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Classical shadows for tomography

• Shadow tomography
Classical shadows

The shallow-circuit measurement problem

• Soln 0: Ell-1 sampling
Soln 0: LDF grouping
Soln 0: classical shadows
Soln 1: locally-biased classical shadows
Soln 3: globally-biased classical shadows
Soln 2: derandomized classical shadows
Soln 5: overlapped grouping method
Soln 4: adaptive Pauli shadows
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Classical shadows
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Given an n qubit state and M expectation values to estimate, how many copies of the state are required?

Today’s notion of a “shadow”:



Classical shadows
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Given an n qubit state and M expectation values to estimate, how many copies of the state are required?

Today’s notion of a “shadow”:

And record the outcomes in a classically-efficient data structure.

<latexit sha1_base64="bqdmL8u6AiYRqmIhsVoP15wkiIc="></latexit>

randomly apply unitary

U

from some distribution

<latexit sha1_base64="W7DcNc5MOXkHdajxRp9d6A+EVd4=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZIuqy4MZlBfuAzlAyadqGJpkhuSOWsQt/xY0LRdz6G+78G9N2Ftp6IHA4557k5kSJ4AY879sprKyurW8UN0tb2zu7e+7+QdPEqaasQWMR63ZEDBNcsQZwEKydaEZkJFgrGl1P/dY904bH6g7GCQslGSje55SAlbruUQDsAbTMbCohmuEJDvQw7rplr+LNgJeJn5MyylHvul9BL6apZAqoIMZ0fC+BMCMaOBVsUgpSY++nIzJgHUsVkcyE2Wz/CT61Sg/3Y22PAjxTfycyIo0Zy8hOSgJDs+hNxf+8Tgr9qzDjKkmBKTp/qJ8KDDGeloF7XDMKYmwJoZrbXTEdEk0o2MpKtgR/8cvLpFmt+BcV7/a8XKvmdRTRMTpBZ8hHl6iGblAdNRBFj+gZvaI358l5cd6dj/lowckzh+gPnM8fZEyWSA==</latexit>prepare ⇢
<latexit sha1_base64="9FdeMECcXQr3cXMZMB4PrlIh5QE="></latexit> measure

in computation basis



Random Clifford measurements
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Given an n qubit state and M expectation values to estimate, how many copies of the state are required?

Today’s notion of a “shadow”:

And record the outcomes in a classically-efficient data structure.

<latexit sha1_base64="W7DcNc5MOXkHdajxRp9d6A+EVd4=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZIuqy4MZlBfuAzlAyadqGJpkhuSOWsQt/xY0LRdz6G+78G9N2Ftp6IHA4557k5kSJ4AY879sprKyurW8UN0tb2zu7e+7+QdPEqaasQWMR63ZEDBNcsQZwEKydaEZkJFgrGl1P/dY904bH6g7GCQslGSje55SAlbruUQDsAbTMbCohmuEJDvQw7rplr+LNgJeJn5MyylHvul9BL6apZAqoIMZ0fC+BMCMaOBVsUgpSY++nIzJgHUsVkcyE2Wz/CT61Sg/3Y22PAjxTfycyIo0Zy8hOSgJDs+hNxf+8Tgr9qzDjKkmBKTp/qJ8KDDGeloF7XDMKYmwJoZrbXTEdEk0o2MpKtgR/8cvLpFmt+BcV7/a8XKvmdRTRMTpBZ8hHl6iGblAdNRBFj+gZvaI358l5cd6dj/lowckzh+gPnM8fZEyWSA==</latexit>prepare ⇢
<latexit sha1_base64="9FdeMECcXQr3cXMZMB4PrlIh5QE="></latexit> measure

in computation basis

<latexit sha1_base64="+4mbNDJuL0H9V3OKtAfL2wcHLVA="></latexit>

randomly apply

Cli↵ord circuit



Random Clifford measurements
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Given an n qubit state and M expectation values to estimate, how many copies of the state are required?

Today’s notion of a “shadow”:

And record the outcomes in a classically-efficient data structure. (Symplectic representation over F2)

<latexit sha1_base64="W7DcNc5MOXkHdajxRp9d6A+EVd4=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZIuqy4MZlBfuAzlAyadqGJpkhuSOWsQt/xY0LRdz6G+78G9N2Ftp6IHA4557k5kSJ4AY879sprKyurW8UN0tb2zu7e+7+QdPEqaasQWMR63ZEDBNcsQZwEKydaEZkJFgrGl1P/dY904bH6g7GCQslGSje55SAlbruUQDsAbTMbCohmuEJDvQw7rplr+LNgJeJn5MyylHvul9BL6apZAqoIMZ0fC+BMCMaOBVsUgpSY++nIzJgHUsVkcyE2Wz/CT61Sg/3Y22PAjxTfycyIo0Zy8hOSgJDs+hNxf+8Tgr9qzDjKkmBKTp/qJ8KDDGeloF7XDMKYmwJoZrbXTEdEk0o2MpKtgR/8cvLpFmt+BcV7/a8XKvmdRTRMTpBZ8hHl6iGblAdNRBFj+gZvaI358l5cd6dj/lowckzh+gPnM8fZEyWSA==</latexit>prepare ⇢
<latexit sha1_base64="9FdeMECcXQr3cXMZMB4PrlIh5QE="></latexit> measure

in computation basis

<latexit sha1_base64="+4mbNDJuL0H9V3OKtAfL2wcHLVA="></latexit>

randomly apply

Cli↵ord circuit



Random Pauli measurements
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Given an n qubit state and M expectation values to estimate, how many copies of the state are required?

Today’s notion of a “shadow”:

And record the outcomes in a classically-efficient data structure. (Symplectic representation over F2)

<latexit sha1_base64="W7DcNc5MOXkHdajxRp9d6A+EVd4=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZIuqy4MZlBfuAzlAyadqGJpkhuSOWsQt/xY0LRdz6G+78G9N2Ftp6IHA4557k5kSJ4AY879sprKyurW8UN0tb2zu7e+7+QdPEqaasQWMR63ZEDBNcsQZwEKydaEZkJFgrGl1P/dY904bH6g7GCQslGSje55SAlbruUQDsAbTMbCohmuEJDvQw7rplr+LNgJeJn5MyylHvul9BL6apZAqoIMZ0fC+BMCMaOBVsUgpSY++nIzJgHUsVkcyE2Wz/CT61Sg/3Y22PAjxTfycyIo0Zy8hOSgJDs+hNxf+8Tgr9qzDjKkmBKTp/qJ8KDDGeloF7XDMKYmwJoZrbXTEdEk0o2MpKtgR/8cvLpFmt+BcV7/a8XKvmdRTRMTpBZ8hHl6iGblAdNRBFj+gZvaI358l5cd6dj/lowckzh+gPnM8fZEyWSA==</latexit>prepare ⇢
<latexit sha1_base64="9FdeMECcXQr3cXMZMB4PrlIh5QE="></latexit> measure

in computation basis

<latexit sha1_base64="2E6Z6le/Jd0DFoCAWFbkTp8AInw="></latexit>

randomly apply

Pauli operator



The shallow-circuit measurement problem



Shallow circuits for VQE

11

Our Hamiltonian will be on n qubits

Once a state rho has been prepared, no entangling gates may be applied.

Measurement bases will be

How does one best choose the choice of measurement bases in order to estimate the energy, given the state, 
to accuracy epsilon, with as few as possible preparations of the state?

<latexit sha1_base64="iUSoMr+rqU+IYvIXbbUhFfY5u2M="></latexit>

H =
X

P

↵PP P = ⌦i2[n]Pi Pi 2 {I,X, Y, Z}

<latexit sha1_base64="mLPSIiaMKylSnA8qBgmbjbX9GZc=">AAACG3icbZDLSgMxFIYzXmu9VV26CRbBRSkzRdSNUOrGZQV70c4wZNJMG5pJpklGKMO8hxtfxY0LRVwJLnwb08tCW38IfPznHHLOH8SMKm3b39bS8srq2npuI7+5tb2zW9jbbyqRSEwaWDAh2wFShFFOGppqRtqxJCgKGGkFg6txvfVApKKC3+pRTLwI9TgNKUbaWH6hUoOX0BWaRkT5KXUp73AvgzWfQnc4TFB3ipRDN22X7kr3buYXinbZnggugjODIpip7hc+3a7ASUS4xgwp1XHsWHspkppiRrK8mygSIzxAPdIxyJHZxUsnt2Xw2DhdGAppHtdw4v6eSFGk1CgKTGeEdF/N18bmf7VOosMLL6U8TjThePpRmDCoBRwHBbtUEqzZyADCkppdIe4jibA2ceZNCM78yYvQrJSds7J9c1qsVmZx5MAhOAInwAHnoAquQR00AAaP4Bm8gjfryXqx3q2PaeuSNZs5AH9kff0AhE+fyw==</latexit>

B = ⌦i2[n]Bi Bi 2 {X,Y, Z}



12

<latexit sha1_base64="BdHSf3aWL9psugjLE10pj8tw7cs="></latexit>

Algorithm 1 Estimation of Energy

for measurement m 2 [M ] do
Prepare state ⇢
Choose measurement basis B according to your algorithm
Measure ⇢ in basis and estimate Pauli operators

return energy estimate



Shallow circuits for VQE
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Every algorithm’s goal will be to build an unbiased estimator

whose single-shot variance is proportional to the required number of preparations of the state

<latexit sha1_base64="WkDfB2g3FfLW9OmaPJZerV+gOAM=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VpNyUpom6EgghdVugLmlAm02k7dDIJMxOhhPyBG3/FjQtF3Lp15984SbPQ1gMXDufcy733eCGjUlnWt1FYW9/Y3Cpul3Z29/YPzMOjrgwigUkHBywQfQ9JwignHUUVI/1QEOR7jPS82W3q9x6IkDTgbTUPieujCadjipHS0tA8d3ykpp4X3yUVh0dVeAMzRfhxWySw0oSOmAbVoVm2alYGuErsnJRBjtbQ/HJGAY58whVmSMqBbYXKjZFQFDOSlJxIkhDhGZqQgaYc+US6cfZPAs+0MoLjQOjiCmbq74kY+VLOfU93prfKZS8V//MGkRpfuzHlYaQIx4tF44hBFcA0HDiigmDF5pogLKi+FeIpEggrHWFJh2Avv7xKuvWafVmz7i/KjXoeRxGcgFNQATa4Ag3QBC3QARg8gmfwCt6MJ+PFeDc+Fq0FI585Bn9gfP4ABF6bUQ==</latexit>

E(⌫) = Tr(H⇢)

<latexit sha1_base64="EehnHyWhx8V6Vl3400UJnnIBYs0=">AAACGXicbVDLSsNAFJ34rPUVdelmsAh1U5Iq6kYouHEjVLAPaEqZTCft0MlMnJkUSshvuPFX3LhQxKWu/BsnbRbaeuDC4Zx7ufceP2JUacf5tpaWV1bX1gsbxc2t7Z1de2+/qUQsMWlgwYRs+0gRRjlpaKoZaUeSoNBnpOWPrjO/NSZSUcHv9SQi3RANOA0oRtpIPdvxxkiSSFEmOLyCnnqQOvECiXDihUgPZZg0kUzLHo9P0uQ2TXt2yak4U8BF4uakBHLUe/an1xc4DgnXmCGlOq4T6W6CpKaYkbToxYpECI/QgHQM5SgkqptMP0vhsVH6MBDSFNdwqv6eSFCo1CT0TWd2rZr3MvE/rxPr4LKbUB7FmnA8WxTEDGoBs5hgn0qCNZsYgrCk5laIh8jEok2YRROCO//yImlWK+555fTurFSr5nEUwCE4AmXgggtQAzegDhoAg0fwDF7Bm/VkvVjv1sesdcnKZw7AH1hfPwj6oYg=</latexit>

" =

r
Var(⌫)

M



Shallow circuits for H2O on 14 qubits
A back of the envelope demonstration of time-advantages:

Chemical accuracy requires additive-error accuracy of ~ 1 mHartree

So if I finally get a candidate density close to the true ground state, how many shots (x106) are required to get 
an average error of 1 mHartree?

14

Ell-1 sampling (2015) 4 400

LDF grouping* (2017) 1 000

Classical shadows (2020) 2 800

Locally-biased CS (2020) 250

Globally-biased CS (2021) 300

Derandomized CS (2021) 15

Adaptive Pauli shadows (2021) 12

Overlapped grouping (2021) 16

Multiply this by how many different guesses 
in VQE are required before reaching an 
accurate representation of the ground state…



Other molecules
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Qiskit LBCS GBCS Caltech APS

LiH JW 55 15 10 1 1.6

P 85 30 15 1 2.5

BK 75 70 15 1.6 5

BeH2 JW 140 70 30 3.6 3.6

P 240 130 40 8.1 3.6

BK 200 240 60 3.6 3.6

H2O JW 1000 260 300 14 12

P 2700 430 430 50 12

BK 2100 1400 530 40 10

NH3 JW 900 350 32 16

P 2600 630 44 19

BK 2150 380 14 12



Solution 1: Locally-biased classical shadows



Locally-biased classical shadows
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How do we choose our measurement bases?
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How do we choose our measurement bases?
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Locally-biased classical shadows
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Can knowledge of the coefficients locally improve random guessing à la classical shadows

<latexit sha1_base64="RfLtybG3JqDgIcJ5Eiezi3rjehE=">AAACM3icbVDBShxBEO3RGHVjkjUevTRZBENkmQkhSiAgeBFPRlzdZHscenprdpvt6R66awLLMP/kxR/xIIQcFMnVf7B33UOiPih4vFdFVb20UNJhGP4O5uZfLLxcXFpuvFp5/eZtc/XdiTOlFdARRhnbTbkDJTV0UKKCbmGB56mC03S0N/FPf4F10uhjHBcQ53ygZSYFRy8lzQOWAnL6jTIFGW6ywpp+UkkmdU/HNZ26iaTMys EQP3ylrOpu/dj6yeozTRkalnMcpml1VJ99TJqtsB1OQZ+SaEZaZIbDpHnJ+kaUOWgUijvXi8IC44pblEJB3WClg4KLER9Az1PNc3BxNf25phte6dPMWF8a6VT9d6LiuXPjPPWdkxvdY28iPuf1Ssx24krqokTQ4mFRViqKhk4CpH1pQaAae8KFlf5WKobccoE+5oYPIXr88lNy8qkdfWmH3z+3dsNZHEtknbwnmyQi22SX7JND0iGCnJMrck1ugovgT3Ab/H1onQtmM2vkPwR393Uvqig=</latexit>

� =

0

@
Y

i2[n]

�i

1

A : {X,Y, Z}n ! R+
<latexit sha1_base64="TfSoY94U5hFC6gpWqLlFmkW6Gjc="></latexit>

Var(⌫)  E(⌫2) =
X

P,Q

↵P↵Qg(P,Q,�)Tr(PQ⇢)



Locally-biased classical shadows
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Can knowledge of the coefficients locally improve random guessing à la classical shadows

<latexit sha1_base64="RfLtybG3JqDgIcJ5Eiezi3rjehE=">AAACM3icbVDBShxBEO3RGHVjkjUevTRZBENkmQkhSiAgeBFPRlzdZHscenprdpvt6R66awLLMP/kxR/xIIQcFMnVf7B33UOiPih4vFdFVb20UNJhGP4O5uZfLLxcXFpuvFp5/eZtc/XdiTOlFdARRhnbTbkDJTV0UKKCbmGB56mC03S0N/FPf4F10uhjHBcQ53ygZSYFRy8lzQOWAnL6jTIFGW6ywpp+UkkmdU/HNZ26iaTMys EQP3ylrOpu/dj6yeozTRkalnMcpml1VJ99TJqtsB1OQZ+SaEZaZIbDpHnJ+kaUOWgUijvXi8IC44pblEJB3WClg4KLER9Az1PNc3BxNf25phte6dPMWF8a6VT9d6LiuXPjPPWdkxvdY28iPuf1Ssx24krqokTQ4mFRViqKhk4CpH1pQaAae8KFlf5WKobccoE+5oYPIXr88lNy8qkdfWmH3z+3dsNZHEtknbwnmyQi22SX7JND0iGCnJMrck1ugovgT3Ab/H1onQtmM2vkPwR393Uvqig=</latexit>

� =

0

@
Y

i2[n]

�i

1

A : {X,Y, Z}n ! R+
<latexit sha1_base64="TfSoY94U5hFC6gpWqLlFmkW6Gjc="></latexit>

Var(⌫)  E(⌫2) =
X

P,Q

↵P↵Qg(P,Q,�)Tr(PQ⇢)

<latexit sha1_base64="h+o7IP805RmwYZxOCw9UKbuFVAk=">AAACEXicbVDLSsNAFJ34rPUVdelmsAh1UxIRdSMUBOmygn1AE8pkOm2HTjJh5kYosb/gxl9x40IRt+7c+TdO2iy09cDA4Zx7mHtPEAuuwXG+raXlldW19cJGcXNre2fX3ttvapkoyhpUCqnaAdFM8Ig1gINg7VgxEgaCtYLRdea37pnSXEZ3MI6ZH5JBxPucEjBS1y57IYGhClMqNUzKXsCA4AfsqaHsprWbyQm+wl5Pgu7aJafiTIEXiZuTEspR79pfJkeTkEVABdG64zox+ClRwKlgk6KXaBYTOiID1jE0IiHTfjq9aIKPjdLDfanMiwBP1d+JlIRaj8PATGb763kvE//zOgn0L/2UR3ECLKKzj/qJwCBxVg/uccUoiLEhhCpudsV0SBShYEosmhLc+ZMXSfO04p5XnNuzUtXJ6yigQ3SEyshFF6iKaqiOGoiiR/SMXtGb9WS9WO/Wx2x0ycozB+gPrM8fySmc5g==</latexit>

cost(�|⇢HF ) = . . .



Locally-biased classical shadows
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Can knowledge of the coefficients locally improve random guessing à la classical shadows

<latexit sha1_base64="RfLtybG3JqDgIcJ5Eiezi3rjehE=">AAACM3icbVDBShxBEO3RGHVjkjUevTRZBENkmQkhSiAgeBFPRlzdZHscenprdpvt6R66awLLMP/kxR/xIIQcFMnVf7B33UOiPih4vFdFVb20UNJhGP4O5uZfLLxcXFpuvFp5/eZtc/XdiTOlFdARRhnbTbkDJTV0UKKCbmGB56mC03S0N/FPf4F10uhjHBcQ53ygZSYFRy8lzQOWAnL6jTIFGW6ywpp+UkkmdU/HNZ26iaTMys EQP3ylrOpu/dj6yeozTRkalnMcpml1VJ99TJqtsB1OQZ+SaEZaZIbDpHnJ+kaUOWgUijvXi8IC44pblEJB3WClg4KLER9Az1PNc3BxNf25phte6dPMWF8a6VT9d6LiuXPjPPWdkxvdY28iPuf1Ssx24krqokTQ4mFRViqKhk4CpH1pQaAae8KFlf5WKobccoE+5oYPIXr88lNy8qkdfWmH3z+3dsNZHEtknbwnmyQi22SX7JND0iGCnJMrck1ugovgT3Ab/H1onQtmM2vkPwR393Uvqig=</latexit>

� =

0

@
Y

i2[n]

�i

1

A : {X,Y, Z}n ! R+
<latexit sha1_base64="TfSoY94U5hFC6gpWqLlFmkW6Gjc="></latexit>

Var(⌫)  E(⌫2) =
X

P,Q

↵P↵Qg(P,Q,�)Tr(PQ⇢)

<latexit sha1_base64="8DR2kT6aOKmlQbSWc9tjOkRPAhg="></latexit>

costdiag(�) =
X

P

↵2
P

1Q
i|Pi 6=I �i(Pi)



Solution 3: Globally-biased classical shadows
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Decision diagrams
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Decision diagrams
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Decision diagrams
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Solution 4: Adaptive Pauli shadows
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Adaptive Pauli shadows
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<latexit sha1_base64="8DR2kT6aOKmlQbSWc9tjOkRPAhg="></latexit>

costdiag(�) =
X

P

↵2
P

1Q
i|Pi 6=I �i(Pi)



Adaptive Pauli shadows
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<latexit sha1_base64="8DR2kT6aOKmlQbSWc9tjOkRPAhg="></latexit>

costdiag(�) =
X

P

↵2
P

1Q
i|Pi 6=I �i(Pi)

Let’s choose each qubit’s probability on-the-fly.



Adaptive Pauli shadows
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<latexit sha1_base64="8DR2kT6aOKmlQbSWc9tjOkRPAhg="></latexit>

costdiag(�) =
X

P

↵2
P

1Q
i|Pi 6=I �i(Pi)

Let’s choose each qubit’s probability on-the-fly.

Let’s start with the first qubit:

Subject to beta being a probability distribution.

<latexit sha1_base64="Gxg6egYevU6w+v5lahAWxE51vyU="></latexit>

cost(�1) =
cX

�1(X)
+

cY
�1(Y )

+
cZ

�1(Z)



Adaptive Pauli shadows
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<latexit sha1_base64="8DR2kT6aOKmlQbSWc9tjOkRPAhg="></latexit>

costdiag(�) =
X

P

↵2
P

1Q
i|Pi 6=I �i(Pi)

Let’s choose each qubit’s probability on-the-fly.

Let’s start with the first qubit:

Subject to beta being a probability distribution.

This cost function has an analytical solution!
Pick the basis B1 from this distribution.

<latexit sha1_base64="Gxg6egYevU6w+v5lahAWxE51vyU="></latexit>

cost(�1) =
cX

�1(X)
+

cY
�1(Y )

+
cZ

�1(Z)



Adaptive Pauli shadows
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<latexit sha1_base64="8DR2kT6aOKmlQbSWc9tjOkRPAhg="></latexit>

costdiag(�) =
X

P

↵2
P

1Q
i|Pi 6=I �i(Pi)

Let’s choose each qubit’s probability on-the-fly.

For ith qubit, only look at Pauli terms for which it is still possible to 
provide an estimate upon eventual measurement

<latexit sha1_base64="mpgPy8hNO49ePxv2gDhEjQ+Jn74="></latexit>

cost(�i) =
cX

�i(X)
+

cY
�i(Y )

+
cZ

�i(Z)



Adaptive Pauli shadows
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<latexit sha1_base64="8DR2kT6aOKmlQbSWc9tjOkRPAhg="></latexit>

costdiag(�) =
X

P

↵2
P

1Q
i|Pi 6=I �i(Pi)

Let’s choose each qubit’s probability on-the-fly.



Time to run VQE for some molecules
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Qiskit LBCS GBCS Caltech APS

LiH JW 55 15 10 1 1.6

P 85 30 15 1 2.5

BK 75 70 15 1.6 5

BeH2 JW 140 70 30 3.6 3.6

P 240 130 40 8.1 3.6

BK 200 240 60 3.6 3.6

H2O JW 1000 260 300 14 12

P 2700 430 430 50 12

BK 2100 1400 530 40 10

NH3 JW 900 350 32 16

P 2600 630 44 19

BK 2150 380 14 12


