Exercises supplementing those in Friedberg, Insel and Spence’s Linear Algebra, 4th Editio n.

This is a collection of add itional exercises that I have put on homework sheets when teaching from this text (several times when teaching a regular linear algebra course, and most recently, wh en teaching the honors version of that course), supp lementing the exercises in the book. Some I included in the assignments the students were to hand in; most I indicated as for ‘‘students interested in further interesting and/or more challenging problems’’ to think about. We covered Chapters 1, 2 and 5 and most of Chapte rs 6 and 7, and Append ices A, B and D; so these exercises conc ern those parts only.

I have given the exercises numb ers that indicate the releva nt section of the text, beg inning where the numbering of the exercises in that section leaves of

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath .

The numbe rs of the exercises on these pages are shown in quot ation marks to distinguish them from the exercises in the text.

Georg e M. Bergman

gbergman @math .berkeley.edu December 200 3 and January 2009

– = ≡ ≡ = –

§1.3 , ‘‘Exercise 32’’: Let F1 and F 2 be field s, and let ‘‘even’’ and ‘‘odd’’ elements of (F1, F 2) be defined as in Exercise 22 (p.21). Writing Se for the set of even elements, and So for the set of odd elements, let us assume the result of that exercise: that Se and So are subspace s of (F1, F 2).

Prove that if F1 and F 2 both have characteristic ≠2, then (F1, F 2) = Se 2+ So. (Actually, this will be true if we merely assume F 2 has characteristic ≠2; but the pictu re is somewhat dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erent, and I have given you both assumptions to avoid confus ion. But if you prove it only usin g the assumption on F 2, that’s fine.) §1.4 , ‘‘Exercise 18’’: If S is a subset of a vector space V, show that S ⊆ span(S ).

(The authors shou ld probably have included this in the first sentence of Theorem 1.5, p.30.) §1.5 , ‘‘Exercise 21’’: Let x1, ... , xn be elemen ts of a vector-space V. (a) Show tha t if xi ∈ span({x1, ... , xi–1}) for i = 1, ... , n, then x1, ... , xn are linearly independen t.

(Note: For i = 1 we understand {x1, ... , xi–1} to mean the empty set ∅. As noted in the Definition on p.30, we understand span(∅) to be {0}.) (b) Let us define B = {xj : xj ∈ span ({xi : i < j })}.

(Here we are not assuming the cond ition of part (a).) Prove that B is a basis for the subspace span ({x1, ... , xn }) of V. (c) State the contrapo sitive of (a). §1.5 , ‘‘Exercise 22’’: (General ization of §1.5, Exercise 20.) Suppose r1, ... , rn are distinct real numbers. Show that the elements f1, ... , fn ∈ (R, R) defined by fm(t) = ermt are linearly independent. In determining what equation s they do or do not satisfy, you may use the techniques taught in first-ye ar calculus.

(Sugg estion: Look at behav ior as t → ∞ .) §1.6, ‘‘Exercise 36’’: (a) Let F be a field, and in F4 consider the four elements u1 = (0,1,1,1), u2 = (1,0,1,1), u3 = (1,1,0,1), u4 = (1,1,1,0).

Show that if the characteristic of F is not 3, then {u1, u2, u3, u4} is a basis of F4, while if the characteristic of F is 3, then that set is neither linearly independent nor a spanning subset of F4.

The above result is related to §1.4, Exercise 6, and §1.5, Exercise 8. Of those two exercises in the text, the former, like the latter, ought to show dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erent conclusions depending on whether the characteristic of F is 2. (The conclusion that the authors state is the one that is true when the characteristic is not 2.) In

- 2 -

the present exercise, by varying things a bit, we get characteristic 3 to be the special case instead of characteristic 2. (b) Can you get, for every positive integer p which can be the characteristic of a field, a statement of the same sort, for which characteristic p is the exceptional case? §1.6, ‘‘Exercise 37’’: This exercise is essentially §1.6, Exercise 28, turned backward, and I recommend thinking about that one before doing this one. You may assume the results of that exercise in doing this exercise.

Suppose V is a vector space over R, of finite dimension n, and we wish to make it into a vector space over C, in such a way that the operation ‘‘+’’ of the new vector space structure is the same as the operation ‘‘+’’ of the old structure, and such that for every r ∈R ⊆ C, the operation of multiplication by r is the same in the new vector space structure as it was in the old. (In concise language, we wish to extend the structure of vector space over R to a structure of vector space over C.) (a) Show that this is possible if n is even. (b) Show that it is not possible if n is odd. (c) Show that in case (a), if n ≠ 0, there are infinitely many extensions of the given structure of vector space over R to a structure of vector space over C. (c) Show, nevertheless, that the dimensions of the vector spaces over C obtained by all extensions of the original structure are the same. §1.7, ‘‘Exercise 8’’: Let F be a field, and let S denote the vector space of all sequences (ai) = (a1,...,an,...), where each ai is a member of F. (In the book’s notation, these sequences would be written {ai} = {a1,...,an,...}.) For each positive integer i, let ei ∈ S denote the sequence (0, ... , 0,1,0, ... ) whose ith coordinate is 1, and whose other coordinates are all 0.

Show that the set {ei} is linearly independent, but is not a basis for S. §1.7, ‘‘Exercise 9’’: Show that one can deduce as immediate corollaries of §1.7, Exercise 6, the following results. (You can get credit for this exercise if your deduction is correct, even if you did not do Exercise 6.)

(a) The result of §1.7, Exercise 4. (b) The following generalization of §1.7, Exercise 7: Let G be a generating set for a vector space V, and let L be a linearly independent subset of V. Then there exists a subset H of G such that L∪ H is a basis of V. §1.7, ‘‘Exercise 10’’: (a) Using the maximal principle, prove the following statement, dual thereto:

Let be a family of sets. If, for each chain ⊆ F, there exists a member of that is contained in each member of , then has a minimal member (a member M containing no member of other than M itself).

(b) Show that a subset β of a vector space Vis a basis if and only if β is a minimal spanning set of V.

The above two results suggest that we might be able to get a variant proof that every vector space has a basis, by dualizing the proof in our text. This is not so, however: (c) Show by example that if V is an infinite-dimensional vector space, and is the set of all spanning sets of V, and is a chain in , then there need not exist a member of that is contained in all members of .

Thus, we cannot apply the result of (a) to get a minimal spanning set in V. Such sets always exist, since we know that V has a basis. But the only proof we have available is the one based on constructing a maximal linearly independent set.

- 3 -

§1.7, ‘‘Exercise 11’’: Prove that the following statement is equivalent to the maximal principle. That is, assuming the maximal principle, prove the statement below, and assuming that statement, prove the maximal principle:

Every family (i.e., set) of sets contains a maximal chain (i.e., a chain which is not a subset of any other chain).

§1.7, ‘‘Exercise 12’’: Let be the set of all subsets X of the natural numbers Z≥0 which contain no two adjacent integers; i.e., such that for every n∈Z ≥0, if n∈X, then n+1∈ X.

Describe in concrete terms what it means for a set X to be a maximal member of , and show that has infinitely many maximal members.

(We haven’t had the concept of countability in this course; but if you have seen it, you might find it interesting to show that has uncountably many maximal members.) §1.7, ‘‘Exercise 13’’: The maximal principle, used in §1.7, does not give a way of explicitly finding a maximal chain in , even if is described explicitly; hence the proof of Theorem 1.12 does not provide an explicit way of constructing bases for infinite-dimensional vector spaces.

For some infinite-dimensional vector spaces that arise naturally in mathematics, it is easy to explicitly describe bases. For instance, the text noted earlier that P(F ) has a basis consisting of the powers of x. Each element of P(F ) is determined by the sequence of coef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cients of the powers of x, and that sequence can be any sequence having only finitely many nonzero terms. So it is not surprising to find that the vector space Sfin of those sequences of members of F having only finitely many nonzero terms also has an explicit basis: the set {ei} of the preceding exercise.

At the opposite extreme, I suspect that logicians can prove that the full vector space S of all sequences of elements of F has no basis that can be described explicitly.

This exercise will consider a case in between these extremes: a subspace of S for which an explicit basis can be found, but where the construction of such a basis is quite challenging.

Let us call a sequence (ai) periodic if there is some positive integer k such that for all i>0, we have ai+k = ai. (a) Show that the set Sper of periodic sequences forms a subspace of S. (b) Construct an explicit basis β of Sper. (You should give an explicit description of members of β, so that given a sequence s∈ S one can easily say whether it belongs to β.) §2.1, ‘‘Exercise 41’’: (Dimension Theorem for infinite-dimensional vector spaces.) Let V and W be vector spaces, and let T: V→ W be a linear transformation. Show that if V is infinite-dimensional, then either N(T) or R(T) is infinite-dimensional (without using results from the optional §1.7).

(Note: onecanprovea strongerformof theDimensionTheorem,which distinguishes dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erent cardinalitiesof infinitebases– countable,andtheinfinitelymanytypes of uncountability. Howeverthiscoursedoesnot assumefamiliaritywiththeseconcepts; moreover,to provethatformwouldrequireusingtheresultsof§1.7.) §2.1, ‘‘Exercise 42’’: Suppose V and W are finite dimensional vector spaces over a field F, let V0 ⊆ V be a subspace, and let T: V0 → W be a linear transformation. Show that there exists a linear transformation T′:V → W whose restriction to V0 is T. (The mathematician’s way of saying this is ‘‘T can be extended to a linear transformation V→ W’’.) §2.1, ‘‘Exercise 43’’: Let T: V → W be a function between vector spaces over a field F. Show that the following conditions are equivalent: (i) T is a linear transformation. (ii) For every positive integer n, every family of n vectors x1,...,xn∈ V, and every family of n scalars a1,...,an∈F , if Σni=1 ai xi = 0, then Σni=1 ai T(xi) = 0. (Intuitively: Every linear relation

- 4 -

satisfied by elements x1,...,xn in V is also satisfied by their images T(x1),..., T(xn) in W.)

Suggestion for proving (ii)⇒ (i): Apply (ii) to linear relations of the two forms 1·(a x) + (–a)·x = 0 and 1 ·x + 1·y + (–1)·(x+ y) = 0.

(Theaboveexercisewillbecalledonin §6.5,‘‘Exercise34’’below.) §2.1, ‘‘Exercise 44’’: Let T: V → W be a linear transformation of vector spaces, let V′ be a subspace of V, and let TV′: V′→ W be the restriction of T to V′; i.e., the linear map V′→ W defined by TV′(x) = T(x) for all x∈ V′.

Show that the following conditions are equivalent: (i) R(TV′) = R(T). (ii) Every vector x∈ V can be written as a sum x = y + z, where y∈ V′ and z∈ N(T). (In notation which will be introduced in §5.2, condition (ii) says that V= V′+ N(T).) (The implication(i)⇒(ii) statesin generalforman observation usedin a particularcaseat the end of the proofof Theorem7.3.) §2.1, ‘‘Exercise 45’’: If f : X → Y is a function, then the graph of f means the set {(x,f(x)) : x∈X} ⊆ X × Y.

Let V and W be vector spaces, and T: V → W a function. Let us make the product set V× W into a vector space as in §1.2, Exercise 21 (where it was called Z).

Show that a function T: V → W is a linear transformation if and only if the graph of T is a subspace of this vector space V× W. §2.1, ‘‘Exercise 46’’: Let V be the vector space over R of all continuous functions R → R, and let W denote the subspace of all constant functions.

Assume as known, from calculus, that every function in V has an antiderivative, and that any two antiderivatives of a given function dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath er by a constant.

(a) Show that for each f∈ V, the set of antiderivatives of f forms a coset of W in V. (b) Show that the function sending each f∈ V to the set of all its antiderivatives is a linear map V→ V⁄W.

(c) Let U ⊆ V denote the subspace of continuously dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erentiable functions (dif functions whose derivatives are continuous). Assuming the Fundamental Theorem of Calculus, show that the operation of integration induces a linear transformation V→ U⁄W, which is one-to-one and onto.

(d) Writing D: U → V for the operation of dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erentiation, describe relation between D and the inverse to the map of part (c). §2.1, ‘‘Exercise 47’’: Suppose V is a vector space, and V1 and V2 are subspaces such that V = V1 2+ V2. Let T1 denote the projection of V onto V1 along V2, and T2 the projection of V onto V2 along V1.

Show that T1 + T2 = IV, T12 = T1, T22 = T2, and T1T2 = T2T1 = T0. §2.1, ‘‘Exercise 48’’: Suppose V is a vector space, and V1 and V2 are subspaces such that V = V1 2+ V2, and let T1 denote the projection of V onto V1 along V2. Likewise let W be another vector space, W1 and W2 subspaces such that W = W1 2+ W2, and U1 the projection of W onto W1 along W2.

Show that the map (V, W) → (V, W) given by T → U1T is also a projection. Onto what subspace and along what subspace? Prove the same, and answer the same question, for the map (V, W) → (V, W) given by T → TT1.

§2.1, ‘‘Exercise 49’’: Show by example that for V a vector space, and T, U: V → V two projection maps, the composite TU need not be a projection map.

- 5 -

§2.2, ‘‘Exercise 21’’: (Extension of §2.2, Exercise 13.)

Let V and W be vector spaces, and let T and U be nonzero linear transformations V→ W. (a) Prove that if R(T) ≠ R(U), then {T, U} is a linearly independent subset of (V, W). (b) Show by example that the converse to (a) is not true.

(c) Show by example that the obvious analog of (a) for three linear transformations is not true; that is, one can have nonzero S, T, U∈ (V, W) such that all of R(S), R(T), R(U) are distinct, but S, T, U are linearly dependent in (V, W). (d) Given three (or more) elements of (V, W), can you find a statement relating their ranges which does imply that they are linearly independent elements of that vector space? §2.2, ‘‘Exercise 22’’: (Dual of the preceding exercise.)

Let V and W be vector spaces, and let T and U be nonzero linear transformations V→ W. (a) Prove that if N(T) ≠ N(U), then {T, U} is a linearly independent subset of (V, W). (b) Show by example that the converse to (a) is not true.

(c) Show by example that the obvious analog of (a) for three linear transformations is not true; that is, one can have nonzero S, T, U∈ (V, W) such that all of N(S), N(T), N(U) are distinct, but S, T, U are linearly dependent in (V, W). (d) Given three (or more) elements of (V, W), can you find a statement relating their null spaces which does imply that they are linearly independent elements of that vector space? §2.2, ‘‘Exercise 23’’: Let V and W be finite-dimensional vector spaces over a field F, of dimensions m and n respectively, let β, γ be ordered bases of these spaces, and let A be any n×m matrix over F. Show that there exists a unique linear transformation T: V→ W such that [T]^γ_β = A.

(This will follow immediately from a result in §2.4; the point of this exercise is to see it using the methods of §2.2.) §2.4 , ‘‘Exercise 26’’: Suppose V is an n -dimension al vector spa ce with an ordered basis β, and W an

m-dimensional vector space with an ordered basis γ. Theorem 2.20 (p.103) implies that (V, W) is mn-dimensional. Use that theorem to find a basis of this space, and describe the elements of that basis in terms of their behavior on the basis β of V. §2.4, ‘‘Exercise 27’’: Let V be the (infinite-dimensional) vector space of all sequences (a0, a1,...,an,...) with all ai ∈R . Let T: V→ V denote the left shift operator , defined by T(a 0, a1,...,an,...) = (a1, a 2,...,an+1,...).

I.e., T lops of

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath the first term of a sequence, and shifts each of the remaining terms one step to the left. T is clearly a linear map. (This looks the operator so named in in §2.1, Exercise 21; but note that we are here defining it on the space of all sequences of real numbers, not just sequences with all but finitely many terms 0.) In this and some subsequent exercises, we shall study N(T2 – T – IV). (a) Show that for every pair of real numbers u and , there exists a unique element (a 0, a1, ..., an,...) ∈ N(T2 – T – IV) such that a 0 = u and a1 = . (b) Deduce that N(T2 – T – IV) is 2-dimensional, and in fact has a basis {x, y}, where x is the unique element of this space which, as a sequence, begins (1, 0, ... ), and y is the unique element which begins (0, 1, ... ). (c) Compute the sequences x and y of part (b) to ten terms. (You may show the results, without writing out any argument.)

In the remaining parts of this exercise we shall write W = N(T2 – T – IV). (d) Show that T carries the subspace W into itself, and, regarding the restriction of T to this subspace

- 6 -

as a linear operator TW: W → W, find the matrix of TW with respect to the basis {x, y} of part (b) above. (e) Show that the linear operator TW: W → W is invertible, and find the matrix representing TW–1 in terms of that same basis. (f) From the original definition of T, we see that for each x = (a0,a1,...,an,...) ∈ W, the element TW–1(x) must have the form (b,a0,a1,...,an–1,...) for some b∈R . Find a formula for b in terms of a0 and a1. (No argument required.)

(Theideas of thisexercisewillbe continuedin §5.1,‘‘Exercise29’’and§5.2,‘‘Exercise24’’. Somefurther variantswillbe lookedat in §5.2,‘‘Exercise25’’and §7.1,‘‘Exercise17’’.) §2.6, ‘‘Exercise 21’’: Let V be a finite-dimensional vector space, let {x1,...,xn} and {y1,...,yn} be two bases of V, and let {f1,..., fn} and {g1,..., gn} respectively be the corresponding dual bases of V*. (a) Show that span({f1}) = span({g1}) if and only if span({x2,...,xn}) = span({y2,...,yn}). (b) Suppose that yi = xi for i = 2,...,n, while y1= a1x1+ ... + anxn. Say why we must have a1 ≠ 0. Obtain formulas for g1,..., gn in terms of f1,..., fn. §2.6, ‘‘Exercise 22’’: (Extension of §2.6, Exercise 19.) Let V be a vector space, and W any subspace of V. Let W0 ⊆ V* be defined as in the paragraph before §2.6, Exercise 13. Prove that ∩ f∈ W0 N(f) = W.

§2.7, ‘‘Exercise 21’’: (a) Prove that if T: V→ W is a linear transformation between vector spaces, and N(T) and R(T) are finite-dimensional, then so is V. (Once we know that, the dimension theorem says that dim V is the sum of the dimensions of those spaces.) (b) Deduce Lemma 2 on p.135 from the result of part (a) above, by taking N(TU) for the V of that result, and U for the T thereof. §5.1, ‘‘Exercise 27’’: Let T: V → V be a linear operator on a finite-dimensional vector space V. Show that T is diagonalizable if and only if T + IV is diagonalizable, and determine the relationship between the eigenvalues and eigenvectors of these two operators. §5.1, ‘‘Exercise 28’’: (a) Show that two diagonalizable n×n matrices over the same field F are similar if and only if their characteristic polynomials are equal.

(b) Show by example that this statement becomes false if the word ‘‘diagonalizable’’ is removed. §5.1, ‘‘Exercise 29’’: This will continue the subject begun in §2.4, ‘‘Exercise 27’’. As in that exercise, we denote by V the vector space of all sequences (a0, a1,...,an,...) with ai ∈R , by T: V → V the shift operator, T(a 0, a1,...,an,...) = (a1, a 2,...,an+1,...), and by W the subspace N(T2 – T – IV) ⊆ V. (a) For every real number λ , determine all eigenvectors of T with eigenvalue λ , if any. (b) Show that for any λ , the eigenvectors of TW with eigenvalue λ are precisely those eigenvectors of T with eigenvalue λ which lie in W. (c) Determine those real numbers λ such that some eigenvector of T with eigenvalue λ lies in W. Hence, determine all eigenvalues of TW. For each such eigenvalue, describe an eigenvector. (d) Recall that in part (b) of §2.4, ‘‘Exercise 27’’ we found that W was 2-dimensional. Deduce that W has a basis consisting of eigenvectors of TW, and give such a basis. (e) Express in terms of the basis found in (d) the element of W which, as a sequence, begins (0, 1, ...).

- 7 -

The Fibonacci numbers are the numbers fn (n = 0, 1, 2,...) determined by the formulas f0 = 0, f1 = 1, and fn+1 = fn + fn–1 for n > 1. Thus, f0, f1, f2, f3, f4, f5, f6 are 0, 1, 1, 2, 3, 5, 8. (f) Translate the result of (e) into a formula for the nth Fibonacci number fn. §5.2, ‘‘Exercise 24’’: This is the final part of our series of exercises about N(T2 – T – IV) and the Fibonacci numbers. In part (d) of §2.4, ‘‘Exercise 27’’ you found the matrix of TW with respect to a certain basis, {x, y}. Now find the characteristic polynomial and the eigenvalues of this matrix. The eigenvalues that you get should be the same as those found in §5.1, ‘‘Exercise 29’’(c) above. Why?

If theaboveexerciseis assignedafterthetwoexercisesmentionedhavebeenturnedin,yourinstructorshouldremindtheclass ofwhatthematrixfoundin theformerexerciseandtheeigenvaluesfoundin thelatterwere,to puteveryoneonanequalfooting. §5.2, ‘‘Exercise 25’’: Suppose that in our series of exercises about Fibonacci numbers, we replaced the polynomial T2 – T – IV with another polynomial f(T) of degree 2 or higher. Examine (either by general considerations, or by experimenting with dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath eren t polynomials) to what extent the results obtained in those exercises have analogs for these new operators f(T).

Somefeaturesholdingwhenthepolynomial f(t) doesnothaverepeatedrootswillchangewhenit does. Weshallexamine suchanexamplein §7.1,‘‘Exercise17’’below.

§5.2, ‘‘Exercise 26’’: Suppose M∈ Mn×n(F ) is a matrix of the form M = &A B’ ( O C)

, where A and C

are square matrices, say k×k and (n–k)×(n–k) respectively, B is a k×(n–k) matrix, and O denotes the (n–k)×k matrix with all entries zero.

Prove a formula expressing the characteristic polynomial of M in terms of the characteristic polynomials of A and C. §5.2, ‘‘Exercise 27’’: Suppose V is a finite-dimensional vector space, and V1,..., Vk are subspaces of V. (Finite-dimensionality of V is not needed for the results below to be true, but the authors assume it in the theorems you will want to call on.) (a) Show that if V = V1 2+ ... 2+ Vk, then for every vector space W, and every family of linear transformations T1: V1 → W, T2: V2 → W, ... , Tk : Vk → W, there exists a unique linear transformation T: V→ W whose restriction to each Vi is Ti. (b) Prove the converse statement: If for every space W and family of linear transformations Ti as in (a), there exists a unique extension as described there, then V= V1 2+ ... 2+ Vk. §5.2, ‘‘Exercise 28’’: Let T be a diagonalizable linear operator on a vector-space V, and U be any linear operator on V. Show that U commutes with T (i.e., UT = TU) if and only if each eigenspace Eλ of T is U-invariant. §5.3 , ‘‘Exercise 25’’: (a) Show that if A∈ Mn×n(C) and if L = limm→ ∞ Am exists, then L = L2.

A mathe matical entity L satisfying the equation L = L2 is called idempoten t (from Latin roots meaning ‘‘the same [as its] powers’’). (b) Show that if L is any idempotent n × n matrix, then N(L) = R(In – L) and R(L) = N(In – L). (I am writing N(L) etc. where the book’s notation would, strictly, require N(LL) etc..) (c) Deduce that the only invertible idempoten t n × n matrix is In. (d) Deduce fro m (a) and (c) the resu lt of §5.3, Exercise 4, p.30 8. (e) Show that if T is an idempotent linea r operator on a finite-dimensional vector space V, then V = N( T) 2+ R( T), and T is the projection of V onto R( T) along N( T). (You may take for granted, without repeating the proof, that the result about matrices given in (b) above holds for linear

- 8 -

transformations as well.) (f) Show that in the situation of (e), if β1 is an ordered basis of N(T) and β2 an ordered basis of R(T), then [T]β 1∪ β2 is diagonal. Assuming T is neither IV nor T0, what are the eigenvalues of T?

§5.3 , ‘‘Exercise 26’’: Suppose that an n × n transition matrix A has the form

A = &

O B ’ ( C O ) , where B is r × (n – r) and C is (n – r) × r, for 0 < r < n. (a) Show tha t A is not regular by considering the forms of powers of A. (b) Show that if λ is an eigenvalue of A, then so is –λ . (Suggestion: take an eigenvector corresponding to λ , write it as a vector of height r perched on top of a vector of height n–r, then look at what A does to the vector gotten by changing the sign of one of these two pieces.) §5.3, ‘‘Exercise 27’’: Find, for as small a value of n as you can, a regular n× n transition matrix A such that A100 has at least one entry equal to 0.

(Youanda friendmightmakeit a competitionto seewhichof youcangetthesmallestn. Writingoutthematriceswouldbe tediousandunenlightening,butin placeof this,youcandrawa diagramwitha circleof dotslabeled1,...,n representingthe statesof theMarkov chain,andanarrowfromthedotlabeledi tothedotlabeledj wheneverAij≠ 0. Fromthisdiagram,you shouldbeableto workoutwhichentriesofany powerAn of A arenonzero.) §5.3, ‘‘Exercise 28’’: (Simplification of the book’s Exercise 19.) (a) Suppose A, B, A′,B′ are matrices of nonnegative real numbers, and that A′ has nonzero entries in the positions where A does, and no others, and B′ has nonzero entries in the positions where B does, and no others. Prove that A′B′ has nonzero entries in the positions where AB does, and no others. (b) Deduce that if A and A′ are transition matrices whose nonzero entries occur in the same positions, then A is regular if and only if A′ is. §5.3, ‘‘Exercise 29’’: (Generalization of the book’s Exercise 22.) (a) For A∈ Mn×n(C), let μ(A) be n times the maximum of the absolute values of the entries of A. Show that for any A,B∈ Mn×n(C), we have μ(AB) ≤ μ(A)μ(B). (a′) (Alternative to part (a).) Prove the same conclusion with ρ (defined on p.295) in place of μ. (The calculation is not much harder than for (a), but takes more insight.) (b) Deduce from the result of part (a) or (a′)that for any matrix A over C, the matrix eA introduced on p.312 is defined; i.e., that the limit defining it converges. §5.3, ‘‘Exercise 30’’: In contrast with Exercise 23 of this section, show that if A,B∈ Mn×n(C) commute, i.e., satisfy AB = BA, then eAeB = eA+ B.

§5.3, ‘‘Exercise 31’’: Letting J denote the matrix & 0 1 ’ ( –1 0 )

, compute etJ for t any real number.

§5.3, ‘‘Exercise 32’’: A permutation matrix means a square matrix having only entries 0 and 1, with exactly one 1 in each row and exactly one 1 in each column. (If you think about it, you will see that the action of such a matrix permutes the entries in each column vector, and that each such n× n matrix corresponds to a permutation of {1,...,n}.)

Show that if a transition matrix A is invertible, and if its inverse is also a transition matrix, then A is a permutation matrix. §5.4, ‘‘Exercise 43’’: Suppose T is a linear operator on a vector space V and λ is an eigenvalue of T. Show that every subspace of Eλ is a T-invariant subspace of V.

- 9 -

§5.4 , ‘‘Exercise 44’’: Suppose T is a linear operat or on a vector space V, and that f∈ V* is an eigenvector of Tt: V* → V*. Show that N(f) is a T-invariant subspace of V. §5.4 , ‘‘Exercise 45’’: Let T be a linear operator on an n-dimensional vector-space V. Show that the following two conditi ons are equi valent: (i) There exists an ordered basis β = { 1,..., n} of V such that the matrix [T]β is upper triangular. (ii) There exist distinct T-invariant subspaces V0, ... , Vn of V such that {0} = V0 ⊂ V1 ⊂ ... ⊂ Vn = V.

§6.1 , ‘‘Exercise 31’’: Let F = R or C, let V be a 2-dimensional vector space over F , with basis {x,y}, and let p, q, r be any three elements of F . (a) Show that there is a uniq ue function , : V× V → F which satisfies condi tions (a)-(c) in the definition of an inner product (p.33 0), and has x, x = p, x, y = q, y, y = r. (b) Show that the function , of part (a) is an inn er product on V (i.e., also satisfies condition (d) on p.33 0) if and only if p > 0, r > 0, and |q|2 < pr. (Recall the conven tion that when one writes an inequality such as p > 0, this is understood to imply in particular that p is real.) §6.2 , ‘‘Exercise 24’’: Supp ose V and W are finite-dimensional inner product spaces over the same field (R or C ), such that dim( V) = dim( W). Show that there exists an isomorphism T: V → W such that for all x, y∈ V one has T(x), T(y) = x, y . §6.2 , ‘‘Exercise 25’’: This exercise is for student s familiar with the concepts of countable and uncountable sets.

An infi nite-dimens ional vector space is called ‘‘countable-dim ensional’’ if it has a countable basis, and ‘‘uncoun table-dime nsional’’ if it does not. (One can prove that for infinite-dimensional as for finitedimensional vector spaces, the cardinalitie s of all bas es are the same, so these condit ions are equivalent to ‘‘all bases are countable’’, respectively, ‘‘all bases are uncou ntable’’; but we will not need this fact.) (a) Prove that every countable-dimensional inner product space has an ortho normal basis. (Starting point: Express the space as the union of a chain of finite-dimensional subspaces.)

(b) Show, however, that not every maximal orthonormal subset of a countable-dim ensional inner product space need be a basis. (Sug gestion: Take an orthon orma l basis of the subspace W of §6.2 , Exercise 23(c), and regard it as a subset of V.) (c) Let V be the vector space of all bounded sequenc es of real numbers (not restricted to have only finitely many non zero terms). Prove that V is uncountable-dim ensional. (Suggestion: If S = { 1, 2, ... , n, ... } is any countable subset of V, construct successively elements a0, a1, a2, ... , an, ... such that for each n, no linear combination of 1, 2, ... , n, regarded as a sequence of elements of F , can have first n +1 terms (a 0, a1, a2, ... , an). Deduce that the element (a 0, a1, a2, ... , an, ... ) of V is not in span(S ). Incidentally, in this construction, each an can, if you wish, be chosen from {0, 1}.) (d) The space V of part (c) can be made an inner product space by defining, for sequences a = (a1, ... , an, ... ) and b = (b1, ... , bn, ... ), their inner product a, b to be Σ1∞ anbn ⁄2n (a convergent infinite sum). Taking this for grant ed, show that this inner product space has no orthonormal basis. (Sugg estion: Let W be the subspace of V consisting sequences that have only finitely many nonzero terms. Sho w that every set S that spans V must have a countab le subset S0 whose span contains W; and that W = {0}. How do these facts imply that V can have no orthonormal basis?)

On the other hand, in the theoryof infinite-dimensionalinner product spacesa modifiedversion of the conceptof a basis is often used, which allows vectorsto be expressedas ‘‘infinitelinear combinations’’ of basis elements, such infinite sums being definedby convergencein the norm. The subject is morecomplicated,becausesome infinite sumsconvergeand others do not; but in termsof that modifieddefinition,the abovespacedoeshavean ‘‘orthonormal basis’’.

- 10 -

§6.2 , ‘‘Exercise 26’’: Let W1, W2 be subspaces of an inner product space V. (a) Show that W1 ⊆ W2 if and only if W2 ⊆ W1, and that these equivalent conditions imply W1 ∩ W2 = {0}. (b) Show that if the equivalen t con ditions of (a) hold, and also the relation W1 + W2 = V, then the inclusions of (a) are both equalities. (c) Show that if V is finite-di mensional then we have a converse to (b): if equality holds in at least one of the inclusions of (a), then W2 ⊆ W1. (d) On the othe r hand, show by example that for infinite-dimensional V, the inclusio ns of (a) can both be equalities without W1 + W2 = V holding. (e) Also show by example that for infinite-d imensional V, one of the the inclusio ns of (a) can be an equality without the other being so. §6.4 , ‘‘Exercise 25’’: (a) Suppose A is an n × n matrix and B an n × m matrix over F (the real or com plex field). Show that if AA* + BB* = A*A, then B = O. (Hint. Apply the trace map to both sides of the given equ ation. You may use Example 5, p.331, for the case of Mm×n(F ), even though it is only stated for Mn×n(F ); the proof is the same.)

(b) Deduce that if a matrix of the form &

A B ’ ( O C )

, where A and C are square matrices, is normal, then

B = O. (I.e., B is a zero matrix – not in general the same matrix as the ‘‘O ’’ appearing opposite it, but, rather, the transpose thereof .) (c) Deduce that if T is a normal linear operator on a finite-dimensional real or complex inner product space V, and W is a T-invariant subspace of V, then W is also T*-inva riant, and W is T-invarian t. (§6.4, Exerci se 8, p.376 proves that W is T*-invariant in the complex case, but does not cover the real case.)

(d) Show by example that the analog of (c) abov e fails for infinite-dimensional inner product spaces. (Sugg estion: Let V be as in Example 3, p.372, let T be the restriction to V of the operator called T in that example, and let W be the subspace of V spanned by the functions fn with n ≥ 0.) §6.4 , ‘‘Exercise 26’’: Theorem 6.17, abou t self-adjoint linear operators on real inner produ ct spaces, is proved using the Lemma on p.373, which is proved using Theorem 6.15, which con cerns linear operators on complex inner product spaces. This is an illustration of the usefulness of the complex numbers in proving results involving only real numbers.

However, one can ask whether there is some proof of Theorem 6.17 that avoids using complex numbers. This exerci se will give such a proof.

We will call on a few facts from real analysis (and later, a computation from calculus). Namely, we will assume that if V is a nonzero finite-dimensional real inner product space, then the set S = {x∈ V | ||x|| = 1} is a nonempty closed bounded set; that for a linear oper ator T on a finite-dimensional real inner product space, the real-valued function x → x, T(x) is continuous; and finally, that every continuou s function f on a nonempty closed bounded set E in a finite-dimensional real vector space assumes a maximum value, i.e., that there is a point p ∈E such that for all x∈E , f(p) ≥ f(x).

Putting these assumptions together, we conclude that if T is any linear operator on a nonzero finitedimensional real inner product space V, then there is a point p in the set S defined above at which the function x → x, T(x) assumes a maximum value. The rest of the argument, which is what you are to com plete, will use only this con clusion, together with basic facts about real inner pro duct spaces, and one bit of calculus:

- 11 -

(a) Show that for any points u, ∈S which satisfy u, = 0, we have (cos t) u + (sin t) ∈ S for all real numbers t. (b) Assuming p ∈S chosen to maximize p, T(p) , as discussed above, deduce from (a) that for any ∈S which is orthogonal to p, the function f : R → R given by f(t) = (cos t) p + (sin t) , T((cos t) p + (sin t) ) assumes a maximum at t = 0. Expa nd the above functi on as a trigonometric expression in t, involving certain inner products as coef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cients, and use calculus to obta in from the above maximality statement a linear relation between those inner products.

In the remaining parts, T will be assumed self-adjoint . (c) The self-adjointness of T can be applied to the formula obtained in (b) in two ways. Show by applying it in one way that p is an eigenvector of T, and by applying it in the other way that {p} is T-invarian t. You may use §6.2, Exercise 13(c). (Sugge stion: apply that exercise with W = span({ p}).) (d) Letting V′ = {p} , show that TV′ is a self-adjoint linear operator on V′, and that dim (V′) = dim (V) – 1. (e) If V′ is nonze ro, then by repeating the abov e argument we get an eigenvector of TV′ whose orthogonal complement V′′ is TV′-inva riant, and we can repeat this construction as long as it continues to give us non zero subspa ces V(k). Turn this observation into an inductive proof that V has an orthonormal basis consisting of eigenvectors of T. §6.4 , ‘‘Exercise 27’’: (a) Suppose V is any complex vector space, and T, U are two linear transformation from V into a complex inner product space W. Show that if all x∈ V satisfy T(x), U(x) = 0, then all x, y∈ V satisfy T(x), U(y) = 0; i.e., the subspaces R(T) and R(U) of W are orthogon al to one another. (Suggestion: Apply the given condition to x+ y and to x+ i y, and treat the resul ting equations as in §6. 4, Exercise 11(b).) (b) Deduce the result of §6.4, Exercise 11(b) by taking V = W and T = IV above. §6.4 , ‘‘Exercise 28’’: Supp ose T is a normal operator on a finite-dimensional inner produc t space V. Show that V has an ortho normal basis {u1, . . . , uk, 1, , . . . , m, w1, . . . , wm} such that the action of T on this basis is described by

T(uj) = λ j uj, T( j) = ρ j cos(θj) j + ρ j sin(θj)wj, T(wj) = –ρ j sin(θj) j + ρ j cos(θj)wj, where λ 1,...,λ k are real numbers, ρ 1,...,ρ m are positive real numbers, and 0 < θj < π (j = 1,...,m).

Thus, letting Wj = span({uj}) for j = 1,...,k, and Wk+j = span({ j,wj}) for j = 1,...,m, we get a decomposition of V into mutually orthogonal 1- and 2-dimensional T-invariant subspaces, V = W1 2+ ... 2+ Wk 2+ Wk+1 2+ ... 2+ Wk+m.

(Hint: Begin by reducing to the case where T has the form LA. Then regard A as a matrix over C rather than R, and write its eigenvalues as λ 1, ..., λ k, ρ 1e±iθ1, ... , ρ me±iθm.) §6.5 , ‘‘Exercise 33’’: (a) Suppose A is a 2 × 2 real symmetric matrix which is not of the form c I (c ∈R ). Show that there exist exactly eight (no more, no less) real ortho gonal matrices Q such that QtAQ is diagonal. (b) If A is of the form c I, how many such matrices Q are there? (c) If A is a 3 × 3 real symmetric matrix with distinct eigenva lues, determine the number of real orthogonal matrices Q such that QtAQ is diago nal. (The reasoning should be fairly close to that of (a), so it will suf

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ce to briefly sketch how to modify that reasoning to get your answer.)

§6.5 , ‘‘Exercise 34’’: Let V and W be inner product spaces over F , and let T: V → W be a

- 12 -

function (not assumed to be a linear transformation!) such that for all x, y∈ V one has T(x), T(y) = x, y .

Show that for every positive integer n, every family of n vectors x1, ... , xn ∈ V, and every family of n scalars a1, ... , an ∈F , one has

Σ ai xi = 0 ⇒ Σ ai xi, Σ ai xi = 0 ⇒ Σ aiT(xi), Σ aiT(xi) = 0 ⇒ Σ aiT(xi) = 0. (I.e., whenever one equality above holds, so does the next. Note that at the middle step you cannot assume T a linear transformation!)

Deduce using §2.1, ‘‘Exercise 43’’ that T is in fact a linear transformation. This gives an alternative to the calculationsbeginning at the bottom of p.386 and continuedat the top of p.387, which completethe proof of Theorem6.22. The moral is that a proof of something in generalmay be more transparentthan the same proof in a particularcase. (Thecalculationon pp.386-387is a particularinstanceof the n = 3 caseof theabovecalculation.) §6.5 , ‘‘Exercise 35’’: (a) Show that the Lemma on p.380 remains true if the phrase ‘‘fini te-dimensio nal’’ is delete d. (Suggestion: Apply the given relation with x repla ced by x+ U(x). When you expand the resulting equation, two terms will disappear by obvious applications of the same relation. Now apply the self-adjoi ntness assumption.) (b) Deduce that if U1 and U2 are self-adjoint operators on the same inner produ ct space V, such that the functions q1, q2: V → F defined by q1(x) = x, U1(x) , q2(x) = x, U2(x) are equal, then U1 = U2.

§6.4, Exercise11(b) (or its generalization, §6.4, ‘‘Exercise26’’) gives a dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ere nt proof of the above resultfor complexinner product spaces,whichshowsthat in that case,the condition‘‘self-adjoint’’ is also not needed! However,(c) belowshowsthat for real innerproductspacesself-adjointnessmustbe assumed.

(c) Show that the correspo nding statement without the condition ‘‘self-adjoint’’ is not true for real inn er product spaces V; namely, that if U1 is a non-self-adjoint linear operator on such a space, and we take U2 = U1*, then the functions q1, q2 defined as in (b) above are equal. Show, moreover, that if we take U = (U1 + U1*) ⁄2, then U is the uniqu e self-adjoin t operato r inducing the same function V → F that U1 and U1* each induce.

The functions V→ F discussed aboveareexamplesof whatarecalledquadraticforms. Thecase V= R2 is mentioned on p.389;the generalcase is studiedin §6.8, generallynot coveredin Math 110. §6.5 , ‘‘Exercise 36’’: Show that a square matrix A over C is unitary if and only if A = eiB for some self-adjoi nt matrix B. (Hint: Use §5.3, Exercise 21.) §6.6 , ‘‘Exercise 11’’: Suppose V is a finite-dimensional vector space over a field F . (Note that we do not assume F is R or C, nor that V is an inner product space.) Show that if T: V → V is a projection, then V has a basis consisting of eigenvectors of T. §6.6 , ‘‘Exercise 12’’: Let T be a diagonal izable linear operator on a vector space over any field F (not necessarily R or C ), with eigenvalues λ 1,...,λ k, and corresponding eigenspaces Eλ 1 , ... , Eλ k ; and for i = 1, ... , k, let Ti denote the projecti on of V onto Eλ i along 2+ j≠ i Eλ j . Verify that all statements of the Spe ctral Theorem not referring to the inner product structure, i.e., all but (b), remain true in this context, and likewise all parts of §6.6, Exercise 7 that do not refer to the inn er product structure, i.e., all but (d) and (g).

So if I werethe authors, I wouldhave giventheseresultsaboutdiagonalizablematricesin §5.2,and just put in a few addenda aboutthe case of normalmatriceson inner productspacesin this section. §6.8 , ‘‘Exercise 27’’: (a) Show that if invertible n × n matrices A and B over a field F are congruent, then det(A) ⁄det(B ) is a square in F . (I.e., there is an element c ∈F such that det(A ) ⁄det(B ) = c2.) (b) Deduce that for every positive integer n, there are infinitely many congruence classes of invertible

- 13 -

n × n matrices over the field of rational numbers. §6.8 , ‘‘Exercise 28’’: Given H and K as in Exercise 16, state and prove another formula expressing H (x, y) in terms of K, whic h involv es evaluating K at only two elements. (Suggestion: Look at §6.1 , Exercise 20.)

§7.1 , ‘‘Exercise 14’’: Show that every matrix of the form A =

&λ a b ’ ! 0 λ c ! ( 0 0 λ ) with a and c both nonzero

has Jordan canonical form J =

&λ 1 0 ’ ! 0 λ 1 ! ( 0 0 λ )

, and find an explicit invertible matrix Q (depending on a, b

and c) such that QAQ–1 = J. (Suggestion: Start by verifying that the standard basis vector e3 can be taken as the end-vector of a length-3 cycle for A.) §7.1, ‘‘Exercise 15’’: Find the Jordan canonical form of the general matrix of the form A =

&λ a b ’ ! 0 λ 0 ! ( 0 0 λ ) where a ≠ 0. §7.1, ‘‘Exercise 16’’: Show that for every positive integer n, one has

&1 1 0 ’ ! 0 1 1 ! ( 0 0 1 ) n = & 1 n n(n–1) ⁄2’ ! 0 1 n ! ( 0 0 1 ) . (Thisis a special caseof§7.2,Exercise19(b).)

§7.1, ‘‘Exercise 17’’: Let F be any field, let V be the infinite-dimensional vector space of all sequences (a0, a1,...,an,...) with ai ∈F , and, as in §2.4, ‘‘Exercise 27’’ and §5.1, ‘‘Exercise 29’’, let T: V→ V denote the shift operator T(a 0, a1,...,an,...) = (a1, a 2,...,an+1,...).

In those earlier exercises, we studied N(T2 – T – IV) for F = R; that space, which we called W, turned out to contain the sequence of Fibonacci numbers. Here we shall study N(T2 – 2T + IV), so in this exercise let us instead write W for this space. (a) Show that for every pair of scalars u, ∈F , there exists a unique vector x = (a 0, a1,...,an,...) ∈ W such that a 0 = u and a1 = , and give a formula for the term an of this vector. (b) Deduce that W is 2-dimensional. (c) Show that W is T-invariant, and find the matrix for the restricted operator TW: W → W with respect to some basis of W. (d) Determine the characteristic polynomial of TW, its Jordan canonical form, and a Jordan canonical basis (of W) for TW. §7.1, ‘‘Exercise 18’’: Let V be an n-dimensional vector space, let T be a linear operator on V whose characteristic polynomial splits, p(t) = (t–λ 1)m1...(t–λ k)mk, let Kλ 1 , ... , Kλ k be the generalized eigenspace s associated with the eigenvalues of T, and let J be a Jordan canonical form for T.

Let us call V ‘‘T-cyclic’’ if it is a T-cyclic subspace of itself, as defined on p.313; i.e., if there is some x∈ V such that V = span ({x, T(x), T2(x), ... }).

Show that the following conditions are equ ivalent: (i) V is T-cyclic. (ii) Each of Kλ 1 , ... , Kλ k is a T-cyclic subspace of V.

(iii) The matrix J has only one Jordan block for each eigenvalue. (iv) There is no non zero polynomial g of degree less than n such g(T) = T0.

- 14 -

(v) The operato rs IV, T, T2, ... , Tn–1 are linear independen t.

Howto approachthe above problem: Examine these conditions, andnote downwhatimplications amongthemyoucaneasily see how to prove. Then make a diagram with corners the symbols (i), (ii), (iii), (iv), (v), and arrows among these corners indicatingthese implications. Note which furtherimplicationscould completethe diagram,i.e., would yield a diagram in which one can get fromany cornerto any otherby followingarrows. Thentry to provesuchimplications.

Afterenteringthe new implicationsyou have proved in the diagram,you may find that you can dropsomearrowsand still have a diagramshowingall conditionsequivalent. If so, do so.

Thereare many formsyour final diagramcould take; e.g., a pentagon with arrowsfrom one vertex to the next, a ‘‘star’’with all arrows going into and out of one central vertex, etc.. You should choosethe arrangementthat makes for the easiest proof. Showthe diagramof implications you will prove at the beginning of your write-up.

You can get partialcreditfor provingsome but not all of the requiredimplications. (But addedredundancywill not help your score;i.e., if you give a proof of an implicationthat followsanywayby combining other implicationsyou have proved,this will give no additional credit.)

§7.2 , ‘‘Exercise 25’’: Find two 3 × 3 matrices A and B over the complex numb ers such that for every com plex number λ , rank(A – λ I3) = rank(B – λ I3), but such that A and B are not similar; and prove that the matrices you have given have these properties. §7.2, ‘‘Exercise 26’’: Find, for some integer n, two n× n matrices A and B over the field of complex numbers such that An = Bn = 0, and such that rank(A) = rank(B), but such that A and B are not similar; and prove that the matrices you have given have these properties. §7.2, ‘‘Exercise 27’’: Let n be a positive integer and λ an element of a field F, and suppose J is the n× n Jordan block over F with eigenvalue λ . Let {e1,...,en} be the standard basis of Fn. Show that a vector a1e1 + ... + anen is the end vector of a Jordan canonical basis of Fn for LJ if and only if an ≠ 0.

(Every Jordan canonical basis is determined by its end vector; so from this result one can get all Jordan canonical bases for this linear transformation.) §7.2, ‘‘Exercise 28’’: (a) Suppose V is a 5-dimensional vector space over a field F, and suppose T is a linear operator on V, which has characteristic polynomial –(t–λ )5 for some λ ∈F , and such that rank(T–λ I) = 2 while (T–λ I)2 = T0.

Show that R(T–λ I) ⊆ N(T–λ I), and that the former is 2-dimensional and the latter 3-dimensional. (You will not need anything beyond the methods of Chapter 2 to get the above facts.)

Hence we may choose a basis { 1, 2} for R(T–λ I) and extend this to a basis { 1, 2, 3} of N(T–λ I). Further, since we have taken 1, 2 in R(T–λ I), there exist 4, 5∈ V such that 1 = (T–λ I)( 4) and 2 = (T–λ I)( 5).

Verify that Theorem 7.6 is applicable to { 1, 2, 3, 4, 5}, and deduce that this set is a basis for V, and in fact a Jordan basis for T, with dot-diagram • • •. In particular, label that diagram with the five symbols, 1, ... , 5 showing how this basis decomposes into cycles under T. (b) More generally, suppose V is n-dimensional, and T is a linear operator on V with characteristic polynomial (–1)n(t–λ )n, and with rank(T–λ I) = m, (T–λ I)2 = T0. Imitating the above argument, show how to obtain a Jordan basis for T, and give its dot diagram.

Your analysis will show an arithmetic relation stronger than the obvious condition m ≤ n that must hold between m and n. Give this relation. §7.2, ‘‘Exercise 29’’: Here we will push the idea of the preceding exercise one step further. (a) Suppose V is a 6-dimensional vector space over a field F, and T a linear operator on V which has characteristic polynomial (t–λ )6 for some λ ∈F , and such that rank(T–λ I) = 3, rank((T–λ I)2) = 1, and (T–λ I)3 = T0.

Show that R((T–λ I)2) ⊆ R(T–λ I)∩ N(T–λ I) ⊆ N(T–λ I), and that these subspaces have

- 15 -

dimensions 1, 2, 3 respectively. Deduce that there exists a basis { 1, 2, 3} of N(T–λ I) such that 1 can be made the initial vector of a cycle of length 3 and 2 the initial vector of a cycle of length 2, and such that these cycles, together with 3, give a Jordan basis of V, with dot-diagram • • • • • • . (b) By analogy with part (b) of the preceding exercise, generalize the above argument to the case where V is n-dimensional, T has characteristic polynomial (–1)n(t–λ )n, rank(T–λ I) = m1, rank((T–λ I)2) = m2, and (T–λ I)3 = T0. §7.2, ‘‘Exercise 30’’: Generalize the above two exercises to an algorithm for constructing a Jordan basis for a linear operator T on an n-dimensional vector space V which has characteristic polynomial (–1)n(t–λ )n, and satisfies rank(T–λ I) = m1, rank((T–λ I)2) = m2, ..., rank((T–λ I)k–1) = mk–1, and (T–λ I)k = T0.

Since an algorithm means a prescription for applying a sequence of operations to get a desired result, one needs to know what basic operations one is allowed. So let us assume we have the ability to find the range and null space of any linear operator, to find the intersection of two subspaces of V, to find a basis of a given subspace of V, to extend such a basis to a basis of a given larger subspace, and, for any element in the range of an operator, to find an element which the operator maps to it. These, clearly, are the tools used in the two preceding exercises.

(The generalization of the chain of subspaces R((T–λ I)2) ⊆ R(T–λ I)∩ N(T–λ I) ⊆ N(T–λ I) used in the preceding exercise will consist of the subspaces R((T–λ I)e)∩ N(T–λ I) for e = k–1, k–2, ... , 1, 0. For your own understanding, begin by verifying that for m = 3, this is the chain of the preceding exercise.) §7.2, ‘‘Exercise 31’’: Suppose T is a linear operator on a finite-dimensional vector space V, and that the characteristic polynomial of T splits.

Show that if β is a Jordan canonical basis for T, then the basis β* of V*, appropriately reordered , is a Jordan canonical basis for Tt. How do the elements of β* have to be reordered to make this true? §7.2, ‘‘Exercise 32’’: Let F = R or C, so that for any square matrix A over F, the matrix eA is defined (§7.2, Exercise 22). (a) Show that if A is an n× n matrix and c is a scalar, then ecI+ A= eceA (where ec is understood as a scalar, and eA as a matrix). (b) Let J be a Jordan block matrix over F as in §7.2, Exercise 19. Describe precisely the matrix eJ. Appendix A, ‘‘Exercise 1’’: Label the following statements as true or false. In the first four, ‘‘Z’’ denotes the set of integers (whole numbers), i.e., Z = { ...,–2,–1, 0, 1, 2, ... }.

Answers are given at the end of the next page. (a) Z∈R . (b) Z ⊆ R. (c) R ∪ Z = R. (d) R∩ Z = R. (e) If A and B are any sets, then A ∩ B = {x∈A : x∈B }. (f) If A and B are any sets, then A ∩ B = {x∈B : x∈ A}. (g) If X ∩ Y= ∅, then either X = ∅ or Y= ∅.

Appendix A, ‘‘Exercise 2’’: Suppose ∼1 and ∼2 are two equivalence relations on the same set A. (a) Show that the set-theoretic intersection of these equivalence relations (i.e., the intersection of these equivalence relations regarded as sets of ordered pairs of elements of A) is an equivalence relation.

- 16 -

(b) Show by example that the set-theoretic union of these equivalence relations may not be an equivalence relation. (c) Suppose we define a relation ∼3 on A by letting a ∼3a′ hold if and only if there exists a positive integer n, and a sequence of elements a1,...,an∈A, such that a1 = a, an = a′, and for each i=1,...,n–1, we have either ai ∼1ai+1 or ai ∼2ai+1. Show that ∼3 is an equivalence relation on A. (d) Show that for every equivalence relation ∼4 on A, the relation ∼4 contains the union of ∼1 and ∼2 if and only if it contains ∼3. Appendix B, ‘‘Exercise 1’’: Suppose A and B are sets and f : A → B a function. One of the following statements is true (i.e., true in all cases) and the other is false (i.e., false in some cases). Prove the true statement. For extra credit, you can show the other statement is false, by giving an explicit example where it fails.

(i) If ∼1 is an equivalence relation on A, then the relation ∼2 on B given by ∼2= {(f(a), f(a′)): (a, a′)∈ ∼1} is an equivalence relation. (ii) If ∼1 is an equivalence relation on B, then the relation ∼2 on A given by ∼2= {(a, a′): (f(a), f(a′))∈ ∼1} is an equivalence relation.

Appendix D, ‘‘Exercise 1’’: (a) Show that if z is a complex number, then z = w + w- for some complex number w if and only if z∈R (the field of real numbers). (b) Show that if z is a complex number, then z = w – w- for some complex number w if and only if z is imaginary. (c) For which complex numbers z is it true that z = ww- for some complex number w? (Of course, you must prove your answer correct.) (d) For which complex numbers z is it true that z = w⁄w- for some complex number w? Appendix D, ‘‘Exercise 2’’: Show that neither of the equations z z- = –1, z + z- = i has a solution in C. Why do these facts not contradict the Fundamental Theorem of Algebra?

..................................................................................... Answersto True/Falsequestionson AppendixA: (a)F. (b)T. (c)T. (d)F. (e)T. (f) T. (g)F.