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Abstract

Assuming AD" 4+ V = L(P(R)), we show that the Ultrapower Axiom holds in
HOD; for every w-sequence of ordinals s. We use this result to analyze the structure
of Nairian models [2} [3], showing that they contain many measurable cardinals. As an
application, we establish the consistency of the existence of infinitely many consecutive
measurable cardinals in ZF set theory, relative to a Woodin limit of Woodin cardinals,
solving a question of Henle, Mathias, and Woodin [16]. From the same large cardinal
hypothesis, we produce a model of ZF in which every uncountable cardinal is singular;
Gitik’s original construction requires a proper class of strongly compact cardinals.

1 Introduction

The Axiom of Determinacy (AD) produces an intricate structure theory for sets of reals and
cardinals below O, the supremum of all ordinals that R surjects onto. A natural question
is whether this theory can be generalized in some way to a global structure theory for all
sets and all cardinals. Recent work of Blue-Larson—Sargsyan [2] B] offers a precise way to
approach this question: under strong determinacy hypotheses, a candidate global theory
emerges in Nairian models, a family of inner models of ZF built using definability from
countable sequences of ordinals.

Blue—Larson—Sargsyan’s results on Nairian models rely on tools from descriptive inner
model theory, particularly the fine-structural analysis of the inner model HOD in models of
determinacy. An obstacle to our current understanding of Nairian models is that no general
fine-structural analysis is known for models of the form HODg, where s is a countable
sequence of ordinals. Building on work of Woodin, we develop an abstract comparison
process for such models, which shows that they satisfy the Ultrapower Axiom (UA), a set-
theoretic principle introduced by the first author [7] that captures part of the combinatorial
content of fine-structural comparison without reference to fine structure.

Theorem Assume ADT +V = L(P(R)). Then for all s € Ord”, HOD, satisfies UA.

A central conjecture of inner model theory is that under AD" +V = L(P(R)), HOD is
a fine-structural inner model. Woodin confirmed a precise consequence of this conjecture
by showing that under AD' + V = L(P(R)), HOD satisfies UA. We reorganize the proof
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of Woodin’s result and extend it to HODg for every countable sequence of ordinals s. The
theorem hints that HOD; might admit a fine-structural analysis, but this remains unclear.

We use Theorem [2.8] to study measures in Nairian models. The basic idea is to analyze
the restrictions of these measures to HODy. Instead of using fine structure in HOD;, we use
the theory of supercompact cardinals under UA [7]. An interesting feature of our approach
is that this theory, which was originally developed to predict the structure of inner models
with supercompact cardinals, finds concrete applications to models that do not contain an
inner model with a supercompact.

We state our theorems in the context of

AD' +V = L(P(R))

Fix an ordinal £ < ©. The extended Nairian model at § is the class N¢ of all sets hereditarily
ordinal definable from a bounded countable subset of £&. Thus,

Neg =HODy,, I¢={s €&’ :sup(s) <&}

Blue-Larson—Sargsyan denote this model by Ng‘ .

We are interested in the situation where ¢ is strongly inaccessible in N¢. Blue-Larson—
Sargsyan show that this is consistent relative to a Woodin limit of Woodin cardinals. In
this case, the Nairian model N = N¢ N Ve is a model of ZF exhibiting global determinacy
phenomena. From now on we assume & is strongly inaccessible in N.

As usual, |X| < |Y| means there is an injection from X to Y and |X| <* |Y| means
there is a surjection from Y to X. Let

R(X) =sup{a € Ord: o] < |X|}, O(X)=sup{a € Ord: |a| <*|X|}
Theorem Let H = HOD. Inside Ne, suppose n < & is a reqular cardinal satisfying:
(1) For all o <n, P(a) C H(n™).
(2) For all o <n, O(a®) <.
Then either n is measurable in Ne or H correctly computes all finite successors of n*+.

In the known Nairian models, H does not correctly compute a single successor cardinal
below £, so the measurability conclusion holds. Letting A = (77""“)N€7 correct computa-
tion of successors in particular implies that some ordinal x < 77+ is <\-supercompact in
HOD, whereas Blue-Larson—Sargsyan always assume Steel’s HOD pair capturing hypothesis
(HPC) [23].

Indeed, for our applications of Theorem [3.23] we adopt Blue-Larson—Sargsyan’s hypothe-
ses:

ADg + O is regular + V = L(P(R)) + HPC (1)

We also assume that
N=N:NVg

is a minimal Nairian model in the sense of [3, Definition 1.1].
We apply Theorem [3.23|in N to the sequence of cardinals

(O(Vy):a<§)



These are the choiceless analogs of the Beth numbers. These cardinals are closely related to
the strong cardinals of HOD N Ve. Note that ©(V,,) = w1 and ©(V,,4+1) = ©. It is a theorem
of ZF that if o is a limit ordinal, then ©(V,) = (sups, ©(Vs))", and a similar argument
shows that under AD, ©(V,,42) = OT.

Blue—Larson—Sargsyan compute that in NV, for n < w,

O(Voyn+1) = 07"

More generally, although the value of (0(V,41))Y for limit ordinals o > w of countable
cofinality remains open, for all other a@ > w, Blue-Larson—Sargsyan show

G(VaJrl) = @(Va>+

This can be seen as a version of the generalized continuum hypothesis: in ZFC, GCH is
equivalent to O(V,y1) = O(V,)T for all a > w.
Our main measurability result for minimal Nairian models is as follows:

Theorem In N, for all infinite ordinals o, ©(V,,) is measurable.
Applying Blue-Larson—Sargsyan’s calculation above, we have our first application:

Corollary [3.28, The theory “ZF + there are infinitely many consecutive measurable car-
dinals” is consistent relative to a Woodin limit of Woodin cardinals.

Theorem also allows us to compute N(V41).
Corollary In N, for all infinite ordinals o, R(Vyq1) = O(V,,).

In other words, there is no ©(V,)-sequence of distinct subsets of V,. This is further
evidence that the theory of Nairian models yields a global generalization of determinacy.
The equation R(V,,41) = ©(V,,) asserts that there is no wi-sequence of distinct reals, while
R(Vy42) = ©(V,41) states that there is no ©-sequence of distinct subsets of R. These are
well-known consequences of AD and ADg respectively.

Our second application is a reduction of the large cardinal hypothesis used in Gitik’s
construction of a model of ZF in which every uncountable cardinal is singular [5]. This uses
our results on the global structure of measures in arbitrary Nairian models. We return to
the setting of ADg +DC + V = L(P(R)), with { < © inaccessible in N.

Again let N = N¢ N V. Corollary states that in IV, each regular cardinal § carries
a unique weakly normal measure concentrating on ordinals of countable cofinality, which
we denote by Ws. Theorem shows that in N, the map ¢ : Reg — Reg that sends ¢
to the completeness of W is monotone. Proposition [3.34 and Proposition [3.35] show that
if either HPC holds or £ is a cardinal, then ® is unbounded. In Theorem [3.38] assuming ®
is unbounded, we adapt a forcing technique of Adkisson-Ben-Neria [I], originally developed
in the context of choiceless large cardinals, to work over N. This produces a model of ZF
in which every uncountable cardinal is singular, leading to our second application:

Corollary The theory “ZF + every uncountable cardinal is singular” is consistent
relative to a Woodin limit of Woodin cardinals. ]

Finally, we develop a comparison process for Nairian models themselves. This allows us
to prove the following results for N = Ng N V:

Theorem In N, for every set X, there is a unique normal fine measure on P, (X).



Theorem (4.3l UA holds in N.

In this choiceless context, UA states that any two ultrapowers of V' by measures on
ordinals can be compared by further internal ultrapowers. Note that these ultrapowers will
not in general be fully elementary.

As an application of Theorem [£3] we prove the following result. We return to the
Blue-Larson—Sargsyan hypotheses [I] and assume N = N¢ N Ve is a minimal Nairian model.

Theorem In N, if 0 < a < ¢ is a limit ordinal and A = supg_, ©(Vjs), then every
A-complete filter on an ordinal extends to a \-complete ultrafilter.

We can also prove the corresponding statement for A = ©(V,41) unless « is a limit
ordinal of countable cofinality; we defer the proof to a later draft.

2 Definability from a countable sequence of ordinals

Definition 2.1. Suppose M is a transitive class. The M -ultrafilter hypothesis states that
if U € M is a measure in M, then U extends to a countably complete filter in V.

The main result of this section is an abstract comparison theorem for models of the form
HODy, where s is a countable sequence of ordinals. Assume AD' 4+ V = L(P(R)). We will
show that for all s € Ord®”, HOD, satisfies the Ultrapower Axiom, and the HOD,-ultrafilter
hypothesis holds.

The proof is obtained by relativizing Woodin’s theorem that UA holds in the HOD of
any model of AD" +V = L(P(R)). The relativization uses the following ZF fact, essentially
due to Paris [4] 20]:

Definition 2.2. Let Jx denote the Xa-theory of V' with parameters in Ord U {X}. Let
Hx denote the structure (HODx, Ix, €). Also let = 9 and S = 5.

Proposition 2.3. Suppose X is a set, H is a countable transitive structure, and
p:H— Hx

is an elementary embedding. Then there is a countable transitive model Vv of ZF and a set
X €V such that H = (#%)V . Consequently, p is partial elementary from (V,X) to (V, X).

We begin by providing a new proof of Woodin’s original theorem on HOD. Our proof
reorganizes, simplifies, and generalizes a proof that Woodin gave in the case ADg + O is
regular; see [I3]. We use one of the central AD™ theorems on derived models:

Theorem 2.4 (Woodin). Assume AD" +V = L(P(R)). There is a definable inner model
M C HOD with a limit of Woodin cardinals n and a generic elementary embedding

j:V—=D
where D is a derived model of M at 7.

Here we mean that M is definable without parameters over V.

We can make a number of further conclusions abstractly from the statement of Theo-
rem (which are also immediate consequences of Woodin’s unpublished construction). By
homogeneity, s#” is definable over M. Since HOD = L|[S] for a set of ordinals S, j |



is an extender embedding. By the uniqueness of generic extender embeddings, j [ ¢ is
definable without parameters over V', or equivalently over . A basic fact about derived
models is that ©F < (nT)M. It follows easily that n > © and that 7 is the supremum of
the measurable cardinals of M it follows that 7 is the supremum of the Woodin cardinals
of M.

Though we do not really need it below, an immediate corollary of Theorem is
Woodin’s theorem that HOD relativizes by adjunction.

Corollary 2.5 (Woodin). In the context of Theorem for all o € [Ord]<*', J, is
uniformly definable over (HODJ[o], 7, 0), and hence HOD, = HOD[o].

Proof. Let M,n,j be as in Theorem and set ¢ = j | . Since o is countable, j(o) =
jlo] = ilo]. Let 2, = (HODJo],.7,0). Note that M[i[o]] € HOD[o] and is definable over
Z5, and so by homogeneity, jfgg] is definable over Z,. Finally, 7, is definable over %2,
because

i[o]

)
and therefore HOD, = L[.Z,] € HOD|o]. O

Theorem 2.6 (Woodin). Assume AD' +V = L(R,Hom). Then J# satisfies weak compar-
ison: if Hy and Hy are finitely generated structures elementarily embeddable into 2, then
either Hy € Hy, Hy € Hy, or there are close embeddings ko : Hy — H* and ky : Hy — H*.

Proof. Let M and n be as in Theorem and let R* =R N M.

Suppose that H € J7 is a countable transitive structure that is elementarily embeddable
into 7 E| We begin by constructing a close elementary embedding k : H — H* where H*
is #P" for a model D* of the form L, (R*,T') with I' an initial segment of Homi{?.

By Proposition choose a countable transitive model V = V such that sV = H
Applying Theorem inside V, let M C H, 7, and the generic elementary embedding

j:V — D be as in that theorem, where D is a derived model of M at 7. Define
i:H— 2P

by i = j | H. By the observations following Theorem 1 is definable over H.

Note that M € M and by absoluteness, M sees that M is elementarily embeddable into
M. Therefore using Neeman-style R-genericity iterationsﬂ we can iterate (M, 7) to a model
(M*,n*), again elementarily embeddable into M, such that R* = RN M are the reals of a

symmetric collapse of M* at n*, and if D* is the derived model of M* at n* in M*(R*),
M

then I = Hom”" is an initial segment of Hom,.

Let -
T M — M*

be the iteration map. Then « | P is elementary from P to #P". Set H* = #P".
Define an elementary embedding k : H — H* by

k=moz1

IThroughout this section, we work in choiceless Morse-Kelley set theory, which allows us to refer to the
first-order satisfaction predicate of V. By standard methods, the proof can be carried out in ZF.

2Woodin’s original construction used Woodin-style genericity iterations, which requires establishing cer-
tain instances of the unique branch hypothesis. Steel suggested replacing them with Neeman-style iterations
using [22].



We claim that k is close to H. To prove this, fix A € H*, and let us show that
k~'[A] € H. We have 7—1[A] € M since 7 is close to M and A € M*. Since M C H,
it follows that 7=![A] € H and hence i~![r![A]] € H since i is definable over H. But
k=HA] =i~ r—tA]).

We will use that

D* = Hull® (k[H] U A)

where A = P(R) N D*. This follows from the fact that H* = Hull”’" (k[H] U k(©)), which
holds because k is close to H and every uniform measure of H lies on a cardinal less than
or equal to ©F.

We now show that Weak Comparison holds for 7. Fix any two finitely generated models
Hy and H; that are elementarily embeddable into 7. We will construct close embeddings
ko : Hy — Hj and ky : Hy — HY such that Hj and Hf are comparable: either they are
equal or one belongs to the other.

For ¢ = 0,1, the construction above yields a close embedding k, : Hy — Hj; where
H; = APt for a model Dy satisfying RN D; = RNM, I'y = Hom"”? < Homi/[?77 and
D; = HUHDZ(]{/’[[H(] U Ag) where Ay = P(R*) N Dj.

We claim that D§ and D7 are comparable. By Wadge determinacy in Hom%]7 I’y and
I’y are comparable pointclasses. It follows from our assumption that V' = L(R,Hom) that
Ao and A; are comparable as well. (If 'y = I'y, this is trivial, and if I'g < T';, then F# e D7,
so Ag < A1.) By symmetry, it suffices to show that if Ag < Ay, then D§ € Dy.

Suppose first that every set of reals has a sharp. We will use that D7 is correct about
sharps, which means that if A € D} and D} F B = A%, then in fact, B = A#. To see this,
note that M7 is correct about sharps because M7 is elementarily embeddable into M. It
follows that Dj is correct about sharps, since D7 is an inner model of a forcing extension
of Mj7.

Since D§ = Hull”0 (ko[Ho) U Ag) and Hy is finitely generated, Dg is coded by a subset
of Ag in L(R*, Ao). Since A¥ € D, D € D}.

Suppose instead that some set of reals has no sharp. We then have that § = @0 is
regular in Hy. It follows that ko(6) = sup ko[f] since 6 carries no uniform measures in Hy
and ko is close to Hy. In particular, cf (ko(0)) = w. (We use that ko € M, which follows
from the fact that Hf € M and H, is finitely generated.) Therefore D = Hull” (R* U A)
where A = {a, : n < w} is a countable set in M. Letting T, = Thgf (R*U{ag,...,an—1}),
we have {T),}n<w C D§ and (T )n<w € M, and hence (T),)n<, € Di. Since D§ can be
recovered from (T},)n <., it follows that D§ € Dj.

Thus we have shown that D§ and D] are comparable. If Dy € D7, for example, then
Dg is OD in D7 and hence Hg € Hf. It follows that Hy and Hj are comparable, and this
establishes weak comparison. O

The conclusion of Theorem implies HOD satisfies UA by [7, Theorem 2.3.10], and a
further reflection argument allows us to make this conclusion assuming V' = L(P(R)) rather
than V' = L(R, Hom). We omit this argument since it is similar to the one from Theorem
below. It is open whether ./ satisfies weak comparison assuming only AD' +V = L(P(R)).

We now prove our main relativizations of Woodin’s result. The proof will again require
a reduction to the case that V = L(R, Hom). This uses a bit more of Woodin’s analysis of
the largest Suslin cardinal:



Theorem 2.7 (Woodin). Assume ADT 4V = L(P(R)) and § is the largest Suslin cardinal.
Then for any A < ©, there is a normal measure U on § such that jy(6) > A, P(A\)NV C My,
and P(\) N jy(HOD) = P(A) NHOD. O

The proof of this theorem is unpublished in the key case V' # L(R, Hom).
Theorem 2.8. Under ADT +V = L(P(R)), HOD, satisfies UA for every s € Ord®.

Proof. We start by assuming V = L(R,Hom). Let H be a pointwise definable transitive
structure that is elementarily embeddable into J#.

Fix a countable transitive model V =V in HOD, constructed by type omission, so that
H = V. Fix and s € Ord” N V. We will show UA holds in P = 2.

Fix internal ultrapowers eg : P — Py and e : P — Py, and let s, = e,(s). For n =0,1,
we imitate the construction from Theorem That is, construct V,, = V in HOD by
relativizing Proposition 23] so that .

P, ="

Applying Theorem in I__/m fix M,, C ‘7",_ fln, and an elementary j, : V,, — D,, where
D, is a derived model of M,, at 7,. Let ¢, = j,(s,) and define

int Py — 0"

By Theorem fix v, < 7, such that ¢, is <v,-generic over M,,. Let 7, : M,, — M
be a Neeman-style R*-genericity iteration above ~,, where R* = R N HOD, such that if D},
is the derived model of M} as computed in M (R*), then D§ and Dj are comparable. Let
sk = myts], and let
T My [te] — M[sk]
s Mty s

be the unique extension coming from Lévy—Solovay. Finally let k, = 7} o iy, so
k,: P, — L%”S?:

is a close embedding.
We first show that D§ = D;. We have elementary embeddings

(kooeo) | H:H — s#P0
(kioe)) | H: H— P

Assuming towards a contradiction that D§ € D7, for example, we would have that H is
coded by a real in #P1. Since crit(k; o e;) > (2%)7, H and #P1 have the same reals,
and so H is coded by a real in H, which is a contradiction. This proves that Dg = D7, so
let us denote this model by D*.

Since H is pointwise definable, it follows that kgoey | H = ki oey | H. Therefore
ko o egls] =kioer [s], and hence kg o eo(s) = k1 o eq(s). In other words, ko(so) = ki1(s1),

and so %ﬂk?(s()) = %’jf(sl). Now kg o ey and k; o e; have the same target model, and since

every element of P = " is definable in P from s, and ko o eo(s) = k1 o e1(s), we obtain
ko o eg = k1 o e. This yields UA for eg and ey, as desired.

Now assume V # L(R,Hom). Let § be the largest Suslin cardinal. We will show that for
all s € ©¥, HOD, satisfies UA. This suffices for the result: if ¢t € Ord”, then since HOD; is



a ©-cc extension of HOD, there is a set S € HOD such that ot(S) < © and ran(t) C S, and
therefore HOD; = HOD, for some s € ©%“.

Let ¢ be the largest Suslin cardinal, which exists since Hom # P(R). By Suslin-co-
Suslin reflection, Hom = Hom™®Hm) and for all s € 6, HOD,|§ = HODE®Hom) |5
Thus, L(R,Hom) satisfies AD" + V = L(R,Hom), so by the previous case, UA holds
in HODE®Hom) £, 411 s € 6%, In the context of ZFC, since UA is a Ily-sentence, UA
is downwards absolute to any V), with |V,| = p. Thus for all s € §¢, UA holds in
HODL®Hom) |5 — HOD, 4.

Assume towards a contradiction that UA fails in HOD, for some s € ©“. Fix a limit
ordinal v < © such that sup(s) < v and UA fails in HOD, N V,,. Find A < © large enough
that HOD4|y € (HOD|A)[s]: to see this is possible, let T € HOD; be a bounded subset
of ©, and note that T has a nice name in HOD N Vg by the ©-cc of the Vopénka algebra.
Let j : V. — M be a Spector ultrapower by a d-complete measure on ¢ such that j(J) > A,
HODM|\ = HOD|\, and s € M.

Since all measures are OD, HOD™ C HOD, and hence HODi,w C HODy,. On the other
hand, HOD|XA € HODY so HOD,|y C (HOD|\)[s] € HOD. Tt follows that HOD,|y =
HOD|y. Therefore UA fails in HODY |, and hence it fails in HOD|j(8), contradicting
that in V', UA holds in HOD|d for any s € ¢. O

Using Theorem [2.4] we can generalize Woodin’s theorem on the HOD-ultrafilter hypoth-
esis to the context of ADT +V = L(P(R)). As in the case of Theorem Woodin proved
the slightly weaker (HOD N Vi )-ultrafilter hypothesis, again using more AD"-theory.

The following theorem is due to Woodin when s € w®.

Theorem 2.9. Assume ADY +V = L(P(R)). Then for all s € Ord”, the HOD,-ultrafilter
hypothesis holds.

Proof. We can reduce to the case that V = L(R,Hom) by essentially the same argument
from Theorem 2.8

Suppose H is the pointwise definable hull of . By Proposition we can form a
model V = V such that H = V. Fix s € Ord* NV, and suppose j : Hy, — Hj is the
ultrapower of Hy = ()" by a measure U € Hy. It suffices to show that U extends to a
countably complete filter in V. Fix o € (P,,(U))Y. We will show that (o # 0.

We use the construction from the proof of Theorem with M and 7 as in Theorem [2.4]
and R* = RNM. Applying Theoreminside V,let M C H, ), and the generic elementary
embedding j : V — D be as in that theorem, where D is a derived model of M at 7. Set
t = j(s) and define

i:Hy — AP,

by i = j | H,. Since ¢ is countable in V and o C H,,

j(o) = jlo] = i[o] € D.

In particular, i[o] and ¢ belong to a common <f-generic extension of M. Thus by taking
the critical point of the genericity iteration = : M — M* sufficiently large, we can ensure
that 7 lifts uniquely to an elementary embedding 7+ of M{[i[c],#]. As in Theorem [2.8] we
let k = 7+ o4. Note that 7 (i[o]) = k[o].

Let @ be the target model of k. The construction from Theorem [2.8|yields k1 : H1 — Q
such that k = ky o j.



Let a = [id]y. Then a € (jo], so ki(a) € (k1 o j)[o] = Nk[o]. In particular,
N k[o] # 0, and since ko] = 77 (i[o]), it follows that (i[o] # 0. Finally, j(o) = i[o], so the
elementarity of j : V' — D implies (o # 0, as desired. O

3 Consequences for the Nairian model

In this section, we record some consequences of Section[2]for the structure of Nairian models.

Definition 3.1. Let I = UB<§ B%. The Nairian model at £ is defined by
N¢ =HODy,

We only consider such models in the context of determinacy. We are interested in the
case that £ < © and Ng N V¢ is a model of ZF. Blue-Larson—Sargsyan [2] prove that this
is possible; in fact, £ can be strongly inaccessible in M. Here, a cardinal & is strongly
inaccessible if for all a < k, there is no cofinal map from V, to k.

3.1 UA preliminaries
Let meas, (X) denote the set of k-complete measures on X and meas(X) = meas,, (X).

Definition 3.2. The Ketonen order is defined on U, W € meas(d) by setting U < W if for
some S € W, there are measures (Uy)aes € [[,cg meas(a) such that for all A C 6,

AeU < {acS:AnaclU,} eW

ZF + DC proves that the Ketonen order is a well-founded partial order [12, Theorem
3.7] and UA is equivalent to the linearity of the Ketonen order [I2, Theorem 3.8].
The linearity of the Ketonen order allows us to define minimum measures:

Definition 3.3 (UA). For each cardinal ¢, %5 denotes the Ketonen least uniform measure
on 9, if one exists.

Lemma 3.4 ([7, Theorem 7.2.14]). If ¢ is regular and 5 exists, then K is the unique
weakly normal measure on d concentrating on ordinals a such that Hcyq) does not exist. [

Recall that a measure U on § is weakly normal if every regressive function on ¢ is bounded
on a U-large set. We use this notion even in the case that J is a singular ordinal, noting,
however, that for singular cardinals, a different notion of weak normality is also in use [7}
Definition 4.4.14].

The argument for Lemma yields:

Lemma 3.5. Assume AD + DCgr. FEvery ordinal § < © of uncountable cofinality carries a
weakly normal measure that concentrates on S2.

Proof. Let W be a Ketonen minimal measure extending the tail filter on 6. If f: 9 — 4 is
regressive on a W-large set, then f, (W) <, W, and so f.(W) is not uniform, which means
that f.(W) concentrates on a bounded set; in other words, f is bounded on a W-large set.
This proves W is weakly normal.

If S ¢ W,let S =6\S°. For each a € S, choose U, € meas(a) extending the tail filter
on a. (Recall Kunen’s theorem that the measures are well-ordered.) Put A € U if and only
if{faeS:Anae€U,} € W. Then U <x W, but clearly U extends the tail filter, contrary
to the minimality of W. O



Definition 3.6. For any family of sets F', kp denotes the least cardinal + such that for
some sequence (A¢ : { <7) C F, N, A¢ = 0.

If F is an ultrafilter, then kp is the usual completeness of F; that is, kg = crit(jr). We
will employ this more general notion in the case that F' is an ultrafilter in some transitive
model of set theory.

A measure on a regular cardinal is seminormal if it extends the closed unbounded filter.
The following theorem is one of the main results in the analysis of supercompactness and
strong compactness under UA.

Theorem 3.7 (UA, [7, Proposition 8.4.20(5)—(6), Theorem 7.3.34]). Suppose 6 is a regular
cardinal that carries distinct seminormal measures, and let & = K;. Then J5 witnesses
that K is §-strongly compact and <§-supercompact. Moreover, k is §-supercompact. ]

We will analyze measures in Nairian models by connecting them to canonical measures
in HODj.

Definition 3.8. If s € Ord* and 7 is a cardinal in HODj, then #,° denotes () HOP: | if
() HOPs exists.

The following lemma traces back to Ketonen [19].

Lemma 3.9. Suppose s € Ord”, k is a cardinal in HODg, and n € (k,©) is reqular in
HODy;. If HOD; has the (Xq, k)-cover property at n, then (n;gn)HODS < k.

Proof. The (X1, k)-cover property at 1 implies 1 has uncountable cofinality, and hence Ky
exists. Note that S € J° by Lemma by the ordinal definability of measures, if « < ©

and ¢fT9P: (@) carries no uniform measure in HODy, then cf(a) = w. The (R, k)-cover
property then implies (SZ,)"#°P: € J7*.
Now let j : HODs — M be the ultrapower embedding associated to J,°. We must show

. M
crit(j) < k. By Lo$’s theorem, [id])gns € (Si(;]()n)) , or in other words:

cf™ (sup jn]) < j(x)

(HOD, (

Since ¢ sup j[n]) = n, we must have j(k) > n, and hence crit(j) < k. O

3.2 Measurable cardinals in Nairian models
In this subsection, we assume:

e ADT +V = L(P(R)).

e ¢ < O is strongly inaccessible in N' = A.

Our next few observations, up to Proposition concern a fixed ordinal 0 with the
following properties:

e J is a regular cardinal in NV.
e N <<t

The first of these lemmas allows us to apply Theorem [3.7] to d:
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Lemma 3.10. For all sequences s € I¢, § carries distinct seminormal measures in HOD,.

Proof. Since € is a strong limit cardinal in N, (2°)HOPs < ¢. In particular, every w-sequence
of OD,-subsets of § belongs to N. Let Sy = Sf, and S; = §\ Sp; since & > ws, both are
stationary in M. Let F be the club filter of HODg and let Fy = F|Sy and F; = F|S;.
Then Fj and F; extend to countably complete filters in V', and thus extend to measures Uy
and U; in V. By Kunen’s theorem, these measures are OD, and therefore Uy " HOD; and
U; N"HOD; witness that in HODy, there are distinct seminormal measures on d. O

Proposition 3.11. Suppose s € I¢, k = (K W, and k = (FLJ%S)HODS.

(1) HOD; has the (R, k)-cover property at 6 in N.
(2) 3 witnesses that k is §-strongly compact and <§-supercompact in HODj.
(3) K is 0-supercompact in HODj,.

Proof. Since ¢ carries distinct seminormal measures, we can apply Theorem to conclude
that J¢;" witnesses that  is d-strongly compact and <d-supercompact in HOD,, and more-
over k is d-supercompact in HOD,. Since JZ;° witnesses that « is J-strongly compact in
HOD;, there is a function p : § — P.(d) in HODj such that U = p. () is a fine measure
on P, (0).

The (R, k)-cover property now follows. Fix o € Pz(§) NN. For a < §, define

Ay = {T € (P.(5))1OPs . o € T}

so A, € U by fineness. Since #;° is k-complete, (),c, Aa 7# ¢, and if 7 belongs to this
intersection, then 7 € HOD,, ¢ C 7 and |7|"OP: < k. O

Proposition 3.12. For any s € I¢, JZ;° is OV -complete in HOD;.

Proof. Otherwise, by Proposition for some x < ©N, HOD, has the (Ry,x)-cover
property at §. To get a contradiction, fix vy € (k, ©) such that v — (7)<“'. By a standard
argument, there is an w-club of a < v such that « is regular in HODSE| This contradicts
that HOD; has the (X1, k)-cover property at +. O

Proposition 3.13. Suppose that in N', W is a weakly normal measure on § that concentrates
on S%. Then for all s € I, W NHODy = 7.

Proof. This follows immediately from Lemma [3.4] since W N HOD; is weakly normal in
HOD; and by the HOD,-ultrafilter hypothesis (Theorem , W NHODy concentrates on
ordinals a such that % does not exist where a = cf7°P<(q). O

Corollary 3.14. Suppose that in N', W is a weakly normal measure on § that concentrates
on SS. Then W = . H5® and W is ON -complete.

sel

Proof. This follows from Proposition [3.12] and Proposition [3.13]since every subset of § in N/
belongs to HOD, for some s € I¢. O

Corollary 3.15. In N, there is a unique weakly normal measure concentrating on S2.

3Let U be the w-club filter on 7. The partition property implies that U is a normal measure, and hence
U NHODg; is a normal measure in HOD;. Since HOD; satisfies ZFC, RegHODS NnyeU.
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Proof. Existence follows from Lemma since ¢ is regular in N, cf(§) > w; therefore
Lemma provides a weakly normal measure 1 on ¢ concentrating on S°; since W is OD,
W NN € N. Uniqueness is immediate from Corollary [3.14] O

Definition 3.16. Let Ws denote the unique weakly normal measure of A/ with Si e Ws.
The proof of Corollary yields the following criterion for completeness of Ws.
Corollary 3.17. Suppose & < & and for all s € I¢, (k42 )7OP* > k. Then (kw, N > k. O

Before continuing to our general results, we state some immediate corollaries under anti-
inner model hypotheses.

Proposition 3.18. Let N = NNV, and assume the following holds in N: for all cardinals
A, there is no inner model M of ZEC+UA in which some k < X\ is A-supercompact and such
that the M -ultrafilter hypothesis holds. Then in N, every regular cardinal is measurable.

Proof. This follows from Proposition [3.11] and Corollary [3.17} O

It is unclear that it is consistent for the anti-inner model hypothesis of Proposition [3.18
to hold in a Nairian model N where ¢ is strongly inaccessible. The question that arises is
the following:

Question 3.19. Which of the following large cardinal hypotheses has higher consistency
strength over ZFC?

e There is a cardinal s that is kx*-supercompact.
e There is a Woodin limit of Woodin cardinals.

Clearly if k is 2"-supercompact, then x is a Woodin limit of Woodin cardinals, so we
state the following proposition, whose anti-large cardinal hypothesis is consistent:

Proposition 3.20. Let N = N N Vg, and assume that in N there is no inner model of
ZFC containing a cardinal k that is 2% -supercompact. Then in N, every reqular cardinal &
carries a measure that is A-complete for all cardinals A < 9.

Proof. The proof is the same as that of Proposition [3.18| using the fact that under UA, if
is kT t-supercompact, then 22" = x*++. O

We now continue to the theorems that require no anti-inner model hypothesis.

Proposition 3.21. Let x = (/{Wé)N, and suppose s € I¢ is such that (K%S)HODS = K.

Then HOD, has the k-cover and approximation properties at 6 in N. Moreover, every
S e P(6)NN is in HOD, , for some x € P(k) NN

Proof. The k-cover property follows immediately from Proposition For the approx-
imation property, fix A = (A, : @ < ¢) € HOD; such that HOD; satisfies that A is a
k-independent family of subsets of §. Suppose T' € P(§) NN is s-approximated by HOD.
Then the basis

B={A,:a€T}U{6\Ay:a¢T}

extends to a x-complete filter F in N. In particular, F is countably complete in V, and thus
F extends to a measure U in V. By Kunen’s theorem, U is OD, and so UNHOD, € HODy.
Thus T ={a < d: A, € U} € HOD;.
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To show every S € P(6) NN is in HOD; , for some z € P(k) NN, fix t € I¢ such that
s and S belong to HOD;. Since #;* C ¢, (H%t)HODt = k. In particular, x is d-strongly
compact in HOD;. Let x C k code a well-order of P.(x) N HOD;. Note that the models
HOD; , and HOD; compute P, (J) the same way: of course, HOD, , C HODy, and in the
other direction, if o € (P, (0))HOP¢, then o is covered by 7 € (P,())HOP: by the s-cover
property, P(7) N HOD; € HODy , since P,(k) N HOD; C HOD; ,. The same argument

shows that
(6</{)HODS,.T < (6<"‘C)HODS . (/4,<“)HODSJ =J-k=9

This cardinal arithmetic yields A = (A, : o < §) € HOD; ,, such that HOD; ,, satisfies
that A is a k-independent family of subsets of . Since HOD, , and HOD; have the same
P.(9), A is also k-independent in HOD;. By Proposition k is 0-strongly compact in
HOD;. Repeating the argument of the previous paragraph, we can find a k-complete measure
U of HOD; such that S = {a < § : A, € U}, and using the HOD,-ultrafilter hypothesis
(Theorem , we obtain that U N HOD; , € HOD; ,, and therefore S € HOD, ,. O]

Theorem 3.22. If 6y < §; < & are regqular cardinals in N, then KW,y < KW, -

Proof. By the Steel-Woodin theorem, we may assume &, > ©~. By Corollary it
suffices to show that for all s € I¢, Jiféf is k-complete in HOD, where k = KW, -

Fix s € Ic. A consequence of [7, Lemma 7.4.49] is that under ZFC + UA, if vy < 7
are regular non-isolated Fréchet cardinals, then & Ay S KA, By Lemma both &g
and d; carry distinct seminormal measures in HODj, and so by [7, Theorem 8.4.20], they
are regular non-isolated Fréchet cardinals in HOD,. By Proposition [3.13] it follows that
ngmggg §/<;%sl. O

We now prove our main theorem on measurable cardinals in Nairian models.
Theorem 3.23. Let H = HOD. Inside N, suppose n < £ is a regular cardinal satisfying:
(1) For all o < n, P(a) C H(n™).
(2) For all o <n, O(a®) <.
Then either W,, is n-complete in N or H correctly computes all finite successors of ™.

Proof. By OV < 1y < ¢, which puts us in a position to apply the previous results of this
section with § = 1.

Assume towards a contradiction that the conclusion fails. In other words, x < 1 where
k= (kw, V. Fix s € I¢ such that (m%’s)HODS = K.

By Proposition HOD; has the x-cover property at § in N and every S € P(n) "N
is in HOD,, for some x € P(x)NN. Combining[(1)]and [(2)] for any = € P(x) NN, HOD ,
is a n-cc generic extension of HOD;. Since every subset of n in A/ belongs to some such
HOD,_,, it follows that (n+)HOPs = (V.

Since HOD, has the k-cover property at 1 and (n™)HOPs = (y+)V HOD, has the &-
cover property at (77+)N. Let v = (n+)N. Since + is a cardinal in N that is seen to be a
successor cardinal by an inner model of choice, v is regular in N'. Applying Lemma [3.9] and

Theorem [3.22]

K = (K%/NS)HODS < (H(%/’f)HODS <k

Thus we can apply Proposition again, to obtain that every S € P(y)NN is in HOD, ,
for some € P(k) NN, and thus (y+)HOPs = (5N,
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Iterating this argument, we have that HOD; correctly computes (77+”)N for all n < w.
Let A\ = (77+‘“)N. By Proposition K is <A-supercompact in HOD, and HOD, has the
k-cover and approximation properties below A. Indeed, this holds in HOD, ,, for all u € I¢.

We claim that OV (P(n)) < (v). Note first that for all since UA implies GCH in
regions of supercompactness, (27)HOPsu = ~ for all u € I¢. For each u € 7, let (S* : a < )
be an OD; ,-enumeration of P(n) NHOD;,. Note that each S C n is of the form S¥ for
some u € ¥ and « < 7, since S € HOD; ,, for some z € P(k) NN and « € HOD,, for some
u € n¥ by

Suppose v < OV (P(n)), and let us show v < (y"). Suppose f : P(n) — v is a
surjection. Define g : n x v — v by setting g(u,a) = f(S¥). Then g is also a surjection.
Note however that for each fixed o < v, if 4, = {g(u,) : u € n¥}, then |A,| < n by
(2)l (Here we use that ©V(n¥) = (n™) as a consequence of ) Since v = [, <, 4a;
v < (yHV.

Fix y C 5 such that HOD, N Py (n) is coded by y. Since @V (P(n)) < (y7)V, HOD, is
contained in a (fy"')N -cc extension of HOD. Moreover, applying the Hamkins uniqueness
theorem [I0, Theorem 4.7] at each finite successor of 7, we see that Y = P,q(A) NHODj is
OD,. In particular, HODj(Y) C HOD,,. Note that L(Y") is a model of ZFC + UA in which
K is <A-supercompact; the fact that L(Y') E AC follows from [7, Theorem 6.2.19] applied in
HODy, which implies that there is a well-order of Y that is definable from parameters over
Y. By [l Theorem 6.2.19], it follows that ¥ C HODX(Y) C HOD,. This implies that Y’
is contained in a (y7)V-cc extension of HOD. It follows that HOD correctly computes all
finite successors of (y)N = (ntT)V. O

Note that if HOD correctly computes all finite successors of (n**)N , then there is an
ordinal < (™) that is (") -supercompact in HOD for all n < w. In particular, this
is impossible under HPC.

3.3 Measurable cardinals in minimal Nairian models
Throughout this subsection, assume
ZF 4+ ADg + O, + HPC +V = L(P(R)).
Fix £ < © such that ¢ is strongly inaccessible in M. We also assume that
N =NV

is a minimal Nairian model in the sense of [3| Definition 1.1]. We let H denote HOD as
computed in the ambient determinacy model.

Lemma 3.24. In N, if a > w and n = O(V,11), then for all 8 <n, P(8) C H(n®).

Proof. If a = w, the lemma follows from ADg + DC. Assume « > w. Fix 8 such that © <
B < n, and let 7] be the least <¢-strong of H above 5. By [3| Theorem 19.1], 7 = ©(8%) < 1.
By [2l Theorem 10.13], P(3) C L(H|n, I5) € H(n™). O
Lemma 3.25. In N, for all a > w, |Vo| =" [Ix| where A\ = supg_,, O(Vj3).

Proof. Work in N. The nontrivial direction is |V,| <* |I,|. We produce the required
surjections uniformly in « by induction. This uniformity handles the limit steps. For the
successor step, suppose |V, | <* |I,], and let us show that |V,41| <* |O(V4)Y].
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First, assume cf(a) = w. Then V41| =* [V <* [(I))“] =* |A“| <* |1O(V,)Y].

Otherwise, let § = ©(\¥), and note that § < ©(V,,) since |(V,)¥| = |V,|. We use that
P(A\¥) C Ly(H|0,1p) by [2, Theorem 10.6 and 10.13]. Since every subset of V,, can be coded
by a subset of Iy, it follows that V11 C Lo(H|0,1Ig). Thus [Voq1| <* [Ig] <* |[Ioqv,)l, as
desired. O

We can now connect the cardinals ©(V,) to the <¢-strong cardinals of HOD:

Proposition 3.26. The set of <{-strong cardinals of HOD is equal to
S={0(V,):a>wandact\ S}

Proof. Fix a > w and let A = supg_, ©(Vs). We will show that the least <¢-strong of
HOD above A is min(S'\ (A+1)). By [3, Theorem 19.1], the least <{-strong of HOD above
A is ©(\¥). If cf(a) = w, Lemma [3.25] implies ©(Va41) = O(X¥), and clearly O(Voq1) =
min(S\ (A + 1)). Otherwise, O(V,,) = ©(\), and clearly O(V,) = min(S \ (A + 1)). O

Theorem 3.27. In N, if a > w and k = O(V,,), then W, is k-complete so k is measurable.

Proof. We first consider the case that « is a successor ordinal. Let A = ©(V,_1). Since A
has uncountable cofinality, Lemma[3.25]implies ©(V,) = ©(A¥). Since O(V,) is a <{-strong
cardinal of HOD, it is regular by [2, Theorem 10.20].
Apply Theorem in NV¢ to n = k. We check the three criteria from that theorem. It
is easy to see that for all # < k, ©(3%) < k. By Lemma [3.24] for all 8 < k, P(8) C H(k%).
Finally, HOD does not correctly compute any successor cardinals by our HPC assumption.
For the limit case, we use the following claim:

Claim 1. In N, for every limit ordinal o, ©(Vy,) = (supg., O(Vp)) " and O(V,) is regular.

Proof. Tt is a consequence of ZF that ©(V,) = (sups,, ©(V3))"; see [§, Lemma 2.1]. Work
in N. Let A = supg.,, ©(Vj3). Since N is a minimal Nairian model, it contains no strongly
inaccessible cardinals, and so A is singular.

Assume towards a contradiction that AT is singular, say of cofinality u < A. Let v
be a sufficiently large ordinal. By Blue-Larson—Sargsyan [3| Theorem 1.17 and Definitions
6.2 and 8.6, there is an elementary substructure X < V,, such that p C X, A € X, and
| X| <* |V3| for some B < a. (We use here that one can bound the sizes of levels of the
N-hierarchy from [3] by levels of the cumulative hierarchy; for example, |[N,| <* |V 442l
which is easy to prove by induction.)

We now use the argument of [24, Lemma 3]. Since 4 C X, X N AT is cofinal in A™. By
elementarity, evaluating the surjections in X from A onto ordinals below AT gives a partial
surjection F': X x A = AT. For each v < A, the set R, = {F(h,v) : h € X} has order type
below A, since ©(X) < A. The increasing enumerations of the R,’s therefore give a partial
surjection from A x A onto AT, a contradiction. O

We now consider the case that « is a limit ordinal. Let A = supg_,, ©(Vj3). By Claim
O(V,) = AT is regular. By Theorem the completeness of W)+ is at least the complete-
ness of Wy for any regular § < A, and so W+ is A-complete as a consequence of the successor
case. The minimality of NV implies that ) is singular, and hence W+ is AT-complete. [

Corollary 3.28. The theory “ZF + there are infinitely many consecutive measurable car-
dinals” is consistent relative to a Woodin limit of Woodin cardinals.
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Proof. Blue-Larson—Sargsyan construct minimal Nairian models starting with a Woodin
limit of Woodin cardinals, and in these models they prove that (V1) = ©1" for all
n < w. By Theorem [3.27] this yields infinitely many consecutive measurable cardinals. [

We now show minimal Nairian models satisfy R(V,1) = O(V,,) for all infinite ordinals
a. In other words, there is no ©(V,,)-sequence of distinct subsets of V.
We will use the following abstract forcing lemma [14, Lemma 5.2]E|

Lemma 3.29. Assume the Aziom of Choice. Suppose k is weakly compact and B is a k-cc
complete Boolean algebra completely generated by fewer than x elements. Then |B| < k. O

Theorem 3.30. Suppose X is a transitive set and N is an inner model of ZFC such that
N = HODyuy(xy- Let g C Col(w, X) be V-generic and let k = ©(X<*). Then g belongs to
a k-cc forcing extension of N.

Proof. We verify that N has the uniform k-cover property in M = HOD g4 and then cite
Bukovsky’s criterion [I1, Proposition 4.37]. Suppose I € N and f : I — Ord is a function
in M. For each 7 € I, let

F(i) ={a€Ord:3pe Col(w,X) (plF f(i) =a)}
Then F € N, and for all ¢ € I, f(i) € F(i) and |F(2)] <* | X <[, so ot(F(4)) < k. O

Proposition 3.31. Suppose k is measurable and X is a transitive set with ©(X) < k.
Then, for any inner model M of ZFC, the following hold:

(1) & is strongly inaccessible in M (X).
(2) For every normal measure W on r, W-almost every p < k is reqular in M(X).

Proof. Fix a nonprincipal k-complete measure W on k. Let N be the class of sets hereditarily
ordinal definable from parameters in M U {X,W}. Then N = HODyyx}. Since M C N,
it suffices, by absoluteness, to prove (1) and (2) for N(X).

Applying Theorem [3:30] let A be a k-cc complete Boolean algebra and G C A be an N-
generic filter such that N|[G] contains a V-generic collapse g : w — X. Let E be an A-name
for a binary relation on w such that (X, €) & (w, Eg). Let B be the complete subalgebra
of A generated by the Boolean values of n E m for n,m < w. Then in N, B is a countably
generated k-cc Boolean algebra and N(X) is contained in a B-generic extension of N.

Since k is measurable in N, Lemma implies |B| < k. Therefore x remains strongly
inaccessible in any B-generic extension of N, and so « is strongly inaccessible in N(X), which
proves (1). For (2), note that if W is normal, then W concentrates on regular cardinals of
N, and forcing with B preserves all sufficiently large N-regular cardinals below k. O

For the next corollary, we return to the setting of Section [3.3} assume
ZF 4+ ADg + O, + V = L(P(R)) + HPC.
Let N be a minimal Nairian model, let { = Ord N N, and let N'= Ng. Thus N = N N V.

Corollary 3.32. In N, if w < a < &, there is no ©(V,)-sequence of distinct subsets of V..

4The result is due to Jech [I8] p. 5] and Harrington—Shelah [T5] p. 186, Lemma 1]. The suggestion to use
this result to bound the size of the Vopénka algebra is due to GPT-6.
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Proof. Let k = ©(V,), which is measurable by Theorem [3.27]

First suppose that « is a successor ordinal. Assume towards a contradiction that A=
(A, : v < K) is a sequence of distinct subsets of V,. By Lemma for some 1 < &, there
is a surjection f : n* — V,. (We can take n = O(V,_1).) Let B, = f~1[A,] for v < k.
Choose s € I¢ such that f and A are OD,. By [3, Theorem 12.11], the relation

{(v,z) e k xn* : x € B},

has an oco-Borel code in HOD,. Hence (B, : v < k) belongs to HOD4(n*). By Propo-
sition 1), x is strongly inaccessible in HOD4(n*). But in this model, v — B, is an
injection from k into P(n*), a set of rank less than  since n < k. This contradicts that »
is strongly inaccessible.

Now suppose that « is a limit ordinal, and fix a x-complete nonprincipal measure U on
k. The successor case shows that for every 8 < «, there is no k-sequence of distinct subsets
of V3. By [9, Lemma 3.5], U is therefore closed under Vg-indexed intersections. Since o < &
and U is k-complete, this implies that U is closed under V,-indexed intersections as well.
A standard argument now shows that there is no x-sequence of distinct subsets of V,; see
the proof of [I7, Lemma 10.4]. O

3.4 Nairian models, supercompact cardinals, and Gitik’s theorem
In this subsection (except Proposition , we assume:

e ADT +V = L(P(R)).

e ¢ < O is strongly inaccessible in N' = M.

This means we can apply the results of Section to any § that is regular in N and satisfies
OV < § < ¢ In particular, Wy is defined for all such 8; see Definition

Theorem 3.33. Ezactly one of the following holds:
(1) N NVg satisfies that for all k, for all sufficiently large regular 6, Wy is k-complete.
(2) HOD N Vg satisfies that there is a supercompact cardinal.

Proof. Work in N. Assume fails. By Theorem there is some cardinal x, such that
for all sufficiently large regular § < £, Ky, = Ks.

By Proposition and Proposition for all regular § € [k, &), there is some s € I¢
such that k. is d-supercompact in HODg; and HOD; has the x.-cover and approximation
properties at §. Let v = k. By the Hamkins uniqueness theorem [10, Theorem 4.7], if M,
and M, are inner models of ZFC with the k.,-approximation and cover properties at d such
that Mo N H(y) = My N H(y), then My N P(6) = M; N P(J). By a pigeonhole argument,
using that ¢ is inaccessible, we can find a single transitive model M C V, with the x.-cover
and approximation properties such that for arbitrarily large regular ¢, there is some s € I¢
such that P(§) " M = P(6) NHOD; and &, is é-supercompact in HODj.

It follows easily that k. is supercompact in M and M satisfies UA. Moreover M is
ordinal definable from = = M N H(v). Thus HOD™ C HOD,. Note also that HOD* has
the k4-cover and approximation properties in M since M F UA and UA implies that HOD
is a weak extender model at each supercompact cardinal [7}, Theorem 6.2.15].
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We now leave A and work in the ambient determinacy model. We have that HODM -
HOD;\/ C HOD,. By Vopénka’s theorem, HOD, is contained in a p-cc generic extension
of HOD for some p < £. (A coarse upper bound is p = Oq( v+1) ) Since HODM has the
K+-cover property below £ and is contained in a p-cc generic extension of HOD, it follows
that HOD has the (k., p)-cover property below £. This covering property implies that for all
regular ¢ € (p, &), HOD satisfies k¢, < p. Applying Proposition it follows immediately
that there is a supercompact cardinal in HOD N V.

Finally, we sketch the proof that and are mutually exclusive. Assume holds.
We will show that ¢ is a limit of regular cardinals in A/. Granting this, let us show that
fails. Let k¢ be the least supercompact of HOD N V. By [, Lemma 7.4.49] if ko < § < ¢
and 9 is a regular cardinal in HOD, then %/6 = (#5)HOP has completeness ko in HOD. If
§ > ko is regular in NV, then by Proposition Kws < Koo = Ko, which rules out

We now show that £ is a limit of regular card 1na1s in V. Flrst note that Proposition|3.11
shows that HOD has the (X, kg)-cover property below . Thus the same is true for HODy
for any s € I¢, and it follows from Lemma that there is a supercompact cardinal in
HOD ;N Vg. Let us denote by x, the least supercompact cardinal of HOD,NVe. Thus HOD,
has the (R, ks)-cover property below &.

Fix s € I with k4 as small as possible. We claim that «, is regular in A': otherwise, take
t € I¢ such that s € HOD; and &, is singular in HOD,. Since HOD; C HODy, ; < kg, but
since K is singular in HODy, k¢ < ks, contrary to the minimality of k5. The proof of [I0]
Theorem 2.8] now shows that if kK, < § < £ and ¢ is regular in HODy, then in N, cf(6) = |4].
Since € is a limit cardinal in N, it follows that £ is a limit of regular cardinals. O

Note that Theorem implies that one can force choice over N'N Vg by collapsing
k“; in this case, one might say A is not truly Nairian. This raises the question of whether
this alternative is even possible. Theorem can be ruled out under fairly general
hypotheses, including the central cases of minimal Nairian models and full Nairian models:

w

Proposition 3.34. Assuming HPC, Theorem|3.33 m- (1) holds.

Proof. Since we are assuming ADg + HPC + V = L(P(R)), Steel’s analysis of HOD as an
Ibr hod pair [23] shows that in HOD, there is no cardinal x that is k*-supercompact. O

Proposition 3.35. Assuming & is a cardinal in 'V, Theoremm- holds.

Proof. By a theorem of Woodin [26, Theorem 7.24], assuming ADT + V' = L(P(R)), if £ is
a cardinal, then in HOD, no k < £ is <&-supercompact. O

These propositions show that in the central cases, Theorem holds. On the other
hand, Proposition below shows that assuming the existence of very large cardinals in
HOD and a natural condition on the Sargsyan sequence, it is possible for Theorem
to hold in a Nairian model N' = N such that ¢ is inaccessible in AV.

Conjecture 3.36. Assume ADT +V = L(P(R)). Suppose v < © and the following hold:
(1) ~ is a cardinal in HOD.
(2) No ordinal k < 7y is <-y-supercompact in HOD.
(3) cf(y) = w

Then ©¢(y*) is the least Woodin cardinal of HOD above ~.
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In Proposition we drop the assumption that & is inaccessible in N, since our
conclusion is simply that this must hold.

Proposition 3.37. Assume Conjecture [5.50, If § is inaccessible in HOD and HOD N V;
satisfies that there is a supercompact cardinal, then £ is inaccessible in N.

Proof. Let k be the least supercompact cardinal of HOD N V. We begin by computing
O (k). Note that « is a limit of cardinals 7 satisfying the hypotheses of Conjecture [3.36]
Since & is a limit of Woodins in HOD, this implies that ©¢(y*) < « for all v < k. Moreover
by the HOD-ultrafilter hypothesis (Theorem 7 cf(k) > w;. Therefore Qg (k*) = kTHOD,

Let P € HOD be the product Vopénka forcing adding a sequence of elements of k“ to
HOD. By counting ordinal definable co-Borel codes, one can show HOD F |P| < 2<% where
0 = ©¢(k*). In particular, |P| < £. Since HOD. is an inner model of a P-generic extension
of HOD, it follows that £ remains inaccessible in HOD ..

By Proposition HOD has the (Ry,s)-cover property below {. Therefore N =
HOD,«, and so £ remains inaccessible in A/, proving the proposition. O

We use the following theorem, abstracted from work of Adkisson—Ben-Neria [I]], to con-
nect Theorem to Gitik’s theorem that ZF does not prove the existence of a regular
uncountable cardinal.

Theorem 3.38 (Adkisson-Ben-Neria). Suppose that there is a class function that assigns
to each regular cardinal 6 a uniform measure Us € meas(d) so that the function ®(0) = Ky,
is monotone and unbounded. Then there is a class symmetric extension satisfying ZF in
which every uncountable cardinal is singular.

Proof. Let C be the closure of the class {ky, : 6 € Reg}, and let (k; : i € Ord) enumerate
the Beth fixed-points in C in increasing order. (An ordinal x is a Beth fized-point if for all
a €V, O(a) < k.) Let U = (Us : § € Reg). Let P = Pg,(U) be Adkisson-Ben-Neria’s class
forcing from [Il Definition 56]. The proofs of [I, Lemma 57 and Proposition 64|, showing
that Adkisson-Ben-Neria’s symmetric submodel of V¥ satisfies ZF plus all uncountable
cardinals are singular, ostensibly require the existence of a rank Berkeley cardinal. In fact,
their proofs go through in our context, with the sequence of almost supercompact cardinals
replaced by the sequence (k; : i € Ord) defined above. O

Corollary 3.39. Assuming HPC or that § is a V -cardinal, NNV¢ has a symmetric extension
satisfying ZF in which every uncountable cardinal is singular. ]

Corollary 3.40. The theory “ZF + every uncountable cardinal is singular” is consistent
relative to a Woodin limit of Woodin cardinals. O

4 Comparing Nairian models

We work in this section under the hypotheses:
e ADT + ADg +V = L(P(R)).

e ¢ < O is strongly inaccessible in N' = A¢.
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Our next theorem is a Nairian generalization of a key consequence of determinacy. Assuming
ADg, Woodin [25] showed that if | X| <* |R|, then there is a unique normal measure px on
P, (X).

If X € N N Vg, then the restriction of px to N belongs to N and witnesses that wy is
X-supercompact there. In analogy with Woodin’s theorem, we will prove that this is the
unique normal measure on P, (X) in N.

The main idea of the proof is that the “iteration maps” from Theorem can be lifted
from their original domains, which are countable hulls of HOD, to act on the Nairian models
associated to these hulls.

We need the following strengthening of Theorem [2.4]

Theorem 4.1 (Woodin). In the context of Theoremm for any v < ©, the model M and
the embedding j can be chosen so that j | v € M.

Note that by homogeneity, the conclusion of Theorem implies that j [ « belongs to
any derived model of M at 7. In the corresponding symmetric extension M(R*), j [ ~ is
coded by a bounded countable subset of ©F, and hence belongs to D. The same need not
hold for j[o], where o € [Ord]<“*, since & may not belong to M. Finally, j | v € M implies
that M N P(vy) = HOD N P(v).

Theorem 4.2. In N NV, for all X, there is a unique normal measure on P, (X).

Proof. Suppose H € HOD is a countable transitive model of ZF admitting an elementary
embedding p : H — # with ¢ € ran(p), and let £ = p~1(¢). Applying ADg, let v € (£, 0)
be least such that every s € I¢ is <7-generic over HOD, and let ¥ = o ().

We will use the construction from Theorem |2.__6_l Let M denote the model M from
Theorem and let M = p~1 [M] Let D be a derived model of M at the appropriate limit
of Woodin cardinals and let 5 : H — 2P be the embedding corresponding to the one from
Theorem We may assume that i [ ¥ € M N D. In particular, M N P(¥) = H N P(7).

Suppose N € HOD is an outer model of H such that p is partial elementary from (N, H)
to (N, ). Let I = Igﬁ./\? By our choice of 7, every s € I is <#-generic over H, and since
M N P(¥) = HnN P(%), it follows that the same is true for M.

Let R* = RNM, and as in Theorem let m: M — M* be a Neeman-style R*-genericity
iteration with critical point above 7. Let D* be the derived model of M* computed in
M*(R*), and recall as in Theorem [2.6/that P(R*) N D* < Hom™.

Note that k = 7 o1 is an elementary embedding from H to H* = 5" . Moreover, since
il £€ MND and crit(r) > &, we have k [ £ = n(i | £) € D*. We claim that k lifts to an
elementary embedding .

k:(N,H)— (N*, H*)
where N* = (N )P . Namely, if @ € N is definable in (N, H) from s € I, set k(a)
equal to the element of N* defined in (N*, H*) from k[s] in the same way. Note here that
k[s] € D* since k | £ € D*. The fact that k is well-defined and elementary follows from the
fact that 7o extends, for each s € I, to an elementary embedding from H, to %’jf[i ]‘, using
Theorem and the fact that crit(m) > 7.
Since it will be relevant in Theorem we note that the embedding k is close to N.

Fix ordinals § and « < k(d), and let U be the N-measure on § derived from k using ov.
Let U be the M-ultrafilter on i(4) derived from 7 using a. Since 7 is close to M, U € M.
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Moreover, since crit(m) > 7, £ > 7, and therefore for each s € I, Levy—Solovay implies U
generates a measure U in M([s] = M[i[s]]. Finally,

U={AcPO)NN:3secl(AcH[s]Ais(A)eU,)}

and this is definable over (N, H) from the parameter U € M C H.

Now fix a finitely generated structure H with an elementary p : H — S such that
p(€) = € and p(©) = O. Construct V € HOD by a type omission argument so that
H=V. Let N = (J\/'g)v.

Suppose that X,U € N and N satisfies that ¢/ is a normal measure on P, (X). We will
show that U is the measure derived from the embedding k: N — N* defined above using
k[X].

Using Spector’s ultrapower construction, form in HOD an elementary j : N — P such
that U is the measure derived from j using j[X] and j | (P(Ord) N N) agrees with the
ultrapower embedding of Y. Let Hp = j(H). By a standard realizability argument, there
is an elementary embedding pp : Hp — 5 such that p = pp o j [ H. This embedding is
automatically partial elementary from P to N since the first-order theory of A/ with ordinal
parameters uniformly reduces to that of 7.

Applying the construction above to P instead of N, we obtain kp:P— N Using that
H is finitely generated, one can show as in Theorem [2:6] that the relevant derived models
are equal. Moreover, k [ H = ];}7) oj | H since H is finitely generated and these are close
embeddings. We can now conclude that N = N*. Moreover, it follows that k and kp o j
agree on I, and hence on N. In particular, kp(j[X]) = kp 0 j[X] = k[X]. Since U is derived
from j using j[X], we also have that U is derived from kp o j using kp(j[X]). In other
words, U is the measure derived from k using k[X]. O

Theorem confirms a consequence of Blue—Larson—Sargsyan’s quasi-club conjecture.
The quasi-club filter on P, (X) is the filter generated by sets of the form

{eNX:0 XM and || <Ny}

where M is a structure in a countable language whose underlying set contains X. The
quasi-club conjecture states that assuming ADgr + O is regular + HPC + V = L(P(R)), if
N is a minimal Nairian model and X € N N V¢, then the quasi-club filter on P, (X) is an
ultrafilter. This conjecture probably cannot be proved as easily as Theorem For one
thing, the conclusion of the quasi-club conjecture is false in the model of Proposition [3.3

Next, we show that the Ultrapower Axiom holds in Nairian models. See [I2] for the
statement of the Ultrapower Axiom in the context of ZF 4+ DC; note that it only applies to
measures on ordinals.

Theorem 4.3. The Ultrapower Axiom holds in N.

Proof. Fix a finitely generated structure H with an elementary p : H — # such that
p(€) = € and p(©) = O. Construct V € HOD by a type omission argument so that
H = V. We will prove that UA holds in N = (Ng)Y.

Suppose jo : N' = Py and j; : N — P; are Spector ultrapowers of N by A-internal
measures Uy and U; on ordinals below &. The construction from Theorem produces close
embeddings ko : Pgp — M and k; : P1 — M such that kg o jo = k1 0j;. The arguments from
[12] show this implies that UA holds for Uy and Uj. O
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4.1 UA and the filter extension property

The reflection structure of Nairian models developed in [3] allows us to extend to A more
of the theory of ZFC + UA than can be recovered in the pure AD context of [12].

Theorem 4.4. Assume N satisfies NTpase. Suppose o > 0 is a limit ordinal and \ =
supg., ©(Vg). Then one of the following holds:

e Some k < X\ is A-supercompact in HOD.
o Fvery A-complete filter on an ordinal below & extends to a A-complete ultrafilter.

In the case that X is singular, these two alternatives are mutually exclusive. Also, as
in Proposition [3.34] and Proposition if HPC holds or if X is a cardinal in the ambient
determinacy model, then the first alternative cannot hold.

For the rest of the section we assume N satisfies NTy.se and work in N'. We fix through-
out a limit ordinal o > 0 such that A\ = 1,

If U is an ultrafilter on X and P and @) are partitions of X, then P refines @ modulo
U, denoted P <y @, if there is some A € U such that P [ A refines @ [ A.

An ultrafilter U is v-decomposable if there is a partition P of its underlying set such that
|P| = v and whenever Q <y P, |Q| > . The decomposability spectrum of U consists of all
v such that U is «-decomposable.

Lemma 4.5. Suppose U is a measure on an ordinal § < £. If the decomposability spectrum
of U is unbounded below A, then HOD satisfies that some k < X\ is \-supercompact.

Proof. Suppose v < X is a limit point of the decomposability spectrum of U of cofinality w.
We show that some k < 7 is y-supercompact in HOD. Fix n < £ such that P(y) € HOD,..
Let s € n¥ be a UA-sequence such that in HODy, cf(y) = w and ~ is a limit of the
decomposability spectrum of U NHOD;. The proof of [11l Lemma 5.4] shows that in HODs,
there is a countably complete uniform ultrafilter on 4+. Therefore by [7, Corollary 7.4.10]
some Kk < 7 is y-supercompact in HOD,. The proof shows moreover that yTHOPs — A+,
By the approximation property argument from Theorem it follows that tHOD = ~+
and so HOD satisfies that some k < 7 is y-supercompact.

If A has countable cofinality we are done. Finally, if A has uncountable cofinality, a
regressive function argument implies that some £ < A is <A-supercompact in HOD. If A
is regular, it is easy to finish using Theorem [3.7} If A is singular of uncountable cofinality,
a Silver-style argument shows that ATHOP = A+ and therefore again some x < A is A-
supercompact. O

A finest partition of U below X is a <y-minimum element of the set of <A-sized partitions
of the underlying set of U. The following is based on a result of Silver [21].

Lemma 4.6. Suppose U is a measure on an ordinal § < £ and the decomposability spectrum
of U is bounded below \. Then U has a finest partition below .

Proof. Fix an infinite cardinal p < A bounding the decomposability spectrum of U below A,
so that every <\-sized partition of ¢ is equivalent modulo U to a <p-sized partition.
Choose a successor ordinal 5 < « large enough that |p| <* |V,,4 /|, and let 6 = O(V,,4).
Since we are assuming NTyase, Hy, ., is H-like and § > p is regular. Let ¢ be a sufficiently
large ordinal, and applying NThase, fix a V,,48-closed Y = V41 containing all the relevant
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parameters and satisfying |Y'| <* |V,; 541|. Since Hy,,, is hierarchical, we can write Y as
an increasing union (J,;, Y; with [Y;| <* [V, |; by Vi,4g-closure, each Y; belongs to Y.
Let P be the least common refinement of all <p-sized partitions of § that belong to Y.
Then |P| < A and P is <y-below every <A-sized partition of § that belongs to Y. Choose
A € U such that |P [ A| < p. For distinct cells S, T of P [ A, let f(S,T) be the least i < 6
such that some <p-sized partition in Y; separates S and T'. By the regularity of 8 > p, these
indices are bounded by some i < . Let Q be the least common refinement of all <p-sized
partitions of § in ;. Then Q € Y, |Q| < |P| < A, and @ | A = P | A. The latter implies
that @ is <y-below every <\-sized partition of § that belongs to Y, so in Y, @ is a finest
partition of U below A. The lemma follows by elementarity. O

Definition 4.7. Suppose U and W are measures and X is the underlying set of U. Then
sw(U) = {A € jw(P(X)) : jiy'[A] € U}

In the ZFC context, sy (U) € My if and only if jy | My is definable over My . Under
UA, there is a useful inaccessibility criterion for W that implies sy (U) € My:

Lemma 4.8 (ZF +DC+UA). Suppose U and W are measures on ordinals € and §, respec-
tively. Suppose W is not the U-limit of a sequence (We : £ < €) of measures on § such that
We < W for all §. Then sy (U) € My .

Sketch. This is a choiceless analog of [7, Lemma 5.5.15]. The details are contained in the
proofs of [I2] Theorem 3.8] and [6l Lemma 3.19]. O

Proof of Theorem[{.4) Let F be a A-complete filter on an ordinal § < £. Let U be the
Ketonen minimum ultrafilter extending F'. Assume that no k£ < A is A-supercompact in
HOD. We will show that U is A-complete.

First, we show that if D is a measure on a cardinal v < A, then D C U. In fact, if
(Ue : £ < 7) is a sequence of measures on ¢ and Us <y U for all { < 7, we show that
D-lim¢o Ug # U. This is proved by an elementary substructure argument which yields X
with R(P(X)) < X and X N (F\ Ug) # 0 for all £ < . Letting A = (\(F N X), since F
is A-complete and there is no A-sequence of distinct subsets of X, we have A € F by [9]
Lemma 3.5], and clearly A ¢ U for any £ < 7, so A ¢ D-limg, Ue.

By Theorem and Lemma su(D) € My for every D € |J,_, meas(y). We
show that this implies that U is A-complete. By Lemma U has a finest partition @
below A. Let D be the projection of U to Q. Then sy (D) € My, but since the critical
point of the factor embedding k : Mp — My is at least A, we have sy (D) € ran(k) and
k=Ysy(D)] = sp(D) € Mp. If D were nonprincipal, sp(D) € Mp would yield a strict
Lipschitz reduction of D to itself, contradicting [7, Corollary 3.4.29]. Thus D is principal,
and hence U is A-complete. O
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