
Answers to HW12

1. By Stokes’ formula,
∫
c
dα =

∫
∂c
α = 0 since ∂c = 0, and likewise∫

∂c
ω =

∫
c
dω = 0 since dω = 0.

2. d(ψ ∧ β) = (dψ) ∧ β + (−1)ψ̄ψ ∧ dβ = α ∧ β when α = dψ and
dβ = 0.

3. The flow of v to preserve ω is equivalent to Lvω = 0. By Cartan’s
homotopy formula and in the case at hands where dω = 0, this means
divω = 0. By Poincare’s Lemma, this is equivalent to ivω = −dH,
where H (in our case) is a function. For ω =

∑
i dpi ∧ dqi, and

dH :=
∑

i(Hpidpi + Hqidqi) the relation ivω = −dH translates into
v =

∑
i(Hpi∂qi −Hqi∂pi).

4. Since V/|x|n is invariants under x 7→ etx, we have LEV/|x|
n = 0,

and since dV = 0, conclude from Cartan’s homotopy formula that
iEV/|x|

n is closed. By Stokes’ formula, the integral over the boundary
of the cube is equal to the integral over the boundary of a small (and
hence any) ball centered at the origin. On the boundary |x| = 1 of the
unit ball B, the integral reduces to

∫
∂B
iEV =

∫
B
diEV = n

∫
B
V , i.e.

n times the volume of the unit n-dimensional ball (i.e. the same as the
n− 1-dimensional “surface area” of the unit sphere).

5. By the fundamental theorem of calculus, a 2π-periodic 1-form
φ(x)dx on R is the differential df of 2π-periodic function if and only if∮
φ(x)dx = 0. Therefore integration over the circle establishes an iso-

mophism H1

DR(S
1) = R. We also have H0

DR(S
1) = {constant functions

on S1} = R.
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