George M. Bergman Spring 1997, Math 113, Sec. 3 M W F 1:1 0-2 PM Sketch of my favori te proof of the First Sylow Theo rem. (Not required reading.)

We will use the following general observation: Suppose G is a group, r a positive integer ≤ |G|, and X the set of all subsets of G with exactly r elements. Let us make X a G-set by ‘‘left translationthat is, for x∈X , g ∈G let us define gx = {gh ! h ∈ x}. I claim that for any x∈X , the isotropy subg roup Gx < G will have order dividing r. Indeed, by definition of Gx, the set x is closed under the action of that subgroup, hence is a union of right cosets of Gx in G ; hence r, the cardinality of x, is a multiple of |Gx|.

Now let G be a group of order pnm, where p is a prime and m is not divisible by p. We shall first show that G has subgro ups of order pn; after that I will sketch how to show that every maximal p-subgroup of G has this order.

Let X be the set of all subsets of G with exactly pn elements, and let us make this a G-set as described above. Note that the number of elements in this G-set can be described as the number of pn-element subsets in any set of pnm elements, and thus expressed by a binomial coef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cient. I claim that this number – let us call it N – is not divisible by p; but let us put of the proof of this fact for a moment. Assuming this, it follows that when we decompos e X into orbits under the action of G, there will be at least one orbit Gx (x ∈X ) of order not divisible by p. Now since |G x| = |G| ⁄|Gx|, and |G| is divisible by pn but |G x| is not divisible by p, the denominator |Gx| must be divisible by pn. But by the first parag raph abov e, |Gx| is also a divisor of pn. Hence |Gx| = pn, and Gx is the subgroup we hope d to find.

Now how do we prove the result we postponed, tha t the num ber N of pn-element subsets in a set of pnm elements is not divisible by p? Usually, this is done by number-theoretic calculations; but it can be gotten quite beautifully by turning the abo ve argument upside down. Namely, let us first choose a group G′ of order pnm which we happen to know has a subgro up P of order pn; for instance, G′ = Zpn × Zm, with P = Zpn × {0}. Now let X be the set of all pn-element subsets of G′, and let P act on X as above. The size of each orbit will be a divisor of |P | = pn, hence the only orbits whose orders are not divisible by p will be the 1-ele ment orbits, corresp onding to the fixed elemen ts of X under the action of P . It is easy to see that those fixed elements are precisely the right cosets of P in G′, and the number of these is (G ′:P ) = m, whic h is not divisible by p. Hence |X|, which dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ers from this by a multiple of p (the size of the union of the other orbits) is also not divisible by p, as claimed.

Returning to a general group G of order pnm, can we get by our method the fact that every maximal p-subgroup of G has order pn? What we need to show is that if H is a p-subgroup of G, say of order pc, then G has a subgroup of order pn containing H. This can be done by modifying the above proof so as to let X consist, not of all pn-element subsets of G, but of all such subsets that are unions of right cosets of H. One can see that the number of these equals the number of pn–c-element subsets of a set of pn–cm elements, and this will have order not divisible by p as shown earlier. I won’t give the details of this proof; the inter ested student might try to wo rk them out.

Alternatively, one can get this part of the First Sylow Theorem by slightly modifying Fraleigh’s proo f of the Second Sylow Theorem: If in that proof we continue to assume P1 a pn-element subgr oup of G, but merely assume P2 a pc-element subgroup of G (c ≤ n), Fraleigh’s argument goes through, and turns out to show that P2 is contained in a conjugate of P1. Since that conjugate will, like P1, have order pn, this proves that every p-subgroup P < G is contai ned in one of order pn.