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SOME QUESTIONS FOR POSSIBLE SUBMISSION TO THE NEXT
KOUROVKA NOTEBOOK

GEORGE M. BERGMAN

Background.

Some years ago, I had meant to submit a few questions to the 19th edition of the Kourovka
Notebook [1], but I was busy, and it came out before I had done so. So I decided to gather
ahead of time questions I would like to submit to the next edition. Looking over past papers,
I found group-theoretic questions that I had raised, and listed most of them, together with
a few new ones.

I submitted the list; and several of the questions were included in the 20th edition of
the Kourovka Notebook, and several more in the 21st. Below, I have replaced those that
were used in those two editions with references to the questions there. (I could have simply
deleted them, but that would have meant that the ones that followed would change their
numbering, which could complicate things for someone who had taken notes regarding a
past version of this list, and then looked at the current version.)

I may add more questions in the future.

If you look this over, let me know if you have any comments — in particular if, to your
knowledge, any of the questions below have been asked before, or if you know or can see
any answers.

Questions.
(Q1. Appears as Question 20.12 in the Kourovka Notebook.)

Q2. If S is a subset of a group G, then an element s € S is called an ezxtremal point of
S if for every g € G — {1}, either sg™! ¢ S or sg ¢ S. A group G is said to be diffuse
if every finite nonempty subset of G has an extremal point. In [14, Proposition 6.2], this
condition on G is shown equivalent (inter alia) to the condition called LIO (locally invariant
order), namely that G admits a set-theoretic total ordering > such that for all s € G and
g € G — {0}, at least one of sg~! > s or sg > s holds.

Let us say that G has SLIO (strongly locally invariant order) if it admits an ordering
such that for all such s and g, evactly one of sg~! > s or sg > s holds. (In other words,
every sequence of the form (sg?);ez is monotone increasing or monotone decreasing.)

It is not hard to show that

right-orderable = SLIO = LIO (equivalently, diffuse).
The composite implication is known not to be reversible [13, Appendix B].

But is one or the other of the above two implications reversible?

Q3. (i) [18], [9, Definition 1 and Question 2] Let us call group G resistant if for every field
k, and every element r = )", ¢; g; of the group algebra kG whose support, supp(r) = {g; |
¢; # 0}, has cardinality > 1, the 2-sided ideal of k G generated by r is proper.

(Part (i) of this question, “Are all free groups resistant?” appears, reworded, as Ques-
tion 20.9 in the Kourovka Notebook. The remaining parts of this question, shown below,
were not included there.)

This note can be viewed at http://arxiv.org/abs/1904.04298 and at http://math.berkeley.edu/
~gbergman/papers/unpub/pre_Kourovka.pdf . The latter file may be updated more often than the former.
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The question of whether all free groups are resistant is the motivation of [9], where many
sorts of groups are proved non-resistant; e.g., any group containing a nonabelian solvable
subgroup. Six more questions are asked there, of which I record two here.

(ii) [9, Question 19] Is the class of resistant groups closed under taking direct products?

(iii) [9, Definition 22 and Question 23] (Possible Freiheitssatz for group algebras) For F
the free group on generators (z;);cs, and k a field, let us call an element r € k F strongly
reduced if, when the elements of supp(r) are written as reduced words in the free generators,
(a) there is no symbol 2! with which all these elements begin, (b) there is no symbol
zE! with which all these elements end, and (c) if 1 € supp(r) (so that the preceding two
conditions hold trivially) there is no symbol z! such that all elements of supp(r) other
than 1 both begin with xiil and end with the inverse symbol, xf-Fl.

For any r € k F, we shall say that a generator z;, is “involved in” r if x;, or x;ol occurs
anywhere in the normal form of any of the elements of supp(r).

Suppose I is the 2-sided ideal of k F' generated by a strongly reduced element r. If F' C F
is the subgroup generated by (x;);cr—i,, Wwhere x;, is a generator involved in r, must the
composite map kF’ — kF — (kF)/I be an embedding? (A positive answer would imply
a positive answer to (i).)

Q4. [8, Question 13] Let (G, <) be a right-ordered group, and & a field. Thus, the set of
formal infinite sums 3° _ agg with coefficients ay € k whose support {g € G | a; # 0} is
well-ordered forms a right module k((G)) over the group algebra kG, though this will not
in general have a natural structure of ring, or of left kG-module.

Dubrovin [11] showed that every nonzero element of kG acts invertibly on the module
kE((@)). We ask:

For each z1, w2, y1, y2 € kG — {0}, will the right action of yyy5 ' —2125 ' on k((G)) either
be invertible or zero? (Here y, ' and x5 ' denote the inverses of the actions of y, and xs.)

The above is easily seen to be equivalent to the same question for the actions of :cl_lyl -
x;lyg, of y; — xlxglyg, and of 1 — xlxglyg yfl.

An affirmative answer to this question is equivalent to a matrix-theoretic property asked
for in [8, Question 12]. Such a result would be the “next step”, after Dubrovin’s result,
toward proving that kG is embeddable in a division ring, and indeed generates a division
ring of operators on k((G)). A countable chain of conditions, having Dubrovin’s result as
its first step and the property asked for above as its second, and which all together are
equivalent to generating a division ring of operators, is developed in [8, §10].

For simplicity I am posing this question for k a field rather than a general division ring.
If a positive answer is obtained, one should, of course, see whether commutativity of & is
really needed, and whether the result can be extended to group rings twisted by actions of
G on k.

(Q 5. Appears as Question 20.10 in the Kourovka Notebook.
(Q 6. Appears as Question 21.11 in the Kourovka Notebook.
(Q 7. Appears as Question 21.12 in the Kourovka Notebook.
(Q 8. Appears as Question 20.13 in the Kourovka Notebook.
(Q9. Appears as Question 21.13 in the Kourovka Notebook.)

(Q10. Appears as Question 21.14 in the Kourovka Notebook.)

Q 11. [6, Question 16, p.157] Suppose G is a group, and X, Y, Z are finite transitive
G-sets, such that
g.c.d.(card(X), card(Y), card(Z)) = 1,
but such that none of the G-sets XXY, Y'xZ, ZxX is transitive (so that no two of card(X),
card(Y), card(Z) are relatively prime).
What, if anything, can one conclude about the orbit-structure of the G-set X x Y x Z7
(For the motivation, see [6], paragraph preceding this question, then the group-theoretic
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proof of [6, Theorem 1, p.139], and finally, the first paragraph of §2 on that page. But
perhaps the question is, nonetheless, too vague to include in the Kourovka Notebook.)

(Q 12. Appears as Question 21.15 in the Kourovka Notebook.)
(Q 13. Appears as Question 20.14 in the Kourovka Notebook.)
(Q 14. Appears as Question 20.15 in the Kourovka Notebook.)
(Q 15. Appears as Question 21.16 in the Kourovka Notebook.)

Q 16. [5, Question 10, p.437] In [2] Baumslag and Shalen show that a group is infinite if
it has a presentation in which all relations have the form s™ = 1, for various group words s,
and a common exponent n which is a prime power, such that the number of generators in
the presentation is at least 1 more than 1/n times the number of relations.

Can one get a more general criterion for a group to be infinite, again based on counting
a relation of the form s” = 1 as “1/n of a relation” but with the “common exponent”
assumption replaced by the condition that the exponents n so treated all be powers of a
common prime p; or alternatively, with the common exponent requirement retained, but no
requirement that it be a prime power; or, covering both these generalizations, merely the
requirement that the set of exponents so treated be totally ordered under divisibility?

(For the need for some such restrictions, see [5, Introduction]. For another known result
of the same sort, see [17], also summarized in [5, Introduction].)

(Q17. Appears as Question 20.8 in the Kourovka Notebook.)

Q18. (Part (i) below appears as Question 21.17 in the Kourovka Notebook.)

If X is a class of groups, let H(X) denote the class of homomorphic images of groups in
X, let S(X) denote the class of groups isomorphic to subgroups of groups in X, let P(X)
denote the class of groups isomorphic to products of families of groups in X, and let Py (X)
denote the class of groups isomorphic to products of finite families of groups in X.

By the group case of Birkhoff’s Theorem, HS P(X) is the variety of groups generated
by X.

(1) [4, Question 27, p.281] If X is a class of metabelian groups, must HSP;(X) C
SHP S(X)? (See preceding paragraph of [4] for motivation.)

The operators H, S, P make sense for more general algebraic structures, in particular,
lattice-ordered groups, as in

(ii) (S.Comer, personal correspondence, cited in [4, Question 28(ii), p.281].) If X is a
class of lattice-ordered groups, must SHP S(X)=HSP(X)?

Q19. A hyperidentity for a class X of algebraic objects of a given type is a relation o = 7
in a family of operation-symbols g1, go, . .. of specified arities, which holds for every algebra
A € X and every assignment to each g; of a derived operation of the corresponding arity [16].

[3, second sentence on p.65] If a variety V of groups satisfies a nontrivial monoid identity
(a monoid identity other than those satisfied by the variety of all monoids), must V satisfy
a hyperidentity not satisfied by the variety of all groups? (If one merely assumes that V
satisfies a nontrivial group identity, the answer is no: by [3, Corollary 2] the variety of
metabelian groups satisfies the same hyperidentities as the variety of all groups. But this is
proved using the fact that that variety satisfies no nontrivial monoid identities.)

(Q 20. Answered in [12].)
(Q21. Appears as Question 21.18 in the Kourovka Notebook. Answered negatively.)

Q 22. Question 19.110 in the Kourovka notebook asks whether there exists a variety V of
groups such that the free group on 2 generators in V is finite, while the free group on 3
generators in V is infinite.

Along the same lines, one may ask,

(i) Does there exist a variety V of groups such that the free group on 2 generators in V'
has polynomially bounded growth, while the free group on 3 generators in V' does not?
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The above suggests a wide class of related questions. To state them, we need some
notation regarding polynomial bounds on growth of groups. I set up such notation below.
If, as is likely, notation/language for this already exists, I would appreciate a pointer to it!

Given a group G with a finite generating set X, let us define the growth function gr(G, X)
by letting gr(G, X)(n) be the number of elements of G that can be written as products of
< n elements of X U X 1. We now define the growth degree, gr.deg(G), a nonnegative real
number or +00, to be limsup,,_, . log (gr(G, X)(n))/log n, for any choice of finite generating
set X for G. It is not hard to show that the value so defined is independent of X. Before
getting to questions paralleling (i) above, we ask,

(ii) What values occur as growth degrees of free groups G on finitely many generators in
group varieties? (Must they be integers or +00?)

(iii) Is the limsup in the definition of growth degree always in fact realized as a limit;
i.e., is it equal to the corresponding liminf? If not always, is this true in the case of free
groups in group varieties?

Here, now, is a wide, though vague, generalization of question (i):

(iv) If V is a variety of groups, and for each positive integer ¢ we write G; for the group
freely generated in V by an i-element set, what conditions must the sequence of values
gr.deg(G;) (i > 0) satisfy?

In particular, (i) asks whether, if gr.deg(G2) is finite, then gr.deg(G3) must also be finite.

If the answer to (iii) is affirmative, one can show that the growth degree of the direct
product of two finitely generated groups is the sum of the growth degrees of those groups.
Hence under that assumption, in the context of (iv), using the fact that for positive integers
i and j, the group G;4; admits a surjective homomorphism to G; x G, one can deduce
that gr.deg(G,+;) > gr.deg(G;) + gr.deg(G;). (Equality need not hold here, as can be seen
from the case ¢ = j = 1 for many familiar varieties of groups.) Without knowing the answer
to (iii), one can show that for any finitely generated group G and positive integer m, one
has gr.deg(G™) = mgr.deg(G), and so deduce that for free groups in any variety, one has
gr.deg(G,,;) > mgr.deg(G;).

Q23. In [10, Convention 6.1(iv)], we call a group G (respectively, a finite group G) “Rhodes-
prime with respect to direct products” (respectively, “Rhodes-prime with respect to direct
products in the category of finite groups”) if, whenever G is a subquotient of a direct product
of groups (respectively, finite groups) Go x G1, then G is a subquotient of one of Gy or G,
(cf. [15, p. 482, line 6]). (“Subquotient” meaning “homomorphic image of a subgroup”.)

(i) [10, Question 6.13] If a finite group G is Rhodes-prime with respect to direct products
in the category of finite groups, must it also be Rhodes-prime with respect to direct products
in the category of all groups? (The converse is clearly true.)

In [10, Proposition 6.6(iv)] we give several classes of examples of finite groups Rhodes-
prime with respect to direct products in the category of finite groups; but the only ones we
know of that are p-groups for prime numbers p are the cyclic p-groups. So we ask

(i) [10, Question 6.11] For p a prime, number what finite p-groups are Rhodes-prime
with respect to direct products in the category of finite groups? Are there any other than
the cyclic p-groups Z,»?

In [10, (6.11)], defining “Rhodes-prime with respect to direct products” similarly for
finite semigroups and finite monoids, we note that for G a finite group, we clearly have
the implications (G is Rhodes-prime with respect to direct products as a finite semigroup)
= (G is Rhodes-prime with respect to direct products as a finite monoid) — (G is
Rhodes-prime with respect to direct products as a finite group). We ask

(iii) [10, Question 6.14] are either of the above implications reversible? Likewise, for G
an arbitrary group, are either of the corresponding implications with “finite” everywhere
deleted reversible?

([10, Question 6.14] also asks the analogs of question (iii) above for some other primeness
conditions defined in [10, Convention 6.1].)
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