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In [25], Steel develops a translation procedure that
can be used to prove Woodin’s result that

ZF +AD" + 6, < ©
is equiconsistent with
ZFC + there is a pair of cardinals x, A such that
A is a limit of Woodin cardinals and & is <A-strong.

Steel’s translation procedure in [25] originates from work of Closson, Neeman, and
Steel and was later extended by Zhu in [33]. Steel’s and Zhu’s constructions use
AD™ theory and work in a specific hod mouse, more specifially, they use a real
parameter for the translation. Therefore, their constructions have the disadvantage
that the translation cannot be done in HOD itself but only in HOD of a real.

. gwﬂgamg’*fmw@m‘m preoclues in dascriphive s moce€ 4@*{15 P17 )

THEOREM 2.8. Suppose K is a translatable structure. Then, in I, there is a
proper class premouse M such that M has a proper class of Woodin cardinals and
a strong cardinal.

QUESTION 3.1 (Wilson). Assume there are proper class of Woodin cardinals.
Suppose the class

S ={\: X is a limit of Woodin cardinals and the derived model at \ satisfies
ADT + 90 < @}

s stationary. Is there a transitive model M satisfying ZFC' such that Ord C M
and M has a proper class of Woodin cardinals and a strong cardinal?

We show that the answer is yes.

THEOREM 3.2. Suppose there are proper class of Woodin cardinals. Assume
further that the class S above is stationary. Then there is a transitive model M
satisfying ZFC' such that Ord C M and M has a proper class of Woodin cardinals
and a strong cardinal.
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Definition 3.20. Let W be a proper class hybrid strategy premouse in the sense
of [13, Chapter 1]. Then W is a translatable structure iff there is a sequence of
ordinals (d; | i < w) such that W satisfies the following conditions.

(1) WE “6; is a Woodin cardinal and a cutpoint for every i < w and these are
the only Woodin cardinals”.

(2) In W, let P° = Lp®(W|dp) and P’ = Lpuz,"lm(W\(s,-) for i > 0, where
¥; denotes the strategy for P?. Then P° is suitable at ko and P? is ¥;_1-
suitable at x; for every i > 0.

(3) % is a super fullness preserving iteration strategy for P? with hull conden-
sation such that W is generically closed under ¥; and there is a set of term
relations 7(¥) C P? such that whenever g is Col(w, P?)-generic over W and
(T,E“ | k < w) is a generic enumeration of 7V in W[g], then (X;)9 is strongly
guided by (‘r,ii) [k <w).

(4) W is internally (Ord, Ord)-iterable.

(5) WE “there is no inner model with a superstrong cardinal”.!?

(6) Let &, be the limit of ¢;, i < w. Let G be Col(w, <d,,)-generic over W
and let M be the derived model computed in W(R*). Let & = (XW)¢ |
HCM for W = @, %. Then ® € M and in M, LpZ*(W|5;) is a ;-
suitable (-iterable ®-premouse (cf. [14, Definition 2.7] for the definition of
(-iterability).

Definition 4.3. Let W be a translatable structure with Woodin cardinals (d; | i <
w). Let (k; | i <w) be a sequence of cardinals such that for each i < w, k; is the
least <d;41-strong cardinal above §; in W. We say (M¢, N | € < E) is the mouse
construction (or short M-construction) in W for = < Ord if it is given inductively
as follows.
(1) A is the result of a fully backgrounded extender construction in W)|d; .
(2) For£+1<E,if M¢ = (Jf, €, E.0) is a passive premouse, we define Neia
as follows.
(a) If there is an extender F* on the sequence of W and an extender
F over Mg, both with critical point & ¢ {s; | i < w},'" such that
(JE, e, E, F) is a premouse and for some v < a, VY, € U(W, F*)
and B
Flv=Fn(v<xJE),
we let!? B
Newr = (JE €, E, F).

(b) If (2a) fails and there is an extender F'* on the sequence of W and an
extender F' over Mg, both with critical point x = x; for some i < w
with o < §;41,'% such that (.lf.e. E,F) is a premouse and for some
v<a, VY, CUI(W, F*) and

Flv=Fn(v<xJE),
we let .
Newr = (JE €,E,F).
(¢) If (2a) and (2b) fail and there is a generically countably complete

extender F' in W with critical point x; for some i < w such that
a > 041 and (JE €, E, F) is a premouse, we let

Newr = (JE €, E,F).
(d) If (2a), (2b) and (2c¢) fail, we let
Neyr = (JE €, E,0).
In all cases, we let M¢y = Co(Neyr), if it is defined.
(3) For E+1 <Z,if Mg = (Jf. €, E, F) is active, we let
N{+1 = (Jl{‘:_;,l. €, B, 0)
for E' = E~F. Moreover, we let M1 = Cy(Negr), if it is defined.

(4) If X < Z is a limit ordinal or A = Ord, we let Ny = M, be the unique
passive premouse such that for all ordinals 8, w3 € N, N Ord iff ./“,V“
is defined and eventually constant as a converges to A, and for all such
wfB € NynOrd, J",N" is given by the eventual value of ],;v as « converges
to A

We say the M-construction breaks down and stop the construction if C,,(Ng) is
not defined for some £ € Ord. Otherwise we say the M-construction converges and
M = Mqy,q is the result of the construction.

Theorem 1.2. Let W be a translatable structure as in Definition 3.20 and let M be
the result of an M-construction in W as in Definition 4.3. Then M is a countably
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Definition 4.1. We say a (k, \)-extender E is generically countably complete if
it is countably complete in all <k-generic extensions, i.e., whenever P is a partial
order with |P| < x and G is P-generic over V, then in V[G], for every sequence
(ai | i < w) of sets in [\]<“ and every sequence (4; | i < w) of sets A; € E,, there
is a function 7: |J; a; — & such that 77a; € A; for each i < w.
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iterable proper class premouse with a cardinal X\ that is a limit of Woodin cardinals

and a limit of strong cardinals.
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Definition 6.1. Let A be the result of an M-construction in some translatable
structure or an iterate of the result of such a construction. Write (k2,6 | i < w)

for the sequence of the specific cardinals x; and §;, i < w, chosen in the definition
of the M-construction.

(1) An extender E on the AN-sequence is called strongness witness or non-
backgrounded iff the critical point of E is k7 for some i < w and the length
of E is above Jf\il. Otherwise we say F is backgrounded.

(2) An iteration tree 7 on N is called almost linear on strongness witnesses iff

(a) for all @ +1 < 1h(T) such that E] is a strongness witness we have
predy(a+1) € [0, @], where pred} (a+ 1) denotes the unique ordinal
[+ 1 such that M?_H is obtained as an ultrapower by a strongness
witness E,, and 11 predy(a+1)’ M T 5 MT
via backgrounded extenders, and

(b) any e < Ih(7) has only finitely many 7-successors 3+ 1 such that E';,r
is a strongness witness.

pred(a+1) 1s an 1teration

The following lemma uses similar ideas as the proof of [21, Lemma 2.4].

Lemma 6.2. Let N be the result of an M-construction in some translatable struc-
ture. Then any normal iteration tree T on N is almost linear on strongness wit-

nesses.
Lemma 6.3. Let i < w, suppose (IH); and let
T W= W|Q
m pma for some sufficiently large®' Q be such that letting crit(r) = v, W|k; CW, (k;,0; |

range of w, v € (K, 0;+1) is an inaccessible cardinal in W, and 7(v) = §;+1. Let
M be the collapse of MUV |Q. Then M is (d;41,0;41)-iterable with respect to
extenders with critical point above K;.

W‘O&&/ﬁ W j < w) € rg(n), the sequence of models of the construction of MUV |Q is in the
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applying a single non-backgrounded extender FE.
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