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SOME NOTES REGARDING PÉTER FRANKL’S CONJECTURE

GEORGE M. BERGMAN

Abstract. In section 1, the longstanding conjecture on union-closed systems (A,F) is recalled, and some
conventions and notation are set. The remaining three sections are independent of one another.

In section 2, a strengthening is noted of the known result that for such a system (A,F), if {x, y} ∈ F ,

then at least one of x, y satisfies the conclusion of the conjecture. Section 3 gives an example showing that
in a union-closed system (A,F), no minimal nonempty member of F need contain an element of maximal

abundance in F . Section 4 notes some operations that can be used to “combine” union-closed systems, and

their properties.

(I am not familiar with much of what has been written in this area, so I hope people will inform me whether
any of the ideas below are already in the literature, whether those that are not seem worth publishing, and
any other observations they may have.)

1. Introduction

Definition 1.1. A union-closed system means a pair (A,F), where A is a set, and F a family of subsets
of A closed under pairwise unions.

Our focus will be on union-closed systems (A,F) such that A is finite and nonempty, and is a member of
F , and no two distinct elements of A belong to precisely the same members of F . In informal discussions
we may take some or all of these conditions for granted, but we will state the conditions assumed in formal
statements, and elsewhere when these are non-obvious.

We will denote the cardinality of a set X by |X|. If (A,F) is a union-closed system with F finite and
nonempty, the abundance in F of an element x ∈ A will mean the fraction |{S ∈ F |x ∈ S}| / |F|.

A longstanding conjecture, on which much has been written, is

Conjecture 1.2 (Péter Frankl, 1979, unpublished). If (A,F) is a union-closed system satisfying the re-
strictions in the second sentence of Definition 1.1, then at least one member of A has abundance ≥ 1/2
in F .

(According to people in the field, there had already been some discussion of the question before Péter
Frankl made it well-known.)

Several of the conditions in the second paragraph of Definition 1.1 are made merely for convenience: If a
union-closed system (A,F) does not have the property that distinct elements of A belong to distinct sets of
members of F , then we can divide A by the equivalence relation “x and x′ belong to the same members
of F ”, and get a union-closed system with smaller A, such that the original system satisfies the conjecture
if and only if the new one does. Likewise if A /∈ F , then as long as F contains nonempty sets, we could
replace A with the largest element of F (the union of all members of F), with the same effect.

On the other hand, the conditions that F be finite and nonempty are essential for “abundance” to make
sense; and if F were not required to contain a nonempty set, then the conclusion of the conjecture would
clearly fail.

“The abundance of x ” is used, as we use it here, to refer to the fraction |{S ∈ F |x ∈ S}| / |F| by some
authors, e.g., in [2], while others, e.g., in [3], use it to mean the integer |{S ∈ F |x ∈ S}|. (Many authors call
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an element of A “abundant” if its abundance in the former sense is ≥ 1/2, equivalently, if its abundance in
the latter sense is ≥ |F| / 2.)

2. Generalization of the 2-element-set result

A well-known result on union-closed systems (A,F) is that if F contains a 2-element set {x, y}, then
at least one of x, y has abundance ≥ 1/2 [4, Corollary 2]. We prove below a more general statement, in
which F is merely assumed to contain a set S with two members x and y such that the other elements of
S, if any, do not lie in any T ∈ F that contains neither x nor y.

Lemma 2.1. Let (A,F) be a finite union-closed family, and suppose some S ∈ F contains elements x, y
(possibly equal) such that

(2.1) every T ∈ F having nonempty intersection with S contains at least one of x and y.

Then the abundances of x and y in F have sum ≥ 1; hence, at least one of those abundances is ≥ 1/2.

Proof. Let us first prove this in the case x 6= y. In that case, for each of the four subsets U ⊆ {x, y}, let us
write

(2.2) FU = {T ∈ F | T ∩ {x, y} = U}.
Thus, |F| = |F∅|+ |F{x}|+ |F{y}|+ |F{x,y}|.

Now (2.1) says that all members of F∅ are disjoint from S; hence the map T 7→ T ∪ S from F∅ to
F{x,y} is one-to-one, so |F{x,y}| ≥ |F∅|.

It follows that the sum of the abundances of x and y, (|F{x}|+ |F{x,y}|) / |F|+(|F{y}|+ |F{x,y}|) / |F| =
(|F{x}| + |F{y}| + 2 |F{x,y}|) / |F| is ≥ (|F∅| + |F{x}| + |F{y}| + |F{x,y}|) / |F| = 1, as claimed. The final
assertion clearly follows.

If x = y, then the hypothesis (2.1) implies that the map T → T ∪ S from F∅ to F{x} is one-to-one, so
|F∅| ≤ |F{x}|, hence 2 |F{x}| ≥ |F∅|+ |F{x}| = |F|, again giving the conclusion of the Lemma. �

3. A curious example

In trying to prove Péter Frankl’s conjecture, one may be tempted to focus on the minimal nonempty sets
in F , and try to prove that at least one of these has a member with abundance ≥ 1/2. But in a union-closed
family (A,F), the elements of greatest abundance need not belong to any minimal nonempty members of
F , as shown by the example of the next lemma. In that example, members of those minimal sets do have
abundances ≥ 1/2, but the example makes it plausible that there may be cases in which the conjecture
holds, but the required abundance is not realized by any member of a minimal nonempty set.

Lemma 3.1. Let n be a positive integer, let An be a 2n+1-element set {w, x1, . . . , xn, y1, . . . , yn}, and
let Fn be the family consisting of all sets of the following two sorts:

(3.1)
sets S ⊆ An which do not contain w, and which have the property that for each i, xi ∈ S if
and only if yi ∈ S, and

(3.2)
sets S ⊆ An which contain w, and which have the property that for at least one i, S contains
both xi and yi.

Clearly, (An,Fn) is a union-closed system, whose minimal nonempty members are the 2-element sets
{xi, yi}. In this system,

(3.3)
there are exactly 2n sets S as in (3.1), and for each element xi or yi, the number of such sets
containing that element is 2n−1, and

(3.4)
there are exactly 22n − 3n sets S as in (3.2), and for each element xi or yi, the number of
such sets containing that element is 22n−1 − 3n−1.

Hence |Fn| = 22n − 3n + 2n, and

(3.5)
the number of elements of Fn containing w is 22n − 3n, while for each xi or yi, the number
of elements of Fn containing that element is 22n−1 − 3n−1 + 2n−1

It follows that for n ≥ 3, the abundances of the elements xi and yi are less than the abundance of w,
though w does not belong to any minimal nonempty member of Fn.



SOME NOTES REGARDING PÉTER FRANKL’S CONJECTURE 3

Proof. (3.3) is clear. As to the first assertion of (3.4), the total number of subsets of An containing w is
clearly 22n, so we need to count how many such subsets are excluded in (3.2), i.e., how many contain no pairs
{xi, yi}. Such an excluded subset is determined by specifying, for each i = i, . . . , n, what its intersection
with {xi, yi} is; and the condition of not containing any pair {xi, yi} says that for each i, that intersection
must be one of the three sets {xi}, {yi}, or ∅. Thus, the number of excluded cases is 3n, giving the first
formula of (3.4).

In deriving the second formula of (3.4), it suffices by symmetry to count the sets containing x1. The total
number of subsets of An containing w and x1 is 22n−1, and we again need to subtract the number of those
that do not contain any pair {xi, yi}. For i = 1, the assumption that x1 ∈ S together with the condition
of not containing the pair {x1, y1} leaves only one possibility, S ∩ {x1, y1} = {x1}. For all other values of
i there are, as before, three possibilities; so the term to be subtracted is 3n−1, giving the desired formula.

Combining (3.3) and (3.4), we get the formula for |Fn|, and the formulas in (3.5).
We can now show that for all n ≥ 3, the number of members of Fn containing w exceeds the number

containing x1. The difference of these numbers for any n simplifies to

(3.6) 22n−1 − 2 · 3n−1 − 2n−1.

For n = 2 that difference is 0. When we increase n in (3.6) by a positive integer m, we see that the initial
term gets multiplied by 4m, while the two terms subtracted from it are multiplied by the smaller factors
3m and 2m respectively. Hence when we move upward from the case n = 2, where (3.6) is zero, the value
of (3.6) increases, resulting, as claimed, in positive values. �

Can the above construction be tweaked to give an example where only the element corresponding to w
has abundance ≥ |F| / 2 ? Not in any way that I can see. Note that for any union-closed system (A,F) and
any element w ∈ A such that F contains both nonempty members that do not contain w, and members
that contain w and other elements, the set of elements not containing w will be union-closed, and so will
the set of results of deleting w from the elements that do contain it. So if the union-closed conjecture is true,
for each of those families there will exist elements other than w with abundances ≥ 1/2 with respect to
that family. If, as in the above class of examples, the structure has a symmetry under which all the elements
of A other than w are equivalent, then in each of those sets, all the elements have the same abundance; so
with those common abundances each ≥ 1/2, the common abundance in all of F of each element of A\{w},
a weighted average of their abundances in these two sets, will, as in this example, be ≥ 1/2.

4. Some operations on union-closed systems, and an unsuccessful approach to using these

Let us look at three constructions on pairs of union-closed systems.
The first of these is easiest to describe when the underlying sets A0 and A1 of the given union-closed

systems (A0,F0) and (A1,F1) are disjoint. In that case, we can let the new system have A = A0 ∪ A1,
and define

(4.1) F = {S ⊆ A | S ∩A0 ∈ F0 and S ∩A1 ∈ F1} .
Clearly, F has the join-semilattice structure of F0 ×F1. In (4.2) below, disjointness of A0 and A1 is not
assumed; we instead use the “disjoint union” construction A0 tA1 = (A0 × {0}) ∪ (A1 × {1}).

The other two constructions (4.2) and (4.4) are more straightforward to define, though their properties
are more complicated.

Definition 4.1. Given union-closed systems (A0,F0) and (A1,F1), we define union-closed systems

(4.2)
(A0,F0)⊕(A1,F1) = (A0tA1, F0⊕F1), where A0tA1 = (A0×{0})∪(A1×{1}), and F0⊕F1

consists of all subsets S ⊆ A0 tA1 of the form (S0×{0})∪ (S1×{1}) with S0 ∈ F0, S1 ∈ F1.

(4.3)
(A0,F0)⊗(A1,F1) = (A0×A1, F0⊗F1), where F0⊗F1 denotes the set of all subsets S ⊆ A0×A1

having the property that for every y ∈ A1, one has {x ∈ A0 | (x, y) ∈ S} ∈ F0, and for every
x ∈ A0, one has {y ∈ A1 | (x, y) ∈ S} ∈ F1.

(4.4)
(A0,F0)� (A1,F1) = (A0×A1, F0 �F1), where F0 �F1 denotes the union-closure in A0×A1

of the set of subsets of that set of the form S0 × S1, with S0 ∈ F0, S1 ∈ F1.
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The above three constructions indeed produce union-closed systems: In (4.4) this is part of the definition,
while in the other two cases closure under unions is easy to verify.

(In thinking about the constructions of (4.3) and (4.4), it can sometimes help to picture a subset of
A0 ×A1 as a rectangular diagram of 0’s and 1’s, with each row indexed by A0 and each column by A1.)

It is easy to see that all three of the above operations satisfy the commutative and associative identities
up to isomorphism (i.e., satisfy these with “ = ” replaced by “∼= ”). Moreover, these operations have identity
elements (again, with “∼= ” in place of “ = ”): for ⊕ the system (∅, {∅}), for ⊗ the system (A,F) with
A a singleton and F the set of its two subsets, and for �, the system (A,F) with A a singleton and
F = {A}. The latter two operations also have “zero” objects, (∅, {∅}) and (∅, ∅) respectively.

That the identity element of ⊕ is a zero element for ⊗ is reminiscent of the relation between addition
and multiplication in rings; and indeed, the operation ⊗ is distributive with respect to ⊕; and so is � :

(4.5) ((A0,F0)⊕ (A1,F1))⊗ (A3,F3) ∼= ((A0,F0)⊗ (A3,F3)) ⊕ ((A1,F1)⊗ (A3,F3)),

(4.6) ((A0,F0)⊕ (A1,F1)) � (A3,F3) ∼= ((A0,F0) � (A3,F3)) ⊕ ((A1,F1) � (A3,F3)).

How do the two “multiplication-like” operations ⊗ and � compare? It is easy to check that

(4.7) if F0 and F1 both contain the set ∅, then F0 � F1 ⊆ F0 ⊗F1.

(In verifying this, note that it suffices to check that the sets S0 × S1 that generate F0 � F1 all belong
to F0 ⊗ F1.) That inclusion is in general proper; e.g., if A0 = A1 = {x0, x1, x2}, and F0 = F1 = the
set of all non-singleton subsets of that set, then the set obtained by deleting from A0 × A1 the “diagonal”
{(x0, x0), (x1, x1), (x2, x2)} belongs to F0⊗F1, but does not contain the product of any nonempty member
of F0 with a nonempty member of F1, hence is not a union of such products.

On the other hand, the inclusion of (4.7) generally fails if F0 or F1 fails to contain ∅. For instance if,
F1 does not contain ∅, then for any S1 ∈ F1, and any S0 ∈ F0 that is a proper subset of A0, say lacking
an element x ∈ A0, the set S0×S1 ∈ F� will not belong to F0⊗F1, because {y ∈ A1 | (x, y) ∈ S0×S1} =
∅ /∈ F1.

I had hoped that one might be able to prove that given two union-closed systems (A0,F0) and (A1,F1),
and elements x ∈ A0 and y ∈ A1 both of whose abundances lie in (0, 1/2), the abundance in F0 ⊗ F1

and/or F0 � F1 of (x, y) would be strictly less than the maximum of those original abundances, in a way
that would allow one to deduce that if the abundances of all elements of (A,F) were < 1/2, then iteration
of the construction (A,F) 7→ (A,F) ⊗ (A,F) or (A,F) 7→ (A,F) � (A,F) would eventually lead to a
union-closed system with maximal abundance arbitrarily close to 0. But that would contradict the recently
proved result of [1], that the maximal abundance of a union-closed system cannot be < (3 −

√
5)/2, and

this contradiction would prove the union-closed conjecture.
However, after reading an earlier version of this note, Pace Nielsen had ChatGPT experiment as to

whether ⊗ or � had the desired properties, and it found counterexamples to both: For the ⊗ case, let
A = {1, 2, 3, 4, 5} and

(4.8) F = { {1, 2, 3}, {1, 2, 4}, {1, 3, 4}, {1, 2, 3, 4}, {2, 3, 4, 5}, {1, 2, 3, 4, 5} }.
Then the element 5 has abundance 2/6 = 1/3 in F , but (5, 5) has abundance 26/76 = 13/38 > 1/3 in

F ⊗ F . (I have checked this example by hand.)
For the � case (which I have not checked), the example found has A = {1, 2, 3, 4, 5, 6, 7}, and F

the 11-element union-closed system generated by the seven elements ∅, {1}, {1, 2, 3}, {4}, {1, 2, 3, 4, 5},
{1, 2, 3, 4, 5, 6}, {2, 4, 5, 6, 7}; and ChatGPT calculates that while 3 has abundance 5/11 in F , (3, 3) has
abundance 3741/7353 = 29/57 > 5/11 in F � F .

So the approach to the union-closed conjecture that I thought might work does not. Conceivably, some
variant might – e.g., one might be able to prove the sort of inequality I hoped for under the hypothesis that
all elements had abundance < 1/2; but I have no idea how.

One more vague thought in that direction. Given a union-closed system (A,F) with A ∈ F , suppose we
let |A| = n, and form the n-fold ⊗-power of (A,F), writing this (An, ⊗n F). Now

(4.9)
let B ⊂ An denote the set of elements (x1, . . . , xn) ∈ An in which each member of A occurs in
exactly one coordinate.

Then we can map ⊗nF onto a union-closed family of subsets of B by sending each member of ⊗nF to
its intersection with B. Let us call the resulting union-closed system (B, FB). Since ⊗nF is closed under
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the natural action of the group of permutations of its n coordinates, FB will also be closed under this
action, giving a group of automorphisms of (B, FB) that is transitive on B. Hence all members of B will
have the same abundance in FB . Can we establish any relationship between the set of abundances of the
elements of A in F , and the common abundance of all the elements of FB ?

(I am only suggesting this idea for the operation ⊗ because � gives structures with less diversity of
pattern, so that the intersection described seems more likely to be empty. But I may be wrong.)
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