Spring 1997 Math 250B, G. Bergman left & right, p.1

Notes on composi tion of maps

1. Some notational conventions. There are four common notation s for the image of an elemen t x under a functio n f :

(1) Left multiplicati ve notat ion: fx.

(2) Standard func tional notation: f(x).

(3) Right multiplicative notation: xf.

(4) Exponential notation: x f.

Cons ider the following rule of thumb:

Convention 1. Suppo se we are given functions X __f → Y __g → Z. Then if f and g belong to a class of functions written on the left of their arguments (as in notation (1) or (2) above ), write their composite as gf or g °f. If, on the other hand , f and g belong to a class of functions written on the right of their arguments (as in (3) or (4)), call their composite fg or f°g.

Recall that whichev er order of composition one uses, composition of function s is associative. The advantag e of Convention 1 is that it creates, by definition, a ‘‘second associative law’’ for functions and their arguments. That is, in notation s (1) and (3),

(5) ( fg)x = f(gx), respectively x(gf ) = (xg) f.

In either case, this associativity makes it possible to drop parentheses, and write fgx or xgf. Essentially all writers follow Conven tion 1 in a ‘‘weak sen se’’; namely, if they write most functions to the left of their arguments, they write compos ites of such functions in the ‘‘lefthand’’ manner, while if they write most functi ons to the right of their arguments, they use ‘‘right hand’’ composition. However, most authors try to keep all function symbols on the same side of their arguments, and if they occasiona lly give in to special circumstances and write functi ons on the other side, they often stick to their original definition of composition, and thus have ‘‘scrambled associative laws’’ such as ( fg)x = g( f(x)) holding in these situations.

I claim, however, that in many situations, especially linear algebra (i.e., module theory), it is useful to work both with functi ons written on the left and and with funct ions written on the right, and to compose each type of fun ction according to the appropriate rule.

Let us make clear the price. First, we have to apply con tradictory definitions of composition to dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erent fun ctions occurring in the same discussion. As a conseque nce, we cannot uniformly make statements like ‘‘a left-invertible function is one-to-on e’’. Rather, this statement applies to classes of functions that we write on the left of their arguments, whi le left-invertible members of classes of functions written on the right of their argument s are surjective . However, since in reading dif authors, we have to deal sometimes with fun ctions written on one side and sometimes with functions written on the other, it is not that hard to adjust to dif notations being used within one text, as long as the motivation for the dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erence is made clear.

Secondly, Convention 1 gives us no way of denoting the compo site of a func tion f, g etc. written on the left with another function a, b etc. written on the right. It is easy to deno te the action of such a com posite on an element x, e.g., ( fx)a or f(xa); but if we need a symbol for the composite itself, we must resort to some artifice; e.g., we might introduce new symbols ã, b ∼ , etc. , denoting the same functions as a, b etc., but written to the left of their arguments. We can then write compos ites ã f, fã etc.,

Spring 1997 Math 250B, G. Bergman left & right, p.2

without violating our Convention. (Note that if we do this, then tho ugh ã, b ∼ , ab name the same functions as a, b, ab , we have ab = b ∼ ã.) But why would we want to write some maps to the left of their arguments, and others to the right?

Becau se of anothe r very useful principle:

Convention 2. If one class of functions is characterized as commuting with (‘‘respe cting’’ ) the functions in another class, write members of the two classes on opposite sides of their arguments.

Thus, if f belongs to a class of functions written on the left, and a to a class of functions respecting members of that class, and written on the right, then the fact that f and a respect one another becomes a third ‘‘associative law’’:

(6) f(xa) = ( fx)a ,

(again allowing us to dro p parentheses and write fxa if we wish).

Our final, and perhap s most important Conve ntion con cerns the situation where we have not merely a family of maps on a set, but an abstract structure of some sort ‘‘acting on’’ a set. (For instance, to anticipate the subjec t of the next section, if M is a module over a ring R, then the elements of R act on the underl ying additive group of M.) In such situations, there is often a ‘‘multiplication’’ operation on the object that is acting, and we apply

Convention 3. Suppos e a set R has an operatio n denoted multip licatively, ( f,g) → fg, and we have an ‘‘act ion’’ of R on a set X, i.e., a map R× X → X. Then write this action as left or right ‘‘multiplication’’ if the action on X of a ‘‘product’’ of elements in R is given by the composite of the actions of the respective elements, in the order specified by Convention 1 for operations written on that side.

The point of this Convention is clear. Let us now examine a particu larly important class of applications.

2. Modules (and bimodules). Suppose a ring R acts on an addit ive group M in such a way that on applying to an element x∈M an element r ∈R , and then applying to the result another element s ∈R , the final result is the same as that of applying rs ∈R to x. Then by Convent ion 3, it is natural to denote this action by writing elements of R on the right of elements of M. Assuming that the action is biline ar and that the identity element of R acts as the identity endomorphi sm of M, the resulting structure on M is that of a right R-module . If, instead, R acts so that the action of r followed by that of s is equivalent to the action of sr , then we write elements of R on the left of elements of M, and M becomes a left R-module . (Incid entally, one sometimes signals that an object M is a right or left R-module by writing it MR, respectively RM.)

Thus the essential dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erence between right and left modules is in the way multiplication of elemen ts of R relates to composit ion of the associated operations on M. The dif in notation (xr vs. rx) is merely a corollary of this, thoug h it gives the names to these two types of modules.

If M is a right R-module, then by Conventio n 2, a system of R-module endo morphisms of M should be written on the left of M. Such a system, if it is closed under composition and addition and contains the identity endomorphism, will form a ring . If a ring S acts on the left of a right R-mod ule M by such module endomorph isms – or expressed more symmetrically, if a ring S acts on the left, and a ring R acts on the right, on the same abe lian group M, and these actions respect one another – then the resulting structure is what is called an (S, R)-bimodule SMR. A familiar example is when M is the set mRn of

Spring 1997 Math 250B, G. Bergman left & right, p.3

all m×n matrices over a ring R; this can easily be seen to form an (mRm, nRn)-bim odule.

3. Multipli cati on and composi tion. The ‘‘addit ional associativity laws’’ (5) and (6) to which our convent ions lead can be of more than just aesthetic and mnemonic value. A common way of constructing models of mathematical structures is as sets of functions – rings of operators, vector spaces of conti nuous functions on a topo logical space, etc.. In such cases, one often defines the operations of these objects by composition of functions. Since composition of functions is associative, we can only hope to realize a structure by such a model if it satisfies an appropri ate associative law. Of course, if a structure satisfies a scrambled associative law such as ( f *g)x = g( fx), it may be possible to realize it by a system of functions with operation * defined by f *g = g °f. But it is clearly easiest to see our way if we write things so that true associativity holds .

Since matrices are a model of linear maps among free modules, the matrix example discussed above is a model of the definition of bimodule, based on functional composition. Here is a related class of examples.

Supp ose R is a ring, and M and N are right R-modules. Recall that the set of right R-module homomorphisms M → N forms an additive group, but (for R not commutative), does not in general form an R-module. (If we attempt to multiply a homomorphism h by an element r ∈R , the result is not in general an R-module homomorphism, because multiplication by r itself is not; i.e., r does not in general com mute with other elements of R.) However, if N is not only a right R-modu le but an (S, R)-bimodule for some ring S, then we can left-compose R-module homomorphisms M → N with the actions of elements of S (whic h, we have seen, are R-module endomorphi sms of N) to get new R-module homomorphisms M → N. In this way, the set of these right R-module homomorph isms becomes a left S-modul e. If, instead, we are given a (T, R)-bimodule structure, on M we can compose R-module homomorphisms M → N on the right with actions of elements of T, and our hom-set becomes a right T-module. If we have both kinds of structures, then our hom-set, Hom R(TMR, SNR), becomes an (S, T)-bimodule.

In particu lar, if M is a right R-modul e, and we form the set Hom R(M, R), then since R is an (R, R)-bimodule, its left module structure induces a structure of left R-module on this set; this left R-module is called the dual of the right R-module M. Likew ise, the dual of a left R-module, i.e., the set of left linear function als on it, has a natural structure of right R-module.

This duality gives a contrav ariant functor ∨ from right R-modules to left R-modules, and vice versa. If one writes all morph isms on the same side of their arguments, this contravaria nce takes the form ( fg) ∨ = g ∨ f ∨. Howeve r, if we adjust the sides on which morph isms are written accordin g to Convention 2, and compose them accordingly, we get ( fg) ∨ = f ∨g ∨; though we must still regard ∨ as contravariant! If there is no danger of ambig uity, we can even drop the symbol ‘‘ ∨’’ from our morphis ms, applying a homomorphism f : M → N to the left of elements of M to get elements of N, but to the right of elements of N ∨ to get (by composition) elemen ts of M ∨.

It is not hard to see that the dual of a free right R-module of finite rank is a free left R-modu le of the same rank. If we regard the set mRn of all m × n matrices as representing the set of module homomorphisms from the standard free right R-mod ule on n generators to the standard free right R-module on m generators , then the above observa tion shows that the free left R-module on n generators can be identified with the m = 1 case of this hom-set, i.e., the space row vecto rs of length n. Clearly, the free right R-modu le on m generators can itself be identified with the n = 1 case, i.e., the space colum n vectors of height m. Thus, the free modules have been incorporated right into the system of matrices designed to represent their homomorph isms, and this system is symmetric, with free left modu les and free right module s now in completely analogous role s. Suppressing superscript s ‘‘ 1’’, this leads to the

Spring 1997 Math 250B, G. Bergman left & right, p.4

notation mR for the free right R-module on m generators, and Rm for the corres ponding free left R-module, often used by ring-theorists.

Matrices also illustrate strikingly our earlier observation that if we write some maps on the right and some on the left, the properties of ‘‘left ’’ and ‘‘right’’ invertibility will depend on the sort of mor phisms we are looki ng at. A left-invertible m × n matrix represen ts both a surjective linear map from column vectors of height n to column vectors of height m, and a one-to-one linear map from row vectors of length m to row vectors of length n.

4. Assorted remarks.

4.1. Supersc ript notation is most frequ ently used for automorph isms. In particular, the inner automorphisms of a group are often written h–1gh = gh. This notation is consistent with Conve ntion 3, since (gh)h′= ghh′, while if we defined gh to mean hgh–1 (also often called the ‘‘con jugate of g by h’’), this would fail. A way to remember the correct choice is to note that gh shoul d have the form ‘‘... gh’’, so that when we compose two such operations we will get (gh)h′ = ...ghh′ = ghh′; if we defined the con jugate of g by h to have the form ‘‘h g...’’ it would, instead, behave like a leftmultiplication operator. Grou p-theorists sometimes do use this definition, and write this conjugate hg.

4.2. Suppose we are given an abelian group M, and an additive group R of endomorphis ms of M closed under composition, and containing the identity endo mo rphism. It is amusing to note tha t until we decide on the notation we are going to use – writing these endomorp hisms on the left and compo sing them according ly, or writing them on the right and composing them accordingly – we can’t formal ly say what their ring structure is, and whether M is a right or left module over this ring.

Similarly, if in a paper one makes a brief remark about fun ctions in a context whe re it is not completely clear whether these would be wri tten on the right or on the left of their arguments, there can be danger of amb iguity if one says something like ‘‘composing f on the right with an appropriate automorphism α , ...’’. I sometimes avoid this problem by saying ‘‘precomposing f ...’’, i.e., I use ‘‘precompose’’ and ‘‘postcompose’’ to mean, respectively, that the other map is to act before or after f.

4.3. If M is a right or left R-module, then its double dual M∨∨ is a module of the same kind, and, just as in elementary linear algebra, there is an obvious natural module homomorphism M → M∨∨. If this map is an isomorphism, M is called reflexive. We see from previous remarks that free modules of finite rank are reflexive.

We commented in the preceding section that in writing the dual f ∨ of a module homomorphism f : M → N, one might drop the superscript ∨ if there is no danger of ambiguity. The case where this is so is essentially that in which M and N are reflexive. In that case, it is easy to show that the functor ∨ gives a bijection between right module homomorphisms M → N and left module homomorphisms N∨ → M∨; in other cases, the map in question may fail to be one-to-one and/or onto, and one needs to distinguish between the two hom-sets. It is the fact that free modules of finite rank are reflexive that allows us to use matrices both for maps among free left modules and maps among free right modules, in such a carefree fashion.

4.4. Here is an example of considerations like those of Convention 3, but in an important nonassociative context. A Lie algebra L over a field k is a k-vector space given with a bilinear operation called the ‘‘Lie bracket’’, not in general associative, and not written ab but [a, b], which satisfies identities modeled on the properties of the commutator operation [a, b] = ab – ba in an associative k-algebra. A ‘‘module’’ over the Lie algebra L is a vector space M given with a ‘‘multiplication’’ (a, x) → ax

Spring1997 Math250B, G. Bergman left & right,p.5

(a ∈L , x∈M ). Here one does not require the result of multiplying an element x by a bracket [a, b] to coincide with the result of applying a and b to x in either of the two orders, a(bx) or b(ax). Instead, one requires that [a, b]x = a(bx) – b(ax); this turns out to be the ‘‘right’’ definition for the subject.

4.5. One objection that could be raised to the idea of using two dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erent notations for composition of maps on the same objects is that it would make for great notational confusion in considering the category of those objects. However, note that if we are considering, say, right modules over a ring R, and writing their homomorphisms on the left, following Convention 2, it is only these homomorphisms, and not the actions of elements of R, that occur as morphisms in the module category; so in considering that category, our Convention causes no problem. It is only if we want to regard these modules as objects in the category of abelian groups, and work both with the module homomorphisms and with the endomorphisms arising from the action of R, that we get a conflict. In that situation, it is probably best to set Convention 2 aside; though it is conceivable that if we wanted to work extensively with this sort of situation in a general category C, we could set up conventions that tell us to write some morphisms in C, and others in the opposite category, Cop.

4.6. A similar problem arises with homomorphisms of bimodules. If M, N are (S,T)-bimodules, and φ : M → N a bimodule homomorphism, i.e., both an S-module and a T-module homomorphism, then since it commutes with both the action of S on the left and the action of T on the right, Convention 2 gives us contradictory instructions as to where to write it. Here, obviously, we cannot fully follow that Convention! (If our writing system did not encourage linearity, we might write φ above or below the element to which it is to be applied. The condition that our homomorphism respect the actions of both S and T would again allow us to drop ‘‘parentheses’’ in such expressions; but otherwise the idea seems to have little to say for it.)

In this context I will mention that ring-theorists sometimes find it useful to note that an (S,T)-bimodule is equivalent to an abelian group with left actions of the rings S and Top which commute with one another elementwise; equivalently, to a left module over the ring S 2× Top, and they investigate properties of the latter ring as a tool in studying such bimodules.

5. Commut ative rings, and rings with involution. The opposite to the sort of problem described in the last remark arises when we consider modules over a commutative ring R, since there is no distinction between saying that multiplication by r ∈R followed by multiplication by s∈R acts like multiplication by rs, and saying that it acts like multiplication by sr.1 We can only speak of objects on which this composite behaves like the common value rs = sr, which are, of course, called R-modules. Here we can decide arbitrarily to write the actions of elements of R on one side, say the right, and homomorphisms on the other; in particular, we can decide arbitrarily to identify a free R-module M of rank n with the standard left module of column vectors of height n; in that case the dual module (often called M*, but called by Lang M∨) will be identified with the standard left module of row vectors. Although modules of row and of column vectors are isomorphic, if they arise dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath e rently in a given context, this formal distinction can actually help us keep track of things; e.g., distinguish modules that arise covariantly or contravariantly from given data.

An important context where we cannot maintain such a distinction is when we are given a free module ....................................................................................... 1And the Lord said, ‘ ... shouldI not have pity on Nineveh,that great city, whereinare more than six score thousand personsthat cannotdiscernbetweentheir right hand and their left hand,and also muchcattle?’ Jonah4:10-11.

Spring1997 Math250B, G. Bergman left & right,p.6

M over a commutative ring, together with an isomorphism with its dual. This is equivalent to a nonsingular bilinear map M× M → R. (An inner product on a real vector space is an example of such a map.) As an example of the dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath culty and its consequences, consider a linear map f : M → N of R-modules. According to our Conventions, if we treat M and N as right R-modules, we want to write f to the left of its argument; and the dual map N∨ → M∨, given by composition with f, can be denoted by writing f to the right of members of N∨. But if M and N are given with isomorphisms that ‘‘identify’’ them with M∨ and N∨, we want to write homomorphisms between the latter modules on the left.

In fact, if we take the above induced map N∨ → M∨ and regard it as a map N → M, the result is what is called the transpose tf of f; and the consequence of our switching it from the right to the left of its argument is the familiar equation t(fg) = tg tf.

Some of these considerations on commutative rings can be generalized to not necessarily commutative rings R given with an involution, that is, a map *: R → R satisfying the identity r** = r, which respects addition and reverses multiplication: (rs)* = s*r*. If R is a ring with involution, then any right R-module M can be made a left R-module by defining, for r ∈R, x∈ M,

rx = xr*.

Thus the dual of a left module can be turned back into a left module, so that we can again consider left modules given with isomorphisms with their duals, and again use duality to get, for every map M → N between modules given with such isomorphisms, a ‘‘transpose’’ map N → M. In the case of standard free modules, made isomorphic with their duals by taking each member of the standard basis to the corresponding member of the standard dual basis, this ‘‘transpose’’ operation corresponds to transposing the matrix representing a module homomorphism, and applying * to each entry.

Although I have brought this up as a way to extend certain ideas of commutative ring theory to the noncommutative case, the most familiar example is actually one in which R is a commutative ring, namely the complex numbers, and * is complex conjugation. Then the above considerations yield the familiar ‘‘conjugate transpose’’ operation on matrices.

For the reader curious to see some noncommutative rings with involution, we can begin by biting our tail, and giving the example nRn, where R is any commutative ring, and * is the transpose operation; a variant is nCn with * the conjugate transpose operation. A somewhat related example is the division ring of quaternions, on which one can easily verify that a + bi+ cj+ dk → a –bi–cj–dk is an involution. For a couple of examples a little farther afield, let k be any field, and form the group algebra kG of any group, or the free associative algebra k<X> on any set. In the former case, the map that is the identity on k and sends each g∈G to g–1 is an involution; in the latter, the map that is the identity on k and reverses the order of factors in every monomial is one.

6. A final word. Even when no formal dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath culties arise, I do not always follow, nor recommend that anyone always follow the system of Conventions given in §1 above. Sometimes one wishes to use ‘‘standard functional notation’’ f(x) to make very clear what is function and what is argument, even if this leads to violations of Conventions 2 and 3; sometimes there are other reasons.

But in many situations, those Conventions are of great value, especially in understanding the structures of hom-sets of modules, and in working with matrices, so I urge the student to familiarize himself or herself with them.