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FURTHER THOUGHTS ON DIMENSIONS OF POSETS

GEORGE M. BERGMAN

ABSTRACT. We recall the concept of the dimension of a finite poset P, and the longstanding conjecture
that for all finite nonempty posets P and Q, dim(P x Q) > dim(P)+ dim(Q) —2. We then note two other
plausible inequalities, either of which would imply that one.

In the final section, writing P < P’ if, for all Q, dim(P x Q) < dim(P’ x Q), and writing P ~ P’ if
P < P’ and P’ 5 P, we note some results and questions concerning these relations.

1. BACKGROUND

This note is an addendum to [2]. Let us recall the basic concepts considered there, and set some conventions
we will follow.

Definition 1.1. In this note, a poset will mean o finite nonempty partially ordered set.

The dimension dim(P) of a poset P means the least nonnegative integer d such that P can be embedded
as a subposet in a direct product of d chains.

A poset P will be called connected if P cannot be written as the union PyU Py of two nonempty subsets
such that no element of Py is comparable with any member of Py under the partial ordering of P.

In [2], posets were allowed to be infinite, though the results there concerned posets of finite dimension.
As noted in [2, §8], the dimension of a finite-dimensional but not necessarily finite poset is the supremum of
the dimensions of its finite subposets. Given that fact, it will suffice for the purposes of this note to restrict
attention to finite posets, as in the above Definition.

2. PRODUCTS OF POSETS WITH ADDED TOPS AND BOTTOMS

A longstanding question in the theory of poset dimensions is
(2.1) ]2, Question 3.2(i)] If P and @ are posets, must dim(P x Q) > dim(P) + dim(Q) — 27
Two related questions are

[2, Question 3.3(ii)] If P and @ are posets each of which has a least element, or each of which

(2:2) has a greatest element, must dim(P x Q) > dim(P) + dim(Q) — 17

(2.3) [2, Question 3.3(1)] If P and @ are posets one of which has a least element and the other a
’ greatest element, must dim(P x Q) > dim(P) 4+ dim(Q) — 17

We will note below a possible approach to these three questions.
First, some notation:

Definition 2.1. If P is a poset, PT will denote the poset obtained by adjoining to P a single element
greater than all elements of P, and P, the poset obtained by adjoining to P a single element less than all
elements of P. These added elements will be denoted 1 and O respectively, unless existing elements of P
are already so named.

The posets (P1); and (Py)" will be identified with each other, and the resulting poset denoted P

Since the construction taking a poset P to its opposite (the poset with the same underlying set but the
reverse ordering) respects dimension and products, but interchanges the operations ()T and ()i, we shall
take for granted that general results, questions, etc., stated for one of these two operations are equivalent to
the corresponding statements for the other.
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We note that
(2.4) If P is a poset of positive dimension (equivalently, a poset with more than one element), then

: dim(P) = dim(P*) = dim(Py) = dim(PY).
To see this, it clearly suffices to verify the first equality (cf. last paragraph of the above Definition). Here <
is clear. To show that this inequality cannot be strict, note that given a representation of P as a subposet
of a product of d > 0 chains, we can adjoin a new top element to each of those chains, and then represent
PT as the subposet of the product of these extended chains consisting of the elements of P, and the single
element having for all coordinates the new top elements.

((2.4) can also be looked at as the case of [2, (1.11)] with the 2-element chain 2 = {0,1} in the role of the
indexing poset P of that result, the poset here called P in the role of @)y of that result, and the singleton
poset {1} in the role of Q;.)

We also recall
(2.5) [1, p.9, Property 3|, [2, Theorem 3.1], [3, p. 179, last 11 lines]. If P and @ are posets each of

’ which has both a least and a greatest element, then dim(P x Q) = dim(P) + dim(Q).

Though as noted in (2.4), adding a top or bottom element to a poset of positive dimension leaves that
dimension unchanged, things can change when one takes direct products of such enlarged posets.
By how much? I know of no counterexamples to the bounds suggested in the following questions.

(2.6) If P and Q are posets of cardinality > 1, must dim(P* x Q") < dim(P x Q)+ 17

(2.7) If P and Q are posets of cardinality > 1, must dim(P, x Q%) < dim(P x Q)+ 17

Moreover, we have

Proposition 2.2. (i) A positive answer to either (2.6) or (2.7) would imply a positive answer to (2.1).
(il) A positive answer to (2.6) would also imply a positive answer to (2.2).
(iii) A positive answer to (2.7) would also imply a positive answer to (2.3).

Proof. f P or @ is a singleton (equivalently, has dimension 0) then (2.1), (2.2), and (2.3) trivially have
affirmative answers, so let us assume we are given P and @ both of cardinality > 1, so that (2.6) and (2.7)
are both applicable.

Assuming first a positive answer to (2.6), I claim that for all P and @ of cardinality > 1,

(2.8)  dim(P)+dim(Q) = dim(P1)+dim(QF) = dim(PIxQ7) < dim(PyxQ4)+1 < dim(PxQ)+2.

Indeed, the first equality follows from (2.4), the second from (2.5), the third from the assumed positive
answer to (2.6), and the final inequality from that same assumption applied to the opposites of the posets
in question.

Subtracting 2 from both ends of (2.8), we get the inequality of (2.1), establishing the case of (i) based
on a positive answer (2.6).

If P and @ each have a least element, we can modify (2.8) by dropping all the subscripted “+”’s and
skipping the last step, yielding the implication of (ii).

If, rather, we assume a positive answer to (2.7), we get a consequence like (2.8), modified only by changing
the term dim(P, x Q) to dim(P* x Q4 ), and getting the two final inequalities by applying (2.7), with the
order of factors reversed in the last case. This again gives a positive answer to (2.1), completing the proof
of (i), while if P has a least element and () a greatest element, we can, as before, shorten our modified
version of (2.8), and get (iii). O

3. SOME OBSERVATIONS ON THE ABOVE RESULT

I have repeatedly thought, “Isn’t the result asked for in (2.6) implied by that asked for in (2.2), or at
least by that together with (2.1), so that question (2.6) is just a reformulation of the existing questions (2.1)
and (2.2)7” But I do not see any way of getting the reverse implication (nor the corresponding implication
with (2.7) and (2.3) in place of (2.6) and (2.2)). So it seems that the results asked for in (2.7) and (2.6) are
actually stronger than those asked for in (2.1)-(2.3).

This does not mean that going from trying to prove (2.1)-(2.3) to trying to prove (2.6) and (2.7) would
make things harder. At times, aiming for a stronger statement can lead one to approaches that the question
one started with would not have suggested. On the down side, however, questions (2.6) and (2.7) are not as
conceptually simple as (2.1)-(2.3).

One might think that alongside the inequalities of (2.6) and (2.7) one could hope for an inequality
dim(P x Q) < dim(P x Q) + 1; but this does not hold. For instance, if P =2 x 2, and @Q is a “standard
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example” S, (n > 2) [2, (1.6)], then dim(P x Q) = dim(Q) =n [2, (1.6)]; but in view of (2.5), for this P
and @, dim(P x QT) = dim(P) + dim(QT) = dim(P) + dim(Q) = 2 + n.

One might try to approach (2.6) by regarding PT x Q% as the union of the product-poset P x @ with
a poset adjoined “above it”, namely

31 (Px{1}h) u ({1} xQ) u {1}

But that set lies “above” P x ) only in the weak sense that none of its elements are < any elements of
P x Q. In general, some elements of (3.1) are incomparable with some elements of P x Q; and the fact [2,
(1.11)], noted parenthetically following the proof of (2.4) above, which applies when a poset breaks into two
parts, one of which is above the other in the strong sense that all of its elements lie above all elements of the
other, is not true for this weaker condition. (For instance, for each n > 3 the standard example S,, is the
union of two n-element antichains one of which “lies above” the other in the weak sense; and each of those
antichains has dimension 2, but S, has dimension n.)

We remark that if for some n > 1 we could prove a weakened version of the result asked for in (2.6) or (2.7)
with “41” replaced by “+n”, then the method of proof of Proposition 2.2 would yield the corresponding
conclusions with “4+1” replaced by “4+n”, and “+2” by “4+2n”. Likewise, if we ask
Is there a positive integer m such that, whenever P and () are posets of cardinality > 1,
dim(P x Q%) < dim(P x Q) +m?
then if there is such an m, versions of (2.6) and (2.7) with “4+1” replaced by “+2m” will have positive
answers, hence the version of question (2.1) with 2 replaced by 4m would have a positive answer. Even for
m = 1 this would be a considerable weakening of the hoped-for inequality of (2.1); but it would nevertheless
be a big improvement on our present lack of knowledge. And the m = 1 case of (3.2) might be easier to
study than (2.6) or (2.7), because of the simpler form of the poset it adjoins to P x Q.

We also remark that it might be desirable to restrict questions (2.6) and (2.7) to the case where the posets
P and @ are connected (Definition 1.1). As noted in [2, Question 4.4] and the paragraphs immediately
preceding and following it, and in §4 below, non-connected posets can show some behaviors not known to
occur in connected posets. If those questions could be answered affirmatively for connected posets, positive
answers to (2.1) etc. for connected posets would follow, and from these, the corresponding results for arbitrary
posets could easily be deduced.

(3.2)

4. CLASSIFYING POSETS BY DIMENSION BEHAVIOR

In [2, Definition 4.1] the absorbency abs(P) of a poset P is defined to be the largest natural number n
such that dim(P x [],., T;) = dim(P) for every n-tuple of chains (7T})ic,. (As is implicit in question (2.1)
above, the absorbency is 0, 1 or 2 in all cases where we know its value.) Given a poset P, the data about
P that we presently know how to use in estimating the dimensions of products P x @) are its dimension
and its absorbency. Can we associate more such information to a poset P 7

Here is some notation and language we shall use in discussing this question.

Definition 4.1. Given posets P and P’, we shall write P < P’ if for all posets @, one has dim(P x Q) <
dim(P’' x Q). If P <X P’ and P’ < P, we shall write P ~ P’.

If a poset P is partitioned into disjoint subposets Py,...,P,_1 such that for i # j, no element of P;
is comparable with any element of Pj, we shall write P = Py U ... U P,_1. Likewise, given arbitrary
posets Py, ..., P,_1, we shall write Py U ... U P,_1 for the poset whose underlying set is the union of the
underlying sets of {0} x Py,...,{n—1} x P,_1, and where elements (i,p) € {i} x P; and (j,p") € {j} x P}
satisfy (i,p) < (4,p") if and only if i=3 and p<p' in P;.

As stated in Definition 1.1, a poset P will be called connected if it has no expression P = P’ LI P" for
subposets P’ and P" (understood, as always, to be nonempty).

So, for instance, [2, Question 3.4] asks whether all chains of more than one element are ~-equivalent. In
fact, I do not know the answer to either of the following two questions, which point to opposite possible
extremes:

(4.1)  Are every pair of posets having equal dimension and equal absorbency ~-equivalent?

(4.2)  Are m-equivalent connected posets always isomorphic?

For the relation =, one at least has a wider class of examples known to satisfy P < @ : Clearly, any
subposet P of a poset () satisfies that relation.
For non-connected posets, one can give much larger classes of examples of these relations. We first note
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Lemma 4.2. Given a poset P=Fy U ... U P,_1 where n > 2, and any poset @), we have
(4.3)  dim(P x Q) = max(2, dim(Py X Q), ..., dim(P,_1 X Q)).

Proof. Note that PxQ = (PoxQ)U...U(P,-1xQ), and apply [2, (1.11)] with the antichain {0,...,n—1},
which has dimension 2, in the role of the indexing poset P of that display, and the products P; x Q
(t=0,...,n—1) in the roles of the posets there denoted @,. O

We can now deduce the following. (In the statement below, we could drop any or all of the restrictions
“x-maximal”, giving a formally simpler statement. But including those conditions reduces the set of cases
that must be checked in determining whether a pair of posets is ~-equivalent, and gives a clearer picture of
the ~-equivalent families described.)

Proposition 4.3. Suppose P = Py U ... U P,_q and P’ = P{ U ... U P/, | are posets, each having
dimension > 2.
Then a sufficient condition for P =~ P’ to hold is that every <-mazximal member P; of the family

Py, ..., Py_1 is =-equivalent to a <-mazimal member P}, of the family P},...,P!,_,, and vice versa.

Proof. Let us first note that for P = Py U ... U P,_1 having dimension > 2 as assumed here, and any
Q, (4.3) holds without the requirement of Lemma 4.2 that n > 2. Indeed, if n = 1, dim(P x Q) =
dim(Py x @), and our hypothesis that P has dimension > 2 implies that dim(P x Q) > 2, so we indeed
have dim(P x @) = max(2, dim(FPy x @)), i.e., (4.3).

I claim that the resulting formula yields the same values for dim(P x @) and dim(P’ x Q).

To show that the former is < the latter, it will suffice to show that the largest of the values dim(P; x Q) is
also one of the values dim(P}, x Q). The former largest value will be achieved at some P; which is <-maximal
among the P;, and by hypothesis, there is an ~-equivalent P/, among the ij,. By this ~-equivalence we
have dim(P, x Q) = dim(P; x @), hence applying (4.3) we indeed have dim(P x Q) < dim(P’ x Q).

By symmetry we also have dim(P’ x Q) < dim(P x @), completing the proof. |

So, for example, starting with any P = Py LI ... U P,_; of dimension > 2, we can get infinitely many
isomorphism classes of posets P’ &~ P by throwing in copies of (not necessarily proper) subposets of the P;,
with repetitions allowed.

We remark that the condition that P and P’ each have dimension > 2 in the hypothesis of Proposi-
tion 4.3 cannot be dropped. For instance, suppose that P = 2 and P’ = 2 U 2. The <-maximal pieces
in the above descriptions of P and P’ are certainly a~-equivalent, but P fails to have dimension > 2; so
letting @ be a l-element poset, we see that dim(P x Q) = dim(P) = 1, while dim(P’ x Q) = dim(P’) = 2.

I don’t know whether, for every pair of posets P and P’ and pair of decompositions of these posets as
in Proposition 4.3, with the added condition that all P; and P}, be connected, the sufficient condition of
that Proposition for P and P’ to be &-equivalent is also necessary. A couple of cases of this question are:

Suppose Py, Py, P}, P| are connected posets satisfying Py U Py ~ P} U Py, and such that Py
(4.4) is <-incomparable with P;, and P} is <-incomparable with P;. Must we have either Py =~ Q
and Plr’?ﬁQl, or POANJQl and Pleo?

(4.5) Can one have a relation P ~ Pj U P{ where P is a connected poset, and neither Pj nor Pj is
' ~P?
Returning to Proposition 4.3, the reader can easily verify the corresponding condition for P < P’ to hold:

Corollary 4.4 (to proof of Proposition 4.3). Suppose P =P, U ... U P,y and PP =Pj U ... U P/,
are posets, with dim(P’) > 2.

Then a sufficient condition for P < P’ to hold is that for every <-maximal member P; of the family
Po,...,Py_1, one has P, <X P}, for some <-mazximal member P/, of the family P§,..., P, _. O
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