
Math 215B. Spring 2020. Homework answers

Homework 1.

1. The required properties of distinguishing cochains, df,g = −dg,f and
df,g+dg,h = df,h follow directly from the definition of df,g and when compared
to the definitions of addition and inversion in homotopy groups. (This ques-
tion didn’t cause any problem, so I won’t bother to elucidate the argument
with pictures.)

2. Vector bundles ξ and ξ̄ coincide as maps E → B, and differ only
by the complex structure on the fibers. The associated bundles with the
fibers CV (n, n − m + 1) also coincide. The same section over Bm used to
construct a 1st obstruction cochain cm(ξ) can be used to construct cm(ξ̄).
The difference however lies in the identification of π2m−1(CV (n, n−m+ 1))
with Z. A generator in this group can be represented by the unit sphere
S2m−1 in the subspace Cm ⊂ C

n orthogonal to the subspace spanned by any
n −m-frame. The change i 7→ −i of the complex structure in C

m alters its
complex orientation and hence the standard orientation of S2m−1 by the sign
(−1)m.

3. To a k-frame in an n-dimensional vector space V one can associated
the k + 1-frame in V ⊕ C by augmenting the frame with the vector 1 ∈ C.
This way a section over B2m−1 of the CV (n, n − m + 1)-bundle associated
with a given C

n-bundle ξ over B also defines a section over B2m−1 of the
CV (n + 1, n − m + 2)-bundle associated with ξ ⊕ C (where C denotes the
trivial C-bundle). Moreover, the above embedding of CV (n, n−m+ 1) into
CV (n+ 1, n−m+ 2) as a fiber of CV (n+ 1, n−m+ 2) → S2m−1 is the one
used in the identification of the homotopy groups π2m−1 of these spaces. This
shows that cm(ξ) and cm(ξ ⊕ C) coincide at the level of the 1st obstruction
cochains. The same is true for Pontryagin classes (defined via Chern classes),
and the real version of the same argument applies to Stiefel-Whitney classes.
In the contrary the Euler class is unstable since e(η ⊕ R) = 0 (since the
bundle has a non-vanishing section 1 ∈ R) while e(η) could be non-zero.

Remark. Some students attempted to use the multiplicative property
c(ξ ⊕ ξ′) = c(ξ)c(ξ′) of the total Chern class. There are two objections to
doing this: one mathematical, and one pedagogical. Firstly, as of 3 : 40 pm on
01.30.20, we didn’t have this property proved. The use of forthcoming results
can lead to a logical circle (and does lead in this case, since in my proof of the
splitting principle the stability of the mth Chern class of over (CP 1)m was
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exploited). Secondly, even though on might argue that the needed property
was included into the homework reading assignment, remember that the
problems I assign as the homework are meant to help one to digest the
material presented in the lectures, and so by using any outside sources defies
the homework’s purpose.

4. For n ≤ N , the 2n + 1-dimensional skeleton of the Schubert cell
partition of the Grassmannian CG(∞, N) (which coincides with the 2n-
dimensional skeleton) is contained in the image of CG(∞, n) under the stan-
dard embedding (which maps an n-subspace V n the subspace V n ⊕ C

N−n.
Thus, by CW-approximation of maps g : B2n+1 → CG(∞, N), the bundle
g!ξN is equivalent to g!(ξn ⊕ C

N−n.
Alternatively, one can argue using the obstruction theory, that for a C

N -
bundle ξ there is no obstruction to constructing N − n linearly independent
sections over B2n+1 (since πq(CV (N,N − n)) = 0 for q ≤ 2n). Such sections
span a trivial sub-bundle CN−n of ξ, allowing one to split ξ into the orthogonal
sum η ⊕ C

N−n.
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