Georg e M. Bergman Math H113 Spri ng 2009

The criterion for a finite abelian group to be cyclic

In provi ng that a finite subgroup of the multiplicative group of a field is cycli c (§9.5, Proposition 18, p.31 4), Dummit and Foote call on the Structure Theo rem for Finitely Gen erated Abelian Groups. This is stated in §5.2 as Theorem 3 (p.158), and discussed there, but for the proof of that result, the author s refer us to Chapter 12, which we shall not cover in this course.

I therefore give below a short proof of a criterion for cyclic ity suf

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cient to pro ve the result in §9.5.

(The proof below can, with some work, be adapted to a proof of the whol e Structure Theorem.)

We begin with a special case of the criterion, the case when our group is a p-group.

Lemma. Let p be a prime, and A a finite abelia n p-group, written additively, and suppose that the subgroup {x∈A | p x = 0} has order ≤ p. Then A is cyclic.

Proof: If |A| = 1 the conclusion is trivial; so assume that |A| = pk for some k > 0. Let a ≤ A be a cyclic subgro up of largest order; say |a | = pj, where 0 < j ≤ k. We shall show that a = A.

To do this, assume by way of contradict ion tha t we hav e some b ∈ A – a .

Since we are in a p-group, there is some i > 0 such that pib = 0, so in particular, pib ∈ a . It may or may not happen that on multiplyin g b by some smaller power of p, one already gets an element of a ; in any case, there will be some smallest h such that phb ∈ a , and by the above choice of b, this will be > 0. Hence if we now let c = ph–1b, we have c ∈ a , p c ∈ a . The latter condition shows that for some n, p c = n a.

Taking such an n, we now have two possibilities. (i) If p | n, then let d = c – (n ⁄p) a.

Thus, p d = p c – n a = 0. Also note that since c ∈ a , the definition of d implies d ∈ a . Now a , being a cyclic group of order pj, has a cyclic subgroup of order p. Thus, the elements of that subgroup, together with d, constitute more than p elements satisfying p x = 0, contradicting the assumption of the lemma.

(ii) If n is not divisible by p, then it is invertible modulo |a | = pj, hence p c = n a is a generator of a , so c contains a . By assumption, c ∈ a ; so c is strictly larger than a , contradicting our choice of a, and completing the proof. 1

From the above lemma we can deduce the more general statement:

Theorem. Let A be a finite abelian group, written additivel y, such that for every prime p, the subgroup {x∈A | p x = 0} has order ≤ p. Then A is cyclic.

Proof: Being a finite abelia n group, A is the direct product of its p-subg roups, as p runs over the primes dividing |A|. By the preceding lemma, each of these subgroups is cyclic; hence A is a direct product of cyclic gro ups of relatively prime orde rs, hence is itself cyclic. 1

As a corollary, we get the text’s

Proposition 18. A finite subgr oup of the multiplicative group F × of a field F is cyclic. In particular, if F is a finite field, then F × is cyclic.

Proof: Let p be any prime, and A a finite subgrou p of F ×. Since F × is written multiplicatively rather than additively, and since, also, in working with rings we prefer to reserve the letter x for an indeterminate , what we shall examine, to apply the above theorem, is the number of elemen ts ζ ∈A satisfying ζp = 1.

Each such ζ is a root of the polynomial xp – 1, of which there are at most deg(xp – 1) = p in F. Hence, the theorem applies, and A is cyclic. 1