Answers to HW13

1. Using Cartan’s homotopy formula L, = di, + i,d, we have:
t d t t
(¢")V'w—w= / —(¢")'wdr = / L,(¢")'wdr = d/ iv(g7) w dr,
o dr 0 0

when w (and hence (¢7)*w) is closed, and so
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/ (¢N)'wdt=w+ d/ dt/ ip(97)w dr.
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2. Let w stands for the average of a differential form w on the torus
T" = (R/Z)" over its translations h*w by the elements h of the torus
with respect to the translation-invariant measure. By Problem 1, when
w is closed, w represents the same cohomology class. Conversely, if a
translation-invariant form @ is exact, i.e. w = da, then by taking the
average we find that @ = da, i.e. it is exact already in the complex of
translation-invariant forms. In fact, the translation-invariant forms on
the torus have constant coefficients in R", i.e. they form the complex
A°*R™ of exterior forms with the zero De Rham differential. Thus,
H} p(TT) = A°R™.

3. The answer is that every closed compactly supported differential
form w in R™ of degree k < n is the differential of a compactly supported
k — 1-form, while the cohomology class of a compactly supported n-
form is uniquely determined by the integral fRn w. The case k = 0 is
obvious. For k > 0, let w” is a compactly supported k-form in R”, such
that f| gow = 0 for k =n. Tt suffices to prove that w is the differential
of a compactly supported k£ — 1-form.

By the Poincaré lemma w* = di)*~! where however 1) does nor have
to be compactly supported. However, outside a ball B containing the
support of w, the k — 1-form ¢ is closed. When k£ = 1, 1 is a con-
stant function outside B, and subtracting this constant, we obtain a
compactly-supported function whose differential is w!. To similarly
correct ¥*~1 when k > 1, we note that the exterior R® — B is dif-
feomorphic to S"~! x R, the 1-dimensional vector bundle over S™!.
Moreover, by Stokes’ formula, [,w = [,,¢ = 0. By the “bundle”
version of the Poincareé lemma R™ — B has the De Rham cohomology
of S"~1. So, the problem reduces to the fact that for & > 1, a closed
k — 1-form on S™! which in the case when k = n integrates to 0 over
the sphere, is exact. Indeed, then ¥*~! = da*~? in R” — B. Multiplying
a by a smooth function equal to 1 outside 2B and 0 on B, we extend it
as & to the whole of R™ and find that w = d(¢ — d&), where v —a =0

outside 2B.
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Actually in order to prove the description we used for the De Rham
cohomology of the spheres S™~1, one needs to proceed inductively on n
with a similar argument. Namely, the sphere S™ can be glued by means
of two stereographic projections from two charts R"4 intersecting over
St x R. A closed k-form w on S™ can be written as w = d¢)¥! on
the charts by means of the Poincaré lemma, where 1, — 1 _ is closed
on the intersection S"~! x R, and hence (by the induction hypothesis)
exact under the assumption that fsn_l (1 _fsn—l Yo = fsw w = 0. This
allows to correct 1)_ by the differential of a & — 2-form on S™ ! x R so
that the result matches ¢, and yields a globally defined k£ — 1-form
on S" such that d¢p = w. This establishes the theorem: H¥,(S") = R
for k = 0,n, and = 0 otherwise.

4. In a connected manifold X, any two points p and p’ have coordi-
nate neighborhoods B, B’ which can be isotoped into each other by a
family of diffeomorphisms ¢; : X — X i.e. gy = idx, and ¢;(B) = B’.
Therefore a top-degree form w’ supported in B’ represents the same
class in Hg)g(X ) as gjw’ supported in B. By Problem 3, the cohomol-
ogy class of a top-degree form in the compactly-supported De Rham
complex of B is determined by the integral of the form over B (and
hence over the entire X).

Now, let w be an n-form on a closed oriented connected n-dimensional
manifold X. Using partition of unity > p; = 1 subordinate to an atlas
of coordinate balls B; such that g;(B) = B; for some diffeomorphisms
g; + X — X homotopic to the identity through diffeomorphisms. Write
w = Y . piw; to conclude that it is cohomologous to >, g; * piw sup-
ported in B. Thus the cohomology class of w is uniquely determined

by fB > i 9 piwi = fxw'

5. Let a surface in R?® be the graph z = f(z,y) of a smooth func-
tion with the critical point at the origin (z,y) = (0,0). By the or-
thogonal diagonalization theorem, we can rotate the coordinate sys-
tem on the (x,y)-plane so that the quadratic differential d?f/2 =
f22(0,0)(dx)?/2 + f.,,(0,0)dzdy + f,,(0,0)(dy)*/2 becomes (in the ro-
tated coordinates) ki (dz)?/2 + ko(dy)?/2. Here ky, ky are the eigenval-
ues of the pair of quadratic forms d*f and (dz)? + (dy)?, and so the

product kqks is equal to the determinant det [ leim ;a:y ] (0,0). In the
vz Jyy

rotated coordinate, we have z = k1z?/2 + koy?/2 + o(z?® + y?). Let
us compute the Gauss map near (0,0). The tangent planes have the
equations dz = (kyz + ...)dx + (kay + ...)dy, where ... = o(y/(2? +y?)).
A normal vector has the components (—k1x + ..., —koy + ..., 1), an the
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length of the form /1 + o(22 + y2). Thus the linear approximation to
the Gauss map at the origin, which is the linear map from the tangent
plane to the surface at 0,0,0) to the tangent plane to the unit sphere
at the point (0,0,1) has the form (dz,dy) — (—kidz, —kaody). The
Jacobian determinant therefore equals kiks, which coincides with the
Hessian determinant.



