Math 110, Fall 2013. Some Jordan Form Examples

Here are the facts that we are going to repeatedly use :

- dimnull(T — X) equals the number of A-Jordan blocks appearing.

- if the largest A-Jordan block has size e x e, then the generalised eigenspace E\ = null(T —
A)€. In particular, if T admits precisely one eigenvalue then null(T — A\)¢ = V. Also, e
is the multiplicity of A as a root of the minimal polynomial.

Problem: Determine the Jordan form and Jordan bases for the following operators:

T:C*—>C*; x— Ax,

where
01 11 0 001 0O 0 0O 1 0 0 -1
A 0 0 01 0 011 -1 0 0 O 0O -1 -1 0
~ {0 00O0/"|OOOU O"|[-1 00w0"|0 1 1 0
0 00O 0 00O 1 1 0 0 1 0 0 -1

i) Since A is upper-triangular with Os on the diagonal then the only eigenvalue is A = 0. Since
dimnullT = 2 we have that the Jordan form of T has two Jordan blocks. Since T3 =0 ¢
L(C*), and T2 # 0, then we see that the minimal polynomial of T is m7(z) = z3. Hence, the
largest Jordan block is 3 x 3. The only possible Jordan form is

o O O O
O O O
O O = O
o O O O

A Jordan basis is a basis (v1, v2, v3, v4) such that
T(v1) =0, T(v)=vi, T(vz) =vp, T(va)=0.

In particular, we see that T3(v3) = 0, while T3(v3) # 0. Moreover, once we determine v3 we
find that vo = T(v3), and v; = T(v2). We compute

null( T2) = span(ey, e, €3),

so that we can choose v3 = e4. Hence, vo = T(v3) = e1 + €2, vi = T(v2) = e1. Now, we need
va € null(T) = span(e1, —ex + e3) such that (v1, v, v3, v4) is linearly independent. So, we can
take v4 = —ey + e3. Then,

(e1,e1 + e, €6, —2 + &3),
is a Jordan basis.
ii) Since A is upper-triangular with Os on the diagonal then the only eigenvalue is A = 0. Since
dimnullT = 2 we have that the Jordan form of T has two Jordan blocks. Since T2 =0 €

L(C*), while T # 0, then the minimal polynomial of T is m(z) = z?. Hence, the largest
Jordan block is 2 x 2. The only possible Jordan form is

0100
0 00O
0 001
0 00O



A Jordan basis is a basis (v1, v2, v3, v4) such that
T(v)=0, T(v)=wv, T(w)=0, T(va)=vs.

In particular, we have T2(v2) = 0 while T(v2) = v; # 0, and T2(v4) = 0, while T(v4) = v3 #
0. Since nullT = span(ey, &) and null T2 = C*, then we can take v» = e3 and v4 = e;. Then,
vi = T(v2) = ey and v3 = T(vs4) = €1 + &. Hence, a Jordan basis is

(e2, €3, €1+ €2, €1).

iii) Since A is lower-triangular with Os on the diagonal then the only eigenvalue is A = 0. Since
dim null T = 2 we have that the Jordan form of T has two Jordan blocks. Since T3 = 0 € L(C*)
and T2 # 0, the minimal polynomial of T is m7(z) = z3. Hence, the largest Jordan block is
3 x 3 and the only possible Jordan form is

o O O o
OO o
O O+~ O
o O O o

Proceeding as in i) above, and using that nullT? = span(e, €3, e4), we can take v3 = ey,
sothat vo = T(v3) = —ex —e3 + e and vi = T(v2) = —eq. As null(T) = span(es, es), if we
take v4 = e3 then

(—es, —e2 — €3+ €4, €1, €3),

is a Jordan basis.

iv) You can check that T2 = 0 € L(C*) (since A> = 0) so that null(T?) = C* Hence, the
minimal polynomial of T is m7(z) = z?. Hence, the largest Jordan block is 2 x 2 and the only
possible Jordan form is

0100
0 00O
0 001
0 00O

Proceeding as in ii) above, and using that null T = span(e; + e4, & — €3) we can take v, = ¢
and v4 = ey so that vi = T(wa) = e1 + e4 and v3 = T(vs) = —ex + e3. Then,

(e1+ eq,€1,—€2 + €3, €,

is a Jordan basis.

Note that we have to be careful here - we need to ensure that we choose v», v4 which are
linearly independent and such that span(vz, va) N nullT = {0} (ie, if we chose v4 = e then
W+ vy =€+ e € nuIIT).



