
Lusztig's Canonical bases

Setup g of type ADEN Ugly quantised UEA

Root data PCS CA W Weyl group
simple positive

We say

di α adjacent theircorrespondingnodesintheDynkin diagram are adjacent

i α

Construction Tingley 2017

In Ugly we have generators

KIEL Ei α FIEL LIES

But what about other roots

Im fix a reduced expression wo sii.is in

Af in Sinkiel Sinsilding Siiisinkiel
Enumerate A via reflections on Ugly



Braid group action

Ref OnUgly for hieß define the automorphism Tiof4,1g via

Fi dit di

Tilfil Fifi gfif di α

Kif did

E di

Tilfil Eifi geil di α

Fi k did

k di

Tick Kiki di α

KT did



The Ti satisfy the braid relations

Titi Titi dit α

Tititi Titit Lai α

Def Denote Lin in for the
reduced

expressionwosii.i.si

We define

Fi β Fin

Film Tin Fi

Fi β TinTinFi

Fi ßN Tin Tianfin
RE In fact wth Fi β Sin sind p



Ex g se

1 Wo Snsesn Then 1 1112,1 We have

MPaßl 1 1 hattehat and

Fips fi.pyfi.pe F1 FzFigFiFzFz

2 wo 525,52 Then 1 12,1 2 We have

MPaßl 1 2 hattedel and

Fips fi.pyfi.pe Fz fnfz gFrfn

FelRefForatINoNandmo sii sin define

F Für Fifi Fi.fi where

fi.pl E I
Thm lPBWIFixwo sii sin.Theset

Bi Fi GEN is a QQ basis of Ugly

But are different PBW bases linked



Imf Fix wo sie sin Consider

Spanzaßi

Ehen

Li is independent of the reduced expression i

ii The basis Bitch in 2 92 is independent of i

RMI Suppose i and it are connected via a

braid move at l yikiiktn.int

Then we have F find 9L where

altar for volk Kts ktly and

9k Max akts Glantakte 9k

alarmin 29k9kt

EIKEMax 9km941 96 9kt



EI g Sly 41141 i 12,1121

FÜFÜÄÄEF.ir fii fii modqd

Recall The bar involution Ugly Ugly

E Ei Fi Fi Ki Ki 9 91

Ihm Fix reduced expression i and atNYThen

F Fit Snap la Fi where

PG.laEECq

where alla wtlfil wtlf.tl
and altexa inne

here als innexa means if klar an allah all

an a 1am 191



Ihm There is a unique basis R of

Ujlgls.t.li
BELLii
Btgh BitqLinL qL for some reduced expression i

iii FEB 5 6

Additionally the basechange Bi B is unit triangular

with coefficients in 91cg

We can β the canonical basis

Proof Induction on for a fixed Elin in

15 Minimal elements are in B

21 Assume β is constructed for an aka

Then F tafap g b paa.iq fIC9

i7ButFFF



Fi F Gap la ba'taEap ilitba

pälal pila
p9 la qf 19 q'f9.1q forsumef

l9ltEC9JSetb9F Eaf g bat

Then

5 F t.EE 191 EDba EEElba

b9Exa
mple Forg se we have

B FI FIFI F FI beate
where

fünf ETF2
is considered once



Properties of β

i bbloß bb Eciib w Chi EINE9,93
HEB

Lii Given Ept BH bEBlb.to is a basis of

X Vldl has structure constants in ING

We call BIN the canonical basis of Vlt

iii Given XMert and GEBIN b EBCM

bob EUälg Hä g

sit bob bohlt Eifglasht by fatal ca
YE BLM

ickChill

for an order and lb Ob baldhießen

Satisfies similar properties to the canonical

bases

For details on (iii), see Theorem 24.3.3 (in section 24.3) in 
Lusztig’s book.
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