
Math 215B. Spring 2020. Homework answers

Homework 4.

1. Let FCW → F be the cell approximation to the fiber F ⊂ X over
the center of the disc Dp. Using the CHP (Covering Homotopy Property),
extend it to a map FCW × Dp

→ X fibered over Dp. 1 Applying the
5-lemma to the ladder formed by exact homotopy sequences of fibrations
FCW ×Dp

→ Dp and X → Dp (with the same base and fiber), we conclude
that FCW × Dp

→ X is a WHE. Likewise, the map FCW × Sp−1
→ ∂X

fibered over Sp−1 = ∂Dp (where ∂X denotes the bundle space over ∂Dp)
is a WHE. Using the weak homotopy invariance of cohomology and the 5-
lemma applied to the ladder formed by the cohomological exact sequences of
the pairs (FCW ×Dp, FCW × Sp) → (X, ∂X), we conclude that the induced
homomorphism

Hp+q(X, ∂X;G) → Hp+q(FCW ×Dp, FCW × Sp−1;G) = Hq(F ;G)

is an isomorphism.
Remark. I got no correct solutions to this problem. Some half-successful

attempts were based on the (implicit?) assumption that the fibration is
Hurewicz rather than Serre. Apparently, there is a lot of confusion about
the difference between the two notions. So, read the above solution carefully,
and — even more importantly — figure out what’s wrong with yours.

2. The map Un → CV (n, n − m + 1), assigning to a unitary basis the
n−m+1-frame formed by the first n−m+1 vectors of the basis, is fibered
over S2n−1 (of the 1st vectors in the basis/frame) with the fibers Un−1 and
CV (n−1, n−m) respectively. Using induction on n, the spectral sequences of
these bundles, and the induced homomorphism between them, we not only
conclude that H∗(CV (n, n − m + 1)) = ΛZ[y2m−1, y2m−3, . . . , y2n−1] (as we
did to establish that H∗(Un) = ΛZ[x1, x3, . . . , x2n−1], but also that the image
of y2m−1 in H2m−1(Un) can be taken for x2m−1. Now, for a principal Un-
bundle E → B, consider the associated CV (n, n −m + 1)-bundle E ′

→ B,

1For this, represent Dp as the cylinder Sp−1
× [0, 1] with the base Sp−1

× 0 contracted
to the center of the disc, and cover the homotopy

FCW × Sp−1
× [0, 1]

proj
−→ Sp−1

× [0, 1] → Dp

starting from the map FCW × Sp−1
× 0

proj
−→ FCW → F ⊂ X.
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and the fiberwise map E → E ′ between them. In the 0th column of the
cohomological spectral sequence for E ′

→ B, the class y2m−1 is transgressive
(i.e. dry2m−1 = 0 for all r < 2m) simply because all the rows with q =
1, ..., 2m − 2 are zeroes. The naturality of the spectral sequences implies
now that in the spectral sequence for E → B, the image x2m−1 of y2m−1 is
transgressive too.

Remark. In fact d2m−1x2m−1 = d2m−1y2m−1 = cm, the mth Chern class
of the bundle E → B — which was defined as the 1st obstruction in the
associated bundle with the fiber CV (n−m+1) — and hence is the image of
the “fundamental class” y2m−1 under the transgression. This fact, irrelevant
for verifying that all the previous differentials annihilate y2m−1, comes handy
(for m = n) in the next exercise.

3. Of course, the space of non-zero vectors in the fibers of the tautological
C

n bundle over CG(∞, n) retracts to the space of unit vectors (with respect
any Hermitian structure on the fibers). The transgression d2n in the spectral
sequence of this S2n−1-bundle sends the generator y2n−1 ∈ H2n−1(S2n−1) into
the universal Euler class cn, and the whole 2n − 1-st row (which has been
y2n−1 ⊗ Z[c1, . . . , cn] since the term E2) into the ideal (cn) generated by cn.
The kernel of d2n is trivial (since cn is not a zero divisor in the polynomial
ring). Therefore E2n+1 = E∞ and consists of only the 1st row, which is
Z[c1, . . . , cn−1].

Alternatively, to a unit vector in a subspace V n
⊂ C

∞, assign the or-
thogonal complement W to it inside V to obtain a map E → CG(∞, n− 1).
It is a fibration with the fiber S2∞−2n+1 consisting of all unit vectors in C

∞

orthogonal to W . Since such spheres are contractible, our space is homotopy
equivalent to the base CG(∞, n− 1).

4. Since K(Z, 2) = CP∞, in the fiber of the cohomological spectral

sequence of the fibration pt
K(Z,2)
→ K(Z, 3) we find Z[x], where x is the fun-

damental class of K(Z, 2). The next two columns in the E2 = E3-term are
zeros, and the column with p = 3 contains the fundamental class e (q = 0), 0
(q = 1), and xe (q = 2), which generate the respective groups E3,q

2 . We have
d3(x) = e. It is a general fact from the previous homework, but also serves
as the last chance for both x and e to disappear from E∞ = H∗(pt). In the
complex

0 → E
0,4
3

d3
→ E

2,3
3

d3
→ E

6,0
3 → 0,

whose first two terms are spanned by x2 and xe respectively, we have d3(x
2) =
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2xe, and d3(xe) = e2. If it were not exact, the remaining cohomology would
survive till E∞ yielding a contradiction. Thus, e2 is the only non-zero element
in H6(K(Z, 3);Z) = Z2. Besides, for p = 4, 5, the groups Hp(K(Z, 3)) =
0 since x2 (which could potentially kill something in H5(K(Z, 5)) doesn’t
survive past E3.
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