Math 110, Fall 2013. Matrices Review

Let V, W be F-vector spaces and T € L(V,W). Suppose that B = (vi,...,v,) C V and
C = (wiy,...,wn) C W are bases. Then, there exists a unique m X n matrix, denoted [T]g,
such that

[T(v)]lc = [T]g[v]g, for every v € V.

Recall that [v]g is the B-coordinate vector of v - since B is a basis we can find unique

ai,...,an € F such that v =a;vy + ... + apv,. Then,
a1
[vle=|:| € F"
dn

Similarly, since C is a basis we know that we can write T(v) € W as a linear combination
T(v) = biwy + ... + bywp,. Then,

by
[TW]c=|:|€F
bm

The matrix [T]§ is the matrix

[T15 = [[T(v)lc[T(v2)lc -+ [T(va)lc]

so its i column is the C-coordinate vector of T(v;).

For example, consider the linear map

o PAE) > Vstaa(E)  ps [p(l) p(2)]
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Let B=(1,z,z°) and C = <[0 0] , [0 0} , [1 O] , [ ]) Then, we find that
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Hence, we have
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It is also possible to gain information about subspaces of V' by looking at the matrix of an

operator T € L(V) with respect to some basis. For example, if B = (v, ..., v,) is a basis and
A B
[T]B - |:0 C:| ’
where A'is a k x k matrix, B is a k x (n— k) matrix and C is a (n— k) x (n — k) matrix, then
we have that T(v;) € span(vy, ..., vk), for i =1, ..., k. Hence, span(vy, ..., vx) is a T-invariant

subspace. Note that the ‘0" in the bottom left is an (n — k) x k matrix containing all 0's.

Conversely, if U is T-invariant and if we choose (u1, ..., uk) is a basis of U, then we can extend
to a basis B = (u1, ..., Uk, v1, ..., ;). Then, the matrix of T with respect to B looks like

[Tlg = [é\ ?] :

as above.



