
Math 215B. Spring 2020. Homework answers

Homework 3.

1. A real 2-dimensional vector bundle η over HP 1 = S4 is orientable
(since S4 is simply connected), and as a bundle with the structure group
SO2 = U1, can be induced from the (realification) of the Hopf line bundle
over BSO2 = BU1 = CP∞. Since H2(S4) = 0, we have c1(Cη) = 0, and
hence c2(Cη) = c1(Cη)

2 = 0. But from the previous homework we know
that for the quaternionic Hopf bundle ξ over HP 1, the 2nd Chern class takes
value −1 on [S4].

Alternatively (according to Nikhil Sahoo), ξ doesn’t have non-vanishing
sections (from the previous homework), while η and hence Cη does, since the
Euler class e(η) ∈ H2(S4) = 0 vanishes.

Remark. This serves as a counter-example to Exercise 1 in 19.1: ξ∗ = ξ
(SL2(C)-invariant anti-symmetric complex bilinear form) and ξ = ξ̄∗ (com-
plex Hermitian U2-invariant form), but ξ 6= Cη.

2. The required foltration of F := C∗(X) (I omit the coefficient group
G) is by the kernels F p := C∗(X,Xp−1) of the homomorphism C∗(X) →
C∗(Xp−1), i.e. consists of cochains vanishing on simplexes in Xp−1. Such
cochains can be restricted to simplexes in Xp, and the kernel yields F p+1.
Thereby F p/F p+1 is mapped isomorphically onto C∗(Xp, Xp−1). The differ-
ential d0 is simply the coboundary operator in this relative complex, and
so Ep,q

1 = Hp+q(Xp, Xp−1). We can construct an open neighborhood U of
Xp−1 in Xp by adding to Xp−1 the inverse images of punctured p-cells in Bp.
Applying the excision to Xp ⊃ U ⊃ Xp−1, we identify Ep,q

1 with

Hp+q(Xp−Xp−1, U−Xp−1) = ⊕eH
p+q(Dp

e×F, ∂Dp
e×F ) = ⊕eH

p(Sp
e )⊗Hq(F ),

where e runs p-cells of B, and the homological simplicity of the fibration is
used to identify cogomologies of different fibers F . Since Hp(Sp) = Z, we
find that Ep,q

1 = Cp(B;Hq(F )).

3. To continue with the previous setting, let me discuss the cohomological
version of the exercise.

We have a bundle X
F
→ B mapped to bundle X̃

F̃
→ B̃. When the base

is the same, and only the fibers differ, the previously described construction
of E1 yields the map Ẽp,q

1 → Ep,q
1 induced by the coeffcient map Hq(F̃ ) →

Hq(F ). So, it remains to consider the case when F = F ′, and the first
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bundle is induced from the second one by a cellular map f : B → B̃. The
bundle space map g : X → X̃ respects the filtrations: g(Xp) ⊂ X̃p, and
induces Ẽp,q

1 → Ep,q
1 which coincides with g∗ : Hp+q(X̃p, X̃p−1). To obtain

the requred cellular description of this map, smoothen f over the punctures
c̃e ∈ D̃p

e of the p-cells in B̃ so that these poins become the regular values of
f |Bp−Bp−1 . Let Ũ ⊂ X̃p (as in the previous problem) be the inverse image in
X̃p of B̃p − {ce}. Then V := g−1(Ũ) is an open subset in Xp containig Xp−1

and missing only the fibers of Xp → Bp which lie over the inverse images of
the punctures c̃e. We can pick an open retractible neighborhood U of Xp−1

in Xp so that it does not contain these missing fibers (simply by semoving
from each Dp

σ not a point, but a closed disc containing all f−1(c̃e)). Applying
excision, we obtain g∗ : Ẽp,q

1 → Ep,q
1 in the form of composition:

Hp+q(X̃p−X̃p−1, Ũ−X̃p−1) → Hp+q(Xp−Xp−1, V−Xp−1) → Hp+q(Xp−Xp−1, U−Xp−1).

This composition splits into maps over separate cells, D̃p
e ⊂ B̃p and Dp

σ ⊂ Bp:

Hq(Fc̃e) → ⊕x∈f−1

c̃e

Hq(Fx) → Hq(Fσ).

The first homomorphism is diagonal: α 7→ (α, . . . , α), while the second maps
(β1, β2, . . . ) to ±β1 ± β2±, where the signs come from the identifications of
Hq(Fx1

), Hq(Fx2
), . . . with the cohomology of the fiber over the center of the

cell σ in Bn, and coincide with the signs of the Jacobians of f at x1, x2, . . .
Therefore the composition equals [e : σ] id : Hq(F ) → Hq(F ), where [e : σ]
is the degree of the map between the cells e and σ.

Thus, g induces in E1 the cellular map f# between the cellula complexes
of the bases with coefficients in H∗(F ), which leads in E2 to the map f ∗ :
H∗(B̃;F ∗(F )) → H∗(B;Hq(F )) as required.

4. First, there was a typo in the formulation: in the transgressions, r = n,
not n − 1. Second, the results hold for any cell space X with the 1st non-
trivial homotopy group π := πn(X), and the path fibration p : pt → X with
the fiber ΩX.

In E2, we have E2
n,0 = Hn(X) and E2

0,n−1 = Hn−1(ΩX), i.e. both groups
are π by Hurewicz’s theorem. Since all columns with indices 1, ..., n − 1 are
zero, both terms servive till the transgression without change. The trans-
gression dnn,0 between them is an isomorphism (otherwise the kernel and/or
cokernel would contribute to nontrivially to E∞ = H∗(pt)). To show that this
isomorphism is the identity π → π, recall that the transgression is described

2



as ∂∗(p∗)
−1, where p∗ : Hn(pt,ΩX) → Hn(X, pt) = Hn(X) = π, and ∂∗ is the

connecting homomorphism in the exact sequence of the pair (pt,ΩX):

0 → Hn(pt,ΩX)
∂∗→ Hn−1(ΩX) → 0.

In the exact homotopy sequence of the pair

0 → πn(pt,ΩX) → πn−1(ΩX) → 0,

this segment is identified with the corresponding segment of the homological
exact sequence by the Hurewicz homomorphisms1, which also commute with
p∗ : πn(pt,ΩX) → πn(X) and its homological counterpart. The homotopy
diagram yields the tautological identification id : π = πn(X) → πn−1(ΩX) =
π, and hence the homological one does the same.

For the second part, one can pass to cohomology with coeffcients in π
on the basis of the universal coeffcieint formulas. A more geometric way
would be to use the description of the transgression image of the fundamental
class cF ∈ Hn−1(X; π) as the 1st obstruction class, and notice that the 1st
obstruction cochain is tautologically id : πn(X) → πn−1(ΩX).

1Note that on the left of this segment, the Hurewicz homomorphisms are not necessarily

isomorphisms
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