G. M. Bergman Companion to Lang’s Algebra, p.167

EXERCISES

Naming of exercises. We will always refer to exercises in Lang by chapte r, and then the exercis enumber they have in that chapter, preceded by ‘‘: L’’. E.g., exercise 3 at the end of Chapter II of Lang is here called ‘‘Ex ercise II: L3’’.

On the other hand, exercises given below are classi fied by the chapter and section to which they are related. For instance, exercises related to Lang’s section VI.2 are numb ered VI.2:1, VI. 2:2, etc.. (Exercises related to Appendix 2, where Lang gives backgrou nd on set theory , and to my handout on ‘‘The Axiom of Choice, Zorn’s Lemma, and all that’’ , to be read with that Appendix, are numbered using A2 in place of the chapter number, and are given at the end. The one exercise based on Lang’s pp. ix-x, ‘‘Logical Prerequisites’’, is numbered 0:1 .)

If an exercise is related to more than one section, I will list it under the last section with which it assumes familiarity (using the order of sections noted in the Introduction to this Companion when this dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ers from Lang’s). If one exercis e assumes the results of ano ther, I indicate this with the symbol [> ...], meaning that if assigned, it should be given after the other one. In cases whe re one exercise refers to an idea in another, or perhap s is motivated by a result in another, but doesn’t requ ire one to assume that result, I use [cf. ...] rather than [> ...].

Exerc ises marked * or ¤. When I teach the course, I give homework problems, which all students are expected to do, and a few extra-credit problems, which require more original thinking.

A problem requiring ingenuity can generally be transformed into a straightforward task by addi ng steps to lead the student through the solution, so the same probl em may be given, with modificatio n, as an extra-cr edit pro blem one year and a regular homework quest ion the next. Below, I have marked with an asterisk * those exercises that in the form given here require considerable original thinking, and could be assigned as extra-credit prob lems.

It sometimes also happens that an exercise seems dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cult until one sees some key trick, which make s it easy. Starting with the 2002 version of these notes, I have begun using another symbol, ‘‘¤’’, to mark exercises of this sort. In general, such exercises are not good to assign as homework, but are good for students to think about. Until now, I have avoided including such exercises in these notes, so there will be very few until I accumulate more.

(Of cour se, the starred exercises also generally requir e some insight or key idea; but in such cases the insight is generally not as straightforward, and still takes some work to appl y.)

Notes belo w on exercises in Lang. Some of the exercises below generalize, clarify, or correct exercises in Lang; notes on some others of Lang’s exercises are given at the end of my exerci ses for each section. For conveni ence, this collection of exercises end s with an ‘‘index’’ to my commentary on Lang’s exercises, both in these pages and in the body of this Companion. (But corr ections that app ly only to earlier printings of Lang are only noted in the Errata, as usual.)

~ ~ ~

0:1. Consider a diagram of sets and set-maps formed by taking the square diagram at the bottom of p.ix, putting a fifth set E in the center, and drawing an arrow connecting E to each of the four objects shown there. (Th e directions of the arro ws will be specified below.) (a) Show that if the arrow between A and E goes inward (to E ) and the arrow between E and D goes outwar d (to D), then regard less of the direct ion(s) in which the arrows connecting B and E to E are drawn, commutativity of the four triangles into which those arro ws divid e the given square implies com mutativity of the square.

(This involves four dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erent cases dependi ng on the directions of those arrows; but with a little thought, one can deal with these cases simultaneously. )

G. M. Bergman Exercises Companion to Lang’s Algebra, p.168

(b) Show that if all four arrows point in toward E, or if all four arrows point out from E, then com mutativity of those four triangles does not imply commutativity of the square.

I.1:1. Let X be any set, let G be the monoid of all maps X → X, where the ‘‘multiplication’’ is com position of maps, and let H ⊆ G denote {g∈G ! ∀x ∈X, g–1({x}) is counta ble}. Show that H is a submonoid of G.

I.1:2. In this exercise, we shall show that there are enormous numbers of isomorph ism classes of monoids of small finite cardinalities. It will be easiest to start by considering isomorphism classes of semigroups , that is, sets given with an associative composition, not assumed to have a unit. Then, in part (d), we will ‘‘adj oin unit s’’. (a) Suppose A and B are disjoint sets, c an element not in A∪ B, and f : A× A → B any set-map. Show that the set S = A∪ B∪ {c} becomes a semigroup Sf if we define xy to be f(x, y) if x, y both belong to A, and to be c otherw ise. Assuming that A and B are finite, express the numb er of distinct (but not nec essarily nonisomorph ic) semigro up structures on the set S = A∪ B∪ {c} that may be obtained by this con struction using various maps f, as a functi on of the cardinalities card(A ) and card(B ). (b) Show that given two maps f,g : A× A → B, any isomorphism between the semigro ups Sf and Sg must carry A into A, B into B, and c to c. Deduce that among the semigroup structures described in (a), no more than card(A )! card(B )! can belong to any one isomorphis m class. (c) Taking card (A) = card(B ) = n, and using the estim ate n! ≤ nn, obtain a lower bound on the numb er of isomorphism classes of semigroups of 2n +1 elements. (d) Show that if G is any semigroup, and e an element not in G, then G ∪ {e} can, in a unique man ner, be made into a monoid having G as a subsemigroup and e as unit. (Note: do not confuse the uniqueness asked for here with the uniquen ess of the identity element of a mon oid, proved by Lang on p.3.) Show that if G and H are nonisomorphic semigroups, then G ∪ {e} and H ∪ {e} become nonisomorphi c monoids. (e) Deduce a low er bound on the number of isomorphism classes of monoids of 2n +2 elements. (f) Find reason ably small integers M and N such that there are at least 100 nonisomorphic monoids of M elements, and at least 10100 nonisomorphic monoids of N elemen ts. (You may obtain these bounds using the estimate of point (e), or you may see whether you can get still smaller M and N by ad hoc choices of unequal values for |A| and |B|.)

*I.2:1. Let G be a group and S a subset. Let D be the set of all elements x∈G which have the property that for every group H and every two homomo rphisms p, q: G → H agreeing on S, we also have p(x) = q(x). By the same sort of argument as we gave in the main part of these notes concerning the statement at the botto m of p.10 of Lang, we can see that D is a subgr oup of G containi ng the subgroup generated by S. Must it equal the subgroup generated by S?

I.2:2. (a) Suppose G is a group and H, K are subgroups, and we defin e HK = {hk ! h ∈H, k∈K }. Show that HK is a subgroup of G if and only if it is closed under taking inverses. (b) Show by example that the corres ponding statement is false for 3-fold produ cts HJK of subgroups of G.

Note on I:L44 (p.79): The assumption that A and A′ be abelian is not needed. This exercise can go with §I.2.

I.2:3. (a) Suppos e G and H are group s, and a, b, c : G → H are set-map s, such that for all x∈G,

G. M. Bergman Exercises Companion to Lang’s Algebra, p.169 a(x) b(x) = c(x). Show that if any three of the following conditions hold, so does the fourth: (i) a is a homomorph ism. (ii) b is a homomorphism. (iii) c is a homomorph ism. (iv) Every element of a(G ) commutes with every element of b(G ).

(b) If one takes H = G, lets a and b be the identity endomorp hism of G, and defines c in the unique way making part (a) applicable, what does part (a) tell us?

(c) If one takes H = G, lets a be the identity endomorphism of G, lets c be the trivial endomorph ism (taking every element to e), and defines b in the unique way making part (a) applicable, what does part (a) tell us?

I.3:1. = I:L3 (p.75) but with the last sentence made more precise: ‘‘Show that G ⁄Gc is abelian, and that any homo morphism f of G into an abelian group A can be factored f = hq, where q is the canonical homomorphism G → G ⁄Gc, and h is a homomorphism of abelian groups, G ⁄Gc → A.’’ (Recommendation : Before reading carefully the above revision, think about the version in Lang, and try to guess wha t it means, since you will frequently encounter suc h abbreviated statements.)

I.3:2. Do I:L5 (p.75). Show moreover that in this situation, H is the inverse image of the graph in question und er the natural map G × G ′→ G ⁄N × G ′⁄N′.

Deduce that if H is any subgroup of G × G′, then there exist subgroups K ⊆ G, K′ ⊆ G′ and homomorphisms f, f ′ from these respec tive subgroups into a common group L, such that H = {(k, k′) ∈K × K′! f(k) = f′(k′)}.

Intuitive idea: Regard H ⊆ G × G′ as a relation. If two elements r1, r2 ∈G are both ‘‘related’ ’ via H to a common element s1 of G′, then since H was assumed a group, r1r2–1 is related to e. One finds that the condition of ‘‘relatin g to a common element’’ is an equivalence relation on the group K of elements of G that relate to elemen ts of G′. If one ‘‘glues together’’ elements of K via this equivalence relation, and does the analogous gluing job on the group K′ of elements of G′ that relate to at least one element of G, one gets factor groups K ⁄N and K′⁄N′, and the relation given by H becomes an isomorphis m between these, which uniquely determines H.

(Note that for monoids in place of groups, the corresponding arguments fail, because of the lack of inverses; and the re are submonoids of product monoids which do not arise from isomorphisms of subfactors. An example is the submonoid of Z × Z given by {(x,y) ! x ≤ y}.)

(Remark on Lang’s use of the phrase ‘‘identify ... as’’ in I: L5 and elsewhere. This usage is not standard. There is, of course, the standard use of ‘‘to ident ify X as Y’’ meaning to determine that X is Y: ‘‘He identified the specimen as belongin g to an extinct species’’. And there is the mathematical use of the phrase ‘‘to identify X with Y’’ meaning to treat X and Y as the same – sometimes by a formal construction such as dividing out by an equ ivalence relation; other times by ignoring an ‘‘irrelev ant’’ distinction, for instance, wh en one identifies Sn with a subgroup of Sn+1. It is not clear to me wheth er Lang is using ‘‘identify as’’ in the sense of ‘‘identify with’’ , or in a blend of the two mean ings, e.g ., ‘‘we determine that N is isomorphic to a normal subgroup of G, and will henceforth not distinguish them.’’ In any case, I advise you not to adopt this phras e of his.)

I.3:3. (a) Let A0 ⊆ A and B0 ⊆ B be subgroups of a group G. Prove the following equalities. (The product-sets named are not assumed to be subgroup s.)

(AB0) ∩ B = (A∩ B) B0, A∩ (A0 B) = A0 (A∩ B), (AB0) ∩ (A0 B) = A0 (A∩ B) B0. (b) Show using the above results (without any further calculations with group elements) that in the diagram for the Butterfly Lemma on p.21 of Lang, the three groups shown immediately above the

G. M. Bergman Exercises Companion to Lang’s Algebra, p.170 unlabeled node have the pro perty that the intersection of any two of them is the product of the two groups shown immediately below that node. I.e., show that each of the intersections (1) (u (U ∩ )) ∩ (U ∩ V), (U ∩ V) ∩ ((u ∩ V) ), ((u ∩ V) ) ∩ (u (U ∩ )) is equal to the pro duct (2) (u ∩ V) (U ∩ ).

Hint: The operation ‘‘∩’’ on sets is associative and commutative, so the first expression in (1) is simply the intersection of the sets u (U ∩ ), U, and V. An inclusion relation holds between two of these three sets, allowing one of those two to be dropped from the expression. A similar observation applies to the second expression in (1). When these redundant terms have been dropped , each of the expressions in (1) can be transformed using one of the results of part (a).

(c) Verify that the second display on p.21 of Lang is indeed, as he claims, an instance of the third display (= the second boxed equation on p.17), gotten using for ‘‘H ’’ and ‘‘N ’’ the groups named on the line after the latter display. Thus, you need to show that H is contain ed in the normalizer of N, and that the intersection and product sets in the third display equal the approp riate sets in the second display.

I.3:4. Let G be a group and S a subset of G. We claim there is a least norma l subgroup N of G containing S, i.e., a normal subgroup which contai ns S, and is contained in every normal subgroup containing S.

There are two natural ways of constructing this subgroup: as an intersection , and as the closure of S under appro priate operations. (a) Prove the existence of such an N in one of the above ways, and describe precisely the other approach (without going through the proof that it gives the desired group). (b) Show that if S is closed in G under conjugation (i.e., if for all s ∈S and g ∈G one has g s g–1∈S ), then the above subgroup coincides with the subgrou p of G generated by S. Deduce from this the normality statement of I: L3.

The group N described above can be called ‘‘the normal subgrou p of G generated by S’’. (Lang avoids this wording, perhaps feeling that it wou ld suggest that N is generated by S as a group ; e.g., in the next-to-last sentence on p.68 he simply calls it the smallest normal subgroup containi ng S.) (c) Suppose G is a group , H a subgroup, and S a subset of H. Let N1 be the normal subgroup of H generated by S, and N2 the norma l subgrou p of G generated by S. Prove an inclusio n that must hold between N1 and N2, but show by exampl e that these subgroups need not be equal, even if H is normal in G.

Note on I:L4 (p.75): This result is proved (without the assumption K ⊂ NH ) as display (c9) of this Companion. (The assumption K ⊂ NH has the advantag e of guaranteeing that the set HK is a group; but the result is true without it.)

I.4:1. Show that if m and n are positive integers, there is a nontrivial homomorphism from the cyclic group of order m to the cyclic group of order n if and only if m and n are not relatively prime. (Hint: To prove concisely that a homomorphism exists from one cyclic group to another which sends the given generator to the desired image, note that Zm can be described as the factor-group of Z by the subgroup mZ , and that the universal property of factor-groups (triangular diagram on p.14 of Lang ) shows just what is requ ired to obtain a homomor phism on a factor-group .)

I.4:2. (a) Show that if a group G is generat ed by a set S of elements such that every two elements of S commute, then G is abelian. (b) Deduce that if G is a group with center C, and G ⁄C is cyclic, then G is abelian, i.e., G ⁄C is trivial.

(c) Deduce I: L7 (p.75).

G. M. Bergman Exercises Companion to Lang’s Algebra, p.171

I.4:3. ¤(a) Show that if a group has a largest proper subgroup (i.e., a proper subgroup that contains all other proper subgroups), then it is cyc lic of finite order. (b) For which positive integers n does the cyclic group of order n have a larges t proper subgroup? (c) Show that a gro up having a smallest nonzero subg roup need not be cycl ic. (Hint: Look at the groups described at the bottom of p.9.)

I.4:4. Let’s see how far we can generaliz e the first two parts of the preceding exercise. ¤(a) Show that if a group G has proper subgroups H1 and H2, such that every proper subgro up of G is containe d either in H1 or in H2, then G again must be cyclic of finite order. (b) For which positive integers n does the cyclic group of order n have the property of part (a)?

Clearly, this above ‘‘pattern’’ cannot continue with the ‘‘1’’ of the preceding exercise and the ‘‘2’’ of part (a) above replaced by arbitr arily large integers, since that wou ld imply tha t every finite group was cyclic! In fact, things start to chang e at the next step: *(c) Show that if a group G has proper subgroups H1, H2 and H3 such that every proper subgroup of G is contained in one of these, then either G is cyclic of finite order, or G has a homomorphism onto Z2 × Z2. (d) For which positive integers n does the cyclic group of order n have the property assumed in part (c)? Show tha t the groups having that prop erty also include Z2 × Z2 itself, and the two nonabelian groups of order 8 described at the bottom of p.9 of Lang.

(We will continue the investigation of these groups in Exercise I.6:7.)

I.5:1. Let G be a group. A G-set S is called transitive if it consists of a single orbit. (a) Let S and T be transitive G-sets, and s an element of S. Show that S and T are isomorphic as G-sets if and only if there exists t ∈T such that Gs = Gt.

Note that if H is a subgroup of G, the set of left cosets G ⁄H can be made a G-set under left translation: gx = {ga ! a ∈x } (g ∈G, x∈G ⁄H ), and that this G-set will be transitive. Now (b) Show using (a) that every transitive G-set S is isomorphic to G ⁄H for some subgroup H of G. (c) For S, T, s as in (a), generalize the result of (a) to a criterion for there to exist a homomor phism S → T as G-sets. (d) Suppose we are given trans itive G-sets S and T, and we know the isotropy subgroups H = Gs and K = Gt of some s ∈S and some t ∈T . Express the criteria of (a) and (c) abov e in terms of H and K. (Note that we are concerned with criteria for there to be some isomorph ism or homo morphism between the indicated G-sets; not necessarily one that takes s to t ! So, to express the criterion of (a), you need to find a group-theoretic condition on H and K whic h is equivalent to the statement that there exists a t ′∈T with Gt′= Gs ; and you need to adapt similarly the condition you got in (c).)

I.5:2. [> I.5:1] (a) Show that if G is a finitely generated group, then for each nonnegative integer n there are, up to isomorphism, only finitely many n-element G-sets. (b) Deduce that a finitely generat ed group has only finitely many subgroups of any finite index n, hence has only countably many subgroups of finite index.

The next two parts show that two weakened versions of the above statement are false. (c) If X is a set, and G a subgroup of the additive group of all Z -valued function s on X, then for each x∈X , let G (x) = { f∈G ! f(x) is even}. Show that each of these groups has finite index in G. Give an example of an uncountabl e set X and a coun table subgroup G of the above sort, such that all the subgroups G (x) are distinct. (Suggestion: G might be the additive group generated by the characteristic functions of a countable family of subsets of X which separates points, i.e., has the property that for every two distinct points x, y∈X one of these sets contains one of x, y but not the other.) Thus, G is a

G. M. Bergman Exercises Companion to Lang’s Algebra, p.172 countab ly generat ed group with uncountably many subgroups of finite inde x. (d) Let G be the group of perm utations of the integers generated by the translation function t : n → n +1, and the permutation that interchanges 0 and 1 but leaves all other integers fixed. For every set S of even integers, let G (S ) deno te the subgroup of elements of G that fix all members of S. Show that the subgroups G (S ) are all distinct. Thus, the finitely generated group G has uncount ably many subgroup s.

Lest the examp le of (c) lead us to think that all non-finitely-g enerated group s have uncountabl y many subgroups, let us note: (e) Let p be a prime, and let G be the set of rational numbers of the form a ⁄pn for a, n ∈Z . Show that G forms a subgro up of the additive group of Q , that G is not finitely generated, but that G has only countably many subgr oups.

I.5:3. (a) Let G be a group, H a subgroup, and S a transitive G-set with an element s such that Gs = H. Let U ⊆ S be the fixed -set of H, i.e., the set of u ∈S such that (∀ h ∈H ) hu = u. Show that if H either has finite order or has finite index in G, then {g∈G ! gs ∈U } is the normaliz er of H in G. (b) How can the above set of elements be characterized in the general case (when H is not assumed to have finite order or index)?

(c) Show by example that in the general case, the abov e set need not be the normalizer. (Sugges tions: Let G be the permutation group of the integers, and H the subgrou p of permuta tions that fix all negative integers. Or, let G be the group of maps of the real line into itself of the form x → ax+ b for real constants a ≠ 0 and b, and H the set of such maps such that a = 1 and b is an integer.)

I.5:4. (a) = I:L15 (p.76). (Hint: Count the pairs (g, s) such that g fixes s, first as a sum over g, and then as a sum over s.) (b) Do I: L16 (p.76) without using I: L15. (Hint: G is the union of the left cosets of H, but these are disjoint. You may ignore the reference to Chapter XIII.)

(c) Show tha t each of the above results can be deduced easily from the other. (d) State the lower bounds that your proofs of (a) and (b) give for the number of elements of G having no fixed points, respe ctively the number of elements not in the union of all conjugates of H.

I.5:5. If G is a group and N a normal subgroup, let Aut(G, N) denot e the group of those σ ∈Aut(G ) such that σ (N) = N. (a) Show that every σ ∈Aut(G, N) induces a σ ′∈Aut (G ⁄N), and that this construction yields a homomorphism Aut(G,N) → Aut(G ⁄N). (b) Show by examples that the above homomorphism need not be one-to-one or onto. (c) We clearly also have a restriction homomorphism Aut(G,N) → Aut(N); combining this with the homomorphism of (a), we get a homomorphism Aut(G,N) → Aut(N) × Aut(G ⁄N). Is this always oneto-one? Onto?

I.5:6. Let G be a group of permutations of a set S, and n a positive integer. One says that G is n-transitive (or that it acts n-transitively on S, or that S is an n-transitive G-set) if S has at least n elements, and if whenever s1,...,sn, t1,...,tn are elements of S such that s1,...,sn are distinct and t1,...,tn are distinct, there exists a g∈G such that g(s1) = t1, ..., g(sn) = tn. (a) Show that for all n and m with m ≤ n, the symmetric group Sn is an m-transitive group of permutations of {1,...,n}. (b) Given a positive integer n, for what values of m is the alternating group An m-transitive as a group of permutations of {1,...,n}? (c) Show that for p a prime, the group of permutations of the set Z ⁄pZ consisting of all maps x →

G.M.Bergman Exercises Companionto Lang’sAlgebra, p.173 ax+ b (a, b∈Z ⁄pZ, a ≠ 0) is 2-transitive, but not 3-transitive. (This part assumes familiarity with the definition of the ring Z ⁄pZ of integers mod p.) (d), (e), (f) = I:L47 (p.80), parts (a), (b), (c) respectively, excluding the last assertion of (c), which we give separately as: (g) Show that any 2-transitive group of permutations on a set is primitive, in the sense defined in I:L46. (h) Show by example that the converse to (g) is false.

I.5:7. (a) Show by example that Exercise I:L38(d) (p.79) does not remain true if we delete the condition that n be prime. (b) Show, however, that again becomes true if we add the condition s = r +1.

Of course, (a) and (b) will be subsumed if you do (c), which is not as hard as it might seem. (c) Determine necessary and suf

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cient conditions on n, r and s for Sn to be generated by [123...n] and [rs].

One may ask, further (d) Given a transitive subgroup G ⊆ Sn, must there be a transposition [rs] which, together with G, generates Sn?

I.5:8. Let G be a group, S a transitive G-set, s an element of S, and H = Gs. Let Aut(S) denote the group of automorphisms of S (invertible homomorphisms S → S) as a G-set. Prove that Aut(S) =∼ NH ⁄H.

Note on I:L57 (p.82, based on §I.5): Both the Examples at the end have the hypothesis X = GY from the preceding paragraph. In Example 2, I think ‘‘discretely’’ just means that there is no assumption that the operation is continuous in G. (If so, the word is superfluous, since G was assumed discrete.)

I.6:1. [>I.4:2 and I.5:5(a)]. (a) = I:L24 (p.77). (Suggestions: Get commutativity with the help of Theorem I.6.5 and I.4:2(b) above. If the group has exponent p, show with the help of Proposition I.2.1 that it is isomorphic to Zp×Zp, while if it does not have exponent p, show that it is isomorphic to Zp2.) (b) Show that if a p-group H acts on a nontrivial p-group G by automorphisms, then its fixed group is nontrivial. (Hint: You hardly need to use the fact that G is a group.)

Now in the situation of (b), if the fixed subgroup is a normal subgroup N, then I.5:5 becomes applicable, and allows you to apply (b) above to G ⁄N as well. This can help you get the remaining two parts: (c) Suppose G is a group isomorphic to Zp×Zp, and θ is an automorphism of G of order p. Show that G is generated by two elements a, b such that θ(a) = a and θ(b) = ab. Show that this is equivalent to saying that there exists an isomorphism α : G =∼ Zp×Zp under which θ corresponds to the automorphism φ of Zp×Zp given by φ (i,j) = (i, j+i). (Indicate the precise sense in which θ ‘‘corresponds to φ under α ’’.) (d) Show that if G is a group isomorphic to Zp2, the only automorphisms of G of exponent p are the powers of the map a → a1+p.

I.6:2. [>I.6:1]. Let p be a prime. We shall determine here the structures of all noncommutative groups of order p3.

Suppose G is such a group. By Corollary I.6.6, G has a normal subgroup of order p2; moreover, by Lemma I.6.7 every subgroup of G of that order is normal. Let us now consider three cases:

(i) G has a normal subgroup N isomorphic to Zp×Zp, say generated by elements b and c, and also has an element a of order p outside of N. Deduce that G is a semidirect product of N and the subgroup H generated by a. Show that by choosing generators b and c of N appropriately, one can

G.M.Bergman Exercises Companionto Lang’sAlgebra, p.174 get c to commute with a, and to satisfy a–1ba = bc. Assuming the generators are so chosen, obtain a precise description of the multiplication of G on elements aibjck.

Now by I.6:1(a), either (i) above holds or G has a normal subgroup N isomorphic to Zp2, say with cyclic generator b. (Conceivably, both may be true.) Assuming the latter condition, let a be an element of G not in N. Show that a cannot have order p3. Thus there are two cases:

(ii) The order of a is p. Deduce that G is again a semidirect product of N and the cyclic group H generated by a, and that this time, by a change of generator of H, i.e., by replacing a if necessary by another generator, one can make a–1ba = bp+1. Again, describe the multiplication explicitly.

(iii) The order of a is p2. Again show that by modifying the choice of a, one can make a–1ba = bp+1. Show also that by modifying the choice of b, one can get bp = ap. Now if we let H denote the subgroup of G generated by a, then the action of H on N by conjugation allows one to construct a semidirect product group of order p4. Show that G is the quotient of this group by a certain normal subgroup of order p. Verify that every element of G can be written uniquely in the form aibj with 0≤ i< p, 0≤ j< p2, and describe the multiplication of such elements.

Thus, for every p, we have constructed three nonabelian groups of order p3, such that every group of that order has one of these three forms. Show, now, that if p = 2, a certain two of these are isomorphic, if p ≠ 2, a dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erent two are isomorphic, and that in each case, the remaining one is not isomorphic to the others.

Thus, for each p, there are, up to isomorphism, exactly two nonabelian groups of order p3.

(From the above facts, it follows that there must be one of constructions (i)-(iii) that we could drop from our list, and then say that for every prime p, every group of order p3 is isomorphic to exactly one of the two groups on the list. However, for p odd, the construction we would be dropping gives a simpler description of the group in question than the one that is isomorphic to it. So I think this threeconstructions-with-isomorphisms description is more enlightening than the two-groups description would be.)

I.6:3. [>1.5:3(a)]. Except where the contrary is stated (in part (d) below), let G be a p-group. (a) Suppose H is a proper subgroup of G, and S a transitive G-set with an element s such that Gs = H. Show that the set U defined as in I.5:3(a) has cardinality > 1. (Hint: you’ve had a result about G-sets when G is a p-group.) (b) Deduce that the normalizer of a proper subgroup H of G is strictly larger than H. (c) Deduce that any maximal proper subgroup of G is normal. (d) Show that in any group G, a subgroup which is both maximal among all proper subgroups, and normal, must have prime index. (e) Let G again be a p-group, and let Gp be the subgroup of G generated by all pth powers of elements of G. Show that Gp is normal. (f) Let Gc be the commutator subgroup of G, defined as in Lang, p.20, top paragraph. Show that GpGc is the intersection of all maximal proper subgroups of G. (This is called the Frattini subgroup of G.) (g) Show that if S is a subset of G, the following four conditions are equivalent:

(i) S generates G. (ii) The image of S generates G ⁄Gc. (iii) The image of S generates G ⁄Gp. (iv) The image of S generates G ⁄GpGc.

(Can you generalize the argument by which you got (g) from (f) to a result about groups which are not necessarily p-groups?)

G.M.Bergman Exercises Companionto Lang’sAlgebra, p.175

I.6:4. [>I.5:1]. We shall determine all nonabelian groups of order 30. (a) Prove (by a quick application of a result in the material on ‘‘Structures of groups of order pq’’) that every group of order 15 is cyclic (= I:L6).

Now suppose G is a nonabelian group of order 30. (b) Show by counting elements that G cannot simultaneously have more than one 3-Sylow subgroup and more than one 5-Sylow subgroup.

Thus, G must have either a normal 3-Sylow subgroup or a normal 5-Sylow subgroup. (c) Suppose G has a normal 3-Sylow (respectively, 5-Sylow) subgroup N. Show that in G ⁄N, a 5-Sylow (respectively, 3-Sylow) subgroup will be normal, and hence that its inverse image in G, which we shall call M, will in turn be normal. Determine the structure of M. (d) Show that in the above situation, G will be a semidirect product of M with a group of order 2. (e) Express M as a direct product M = M1× M2, and show that any automorphism of M must carry M1 into M1 and M2 into M2. Determine all automorphisms of M of exponent 2. Describe all possible structures for G (as explicit semidirect products). (f) Show that of the groups described above, one and only one is not a direct product of two groups of smaller orders. In the remaining cases, describe the direct product decompositions.

I.6:5. (a) If G is a finite group, show that the following conditions are equivalent: (i) G cannot be embedded in a direct product of groups of smaller orders. (ii) G has a smallest nontrivial normal subgroup. (Idea: Consider maps G → G ⁄N × G ⁄N′. Recall that ‘‘smallest’’ means ‘‘contained in all others’’.) (b) [> I.6:4] Deduce that the one group G of I.6:4(f) that was not a direct product of groups of smaller orders can be written as a subgroup of a direct product of groups of smaller orders. Describe these groups.

*I.6:6. Show that for every positive integer k there exists a positive integer N such that every finite group of order ≥ N has an abelian subgroup of order ≥ k. (Suggestion: First do this for p-groups.)

*I.6:7. (a) Suppose as in I.4:4(c) that G is a group having proper subgroups H1, H2 and H3 such that every proper subgroup of G is contained in one of these. You analyzed in I.4:4(d) the case where G was cyclic. Now show that if G is finite but not cyclic, then it is a 2-group. (Hint: Will a 2-Sylow subgroup of G be proper?)

I do not know whether there are any infinite groups satisfying the above assumptions. *(b) Show that a finite 2-group has the property of the first sentence of (a) if and only if it can be generated by two, but not by fewer, elements. (c) Given a group G and a positive integer n, examine the relationships among the three conditions, (i) G has a family of n (not necessarily distinct) proper subgroups, such that every proper subgroup of G is contained in at least one of these. (ii) G has ≤ n maximal proper subgroups. (iii) G can be written as a union of ≤ n proper subgroups.

In particular, try to determine what implications hold among these three conditions for all n, giving counterexamples to implications that do not always hold. Examine whether any natural restrictions, such as finiteness, finite generation, or non-cyclicity, imply any of the implications that do not hold in general.

Some additional exercises that could be given in connection with §I.6 are indicated in the paragraph preceding Exercise I.9:1.

*I.7:1. (a) Show that the group Zω of all sequenc es (a 0, a1, ... ) of integers, under componentw ise addition, is not free abelian on any generating set. (b) Can you describe the grou p Hom(Z ω, Z ) ?

I.7:2. (a) Show that if M is an abelian group, and we regard it as a commutative monoid and form

G. M. Bergman Exercises Companion to Lang’s Algebra, p.176

K(M ), then the canonical map γ: M → K(M) is an isomorphism. (b) On the other hand, show that if M is a commutative monoid containing an element z such that a + z = z for all a ∈M , then K(M) is the 1-element group. (Such an element z is called a zero element of a monoid, because the element 0 has this property in the monoid formed by any ring under multiplication, though the notation there is, of course, a0 = 0.) I.7:3. Let A be a free abelian group, and x an element of A. Show that x is a member of a basis of A if and only if it cannot be written ny for n>1 and y∈A.

(Hint for ‘‘if’’: Suppose x is written Σi∈I ni ei where {ei ! i∈I } is a basis of A, and the ni are integers. Consider the subgroup of Z generated by {ni ! i∈I }.) ¤I.7:4. Find an example of an abelian group A which is the sum, A = B + C, of two free abelian subgroups, but which is not itself free abelian.

Of course, this means, necessarily, that this sum is not a direct sum. However, can you do this in such a way that B and/or C is a direct summand in A? (The condition that B is a direct summand means that there exists a subgroup B′ such that A = B 2+ B′; and similarly for C.) In such a way that A is torsion-free? Note: Exercises III:L5-III:L8 can go with §I.7, assuming a little background knowledge: For III:L5 one needs the concept of a basis of n-dimensional real Euclidean space Rn, and for III:L8, the arithmetic of the rational numbers, and the notation Q* for the multiplicative group of nonzero rationals. Some corrections to III:L6, are noted after the exercises going with §III.5 below. I.8:1. Let G be the group of all sequences (a0, a1, a2, ...) with ai ∈Z4, under componentwise addition, and let H be the subgroup of G consisting of those elements such that 2a0 = 0. Show that each of G and H can be embedded in the other, but that G and H are not isomorphic. I.8:2. Suppose G is a group such that every finitely generated subgroup of G is cyclic. (a) Show that if G is torsion-free, then G can be embedded in the additive group Q of rational numbers. *(b) Show that if G has torsion, then G can be embedded in the factor-group Q ⁄Z. *I.8:3. Suppose p is a prime, and define Zp∞ = (Q ⁄Z )( p ), with the ‘‘( p )’’ notati on as in Lang (p.42,

paragraph befo re T heorem I. 8.1). Show that Aut (Zp∞ ) is uncou ntable.

I.8:4. [> A2.2:4(a), at end of these exe rcises]. (a ) Show that the sub dir ectly irreducible finitely generated abelian groups are precisely the cyclic groups of prime-power order. (b) Show that the subdirectly irreducible finite p -gro ups are the p -groups whose centers are cyclic. (c ) [> I.8:2] Assuming the results of both parts of I.8:2, show that the su bdirectly irr educible ab elian groups that are not finite are the groups Zp∞ define d in I.8:3 above.

Remark on the next five exercises. We know from results in Lang that all finitely generated torsion abelian gro ups are direct sums of finite cyc lic groups Zpn, and we may ask wh ether something like this is tru e witho ut the finite generation hypo thesis. The next four exercises addr ess this ques tion. Since the groups Zp∞ defined in Exercise I.8 :3 above are not direct sums of proper subgroups, any positive result along these lines will either have to allow these gro ups as summands along with the cyclic groups, or have some hy pothesis which excludes the m.

Exercise I.8:5 will show that even allowing summands Zp∞ , we do not get such a direct sum decomposition for arbitrary torsion abelian groups. On the othe r hand , in Theorem I.8. c2 in this Companion we go t a generalization of the ab ovementioned result from Lang to the non-finitel y-generated

G. M. Bergman Exercises Companion to Lang’s Algebra , p.177 case by strengthening the hypothesis of be ing torsion to a condition that in the finitely generated case is equivalent to being torsion. Two other proofs of that same result are indicated in Exercises I.8:6 and I.8:7 below. Exercise I.8:8, on the oth er hand, will indic ate a result for arbitrary torsion abelian groups, obtained by we akening the conclusion of being a dir ect sum of cyclic subgroups to one that is equivalent, in the finitely generated case, to that co nclusion.

Exercise I. 8:9 shows that yet another result true in the finitely generated case fails for non-finite lygenerated groups.

*I.8:5. Let p be a prime, and A the torsion su bgroup of I .. I1 ≤ i < ∞ Zpi. Show that A contains no subgroup isomorphic to Zp∞ , and is not a direct sum of cy clic subgroups. I.8:6. (Alternative proof of Theorem I.8.c2, this Companion.)

In (a)-(c), let A be an abelian group of prime-power ex ponent p n. We shall write Ap for {a ∈A ! p a = 0}, and for each i ≥ 0 we shall wri te p iA for the subgr oup {p ia ! a ∈A } ⊆ A. (a ) Show that one can construct, successively, subsets Sn, Sn –1 , ... , S1 of Ap , such that for each i, Si is a subset of Ap ∩ p i –1A maximal for the condition that no s ∈S i lies in the subgroup of A generated by Sn ∪ Sn–1 ∪ ... ∪ Si – {s}.

In (b) and (c) below, S1, ... , Sn denote sets with this property. (b) Show that Ap is the direct su m of its cyclic subgroup s s for s ∈∪ Si . (c ) Suppose we choo se, for eac h element s of each Si , an element t ∈A such that p i –1t = s. (Why is this possible?) L etting T1, ... , Tn be the sets of elements so obtained, an d T = ∪ Ti , show that A is the direct sum of the cyclic subgroup s t (t ∈T ). (d) Deduce that every abelian grou p of finite exponent n is a direct sum of cyclic subgrou ps.

*I.8:7. (Yet anothe r proo f of Theor em I.8.c2, with most of the work left to you this time.)

Supp ose p is a prime, and A an abelian group all of whose elements have exponents a power of p . Let us call a sub group B ⊆ A pure if B ∩ p A = p B. (a ) Show that the least integer i such that A ha s a nonzero pure subgro up of exponent p i is the same as the least integer i such that A has a maximal cyclic subgroup of exponen t p i. (b) Show that fo r i as in part (a), any pure subg roup B ⊆ A of expo nent p i is a direct summand. (Hint: Show that p iA ∩ B = {0}, and that p iA can be enlarged to the desired complementary summand.) (c ) Deduce that every abelian group of finite expo nent r is a direct sum of cyclic subgroup s.

*I.8:8. [> I.8:7]. Let A be an abeli an p -group. Show that, up to isomorphism, one can write 2+ 1 ≤ i ≤ ∞ Ai ⊆ A ⊆ I .. I 1≤i≤ ∞ Ai, where for each i, Ai is a direct sum of copie s of Zpi. In the case i = ∞ , Zp∞ is defined as in I.8:3.

(Idea: Get decompositions A = A1 2+ B1, B1 = A2 2+ B2, etc., and show that such a chain of decompositions leads to the situation of the above display, whe re A∞ is the intersection of the Bi.) I.8:9. Let A be an abelian group.

We have seen that if A is finitely generated, then it is the direct sum of its torsion subgroup Ator, and a free abelian subgroup B. In the non-finitely-gen erated case, a torsion-free abeli an group need not be free abelian, but we can still ask whether A will be the direct sum of Ator and a torsio n-free subgroup B. In (b) and (c) below we shall see two example s showing that this is not so in general (with a modified argument for case (c) given in (d)). The criterion we shall use in both (b) and (c) is proved in (a). In (e)-(f) we shall examine further properties of these examples. (a) Show that if C is any subgroup of A, then it is a direct summand in A (i.e., there is a subgroup B of A such that A = B 2+ C) if and only if the canonical surjection A → A ⁄C has a right inverse which

G. M. Bergman Exercises Companion to Lang’s Algebra, p.178 is a group homomorphism, and that in this case, we will have B =∼ A ⁄C.

In the two examples below, you will be able to prove that Ator is not a direct summand by showing that A ⁄Ator has propert ies that no subgroup of A has. To state these properties, let us say that an element a of an abelian group (written additive ly) is ‘‘divisible by’’ an integer n if a = nx for some group element x. Of the two examples, the first will be easier to state, but the second perhaps gives better insight into why a direct sum decomposition is impossible. (b) Let A be the direct product, over all primes p, of the cyclic group s Zp. Show that every element of A ⁄Ator is divisible by all positive integers n, but that no nonzero member of A has this property. Deduce that Ator is not a direct summand in A. (c) Let p be any prime, and let Z [p–1] denote the abelian group of all rational numbers that can be written with denominat or a pow er of p. (This is ring- theoretic notation for ‘‘the ring generate d by adjoining p–1 to the intege rs’’; but here we are using it as shorthand for ‘‘the underlying additive abelian group of that ring’’.) Let us form the factor-group Z [p–1] ⁄Z , and for each positive integer n, let (p–nZ ) ⁄Z denote the cyclic subgroup thereof generated by [ p–n] (the image in this factor-group of p–n∈Z [p–1]).

The group Z [p–1] ⁄Z is what we have previousl y called Zp∞ ; we are describing it this way because we will wa nt to use the canonical map Z [p –1] → Z [p –1] ⁄Z , which we will write a → [a ]. Indeed, let us define the subgrou p A ⊆ Z [p –1] 2+ (p –1Z ) ⁄Z 2+ (p – 2Z ) ⁄Z 2+ (p – 3Z ) ⁄Z 2+ . . . .

to consist of all elements (a , b1, b 2, b 3, ... ) such that [a ] = b1 + b 2 + b 3 + ... . Show that A ⁄Ator =∼ Z [p –1], so that, in particula r, every element of this factor-group is divisible by all powers of p , bu t that no element of A which maps to a nonin teger element of Z [p –1] is divi sible by all powers of p . Deduce that Ator is not a direct summand in A. (d) In example (c), determine all subgroups B ⊆ A maximal for the pro perty of being disjoint from Ator , and show directly that none of these satisfies A = B 2+ Ator .

We now look at a few related properties of these examples. (e ) In example (b), show that for every prime p , the p -torsion subgroup A(p ) ⊆ A is a direct summand in A; and in fact that there is a uniqu e subgrou p Bp such that A = A(p ) 2+ Bp . What is the intersection of all th e subgroups Bp ? (f) In example (c), let x0 ∈A be the element ([1], 0, 0, 0, ... ). Show that x0 is divisible by p n for all n , but that there do not exist elements x1, x2, ... su ch tha t x0 = p x1, x1 = p x2, ... , xi = p xi+1 , ... .

Remark: The di visibility arguments of (b) and (c) above gave relatively simple ways of showing that A ⁄Ator was not embeddable in A. But one can also ge t exampl es in wh ich the one-v ariable equations a = n x definin g divisibility are replaced by systems of several linear equ ations in several variable s. In this way one can get examples where A ⁄Ator has no nonzero elements divisible by infinite ly many integers, but Ator is stil l not embeddable in A.

The following three ex er cises, thoug h I am putting them under §I.9, cou ld be given any time after §I.2, re fe rring to §I.9 only for th e definitio n of biline ar map in the middle of p.48. The first of these exercises goes naturally with §I.9, bu t the next two are ap propriate any time after §I.6 has been covered.

I.9:1. If A and B are abelian groups, we note that the set of group homomorphisms A → B becomes an ab elian grou p under the operation defined by ( f + g )(a ) = f (a ) + g (a ). Let us denote this group Hom(A, B). For three abelian groups A, B and C , the set of bilinear map s A × B → C may, in the same wa y, be made a group Bil(A, B, C ). (Ta ke the se two facts for granted in yo ur wri te-up.)

Show that given abelian groups A, B, C there exists an isomorphi sm θ: Bil(A,B,C) →

Hom(A, Hom(B,C)) characterized by the formula θ(β)(a)(b) = β(a,b).

G.M.Bergman Exercises Companionto Lang’sAlgebra, p.179

I.9:2. (a) Suppose A and B are abelian groups (written additively), and β : A×A → B any bilinear map. Show that the set A×B becomes a group Gβ , in general nonabelian, under the operation (x, y)(x′,y′)= (x + x′,y+ y′+β(x,x′)). (b) For any two elements x, y of a group G, let us write [x,y] for the commutator xyx–1y–1. (The commonest symbol for xyx–1y–1 is (x,y), but since we are working with ordered pairs (x,y)∈A ×B, I felt that the use of that notation for commutators could lead to confusion.) Show that the groups Gβ constructed in (a) all satisfy the identity [[x, y], z] = e. (c) Suppose the abelian groups A and B of part (a) both have prime expon ent p. Show that if p is odd, then Gβ will again have expo nent p, while if p = 2, Gβ may not have exponent 2, but will have exponent 4. (d) Deduce from (a) that if A, B, C are three abelian groups, and β : A×B → C a bilinear map, then the set A×B×C becomes a group Hβ under the operation

(x, y, z) (x′,y′,z′) = (x + x′,y+ y′,z+ z′+β(x′,y)) (x, x′∈A, y, y′∈B, z, z′∈C ). Deduce that these groups also have the properties stated in (b) and (c). (e) Show that the group Hβ described in (d) above can be written as a semidirect product A (B × C) and as a semidirect pro duct B (A× C). (If your proof is not based on an explicit description of the maps A → Aut(B × C) and B → Aut(A × C) used in these semidirect product constructions, and the bijections between the set of 3-tuples which form Hβ and the sets of pairs whic h form these semidirect product groups, you should determine retrospectively what these maps and bijections are. Since expressing Hβ as a semidirect product B (A× C) involves changing the order of the factors A and B, and elements of those factors do not commute with each other, the above bijection can be exp ected to be nontrivial in this case.) (f ) On the other hand, give an example of a group of the form Gβ as in (a), with A and B both nontrivial, wh ich is not a semidirect product of proper subgroup s.

I.9:3. [> I.9:2(a), and (d) excluding last sentence]. In this exercise we will prove that for large n, there are ‘‘many’’ groups of order pn, by a method similar to that used for monoids in Exercise I.1:2, but with bilinear maps of finite products of Zp in place of set-maps of finite sets. Hence let us begin by counting bilinear maps.

(The results you are asked to pro ve below are actua lly true without the assumption that p is prime; I have included that assumption because p-groups form a natural intere sting class of groups.) (a) Suppose a, b and c are positive integers, and p a prime. In the abelian group (Zp)a, let x1, ... , xa denote the elements (1, 0, ... , 0), ... , (0, 0, ... , 1); the analogo us families of elements of (Zp)b and (Zp)c will be denoted y1, ... , yb and z1, ... , zc. Show that every bilinear map β : (Zp)a × (Zp)b → (Zp)c is determined by the ab elements β(xi, yj)∈(Zp)c, and conversely, that each ab-tuple of values in (Zp)c can be realized as the images of this family of elements under a bilinear map. Thus, determine the precise number of bilinear maps (Zp)a × (Zp)b → (Zp)c. (We don’t really need p to be prime here; I am just assuming this because we will want it later.)

Now by I.9:2(d), each such bilinear map β determines a group Hβ with underlyi ng set (Zp)a × (Zp)b × (Zp)c (which we may think of as (Zp)a+b+c). To compl ete our argument, we need to show that not too many of these are isomorphic. It would be nice if we could say that any isomorphism between two such groups was induced by automorphisms of (Zp)a, (Zp)b and (Zp)c, but this is not so. Rather, our trick will be to introduce some additional structure, which allows us to distinguish among the groups determined by any two bilin ear maps, then show that taking away this structure does not cause too many groups to fall together.

Hence, if n is a positive integer, let an n-pointed group mean a system (G, u1, ... , un), where G is a group, and u1, ... , un are elements of G. A homo morphism of n-pointed groups (G, u1, ... , un) →

G. M. Bergman Exercises Companion to Lang’s Algebra, p.180

(H, 1, ... , n) will mean a homo morphism of underlying groups that takes ui to i for i = 1, ... , n. Now if β : (Zp)a × (Zp)b → (Zp)c is a bilinear map, let H′β denote the a+b +c -pointed group whose underlying group is Hβ, defined as in Exercise I.9:2(d), and whose a+b +c distinguished elements are (xi, 0, 0) (1 ≤ i ≤ a), (0, yj, 0) (1 ≤ j ≤ b), and (0, 0, zk ) (1 ≤ k≤ c) (or, regarding the underlying set of H′β as (Zp)a+b+c, the a+ b+ c elements (1, 0, ... , 0), ... , (0, 0, ... , 1)). (b) Show that if a, b, c are positive integers, and β, γ are bilinear maps (Zp)a × (Zp)b → (Zp)c, then there exists a homomorphism H′β → H′γ as a+b +c -pointed groups if and only if β = γ, and that in this case, the only such homomorphism is the identity. (Warning: One may be tempted to call on the result at the bottom of p.10 of Lang, and argue that a homomorphism H′β → H′γ which agree s with the identity map of und erlying sets on a generating set for H′β must agree with the identity map on all elements. This is not valid, because that statement refers to uniqueness of homomorphisms , and till we prove what we are trying to prove, we cannot say that the identity map of underlying sets is a homomorphism H′β → H′γ. So you need to do some calcu lating.) Deduce a lower bound on the numb er of nonisomorphic a+b +c -pointed group s of order pa+b+c, as a function of p, a, b and c. (c) Determine the numb er of a+b +c -pointed group struc tures on a group of order pa+b+c. Comparing this result with those of (a) and (b), get a lower bound on the number of noniso morphic gro ups of ord er pa+b+c. (d) Find reasonably small integers M and N such that the above result implies that the number of isomorphism classes of group of order pM appro aches infinity as p → ∞ , and that the number of isomorphism classes of group of order pN is at least p1000.

I.9:4. (a) Suppose A and B are abelian groups, and A0, A1 are subgroups of A and f0: A0 → B, f1: A1 → B homomorphisms, such that for all x∈A0∩ A1 one has f0(x) = f1(x). Show that a homomorphism f : A0+A1 → B may be defined by setting f(x0+x1) = f0(x0) + f1(x1).

In parts (b) through (e) below, m will be a fixed positive integer, dual groups will be defined with respect to a fixed cyclic group Zm, and A and B, where they occur, will denote abelian groups of exponent m. (b) Let A′ be a subgroup of A, and let φ ∈A′^. Show that there exists an element ψ ∈A^ whose restriction to A′ is φ . (Hint: If you have extended φ to a subgroup A0 ⊇ A, and if a is an element not in A0, let A1 = a , and set things up so that part (a) can be applied.) (c) Show that A ≠ 0 ⇒ A^ ≠ 0. (d) If f : A → B is a homomorphism, show that f is surjective if and only if f^ is injective. (e) If f : A → B is a homomorphism, show that f is injective if and only if f^ is surjective.

(Remark: If A and B are finite, then in view of Proposition I.9.c1, part (c) above is trivial, either of (d), (e) is immediate from the other, and even (a) is fairly easy. But for general A and B, these shortcuts are not available.) (f) Show by example that the result of (a) fails if A and B are not assumed abelian. (Does it become true if one or the other of those groups is assumed abelian?)

I.9:5. Show by example that if, in Theorem I.9.4, we delete the assumption that A′⁄B′ is finite, then the conclusion that (A′⁄B′)=∼ (A⁄B)^ can be false.

I.9:6. Let (Ai)i∈I be a family (in general infinite) of groups of exponent m. (a) Show that ( 2+ Ai)^ =∼ I .. I (Ai^).

(b) Show by example that the relation (I .. I Ai)^ =∼ 2+ (Ai^) does not in general hold.

(c) Show that of the two groups named in part (b), one can always be embedded in the other. (In fact, you should be able to describe a map that always gives such an embedding.)

G.M.Bergman Exercises Companionto Lang’sAlgebra, p.181

I.11:1. Let f: A → B be a morphism in a category C. Then f is called a monomorphism if for every object X of C and every pair of morphisms i,j: X → A, we have i ≠ j ⇒ fi ≠ fj. Dually, f is called an epimorphism if for every object Y and pair of morphisms i,j: B → Y, we have i ≠ j ⇒ if ≠ jf. (a) Show that in Set, the monomorphisms are the one-to-one set maps and the epimorphisms are the surjective set-maps. (b) Show that in Monoid , the monomorphisms are the one-to-one homomorphisms, and the class of epimorphisms includes the surjective homomorphisms.

(c) Show that the inclusion-map of the monoid of nonnegative integers under addition into the monoid of all integers under addition is an epimorphism in Monoid , though it is not surjective. (d) Show that in any category C, if p: X → Y and q: Y → X are morphisms such that pq = idY, then p is an epimorphism and q a monomorphism.

I.11:2. Let A and B be categories. Show that we can define a category BA whose objects are the functors A → B, and whose morphisms are the morphisms of functors (as defined on p.65). More precisely, show that when we define composition of morphisms and identity morphisms of functors in the obvious ways, the definition of a category is satisfied except for the axiom CAT1, and indicate briefly how to ‘‘fix’’ this deficiency.

I.11:3. [>I.11:2]. Let .→ . denote the category having two objects, named 0 and 1, and three morphisms: id0, id1 and a morphism φ : 0 → 1. (You should verify for yourself that these conditions determine an essentially unique category, but should not hand in the verification.) Thus, following the notation of the preceding exercise, Group

.→ .

denotes the category whose objects are the functors from .→ . to Group , and whose morphisms are the morphisms of functors.

(a) Describe in group-theoretic terms the data that determine an object of Group

.→ .

(without referring to .→ ., or to the concept of functor), and what constitutes a morphism between two such objects.

(b) Show that the constructions associating to every group homomorphism f: G → H the group Ker(f) ⊆ G and the group Im(f) ⊆ H can be regarded as functors Group

.→ .

→ Group .

I.11:4. Suppose C is a category such that any two objects X and Y of C have a product X×Y in C. (a) Show that any three objects X, Y, Z of C must then have a product, given by (X×Y)×Z. (b) In this situation, show that (X×Y)×Z =∼ X×(Y×Z).

I.11:5. In a category C, let us define a retract of an object X to mean an object Y given with morphisms f: X → Y, g: Y → X such that fg = idY; or, more precisely, a 3-tuple (Y, f, g) such that Y, f and g satisfy these conditions. (a) Show that if (Y1, f1, g1) and (Y2, f2, g2) are retracts of the same object X, and if g1f1 = g2f2, then Y1 =∼ Y2 in C. (b) Show, in fact, that the isomorphism constructed in part (a) will make commuting triangles with f1 and f2, and with g1 and g2. (c) Show, conversely, that if two retracts (Y1, f1, g1) and (Y2, f2, g2) of an object X admit isomorphisms making such commuting triangles, then g1f1 = g2f2. (d) Show that there exists a category R such that for every category C, the set of functors R → C is in natural bijective correspondence with the set of families X, Y,f, g such that (Y,f, g) is a retract of X.

I.11:6. (a) Show that if G is any monoid, then one can construct a category CG by taking for objectset a singleton {X}, and defining Mor(X, X) = G, with the same composition as in the monoid G.

For the next two parts, define an ‘‘action’’ of a monoid G on an object Y of any category C to mean a monoid homomorphism G → Mor(Y,Y).

G.M.Bergman Exercises Companionto Lang’sAlgebra, p.182

(b) Verify that if G is a group and C = Set, this is equivalent to Lang’s definition of an action of G on Y (§I.5). (c) Show that if G is a monoid and C a category, then an object of C with an action of G on it is equivalent to a (covariant) functor from CG (defined in (a)) to C.

I.11:7. Let m be a positive integer, and let us write FinAb (m) for the category of finite abelian groups of exponent m. Show that the duality hZm: A → A^ of §I.9, regarded as a contravariant functor FinAb (m) → FinAb (m), takes short exact sequences to short exact sequences. (Cf. Corollary I.9.2.) (Note our slight abuse of notation: strictly speaking, hZm should denote a functor to Set; but we are extending this symbol to mean the functor to FinAb (m) gotten by putting the natural abelian group structures on these hom-sets.)

I.12:1. Let F = ..., y–1, y0, y1,... be the free group on a denumerable set of generators {yi ! i∈Z }, and let x be an infinite cyclic group (the free group on one generator). (a) Show that there exists a unique homomorphism ψ : x → Aut(F ) such that ψ (x)(yi) = yi+1 for each i∈Z . (b) Show that the semidirect product x ψ F is free on the two elements x, y0.

Remark: both parts , (a) and (b) above, can be done via messy calculations, or elegantly, with the help of the universa l property of free groups!

I.12:2. (a) Show that the following four group s are isomorphic. (It is up to you to discover the isomorphisms. I said in the discussion of semidirect products that the group described in (iii) is called the ‘‘infinite dihedral gro up’’. Actually, since the groups described below are isomorp hic, that term may be defined in any of these four ways.) (i) The group of maps Ta, b : Z → Z , where Ta, b(n) = an + b, for a ∈{±1}, b ∈Z . (This is the set of all distance-p reserving set-maps Z → Z , but I don’t ask you to prove that.) (ii) The group with presentation x, y ! x2 = e, yx = xy–1 . (iii) The group Z2 ψ Z , where ψ : Z2 → Aut(Z) sends the nonidentity element of Z2 to the automorphism n → –n of Z. (iv) The coproduct of two copies of the group Z2. (Write these two copies {e,u} and {e, }, for uniformity of notation.) (b) Show that in the group (iv) above, every cyclic subgroup generated by an element of the form (u )c is normal, and that with three exceptions, every normal subgroup of this group has this form.

I.12:3. Let F be the free group on a denumerable set {x1,...,xn,...}. Given an element w∈F , a group G is said to satisfy the identity w = e if every homomorphism F → G carries w to e. A class V of groups is called a variety of groups if there exists some S ⊆ F such that V is the class of groups satisfying the identities w = e for all w∈S . (a) Verify that the following classes of groups are varieties: (i) the class of all groups, (ii) the class of all abelian groups, (iii) the class of all groups of exponent 50, (iv) the class of all abelian groups of exponent 50, (v) the class of all trivial groups (i.e., up to isomorphism, ‘‘the’’ trivial group).

In one of cases (ii)-(iv) above, show explicitly how the definition given above of what it means for a group to satisfy an identity (via homomorphisms F → G), when applied to the identities you give, is equivalent to the ordinary definition of the class of groups named. In the remaining cases, you may simply display an S which ‘‘obviously’’ works in the same way. (b) Show that for each positive integer n, the class Solvn of all groups G admitting a normal tower of height n with abelian factors: G = G0 ... Gn = {e} with Gi ⁄Gi+1 abelian,

G.M.Bergman Exercises Companionto Lang’sAlgebra, p.183 is a variety. (c) Suppose X is any set, F(X) the free group on X, and w∈F (X). Let us define the condition that a group G ‘‘satisfies the identity w = e’’ exactly as in the case X = {x1,...,xn,...} above. Show that for every w∈F (X) there exists some w′∈F ({x1,...,xn,...}) such that a group G satisfies the identity w = e if and only if it satisfies the identity w′= e. (d) Let w∈ F (where F is again the free group on {x1,...,xi,...}). Show that the following conditions are equivalent: (i) The variety determined by the identity w = e consists (up to isomorphism) of the trivial group only. (ii) There exists a group homomorphism F → Z taking w to 1. (iii) If we denote by di the ‘‘exponent-sum’’ of xi in w, i.e., the sum of all exponents to which xi occurs, counting signs, in the expression for w, then the greatest common divisor of {d1,...,di,...} is 1.

(This shows that if you write down an identity at random, it is likely not to define an interesting variety.)

I.12:4. [>I.12:3(a)]. (a) Show that for every class C of groups, there exists a least variety V of groups containing C.

The next four parts will show how to construct the groups in V from those in C. If C is a class of groups, let us define H(C) to mean the class of homomorphic images of groups in C, S(C) to mean the class of groups embeddable in groups in C (i.e., groups isomorphic to subgroups of members of C) and P(C) to mean the class of groups isomorphic to products I .. II Gi of arbitrary families (Gi)i∈I of groups Gi ∈C (possibly with repeated factors). (b) Show that every variety V of groups is closed under H, S and P (i.e., that V = H(V) = S(V) = P(V)). (c) Show that if C is any class of groups, then the class HSP(C) is closed under H, S and P. (d) If C is a class of groups, R a member of C, X a set, and f: X → R a map, let us say that R is ‘‘free on X relative to C’’ if the condition defining a free group (Lang, p.66) is satisfied with ‘‘group’’ replaced by ‘‘member of C’’ throughout. Show that if C is any class of groups closed under S and P, then the method of proof of Proposition I.12.1 may be generalized to show that for every set X there exists a group R in C that is free on X relative to C. Do not repeat that proof – just indicate what observations are used in adapting it.

(As noted in the discussion in this Companion regarding p.58 of Lang, there are various ways of talking about ‘‘free groups’’: as pairs (F, f), as universal maps f alone, or as objects F with the map f thought of as ‘‘given’’. In parts (d)-(f) of this exercise, I am following the last of these.) (e) Let X be a set, V a variety of groups, F(X) the free group on X, and FV(X) the free group on X relative to V. Show that there is a canonical surjective homomorphism q: F(X) → FV(X), and show that for any w∈F (X), the identity w = e holds in V if and only if q(w) = e in FV(X). (f) (Birkhof

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath

’s Theorem, for the case of groups) Show with the help of the preceding results that for any class C of groups, HSP(C) is the least variety of groups containing C. (Hint: We did not use ‘‘H’’ in part (d).) Deduce in turn that a class of groups is a variety if and only if it is closed under H, S and P.

I.12:5. Show that the free abelian group on generators x1,...,xn may be presented as a group by the n generators x1,...,xn, and the n(n–1) ⁄2 relations xixj = xjxi (1 ≤ i < j ≤ n).

*I.12:6. [cf.I.12:5.] Show that no presentation of the free abelian group on n generators as a group can involve fewer than n(n–1) ⁄2 relations.

(Suggestion: First try to show that if F is the free group on generators x1,...,xn, then the commutator subgroup of F cannot be generated as a normal subgroup of F by fewer than n(n–1) ⁄2 elements. Then try to get the above statement from this.)

G.M.Bergman Exercises Companionto Lang’sAlgebra, p.184

I.12:7. Lang asserts in the first Example on p.69 that in the group presented by three generators x, y, z and the three relations (1) [x,y] = y, [y,z] = z, [z,x] = x, one has x = y = z = e. Clearly, this is equivalent to saying that in any group with three elements x, y, z satisfying the above relations, x = y = z = e holds.

Below, we shall prove this assertion, obtaining in the process some results about groups satisfying more general systems of relations. At one point we will call on a number-theoretic fact that uses an exercise from §II.1, but as we will note at the end, the case of this fact needed for the group described above can be checked by arithmetic. The exercise after this one outlines an alternative proof of Lang’s assertion, with more work left to the reader. (a) Verify that elements x and y of an arbitrary group satisfy (2) [x,y] = y if and only if they satisfy (3) xy = y2x, equivalently, if and only if they satisfy (4) xyx–1 = y2.

(b) Suppose k is a positive integer, and G is a group containing elements x1,...,xk satisfying the cyclic family of relations (5) [x1,x2] = x2, [x2,x3] = x3, ..., [xk–1,xk] = xk, [xk,x1] = x1.

Show that if one of the xi is of finite order, then all of them are of finite order. (Idea: If xim = e, then conjugating xi+1 by xi m times must leave it fixed; but m applications of (4) gives a dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erent answer.) (c) Assuming x1,...,xk in (b) all have finite order, let n > 1 be a common exponent for these elements. By the same method used in (b), show that 2n–1 is also a common exponent for these elements. But exercise II.1:2 shows that 2n–1 is not divisible by n. Deduce that these elements have a common exponent smaller than n, and argue from this that they are all equal to e.

We can push this further ... (d) Deduce that if a group contains elements satisfying (5), and a relation xiaxbi+1 = e holds with the integers a and b not both zero, then all xj equal e. (Suggestion: Conjugate the given relation by xi and compare the result with the original.)

... and still further ... (e) Deduce that if a group contains elements satisfying (5), and a relation xiaxbi+1xci+2 = e holds with a and b both positive, then all xj equal e. (Suggestion: Consider two ways of transforming the given relation. On the one hand, apply (3), with xi+2 in the role of y, b times, to push the third term to the left past the second. On the other hand, apply (3), with xi+1 in the role of y, a times, to push the second term to the left past the first. Then use the general fact that in a group, u = e ⇒ u = e, to rearrange the result of the latter calculation so that the unchanged term xia appears on the far left; equate this with the result of the former calculation, cancel xia, and apply (d).)

We now come to the messy part: Showing that when k = 3, i.e., when (5) has the form (1), we automatically have a relation of the sort assumed in (e). (f) Assuming (1), multiply the relation (3) on the left by z4. Show with the help of (3), adjusted by cyclic permutations of x, y and z, that in the left-hand side of the resulting equation, you can convert a factor z2x to x4z2, then a factor z2y to yz, then a factor x2y to y4x2. Likewise show that on the right you can convert a factor z4y2 to y2z, and then a factor zx to x2z. Equating the resulting expressions, deduce that z2x2y2 = e, and complete the proof of Lang’s assertion.

G.M.Bergman Exercises Companionto Lang’sAlgebra, p.185

Remarks: When the argument of (b)-(e) is applied to the above relation x2y2z2 = e, we find that the m of the case of (c) that arises is 6, and the only cases of II.1:2 that are needed are gcd(6, 26–1) = 3, and gcd(3, 23– 1) = 1, which, of course, are verifiable without appealing to II.1:2.

For k > 3 the group presented by (5) can be shown to be nontrivial. By (c), this gives a nontrivial finitely presented group having no nontrivial finite homomorphic images.

I.12:8. This is an alternative proof of the assertion of Lang’s proved in the preceding exercise. The part which we leave to your ingenuity is *(a) Suppose a group G contains elements x and y satisfying [x,y] = y. Show that x,y is solvable.

For the remainder of the proof, suppose G is generated by three elements x, y, z satisfying [x,y] = y, [y,z] = z, and [z,x] = x. (b) Show from these relations that G = [G,G]. (Group-theorists call a group satisfying this condition perfect.) (c) Also show from the given relations that the subgroup x,y contains the elements zxz–1, z2xz–2, and z2yz–1. (d) Verify that the product (z2yz–1)–1(z2xz–2)(z2yz–1)(zxz–1)–1(z2yz–1)–1 simplifies formally (without the use of the relations assumed) to z(y–1xyx–1y–1)z–2 = z(y–1[x,y])z–2. Conclude with the help of one of the given relations that z∈ x,y , and deduce that x,y = G. Thus, by the result of (a) and this result, G is both perfect and solvable. However – (e) Show that the only group that is both perfect and solvable is the trivial group.

II.1:1. (a) State and prove an analog of Goursat’s Lemma (I:L5, p.75) for rings. (b) Deduce a description of all subrings of the ring Z × Z. (State your description in a form that is as simple and concrete as possible for this specific case. Recall that by ‘‘ring’’ we mean ‘‘ring with 1’’, and by ‘‘subring’’ we mean ‘‘subring containing the same 1’’.)

II.1:2. Show that if n > 1, then n is not a divisor of 2n–1. (Hint: If n is odd, let p be the smallest prime dividing n, and show that the order of the image of 2 in the multiplicative group of Z ⁄pZ is not a divisor of n. What does this imply about divisibility properties of 2n–1?)

Note on II:L12 (p.116): When Lang says in part (c) ‘‘Let μ be the Möbius function such that ...’’, he means ‘‘Let μ be the Möbius function, i.e., the function defined by the equations ...’’. (I do not recommend using ‘‘such that’’ in this way in your writing!)

The function μ so defined is a member of R, i.e., a map from P to K. In its definition, ‘‘(–1)r’’ should thus be understood as ± the identity element 1∈K .

Lang asserts in part (c) that the result proved there gives the Möbius inversion formula. That formula is given as exercise V:L21 (p.254), which can be done right now, as an application of II:L12(c). (Lang has it in Chapter V because he wants to apply it in V:L22 to finite fields.) In doing it, you may assume that the abelian group A is the additive group of a ring. (In fact, any abelian group can be embedded in the additive group of a ring.)

Note on II:L13-19 (p.116), on Dedekind rings (defined on p.88): In the last line of the page, Lang points to VII:L7 for a continuation. There is also related material in III:L11-13.

II.2:1. Let R be a commutative ring. By a submonoid of R we shall understand a subset containing 1 and closed under multiplication. (Another term sometimes used is ‘‘multiplicative subset’’.) We use the word ‘‘complement’’ below in its set-theoretic sense. (a) Show that the following five statements are equivalent.

(i) If I is an ideal of R, and S is maximal among submonoids of R disjoint from I, then the

G.M.Bergman Exercises Companionto Lang’sAlgebra, p.186 complement of S in R is an ideal.

(ii) If S is a submonoid of R, and I is maximal among ideals of R disjoint from S, then the complement of I in R is a submonoid.

(iii) If I and S are an ideal and a submonoid of R, maximal for the property of being disjoint, then I∪ S = R. (Here ‘‘maximal’’ means among ordered pairs consisting of a disjoint ideal and submonoid of R, with respect to the partial ordering on such pairs that makes (I1, S1) ≤ (I2, S2) if and only if I1 ⊆ I2 and S1 ⊆ S2.)

(iv) If I and S are an ideal and a submonoid of R respectively, and are disjoint, then there exists an ideal I′⊇ I whose complement is a submonoid S′⊇ S.

(v) If I and S are an ideal and a submonoid of R respectively, and are disjoint, then for every r ∈R , either the ideal generated by I and r is disjoint from S, or the submonoid generated by S and r is disjoint from I. (b) Prove (v) above, and hence all of the statements (i)-(v).

(Statement (ii) is II:L1, incidentally.) (c) Show that an ideal of R is prime if and only if its complement is a submonoid of R.

Statement (iv) above, interpreted in the light of (c), is a very useful tool for constructing prime ideals. Here is an important application: (d) Show that if I is any ideal of R, then the intersection of all prime ideals containing I is {r∈R ! (∃ n≥ 0) rn∈I }. (Hint: For every r not in the above set, you want to find an appropriate prime ideal that does not contain it.)

II.2:2. [>II.2:1]. Suppose R is a commutative ring, and X ⊆ R a set having nonempty intersection with every nonzero prime ideal of R. Let X denote the multiplicative submonoid of R generated by X. Show that for every nonzero element r ∈R, the set X contains some multiple of r.

II.2:3. [>II.2:1]. We know that an integral domain can be described as a commutative ring R in which {0} is a prime ideal, and that in this situation, {0} is the least prime ideal of R. If R is a commutative ring with zero-divisors, we can ask whether it still has a least prime ideal, and if not, whether it has minimal prime ideals (i.e., prime ideals not containing any smaller prime ideals). (a) Show by example that a commutative ring need not have a least prime ideal. (b) Prove that a nonzero commutative ring always has a minimal prime ideal. (Hint: Use I.2:1 to turn the question into one about the existence of a maximal set of some sort, and use Zorn’s Lemma to prove the necessary existence statement.) (c) Show that a prime ideal P ⊆ R is minimal (among prime ideals) if and only if for every a ∈P there exists b∈R – P and an integer n > 0 such that anb = 0.

II.3:1. (a) = IV:L8 (p.214). (Though Lang puts this in Chapter IV, it only requires the concepts of §II.3. The assumption that A be entire is not needed in this part, but will be needed in part (c) below.) (b) Denoting the automorphism of A[X] that carries X to aX + b by g(a, b), determine the law of composition of these automorphisms, and show that they form a group, which is a semidirect product of the additive group of A and the multiplicative group of units of A. (c) = IV:L9 (p.214), but adding after ‘‘automorphism of A[X]’’ the words ‘‘inducing the identity on A’’. (If you have seen §III.1, this means we are looking at automorphisms as an A-algebra.) (d) Show that if A is a field, then every endomorphism of A[X] as a ring carries A into itself, and that every automorphism of A[X] as a ring carries A onto itself. (e) Show that if A is a field, the group of all automorphisms of A[X] as a ring is a semidirect product of the group of automorphisms of the field A, and the group of A-algebra automorphisms of A[X],

G.M.Bergman Exercises Companionto Lang’sAlgebra, p.187 described in (a-c) above. What is the action of the former group on the latter? II.4:1. Prove the assertion in the second paragraph of p.90 of Lang, that every field of characteristic 0 contains a subfield isomorphic to Q. (You may use the results of §II.4, and the fact that the field of fractions of Z is Q.) II.4:2. (a) Show that a commutative ring is local if and only if its noninvertible elements form an ideal. (b) = II:L3 (p.115). II.4:3. [>III.2:1-2]. This exercise shows how to define the concept of not necessarily commutative local ring. Let A be a ring. (a) Show that the following conditions are equivalent:

(ileft) A has a unique maximal left ideal. (iright) A has a unique maximal right ideal. (ii) The set of noninvertible elements of A forms a 2-sided ideal.

(Suggestion: Translate (ileft) into a statement about left annihilators {a∈A ! ax = 0} of elements x of simple left A-modules.)

A ring satisfying the above equivalent conditions is said to be local. There are some more equivalent conditions, which for completeness I give below.

(b) Show that the conditions of part (a) are also equivalent to each of the following:

(iiileft) The set of non-left-invertible elements of A is closed under addition. (iiiright) The set of non-right-invertible elements of A is closed under addition. (iv) The set of noninvertible elements of A is closed under addition.

(Hint: Show that a ring satisfying (iv) cannot contain any idempotent elements, i.e., elements e satisfying e2 = e, other than 0 and 1, but that a ring with right-invertible but not left-invertible elements does have such idempotents.)

In an earlier version of this Companion, I included another condition which I thought was equivalent to the above, but turned out not to be: (c) Show that conditions (i)-(iv) above are not equivalent to:

(v) A has a unique maximal 2-sided ideal m, and A⁄m is a division ring. (If you haven’t done all of parts (a) and (b), you can still do this part by obtaining a ring for which the truth-value of (v) is dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erent from at least one of the other conditions listed.)

II.4:4. In the last paragraph of p.110, Lang gives three equations which say that the operation of ‘‘localizing ideals’’ respects the operations of adding, multiplying, and intersecting ideals. More generally, given any homomorphism of commutative rings, f : A → B, let us, as Lang does there, write J (A) for the set of all ideals of A, and let us define f*: J (A) → J (B) to take each ideal a ∈ J (A) to the ideal B f(a)∈J (B), and f*: J (B) → J (A) to take a ∈ J (B) to f–1(a)∈J (A). (a) Of the three equations Lang proves for the operation ‘‘S–1(–)’’, determine which hold for the operation f* for every homomorphism f of commutative rings. Prove the equations that hold, and give counterexamples for those that don’t. (b) Do the same for the operation f*. (c) Show that the operation S–1(–) treated by Lang is in fact f* for f the canonical map A → S–1A. Assuming the results that you proved in (a) above, is the one verification given by Lang at the end of that paragraph suf

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cient to establish the three equations he shows?

(d) Again taking for f the canonical map A → S–1A, does the map f* satisfy some or all of the same three equations?

G.M.Bergman Exercises Companionto Lang’sAlgebra, p.188

(e) (Open-ended) What properties can you prove for the composite maps f*f* and f*f*, either in general, or for the specific cases where f is the canonical map A → S–1A ?

II.5:1. Let k be any field, and k[x] the ring of polynomials over k in one indeterminate x. Let k[x2, x3] denote the subring of k[x] consisting of those polynomials Σ aixi such that a1 = 0, i.e., polynomials with zero linear term. (The symbol k[x2, x3] means that this subring is generated over k by the two elements x2 and x3, but I do not ask you to verify this fact.) (a) Establish necessary and suf

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cien t conditions on nonnegative integers i,j ≠ 1 for xi to divide xj in k[x2, x3]. Show by example that this is not equivalent to the condition that xi divide xj in k[x]. (b) Show that the elements x2 and x3 have a greatest common divisor in k[x2, x3], but not a least common multiple. (You may take it for granted that any divisor of an element xj is, up to multiplication by a unit, of the form xi. Remember that ‘‘least’’ and ‘‘greatest’’ refer here to divisibility in this ring, not in k[x].) (c) Suppose a and b are any nonzero elements of any integral domain R. Show that if u and are elements of R such that ab = u , then u is a common divisor of a and b if and only if is a common multiple of a and b. Show moreover that if u′ and ′ are two other elements such that ab = u′ ′, then u is a multiple of u′ if and only if ′ is a multiple of . Show, finally, that a least common multiple of a and b, if it exists, will be a divisor of ab, and that the same is true of a greatest common divisor of a and b if it exists. (In proving these statements, note that you may not assume that elements of the ring R have unique factorization, or even admit any factorization into irreducibles.) (d) The results of (c) appear to imply that two nonzero elements a and b of an integral domain should have a least common multiple if and only if they have a greatest common divisor. But this contradicts the example of (b)! Find the fallacy; and verify that one direction of this ‘‘if and only if’’ is valid. (e) Find two elements of k[x2, x3] that have no greatest common divisor. (Suggestion: two common multiples of x2 and x3.)

II.5:2. Let R be a commutative integral domain. By a prime element of R we will mean a nonzero element p such that pR is a prime ideal. Show that the following conditions are equivalent: (i) R is a unique factorization domain. (ii) Every irreducible element of R is prime, and there is no infinite strictly increasing chain of principal ideals, Ra1 ⊂≠ Ra2 ⊂≠ ....

(iii) Everynonzerononunitin R isaproductofprimeelements. II.5:3. [>II.2:1,II.5:2] In thecontextof II.5:2,showthatconditions(i)-(iii)of thatexercisearealso equivalenttoeachof: (iv) Everynonzeroprimeidealof R containsanonzeroprincipalprimeideal. (v) R hasnoinfinitestrictly increasingchainofprincipalideals,Ra1^⊂≠ Ra2^⊂≠ ..., andsatisfiesthe factorizationrefinementproperty:Foranyrelationab = cd holdingamongnonzeroelementsof R, thereexistelementsw,x, y,z∈R suchthata = wx, b= yz, c= wz, d= xy.

Suggestionsforprovingthat(iv)impliesoneof the otherconditions: UseII.2:2with X thesetof nonzeroprimeelementsof R, orII.2:1withS themonoidgeneratedbytheseelements.Youmayalso wantto reviewhowLangprovesthata PID(inhislanguage,a ‘‘principal ring’’)is a UFD(a ‘‘factorial ring’’),thoughhedoesn’t doallpartsofthat proofinthesmoothest possibleway. *II.5:4. FindanexampleofacommutativeringR withelementsx and y suchthatxR= yR, butsuch thattheredoesnotexista unitu∈R suchthaty= ux. II.5:5.Let A beanintegraldomainand K itsfieldoffractions. (a) Showthatif A is a PID,theneverysubring R of K containingA is a localizationS–1A for

G.M.Bergman Exercises CompaniontoLang’sAlgebra, p.189 somemultiplicativeset S. (b) Showthatif A isaUFDsuchthateverysubringR of K containingA isalocalizationS–1A for somemultiplicativeset S, thenA isaPID. Clarificationof II:L5 (p.115): Change‘‘withprimesp’’to‘‘wherep isa prime’’,and‘‘unitsu’’to ‘‘whereu isaunit’’. II.5:6[>II:L4, II:L10]. Let R betheringoftrigonometricpolynomials,definedinthelastparagraph beforethe exerciseson p.114,and studiedin II.5:10.Let R[i] denotetheringof complex-valued functionsonthereallineof theformu+ i withu, ∈R. (a) Showthat R[i] isgeneratedover C bythefunctioneix anditsmultiplicativeinverse. (b) ShowthatR[i] isalocalizationofapolynomialring,anddeducethatitisaprincipalidealdomain.

Fortheremainderofthis exercise,let I0 ⊆ R denotethesetoftrigonometricpolynomialsf∈R that satisfyf(0)=0. (c) Showthat I0 isanon-principalidealof R.

Thus,R isnotaprincipalidealdomain. However,theremainingpartswillshowthatithasproperties veryclosetothoseofa principal idealdomain. (d) Showthatfor everyideal J ⊆ R, thereexistsa uniqueideal J′⊆ R[i] closedundercomplex conjugationandsatisfyingJ′∩ R = J. (Remark: Thiswillof courseremaintrueif wedeletethe ‘‘closedunderconjugation’’condition;butthenuniquenesscanfail. You mightlookforan exampleof this.) (e) If we applypart(d) to theideal I0, thecorrespondingidealof R[i] mustbeprincipal.Finda generator(or better:allpossiblegenerators)ofthisideal.Whydotheseelementsfailtogivegeneratorsof I0 overR, contradicting(c)? (f) Let J beanonzeroidealof R, J′ theidealof R[i] describedin(d),and f∈R[i] ageneratorof J′.Let n bethenumberofzeroesof f ontheinterval [0,2π ), counting multiplicity. Show that the

ideal J is principal if and only if n is even. (g) Deduce that for every nonzero ideal J ⊆ R, exactly one of the ideals J and I0J is principal.

Remark: From (g), one can deduce that R is a Dedekind domain, a concept briefly mentioned by Lang under the name ‘‘Dedekind ring’’ on p.88, and studied further in Exercises II:L11-19 and other exercises in later chapters. The idea that principal ideals of R are to all ideals as even integers are to all integers, suggested by (g), can be made precise by deducing from (g) that the ideal class group of R (also defined on p.88) is isomorphic to Z2.

Historically, Dedekind domains arose in number theory, and the examples that specialists are most familiar with come from that subject. I think they would consider this one a somewhat exotic example.

Notes on exercises in Lang: II:L9 belongs under Chapter IV. It is essentially worked in this Companion, immediately following Theorem IV.1.c2.

Hint to II:L10(c): If a + b0( –D) is a unit of R, consider the product of this element with its complex conjugate.

III.1:1. [>§II.4]. As noted in the remarks on this section, we will call a morphism f: A → B in a category an ‘‘epimorphism’’ if for any object C and any morphisms g,g′:B → C, one has gf = g′f ⇒ g = g′, rather than using the meaning Lang gives this term. (a) Show that in the category of left modules over a ring R, the epimorphisms are precisely the surjective homomorphisms. (Hint: If f is not surjective, take for g and g′ a zero map and a nonzero map into an appropriate object.) (b) Show, on the other hand, that if R is a commutative ring and S a multiplicative system in R, then

G.M.Bergman Exercises Companionto Lang’sAlgebra, p.190 the natural map R → S–1R is an epimorphism in the category of commutative rings, but that such maps are not in general surjective.

III.1:2. In a ring R, the centralizer of a subset X is defined (as in a group or semigroup) to be {r∈R ! (∀ x∈X ), rx = xr}. (a) Show that the centralizer of any subset of a ring is a subring. (b) Suppose R is a ring, M an R-module, EndZ(M) the ring of abelian group endomorphisms of M, and EndR(M) the ring of R-module endomorphisms of M. Recall that the R-module structure of M is given by a homomorphism φ : R → EndZ(M). Show that EndR(M) is the centralizer of φ (R) in EndZ(M).

(If you have read as far as my comment to p.124 of Lang, to the ef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ect that many noncommutative ring-theorists follow the convention that endomorphisms of right modules are written to the left of module elements and vice versa, note that we are not following this convention in this exercise – since we are here looking at ring-element actions and module-endomorphisms as members of a common ring EndZ(M)!)

The remaining point is an example of a recurring mathematical pattern, worth noting. (c) Let R be a ring, and for every subset X ⊆ R, let us abbreviate the centralizer of X in R by X*. Show that for every X, we have X** ⊇ X and X*** = X*.

(When R is the ring of endomorphisms of an abelian group, and X is a subring thereof, so that we are in the situation of the preceding parts, then X* is called the commutant of X, and X** the bicommutant.)

III.1:3. In the Sketch of Proof of Lemma III.1.c1 in this Companion, the words ‘‘It is easy to verify’’ occur three times. Give these three verifications.

Note on III:L10 (p.168, based on §III.1) [>III:L9, p.167]. Suggested plan of attack: Given a multiplicative set S, determine what elements of M go to zero under the natural map M → S–1M. Hence, given a prime ideal p, determine what elements go to zero under M → Mp. Then show that for every nonzero x∈M , there is a maximal ideal p which does not make x go to zero.

III.1:4. Let A be a ring. In the next-to-last paragraph of p.118, Lang notes that if A is an integral domain and M an A-module, then the set of elements x∈M whose annihilator, annA x = {a∈A | rx = 0}, is nonzero, forms a submodule Mtor of M. However, the arguments showing this fail if either the assumption that A is commutative or the assumption that it has no zero-divisors is deleted.

However, for general A, there may still be one or more ways of describing a submodule of each A-module consisting of all elements whose annihilators have certain properties.

So – determine necessary and suf

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cient conditions on a set X of left ideals of A for it to be true that for every left A-module M, the set of elements of M whose annihilators belong to X forms a submodule MX of M.

III.2:1. A module over a ring R is called simple if it is nonzero, but has no nonzero proper submodules. Show that if M is a simple R-module, then EndR(M), the ring of endomorphisms of M as an R-module, is a division ring.

III.2:2. For any element x of a left R-module M, one defines the annihilator of x by annR x = {r∈R ! rx = 0}.

(a) Show that in this situation, annR x is a left ideal of R, and construct a module isomorphism between the submodule Rx ⊆ M generated by x, and the left R-module R⁄annR x. (Thus, I am asking you to verify some things I asserted without proof in a comment to p.118 of Lang in this Companion.)

A left module over a ring R is called cyclic if it is generated by a single element. The above result says that the structure of a cyclic R-module is determined by the annihilator of any generator.

G.M.Bergman Exercises Companionto Lang’sAlgebra, p.191

(b) Let Rx and Ry be cyclic R-modules, with annR x = I and annR y = J. Clearly, a homomorphism Rx → Ry takes x to an element of the form ay, and is therefore determined by the element a. Characterize, in terms of the left ideals I and J, those elements a ∈R such that there exists a homomorphism Rx → Ry taking x to ay, and determine when the homomorphisms corresponding to two such elements a and b are the same. Thus, get a description of the abelian group Hom(Rx,Ry). (c) Obtain from the above result a description of the endomorphism ring EndR(Rx) of a cyclic R-module Rx in terms of I = annR x. In this case, you must, of course, determine its multiplication as well as its additive group structure. (d) [cf. III.2:1] Show that the simple R-modules are precisely the cyclic R-modules Rx such that annR x is a maximal left ideal of R. (e) In the case where R is commutative, state the forms that the results of (b) and (c) above take, and with the help of (d) above, describe the division rings that occur as in III.2:1.

III.2:3. [cf.III.2:1]. Part (a) below gives a class of examples showing that the converse to III.2:1 is not true. Parts (b) and (c) are more dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cult questions that this result suggests.

(a) Show that if R is a commutative integral domain which is not a field, and K is its field of fractions, then the underlying R-module of K is not simple, but its ring of R-module endomorphisms is isomorphic to the field K. *(b) Find a finitely generated module M over a ring R such that EndR(M) is a division ring (possibly a field), but such that M is not simple.

To state the last part of this exercise, let us generalize the construction of part (a) as follows. Suppose f: A → B is any homomorphism of rings, and let us regard B as a left A-module by defining left multiplication by a ∈A to take x∈B to f(a)x. Then we see that for every b∈B , the map x → xb gives an endomorphism of B as left A-module. For convenience, let us write left A-module endomorphisms of B on the right of the elements they are applied to, and compose them accordingly. Then the above map is a ring homomorphism B → EndA(B). This is clearly one-to-one, but let us ask, open-endedly, *(c) For what ring homomorphisms f: A → B is the homomorphism B → EndA(B) described above an isomorphism?

III.3:1. Let R be any ring, and 0 → L → M → N → 0 a short exact sequence of left R-modules. Show that the following five conditions are equivalent:

(i) For every left R-module A, the induced sequence 0 → Hom(A,L) → Hom(A,M) → Hom(A,N) → 0 is exact.

(i′) The induced map Hom(N,M) → Hom(N,N) carries some element of the former abelian group to the element idN of the latter abelian group.

(ii) For every left R-module A, the induced sequence 0 ← Hom(L,A) ← Hom(M,A) ← Hom(N,A) ← 0 is exact.

(ii′) The induced map Hom(L,L) ← Hom(M,L) carries some element of the latter abelian group to the element idL of the former abelian group.

(iii) The original exact sequence of R-modules splits (i.e., satisfies the equivalent conditions of Proposition III.3.2, p.132. Cf. the discussion of splitting in the context of abelian groups in this Companion, after the notes on the proof of Lemma I.7.2.)

III.3:2. Let A be a ring. (a) Show that if an A-module M is the direct sum of submodules M1, ..., Mn, then its A-module structure can be extended to a structure of (A× ...× A)-module (direct product ring with n factors) in such a way that the element of this ring having a 1 in the ith position and zeros elsewhere acts as the projection

G.M.Bergman Exercises Companionto Lang’sAlgebra, p.192 onto the summand Mi ; and conversely, that every (A× ...× A)-module arises in this way from a direct sum decomposition. (b) Show that if I is an infinite set, and we denote by AI the direct product of an I-tuple of copies of A, then any A-module with a decomposition as a direct sum of an I-tuple of submodules can be given an AI-module structure in a way analogous to the above, and that the same is true of any A-module with an expression as a direct product of an I-tuple of modules, but that there are also AI-modules that do not arise in either of these ways.

III.4:1. Let R be a nonzero ring, M a left R-module, and X a subset of M, and let RX denote the submodule of M generated by X. Show that X is contained in a basis of M if and only if X is linearly independent and the factor-module M⁄RX is free.

*III.4:2. Let R be the ring of all continuous real-valued functions on the interval [0,1], and consider the ideal I = { f∈R ! (∃ε >0) (∀x ∈[0, ε]) f(x) = 0}. Show that as an R-module, I is projective.

Note on III:L5: In giving a proof that follows Lang’s sketch, you need to explain his ‘‘we may assume’’ step; i.e., to say how, given 1, ..., m, and assuming his inductive hypothesis, you can modify 1, ..., m to get a family with the property that he says may be assumed. III.5:1. We noted in this Companion that if R is a ring, n a positive integer, and A the ring of n×n matrices over R, and we regard the set of column vectors of height n over R as a left A-module P, then A is isomorphic as a left A-module to the direct sum of n copies of P.

Now suppose that R is a field, or more generally, a division ring, let n and A be as above, and let M be any left A-module. Let us write eij for the usual matrix units in A. (a) Show that e11M, i.e., {e11x ! x∈M }, may be regarded as a left R-vector-space. (b) Let X be any basis of the above vector space. Show that for each x∈X, the left A-module Ax is isomorphic to P, and that M is the direct sum over X of these modules.

Thus, every A-module is projective, and is a direct sum of copies of P. (A more general result of this sort is developed in Exercise XIII.3:1.)

III.5:2. (a) Show that for any positive integer n and infinite field k, the following statements are equivalent. (i) An af

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath rmative answer to Open Question III.5.c4 (a).

(ii) An af answer to the same question with the assumption that V is n-dimensional replaced by the statement that it has dimension at least n, and ‘‘bases’’ replaced by ‘‘linearly independent subsets’’. (iii) As in (ii), but this time with n-dimensional replaced by ≤ n-dimensional, and ‘‘bases’’ replaced by ‘‘spanning subsets’’.

(Remark: The assumption that k is infinite is convenient here. However, using the fact that any field k can be embedded in an infinite field, one can show that if the above results are true for all infinite fields k, they are in fact true for all fields k.) (b) Show that the above equivalent statements imply that given a set S, and n2 n-element subsets S11, S12,...,Snn, one can choose an element sij from each Sij in such a way that for each i the n elements sij (j=1,...,n) are distinct, and for each j the n elements Sij (i=1,...,n) are distinct.

The assertion of (b) was a longstanding open question, called the Dinitz Conjecture, till it was proved by Fred Galvin (The list chromatic index of a bipartite multigraph, J. Combin. Theory, Ser. B, 63 (1995) 153-158). The vector-space questions are still open, to the best of my knowledge.

Correction to III:L6 (p.166): At the start of the next-to-last line, before ‘‘a Z-basis’’ add ‘‘a subgroup of finite index with’’. (The statement in Lang is false. The above modified statement is almost trivial to prove, once one sees the method. I don’t know any version of the statement that is correct but nontrivial

G.M.Bergman Exercises Companionto Lang’sAlgebra, p.193 to prove.)

Note also that in the next-to-last line, the subscript on {ys}, which appears as wes through the first Springer printing, and as w∈s in the 4th Springer printing, should be w∈S .

III.6:1. Let A be a commutative ring, B a commutative A-algebra, and M a B-module. Recall from Lemma III.1.c3 in this Companion (notes to Lang’s p.121) that the B-module M may be regarded as an A-module by letting each a ∈A act on elements of M via the image of a in B. Let us denote by Mv the A-module HomA(M,A). (a) Show that Mv can be made a B-module by defining, for each b∈B and f ∈M v, the element bf ∈M v via the equation (bf)(x) = f(bx). (b) Suppose A is a field, and b any element of B. Show that multiplication by b is one-to-one on Mv if and only if it is surjective on M, and that it is surjective on Mv if and only if it is one-to-one on M. (c) Still letting A be a field, let B = A[X], the polynomial ring over A, and let M = B regarded as a module over itself. We see from part (b) that Mv will contain nonzero elements annihilated by X and by X+1. Find such elements.

(Remarks: If we had not assumed B commutative, we could still have gotten a result like (a), except that a left B-module structure on M would have yielded a right B-module structure on Mv. More generally, for any A-module N and left B-module M we get a right B-module structure on HomA(M,N). If, in addition, N is a left B-module, then this induces a left B-module structure on the same set, such that these two structures together make it a (B,B)-bimodule. Within that bimodule HomA(M,N), one can characterize HomB(M,N) as a ‘‘centralizer’’, {f ! (∀ b∈B ) bf = fb}.)

III.6:2. Show that if P is a finitely generated projective left module over a ring R, then the right R-module Pv = Hom(P, R) is also finitely generated and projective, and the natural map P → Pvv is an isomorphism.

Note on exercises for §III.7: Most of the exercises given earlier in this Companion for §I.8 can be used as exercises for this section, with ‘‘abelian group’’ everywhere replaced by ‘‘A-module’’, where A is a principal ideal domain. For those exercises that ask for counterexamples, some additional assumptions are needed (since when A is a field, the statements to which counterexamples are being asked for tend to be true). In these cases, it might be made part of the exercises to find conditions on a principal ideal domain under which such counterexamples will exist.

III.6:3. Let k be a field, let f : U → V be a linear map of K-vector-spaces, and let fv: Vv → Uv be the induced homomorphism of dual spaces. (a) Show that fv is one-to-one if and only if f is onto, and that fv is onto if and only if f is one-to-one. (This will be easy, using an appropriate result of this section.)

(b) Regarding each of the if-and-only-if assertions of part (b) as two statements, determine which of the resulting four statements remain true if ‘‘field K’’ and ‘‘vector space’’ are replaced by ‘‘ring A’’ and ‘‘A-module’’.

(Insofar as you find counterexamples, you might see whether you can get them to satisfy to various additional conditions, such as using modules that are finitely generated, and/or free, and/or with base-ring A the integers.)

III.7:1. Let F be a free module of finite rank over a principal ideal domain R, and D ⊆ E ⊆ F submodules. Must there exist a basis of F such that both D and E are spanned by multiples of members of F ? (Cf. Theorem III.7.8.) Give a proof or a counterexample.

III.7:2. Theorem III.7.9 in our text (as corrected in the first Springer printing) has the hypothesis that the

G.M.Bergman Exercises Companionto Lang’sAlgebra, p.194 elementary matrices in R generate GLn(R). This leads to the question: For which R is this true?

Show that this condition holds for R = Z. Suggestion on how to start: Given an element of GLn(R), show that by row operations one can reduce the sum of the absolute values of the entries in the first column to 1, and finally bring that column to a form with 1 in the first position and zeroes below. Show that the submatrix below and to the right of that ‘‘1’’ is then invertible.

We will generalize this result in Exercise IV.1:3.

Note on III:L14 (p.169, based on §III.9): Lang’s ‘‘Hint’’ should be considered to apply to the exercise as a whole, not to part (c) in particular. In fact, it appears to me that part (c) is most easily done by using parts (a) and (b) to get one case, and a non-snake argument in the remaining two easier cases.

Note on III:L16 (p.169, based on §III.10): I would mark this ‘‘¤’’; i.e., it is essentially trivial once one makes an easy observation (at least as it is stated in all printings through the 4th Springer printing: ‘‘Prove that the inverse limit of a system of simple groups in which the homomorphisms are surjective is either the trivial group, or a simple group’’). Perhaps what Lang intends is, rather, the following. Note that here, no surjectivity assumption is made.

III.10:1. Prove that the direct limit of a system of simple groups is either the trivial group, or a simple group.

On the other hand, if we consider inverse limits, but delete the surjectivity assumption, we can pose

*III.10:2. Show by example that an inverse limit of simple groups need not be simple.

IV.1:1. = the handout A principal ideal domain that is not Euclidean. (When I assign this, I generally use parts (1)-(7) as two thirds of a weekly homework assignment.)

*IV.1:2. Suppose A is a commutative ring, and f∈A[X] is a zero-divisor. Show that there exists an element a ∈A –{0} such that af = 0.

IV.1:3. Do Exercise III.7:2 for the more general case where R is a Euclidean domain (defined in these notes, re p.175).

IV.3:1. Part (a) below generalizes the Eisenstein Irreducibility Criterion (Theorem IV.3.1, p.183). As in the statement of that result, let A be a unique factorization domain, K its field of fractions, p a prime element of A, and f(X) = anXn + ... + a0 ∈A[X]. (a) Suppose 1 ≤ j < m ≤ n are such that ai ≡ 0 (mod p) for all i < m, not all coef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cients of f are divisible by p, and a0 ≡/ 0 (mod pj+1). Show that when f is factored into irreducibles in K[X], there will be a family of at most j of these factors whose product has degree at least m. (Hint: Look at those factors of f whose constant term is divisible by p. Compare the factorization of f in A[X] and its image in (A⁄(p))[X].) (b) Obtain Eisenstein’s Criterion as a special case. (c) Deduce, as another case, that if in the statement of Eisenstein’s Criterion, the condition ai ≡ 0 (mod p) is only assumed for i < n–1, then f is either irreducible, or the product of a linear factor and an irreducible factor of degree n–1.

IV.4:1. If R is a ring, I an ideal of R, and S a subring of R, it is not hard to verify that the set S + I = {s + i | s∈S, i∈I} forms a subring of R. I will not ask you to prove this straightforward fact; but let us see how this construction can be used to get examples of non-Noetherian rings. (a) Show that the subring Z + xQ[x] of Q[x] (consisting of all polynomials with rational coef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cients, and constant term an integer) is not Noetherian. (b) Let k be a field. Show that the subring k + xk[x, y] of k[x, y] (consisting of all elements in

G.M.Bergman Exercises Companionto Lang’sAlgebra, p.195 which the coef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cient of each monomial yi (i > 0) is zero) is not Noetherian.

*(c) Show that the ring constructed in (a) above has the property that every finitely generated ideal is principal, but is not a UFD.

*(d) Show that if k is a field and n a positive integer, then k + xnk[x] is Noetherian, and in fact has the property that every ideal can be generated by ≤ n elements, but contains an ideal which cannot be generated by < n elements.

IV.6:1. = the handout on Solutions in radicals. (Although this exercise seems naturally to go with §VI.7, it can be assigned any time after §IV.6, provided the terms ‘‘primitive cube roots and fourth roots of unity’’ are explained and their elementary arithmetic properties noted. I like to assign it early, and then discuss it again after we read §VI.7. As most of a week’s assignment, I typically assign parts (1)-(4) and a choice of (5) or (6). Part (8) depends on material that is in Hungerford but not Lang, and so should not be assigned unless this is covered separately. Concerning part (2), the instructor should specify what results about generating sets for Sn, e.g., I:L38(a-c) and/or I.5:7, may be assumed.)

Note on IV:L12(c): The notation Df for the discriminant is as defined on p.193; on p.204 the same element is written D(f).

V.1:1. = the handout on Lüroth’s Theorem. (As a week’s assignment, I typically give parts (1)-(9). Part (13) is immediate from II.5:1 above, and so should be omitted if that exercise has been assigned.)

In the phrase ‘‘simple transcendental extension’’, defined on that handout, the word ‘‘simple’’ has its original sense ‘‘one-fold’’, in this case ‘‘generated by a single element’’. One does not call this a ‘‘cyclic extension’’ because in Chapter VI, that term will be used to mean an extension having cyclic Galois group.

¤V.1:2. Suppose E and F are subfields of a field K, such that every element of E is algebraic over F, and every element of F is algebraic over E. Must E and F be algebraic over E∩ F ?

Notes on a couple of Lang’s exercises in Chapter V. One direction of V:L17 (p.254, based on §V.6) is a result in the text, so the exercise is essentially to prove the converse. Exercise V:L21 is an immediate consequence of II:L12; see note on that exercise at end exercises for II.1. Hint to V:L28 (p.256, based on §V.2): Reduce to the case where the extension of odd degree has the form k(α ), express this as k[X] ⁄(f(X)), and thus translate the hypothesis into a statement about polynomials. Expect to use induction on the degree of f.

Note: Exercises VI.14:1 and VI.14:2 can actually be given at any point after §VI.1; cf. comment preceding those exercises.

VI.1:1. Let K be a finite Galois extension of a field k, with Galois group G. Since G is a group of permutations of K, we may regard k as a G-set. Let α ,β ∈K . (a) Show that the orbits Gα = {λ α | λ ∈G } and Gβ = {λ β | λ ∈G } are isomorphic as G-sets by an isomorphism that carries α to β if and only if k(α ) = k(β). (b) Show that Gα and Gβ are isomorphic as G-sets by some isomorphism if and only if k(α ) =∼ k(β) as extensions of k. (c) In the situations of (a) and (b), what interpretation does the cardinality |Gα | have in terms of the extension k(α ) of k? (d) Find characterizations analogous to (a) and (b) of the situation where Gβ is the image of Gα under a homomorphism of G-sets, with and without the condition that the homomorphism carry α to β. (e) Why have I not also asked the analog of question (d) with ‘‘homomorphic image’’ replaced by ‘‘sub-G-set’’?

The only part of §VI.2 that the next exercise assumes is Example 1 on p.269, so it can be given after

G.M.Bergman Exercises Companionto Lang’sAlgebra, p.196 covering §VI.1, with a reference to that example. I typically give this exercise as a full week’s homework assignment.

VI.2:1. = VI:L8 (p.322). However, in parts (a) and (b), assume that you are working over an arbitrary field k of characteristic ≠ 2, rather than Q. Also begin by justifying (briefly) the statement that the roots of f may be written ±α , ±β.

If you have a printing before the 4th Springer printing, there are errata to part (b) for which you should see the pages of errata. (There are three errata-listings there. Which one applies depends on the printing you have.)

In part (c), each subextension other than the base field k itself will be quadratic over an extension just below it in the lattice, and hence can be obtained by adjoining to that extension the square root of an element thereof (p.269, Example 1). Hence, try to express each subextension as obtained from k via successive adjunctions of square roots.

In doing this exercise, you may take for granted that the group that Lang calls D8 is a 2-Sylow subgroup of S4, and can be pictured as the group of symmetries of the square by identifying the four elements on which S4 acts with the vertices of the square. In (b), expect to use repeatedly the observation that an element lies in k if and only if it is fixed by all members of the Galois group. All the assertions in that part, including the parenthetical one, are to be proved, even though only one assertion is preceded by ‘‘Show that’’. In (c) you may take for granted that the subgroups of D8 are as shown in the chart on p.271, for appropriate choices of generators σ and τ satisfying the relation displayed a few lines above the diagram. In the last part of (c), where you are asked for the field associated with each subgroup of the Galois group, you may find it useful to apply the result of (b) not only over Q, but also over some of the fields you are trying to determine.

In displaying the diagram of subextensions, you will have to choose between the arrangement that parallels the diagram of subgroups (with smaller subextensions, corresponding to larger subgroups, at the top) and the arrangement natural for these subextensions, with larger subextensions at the top. To give the grader a uniform task, use the latter arrangement. For the same reason, take τ to be complex conjugation.

The word ‘‘lattice’’ in the last sentence of (c) means ‘‘partially ordered set in which every pair of elements has a least upper bound and a greatest lower bound’’; but you are not asked to prove anything about such upper and lower bounds.

VI.2:2. (converse to VI.2:1(a), and related results). Let k be a field not of characteristic 2. (a) Suppose K is a Galois extension of k whose Galois group G is isomorphic to the group Lang writes D8. Show that K is the splitting field over k of an irreducible polynomial f(X) of the form X4 + aX2 + b. (Hint: Find a non-normal subgroup H < D8 of order 2, let N be the normal subgroup it generates, and note that KH is generated by the square root of an element γ∈K N.) (b) Show that the above conclusion is also true of any Galois extension K of k having degree 4. (Suggestion: Consider separately the cases of Galois group Z4, and Z2×Z2.) (c) Show that if an irreducible polynomial f of degree 4 has splitting field of degree not divisible by 3, then its Galois group is D8, Z4, or Z2×Z2. Must such an f have the form X4 + aX2 + b? (d) Show that if f is an irreducible polynomial over any field whose Galois group is the 8-element ‘‘quaternion group’’ described by Lang on p.9, then f must have degree 8.

(The study of polynomials having this Galois group is more dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cu lt than the case of D8, and will not be pursued further here.)

Still another variant of the theme of this and the preceding exercise is given in VI.2:6.

VI.2:3. [cf.I.5:6]. Let f be a separable irreducible polynomial of degree n >1 over a field k, let K be the splitting field of f, and let α1, ..., αn be the roots of f in K. Show that the following conditions are equivalent:

G.M.Bergman Exercises Companionto Lang’sAlgebra, p.197

(i) f(X)/(X–α1) is irreducible in k(α1)[X]. (ii) G(K⁄k) is 2-transitive on {α1,...,αn} (as defined in Exercise I.5:6).

VI.2:4. Let k be a field, f a separable irreducible quadratic polynomial over k, and g a separable irreducible cubic polynomial over k. Let us regard the Galois group G of fg as a group of permutations of the five roots of this polynomial. Since it permutes the set of roots of f and g separately, it lies in the obvious copy of S2× S3 within S5. (a) Show that G need not contain a product of a 2-cycle in S2 and a 3-cycle in S3. (Hint: Find a subgroup of S2× S3 with appropriate properties, then note why one can realize this as a Galois group of the indicated sort.) (b) Show, on the other hand, that if k is a finite field, then G must indeed contain the product of a 2-cycle and a 3-cycle. (This justifies an argument Lang gives on p.274, below the middle display.) (c) Abstracting some ideas used above, deduce the following result: If a, b are elements of a finite field k, then the polynomial (X3 + aX + b)(X2 + (4a2 + 27b3)) has a root in k.

*VI.2:5. Show that the primeness assumption is needed in VI:L9 (p.322) by showing that for every composite positive integer n, the analogous statement about extensions of degree n is false.

VI.2:6. Suppose K is separable quartic extension of k (an extension of degree 4). (a) Show that if K is not a quadratic extension of a quadratic extension of k, then the normal closure L of K over k has an element of degree 3.

(Suggestion: Translate the field-theoretic assumptions into conditions on G = G(L⁄k) and on the subgroup thereof corresponding to K. Then translate these in turn into conditions on G-sets, using the result that subgroups H ≤ G induce transitive G-sets G ⁄H. This will turn the question into one about subgroups of a finite symmetric group, which is not hard to prove.)

(b) Show that if char(k) ≠ 2, then the condition of (a) that K is not a quadratic extension of a quadratic extension of k is equivalent to saying that K is not generated over k by a root of a polynomial of the form X4+a X2+b as in VI.2:1-2.

(c) Show that there exist fields K and k as in part (a).

Note on VI:L10: The words ‘‘with n > 2’’ at the end of the second line belong in the first line, after ‘‘degree n’’. The condition ‘‘is the symmetric group Sn’’ is ambiguous: it could mean ‘‘acts as the full group of permutations on (the subscripts of) the n zeroes of f’’, or simply ‘‘is isomorphic, as a group, to Sn’’. So for completeness, show that in the situation in question, those two conditions are equivalent, before showing that they imply the results of (a) and (b).

Note on VI:L14: I believe one is expected to assume the italicized result stated in Example 7, p.274.

Notes on VI:L16: Given a Galois extension K⁄k, a ‘‘normal basis’’ for K⁄k means a set of the form {σ α }σ ∈G for some α ∈K , which forms a vector-space basis of K over k. So the hypothesis that {σ α }σ ∈G is a normal basis is just equiva lent to saying it is a basis. In §VI.13, Lang proves that every Galois extension has a normal basis. Thou gh we shall not read that section, this exercise, about a prope rty that holds assuming such a basis given, is not hard to do. Note that since α is given, when Lang says ‘‘Show that there exists a basis ... consisting of elements of the form S(α )’’ he means ‘‘Show that there exist subsets S1, ... , Sr of G such that {S1(α), ... , Sr(α)} forms a basis ...’’.

VI.3:1. = the handout on Quadratic Reciprocity. Part (1)(i) is immediate from a result in Lang; you may simply cite that result. (As a week’s homework, I typically assign the main parts, (1)-(8), an application such as (9), and perhaps one of (11)-(13). Part (11) requires §VI.6. (10) is important, but, together with (1)-(9), would add up to too much for a week’s assignment.)

G.M.Bergman Exercises Companionto Lang’sAlgebra, p.198

VI.5:1. Below, you will work through an easy proof of XIII:L32, a beautiful result that has been rediscovered many times. The method sketched here is adapted from H. W. Lenstra, Inventiones math. 25, p.299-325, Proposition 1.3.

Let K, k and V be as in XIII:L32. (a) Define a function TrG: V → V analogous to the trace function of §VI.5, and show that this function is k-linear, and takes values in the fixed k-subspace of the action of G on V. (b) Show that if φ : V → K is a K-linear map, and w∈V has the property that Tr(Kw) ⊆ Ker(φ ), then w∈Ker(φ ). (Hint: Write out the relations involved, and use linear independence of characters.) (c) Deduce that Tr(V) lies in no proper K-subspace of V, and conclude that it contains a K-basis of V, and that this establishes the result of XIII:L32.

VI.6:1. The relation between the additive and multiplicative forms of Hilbert’s Theorem 90 suggests that addition of 1 in a field of characteristic p is analogous to multiplication by a primitive pth root of unity in a field of characteristic ≠ p. Now recall that the discriminant is a polynomial in n indeterminates which gets multiplied by –1 (a primitive square root of unity) on applying any odd permutation to the indeterminates. This leads to (a) Let n be a positive integer. Deduce from results proved in Lang that there exists a rational function rn in n indeterminates over Z ⁄2Z with the property that the action of any odd permutation of the indeterminates sends rn to rn+1. (Recall that ‘‘rational function’’ means ‘‘element of the field (Z ⁄2Z)(t1,...,tn)’’, though the elements of such a field cannot, strictly speaking, be regarded as functions.) Show, moreover, that rn(rn+1) is a rational function of the elementary symmetric polynomials in t1,...,tn. (b) Find an explicit description of such a rational function rn for general n. (c) For n = 2, 3 obtain formulas expressing rn(rn+1) in terms of the symmetric polynomials in the given indeterminates.

VI.6:2. Let k be a field, and E the rational function field over k in 2n indeterminates, x1,...,xn, y1,...,yn. Let Sn act on E by simultaneously permuting the two sets of indeterminates, so that σ (xi) = xσ (i), σ (yi) = yσ (i), and let K be the fixed field of this action . (a) Show tha t for all i, K(xi) = K(yi). Deduce that K(x1, ... , xn) = K(y1, ... , yn) = E. *(b) Can you find explicit expressions for the yi in terms of the xi and elements of K? (I don’t know whether there is an easy solution. )

Note on VI: L6: In the second sentence of part (b), for ‘‘Let z be an element’’ read ‘‘Assume there exists an element z’’. I.e., the existence of such an element is not a consequ ence of the preceding conditions. (If it were, the exercise wou ld imply tha t every quad ratic extension field was conta ined in a quartic extension field, which we kno w is not so from the case of C ⁄R .) On the other hand, in the third line, ‘‘Let α 2 = γ’’ means ‘‘Extend E by adjoining an element α satisfying α 2 = γ’’.

Note on VI:L29: I suggest doing part (c) before part (b).

Note on VI:L44: Where Lang has limn→_∞ , the form Lim_← ___{n→ ∞} might be clearer.

Note on the next two exercises below: Neither of these actually assumes material in Lang’s §VI.14 or in my comments on that section; they could be given after §VI.1. I put them here because they seemed most closely related to the ideas of §VI.14.

VI.14:1. Do VI: L26 (p.3 25), but give the result in as much generality as your proof nat urally leads to. Also see wheth er you can obtain from your pro of any stronger condition on the Galo is grou ps of finite subextens ions of E than that they be cyc lic.

G. M. Bergman Exercises Companion to Lang’s Algebra , p.199

*VI.14:2. (generalization of VI: L25, p.325). Suppose K is an infinite Galois extension of a field k , and n a positive integer such that for every finite Galo is subexten sion E ⊆ K , the gro up Gal(E ⁄k ) can be generated by ≤ n elements. Show that k is the fixed field of some n -gen er ator subgroup of Gal(K ⁄k ).

VIII.1:1. Let k be a field, K an extension field, and E, F intermedi ate fields. Recall that E F denotes the compositum of E and F in K . (a ) Show tha t tr.deg.(E F ⁄k ) + tr.deg.(E ∩ F ⁄k ) ≤ tr.deg.(E ⁄k ) + tr.deg.(F ⁄k ). *(b) Can the inequality of (a) be strict?

Note on VIII: L1 (p.37 4, based on §VIII.1): The last sentence (at least as it appears in all printin gs through the 4th Springer printing), ‘‘Describe all automorph isms an d their cardinality,’’ is unrea sonable, unless one allows a ve ry vague sense of ‘‘Describe’’. ‘‘Determine the ca rdi nality of the group of all automorphisms’’ wou ld be reasonable.

Note on VIII: L6: I think that k (x ) and k (y ′) in the last line shoul d be ku (x ) and ku (y ′).

X.4:1. Let A be a ring and a ⊆ A a 2-sided ideal. (a ) Show that if E is a finitely generated projective left A -module, then E ⁄aE is a finitely generated projective left A ⁄a -module.

In the remaining parts, let us suppose a is containe d in all maximal left ideals, and in (b)-(d), let E, F be finitely generated projective left A -modules. (b) Show that a module homo morphism f : E → F is an isomorphi sm if and only if the induced homomorphism of A ⁄a -modules, f ′: E ⁄aE → F ⁄a F is an isomorph ism. (c ) Deduce that E =∼ F if and on ly if E ⁄aE =∼ F ⁄aF . (d) Show that E is isomor phic to a direct summand in F if an d only if E ⁄aE is isomorphi c to a direct summand in F ⁄aF . *(e) Show by example that A ⁄a may have a finitely generated pro jective modu le P such that there is no finitely generated projective A -module E with E ⁄aE =∼ P .

XIII.1:1. We observed in the comment s on §XIII.1 that m R n is a left modul e over m R m and a right module over n R n , a nd that each of these rings acts on m R n by endomorphisms as a module over the other.

Show that the endomorp hisms of m R n as a right n R n - module (when w ritten to the left of their ar guments and composed accordingly) form precisely the ring m R m , and likewise that the endomo r phisms of m R n as a left m R m -mod ule (written to the righ t of their argum ents and compo sed accordingly) form precisely n R n . Supp ose that ‘‘by force of habit’’ we write endomorp hisms of the left m R m -modul e m R n to the left of their arg ume nts, and compose them acc ordingly. Describe the structure of the endomorphism ring in this case.

*XIII.2:1. Let R be a field and n a positive integer. Sh ow tha t any automorphi sm α of the ring nRn

preserves ranks of matrices; i.e., that if A∈ nRn, then rank(α (A)) = rank(A). (Hint: Find some characterization of the rank of A purely in terms of the ring structure of nRn; e.g., in terms of the left or right ideal generated by A.) *XIII.2:2. Let the inner rank of a matrix A∈ mRn over a ring R be defined as in the notes to §XIII.2 in this Companion. Show by example that the inner rank of a matrix A over a commutative integral domain can be dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erent from the rank of A over the field of fractions of R.

XIII.3:1. [cf. III.4:3 and XIII.1:1]. Let R be any ring, n any positive integer, and L any left nRn-module. Let M = {e 11x ! x∈L }. Essentially as in Exercise III.4:3, this set may be regarded as a left

G.M.Bergman Exercises Companionto Lang’sAlgebra, p.200

R-module. (I won’t ask you to verify this this time.) (a) Show that nM =∼ L as left nRn-module. (Here we understand nM to be made an nRn-module, using the R-module structure on M, as in this section of Lang.)

This shows that every left nRn-module is, up to isomorphism, of the form nM for some left R-module M. Hence to ‘‘understand’’ nRn-modules, it remains only to describe their homomorphisms. (b) Given left R-modules M and N, show that HomnRn(nM,nN) =∼ HomR(M,N) as abelian groups.

(It follows that the category of left nRn-modules is equivalent to the category of left R-modules. Note, however, that under this equivalence, the free left nRn-module of rank r corresponds to the free left R-modules of rank nr. In general two rings having equivalent module-categories are called Morita equivalent. There is a general theory describing how this happens; the above is the simplest nontrivial case.)

*XIII.4:1. This problem concerns a possible converse to XIII:L26 (p.548).

Suppose n is a positive integer, and

f ∈ Z[t11, t12, ... , tnn]

a polynomial in n2 indeterminates, and suppose f has the property that for every commutative ring A, every n-generator ideal I = Ax1+...+Axn ⊆ A, and every family of n2 elements cij∈A, if we define yi = Σ cijxj and I′= Ay1+...+Ayn, then we have

f(c11, c12,...,cnn)I ⊆ I′.

Must f be divisible (as a polynomial) by det(tij)?

XIII.4:2. Let m and n be positive integers, and let E be a free module of rank m over a commutative ring R. Show that Lan(E) is a free R-module, and determine its rank. (For n = m you should, of course, get Corollary XIII.4.12, p.517.)

XIII.4:3. (i) = XIII:L25 (p.547). Hint: The n = 2 case is easy. To simplify the problem for general n, apply appropriate invertible transformations to pairs of columns. *(ii) More generally, suppose we are given an m× n matrix A over a principal ideal domain, with m< n. Can you find necessary and suf

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cient conditions for this to be completable to an n× n matrix of determinant 1 ?

XIII.5:1. We have been studying the classes of symmetric and alternating bilinear forms on a free module. This exercise will examine the question of whether there are any other ‘‘natural’’ classes of bilinear forms. For simplicity, we will assume our base ring is a field.

Given a field k, let us define a ‘‘subfunctor X of L2’’ to mean a construction associating to every finite-dimensional k-vector-space V a subspace X(V) ⊆ L2(V,k) in such a way that for every linear map f : V → W among vector spaces, the induced map L2(f): L2(W) → L2(V) carries X(W) into X(V). Let us partially order the subfunctors of L2 by writing X ≤ X′ if for all V, one has X(V) ⊆ X′(V).

Show that the subfunctors of L2 are precisely L2 itself, La2, Ls2, and 0, and determine the partial ordering on this set of four subfunctors. This ordering will depend (to a slight extent) on k.

(Remark: What we are calling L2(V) can be naturally identified with Homk(V2×kV, k). A more natural form of the above question would ask for all subfunctors of the functor V → V2×kV. The above results would follow from the answer to this question with the help of the standard correspondence between subspaces of a finite-dimensional vector space and subspaces of its dual. But I forewent this elegance to fit the question to the reading. Note also that one might generalize the original question by replacing ‘‘bilinear’’ with ‘‘n-linear’’ for fixed n ≥ 0; equivalently, in the more natural form just mentioned, one might replace the 2-fold tensor product with the n-fold tensor product. The answer then becomes considerably more complicated!)

G.M.Bergman Exercises Companionto Lang’sAlgebra, p.201

XIII.5:2. Let k be a field, and an infinite cardinal. (a) Prove that the dual of a -dimensional k-vector-space has dimension at least max(2 , card k).

Suggestion: If card k < 2 , look at the cardinality of the dual space. In the contrary case, show that the dual has a subspace isomorphic to the space kω of all sequen ces of elements of k, and show that the exponenti al sequences (1, c, c2, ... ) (c ∈k ) are linearly indep enden t.

The dual space considered in the above result is clearly isomorphic to the k-vector-space of all k-valued functions on a set of cardinality . It is interesting that one can get a similar result for a much mo re restricted space of functions: (b) Let S be a set of cardinality , and V the space of k-valued functi ons on S that assume only finitely many distinct valu es. (Equivalently, the space spanned by the charac teristic functions of all subsets of S.) Show that V has dimension 2 .

Sugg estion for showing ‘‘≥’’: Let X be a set of cardinality , and note why you can assume without loss of generality that S is the set of all finite subsets of X. For every subset Y ⊆ X, let φ Y∈V be the function which takes the value 1 at members of S which are subsets of Y, and 0 at all others. Show that these 2 members of V are k-linearly independent.

*XIV.2:1. (Cf. Corollary XIV.2.3, p.558.) Let A1, ... , Ar, B1, ... , Br be n× n matrices over a field k. Assume there is an invertible matrix C′ over an extension field k′ of k such that Bi = C′Ai C′–1 (i = 1, ... ,r). Must there exist an invertible matrix C over k itself with this property? If you can’t answer the question in complete generality, you might see whether you can do so under some additional assumption.

XIV.3:1. (a) = XIV:L10 (p.568). (Note that while a polynomial f(t)∈k [t] can be evaluated at any element of k, we can merely say that a rational function r(t) = p(t)⁄q(t)∈k (t) can be evaluated at ‘‘almost all’’ elements of k, namely, those that are not roots of q, assuming our fraction written in lowest terms. Likewise, one can only say that r(A) can be evaluated at ‘‘most’’ matrices. You should describe the sense in which one can speak of evaluating r(A), and then state and prove the result asked for.) (b) Suppose M is the matrix of an endomorphism f of a finite-dimensional vector-space V, which again satisfies the hypothesis of Theorem XIV.3.10. We know that f induces endomorphisms L2(f), Ls2(f) and La2(f) of the spaces L2(V), Ls2(V) and La2(V) respectively. Determine the characteristic polynomials of these maps.

XVI.1:1. (a) Show that if A is a nonzero finitely generated abelian group, then the tensor product A 2×Z A is nonzero.

In contrast: (b) Let p∈Z be a prime, and let the group Zp∞ be defin ed as in I.8:3. Show tha t Z_p∞ 2×_Z Z_p∞ = {0}.

*(c) Prove the an alog of (a) for finitely generated modules ove r an arb itrary commutative rin g. (Wheth er this part should be ‘‘starred’’ really depends on what previous chapters have been covered. But the next one cert ainly deserves its star.) *(d) Does there exist a commutative ring k and a k-module M such that M 2× k M is nonzero , but M 2× k M 2× k M = {0} ? If you can’t answer this for general k, ca n you answe r it for k = Z ?

XVI.1:3. Let E and F be vector-spaces over a field k, and z any element of E 2× k F .

(a ) Show that one can write z = Σ ri =1 xi 2× yi where x1, ... , xr are linearly independent elements of E , y1, ... , yr are linearly independent elements of F , and r ≥ 0.

(b) Suppose we hav e ano ther expressio n for the same element, z = Σ r′i =1 x′i 2× y′i , where the x′’s and y′’s again form linearly independent families. Show that r ′ = r , tha t the space sp anned by the x′’s is the same as the space spann ed by the x’s, an d that the space spanned by the y′’s is the same as the space

G. M. Bergman Exercises Companion to Lang’s Algebra , p.202 spanned by the y’s. In fact, show that if we write x for the row vector of elements of E formed by the x’s, x′ for the row vector formed from the x′’s, and likewise y and y ′ for the colum n vectors of elements of F formed from the y’s and the y′’s, then there exists an invertible r × r matrix U over k such that x ′ = x U , y ′ = U –1y .

XVI.1:4. Let n be a positive integer and k a commutativ e ring, and let 2× n denote the funct or from k-modu les to k-modul es that takes every k-module M to the n -fold tensor product M 2× k ... 2× k M , which we sha ll wri te 2× n M . Given any homomorp hism h : M → N of k-modules, the induced homomorphism of n -fold tensor produc ts will be written 2× n h : 2× n M → 2× n N .

By an endomor phism f of the functor 2× n we shall mean any construction associating to each k-modu le M an endomorphi sm fM of the k-module 2× n M , which respects homomorp hisms of k-modu les, in the sense that for every such homomorphism h : M → N, the following diagram commutes: 2× n M ________2× n h → 2× n N , , ↓ f (M ) , , ↓ f (N )

2× n M ________2× n h → 2× n N One defines th e sum of two endomorph isms of 2× n, and the result of multiplying suc h an endomorph ism by an element of k, in the obvious ways, and one thus sees that such endomorp hisms form a k-module (at least, if we ignore the question of whether they form a set!).

As an example, it is easy to see that for each element σ of the symmetric group Sn, there is an

endomorphism σ- of 2× n whose action on decomposable elements is given by σ-(x1 2× ... 2× xn) = xσ –1(1) 2× ... 2× xσ –1(n). We can now state the problem:

Show that eve ry endomorphism f of 2× n is a k-linear combination of the endomorphisms σ- (σ ∈Sn). (Suggestion: Look at the behavior of f on an appropriate ‘‘universal’’ element.)

Remark: Clearly one can also compose these endomorphisms, hence they have a natural structure of k-algebra . It is not hard to deduce from the above result that this algebra is isomorphic to the group algebra kSn. But I will spare you the writing out, and myself the grading, of the verification of this fact. XVI.1:5. [Assumes the material on Tensor products in the noncommutative context, this Companion.]

Let k be a field, and V a 1-dimensional k-vector-space, with basis {x}. (i) Determine all ways to make V into a (k[t], k[t])-bimodule so that the right and left actions of elements of k agree with their actions under the given k-vector-space structure. (ii) For every pair of bimodules E and F of the sort characterized in (i), determine the (k[t], k[t])-bimodule structure of E 2×k[t] F. (iii) Show that for appropriate choice of E and F as above, one can on the one hand get E 2×k[t] F nonisomorphic as a k-vector-space to F 2×k[t] E, and on the other hand, get these objects isomorphic as k-vector-spaces but nonisomorphic as bimodules. XVI.2:1. Here are a few examples showing that the homomorphism of Proposition XVI.2.5 (p.610) can fail to be an isomorphism if E and F are not taken free of finite rank. (i) Show that if R is a field, and E, F are infinite-dimensional vector spaces over R, then that homomorphism is one-to-one, but not onto. (ii) Show that if R = Z, E = Zp∞ (see I.8:3), and F = Q , then that homomorphism is onto but not

one-to-one. (Hint: Show that End(Z p∞ ) is torsion-free as an addi tive group, and use this to dedu ce that the tensor-pr oduct of endomorphism rings is nontrivial.) (iii) Show that if R = Z , E = Zp2 2+ Zp , and F = Zp , then the homo morphism is neither one-to-one nor onto.

G. M. Bergman Exercises Companion to Lang’s Algebra , p.203

On the other hand, there are some nice cases not covered by the proposition in whic h one can show that the homomorp hism is an isomorph ism: (iv ) Show tha t if E or F is free of finite rank , then that homomorphism is an isomorphism. (Hint: In that case, you get a decomposition of E 2× F as a direct sum of copies of F , and can use the ideas in the com men t re garding p.505, bott om, in this Companion about using matrices to represent direct homomorphisms amon g direct sums of modules. ) (v) Show, sti ll more generally, that the homomorph ism is an isomorphism whenever E or F is a finitely generated projective module.

XVI.3:1. (i) Suppose R is a ring and G a functor from left R-modules to ab elian groups, which re spects the group structure on homomorphisms; i.e., such that given f, g : E → E ′, we have G ( f + g ) = G ( f ) + G (g ). Sho w the equivalence of conditions F1 and F2 (pp.612-6 13) with the functor G in place of the functor F 2× – of those pages. (ii) Show by example that these two conditions are not equivalent to F3 in this generality, by looki ng at the functor L(F , – ) for an appropri ate left R-module F . (Suggestion : Figure out to what extent such a functor must preserve exactness, then loo k for an example where the case that need not hold fails.)

Remark: Along with functors of the forms F 2× – and L(F , – ), there is one other familiar class of functors on categor ies of modu les that respects the group structure on morphism s: the contravariant functors L(– , E ). Functors of each of these sorts in general preserv e exactness at most, but not all parts of a shor t exact sequence. T he F or E for which they do preserve exact sequences (in which case they are called exact functors ) are called, respectively , flat modules (discussed in this section), projective modu les (pp.1 37-139 ) and injective modules (§XX.4).

XVI.3:2. Prove the followi ng partial conv erse to Propos ition XVI.3.2 : If R is a unique factorization domain, and every torsion-free R-module is flat, then R is a pri ncipal ideal domain.

(Sugg estion: Reduc e the problem to showing that if x, y ∈R have g.c.d. 1, then xR + yR = R, and then somehow get this equality from the fact that xR + yR is flat. One way to use flatness might be to apply Lemma XVI. 3.3 with M → F the natural map xR 2+ yR → xR + yR, and E = R ⁄(x R + yR).)

*XVI.3:3 . This exercise will prove the implication (c)⇒(a) of Theo rem XVI.3. 2 by an argument close to that of Lazard ’s original paper.

Let E be a right R-module satisfying condition (b) of that theorem . Let H be a free right R-module on a basis , given with a homomorphism h : H → E such that for every x ∈E , infinitely many elements of are mapped to x. (Fo r instance, we could let F be the free module on the product of the set of natural num bers and the underlying set of E , and map this to E in the obvious way.)

Now let I be the set of ordered pairs (H i, Ki ) where Hi is the free submodule of H generated by a finite subset of , and Ki is a submodul e of Hi ∩ Ker(h ) such that Hi ⁄Ki is also free. For i = (H i, Ki ) ∈I we shall write Fi = Hi ⁄Ki . No te that for each i ∈I , the map h induc es a homomorphism hi : Fi → E . Given i = (H i, Ki ), j = (H j, Kj ) ∈I , we shall write i ≤ j if Hi ⊆ Hj and Ki ⊆ Kj . (i) If i ≤ j ∈I , describe a natural homo mo rphism fj,i : Fi → Fj over E , and show that if i ≤ j ≤ k ∈I , then fk,j fj,i = fk,i . (ii) Show that if i ∈I , and F is a free module of finite rank given with a homomorphism into E , and f : Fi → F is any homomorphism over E , then there exi sts j ≥ i such that Fj is isomorphic to F as a module with a homomorphism fr om Fi into it, and a homomorphism from it into E . (I.e., there is an isomorphism Fj =∼ F which makes commuting triangles with the maps out of Fi and into E .) This proof will make use of the assumption that infinite ly many elements of map to each element of E , but the assumption that E satisfies (b) will not ye t be needed. (iii) Show by combining the hypothesis (b) on E and the result of (ii) that the partially ordered set I is

G. M. Bergman Exercises Companion to Lang’s Algebra , p.204 dir ected, and that Lim ← __ i Fi =∼ E .

XVI.3:4. Let R be a commutative ring and m a maximal idea l of R. Thus, R ⁄m is a field, and m ⁄m 2 can be regard ed as a vector-space over that field. (i) Show that if this vect or-space has dimens ion > 1, then m is not flat as an R-module. (ii) Show that all the examples of non-flat ideals gi ven in the comment to p.614 (top two paragrap hs) in this Companion are instances of this result.

XVI.3:5. (a) Suppose 0 → N → M → F → 0 is a short exact sequenc e of right modules over a ring R, and f : F 0 → F a modu le homomorp hism. Show how to obtain from this map a module M 0, a sh ort exact sequence 0 → N → M 0 → F 0 → 0, and a map of sh ort exac t sequences

0 → N → M 0 → F 0 → 0 ↓ = ↓ ↓ f0 0 → N → M → F → 0.

(b) Verify th at your construction is functorial; that is, that given maps from two free modu les F 0 and F1 into F , and a homom orphism F 0 → F1 respecting the maps into F , you ge t a homomorphism between your short exa ct sequences that respect your maps into the given sequences. (c ) Verify that your co nstruction respects direct limits.

(d) Combining these observ ations with L azard’s Theorem, obtain a proof of Lemma XVI.3.3 (p.614) based on the fact that the desired result holds when F is projec tive (and so in particular, when it is free). (e ) Similarly, prove the first assertion of Proposition XV I.3.4 (p.61 5) by first establishing it when F ′′ is free , then applying (a)-(c).

XVI.3:6. Let 0 → E ′ → E → E ′′→ 0 be a short exact sequence of left modules over a ring R, and F a right R-mo dule. If F is E ′-flat and E ′′-flat, must it be E -flat?

XVI.3:7. (Cf . XVI: L6, p.638. ) Su ppose E is a flat rig ht R-module and F is an (R, S)-bimodule which is flat as a right S-modu le. Show that E 2× R F is flat as a right S-mod ule.

XVI.3:8. Let R be the ring of all continuous functions on the interv al [0,1], and E the R-mo dule of all ‘‘germs at 0’’ of such functions; i.e., the R-modul e R ⁄I, where I is the ideal of all functions zero in the neighborhood of 0. Show that E is a flat R-module. (This same ring and ideal appear in the mo re dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cult

Exercise III.4:2.)

XVI.3:9. Suppo se S is a commutative integral domain, K is its field of fractions, and R is a subring of S having the same field of fractions. (a ) Show that every R-modu le hom omorphism of S into R is given by multiplication by a member of R, an d that the set of r ∈R such that multiplication by r carries S into R forms an ideal of R, which is the largest ideal of R that is also an ideal of S. This is called the conduct or ideal of R in S. (b) Determine the conductor ideal of k[x ] in k[x, x–1 ], and the conductor ideal of k[x2, x3] in k[x ]. Und er what conditions on R and S will 1 belong to the conductor ideal? (c ) Show that if the iden tity map of S, regarded as a homomorph ism of R-modules, factors through a free R-module, then S = R. (d) Deduce that if S is finitely presented as an R-module (in particul ar, if R is Noetherian and S is finitely generated as an R-modu le) and is strictly larger than R, then S is not flat as an R-module.

XVI.3:10 . Let k be a field, an d R = k x, y the free associati ve k-algeb ra on indeterminates x and y, equivalently, the monoid algebra over k on the free monoid on x an d y. (a ) Let P den ote the right R-module presented by two generat ors α and β and the one relation

G.M.Bergman Exercises Companionto Lang’sAlgebra, p.205 α x – βy = 0. How that HomR(P, R) = 0. (b) Deduce that if f : R → S is a ring homomorphism such that either f(x) or f(y) is invertible in S, then S is not flat as a right R-module (under the induced module structure s·r = s f(r)).

In particular, this shows that R cannot be embedded in a division ring that is flat as a right R-module, and also that the group algebra of the free group on x and y is not flat as a right R-module.

XVI.3:11. Within the division ring of quaternions, let

R = {a+ bi+ cj+ dk ! a, b,c,d∈Z }, S = {(a+ bi+ cj+ dk) ⁄2 ! a, b,c,d∈Z, a ≡ b≡ c≡ d (mod 2)}, K = {a+ bi+ cj+ dk ! a, b,c,d∈Q }.

Clearly, R is a ring and K a division ring. (a) Verify that S is also a ring. (b) Show that K is flat both as a right R-module and as a right S-module. (c) Show that S is not flat as a right R-module. (Suggestion: Look for analogs of the ideas of XVI.3:9.) (d) Show that every right ideal of S is principal, and deduce that every right S-module which is torsionfree as an abelian group is flat.

Remark: From (c) and (d), we see that S is ‘‘better behaved’’ than R; e.g., S is a ‘‘noncommutative principal right (and left) ideal domain’’, while R is not. So S is commonly called the ‘‘ring of integer quaternions’’, while there is no special name for R.

*XVI.3:12. (a) Show that if R is a commutative Noetherian ring, and P a finitely presented R-module, then there exists a homomorphism h of P into a free R-module F of finite rank such that any homomorphism of P into a free R-module factors through h. (b) Deduce that the direct product of an (in general, infinite) family of flat R-modules over a commutative Noetherian ring is flat. (We already know this for direct products of finite families, since these are the same as direct sums.) (c) To show that (b) fails for non-Noetherian R, let G be a monoid isomorphic to the monoid [0,∞ ) of nonnegative real numbers, but written multiplicatively as {xr ! r ∈[0, ∞ )}, let S be the monoid algebra kG, and let R be the factor-ring of S by the ideal generated by all xr with r >1. (One might write this sloppily as k[x[0,1]].) Show that a direct product of countably many copies of R is not flat. (Hint: The element a = (x,x^1⁄^2,x^1⁄^4,...) satisfies the relation ax = 0.) (d) Prove versions of (a) and (b) for noncommutative R.

XVI.4:1. Let f: R → S be a ring homomorphism, let A be a right R-module, and let B be a left S-module. Establish a natural isomorphism A 2×RB = AS 2×SB as abelian groups. Describe the isomorphism and its inverse explicitly on generators of these tensor products if your method of obtaining the isomorphism does not do so.

XVI.5:1. Let R be a commutative ring, and E and F R-modules. It is easy to see that the construction of Lang’s Corollary XVI.5.5 (p.628) gives a functorial homomorphism φ E,F : Ev2× F → Hom(E,F), without the assumption of that corollary that the modules be free of finite rank.

Characterize some of the following classes of modules. (Instructor should specify how many; e.g., ‘‘two’’.) (a) Those E such that for all F, φ E,F is an isomorphism. (b) Those F such that for all E, φ E,F is an isomorphism. (c) Those F such that for all free modules E, φ E,F is an isomorphism. (d), (e), ... Similar cases with ‘‘an isomorphism’’ replaced by ‘‘one-to-one’’ or ‘‘onto’’, and/or with other classes of modules, so long as you don’t hand in two results with slightly varying hypotheses but

G.M.Bergman Exercises Companionto Lang’sAlgebra, p.206 essentially the same proofs.

XVI.6:1. Let A be a Z-graded or Z ⁄2Z-graded algebra, as in the last paragraph on p.631 of Lang. (i) If the grading monoid is Z, show that what Lang calls the ‘‘super algebra Asu’’ is actually isomorphic to the ‘‘ordinary algebra A’’.

(Suggestion: Take a polynomial ring R[x], grade it so that x has degree 1, and determine the unique R-algebra isomorphism R[x] → R[x]su carrying x to x. This will involve multiplying homogeneous elements of each degree by an appropriate coef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cient.

Verify that these same coef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cients give an isomorphism in the case of any Z-graded algebra.) (ii) On the other hand, show that if we grade the complex numbers by Z ⁄2Z, letting C0 = R and C1 = iR, then Csu is not isomorphic to C.

*XVI.8:1. For E a module over a commutative ring R and n a positive integer, does Sn E = 0 ⇒ 2× n E = 0?

(This question was asked by Moss Sweedler. I succeeded in answering it a few years ago; but it has potential generalizations in the context of the representation theory of the symmetric group which could form an interesting research topic.)

XX.4:1. *(a) = XX:L20 (p.830). (Suggestion [>XX:L23]: Show that any ideal of S–1A has the form S–1J for an ideal J of A. Use the fact that J can be finitely presented as an A-module to show that any S–1A-module homomorphism f: S–1J → S–1I is of the form s–1φ-, where s∈S , and φ- : S–1J → S–1I is the map induced by an A-module homomorphism φ : J → I. Then get the desired result using XX:L23.)

Parts (b) and (c) below refer to the statement of the exercise comprising part (a), but do not depend on it or one another. Part (d) depends on (a) and (c). (b) (T.Y.Lam) Show that the conclusion of the above exercise remains true if the assumption ‘‘A is Noetherian’’ is replaced by the condition that the module I has no S-torsion; i.e., that no nonzero element of I is annihilated by an element of S. *(c) Show that the result in question becomes false if neither the Noetherian condition of part (a) nor the no S-torsion condition of (b) is assumed. (Suggestion [>XX:L21(a)]: Let k be an algebraically closed field, and regard the polynomial ring k[x,y] as a subring of the ring of k-valued functions in two k-valued variables, kk×k. Let A be the subring of kk×k spanned by k[x,y] and all functions of finite support, and let I = kk×k regarded as an A-module. XX:L21(a) reduces the problem of showing I injective to the same problem for certain much smaller modules; get these cases with the help of the fact that the element of A having the value 1 at a single point and 0 elsewhere is idempotent, hence induces a direct product decomposition of A as a ring. Now let S = k[x] – {0} ⊆ k[x,y] ⊆ A, and get descriptions of S–1A, and S–1I. Show that if S–1I were injective, then multiplication by y would map it onto itself, but that it does not.) *(d) [>§III.10] Give a version of the proof of (a) above that proceeds via the following three results: (i) if A is Noetherian, then a direct limit of injective A-modules is injective; (ii) for any commutative ring A, any A-module I, and any multiplicative set S, S–1I can be expressed as a direct limit of copies of I; (iii) if an S–1A-module is injective as an A-module, it is injective as an S–1A-module.

Deduce from (c) that the condition that A be Noetherian cannot be dropped from (i) above.

Notes on exercises connected with Lang’s Appendix A2: Exercises I.1:1 above assumes that Appendix A2.1 was read before §I.1. If they are read in the reverse order, that can be considered an exercise for Appendix A2.1.

Exercises A2.2:1-4 below concern Zorn’s Lemma, developed in Appendix 2.2 and in my handout on ‘‘The Axiom of Choice, Zorn’s Lemma and all that’’. Since I introduce this material between sections I.6

G.M.Bergman Exercises Companionto Lang’sAlgebra, p.207 and I.7 of Lang, most of the exercises below assume the material in the first part of Chapter I.

If Exercise A2.2:1 is not assigned, it should probably be discussed in class.

A2.2:1. Show the following facts. (Negative results should be shown by constructing counterexamples, and proving relevant properties of these if they are not obvious.) (a) Every nontrivial finitely generated group G has a maximal proper subgroup. (This means a maximal element in the class of proper subgroups, partially ordered by inclusion.) (b) Every nontrivial finitely generated group G has a maximal proper normal subgroup (a maximal member of the class of proper normal subgroups). (c) A nontrivial finitely generated group G need not have a minimal nontrivial subgroup. (I.e., there exists a nontrivial finitely generated group G not having such a subgroup.) (d) Every nontrivial finitely generated group G has a simple homomorphic image. (e) A maximal proper subgroup of a group G need not be normal, and a maximal proper normal subgroup of G need not be a maximal proper subgroup of G. (f) A nontrivial non-finitely-generated group G need not have a maximal proper subgroup, nor a maximal proper normal subgroup, nor a simple homomorphic image.

(Remark: The terms ‘‘maximal proper subgroup’’, ‘‘minimal nontrivial subgroup’’, etc. are often shortened to ‘‘maximal subgroup’’, ‘‘minimal subgroup’’, etc.. That is, since the properties of maximality and minimality in the class of all subgroups of G characterize subgroups that can be named much more easily, it is taken for granted that when one refers to maximality or minimality, one must be thinking of proper, respectively nontrivial, subgroups. But there are situations where such abbreviation can lead to confusion; so be cautious in using them. If you are going to be writing extensively about maximal proper subgroups and want to use this abbreviated term, you should begin by saying that ‘‘maximal subgroup’’ will be understood to mean ‘‘maximal proper subgroup’’.)

A2.2:2. [cf.A2.2:1]. (a) Does every nontrivial finitely generated semigroup have a simple homomorphic image? (A semigroup S is called simple if it is nontrivial, and every homomorphism from S to another semigroup is either an isomorphism, or is trivial, i.e., has one-element image.) (b) If G is a group, will every nontrivial finitely generated G-set have a simple homomorphic image?

A2.2:3. Let X be a set. If ≤ and ≤′ are two partial orderings on X, we say that ≤′ is a refinement of ≤ if (∀ x,y∈X ) x ≤ y ⇒ x ≤′y, i.e., if, when we regard the relations ≤ and ≤′ as subsets of X × X, the former is contained in the latter. Clearly, ‘‘is a refinement of’’ is a partial ordering on the set of partial orderings on X! (a) Show that every partial ordering on X can be refined to a partial ordering maximal with respect to refinement.

(b) Show that every such maximal partial ordering is a total ordering. (c) Is every partial ordering on X the intersection of some set of total orderings?

A2.2:4. For this exercise, we need the following definition and observations.

A subdirect product of a family of groups Gi (i∈I ) means a subgroup G of the direct product I .. II Gi, whose projection to each Gi is surjective. (Precisely: the composite of the inclusion G → I .. II Gi with each projection I .. II Gi → Gj is surjective.) Given a group G, we say that G ‘‘can be written as a subdirect product of’’ a family of groups Gi if it is isomorphic to such a subgroup of their product. Note that in this situation, each Gi will be isomorphic to a factor-group G ⁄Ni, and the intersection of these Ni will be {e}. Conversely, given G and any system of normal subgroups with trivial intersection, we get a representation of G as a subdirect product of the factor-groups G ⁄Ni.

G.M.Bergman Exercises Companionto Lang’sAlgebra, p.208

A group G is called subdirectly irreducible if the only representations of G as a subdirect product are those in which at least one of the maps G → Gi is an isomorphism. (a) Show that G is subdirectly irreducible if and only if it has a smallest nontrivial normal subgroup (a nontrivial normal subgroup contained in all nontrivial normal subgroups). (b) Show that if G is a group, x an element of G, and N a normal subgroup of G maximal for the property x∈/ N, then G ⁄N is subdirectly irreducible. (c) Deduce that every group can be written as a subdirect product of a family of subdirectly irreducible groups.

(Exercise I.6:5 concerned some restricted cases of the above results. There, finiteness allowed one to work without Zorn’s Lemma, and to express the conclusion in terms of embedding in a product of groups of smaller order.)

A2.2:5. Let G be a group. By a ‘‘maximal abelian subgroup’’ of G we understand a maximal member of the class of abelian subgroups; not necessarily maximal as a subgroup of G. Recall also that the centralizer of a subset X ⊆ G means {g∈G ! (∀ x∈X ) xg = gx}. (a) Show that every abelian subgroup of G is contained in a maximal abelian subgroup. (b) Show that the maximal abelian subgroups of G are precisely those subgroups of G that are their own centralizers. (c) Show that for a subgroup (in fact, a subset) A of G, the following three conditions are equivalent: (i) A is the intersection of a nonempty set of maximal abelian subgroups of G. (ii) A is the centralizer of some subset of G containing A. (iii) A is an abelian subgroup of G, and for every element g∈G not in A, there is an element h∈G which commutes with all elements of A, but not with g. (Note: the next part, (d) is an easy consequence of (c). But if you are having trouble proving one of the implications needed for (c), you might try to work out a direct proof of (d), then see whether the argument you arrive at can be modified to complete your proof of (c).) (d) Show that the center of G is the intersection of all maximal abelian subgroups of G.

A2.4:1. Let A be a partially ordered set. Show that the partial ordering of A can be refined (in the sense of A2.2:3) to a well-ordering if and only if every nonempty subset of A has an element minimal with respect to the given ordering. (Hint: Mimic the proof of Theorem A2.4:1.)

Note on A2:L13 (i.e., Exercise 13 at the end of Appendix 2, p.893). Hint: The set of maps from X to Y is often denoted YX. Think ‘‘laws of exponents’’, then try to justify the argument precisely.

INDEX TO DISCUSSION OF LANG’S EXERCISES IN THIS COMPANION mostly in the above collection of exercises, but occasionally elsewhere (excluding errata that apply only to earlier printings, for which see ‘‘Errata’’ section)

Exercises to Chapter I, pp.75-82: #3 clarified in I.3:1. Note on #4 at end of exercises on §I.3.

#5 discussed and generalized in I.3:2. #6 incorporated into I.6:4(a). #7 incorporated into I.5:1. #15 and #16 incorporated into I.5:4. #24 incorporated into I.6:1. #38(d) generalized in I.5:7. In #44 an assumption can be deleted, as noted at end of exercises on §I.2. #47 incorporated into I.5:6. #57: Examples at end clarified at end of exercises on §I.5.

Exercises to Chapter II, pp.114-116: #1 subsumed by II.2:1. #3 incorporated into II.4:2. #5 clarified at end of exercises on §II.5. #9 belongs in Chapter IV but done in Companion, as noted at end of exercises on §II.1. Clarification of #12 and cross-reference from #13-19 to III:L11-13 noted at end of exercises on §II.1 Exercises to Chapter III, pp.165-171: Hint to #10 given at end of exercises on §III.1. Note that #5-#8 can go with §I.7 after exercises for that section. #6 corrected after exercises on §III.5. #14 clarified after

G.M.Bergman Exercises Companionto Lang’sAlgebra, p.209 exercises on §III.7. #16 discussed (‘‘trivial or misstated’’) after exercises on §III.9; related questions given as III.10:1-2.

Exercises to Chapter IV, pp.213-220: #8 and #9 incorporated into II.3:1. Notation of #12 clarified at end of exercises on §IV.6.

Exercises to Chapter V, pp.253-259: Comments on #17 and #21, and hint to #28, given after exercises for this chapter. #24 is covered in discussion Examples involving inseparable extensions (this Companion, note to p.252 of Lang).

Exercises to Chapter VI, pp.320-332: #6 clarified in discussion following exercises to §VI.6.

#8 generalized and discussed in VI.2:1. Converse to #9 given as VI.2:5. #10, #14, #16 clarified following exercises for VI.2. #25 generalized in VI.14:2. Strengthened version of #26 asked for in VI.14:1. Suggestion on #29 following exercises to §VI.6.

Exercises to Chapter VIII, pp.374-375: #1 clarified/criticized after exercises on §VIII.1. #6 corrected after exercises on §VIII.1.

Exercises to Chapter XIII, pp.545-552: #25 incorporated into XIII.4:3. Possible converse to #26 given as XIII.4:1. #32, with dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erent approach, given as VI.5:1; still another approach noted in Further observations on linear independence of characters (this Companion, note to p.284 of Lang).

Exercises to Chapter XIV,pp.567-570: #10 incorporated, with clarification, in XIV.3:1. Exercises to Chapter XVI,pp.637-639: #6 generalized to bimodules in XVI.3:7. #13 developed in detail (with some corre ctions noted) in Further criteria for flatness (this Companion, note to p.613 of Lang), and alternative argument to one implication given as XVI.3:3.

Exercises to Chapter XX,pp.826-832: #20 incorporated into XX.4:1. Exercises to Appendix 2, pp.892-893: Hint to #13 given after exercises to that Appendix.

G.M.Bergman Exercises Companionto Lang’sAlgebra, p.210