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Abstract

Assuming AD+ + V = L(P (R)), we show that the Ultrapower Axiom holds in
HODs for every ω-sequence of ordinals s. We use this result to analyze the structure
of Nairian models [2, 3], showing that they contain many measurable cardinals. As an
application, we establish the consistency of the existence of infinitely many consecutive
measurable cardinals in ZF set theory, relative to a Woodin limit of Woodin cardinals,
solving a question of Henle, Mathias, and Woodin [16]. From the same large cardinal
hypothesis, we produce a model of ZF in which every uncountable cardinal is singular;
Gitik’s original construction requires a proper class of strongly compact cardinals.

1 Introduction

The Axiom of Determinacy (AD) produces an intricate structure theory for sets of reals and
cardinals below Θ, the supremum of all ordinals that R surjects onto. A natural question
is whether this theory can be generalized in some way to a global structure theory for all
sets and all cardinals. Recent work of Blue–Larson–Sargsyan [2, 3] offers a precise way to
approach this question: under strong determinacy hypotheses, a candidate global theory
emerges in Nairian models, a family of inner models of ZF built using definability from
countable sequences of ordinals.

Blue–Larson–Sargsyan’s results on Nairian models rely on tools from descriptive inner
model theory, particularly the fine-structural analysis of the inner model HOD in models of
determinacy. An obstacle to our current understanding of Nairian models is that no general
fine-structural analysis is known for models of the form HODs, where s is a countable
sequence of ordinals. Building on work of Woodin, we develop an abstract comparison
process for such models, which shows that they satisfy the Ultrapower Axiom (UA), a set-
theoretic principle introduced by the first author [7] that captures part of the combinatorial
content of fine-structural comparison without reference to fine structure.

Theorem 2.8. Assume AD+ + V = L(P (R)). Then for all s ∈ Ordω, HODs satisfies UA.

A central conjecture of inner model theory is that under AD+ + V = L(P (R)), HOD is
a fine-structural inner model. Woodin confirmed a precise consequence of this conjecture
by showing that under AD+ + V = L(P (R)), HOD satisfies UA. We reorganize the proof
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of Woodin’s result and extend it to HODs for every countable sequence of ordinals s. The
theorem hints that HODs might admit a fine-structural analysis, but this remains unclear.

We use Theorem 2.8 to study measures in Nairian models. The basic idea is to analyze
the restrictions of these measures to HODs. Instead of using fine structure in HODs, we use
the theory of supercompact cardinals under UA [7]. An interesting feature of our approach
is that this theory, which was originally developed to predict the structure of inner models
with supercompact cardinals, finds concrete applications to models that do not contain an
inner model with a supercompact.

We state our theorems in the context of

AD+ + V = L(P (R))

Fix an ordinal ξ ≤ Θ. The extended Nairian model at ξ is the class Nξ of all sets hereditarily
ordinal definable from a bounded countable subset of ξ. Thus,

Nξ = HODIξ , Iξ = {s ∈ ξω : sup(s) < ξ}

Blue–Larson–Sargsyan denote this model by N+
ξ .

We are interested in the situation where ξ is strongly inaccessible in Nξ. Blue–Larson–
Sargsyan show that this is consistent relative to a Woodin limit of Woodin cardinals. In
this case, the Nairian model N = Nξ ∩ Vξ is a model of ZF exhibiting global determinacy
phenomena. From now on we assume ξ is strongly inaccessible in Nξ.

As usual, |X| ≤ |Y | means there is an injection from X to Y and |X| ≤∗ |Y | means
there is a surjection from Y to X. Let

ℵ(X) = sup{α ∈ Ord : |α| ≤ |X|}, Θ(X) = sup{α ∈ Ord : |α| ≤∗ |X|}

Theorem 3.23. Let H = HOD. Inside Nξ, suppose η < ξ is a regular cardinal satisfying:

(1) For all α < η, P (α) ⊆ H(ηω).

(2) For all α < η, Θ(αω) ≤ η.

Then either η is measurable in Nξ or H correctly computes all finite successors of η++.

In the known Nairian models, H does not correctly compute a single successor cardinal
below ξ, so the measurability conclusion holds. Letting λ = (η+ω)Nξ , correct computa-
tion of successors in particular implies that some ordinal κ ≤ η++ is <λ-supercompact in
HOD, whereas Blue–Larson–Sargsyan always assume Steel’s HOD pair capturing hypothesis
(HPC) [23].

Indeed, for our applications of Theorem 3.23 we adopt Blue–Larson–Sargsyan’s hypothe-
ses:

ADR + Θ is regular + V = L(P (R)) + HPC (1)

We also assume that
N = Nξ ∩ Vξ

is a minimal Nairian model in the sense of [3, Definition 1.1].
We apply Theorem 3.23 in N to the sequence of cardinals

⟨Θ(Vα) : α < ξ⟩
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These are the choiceless analogs of the Beth numbers. These cardinals are closely related to
the strong cardinals of HOD∩Vξ. Note that Θ(Vω) = ω1 and Θ(Vω+1) = Θ. It is a theorem
of ZF that if α is a limit ordinal, then Θ(Vα) = (supβ<α Θ(Vβ))+, and a similar argument
shows that under AD, Θ(Vω+2) = Θ+.

Blue–Larson–Sargsyan compute that in N , for n ≤ ω,

Θ(Vω+n+1) = Θ+n

More generally, although the value of (Θ(Vα+1))N for limit ordinals α > ω of countable
cofinality remains open, for all other α > ω, Blue–Larson–Sargsyan show

Θ(Vα+1) = Θ(Vα)+

This can be seen as a version of the generalized continuum hypothesis: in ZFC, GCH is
equivalent to Θ(Vα+1) = Θ(Vα)+ for all α ≥ ω.

Our main measurability result for minimal Nairian models is as follows:

Theorem 3.27. In N , for all infinite ordinals α, Θ(Vα) is measurable.

Applying Blue–Larson–Sargsyan’s calculation above, we have our first application:

Corollary 3.28. The theory “ZF + there are infinitely many consecutive measurable car-
dinals” is consistent relative to a Woodin limit of Woodin cardinals.

Theorem 3.27 also allows us to compute ℵ(Vα+1).

Corollary 3.32. In N , for all infinite ordinals α, ℵ(Vα+1) = Θ(Vα).

In other words, there is no Θ(Vα)-sequence of distinct subsets of Vα. This is further
evidence that the theory of Nairian models yields a global generalization of determinacy.
The equation ℵ(Vω+1) = Θ(Vω) asserts that there is no ω1-sequence of distinct reals, while
ℵ(Vω+2) = Θ(Vω+1) states that there is no Θ-sequence of distinct subsets of R. These are
well-known consequences of AD and ADR respectively.

Our second application is a reduction of the large cardinal hypothesis used in Gitik’s
construction of a model of ZF in which every uncountable cardinal is singular [5]. This uses
our results on the global structure of measures in arbitrary Nairian models. We return to
the setting of ADR + DC + V = L(P (R)), with ξ < Θ inaccessible in Nξ.

Again let N = Nξ ∩ Vξ. Corollary 3.15 states that in N , each regular cardinal δ carries
a unique weakly normal measure concentrating on ordinals of countable cofinality, which
we denote by Wδ. Theorem 3.22 shows that in N , the map Φ : Reg → Reg that sends δ
to the completeness of Wδ is monotone. Proposition 3.34 and Proposition 3.35 show that
if either HPC holds or ξ is a cardinal, then Φ is unbounded. In Theorem 3.38, assuming Φ
is unbounded, we adapt a forcing technique of Adkisson–Ben-Neria [1], originally developed
in the context of choiceless large cardinals, to work over N . This produces a model of ZF
in which every uncountable cardinal is singular, leading to our second application:

Corollary 3.40. The theory “ZF + every uncountable cardinal is singular” is consistent
relative to a Woodin limit of Woodin cardinals.

Finally, we develop a comparison process for Nairian models themselves. This allows us
to prove the following results for N = Nξ ∩ Vξ:

Theorem 4.2. In N , for every set X, there is a unique normal fine measure on Pω1
(X).
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Theorem 4.3. UA holds in N .

In this choiceless context, UA states that any two ultrapowers of V by measures on
ordinals can be compared by further internal ultrapowers. Note that these ultrapowers will
not in general be fully elementary.

As an application of Theorem 4.3, we prove the following result. We return to the
Blue–Larson–Sargsyan hypotheses 1 and assume N = Nξ ∩ Vξ is a minimal Nairian model.

Theorem 4.4. In N , if 0 < α < ξ is a limit ordinal and λ = supβ<α Θ(Vβ), then every
λ-complete filter on an ordinal extends to a λ-complete ultrafilter.

We can also prove the corresponding statement for λ = Θ(Vα+1) unless α is a limit
ordinal of countable cofinality; we defer the proof to a later draft.

2 Definability from a countable sequence of ordinals

Definition 2.1. Suppose M is a transitive class. The M -ultrafilter hypothesis states that
if U ∈ M is a measure in M , then U extends to a countably complete filter in V .

The main result of this section is an abstract comparison theorem for models of the form
HODs, where s is a countable sequence of ordinals. Assume AD+ + V = L(P (R)). We will
show that for all s ∈ Ordω, HODs satisfies the Ultrapower Axiom, and the HODs-ultrafilter
hypothesis holds.

The proof is obtained by relativizing Woodin’s theorem that UA holds in the HOD of
any model of AD+ +V = L(P (R)). The relativization uses the following ZF fact, essentially
due to Paris [4, 20]:

Definition 2.2. Let TX denote the Σ2-theory of V with parameters in Ord ∪ {X}. Let
HX denote the structure (HODX ,TX ,∈). Also let T = T∅ and H = H∅.

Proposition 2.3. Suppose X is a set, H is a countable transitive structure, and

ρ : H → HX

is an elementary embedding. Then there is a countable transitive model V̄ of ZF and a set
X̄ ∈ V̄ such that H = (HX̄)V̄ . Consequently, ρ is partial elementary from (V̄ , X̄) to (V,X).

We begin by providing a new proof of Woodin’s original theorem on HOD. Our proof
reorganizes, simplifies, and generalizes a proof that Woodin gave in the case ADR + Θ is
regular; see [13]. We use one of the central AD+ theorems on derived models:

Theorem 2.4 (Woodin). Assume AD+ + V = L(P (R)). There is a definable inner model
M ⊆ HOD with a limit of Woodin cardinals η and a generic elementary embedding

j : V → D

where D is a derived model of M at η.

Here we mean that M is definable without parameters over V .
We can make a number of further conclusions abstractly from the statement of Theo-

rem 2.4 (which are also immediate consequences of Woodin’s unpublished construction). By
homogeneity, H D is definable over M . Since HOD = L[S] for a set of ordinals S, j ↾ H
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is an extender embedding. By the uniqueness of generic extender embeddings, j ↾ H is
definable without parameters over V , or equivalently over H . A basic fact about derived
models is that ΘD ≤ (η+)M . It follows easily that η ≥ Θ and that η is the supremum of
the measurable cardinals of M ; it follows that η is the supremum of the Woodin cardinals
of M .

Though we do not really need it below, an immediate corollary of Theorem 2.4 is
Woodin’s theorem that HOD relativizes by adjunction.

Corollary 2.5 (Woodin). In the context of Theorem 2.4, for all σ ∈ [Ord]<ω1 , Tσ is
uniformly definable over (HOD[σ],T , σ), and hence HODσ = HOD[σ].

Proof. Let M,η, j be as in Theorem 2.4, and set i = j ↾ H . Since σ is countable, j(σ) =
j[σ] = i[σ]. Let Xσ = (HOD[σ],T , σ). Note that M [i[σ]] ⊆ HOD[σ] and is definable over
Xσ, and so by homogeneity, H D

i[σ] is definable over Xσ. Finally, Tσ is definable over Xσ

because
Tσ = i−1

[
T D

i[σ]

]
and therefore HODσ = L[Tσ] ⊆ HOD[σ].

Theorem 2.6 (Woodin). Assume AD+ +V = L(R,Hom). Then H satisfies weak compar-
ison: if H0 and H1 are finitely generated structures elementarily embeddable into H , then
either H0 ∈ H1, H1 ∈ H0, or there are close embeddings k0 : H0 → H∗ and k1 : H1 → H∗.

Proof. Let M and η be as in Theorem 2.4, and let R∗ = R ∩M .
Suppose that H ∈ H is a countable transitive structure that is elementarily embeddable

into H .1 We begin by constructing a close elementary embedding k : H → H∗ where H∗

is H D∗
for a model D∗ of the form Lα(R∗,Γ) with Γ an initial segment of HomM

<η.

By Proposition 2.3, choose a countable transitive model V̄ ≡ V such that H V̄ = H.
Applying Theorem 2.4 inside V̄ , let M̄ ⊆ H, η̄, and the generic elementary embedding
j̄ : V̄ → D be as in that theorem, where D is a derived model of M̄ at η̄. Define

i : H → H D

by i = j̄ ↾ H. By the observations following Theorem 2.4, i is definable over H.
Note that M̄ ∈ M and by absoluteness, M sees that M̄ is elementarily embeddable into

M . Therefore using Neeman-style R-genericity iterations,2 we can iterate (M̄, η̄) to a model
(M∗, η∗), again elementarily embeddable into M , such that R∗ = R ∩M are the reals of a
symmetric collapse of M∗ at η∗, and if D∗ is the derived model of M∗ at η∗ in M∗(R∗),

then Γ = HomD∗
is an initial segment of HomM

<η.
Let

π : M̄ → M∗

be the iteration map. Then π ↾ H D is elementary from H D to H D∗
. Set H∗ = H D∗

.
Define an elementary embedding k : H → H∗ by

k = π ◦ i
1Throughout this section, we work in choiceless Morse–Kelley set theory, which allows us to refer to the

first-order satisfaction predicate of V . By standard methods, the proof can be carried out in ZF.
2Woodin’s original construction used Woodin-style genericity iterations, which requires establishing cer-

tain instances of the unique branch hypothesis. Steel suggested replacing them with Neeman-style iterations
using [22].
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We claim that k is close to H. To prove this, fix A ∈ H∗, and let us show that
k−1[A] ∈ H. We have π−1[A] ∈ M̄ since π is close to M̄ and A ∈ M∗. Since M̄ ⊆ H,
it follows that π−1[A] ∈ H and hence i−1[π−1[A]] ∈ H since i is definable over H. But
k−1[A] = i−1[π−1[A]].

We will use that
D∗ = HullD

∗
(k[H] ∪ Λ)

where Λ = P (R) ∩D∗. This follows from the fact that H∗ = HullH
∗
(k[H] ∪ k(ΘH)), which

holds because k is close to H and every uniform measure of H lies on a cardinal less than
or equal to ΘH .

We now show that Weak Comparison holds for H . Fix any two finitely generated models
H0 and H1 that are elementarily embeddable into H . We will construct close embeddings
k0 : H0 → H∗

0 and k1 : H1 → H∗
1 such that H∗

0 and H∗
1 are comparable: either they are

equal or one belongs to the other.
For ℓ = 0, 1, the construction above yields a close embedding kℓ : Hℓ → H∗

ℓ where

H∗
ℓ = H D∗

ℓ for a model D∗
ℓ satisfying R ∩ D∗

ℓ = R ∩ M , Γℓ = HomD∗
ℓ ◁ HomM

<η, and

D∗
ℓ = HullD

∗
ℓ (kℓ[Hℓ] ∪ Λℓ) where Λℓ = P (R∗) ∩D∗

ℓ .
We claim that D∗

0 and D∗
1 are comparable. By Wadge determinacy in HomM

<η, Γ0 and
Γ1 are comparable pointclasses. It follows from our assumption that V = L(R,Hom) that

Λ0 and Λ1 are comparable as well. (If Γ0 = Γ1, this is trivial, and if Γ0◁Γ1, then Γ#
0 ∈ D∗

1 ,
so Λ0 ◁ Λ1.) By symmetry, it suffices to show that if Λ0 ◁ Λ1, then D∗

0 ∈ D∗
1 .

Suppose first that every set of reals has a sharp. We will use that D∗
1 is correct about

sharps, which means that if A ∈ D∗
1 and D∗

1 ⊨ B = A#, then in fact, B = A#. To see this,
note that M∗

1 is correct about sharps because M∗
1 is elementarily embeddable into M . It

follows that D∗
1 is correct about sharps, since D∗

1 is an inner model of a forcing extension
of M∗

1 .

Since D∗
0 = HullD

∗
0 (k0[H0] ∪ Λ0) and H0 is finitely generated, D∗

0 is coded by a subset

of Λ0 in L(R∗,Λ0). Since Λ#
0 ∈ D∗

1 , D∗
0 ∈ D∗

1 .
Suppose instead that some set of reals has no sharp. We then have that θ = ΘH0 is

regular in H0. It follows that k0(θ) = sup k0[θ] since θ carries no uniform measures in H0

and k0 is close to H0. In particular, cfM (k0(θ)) = ω. (We use that k0 ∈ M , which follows

from the fact that H∗
0 ∈ M and H0 is finitely generated.) Therefore D∗

0 = HullD
∗
0 (R∗ ∪ A)

where A = {an : n < ω} is a countable set in M . Letting Tn = Th
D∗

0

Σn
(R∗ ∪ {a0, . . . , an−1}),

we have {Tn}n<ω ⊆ D∗
0 and ⟨Tn⟩n<ω ∈ M , and hence ⟨Tn⟩n<ω ∈ D∗

1 . Since D∗
0 can be

recovered from ⟨Tn⟩n<ω, it follows that D∗
0 ∈ D∗

1 .
Thus we have shown that D∗

0 and D∗
1 are comparable. If D∗

0 ∈ D∗
1 , for example, then

D∗
0 is OD in D∗

1 and hence H∗
0 ∈ H∗

1 . It follows that H∗
0 and H∗

1 are comparable, and this
establishes weak comparison.

The conclusion of Theorem 2.6 implies HOD satisfies UA by [7, Theorem 2.3.10], and a
further reflection argument allows us to make this conclusion assuming V = L(P (R)) rather
than V = L(R,Hom). We omit this argument since it is similar to the one from Theorem 2.8
below. It is open whether H satisfies weak comparison assuming only AD++V = L(P (R)).

We now prove our main relativizations of Woodin’s result. The proof will again require
a reduction to the case that V = L(R,Hom). This uses a bit more of Woodin’s analysis of
the largest Suslin cardinal:
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Theorem 2.7 (Woodin). Assume AD+ +V = L(P (R)) and δ is the largest Suslin cardinal.
Then for any λ < Θ, there is a normal measure U on δ such that jU (δ) > λ, P (λ)∩V ⊆ MU ,
and P (λ) ∩ jU (HOD) = P (λ) ∩ HOD.

The proof of this theorem is unpublished in the key case V ̸= L(R,Hom).

Theorem 2.8. Under AD+ + V = L(P (R)), HODs satisfies UA for every s ∈ Ordω.

Proof. We start by assuming V = L(R,Hom). Let H be a pointwise definable transitive
structure that is elementarily embeddable into H .

Fix a countable transitive model V̄ ≡ V in HOD, constructed by type omission, so that
H = H V̄ . Fix and s ∈ Ordω ∩ V̄ . We will show UA holds in P = H V̄

s .
Fix internal ultrapowers e0 : P → P0 and e1 : P → P1, and let sn = en(s). For n = 0, 1,

we imitate the construction from Theorem 2.6. That is, construct V̄n ≡ V in HOD by
relativizing Proposition 2.3 so that

Pn = H V̄n
sn

Applying Theorem 2.4 in V̄n, fix M̄n ⊆ H V̄n , η̄n, and an elementary j̄n : V̄n → Dn where
Dn is a derived model of M̄n at η̄n. Let tn = j̄n(sn) and define

in : Pn → H Dn
tn

by in = j̄n ↾ Pn.
By Theorem 2.4, fix γn < η̄n such that tn is <γn-generic over M̄n. Let πn : M̄n → M∗

n

be a Neeman-style R∗-genericity iteration above γn, where R∗ = R ∩ HOD, such that if D∗
n

is the derived model of M∗
n as computed in M∗

n(R∗), then D∗
0 and D∗

1 are comparable. Let
s∗n = πn[tn], and let

π+
n : M̄n[tn] → M∗

n[s∗n]

be the unique extension coming from Lévy–Solovay. Finally let kn = π+
n ◦ in, so

kn : Pn → H
D∗

n
s∗n

is a close embedding.
We first show that D∗

0 = D∗
1 . We have elementary embeddings

(k0 ◦ e0) ↾ H : H → H D∗
0

(k1 ◦ e1) ↾ H : H → H D∗
1

Assuming towards a contradiction that D∗
0 ∈ D∗

1 , for example, we would have that H is
coded by a real in H D∗

1 . Since crit(k1 ◦ e1) > (2ℵ0)H , H and H D∗
1 have the same reals,

and so H is coded by a real in H, which is a contradiction. This proves that D∗
0 = D∗

1 , so
let us denote this model by D∗.

Since H is pointwise definable, it follows that k0 ◦ e0 ↾ H = k1 ◦ e1 ↾ H. Therefore
k0 ◦ e0[s] = k1 ◦ e1[s], and hence k0 ◦ e0(s) = k1 ◦ e1(s). In other words, k0(s0) = k1(s1),
and so H D∗

k0(s0)
= H D∗

k1(s1)
. Now k0 ◦ e0 and k1 ◦ e1 have the same target model, and since

every element of P = H V̄
s is definable in P from s, and k0 ◦ e0(s) = k1 ◦ e1(s), we obtain

k0 ◦ e0 = k1 ◦ e1. This yields UA for e0 and e1, as desired.
Now assume V ̸= L(R,Hom). Let δ be the largest Suslin cardinal. We will show that for

all s ∈ Θω, HODs satisfies UA. This suffices for the result: if t ∈ Ordω, then since HODt is
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a Θ-cc extension of HOD, there is a set S ∈ HOD such that ot(S) < Θ and ran(t) ⊆ S, and
therefore HODt = HODs for some s ∈ Θω.

Let δ be the largest Suslin cardinal, which exists since Hom ̸= P (R). By Suslin-co-

Suslin reflection, Hom = HomL(R,Hom) and for all s ∈ δω, HODs|δ = HODL(R,Hom)
s |δ.

Thus, L(R,Hom) satisfies AD+ + V = L(R,Hom), so by the previous case, UA holds

in HODL(R,Hom)
s for all s ∈ δω. In the context of ZFC, since UA is a Π2-sentence, UA

is downwards absolute to any Vρ with |Vρ| = ρ. Thus for all s ∈ δω, UA holds in

HODL(R,Hom)
s |δ = HODs|δ.

Assume towards a contradiction that UA fails in HODs for some s ∈ Θω. Fix a limit
ordinal γ < Θ such that sup(s) < γ and UA fails in HODs ∩ Vγ . Find λ < Θ large enough
that HODs|γ ⊆ (HOD|λ)[s]: to see this is possible, let T ∈ HODs be a bounded subset
of Θ, and note that T has a nice name in HOD ∩ VΘ by the Θ-cc of the Vopěnka algebra.
Let j : V → M be a Spector ultrapower by a δ-complete measure on δ such that j(δ) > λ,
HODM |λ = HOD|λ, and s ∈ M .

Since all measures are OD, HODM ⊆ HOD, and hence HODM
s ⊆ HODs. On the other

hand, HOD|λ ⊆ HODM
s , so HODs|γ ⊆ (HOD|λ)[s] ⊆ HODM

s . It follows that HODs|γ =
HODM

s |γ. Therefore UA fails in HODM
s |γ, and hence it fails in HODM

s |j(δ), contradicting
that in V , UA holds in HODs|δ for any s ∈ δω.

Using Theorem 2.4, we can generalize Woodin’s theorem on the HOD-ultrafilter hypoth-
esis to the context of AD+ + V = L(P (R)). As in the case of Theorem 2.6, Woodin proved
the slightly weaker (HOD ∩ VΘ)-ultrafilter hypothesis, again using more AD+-theory.

The following theorem is due to Woodin when s ∈ ωω.

Theorem 2.9. Assume AD+ + V = L(P (R)). Then for all s ∈ Ordω, the HODs-ultrafilter
hypothesis holds.

Proof. We can reduce to the case that V = L(R,Hom) by essentially the same argument
from Theorem 2.8.

Suppose H is the pointwise definable hull of H . By Proposition 2.3, we can form a
model V̄ ≡ V such that H = H V̄ . Fix s ∈ Ordω ∩ V̄ , and suppose j : Hs → H1 is the
ultrapower of Hs = (Hs)

V̄ by a measure U ∈ Hs. It suffices to show that U extends to a
countably complete filter in V̄ . Fix σ ∈ (Pω1(U))V̄ . We will show that

⋂
σ ̸= ∅.

We use the construction from the proof of Theorem 2.8, with M and η as in Theorem 2.4
and R∗ = R∩M . Applying Theorem 2.4 inside V̄ , let M̄ ⊆ H, η̄, and the generic elementary
embedding j̄ : V̄ → D be as in that theorem, where D is a derived model of M̄ at η̄. Set
t = j̄(s) and define

i : Hs → H D
t .

by i = j̄ ↾ Hs. Since σ is countable in V̄ and σ ⊆ Hs,

j̄(σ) = j̄[σ] = i[σ] ∈ D.

In particular, i[σ] and t belong to a common <η̄-generic extension of M̄ . Thus by taking
the critical point of the genericity iteration π : M̄ → M∗ sufficiently large, we can ensure
that π lifts uniquely to an elementary embedding π+ of M̄ [i[σ], t]. As in Theorem 2.8, we
let k = π+ ◦ i. Note that π+(i[σ]) = k[σ].

Let Q be the target model of k. The construction from Theorem 2.8 yields k1 : H1 → Q
such that k = k1 ◦ j.
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Let a = [id]U . Then a ∈
⋂
j[σ], so k1(a) ∈

⋂
(k1 ◦ j)[σ] =

⋂
k[σ]. In particular,⋂

k[σ] ̸= ∅, and since k[σ] = π+(i[σ]), it follows that
⋂
i[σ] ̸= ∅. Finally, j̄(σ) = i[σ], so the

elementarity of j̄ : V̄ → D implies
⋂
σ ̸= ∅, as desired.

3 Consequences for the Nairian model

In this section, we record some consequences of Section 2 for the structure of Nairian models.

Definition 3.1. Let Iξ =
⋃

β<ξ β
ω. The Nairian model at ξ is defined by

Nξ = HODIξ

We only consider such models in the context of determinacy. We are interested in the
case that ξ < Θ and Nξ ∩ Vξ is a model of ZF. Blue–Larson–Sargsyan [2] prove that this
is possible; in fact, ξ can be strongly inaccessible in Nξ. Here, a cardinal κ is strongly
inaccessible if for all α < κ, there is no cofinal map from Vα to κ.

3.1 UA preliminaries

Let measκ(X) denote the set of κ-complete measures on X and meas(X) = measω1
(X).

Definition 3.2. The Ketonen order is defined on U,W ∈ meas(δ) by setting U <k W if for
some S ∈ W , there are measures (Uα)α∈S ∈

∏
α∈S meas(α) such that for all A ⊆ δ,

A ∈ U ⇐⇒ {α ∈ S : A ∩ α ∈ Uα} ∈ W

ZF + DC proves that the Ketonen order is a well-founded partial order [12, Theorem
3.7] and UA is equivalent to the linearity of the Ketonen order [12, Theorem 3.8].

The linearity of the Ketonen order allows us to define minimum measures:

Definition 3.3 (UA). For each cardinal δ, Kδ denotes the Ketonen least uniform measure
on δ, if one exists.

Lemma 3.4 ([7, Theorem 7.2.14]). If δ is regular and Kδ exists, then Kδ is the unique
weakly normal measure on δ concentrating on ordinals α such that Kcf(α) does not exist.

Recall that a measure U on δ is weakly normal if every regressive function on δ is bounded
on a U -large set. We use this notion even in the case that δ is a singular ordinal, noting,
however, that for singular cardinals, a different notion of weak normality is also in use [7,
Definition 4.4.14].

The argument for Lemma 3.4 yields:

Lemma 3.5. Assume AD + DCR. Every ordinal δ < Θ of uncountable cofinality carries a
weakly normal measure that concentrates on Sδ

ω.

Proof. Let W be a Ketonen minimal measure extending the tail filter on δ. If f : δ → δ is
regressive on a W -large set, then f∗(W ) <k W , and so f∗(W ) is not uniform, which means
that f∗(W ) concentrates on a bounded set; in other words, f is bounded on a W -large set.
This proves W is weakly normal.

If Sδ
ω /∈ W , let S = δ \Sδ

ω. For each α ∈ S, choose Uα ∈ meas(α) extending the tail filter
on α. (Recall Kunen’s theorem that the measures are well-ordered.) Put A ∈ U if and only
if {α ∈ S : A ∩ α ∈ Uα} ∈ W . Then U <k W , but clearly U extends the tail filter, contrary
to the minimality of W .
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Definition 3.6. For any family of sets F , κF denotes the least cardinal γ such that for
some sequence ⟨Aξ : ξ < γ⟩ ⊆ F ,

⋂
ξ<γ Aξ = ∅.

If F is an ultrafilter, then κF is the usual completeness of F ; that is, κF = crit(jF ). We
will employ this more general notion in the case that F is an ultrafilter in some transitive
model of set theory.

A measure on a regular cardinal is seminormal if it extends the closed unbounded filter.
The following theorem is one of the main results in the analysis of supercompactness and
strong compactness under UA.

Theorem 3.7 (UA, [7, Proposition 8.4.20(5)–(6), Theorem 7.3.34]). Suppose δ is a regular
cardinal that carries distinct seminormal measures, and let κ = κKδ

. Then Kδ witnesses
that κ is δ-strongly compact and <δ-supercompact. Moreover, κ is δ-supercompact.

We will analyze measures in Nairian models by connecting them to canonical measures
in HODs.

Definition 3.8. If s ∈ Ordω and η is a cardinal in HODs, then K s
η denotes (Kη)HODs , if

(Kη)HODs exists.

The following lemma traces back to Ketonen [19].

Lemma 3.9. Suppose s ∈ Ordω, κ is a cardinal in HODs, and η ∈ (κ,Θ) is regular in
HODs. If HODs has the (ℵ1, κ)-cover property at η, then (κKη

)HODs ≤ κ.

Proof. The (ℵ1, κ)-cover property at η implies η has uncountable cofinality, and hence K s
η

exists. Note that Sη
ω ∈ K s

η by Lemma 3.4: by the ordinal definability of measures, if α < Θ

and cfHODs(α) carries no uniform measure in HODs, then cf(α) = ω. The (ℵ1, κ)-cover
property then implies (Sη

<κ)HODs ∈ K s
η .

Now let j : HODs → M be the ultrapower embedding associated to K s
η . We must show

crit(j) ≤ κ. By  Loś’s theorem, [id]K s
η
∈
(
S
j(η)
<j(κ)

)M

, or in other words:

cfM (sup j[η]) < j(κ)

Since cfHODs(sup j[η]) = η, we must have j(κ) ≥ η, and hence crit(j) ≤ κ.

3.2 Measurable cardinals in Nairian models

In this subsection, we assume:

• AD+ + V = L(P (R)).

• ξ ≤ Θ is strongly inaccessible in N = Nξ.

Our next few observations, up to Proposition 3.21, concern a fixed ordinal δ with the
following properties:

• δ is a regular cardinal in N .

• ΘN ≤ δ < ξ.

The first of these lemmas allows us to apply Theorem 3.7 to δ:

10



Lemma 3.10. For all sequences s ∈ Iξ, δ carries distinct seminormal measures in HODs.

Proof. Since ξ is a strong limit cardinal in N , (2δ)HODs < ξ. In particular, every ω-sequence
of ODs-subsets of δ belongs to N . Let S0 = Sδ

ω and S1 = δ \ S0; since δ ≥ ω2, both are
stationary in N . Let F be the club filter of HODs and let F0 = F |S0 and F1 = F |S1.
Then F0 and F1 extend to countably complete filters in V , and thus extend to measures U0

and U1 in V . By Kunen’s theorem, these measures are OD, and therefore U0 ∩ HODs and
U1 ∩ HODs witness that in HODs, there are distinct seminormal measures on δ.

Proposition 3.11. Suppose s ∈ Iξ, κ̄ = (κK s
δ

)N , and κ = (κK s
δ

)HODs .

(1) HODs has the (κ̄, κ)-cover property at δ in N .

(2) K s
δ witnesses that κ is δ-strongly compact and <δ-supercompact in HODs.

(3) κ is δ-supercompact in HODs.

Proof. Since δ carries distinct seminormal measures, we can apply Theorem 3.7 to conclude
that K s

δ witnesses that κ is δ-strongly compact and <δ-supercompact in HODs, and more-
over κ is δ-supercompact in HODs. Since K s

δ witnesses that κ is δ-strongly compact in
HODs, there is a function p : δ → Pκ(δ) in HODs such that U = p∗(K s

δ ) is a fine measure
on Pκ(δ).

The (κ̄, κ)-cover property now follows. Fix σ ∈ Pκ̄(δ) ∩N . For α < δ, define

Aα =
{
τ ∈ (Pκ(δ))

HODs : α ∈ τ
}

so Aα ∈ U by fineness. Since K s
δ is κ̄-complete,

⋂
α∈σ Aα ̸= ∅, and if τ belongs to this

intersection, then τ ∈ HODs, σ ⊆ τ and |τ |HODs < κ.

Proposition 3.12. For any s ∈ Iξ, K s
δ is ΘN -complete in HODs.

Proof. Otherwise, by Proposition 3.11, for some κ < ΘN , HODs has the (ℵ1, κ)-cover
property at δ. To get a contradiction, fix γ ∈ (κ,ΘN ) such that γ → (γ)<ω1 . By a standard
argument, there is an ω-club of α < γ such that α is regular in HODs.

3 This contradicts
that HODs has the (ℵ1, κ)-cover property at γ.

Proposition 3.13. Suppose that in N , W is a weakly normal measure on δ that concentrates
on Sδ

ω. Then for all s ∈ Iξ, W ∩ HODs = K s
δ .

Proof. This follows immediately from Lemma 3.4 since W ∩ HODs is weakly normal in
HODs and by the HODs-ultrafilter hypothesis (Theorem 2.9), W ∩ HODs concentrates on
ordinals α such that K s

ᾱ does not exist where ᾱ = cfHODs(α).

Corollary 3.14. Suppose that in N , W is a weakly normal measure on δ that concentrates
on Sδ

ω. Then W =
⋃

s∈Iξ
K s

δ and W is ΘN -complete.

Proof. This follows from Proposition 3.12 and Proposition 3.13 since every subset of δ in N
belongs to HODs for some s ∈ Iξ.

Corollary 3.15. In N , there is a unique weakly normal measure concentrating on Sδ
ω.

3Let U be the ω-club filter on γ. The partition property implies that U is a normal measure, and hence
U ∩HODs is a normal measure in HODs. Since HODs satisfies ZFC, RegHODs ∩ γ ∈ U .
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Proof. Existence follows from Lemma 3.5: since δ is regular in N , cf(δ) > ω; therefore
Lemma 3.5 provides a weakly normal measure W on δ concentrating on Sδ

ω; since W is OD,
W ∩N ∈ N . Uniqueness is immediate from Corollary 3.14.

Definition 3.16. Let Wδ denote the unique weakly normal measure of N with Sδ
ω ∈ Wδ.

The proof of Corollary 3.15 yields the following criterion for completeness of Wδ.

Corollary 3.17. Suppose κ ≤ δ and for all s ∈ Iξ, (κK s
δ

)HODs ≥ κ. Then (κWδ
)N ≥ κ.

Before continuing to our general results, we state some immediate corollaries under anti-
inner model hypotheses.

Proposition 3.18. Let N = N ∩Vξ and assume the following holds in N : for all cardinals
λ, there is no inner model M of ZFC+UA in which some κ < λ is λ-supercompact and such
that the M -ultrafilter hypothesis holds. Then in N , every regular cardinal is measurable.

Proof. This follows from Proposition 3.11 and Corollary 3.17.

It is unclear that it is consistent for the anti-inner model hypothesis of Proposition 3.18
to hold in a Nairian model Nξ where ξ is strongly inaccessible. The question that arises is
the following:

Question 3.19. Which of the following large cardinal hypotheses has higher consistency
strength over ZFC?

• There is a cardinal κ that is κ+-supercompact.

• There is a Woodin limit of Woodin cardinals.

Clearly if κ is 2κ-supercompact, then κ is a Woodin limit of Woodin cardinals, so we
state the following proposition, whose anti-large cardinal hypothesis is consistent:

Proposition 3.20. Let N = N ∩ Vξ, and assume that in N there is no inner model of
ZFC containing a cardinal κ that is 22

κ

-supercompact. Then in N , every regular cardinal δ
carries a measure that is λ-complete for all cardinals λ < δ.

Proof. The proof is the same as that of Proposition 3.18 using the fact that under UA, if κ
is κ++-supercompact, then 22

κ

= κ++.

We now continue to the theorems that require no anti-inner model hypothesis.

Proposition 3.21. Let κ = (κWδ
)N , and suppose s ∈ Iξ is such that (κK s

δ
)HODs = κ.

Then HODs has the κ-cover and approximation properties at δ in N . Moreover, every
S ∈ P (δ) ∩N is in HODs,x for some x ∈ P (κ) ∩N .

Proof. The κ-cover property follows immediately from Proposition 3.11. For the approx-
imation property, fix A = ⟨Aα : α < δ⟩ ∈ HODs such that HODs satisfies that A is a
κ-independent family of subsets of δ. Suppose T ∈ P (δ) ∩ N is κ-approximated by HODs.
Then the basis

B = {Aα : α ∈ T} ∪ {δ \Aα : α /∈ T}

extends to a κ-complete filter F in N . In particular, F is countably complete in V , and thus
F extends to a measure U in V . By Kunen’s theorem, U is OD, and so U ∩HODs ∈ HODs.
Thus T = {α < δ : Aα ∈ U} ∈ HODs.
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To show every S ∈ P (δ) ∩ N is in HODs,x for some x ∈ P (κ) ∩ N , fix t ∈ Iξ such that
s and S belong to HODt. Since K s

δ ⊆ K t
δ , (κK t

δ
)HODt = κ. In particular, κ is δ-strongly

compact in HODt. Let x ⊆ κ code a well-order of Pκ(κ) ∩ HODt. Note that the models
HODs,x and HODt compute Pκ(δ) the same way: of course, HODs,x ⊆ HODt, and in the
other direction, if σ ∈ (Pκ(δ))HODt , then σ is covered by τ ∈ (Pκ(δ))HODs by the κ-cover
property, P (τ) ∩ HODt ⊆ HODs,x since Pκ(κ) ∩ HODt ⊆ HODs,x. The same argument
shows that

(δ<κ)HODs,x ≤ (δ<κ)HODs · (κ<κ)HODs,x = δ · κ = δ

This cardinal arithmetic yields A = ⟨Aα : α < δ⟩ ∈ HODs,x such that HODs,x satisfies
that A is a κ-independent family of subsets of δ. Since HODs,x and HODt have the same
Pκ(δ), A is also κ-independent in HODt. By Proposition 3.11, κ is δ-strongly compact in
HODt. Repeating the argument of the previous paragraph, we can find a κ-complete measure
U of HODt such that S = {α < δ : Aα ∈ U}, and using the HODt-ultrafilter hypothesis
(Theorem 2.9), we obtain that U ∩ HODs,x ∈ HODs,x, and therefore S ∈ HODs,x.

Theorem 3.22. If δ0 ≤ δ1 < ξ are regular cardinals in N , then κWδ0
≤ κWδ1

.

Proof. By the Steel–Woodin theorem, we may assume δ0 ≥ ΘN . By Corollary 3.17, it
suffices to show that for all s ∈ Iξ, K s

δ1
is κ-complete in HODs where κ = κWδ0

.
Fix s ∈ Iξ. A consequence of [7, Lemma 7.4.49] is that under ZFC + UA, if γ0 ≤ γ1

are regular non-isolated Fréchet cardinals, then κKγ0
≤ κKγ1

. By Lemma 3.10, both δ0
and δ1 carry distinct seminormal measures in HODs, and so by [7, Theorem 8.4.20], they
are regular non-isolated Fréchet cardinals in HODs. By Proposition 3.13, it follows that
κ ≤ κK s

δ0
≤ κK s

δ1
.

We now prove our main theorem on measurable cardinals in Nairian models.

Theorem 3.23. Let H = HOD. Inside N , suppose η < ξ is a regular cardinal satisfying:

(1) For all α < η, P (α) ⊆ H(ηω).

(2) For all α < η, Θ(αω) ≤ η.

Then either Wη is η-complete in N or H correctly computes all finite successors of η++.

Proof. By (2), ΘN ≤ η < ξ, which puts us in a position to apply the previous results of this
section with δ = η.

Assume towards a contradiction that the conclusion fails. In other words, κ < η where
κ = (κWη

)N . Fix s ∈ Iξ such that (κK s
η

)HODs = κ.
By Proposition 3.21, HODs has the κ-cover property at δ in N and every S ∈ P (η)∩N

is in HODs,x for some x ∈ P (κ)∩N . Combining (1) and (2), for any x ∈ P (κ)∩N , HODs,x

is a η-cc generic extension of HODs. Since every subset of η in N belongs to some such
HODs,x, it follows that (η+)HODs = (η+)N .

Since HODs has the κ-cover property at η and (η+)HODs = (η+)N , HODs has the κ-
cover property at (η+)N . Let γ = (η+)N . Since γ is a cardinal in N that is seen to be a
successor cardinal by an inner model of choice, γ is regular in N . Applying Lemma 3.9 and
Theorem 3.22,

κ = (κK s
η

)HODs ≤ (κK s
γ

)HODs ≤ κ

Thus we can apply Proposition 3.21 again, to obtain that every S ∈ P (γ)∩N is in HODs,x

for some x ∈ P (κ) ∩N , and thus (γ+)HODs = (γ+)N .
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Iterating this argument, we have that HODs correctly computes (η+n)N for all n < ω.
Let λ = (η+ω)N . By Proposition 3.11, κ is <λ-supercompact in HODs and HODs has the
κ-cover and approximation properties below λ. Indeed, this holds in HODs,u for all u ∈ Iξ.

We claim that ΘN (P (η)) ≤ (γ+)N . Note first that for all since UA implies GCH in
regions of supercompactness, (2η)HODs,u = γ for all u ∈ Iξ. For each u ∈ ηω, let ⟨Su

α : α < γ⟩
be an ODs,u-enumeration of P (η) ∩ HODs,u. Note that each S ⊆ η is of the form Su

α for
some u ∈ ηω and α < γ, since S ∈ HODs,x for some x ∈ P (κ) ∩N and x ∈ HODu for some
u ∈ ηω by (1).

Suppose ν < ΘN (P (η)), and let us show ν < (γ+)N . Suppose f : P (η) → ν is a
surjection. Define g : ηω × γ → ν by setting g(u, α) = f(Su

α). Then g is also a surjection.
Note however that for each fixed α < γ, if Aα = {g(u, α) : u ∈ ηω}, then |Aα| ≤ η by
(2). (Here we use that ΘN (ηω) = (η+)N as a consequence of (2).) Since ν =

⋃
α<γ Aα,

ν < (γ+)N .
Fix y ⊆ η such that HODs ∩ Pκ(η) is coded by y. Since ΘN (P (η)) ≤ (γ+)N , HODy is

contained in a (γ+)N -cc extension of HOD. Moreover, applying the Hamkins uniqueness
theorem [10, Theorem 4.7] at each finite successor of η, we see that Y = Pbd(λ) ∩ HODs is

ODy. In particular, HODL(Y )
y ⊆ HODy. Note that L(Y ) is a model of ZFC + UA in which

κ is <λ-supercompact; the fact that L(Y ) ⊨ AC follows from [7, Theorem 6.2.19] applied in
HODs, which implies that there is a well-order of Y that is definable from parameters over
Y . By [7, Theorem 6.2.19], it follows that Y ⊆ HODL(Y )

y ⊆ HODy. This implies that Y

is contained in a (γ+)N -cc extension of HOD. It follows that HOD correctly computes all
finite successors of (γ+)N = (η++)N .

Note that if HOD correctly computes all finite successors of (η++)N , then there is an
ordinal κ ≤ (η++)N that is (η+n)N -supercompact in HOD for all n < ω. In particular, this
is impossible under HPC.

3.3 Measurable cardinals in minimal Nairian models

Throughout this subsection, assume

ZF + ADR + Θreg + HPC + V = L(P (R)).

Fix ξ < Θ such that ξ is strongly inaccessible in Nξ. We also assume that

N = Nξ ∩ Vξ

is a minimal Nairian model in the sense of [3, Definition 1.1]. We let H denote HOD as
computed in the ambient determinacy model.

Lemma 3.24. In N , if α ≥ ω and η = Θ(Vα+1), then for all β < η, P (β) ⊆ H(ηω).

Proof. If α = ω, the lemma follows from ADR + DC. Assume α > ω. Fix β such that Θ ≤
β < η, and let η̄ be the least <ξ-strong of H above β. By [3, Theorem 19.1], η̄ = Θ(βω) ≤ η.
By [2, Theorem 10.13], P (β) ⊆ L(H|η̄, Iη̄) ⊆ H(ηω).

Lemma 3.25. In N , for all α ≥ ω, |Vα| =∗ |Iλ| where λ = supβ<α Θ(Vβ).

Proof. Work in N . The nontrivial direction is |Vα| ≤∗ |Iλ|. We produce the required
surjections uniformly in α by induction. This uniformity handles the limit steps. For the
successor step, suppose |Vα| ≤∗ |Iλ|, and let us show that |Vα+1| ≤∗ |Θ(Vα)ω|.
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First, assume cf(α) = ω. Then |Vα+1| =∗ |V ω
α | ≤∗ |(Iλ)ω| =∗ |λω| ≤∗ |Θ(Vα)ω|.

Otherwise, let θ = Θ(λω), and note that θ ≤ Θ(Vα) since |(Vα)ω| = |Vα|. We use that
P (λω) ⊆ Lθ(H|θ, Iθ) by [2, Theorem 10.6 and 10.13]. Since every subset of Vα can be coded
by a subset of Iλ, it follows that Vα+1 ⊆ Lθ(H|θ, Iθ). Thus |Vα+1| ≤∗ |Iθ| ≤∗ |IΘ(Vα)|, as
desired.

We can now connect the cardinals Θ(Vα) to the <ξ-strong cardinals of HOD:

Proposition 3.26. The set of <ξ-strong cardinals of HOD is equal to

S = {Θ(Vα) : α ≥ ω and α ∈ ξ \ Sξ
ω}

Proof. Fix α ≥ ω and let λ = supβ<α Θ(Vβ). We will show that the least <ξ-strong of
HOD above λ is min(S \ (λ+ 1)). By [3, Theorem 19.1], the least <ξ-strong of HOD above
λ is Θ(λω). If cf(α) = ω, Lemma 3.25 implies Θ(Vα+1) = Θ(λω), and clearly Θ(Vα+1) =
min(S \ (λ + 1)). Otherwise, Θ(Vα) = Θ(λω), and clearly Θ(Vα) = min(S \ (λ + 1)).

Theorem 3.27. In N , if α ≥ ω and κ = Θ(Vα), then Wκ is κ-complete so κ is measurable.

Proof. We first consider the case that α is a successor ordinal. Let λ = Θ(Vα−1). Since λ
has uncountable cofinality, Lemma 3.25 implies Θ(Vα) = Θ(λω). Since Θ(Vα) is a <ξ-strong
cardinal of HOD, it is regular by [2, Theorem 10.20].

Apply Theorem 3.23 in Nξ to η = κ. We check the three criteria from that theorem. It
is easy to see that for all β < κ, Θ(βω) ≤ κ. By Lemma 3.24, for all β < κ, P (β) ⊆ H(κω).
Finally, HOD does not correctly compute any successor cardinals by our HPC assumption.

For the limit case, we use the following claim:

Claim 1. In N , for every limit ordinal α, Θ(Vα) = (supβ<α Θ(Vβ))+ and Θ(Vα) is regular.

Proof. It is a consequence of ZF that Θ(Vα) = (supβ<α Θ(Vβ))+; see [8, Lemma 2.1]. Work
in N . Let λ = supβ<α Θ(Vβ). Since N is a minimal Nairian model, it contains no strongly
inaccessible cardinals, and so λ is singular.

Assume towards a contradiction that λ+ is singular, say of cofinality µ < λ. Let ν
be a sufficiently large ordinal. By Blue–Larson–Sargsyan [3, Theorem 1.17 and Definitions
6.2 and 8.6], there is an elementary substructure X ⪯ Vν such that µ ⊆ X, λ ∈ X, and
|X| ≤∗ |Vβ | for some β < α. (We use here that one can bound the sizes of levels of the
N-hierarchy from [3] by levels of the cumulative hierarchy; for example, |Nγ | ≤∗ |Vω+γ+2|,
which is easy to prove by induction.)

We now use the argument of [24, Lemma 3]. Since µ ⊆ X, X ∩ λ+ is cofinal in λ+. By
elementarity, evaluating the surjections in X from λ onto ordinals below λ+ gives a partial
surjection F : X × λ → λ+. For each ν < λ, the set Rν = {F (h, ν) : h ∈ X} has order type
below λ, since Θ(X) ≤ λ. The increasing enumerations of the Rν ’s therefore give a partial
surjection from λ× λ onto λ+, a contradiction.

We now consider the case that α is a limit ordinal. Let λ = supβ<α Θ(Vβ). By Claim 1,
Θ(Vα) = λ+ is regular. By Theorem 3.22, the completeness of Wλ+ is at least the complete-
ness of Wδ for any regular δ < λ, and so Wλ+ is λ-complete as a consequence of the successor
case. The minimality of N implies that λ is singular, and hence Wλ+ is λ+-complete.

Corollary 3.28. The theory “ZF + there are infinitely many consecutive measurable car-
dinals” is consistent relative to a Woodin limit of Woodin cardinals.
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Proof. Blue–Larson–Sargsyan construct minimal Nairian models starting with a Woodin
limit of Woodin cardinals, and in these models they prove that Θ(Vω+n+1) = Θ+n for all
n < ω. By Theorem 3.27, this yields infinitely many consecutive measurable cardinals.

We now show minimal Nairian models satisfy ℵ(Vα+1) = Θ(Vα) for all infinite ordinals
α. In other words, there is no Θ(Vα)-sequence of distinct subsets of Vα.

We will use the following abstract forcing lemma [14, Lemma 5.2].4

Lemma 3.29. Assume the Axiom of Choice. Suppose κ is weakly compact and B is a κ-cc
complete Boolean algebra completely generated by fewer than κ elements. Then |B| < κ.

Theorem 3.30. Suppose X is a transitive set and N is an inner model of ZFC such that
N = HODN∪{X}. Let g ⊆ Col(ω,X) be V -generic and let κ = Θ(X<ω). Then g belongs to
a κ-cc forcing extension of N .

Proof. We verify that N has the uniform κ-cover property in M = HODN∪{g} and then cite
Bukovsky’s criterion [11, Proposition 4.37]. Suppose I ∈ N and f : I → Ord is a function
in M . For each i ∈ I, let

F (i) = {α ∈ Ord : ∃p ∈ Col(ω,X) (p ⊩ f(i) = α)}

Then F ∈ N , and for all i ∈ I, f(i) ∈ F (i) and |F (i)| ≤∗ |X<ω|, so ot(F (i)) < κ.

Proposition 3.31. Suppose κ is measurable and X is a transitive set with Θ(X) ≤ κ.
Then, for any inner model M of ZFC, the following hold:

(1) κ is strongly inaccessible in M(X).

(2) For every normal measure W on κ, W -almost every ρ < κ is regular in M(X).

Proof. Fix a nonprincipal κ-complete measure W on κ. Let N be the class of sets hereditarily
ordinal definable from parameters in M ∪ {X,W}. Then N = HODN∪{X}. Since M ⊆ N ,
it suffices, by absoluteness, to prove (1) and (2) for N(X).

Applying Theorem 3.30, let A be a κ-cc complete Boolean algebra and G ⊆ A be an N -
generic filter such that N [G] contains a V -generic collapse g : ω → X. Let Ė be an A-name
for a binary relation on ω such that (X,∈) ∼= (ω, ĖG). Let B be the complete subalgebra
of A generated by the Boolean values of n Ė m for n,m < ω. Then in N , B is a countably
generated κ-cc Boolean algebra and N(X) is contained in a B-generic extension of N .

Since κ is measurable in N , Lemma 3.29 implies |B| < κ. Therefore κ remains strongly
inaccessible in any B-generic extension of N , and so κ is strongly inaccessible in N(X), which
proves (1). For (2), note that if W is normal, then W concentrates on regular cardinals of
N , and forcing with B preserves all sufficiently large N -regular cardinals below κ.

For the next corollary, we return to the setting of Section 3.3: assume

ZF + ADR + Θreg + V = L(P (R)) + HPC.

Let N be a minimal Nairian model, let ξ = Ord ∩N , and let N = Nξ. Thus N = N ∩ Vξ.

Corollary 3.32. In N , if ω ≤ α < ξ, there is no Θ(Vα)-sequence of distinct subsets of Vα.

4The result is due to Jech [18, p. 5] and Harrington–Shelah [15, p. 186, Lemma 1]. The suggestion to use
this result to bound the size of the Vopěnka algebra is due to GPT-6.
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Proof. Let κ = Θ(Vα), which is measurable by Theorem 3.27.

First suppose that α is a successor ordinal. Assume towards a contradiction that A⃗ =
⟨Aν : ν < κ⟩ is a sequence of distinct subsets of Vα. By Lemma 3.25, for some η < κ, there
is a surjection f : ηω → Vα. (We can take η = Θ(Vα−1).) Let Bν = f−1[Aν ] for ν < κ.

Choose s ∈ Iξ such that f and A⃗ are ODs. By [3, Theorem 12.11], the relation

{(ν, x) ∈ κ× ηω : x ∈ Bν},

has an ∞-Borel code in HODs. Hence ⟨Bν : ν < κ⟩ belongs to HODs(η
ω). By Propo-

sition 3.31(1), κ is strongly inaccessible in HODs(η
ω). But in this model, ν 7→ Bν is an

injection from κ into P (ηω), a set of rank less than κ since η < κ. This contradicts that κ
is strongly inaccessible.

Now suppose that α is a limit ordinal, and fix a κ-complete nonprincipal measure U on
κ. The successor case shows that for every β < α, there is no κ-sequence of distinct subsets
of Vβ . By [9, Lemma 3.5], U is therefore closed under Vβ-indexed intersections. Since α < κ
and U is κ-complete, this implies that U is closed under Vα-indexed intersections as well.
A standard argument now shows that there is no κ-sequence of distinct subsets of Vα; see
the proof of [17, Lemma 10.4].

3.4 Nairian models, supercompact cardinals, and Gitik’s theorem

In this subsection (except Proposition 3.37), we assume:

• AD+ + V = L(P (R)).

• ξ ≤ Θ is strongly inaccessible in N = Nξ.

This means we can apply the results of Section 3.2 to any δ that is regular in N and satisfies
ΘN ≤ δ < ξ. In particular, Wδ is defined for all such δ; see Definition 3.16.

Theorem 3.33. Exactly one of the following holds:

(1) N ∩ Vξ satisfies that for all κ, for all sufficiently large regular δ, Wδ is κ-complete.

(2) HOD ∩ Vξ satisfies that there is a supercompact cardinal.

Proof. Work in N . Assume (1) fails. By Theorem 3.22, there is some cardinal κ∗ such that
for all sufficiently large regular δ < ξ, κWδ

= κ∗.
By Proposition 3.11 and Proposition 3.21, for all regular δ ∈ [κ∗, ξ), there is some s ∈ Iξ

such that κ∗ is δ-supercompact in HODs and HODs has the κ∗-cover and approximation
properties at δ. Let γ = κ+

∗ . By the Hamkins uniqueness theorem [10, Theorem 4.7], if M0

and M1 are inner models of ZFC with the κ∗-approximation and cover properties at δ such
that M0 ∩H(γ) = M1 ∩H(γ), then M0 ∩ P (δ) = M1 ∩ P (δ). By a pigeonhole argument,
using that ξ is inaccessible, we can find a single transitive model M ⊆ Vξ with the κ∗-cover
and approximation properties such that for arbitrarily large regular δ, there is some s ∈ Iξ
such that P (δ) ∩M = P (δ) ∩ HODs and κ∗ is δ-supercompact in HODs.

It follows easily that κ∗ is supercompact in M and M satisfies UA. Moreover M is
ordinal definable from x = M ∩H(γ). Thus HODM ⊆ HODx. Note also that HODM has
the κ∗-cover and approximation properties in M since M ⊨ UA and UA implies that HOD
is a weak extender model at each supercompact cardinal [7, Theorem 6.2.15].
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We now leave N and work in the ambient determinacy model. We have that HODM ⊆
HODN

x ⊆ HODx. By Vopěnka’s theorem, HODx is contained in a ρ-cc generic extension
of HOD for some ρ < ξ. (A coarse upper bound is ρ = Θ0(V N

γ+1).) Since HODM has the
κ∗-cover property below ξ and is contained in a ρ-cc generic extension of HOD, it follows
that HOD has the (κ∗, ρ)-cover property below ξ. This covering property implies that for all
regular δ ∈ (ρ, ξ), HOD satisfies κKδ

≤ ρ. Applying Proposition 3.11, it follows immediately
that there is a supercompact cardinal in HOD ∩ Vξ.

Finally, we sketch the proof that (1) and (2) are mutually exclusive. Assume (2) holds.
We will show that ξ is a limit of regular cardinals in N . Granting this, let us show that (1)
fails. Let κ0 be the least supercompact of HOD ∩ Vξ. By [7, Lemma 7.4.49] if κ0 ≤ δ < ξ
and δ is a regular cardinal in HOD, then K 0

δ = (Kδ)HOD has completeness κ0 in HOD. If
δ > κ0 is regular in N , then by Proposition 3.13 κWδ

≤ κK 0
δ

= κ0, which rules out (1).
We now show that ξ is a limit of regular cardinals in N . First, note that Proposition 3.11

shows that HOD has the (ℵ1, κ0)-cover property below ξ. Thus the same is true for HODs

for any s ∈ Iξ, and it follows from Lemma 3.9 that there is a supercompact cardinal in
HODs∩Vξ. Let us denote by κs the least supercompact cardinal of HODs∩Vξ. Thus HODs

has the (ℵ1, κs)-cover property below ξ.
Fix s ∈ Iξ with κs as small as possible. We claim that κs is regular in N : otherwise, take

t ∈ Iξ such that s ∈ HODt and κs is singular in HODt. Since HODs ⊆ HODt, κt ≤ κs, but
since κs is singular in HODt, κt < κs, contrary to the minimality of κs. The proof of [10,
Theorem 2.8] now shows that if κs ≤ δ < ξ and δ is regular in HODs, then in N , cf(δ) = |δ|.
Since ξ is a limit cardinal in N , it follows that ξ is a limit of regular cardinals.

Note that Theorem 3.33 (2) implies that one can force choice over N ∩ Vξ by collapsing
κω; in this case, one might say N is not truly Nairian. This raises the question of whether
this alternative is even possible. Theorem 3.33 (2) can be ruled out under fairly general
hypotheses, including the central cases of minimal Nairian models and full Nairian models:

Proposition 3.34. Assuming HPC, Theorem 3.33 (1) holds.

Proof. Since we are assuming ADR + HPC + V = L(P (R)), Steel’s analysis of HOD as an
lbr hod pair [23] shows that in HOD, there is no cardinal κ that is κ+-supercompact.

Proposition 3.35. Assuming ξ is a cardinal in V , Theorem 3.33 (1) holds.

Proof. By a theorem of Woodin [26, Theorem 7.24], assuming AD+ + V = L(P (R)), if ξ is
a cardinal, then in HOD, no κ < ξ is <ξ-supercompact.

These propositions show that in the central cases, Theorem 3.33 (1) holds. On the other
hand, Proposition 3.37 below shows that assuming the existence of very large cardinals in
HOD and a natural condition on the Sargsyan sequence, it is possible for Theorem 3.33 (2)
to hold in a Nairian model N = Nξ such that ξ is inaccessible in N .

Conjecture 3.36. Assume AD+ + V = L(P (R)). Suppose γ < Θ and the following hold:

(1) γ is a cardinal in HOD.

(2) No ordinal κ < γ is <γ-supercompact in HOD.

(3) cf(γ) = ω.

Then Θ0(γω) is the least Woodin cardinal of HOD above γ.

18



In Proposition 3.37, we drop the assumption that ξ is inaccessible in Nξ, since our
conclusion is simply that this must hold.

Proposition 3.37. Assume Conjecture 3.36. If ξ is inaccessible in HOD and HOD ∩ Vξ

satisfies that there is a supercompact cardinal, then ξ is inaccessible in Nξ.

Proof. Let κ be the least supercompact cardinal of HOD ∩ Vξ. We begin by computing
Θ0(κω). Note that κ is a limit of cardinals γ satisfying the hypotheses of Conjecture 3.36.
Since κ is a limit of Woodins in HOD, this implies that Θ0(γω) < κ for all γ < κ. Moreover
by the HOD-ultrafilter hypothesis (Theorem 2.9), cf(κ) ≥ ω1. Therefore Θ0(κω) = κ+HOD.

Let P ∈ HOD be the product Vopěnka forcing adding a sequence of elements of κω to
HOD. By counting ordinal definable ∞-Borel codes, one can show HOD ⊨ |P| ≤ 2<θ where
θ = Θ0(κω). In particular, |P| < ξ. Since HODκω is an inner model of a P-generic extension
of HOD, it follows that ξ remains inaccessible in HODκω .

By Proposition 3.11, HOD has the (ℵ1, κ)-cover property below ξ. Therefore Nξ =
HODκω , and so ξ remains inaccessible in N , proving the proposition.

We use the following theorem, abstracted from work of Adkisson–Ben-Neria [1], to con-
nect Theorem 3.33 to Gitik’s theorem that ZF does not prove the existence of a regular
uncountable cardinal.

Theorem 3.38 (Adkisson–Ben-Neria). Suppose that there is a class function that assigns
to each regular cardinal δ a uniform measure Uδ ∈ meas(δ) so that the function Φ(δ) = κUδ

is monotone and unbounded. Then there is a class symmetric extension satisfying ZF in
which every uncountable cardinal is singular.

Proof. Let C be the closure of the class {κUδ
: δ ∈ Reg}, and let ⟨κi : i ∈ Ord⟩ enumerate

the Beth fixed-points in C in increasing order. (An ordinal κ is a Beth fixed-point if for all

a ∈ Vκ, Θ(a) < κ.) Let U⃗ = ⟨Uδ : δ ∈ Reg⟩. Let P = Pfin(U⃗) be Adkisson–Ben-Neria’s class
forcing from [1, Definition 56]. The proofs of [1, Lemma 57 and Proposition 64], showing
that Adkisson–Ben-Neria’s symmetric submodel of V P satisfies ZF plus all uncountable
cardinals are singular, ostensibly require the existence of a rank Berkeley cardinal. In fact,
their proofs go through in our context, with the sequence of almost supercompact cardinals
replaced by the sequence ⟨κi : i ∈ Ord⟩ defined above.

Corollary 3.39. Assuming HPC or that ξ is a V -cardinal, N∩Vξ has a symmetric extension
satisfying ZF in which every uncountable cardinal is singular.

Corollary 3.40. The theory “ZF + every uncountable cardinal is singular” is consistent
relative to a Woodin limit of Woodin cardinals.

4 Comparing Nairian models

We work in this section under the hypotheses:

• AD+ + ADR + V = L(P (R)).

• ξ < Θ is strongly inaccessible in N = Nξ.
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Our next theorem is a Nairian generalization of a key consequence of determinacy. Assuming
ADR, Woodin [25] showed that if |X| ≤∗ |R|, then there is a unique normal measure µX on
Pω1

(X).
If X ∈ N ∩ Vξ, then the restriction of µX to N belongs to N and witnesses that ω1 is

X-supercompact there. In analogy with Woodin’s theorem, we will prove that this is the
unique normal measure on Pω1(X) in N .

The main idea of the proof is that the “iteration maps” from Theorem 2.6 can be lifted
from their original domains, which are countable hulls of HOD, to act on the Nairian models
associated to these hulls.

We need the following strengthening of Theorem 2.4.

Theorem 4.1 (Woodin). In the context of Theorem 2.4, for any γ < Θ, the model M and
the embedding j can be chosen so that j ↾ γ ∈ M .

Note that by homogeneity, the conclusion of Theorem 4.1 implies that j ↾ γ belongs to
any derived model of M at η. In the corresponding symmetric extension M(R∗), j ↾ γ is
coded by a bounded countable subset of ΘD, and hence belongs to D. The same need not
hold for j[σ], where σ ∈ [Ord]<ω1 , since σ may not belong to M . Finally, j ↾ γ ∈ M implies
that M ∩ P (γ) = HOD ∩ P (γ).

Theorem 4.2. In N ∩ Vξ, for all X, there is a unique normal measure on Pω1
(X).

Proof. Suppose H ∈ HOD is a countable transitive model of ZF admitting an elementary
embedding ρ : H → H with ξ ∈ ran(ρ), and let ξ̄ = ρ−1(ξ). Applying ADR, let γ ∈ (ξ,Θ)
be least such that every s ∈ Iξ is <γ-generic over HOD, and let γ̄ = ρ−1(γ).

We will use the construction from Theorem 2.6. Let M̃ denote the model M from
Theorem 4.1, and let M = ρ−1[M̃ ]. Let D be a derived model of M at the appropriate limit
of Woodin cardinals and let i : H → H D be the embedding corresponding to the one from
Theorem 4.1. We may assume that i ↾ γ̄ ∈ M ∩D. In particular, M ∩ P (γ̄) = H ∩ P (γ̄).

Suppose N̄ ∈ HOD is an outer model of H such that ρ is partial elementary from (N̄ , H)
to (N ,H ). Let Ī = Iξ̄ ∩N̄ . By our choice of γ̄, every s ∈ Ī is <γ̄-generic over H, and since
M ∩ P (γ̄) = H ∩ P (γ̄), it follows that the same is true for M .

Let R∗ = R∩M̃ , and as in Theorem 2.6, let π : M → M∗ be a Neeman-style R∗-genericity
iteration with critical point above γ̄. Let D∗ be the derived model of M∗ computed in

M∗(R∗), and recall as in Theorem 2.6 that P (R∗) ∩D∗ ⊴ HomM̃ .
Note that k = π ◦ i is an elementary embedding from H to H∗ = H D∗

. Moreover, since
i ↾ ξ̄ ∈ M ∩D and crit(π) > ξ̄, we have k ↾ ξ̄ = π(i ↾ ξ̄) ∈ D∗. We claim that k lifts to an
elementary embedding

k̂ : (N̄ , H) → (N ∗, H∗)

where N ∗ = (Nk(ξ̄))
D∗

. Namely, if a ∈ N̄ is definable in (N̄ , H) from s ∈ Ī, set k̂(a)
equal to the element of N ∗ defined in (N ∗, H∗) from k[s] in the same way. Note here that

k[s] ∈ D∗ since k ↾ ξ̄ ∈ D∗. The fact that k̂ is well-defined and elementary follows from the
fact that π ◦ i extends, for each s ∈ Ī, to an elementary embedding from Hs to H D∗

k[s] , using

Theorem 4.1 and the fact that crit(π) > γ̄.

Since it will be relevant in Theorem 4.3, we note that the embedding k̂ is close to N̄ .
Fix ordinals δ and α < k(δ), and let U be the N̄ -measure on δ derived from k̂ using α.
Let Ũ be the M -ultrafilter on i(δ) derived from π using α. Since π is close to M , Ũ ∈ M .
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Moreover, since crit(π) > γ̄, κŨ > γ̄, and therefore for each s ∈ Ī, Levy–Solovay implies Ũ

generates a measure Ũs in M [s] = M [i[s]]. Finally,

U = {A ∈ P (δ) ∩ N̄ : ∃s ∈ Ī (A ∈ H[s] ∧ is(A) ∈ Ũs)}

and this is definable over (N̄ , H) from the parameter Ũ ∈ M ⊆ H.
Now fix a finitely generated structure H with an elementary ρ : H → H such that

ρ(ξ̄) = ξ and ρ(Θ̄) = Θ. Construct V̄ ∈ HOD by a type omission argument so that
H = H V̄ . Let N̄ = (Nξ̄)V̄ .

Suppose that X,U ∈ N̄ and N̄ satisfies that U is a normal measure on Pω1
(X). We will

show that U is the measure derived from the embedding k̂ : N̄ → N ∗ defined above using
k̂[X].

Using Spector’s ultrapower construction, form in HOD an elementary j : N̄ → P such
that U is the measure derived from j using j[X] and j ↾ (P (Ord) ∩ N̄ ) agrees with the
ultrapower embedding of U . Let HP = j(H). By a standard realizability argument, there
is an elementary embedding ρP : HP → H such that ρ = ρP ◦ j ↾ H. This embedding is
automatically partial elementary from P to N since the first-order theory of N with ordinal
parameters uniformly reduces to that of H .

Applying the construction above to P instead of N̄ , we obtain k̂P : P → N ∗
P . Using that

H is finitely generated, one can show as in Theorem 2.6 that the relevant derived models
are equal. Moreover, k̂ ↾ H = k̂P ◦ j ↾ H since H is finitely generated and these are close
embeddings. We can now conclude that N ∗

P = N ∗. Moreover, it follows that k̂ and k̂P ◦ j
agree on Ī, and hence on N̄ . In particular, k̂P(j[X]) = k̂P ◦ j[X] = k̂[X]. Since U is derived

from j using j[X], we also have that U is derived from k̂P ◦ j using k̂P(j[X]). In other

words, U is the measure derived from k̂ using k̂[X].

Theorem 4.2 confirms a consequence of Blue–Larson–Sargsyan’s quasi-club conjecture.
The quasi-club filter on Pω1(X) is the filter generated by sets of the form

{σ ∩X : σ ⪯ M and |σ| ≤ ℵ0}

where M is a structure in a countable language whose underlying set contains X. The
quasi-club conjecture states that assuming ADR + Θ is regular + HPC + V = L(P (R)), if
N is a minimal Nairian model and X ∈ N ∩ Vξ, then the quasi-club filter on Pω1(X) is an
ultrafilter. This conjecture probably cannot be proved as easily as Theorem 4.2. For one
thing, the conclusion of the quasi-club conjecture is false in the model of Proposition 3.37.

Next, we show that the Ultrapower Axiom holds in Nairian models. See [12] for the
statement of the Ultrapower Axiom in the context of ZF + DC; note that it only applies to
measures on ordinals.

Theorem 4.3. The Ultrapower Axiom holds in N .

Proof. Fix a finitely generated structure H with an elementary ρ : H → H such that
ρ(ξ̄) = ξ and ρ(Θ̄) = Θ. Construct V̄ ∈ HOD by a type omission argument so that
H = H V̄ . We will prove that UA holds in N̄ = (Nξ̄)V̄ .

Suppose j0 : N̄ → P0 and j1 : N̄ → P1 are Spector ultrapowers of N̄ by N̄ -internal
measures U0 and U1 on ordinals below ξ̄. The construction from Theorem 4.2 produces close
embeddings k0 : P0 → M and k1 : P1 → M such that k0 ◦ j0 = k1 ◦ j1. The arguments from
[12] show this implies that UA holds for U0 and U1.
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4.1 UA and the filter extension property

The reflection structure of Nairian models developed in [3] allows us to extend to N more
of the theory of ZFC + UA than can be recovered in the pure AD+ context of [12].

Theorem 4.4. Assume N satisfies NTbase. Suppose α > 0 is a limit ordinal and λ =
supβ<α Θ(Vβ). Then one of the following holds:

• Some κ < λ is λ-supercompact in HOD.

• Every λ-complete filter on an ordinal below ξ extends to a λ-complete ultrafilter.

In the case that λ is singular, these two alternatives are mutually exclusive. Also, as
in Proposition 3.34 and Proposition 3.35, if HPC holds or if λ is a cardinal in the ambient
determinacy model, then the first alternative cannot hold.

For the rest of the section we assume N satisfies NTbase and work in N . We fix through-
out a limit ordinal α > 0 such that λ = ηα.

If U is an ultrafilter on X and P and Q are partitions of X, then P refines Q modulo
U , denoted P ⪯U Q, if there is some A ∈ U such that P ↾ A refines Q ↾ A.

An ultrafilter U is γ-decomposable if there is a partition P of its underlying set such that
|P | = γ and whenever Q ⪯U P , |Q| ≥ γ. The decomposability spectrum of U consists of all
γ such that U is γ-decomposable.

Lemma 4.5. Suppose U is a measure on an ordinal δ < ξ. If the decomposability spectrum
of U is unbounded below λ, then HOD satisfies that some κ < λ is λ-supercompact.

Proof. Suppose γ ≤ λ is a limit point of the decomposability spectrum of U of cofinality ω.
We show that some κ < γ is γ-supercompact in HOD. Fix η < ξ such that P (γ) ⊆ HODηω .
Let s ∈ ηω be a UA-sequence such that in HODs, cf(γ) = ω and γ is a limit of the
decomposability spectrum of U ∩HODs. The proof of [11, Lemma 5.4] shows that in HODs,
there is a countably complete uniform ultrafilter on γ+. Therefore by [7, Corollary 7.4.10]
some κ < γ is γ-supercompact in HODs. The proof shows moreover that γ+HODs = γ+.
By the approximation property argument from Theorem 3.33, it follows that γ+HOD = γ+,
and so HOD satisfies that some κ < γ is γ-supercompact.

If λ has countable cofinality we are done. Finally, if λ has uncountable cofinality, a
regressive function argument implies that some κ < λ is <λ-supercompact in HOD. If λ
is regular, it is easy to finish using Theorem 3.7. If λ is singular of uncountable cofinality,
a Silver-style argument shows that λ+HOD = λ+, and therefore again some κ < λ is λ-
supercompact.

A finest partition of U below λ is a ⪯U -minimum element of the set of <λ-sized partitions
of the underlying set of U . The following is based on a result of Silver [21].

Lemma 4.6. Suppose U is a measure on an ordinal δ < ξ and the decomposability spectrum
of U is bounded below λ. Then U has a finest partition below λ.

Proof. Fix an infinite cardinal ρ < λ bounding the decomposability spectrum of U below λ,
so that every <λ-sized partition of δ is equivalent modulo U to a <ρ-sized partition.

Choose a successor ordinal β < α large enough that |ρ| ≤∗ |Vω+β |, and let θ = Θ(Vω+β).
Since we are assuming NTbase, HVω+β

is H-like and θ > ρ is regular. Let ζ be a sufficiently
large ordinal, and applying NTbase, fix a Vω+β-closed Y ⪯ Vζ+1 containing all the relevant
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parameters and satisfying |Y | ≤∗ |Vω+β+1|. Since HVω+β
is hierarchical, we can write Y as

an increasing union
⋃

i<θ Yi with |Yi| ≤∗ |Vω+β |; by Vω+β-closure, each Yi belongs to Y .
Let P be the least common refinement of all <ρ-sized partitions of δ that belong to Y .

Then |P | < λ and P is ⪯U -below every <λ-sized partition of δ that belongs to Y . Choose
A ∈ U such that |P ↾ A| < ρ. For distinct cells S, T of P ↾ A, let f(S, T ) be the least i < θ
such that some <ρ-sized partition in Yi separates S and T . By the regularity of θ > ρ, these
indices are bounded by some i < θ. Let Q be the least common refinement of all <ρ-sized
partitions of δ in Yi. Then Q ∈ Y , |Q| ≤ |P | < λ, and Q ↾ A = P ↾ A. The latter implies
that Q is ⪯U -below every <λ-sized partition of δ that belongs to Y , so in Y , Q is a finest
partition of U below λ. The lemma follows by elementarity.

Definition 4.7. Suppose U and W are measures and X is the underlying set of U . Then

sW (U) = {A ∈ jW (P (X)) : j−1
W [A] ∈ U}

In the ZFC context, sW (U) ∈ MW if and only if jU ↾ MW is definable over MW . Under
UA, there is a useful inaccessibility criterion for W that implies sW (U) ∈ MW :

Lemma 4.8 (ZF + DC + UA). Suppose U and W are measures on ordinals ϵ and δ, respec-
tively. Suppose W is not the U -limit of a sequence ⟨Wξ : ξ < ϵ⟩ of measures on δ such that
Wξ <k W for all ξ. Then sW (U) ∈ MW .

Sketch. This is a choiceless analog of [7, Lemma 5.5.15]. The details are contained in the
proofs of [12, Theorem 3.8] and [6, Lemma 3.19].

Proof of Theorem 4.4. Let F be a λ-complete filter on an ordinal δ < ξ. Let U be the
Ketonen minimum ultrafilter extending F . Assume that no κ < λ is λ-supercompact in
HOD. We will show that U is λ-complete.

First, we show that if D is a measure on a cardinal γ < λ, then D ⊏ U . In fact, if
⟨Uξ : ξ < γ⟩ is a sequence of measures on δ and Uξ <k U for all ξ < γ, we show that
D- limξ<γ Uξ ̸= U . This is proved by an elementary substructure argument which yields X
with ℵ(P (X)) ≤ λ and X ∩ (F \ Uξ) ̸= ∅ for all ξ < γ. Letting A =

⋂
(F ∩ X), since F

is λ-complete and there is no λ-sequence of distinct subsets of X, we have A ∈ F by [9,
Lemma 3.5], and clearly A /∈ Uξ for any ξ < γ, so A /∈ D- limξ<γ Uξ.

By Theorem 4.3 and Lemma 4.8, sU (D) ∈ MU for every D ∈
⋃

γ<λ meas(γ). We
show that this implies that U is λ-complete. By Lemma 4.6, U has a finest partition Q
below λ. Let D be the projection of U to Q. Then sU (D) ∈ MU , but since the critical
point of the factor embedding k : MD → MU is at least λ, we have sU (D) ∈ ran(k) and
k−1[sU (D)] = sD(D) ∈ MD. If D were nonprincipal, sD(D) ∈ MD would yield a strict
Lipschitz reduction of D to itself, contradicting [7, Corollary 3.4.29]. Thus D is principal,
and hence U is λ-complete.
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