the lowest eigenvectors of A
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P ~ number of patterns

N ~ input data size

K ~ output data size

d ~ degree of polynomial expansion

~ size of test set
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P ~ number of patterns

N ~ input data size

K ~ output data size

d ~ degree of polynomial expansion

~ size of test set
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Part 3: Clustering with Quantum SFA

Quantum Machine Learning
Dimensional Reduction via Slow Feature Analysis



Quantised SFA Clustering

Goal: Quantise (a part of) the SFA Clustering algorithm to improve run-time.

Some assumptions from our classical setting which we shall keep:
- input data                             associated with patterns                  
- total of n data points in dimension N
- assume this dimension already refers to:

- data has been PCA reduced
- data has been polynomially expanded
- data has been whitened

Final step: use quantum SVD to obtain classifier

Remember: G is matrix  weights which are lowest eigenvalues of the covariance matrix associated with the 
“derivative” of the input vectors.
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G : RN ! RP�1

Kerenidis, Luongo
Quantum classification of the MNIST dataset via Slow Feature Analysis
PRA, 2020 (arXiv, 2018)



Quantised SFA Clustering

Goal: Quantise (a part of) the SFA Clustering algorithm to improve run-time.

Final step: use quantum SVD to obtain classifier

Advantages:
- quantum-speedup from SVD calculation
- if time kept constant, then higher initial PCA and/or higher polynomial expansion may be performed

Challenges:
- data must be in QRAM
- output data is quantum state (which must be projected to one of P classes)
- requires knowledge of value of K-1, K eigenvalues (in order for SVD to project onto lowest eigenvalues)
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Ingredients in quantum SVD

- Phase estimation 
(Kitaev, Quantum measurements and the Abelian Stabilizer Problem, Electronic Colloquium on Computational Complexity, 1996)

- Amplitude amplification and estimation
(Brassar Høyer Mosca Tapp, Quantum Amplitude amplification and estimation, Quantum Computation and Information, AMS, 2000)

- SVD
(Kerenidis Prakash, Quantum gradient descent for linear systems and least squares, PRA, 2020 (arXiv 2017))

- Matrix algebra (multiplication, division, projection, composition)
(qubitisation, block encodings)
(Chakraborty Gilyén Jeffery, The power of block encoded matrix powers, arXiv 2018)
(Gilyén Su Low Wiebe, Quantum singular value transformation and beyond, arXiv 2018)
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Part 4: Is that it!?

Quantum Machine Learning
Dimensional Reduction via other techniques



Other dimensional reduction techniques

Quantum Principle Component Analysis

Lloyd, Mohseni, Rebentrost

Nature Physics 2014
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Other dimensional reduction techniques

Quantum Discriminant Analysis for Dimensionality 
Reduction and Classification

Cong, Duan

New Journal of Physics 2016
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Other dimensional reduction techniques

Quantum Algorithms for Topological and Geometric 
Analysis of Data

Lloyd, Garnerone, Zanardi

Nature Communications 2016
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Review of a Quantum Algorithm for Betti Numbers

Gunn, Kornerup

arXiv 1906.07673



Other dimensional reduction techniques

Variational Quantum Algorithms for Dimensionality 
Reduction and Classification

Liang, Shen, Li, Li

PRA 2020
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Variational Quantum Singular Value Decomposition

Wang, Song, Wang

arXiv 2006.02336



Other dimensional reduction techniques

Limitations on quantum dimensionality reduction

Harrow, Montanaro, Short

International Colloquium on Automata, Languages, 
and Programming 2011
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