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Topics
- Introduction and Background
- Steel's proof of the DMT via flipping functions andgenericity iterations

&

- Miller-Sargsyan Derived ModelRepresentation of L(rP,R)
after collapsing a supercompact cardinal

- Sealing
- Beyond PH) : the uB-powerset and to (M

. -Sargsyan)
- Chang-type models and LSA (Koschat-M.

= Sargsyan)



Woodin's Derived Model theorem (and its

variants) is the key method to produce
models of determinacy

Theorem (Woodin "Baby" Derived ModelTheorem) :- C

let x be alimit of Woodin Cardinals, let H=Collo, <7) be X-generic

Then ,

LCR) EAD,

whereRF=URYTHnd]
Theem(Woodin ,

Drived mode theorem) :

This is the

Let I be a limit of Woodin Cardinals, let
H = Colli

,
<x

one we are

be v-generic. Then
S 3 interestedin

(1) LCR Hom
* ) FADT this week.

12) Hom = (AEH1 A is Suslin
and co-Justin in

LIRHom. woodin proved

(Woodin
,
New Derived Model Theorem

this using
Theorem stationary
-

Let X be a limitofwoodenCadallolal tour forcing.
be V-generic.
Let A = GBEH

*

1 BEV(HY) and LCB,
R

* (FAD
+]

.

Then
,
11) For B,

CEA ,
either L(B,REL(GT) or L(G,#) = LIB,

R
*

).

(2) LlA,
R

* ) #ADT

Are there derived models ofAD that are not ofthe formLCPLHD?
an-Wilson model of

-> Larson-Sargsy
AD+all setsare universally Baire

If we will see examples in thistutorial of the form

LluBp), L(yYuBp) ,
LI

,uB)[@club fitter "Chang-type
-> Nairian models in Eigor'stutorial onOwlu) models



Why should we care about such models
of determinacy ?

-> Models of AD are heavily used in Cove Model Induction

to climb up theLarge Cardinat hierarchy le
.g, to obtain

lower
bounds for PFA)

A current obstacle in this methods is to construct

canonical models of AD with non-trivial sets of sets of reals/
structure above their Y

Isee Sargsyan-Trang ,
"The exact consistency strength of Sealing")

-> More recently , models of AD have been very successfully
used as ground models for forcing via Woodin's

max

(latson, Sargsyan) Facture of K itability conjecture below WLW
Nairian models(Blue, Larson

, Sargsyan) Extensions of this via-
↑

[see Grigor's tutorial] chang-type models of
AD

L(X) for Xy=U(HODIB)" foranor dine at

Again, the key is to construct canonical models of AD
with non-trivial sets of sets of reals I structure

above
their $ .

One issue here : These Chang-type models of AD and other

strong determinacy
model

, e
.g. LSA

models
,
are

currently extremely difficult
to obtain.

The proof of their existence uses very deep
had mouse theory

Our arguments will be had mouse free , they use supercompact cardinals.



Goals in this tutorial

I
. "Elementary" proof of DMT (Seet)

lusing genericity itrations

I . "Elementary" proof of Seating
(M . -Sargsyan)
t

after collapsing a superconpac

(representing (CN,M) as a derived model)

III . Using
this to construct a model of determinacy
land sealing) with non-trivial

sets of setsof reals

I. If time allows, Chang-type extensions and
LSA

Isee also Koschat's talk)



I . Proving the
DMT

with genericity
itrations



Background/Preliminaries
Idea : A set is homogeneously Suslin in We start by introducing.

case it is continuously reducible to themeasures and

wellfoundedness of towers of measures. homogeneity.

H

auto

W ->

· =>

·



&orem (Martin-Solovay ,
Woodin

,
Martin-Steet) :

Let AER
,
S cardinal

.

A St-universally Baire
,

SWoodin
A S-homogeneous #/

Woodin
ofthisBakeastawayup t

↓,
A <8 weakly homogeneous

A 8-weakly homogeneous Ast-weakly homogeneous, &Woodin

key ingredient :

↓ ↓

Marn-Solavya A <8-homogeneousJAis 6-universallyBaire

-lay : If I is a limit of Woodin cordinals,

↳ Martin-Solvay free for hou systems, Homex = uBx.
there is a more complicated version

from weak hom , system



...

We

(s
↑

i.e
.,
the natural direct limit

ofJetSY, Mxin) form
is well-founded.

D

YIHPL)

Of Use herethat At Homan
is y-uB in VIIic)

.

-

L (R*, Hom
* ) is called a -drivedmodel ofVat y .

We will also say
"the" derived model satisfies some formulat as

by homogeneity of the forcing) the theory of LCK, Hout does not
depend on the choice of H.



The Derived ModelTheorem

cover(DMT, Woodin)
:

·

What is the strategy to prove this ?
I both in the stationary tower and in
the genericity iteration argument)

Theorem (Woodin, Reflection Lemma) :

-

Let G be Colle,x)
-

generic overV where I
is alimit

of Woodin Cardinals .

Let At Homanwhere hax

Let the a sentence in the language of set theory with
two additional unary predicate symbols and sps· that
FBER

* /BeL(RtHom) a (HCY EAF,BIFY)
,

viGia) n (H(VEGiD
,
E

,
A

,B) 7)
·

the /Bet HOME

LCR* Hom) FAD follows easily from the Reflection
Lemma:



Proof of the rest of the DMT from the Reflection
Lemmai



We will sketch Steel's genericity
itration proof of the Reflection
Comma

Steel's stationary -tower-free proof uses the following
:

(A)

As noticed by Schlutenberg ,
the original proof

of this theorem
also uses the stationary tower.

Sahlutzenberg-Steel found
a new proof of (* )

not using the stationary tower.

Another ingredient :WindBus Lemma
D

We omit the proof here. It cary for example, be found in Steet's
notes on the stationary-tower-free proof of the DMT.



Our first main tool : Flipping Functions

!

Proof of the Flipping Lemma :

mu

Working inV (this is where we need to construct f) , pick for

each refounded tower TWy setsMi witnessing
the

M

fact that it is not countably complete (i.e, is illfounded)
That means

,
there is no f s .

t
.
VI/fTiEA) ·

For
any finite

towers of 4-measures and ithlo) , let

Bi=1Avery .

As 1Y1 < S and Y-measures are st-additive, BED; forall i (eachA Mi = 0
:

for icthio)
,
wept)

·

Let loteT iff Vick(trieBi) for arbitrary finite towers of- measures

&to YW
quen T is a tree and ptT] is the set of wellfounded - Thyboth in X and in

Moreover
,
F is 8thomogeneous (where for eachto the

grric extensions by
homogeneity measure is

given by the last forings of
size S

.

Note that T is atree measure in 5).

on RXU for some setts of size 28.
As Tisst-homogeneous and

6 isWoodin
,

we can
let S be the Martin-Solovay

free projecting to TWy / PET) · By Martin-Steet (proof ofPD),Sis

-homogeneousforsomsayswesedbyahomyse anit functiony-> meas
Notethat we can arrange the Martin-Solovay free such thatI is 1-to-1 -

A



Our second main tool : Genericity Iterations

(There is another genericity iteration due to
Woodin which

wewill not need here
. I

Proofs of thesegenericity iteration results canbe
founch in Neeman's (and Steel's) chapters in
the handbook of set theory.



Proofof the Reflection Comma (sketched)
First find BELIR

Hax).
-

R-genericityitration :

Fix a generic
enumeration

(xi : ico) ofH -

Build itrationt

via genericity iterations .

Vo M

-4
realization

[ExilickD To In In

Jk M = Mo -> M
,

<M2- ...

- Mr
make make

Ableagar- in

Hom = U<pin"l
Mr FT is 2Xw absolutely

complemented)

-

-

↳The proof ofthis subclaim is when

flipping functions get used.
We

weef
flipping functions

in action

derivedmodel representation,
theMsagsynahe argument here.

The Subclaim finishes the proof of Claim 1. Second,
minimize ordinal

parameters to get
BeHom

me
Showing that is Hom* now completes the proof .

I



# Proving Sealing with

genericity itrations

(from a supercompact



SealeigShoenfield's Absoluteness theorem impliesthat El-factsare forcing absolute

Theorem (Steet,
Woodin) :

-

Suppose there
is a proper class of

Woodin cardinals.

Let VEg) = Vigth) be set-generic
extensions of V.

Then

(1) LCH) FAD and there is an elementary embedding
j : LCRg) -> LCRgeh);

"RVIg)

12) for any universally
Baire set A

,
LCM,A) FAD and there is

an elementary embedding
j : LCRg , Ag)-LghAg. .

I

of A from Y to VEg) ,
i . e. PETYig) for A= pET)".

Does the same hold for the
model with all B sets?

Definition (Woodin)-

Sealing is the conjunction of
(1) For any

g
setgeneric over

V,

LRg , uBg) # ADt,
RYEg)

*
(uBB)YIg)

and OlRgnLCRg , uBg) = uBg ,
and

12) for any g,h consecutive setgenerics over X
, there is an

elementary embedding
j : LIRg , uBg) -> LIHgon , uBgzn(

such that j(a) = An for any
At uBg.

#Remark : Already (1) is not easy ·
E

.g .,
111 implies that Seating

cannot hold in mice lassuming that mice have an L(H, uB) - wellorder of their reals.



SeaThe consistency of Ying
Them (Woodin) :

Suppose there is a proper class of Woodin cardinals.

LetI be supercompact andg Collo
,
2") -

generic over V
.

Then Seating holds
in VEg).

↳ proved using stationary tower forcing
Ourgoal for this part of thetutorial :

-

Stationary- tower-free proof of
Woodin'sSeating theorem

( for ge Collo , 22")) using flipping functions
and

genericity iterations, due to M
.-Sargsyan .

Theorem (Sargsyan-Trang) :

Sealing is consistent from a Woodin limit of Woodin
cardinals &

↳
Sargsyan-Trung identified

the exact consistency
↳ strength of Sealing
their proof uses heavy had mouse machiney

Theorem (Sargsyan-Trang) :

ofWoodin cardinals and as-

SpS.There is a proper class trong
cordinal and suppose self-iterability

holds .
Then Sealing holds

-

after collapsing the successor of the
least strong cordinal

to be countable
.

&

Question : Is there a large cordinal that implies Sealing ?



Out main goat is to prove the
following derived

model representation
for LIT , Rgeh) Write

uB =Mo.

IM
. -Sargsyan)m

N B

⑬

The fact that LluBgon, Rgen) EAD follows from this
just as in the derived model theorem.
We will give the

details how to obtain sealing from the
DMR later .



We now prove the Derived

Model Representation (DMR)
We are aiming for the following picture

:

linspired by Trung-Sargyan proof from sefitability)
Let ge Coll ,

z2
*

)
·

1 I

(Ailic) of uB We omit the

Fix enumerations (xi li<w) of Agand g.
further foraugh

-

Of realizations fornotational

- simplicity.)
O

&=
Make x2

, Az

generic

D Make X1
,

An
generic

Make yo
,to

generic

=Some points to keep in mindI
· Need to ensure AitMi for all i (in fact ,

a hom-system
i for Ai)

· VI need to be sufficiently large thatj(X)

we can keep realizing
it to get itrability

as in the Martin-Steel itrability proof
· We prove the Derived

Model Representation for Mos
stated

can then apply the same extender to V to obtain the theorem as

· What does it mean to make a uB-setgeneric?
We want to add a homogeneity system witnessing

pa"Stellingsystems Aitton*, in
11

articular
,
the homogeneity system.

* needs to "survive further ultrapowers and its

completeness needs to increase with moving up 1.



the setup for proving
the DMR

-

Leto beColli ,2%
-

The setup inV :

generic over V . 8: Woodin
cardinals

For notational set of
measures

(xi/icc) , (Ailica
simplicity ,

we givst Ess
measst enumerations ofRg , uBg

showthattorssa For each icw
, fix hom-systemI =(pstw)Wa S

.

t
.

SoandIt is we Ai =S

f :Thie->NNW
, flipping

for G-Collw ,
coig) -

function,
generic

over M.

The general case for gah if
is a straightforward Jurai M = fo"generalization.

fortwiths setting P =O) Mil Fe "Th
/

Jin our simplified

flippinis on TY"

Reflect the hom. systems to small
substructures

Wil

- identifying the measures

Ou
inh with the
X-measures they are

coming from

But we are notassuming
We aim to "itrate these blocks" pointwise - itrability forY.



Details of the setup



Use the supercompact to ensure

realizability and hence itrability

Difference between
blocks and

weak blocks
:

In a weak block we do not

the critical points of
require
Si to be above

11 /which

is the case for it in ablock).

In fact, in our weak blocks

we will have wit(vi) = K.

↳ So we can use these homogeneity systems
for our argument .

The proof of this lemma

already uses flipping functions
.

Why can we realize into Vix) ?
The models M: and their iterations are hulls of V*Mature countable in V

*

Eg).

Note : This
=JoieVig) as (V&IXV* So we can run the

does not work

withoutas Martin-Steel itrability proof , realizing into
Y*g) ·

This works

the iTi-copies
of the itrations
on V are not abovek

, because the iteration copied on V
*
will be above K(as j(k) > K

,
so 5: (K) > K for all icw) .

5ieV
*

[g) uses (x4*_N*



One step : Making a
real and a nB-set

garic
The setup in

Making xandAsome Mi

sorg

·
are



The hom. stems that we made genericsy
in fact characterize A

To extend this characterization
to

we use uB-preservingultra powersextenders


