G. M. Bergman Re §§I.12-, pp.74- Companion to Lang’s Algebra, p.45

Chapter II. Rings.

Re §II.1. Rings and homomorph isms.

P.83, definition of a ring [>]: Just as the fund amental examples of group s are group s of permutations of sets, so there is a fundamental class of examples of rings: the rings of endomorphisms of abelian groups.

Indeed, recall that one can add and subtract members of Hom(A, B) for any abelian group s A and B, making this hom-set an abelian group. Taking A = B, this gives us an abelian group structure on End(A ) = Hom(A, A). Moreover, one can compose such endomorp hisms, getting a ‘‘multiplication’’ on this set, for which the identity endomorp hism will be a neutral elemen t; and it is straightforward to verify that these additive and multiplicative structures together make End(A ) a ring.

Just as every group G can be represented faithfully by permutation s of a set, namely, via its action by left translations on its own underlying set, so a ring R can be represented faithfully by endomorphisms of an abelian group, namely, via its action by left multiplication on its own und erlying additive group.

Note that the distributive law states that multiplication is a bilinear map with respect to the additive group structure.

P.85, the convolution product [~]: This is an important class of examples , but I will postpone discussion until Lang returns to it at greater length, two sections from now (on p.104). (The background of the term ‘‘convolution prod uct’’ will get a discussion in itself.)

Note that in the sen tence con taining the last display, Lang modifie s his view point in two ways: First, by reg arding the formal sums of the preceding display as functi ons on G, with a correspondi ng change of notation; and second , by not insisting that all but finitely many f(x) be zero; though as he notes in the next sen tences, some condition is neede d to make the summations finite, and the most obvio us such condition is the finiteness one. (But there are others. E.g., in the exercis e he refers to, if we think of the monoid of positive integers under multiplication as a submono id of the group of positive rationals, then the condition that only members of that submonoi d have nonzero coef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cient makes the multiplication work .)

Here is an interesting example of a ring of endomorph isms of an abelian group . Let A be the additive group of all polynom ials in one indeterminate x with real coef cients. (Though we have not yet read the section on polyno mials, in this and some subsequent examples I will assume familiarity with elementary properties of polynomials over the reals.) Let X: A → A denote the endomorphism of this abelian group

G. M. Bergman Re §II.1, pp.83-85 Companion to Lang’s Algebra, p.46 given by multiplication by x, let Y: A → A denote the endomorphism given by dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erent iation with respect to x, and for each real number r, let the same symbol r denote the endo morphism of scalar multiplication by r. The ring R that these operators generate is called the Weyl algebra over the real numbers. From the product law for dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erentiation

, one gets the form ula

(c15) YX – XY = 1.

Using this formula, one can reduce any member of R to the form Σ rij XiYj with real coef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cients rij.

These expressions look like ord inary polyn om ials in two variables, but the multiplication, based on (c15), is clearly dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erent.

(This algebra is important in quantum mechanics, wh ere multiplying the wave function ψ of a particle by a coordinate function x corresponds to measuring the x-coordinate of the position of the particle, dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erentiating ψ with respect to x corresponds to measuring the x-coordinate of the particle’s momentum, and the noncommutativity of these operators somehow corresponds to the impossibility of measuring these two quantities simultaneously!)

P.86, middle [=]: Change the sentence containing the word principal to ‘‘A left ideal is called principal if it can be generated by one element, i.e., has the form Aa for some a ∈A.’’

Later in the same paragraph, Lang introduces the notation (a1,...,an), which he says is used for the left ideal generated by a1,...,an. Actually, this notation is rarely used except in commutative ring theory, where left, right, and two-sided ideals are the same. Moreover, I generally prefer the more explicit notation a1A + ... + anA (except in cases where the symbol for the ring is complicated!) With that explicit notation, one can distinguish in the noncommutative case between the right ideal a1A + ... + anA, the left ideal Aa1 + ... + Aan, and the two-sided ideal Aa1A + ... + AanA.

Same page, 5 lines from bottom [~]: Where Lang writes ‘‘a principal ring’’, he is translating the French term; the standard term in English, which we will use, is ‘‘principal ideal ring’’.

After the above line [>]: In the remainder of this section, Lang will a couple of times use the term ‘‘prime ideal’’, which he doesn’t define till the beginning of the next section, and whose definition depends on a term defined at the end of this section. So turn now to the paragraph beginning on the bottom of p.91, and read through the first paragraph of §II.2 on p.92, where ‘‘prime ideal’’ is defined, then return to the next paragraph of this Companion... .

Having told you to read Lang’s definition of ‘‘entire ring’’ on p.91, I must now say that this term is simply not used. As Lang notes, the standard term in English is ‘‘integral domain’’, and we will use it. Where Lang feels the need for an adjective, as in ‘‘R is entire’’, one says ‘‘R is an integral domain’’. ‘‘Integral domain’’ is often shortened to ‘‘domain’’, especially in longer phrases, so that what Lang calls a ‘‘principal entire ring’’, i.e., a principal ideal ring that is an integral domain, is commonly called a ‘‘principal ideal domain’’. This is an important concept, often abbreviated ‘‘PID’’.

Now return to p.86 of Lang, bottom paragraph. P.87, third and fourth paragraphs [<]: Skip these unless you are familiar with the topics (rings of algebraic integers in number fields, and the ring theory of analytic functions on the complex plane).

P.88, top two paragraphs [<]: I recommend skipping these. P.88, Example occupying two long paragraphs [<]: This is another interesting topic which would have to be treated at greater length to get anything out of it. So read it, skim it, or skip it as you like.

P.90, first line of paragraph containing first display [=]: For ‘‘commuting with’’ read ‘‘centralizing’’. (A set X is said to centralize a set Y if every element of X commutes with every element of Y. A statement that a set X ‘‘commutes with’’ Y is vague; it might be taken to mean XY = YX as sets of products.) Note further that although the concept of adjoining to a ring A a set S of elements centralizing A is of interest in ring theory, one should definitely not, as Lang does, limit the definition of ‘‘ring generators for B over A’’ to the situation where S centralizes A! Finally, note that noncommutative ring theorists generally write the ring generated over a subring A by a set of elements S

G.M.Bergman Re §II.1,pp.85-90 Companionto Lang’sAlgebra, p.47 as A S .

P.90, line after first display [=]: Change ‘‘n-tuples (i1,...,in) of integers ≥ 0’’ to ‘‘strings (i1,...,in) where n and i1,...,in are nonnegative integers’’. (In other words, n is not assumed the same in all terms of the sum.)

Since the string s1,...,sn can be dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erent in dif summands, the notation ai 1...in

, which only shows the exponents and not the s’s, is poor. In fact, since we must allow repetitions among the si, there is no need for exponents. So a better form for the display would be Σ as 1,...,sn s1...sn.

P.90, last sentence before Example [=]: By ‘‘may not’’ he means ‘‘need not’’. P.91, three lines from bottom, definition of ‘‘entire ring’’ [=]: See my comment above. P.92, end of §II.1 [>]. One good feature of Lang relative to Hungerford is that he does not introduce rings without unit. These are of some use in ring theory, but their place is secondary. Rather than try to develop the fundamentals of the theory of rings with unit in the context of the ‘‘more general’’ theory of rings without unit, it is most convenient, when basic facts on rings without unit are needed, to use a certain trick which reduces the study of rings without unit to that of rings with unit. We will not take the time to discuss this trick here; if you need it some day, ask me!

Re §II.2. Commutative rings.

P.92, beginning of the section [=]: Observe the proviso in italics! The results of this section are not in general true for noncommutative rings.

P.92, italicized result, Every maximal ideal is prime [~]: This does not need a separate proof: it will follow immediately from the result on the next page, that if m is maximal, A⁄m is a field, and the observation that a field has no zero-divisors.

(By the way, the text-formatting system that I am using doesn’t have fraktur type, so I will use boldface lower-case letters m, p, a, b etc. where Lang uses lower case fraktur letters for ideals.)

P.93, proof of first italicized statement [>]: In Exercise A2.2:1 it is shown that Zorn’s Lemma can be used to obtain maximal proper subgroups of finitely generated groups, but not in general of infinitely generated groups. Why, then, can it be used here to get maximal ideals of not necessarily finitely generated rings? Because any ring A, even if not finitely generated as a ring, is finitely generated as an ideal, namely by {1}.

P.94, first display [=]: Lang says that the ring Z ⁄nZ will be abbreviated Z(n). This is very nonstandard; it is generally either written Zn (like the group Z ⁄nZ), or written out in full, as Z ⁄nZ. In fact, Lang will rarely if ever use this notation he has introduced.

P.94, proof of the Chinese Remainder Theorem [~]: The proof Lang gives is messy. The easy-to-remember proof is as follows. Let A′ denote the image of A in I .. Ii=1,...,n A⁄ai. For any pair of indices i ≠ j, the hypothesis ai + aj = A means that we can write 1 = u+ , where u is an element of A whose image in A′ has component 0 in the ith position, and an element whose image has component 0 in the jth position. Thus, the image of in A′ has 1 in the ith position and 0 in the jth. Now fixing i, and multiplying together the images in A′ of the ‘‘ ’’s we get in this way for each j, we get an element having 1 in the ith position, and 0 everywhere else. Multiplying by an arbitrary element of A′, we get an element having an arbitrary member of A⁄ai in the ith position and 0 everywhere else. By summing a family of such elements, one chosen for each i, we can get an element of A′ with arbitrary component in each place, proving that A′ is all of I .. I A⁄ai, which is the content of the theorem.

P.95, top paragraph [~]: The proof of the asserted result can be called ‘‘trivial’’, but it is not obvious if you haven’t seen it before. Multiply the given equation a1+...+an = A by itself ν1+...+νn times. (Actually, (ν1–1)+...+(νn–1)+1 times is enough.) On the left-hand side of the resulting equation, note that every term contains either ν1 factors a1, or ν2 factors a2, or ν3 factors a3, etc.. Hence that left-hand side is contained in a1ν1 + ... + anνn. Hence, since that left-hand side equals the right-hand side,

G. M. Bergman Re §§II.1-II.2, pp.90-95 Companion to Lang’s Algebra, p.48

A, so does a1ν1 + ... + anνn.

P.96, first two lines [~]: One can prove this result more easily by counti ng integers relatively prime to pr.

P.96, statement of Theorem II.2. 3 [~]: Here Lang is being sloppy (as he would say, he is ‘‘abusing notation’’), since he sometimes treats k as an element of Z ⁄nZ and other times as a member of Z . I point this out bec ause I don’t want you to take such sloppiness as a model! The same applies to p.97, lines 3 and 4, and to the last line of the section.

In connecti on with the last line of the section, it intuitively makes sense to exponentiate an element of exponent n by a member of Z ⁄nZ ; but if you want to use this observation in a formal argument, you should explic itly state a conventi on, ‘‘If x is an element of exponent n in a group G, and k is an element of Z ⁄nZ , then we shall understan d xk to mean xc, where c ∈Z is any representative of the residue class k,’’ and observe that this is well-defined, and that the ‘‘laws of exponents’ ’ hold for these generalized expo nents.

It’s not clear why Lang calls Theorem II.2.3 an ‘‘app lication’ ’. Perhaps he meant to apply the Chinese Remainder Theorem to expres s the rings Z ⁄nZ as direct produ cts of rings Z ⁄prZ , but forgot to go on to this point.

P.97, end of §II.2 [>]. More examples of commutative rings.

An impo rtant class of exa mples of commutative rings is given by factor rings of polyno mial rings. Let us rega rd the ring R [X,Y] of polynomials in two variables over the real numbers as consisting of certain functions on the plan e. Then if we restrict these functio ns to the circle X2 + Y2 = 1, we get the ring A of those real -valued functions on the circle that are given by polynomial s in the two coor dinate-functions X and Y. The restriction map R [X,Y] → A is a surjective ring homomor phism, hence A can be identified with the factor-ring R [X,Y] ⁄I for some ideal I. This ideal turns out to be the principal ideal generated by X2 + Y2 – 1.

In general, for an ideal I of R [X,Y], let us think of the factor-ring R [X, Y] ⁄I as consisting of polynomial functions wh ich are ‘‘missing some information ’’. We shall see bel ow tha t it may or may not be possible to exp ress these, as in the above case, as restrictions of polynomial functions to subsets of the plane.

One ring-theoreti c pheno menon with which we hav e had little exp erience is tha t of zero-divis ors, and the various forms they take, so let us look at some examples of rings R [X,Y] ⁄I with zero-divisors.

The ring R [X,Y] ⁄(XY) can be identified with the ring of polyno mial functions on the union of the X-axis and the Y-axis. (To show this, one must show that the kernel of the restriction map R [X,Y] → {functions on the union of the axes} is precisely (XY). ‘‘⊇ ’’ is immediate, and ‘‘⊆ ’’ is an easy argument.) It has zero-diviso rs, because X and Y are nonzero elements with produ ct 0. (Whe re I am writing X and Y, I mean, strictly speaking, the residu e classes of these elements of R [X,Y] in this factor- ring. I am using the same symbols for elements of the polynomial ring and of the factor-ring for notational sim plicity.) One can get another sort of description of this ring: Note that a function on the union of the axes is determined by its restrictions to each of the axes, wh ich are a polynomia l in X and a polynomial in Y respectively. It is not hard to show that a pair of polynomials f(X) and g(Y) can arise in this way if and only if f(0) = g(0). Hence our ring can be described, up to isomorphism, as the subring of R [X] × R [Y] consisting of all pairs ( f,g) such that f(0) = g(0). (The zero- divisors noted above are (X, 0)·(0, Y) = (0, 0) in this description.) The use of two varia ble-symbols X and Y is just a holdover from the original picture; we can equally well identify our ring with the subr ing of R [X] × R [X] consisting of pairs satisfying f(0) = g(0). This is, incident ally, an example of what is called a subdi rect produ ct (not to be confused with a semidirect product ), meaning a subobject of a direct product, whose projection maps onto the two factors are both surjective.

We note a few more examples similar to the abov e. R [X,Y] ⁄(Y(Y–1)) can be identified with the ring

G. M. Bergman Re §II.2, pp.96-97 Companion to Lang’s Algebra, p.49 of polynomial functions restricted to the unio n of the two paralle l lines Y = 0 and Y = 1. The restrictions to those two lines can be two arbitrary polynom ials in X (verify this!), so this ring is isomorph ic to the full direct product R [X] × R [X]. R [X,Y] ⁄(Y(Y–X2)) can be identified with polyn omial functions restricted to the union of the line Y = 0 and the parabola Y = X2. Restricting to these curves separately, we note that any polynomial function on either can be expressed as a polynomial in the X-coordinate alone, so our ring is again a subdirec t produc t of two copies of R [X]; in this case, it can be shown to consist of all pairs ( f,g) whose values and first derivatives agree at 0. As a last example of this sort, R [X,Y] ⁄((Y–X)Y(Y+X )), the ring of polynomial functions restricted to the union of the three lines Y = X, Y = 0 and Y = – X, can be identified with the ring of 3-tuples of polynomia ls in X, ( f,g, h), such that f(0) = g(0) = h(0), and f′(0) – 2g′(0) + h′(0) = 0. (Proving this takes some thoug ht, but still turns out to be a straightforward com putation.)

We run into a new phenomenon when we look at R [X,Y] ⁄(X2). The subse t of the plane defined by the equation X2 = 0 is simply the line X = 0. But when we map R [X,Y] by restriction to function s on this line, the kernel consists of all multiples of X, which is larger than the ideal (X2). Hence the ring of functions on the line induc ed by polynomials on the plane is not isomorphic to the ring we want to look at.

The trouble is that when we restrict to the line, we ‘‘forget’’ too much. The image in R [X,Y] ⁄(X2) of a polynomial f(X,Y) ‘‘remembers’’ not only the terms without X, but also the terms linear in X. These terms specif y the partial derivative of f in the normal direction to the line X = 0, all along that line. Algeb raic geometers picture R [X,Y] ⁄(X2) as the ring of polynomial functions on an infinitesimal ly ‘‘thickened’’ version of the line X = 0, where there is just enough ‘‘thickenin g’’ so that the restriction of a functio n to it determines the nor mal derivative of that function, but not high er derivatives.

That R [X,Y] ⁄(X2) has zero- divisors is shown by the relation X2 = 0. In terms of our ‘‘values and derivatives’’ interpretation, this is an instance of the obse rvation tha t two dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erentiable functions whose values are zero all along the line X = 0 have produ ct whose value and normal derivative are zero along that line.

A variant of this exa mple is R [X,Y] ⁄(X2, XY). An element of this ring specifies the values of a polynomial function along the line X = 0, and its normal derivative to that line at the point (0, 0) only, so it is a line ‘‘thickened ’’ only at that point.

I have given examples in terms of polynom ials ove r the real numbers because these are familiar and easy to visualize; but the relation betwe en ideals of this ring and subsets of R 2 has weaknesses; e.g., ideals such as (X2+ 1) or (X2+ Y2+ 1) cannot be charact erized by their behavior on R 2. One gets muc h better beh avior by looking at ideals in polynom ial rings over the complex numbers C ; or for that matter by looking at ideals in polynomial rings over the real numbers, rational numbers, etc., in terms of the ind uced functions on space C n.

The study of ideals in the ring of polynomials in n indeterminates (equivalently, of homomorphic images of this ring), and the subsets of C n that these determine, is the starting point of algebraic geometry. Lang proves in §IX.2 (which we do not read in 250A) some results on zero-se ts of polynomials, and in §IX.5 he introduces the abstract object, the ‘‘prime spectrum ’’ of a ring, whi ch modern algebraic geometers study in place of these polynomial ly defined sets. But he does not make explicit the relationship between these spectra and the classical polynomially defined subsets, nor does any standard introduction to the subject that I have seen. I discussed that relationshi p in an exp ository article, The Zariski topology and generalizations , which appeared in a somewhat obscure volume (Topolog y and its Application s, the proceedin gs of a symposium in Budva , Jugoslavia, Augu st 1972, pub lished in Beograd in 1973). I can give anyone intere sted a reprint. (The article assumes a knowledg e of elementary point-se t topol ogy. )

Re §II.3. Polyno mials and group rings.

Before reading this section of Lang, I recommend reading sections III.1-III.4, and the notes on those

G. M. Bergman Re §§II.2-II.3, p.97 Companion to Lang’s Algebra, p.50 sections in this Companion. I will often assume familiarity with that material bel ow.

P.99, first line [=]: Lang says the elements of the free generating set of a polyno mial ring will be called ‘‘variables’’ (and makes a similar remark on p.104 ). This is an old-fashioned and misleading term. Although the concep t of polynom ial ring is motivated by that of a ring of polyn omial functions of a real or com plex variable, in the abstract alge braic definition, nothing is ‘‘va rying’’. The preferred term is ‘‘indeter minate’’.

P.99, middle, definition of reduction map [>]: The term is motivated by the case where φ takes Z[X] to Zn[X] for some n (usually prime) by ‘‘reducing coef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cients modulo n’’. Though the term is not as intuitive in other cases, e.g., when φ is the embedding of the integers in the rational numbers, Lang makes the general definition by analogy with the motivating case.

P.102, second paragraph [>]: I claim that what Lang has shown here is essentially that the polynomial ring A[X1,...,Xn] is the free commutative A-algebra on n generators. Indeed, given a commutative A-algebra B, and elements x1,...,xn∈B , let us show that there is a unique A-algebra homomorphism A[X1,...,Xn] → B taking each Xi to xi. To fit our presentation to Lang’s, let us first consider the case where A is a subring of B, and the homomorphism A → B defining the A-algebra structure of B is the inclusion. Then what Lang calls the evaluation map determined by x1,...,xn∈B will be the unique A-algebra homomorphism with the desired property.

In the general case, if we let A′ denote the image of A under the homomorphism that makes B an A-algebra, then by combining the ‘‘reduction map’’ A[X1,...,Xn] → A′[X1,...,Xn] with the ‘‘evaluation map’’ A′[X1,...,Xn] → B determined by x1,...,xn, we get the desired unique homomorphism. But there is really no need to divide the construction of this homomorphism into two stages as Lang has done; if a → a- is the homomorphism defining the A-algebra structure of B, one can define the homomorphism required by the universal property (for which ‘‘substitution map’’ is still an appropriate term) in one step, as Σ a(ν) X1ν1 ... Xnνn → Σ a-(ν) x1ν1 ... xnνn.

P.102, last paragraph, definition of occu r [>]: Lang here gives the word ‘‘occur’’ a technical meaning, to allow him to conveniently refer to the set of monomials which have nonzero coef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cient in f. A more standard way of doing this is to call that set, {M(ν)(X) ! a(ν) ≠ 0}, the suppor t of the polynomial f .

P.104, beginni ng of material on group and monoid rings, through end of §II.3 on p.107 [~]:

The idea of a group (or monoid ) ring. Supp ose A is a commu tative ring, and we are interested in an action of a group or monoid G by module endomorp hisms on an A-module M. In this situation, note that the underlying additive group of M has two systems of endomo rphisms given : the actions of the elements of A, and the actions of the elements of G. Now on the one hand, these systems of abelia n group endomorphi sms are subje ct to the usual conditi ons defining an A-module structure, respectively a G-set structure; on the other hand, the statement that G acts by A-module endomor phisms means that the action of each element of G respects the operations of the elements of A; in other words, the two sorts of operations commute with one another: gax = agx (g ∈G, a ∈A, x∈M ). We may bring these systems of operations together by looking at the ring of add itive-group endom orphisms of M that they generate. We find that we can write elements of this ring as linear combinations of operations induced by membe rs of G, with coef taken from A, and that compo sition of such linear combinations is described by the law given on p.104 (and also p.85 ).

This suggests that we construct a ring whos e elements are form al linear combinations of elements of G with coef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cie nts in A, and whose multiplication is given by that rule. We find that this construction indeed gives a ring AG, and we verify that a left AG-module is equivalent to an A-module with an action of G on it by A-module endomorphisms!

Let us be more precise about how AG is defined: to pin down the concept of ‘‘formal linear com binations of elements of G with coef s in A’’, we observe that such an element should be

G. M. Bergman Re §II.3, pp.99-104 Companion to Lang’s Algebra, p.51 determined by the coef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cients of the elements of G, and that all but finitely many of these coef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath c ients should be zero. That is, such an element will be spe cified by a function associating to each element of G an element of A, such that the element associated to almost all elements of G is 0. Hence, the set of such functions is tak en as the formal definition of the underlying set of AG (Lang, p.104 ). We then introduce the conv enient abbreviation of using the symbol for an element of G to denote the image of that element in AG; formally the function which has value 1 on that element and 0 elsewhere, so that all elements can be written Σx∈G axx. (We are assuming G written multiplicatively. In the contrary case, we have to do some adjusting. E.g., to describe AZ , we take a group written multiplicatively that is isomorphic to Z , say x = {xi ! i ∈Z }, then let our ring consist of formal linear combination s Σ aixi (ai ∈A , i ∈Z ).)

Actually, this rigamarole of ‘‘almost everywhere zero function s from G to A’’ is just a way of describing the free A-module on the set of elements of G, which Lang cannot refer to directly at this point because he hasn’t introduced modules! So the easier description of the underlying set of the monoid ring is as the free A-module on the underlying set of G.

Once the underlying set of this ring has been described as a free A-module, the natural way to describe its multiplication is to say that it is the unique A-bilinear map β : AG×AG → AG which, on the basis G, agrees with the multiplication of G. The existence of such a bilinear map follows from Lemma III.4.c1. To see that it is associative, note that the ternary operations whose values on (u, ,w) are β(u,β( ,w)) and β(β(u, ),w), respectively, are trilinear, and agree on elements of X×X×X; hence by the uniqueness part of that lemma, they are equal.

Incidentally, where Lang writes A[G], I have substituted the symbol AG, preferred by group theorists. The general principle is that if X is a set, then a symbol of the form A[X], since it resembles the symbol for a polynomial ring, is used to denote rings of linear combinations of products of elements of X with coef in A, while AX is used for rings or modules of linear combinations of elements of X alone with coef in A. The monoid algebra construction is of the latter sort. (Actually, there is a further distinction made. Suppose, for concreteness, that X consists of two elements, x, y. Then A[X] is generally used for rings whose elements can be written as linear combinations of terms xiyj, while if one does not have enough commutativity or similar conditions to reduce to such a form, but needs to include separately terms such as x2y, xyx and yx2, one generally writes the algebra as A X or A x,y .)

A terminological point: the ring AG should logically be called a group or monoid algebra . Both the terms ‘‘group (or monoid) ring’’ and ‘‘group (or monoid) algebra’’ are used in the literature. Lang, of course, cannot say ‘‘algebra’’ here, because he won’t define that concept till Chapter III.

Some easily verified but important properties of monoid algebras are given in the following

Lemma II.3.c1. Let A be a commutative ring. Then (i) For any monoid G, the monoid algebra AG has the universal property that given an A-algebra R and a homomorphism h of G into the multiplicative structure of R, there exists a unique A-algebra homomorphism AG → R extending h. (I.e., AG is initial in the category of A-algebras given with homomorphisms of G into their multiplicative structures.) (ii) For any set X, the monoid algebra on the free abelian monoid on X is the free commutative A-algebra on X; i.e., the polynomial algebra A[X]. (iii) For any set X, the monoid algebra on the free monoid on X is the free A-algebra on X (generally written A X ). (iv) An A-module M together with an action of a monoid G on M by A-module endomorphisms (with 1∈M understood to act by the identity) is equivalent to an AG-module, under the correspondence sketched earlier in this remark.

G.M.Bergman Re §II.3,p.104 Companionto Lang’sAlgebra, p.52

Sketch of Proof. (i): Because AG is free as a module on the underlying set of G, the universal property of free modules allows us to extend the set-map h to an A-module-homomorphism AG → R. If one now calls on the fact that h: G → R is assumed to respect multiplication, one can verify that A-linear combinations of elements h(g) (g∈G ) multiply in the ring R by the same formula that defines the multiplication in the monoid algebra, and hence that the extension of h respects ring multiplication.

(ii): It will suf

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ce to show that this monoid algebra has the universal property of the polynomial algebra. Given any map f : X → R, where R is a commutative A-algebra, the universal property of the free abelian monoid G on X allows us to extend this in a unique manner to a homomorphism from that monoid to the multiplicative monoid of R. The universal property proved in (i) above for the monoid algebra now allows us to extend this map in a unique manner to an algebra homomorphism AG → R, establishing the desired universal property.

(iii) is proved in the same way. Incidentally, the free monoid on X (respectively, the free abelian monoid on X) can be shown to be isomorphic to the submonoid generated by X in the free group (respectively the free abelian group) on X.

(iv) is the result in terms of which we motivated the construction of AG! To formalize the argument, note that an action of G on an A-module M means a monoid homomorphism G → EndA(M). By (i), this is equivalent to an A-algebra homomorphism AG → EndA(M), which in particular gives a ring homomorphism from AG to the ring of abelian group endomorphisms of M, i.e., an AG-module structure on M. Conversely, every AG-module structure gives an A-module structure and an action by G respecting that structure. It is straightforward to verify that these ways of going between one and the other structure on M are inverse to one another. 1

Note that statement (iv) of the above lemma means that linear actions of G on A-modules (in particular, on A-vector-spaces if A is a field) may be studied by looking at the structure of the algebra AG, and its modules. This is an important principle in the theory of groups and their representations. Chapter XVIII of Lang (not covered in 250A) gives an introduction to this technique in the case where G is a finite group.

There is a pair of longstanding open questions concerning group algebras:

Open Questions II.3.c2. Let K be a field and G a torsion-free group, i.e., a group with no nonidentity elements of finite order. Must the following statements be true? (i) (Zero-divisors conjecture.) KG is a ring without zero-divisors. (ii) (Trivial units conjecture.) The only invertible elements of KG are the products cg (c∈K –{0}, g∈G ).

When Lang first sketchily introduced group algebras as an Example on p.85, he called their multiplication operation ‘‘the convolution product’’. For those who are curious, let me describe the

Background of the term ‘‘convolution’’ (optional). This term actually goes back to a very dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath e rent line of thought.

Suppose f is a ‘‘non-smooth’’ function on the real line, such as the function which is 1 on [0,100] and 0 elsewhere, and we seek to ‘‘smooth’’ it out by ‘‘blurring’’ it. Intuitively, a nice way to do this would be if we could replace the ‘‘value’’ at each point by a bell-shaped curve, and integrate these together. In fact, if we write g(x) = e–x 2 ⁄0-π, we find that the above idea can be made precise, by taking for the ‘‘blurred’’ variant of f the function f ∗g defined by

(c16) (f ∗g)(x) = ∫–_∞^{+∞} f (x – y ) g (y ) dy .

The idea is that the ab ove definition makes the value of f ∗ g at x depend not only on the value of f at

G. M. Bergman Re §II.3, p.104 Companion to Lang’s Algebra , p.53 x , but also on the value at nearby points f (x – y ), with the cont rib utions of these points ‘‘weighted’’ by the smooth function g (y ).

The above is just one way of motivating the operation (c16). I hop e you can see that in general, (c16 ) describes an interesting way of combining two functions f and g (satisfying appro priate conditions to mak e the integral conve rge) to get a third. The name gi ven to this construction is ‘‘convolution’’, meaning ‘‘twisting toge ther’ ’. I will mention witho ut proo f one other property of this construction: the Fo uri er transform of the convoluti on of two functions is the product of their Fourier transforms; and co nversely, the Fourier transform of their produ ct is the convolution of their Fourier transforms.

If we look at functions on the integers instead of on the real line, we may define an analog of (c16) by using a sum instead of an integral:

(c 17) ( f ∗ g )(n ) = Σ +∞ m = –∞ f (n – m )g (m ).

As before, we need a condit ion to insure that these infin ite sums will make sense. The easiest such condition is that the function s f and g be zero almost everywhere; this allows us to make sense of the above definition for fun ctions with values in an arbitrary ring A, where we do not necessarily have a concep t of conv er gence. But in that case f an d g can be thoug ht of as elements of the group algeb ra A Z ; and our ‘‘convolution multiplication’’ turn s out to be the multiplication of the group algebra. (To see this, note tha t the arguments of f and g in (c17), n – m and m , range over all pairs of integers summing to n .) Henc e, by extension, the term ‘‘conv olution multiplication’’ is often, as in Lang, used for the multiplication operation of any gr oup algebra.

If in (c17 ) we restrict f and g to be functions on the nonnegati ve integers, modifying the rang e of summation appro priately, we of course get the description of multiplication of polynomials, looked at as ‘‘sequences of coef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cients’’.

P.105, first line of text [=] : ‘‘triples (u v, y)’’ should be ‘‘triples (u , , y)’’. P.106, Pr oposition II.3.1 [~]: Observe that the condi tion that h (a ) = a for all a ∈A is equiva lent to saying that we are dealing with a homomor phism of A-algebras (though Lang does not introduce that concep t till the next Chapter).

P.107, end of §II.3 [>]. The concepts of this section have given us enough examples of rings so that we can give some fu rth er classes of Examples of modules.

Let A be a commutative ring, and as in Lemma II.3.c1 let A x, y denote the free associative A-algebra on two generators x, y, equival ently, the monoid algebra over A on the free monoid x, y on two generators . What does a module over A x, y look like? Let us think of such a module as given by an A-algebra homomorphism A x, y → End A(M ) for some A-module M (cf. Lemma III. 1.c3(b )). The universal property of the free algebra A x, y says that su ch a homom orphism is determined uniquely if we spec ify , in any way, elements of End A(M ) to which the free generators x and y should be mapped. So a module ov er A x, y is dete rmined by ch oosing any A-module M , an d any two A-module endomorph isms ξ and η of M, and letting multiplication by x act as ξ, and multiplication by y act

as η. You can make up examples ad lib, taking, say, A = Z, letting M be the free Z-module (free abelian group) on n generators, using any two n×n matrices over Z to specify two endomorphisms, and letting Z x,y act as just described.

Modules over the polynomial algebra A[x,y] have an identical description, except that ξ and η, rather than being any two endomorphisms, must be two endomorphisms that commute with one another.

I chose the case of two indeterminates simply for concreteness; the analogous characterizations hold for any number of indeterminates. A particularly simple and important case is that of a single indeterminate. In that case we see that A x and A[x] are the same; let us use the latter symbol. Thus, a module over

G.M.Bergman Re §II.3,pp.104-107 Companionto Lang’sAlgebra, p.54

A[x] is equivalent to an A-module together with a single endomorphism ξ. In particular, if A is a field, this is a vector-space given with a single linear operator. In §IV.1 we shall see that if A is a field, A[x] is a principal ideal domain. Now the theory of finitely generated modules over a PID (Lang, §III.7, not covered in 250A) is quite similar to the theory of finitely generated Z-modules (a.k.a. finitely generated abelian groups) that we saw developed in §I.8. This theory can be used to give an elegant analysis of the structure of a finite-dimensional vector spaces given with a single linear operator; equivalently, a theory of similarity invariants for matrices over a field; Lang will do this in Chapter XIV.

The next topic could have been introduced back when we were reading §I.11 or I.12, or could be put of

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath to a later section than this; but let me introduce it here, taking the monoid algebra concept as a springboard.

Adjoint functors – a sketch. The universal property of the monoid algebra AG involves considering homomorphisms from a monoid G to a k-algebra R (point (i) of the lemma on monoid algebras in this Companion). But if we look at what this means, we see that we are really considering homomorphisms from G to the monoid of elements of R under multiplication. Thus, if we write U for the ‘‘forgetful functor’’ from A-algebras to monoids that forgets the A-module structure of an algebra and remembers only the multiplication, we can say that we are dealing with homomorphisms G → U(R). This is more sensible, since both objects now lie in the category of monoids. The universal property of the monoid algebra then says that AG is a A-algebra given with a homomorphism ηG: G → U(AG), such that for any A-algebra R, and homomorphism f : G → U(R), there is a unique A-algebra homomorphism h: AG → R such that f = U(h)ηG.

You should now check for yourself that the universal properties of free group, free abelian group, free commutative A-algebra, and Grothendieck group all have analogous forms, gotten by substituting for ‘‘the forgetful functor from A-algebras to monoids’’ the forgetful functor from groups to sets, from abelian groups to sets, etc.. (The symbol ‘‘U’’ and its alphabetical neighbors are often used for these forgetful functors because many of them can be described as ‘‘underlying set’’ functors, or the like. Similarly, ‘‘F’’ and its alphabetical neighbors are often used for what we shall soon be calling the ‘‘left adjoints’’ of these functors, because of the prototypical case of free object constructions.)

Given a monoid homomorphism φ : G → H, Lang has noted that we get a ring homomorphism AG → AH. The existence of this homomorphism also follows from our universal property: the canonical homomorphism ηH: H → U(AH), composed with the given homomorphism φ : G → H yields a homomorphism G → U(AH); the universal property of AG now implies that this arises from a homomorphism φ-: AG → AH; precisely, that there is a unique φ- such that ηH φ = U(φ-)ηG. It is not hard to show that the construction of φ- from φ makes the monoid algebra construction a functor, which is again analogous to what we have seen is true for free groups, free rings, etc..

Let us state the phenomenon that we are observing in a general category-theoretic context: Let C and D be any categories, and U: C → D a functor. Suppose that for every object D of D, there exists an object F (D) in C, and a morphism ηD: D → U(F (D)), with the universal property that for every object C of C and morphism f : D → U(C), there exists a unique morphism g: F(D) → C such that f = U(g)ηD. Then we can make F into a functor D → C in a natural way, and this is called the left adjoint to the given functor U. Likewise, U is called the right adjoint to F; the relation between U and F is called an adjunction. Given such an adjunction, one finds that for every pair of objects C∈Ob(C ), D∈ Ob(D), the relation between morphisms f : D → U(C) and g: F(D) → C described above is a bijection HomD(D, U(C)) ←→ HomC(F(D), C).

(The names ‘‘right’’ and ‘‘left’’ adjunction refer to the fact that U occurs in the right slot in one hom-set, and F in the left slot in the other.)

G.M.Bergman Re §II.3,p.107 Companionto Lang’sAlgebra, p.55

A result which you should not find hard to prove, once you have digested the above concept (but for which you are not responsible) is

Lemma II.3.c3. If C U→ D V→ E are functors having left adjoints C ←F D ←G E, then the composite functor VU has left adjoint FG. 1

For example, if we denote by CommA the category of commutative A-algebras, and by AbMonoid the category of abelian monoids, then we know that the forgetful functors CommA → AbMonoid → Set (where the first functor forgets the additive structure and remembers the multiplication, while the second forgets even that) have for left adjoints the monoid algebra and free monoid functors respectively, and that their composite, the forgetful functor from commutative A-algebras to sets, has for left adjoint the polynomial algebra functor. Thus, the above lemma shows why point (ii) of the lemma on monoid algebras proved in this Companion, saying that polynomial algebras are monoid algebras on free commutative monoids, had to be true. Looking at not-necessarily-commutative A-algebras and monoids, one likewise gets point (iii) of that lemma. You can discover some further results of this sort by applying the above lemma to the forgetful functors Ab → Group → Set, and likewise Ab → AbMonoid → Set.

Though the above examples of functors having left adjoints were all forgetful functors, there are many that do not fit this description. For instance, you might find it interesting to prove that for any positive integer n, the functor taking every commutative ring A to the group SLn(A) of n×n matrices over A with determinant 1 has a left adjoint.

We will not be able to study the subject of adjunctions further in this course, aside from noting a few more examples. For further development, see any text on category theory, in particular, my 245 notes or Mac Lane’s Categories for the Working Mathematician. One of the most striking results developed in the 245 notes is a theorem of Peter Freyd (in Chapter 9) characterizing precisely the functors among varieties of algebras that have left adjoints. (The term ‘‘variety of algebras’’, defined there, includes all of the categories of mathematical objects that have arisen so far in this course, in particular Set, Monoid , Group, Ring, the category CommA for A a fixed commutative ring, the category R-Module for R any ring, and the category G-Set for G a fixed group.)

Note on automorphisms of polynomial algebras (optional; > Exercise II.3:1). For A a commutative ring, Exercise II.3:1(a)-(c) gives a simple description of the automorphism group of the polynomial algebra A[X]. However, the study of automorphisms of polynomial algebras in several indeterminates is more complicated. For instance, for every polynomial f(X)∈A[X], the algebra A[X,Y] has an automorphism acting by X → X, Y → Y+ f(X). (What is its inverse?) Likewise, for every g∈A[Y] we get an automorphism X → X+ g(Y), Y → Y. Though it is easy to see how automorphisms of the first type compose with each other, and how those of the second type compose with each other, maps gotten by alternately applying automorphisms of the two dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erent types can get arbitrarily complicated.

Nevertheless, it has been proved that if A is a field, the group of A-algebra automorphisms of the polynomial algebra A[X,Y] is generated by the automorphisms of these two sorts, together with those of the more trivial sort X → aX, Y → Y (a ∈A –{0}). But for polynomials in more than two indeterminates, it is not known even whether the analog of this statement is true. (The subgroup of the automorphism group of A[X1,...,Xn] generated by the automorphisms of these types is called the group of tame automorphisms, so the standard formulation of this question is, ‘‘Is every automorphism of a polynomial algebra over a field tame?’’ Incidentally, in the 2-variable case, though the automorphisms are, in the above sense, ‘‘known’’, there is another longstanding open question concerning these, the Jacobian conjecture, which I will mention at the end of the comments concerning §IV.1.)

We remark that when A is not a field, part (d) of Exercise II.3:1 can fail. Indeed, let k be any integral domain (say a field), and let A = k[Y]. Then the k-algebra automorphism of k[X,Y] = A[X]

G.M.Bergman Re §II.3,p.107 Companionto Lang’sAlgebra, p.56 that acts by X → X, Y → Y+ X is a ring automorphism of A[X] which does not take A into itself.

Re §II.4. Localization.

P.108, construction of the ring S–1A [~]: What is being constructed is a universal example of a ring A′ with a homomorphism u : A → B which sends all elements of S to invertible elements of B.

The construction of this sort that most of you have probably seen is that of the field of fractions of an integral domain A (where S = A–{0}). To understand the details of the general construction, however, we must also think about the case where A has zero-divisors.

Suppose that in a commutative ring A one has a relation sa = 0, and that f is any homomorphism of A into a commutative ring A′ such that f(s) is invertible. The equation sa = 0 gives us f(s)f(a) = 0, and multiplying by f(s)–1, we get f(a) = 0. This shows that if we wish to map a ring A to another ring in which every member of a multiplicative submonoid S ⊆ A becomes invertible, then every element of A which is annihilated by a member of S must go to zero. Now suppose we want to test whether two elements, f(a1)f(s1)–1 and f(a2)f(s2)–1 are equal. By bringing them to the common denominator f(s1s2), we may write their dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erence f(s2a1 – s1a2)f(s1s2)–1. This will be zero if and only if f(s2a1 – s1a2) = 0, and by our preceding discussion, this will necessarily happen if s2a1 – s1a2 is annihilated by some element s′∈S .

Now a general principle in attempting to construct a mathematical object with certain properties is to collect all the conditions we can come up with on how it should look, and then try to build a model based on these conditions. If we have collected enough conditions, the model will ‘‘work’’; if not, we see how it fails to work, and try to extract from this further conditions. Having found that when a commutative ring A is mapped to another ring A′, in such a way that elements of a given multiplicative submonoid S all become invertible, two elements of the form f(a1)f(s1)–1 and f(a2)f(s2)–1 will be equal in the latter ring if

(c18) s2a1 – s1a2 is annihilated by an element of S,

we can try constructing our ring to consist of formal expressions intended to represent elements f(a)f(s)–1 (namely, ordered pairs (a, s)), and identify two expressions (a1,s1) and (a2,s2) precisely when (c18) holds. As noted in the reading in Lang, this ‘‘works’’. Since the arithmetic conditions we have imposed on ordered pairs (a, s) are conditions that must hold among the elements f(a)f(s)–1 for any homomorphism f of A into a ring which maps elements of S to invertible elements, the map of A into the ring we have constructed is universal.

There are certain improvements one can make in Lang’s verification that the above construction does indeed ‘‘work’’. For instance, because S is a multiplicative submonoid, it is easy to see that for any two equivalence classes u and , there exist elements (a, s)∈u and (a′, s)∈ with the same second component s; intuitively, that ‘‘any two fractions can be written to a common denominator’’. Now given u, ∈S –1A, suppose we choose representatives, (a, s) and (a′,s), with the same second component, and define u+ to be the equivalence class of (a +a′,s). One must verify that this is well-defined (independent of our choice of expressions for u and having common denominator). Once this is done, the verification that addition of fractions is associative is much more straightforward than when it is defined by a messy formula. One can also put the condition for two elements (a, s) and (a′,s′) to be equivalent in a form that is slightly more elegant and convenient to calculate with; namely that there exist t, t′∈ S such that (ta, ts) = (t′a′,t′s′).

The above construction is called ‘‘localization’’, but it will be easiest for me to explain why after Lang has introduced the concept of ‘‘local ring’’, later in this section.

G.M.Bergman Re §§II.3-II.4,pp.107-108 Companionto Lang’sAlgebra, p.57

Another way of approaching localization (sketch, optional). How does a child who knows about the integers learn the meaning of ‘‘1 ⁄2’’? One of the things he or she learns is that certain integers can be ‘‘halved’’. In other words, ‘‘1 ⁄2’’ corresponds to a certain partial map from integers to integers: 0 → 0, 2 → 1, 4 → 2, etc.. Similarly, 1⁄4 corresponds to the partial map 0 → 0, 4 → 1, 8 → 2, etc.. This suggests that 2 ⁄4 should correspond to the partial map 0 → 0, 4 → 2, 8 → 4, etc.. But we want to have 2 ⁄4 = 1⁄2; so it seems that we should define an equivalence relation among partial maps, which relates maps which agree on a reasonable subset of the intersection of their domains.

When we abstract these ideas, we get the following: Let A be a commutative ring, and S a multiplicative submonoid in A. Let Φ denote the set of all A-module homomorphisms sA→ A with s∈S , and let ~ be the equivalence relation which puts φ 1: s1A → A and φ 2: s2A → A in the same equivalence class if and only if they have the same restriction to some ideal s3A (s3∈S ) contained in both s1A and s2A. Let A′ denote the quotient set Φ ⁄~. We can define ring operations on this set: we add two partial maps by restricting them to a common ideal and adding their restrictions; we multiply them by composing them, again after appropriate restriction. It is not hard to verify that we get, in this way, well-defined operations on equivalence classes of partial maps, and that these make A′ a ring.

We may map A into this ring by sending each a ∈A to the equivalence class of the map ‘‘multiplication by a’’: A → A. If the set S ⊆ A consists of non-zero-divisors, it is easy to verify that the image of each s∈ S under the above homomorphism is invertible, with inverse given by the map sA → A taking sa to a (a ∈A). In this situation, A′ is, up to isomorphism, precisely the ring S–1A we are interested in. If some elements of S are zero-divisors in A, however, this does not work. (The above map sa → a is not well-defined.) So to use this approach to localization, one must first divide A by the ideal I of all elements that are annihilated by members of S, then apply the above construction to A⁄I.

P.109, before third-from-last line [>]: We have just seen that under appropriate conditions, the map A → S–1A is injective. There is a converse sort of result, saying that an injective ring homomorphism A → B with certain properties must be ‘‘essentially’’ this map A → S–1A.

Lemma II.4.c1. Let A be an integral domain, and let S be a multiplicative subset which does not contain 0. Suppose f : A → B is a one-to-one ring homomorphism such that for every s∈S, f(s) is invertible in B.

Then the homomorphism h: S–1A → B given by the universal property of S–1A is also one-to-one. Hence S–1A is isomorphic (via this map h) to the subring { f(s)–1f(a) ! s∈S, a ∈A } of B.

Proof. Let a ⁄s be a nonzero element of S–1A; thus a is a nonzero element of A. As discussed by Lang on this page, h(a ⁄s) = f(s)–1f(a). If this were zero, then multiplying by f(s) we would get f(a) = 0, contradicting the assumption that f is one-to-one. Hence h has trivial kernel, so it is one-to-one, giving the first assertion. Hence h is an isomorphism between its domain, S–1A, and its image, {h(a ⁄s)} = { f(s)–1f(a)}, giving the second assertion. 1

As Lang will note in point 2 on the next page, if we take S to be the set of all nonzero elements of A, then S–1A is what is known as the field of fractions of A. Hence the above Lemma shows that given any one-to-one homomorphism f of an integral domain A into a ring B in which all nonzero elements of A become invertible (for instance, any one-to-one homomorphism of A into a field B), the elements of the form f(s)–1f(a) in B form a subfield of B isomorphic to the field of fractions of A.

G.M.Bergman Re §II.4,pp.108-109 Companionto Lang’sAlgebra, p.58

P.110, second line [=]: For ‘‘In that case’’ read ‘‘For S = A*’’. P.110, three lines before point ‘‘3.’’ [=]: The phrase ‘‘From general localization properties’’ is somewhat cryptic. I think what Lang means is that the localization of A[X1,...,Xn] obtained by inverting all polynomials which do not have the value zero at (b1,...,bn) can be mapped homomorphically to K so as to send each Xi to bi, by the universal property of localization (p.109), and, further, that this localization also embeds in A(X1,...,Xn), so that one can map the appropriate subring of that field homomorphically to K, by the indicated substitution.

P.110, first two lines of point ‘‘3.’’ [=]: In a general partially ordered set, a unique maximal element need not be a greatest element. However, the partially ordered set of proper ideals of a ring has the property that every element is ≤ a maximal element. (Do you remember why?) It follows that if a ring R has a unique maximal ideal, this is a largest proper ideal.

P.110, end of same paragraph [>]:

Background of the terms ‘‘local ring’’ and ‘‘localization’’. Let us think of the ring of polynomials over the complex numbers, A = C[X], as a ring of functions on the complex plane. We know it is a principal ideal domain, and since every polynomial in this ring is a product of linear factors (something we will prove in a later chapter, but which I assume you have seen in an undergraduate course), the irreducibles are (up to units) simply the elements X–c for c∈C . Hence the general nonzero prime ideal of A is of the form (X–c)A. Note that this ideal can be described as consisting of all polynomials whose value at the point c is 0.

Since A is a unique factorization domain, we see that an element f(X) of this ring will be divisible by an element g(X) if and only if at each c∈C which is a zero of the polynomial g, the polynomial f has a zero of at least as high a multiplicity as g has. Within the field of fractions of A, regarded as the ring of ‘‘rational functions’’ on C, the subring A can be characterized as consisting of the elements which do not ‘‘blow up’’ anywhere on the plane.

Now suppose we fix a point c∈C , and blind ourselves to everything but the ‘‘local’’ picture in the immediate neighborhood of c. With our vision thus restricted, the best approximation of the condition ‘‘f is divisible by g’’ that we can perceive is ‘‘the order of the zero of f at c is at least the order of the zero of g at c’’. Thus, whenever two such elements f and g satisfy the above condition, we will accept f⁄g as though it were a member of our ring. The elements so ‘‘accepted’’ indeed form a ring, consisting of all rational functions which can be written with denominator not divisible by X–c; equivalently, which do not ‘‘blow up’’ at c. This is the ring called A(X–c)A (see Lang, p.110, middle, ‘‘... and S–1 is denoted Ap’’). Since these rings arise by considering the ‘‘local’’ behavior of rings of functions, the type of rings they exemplify are called the local rings.

Although the construction of adjoining inverses to a set S of elements of a ring was first introduced to construct fields of fractions, it is in the above context that it required more careful study; hence the general construction of rings S–1A from rings A has come to be called ‘‘localization’’. (Note, however, that localization with respect to a multiplicative monoid does not in general yield a local ring.)

I described the construction of C[X](X–c) facetiously in terms of ‘‘blinding oneself to everything but the local picture’’. But in fact, it is not a pointless exercise. It turns out that many considerations of number theory and ring theory can be best studied by considering the behavior of a ring A ‘‘one prime at a time’’, and then putting these results together; and the local rings Ap are the most convenient tools for these ‘‘one prime at a time’’ considerations.

P.111, end of §II.4 [>]. Terminological warning. There is a certain amount of confusion between terms used for rings obtained by dividing a given ring A by an ideal, and by inverting a multiplicative set of elements. The first kind of ring, A⁄I, is sometimes called the ‘‘factor ring’’ and sometimes the ‘‘quotient ring’’ of A by the ideal I. The former term has the disadvantage that it can also mean one of the ‘‘factors’’ Ai in a direct

G.M.Bergman Re §II.4,pp.110-111 Companionto Lang’sAlgebra, p.59 product decomposition A = I .. I Ai (though to avoid ambiguity the latter can be called a ‘‘direct factor’’ of A); the term ‘‘quotient ring’’ of course invites confusion with ‘‘ring of quotients’’. A localization S–1A may be called a ‘‘ring of quotients’’ or a ‘‘ring of fractions’’; the former term, as noted, invites confusion with one of the terms for the construction A⁄I. To avoid ambiguity, we shall follow Lang in calling the construction A⁄I a ‘‘factor ring’’. (We have likewise called a group G ⁄N a ‘‘factor group’’). Unfortunately, in the case of an arbitrary set S and an equivalence relation ~, the term ‘‘quotient set’’ is the only standard one.

The remaining notes on this section are optional.

‘‘Specializations’’ of fields (sketch, optional). Recall that I translated Lang’s remark in the two sentences before point 3 on p.110, as meaning that the set of rational functions in X1,...,Xn that could be evaluated at a point b of Kn forms a subring of the rational function field, which may be mapped homomorphically to K so as to send each Xi to bi. Such partial homomorphisms from a field E to another field K – to be precise, homomorphisms φ from a subring Eφ ⊆ E to K, having the property that if x∈ Eφ and φ (x) ≠ 0, then x–1∈ Eφ as well – are studied under the name specia lizations E → K. (In this situation, it is easy to verify that the ring Eφ will be a local subring of E.) The concept has some surprises. For instance, suppose one has a specialization Q (X, Y) → Q taking X to 1 and Y to 2. This information does not completely determine φ , for on the element (X –1) ⁄(Y – 2) it may be undefined, or it may be defined and take on any value! One can also have specializations from a field of characteristic 0 to one of finite characteristic, while this is clearly impossible for homomorphisms of fields.

One way of getting uniqueness is to study specializations which have minimal domain among all specializations whose domains contain a given set of elements (e.g., the set {X, Y} in the above discussion). Using this idea, one can show that the rational function field Q(X1,...,Xn) has a universal property with respect to specializations, which could justify calling it the ‘‘free field’’ on X1,...,Xn, though there is no free field in the ordinary sense. Sometimes, maximal specializations are also studied; these are known as places. The concept of specialization is also used in studying division rings; cf. P. M. Cohn’s books Free Rings and Their Relations, 2nd ed. 1985, and Skew Field Constructions, 1977; or the revised versions of these books, Free Ideal Rings and Localization in General Rings, 2006, and Skew Fields, 1995. (‘‘Skew field’’ is another term for ‘‘division ring’’. ‘‘Specialization’’, incidentally, is an older general term for ‘‘substituting in particular values’’, and Lang sometimes uses it in this sense.)

Localization of noncommutative rings (sketch, optional). In noncommutative ring theory, there are several distinct versions of the concept of localization, with varying properties. In ‘‘universal localization’’, one takes a ring R and a set of elements Σ ⊆ R, and constructs, by generators and relations, a ring R Σ–1 in which images of elements of Σ are all invertible, and which is universal for this property. But the study of the structure of this ring is a much more nontrivial problem than in the commutative case. E.g., an element of the form rs–1t + u –1w cannot, in general, be reduced to an expression involving just a single ‘‘denominator’’. To get elements of more complicated forms, such as (rs–1t + u –1w)–1, it may be necessary to repeat the process of adjoining inverses more than once. Finally, even if R is without zero-divisors, it may be dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cult to determine whether R Σ–1 is or isn’t the trivial ring!

However, under certain special conditions, one can construct from a ring R and a subset S a ring S–1R in which every element has the same simple form s–1r as in the commutative case. One way to find the conditions under which this can be done is to generalize the ‘‘partial homomorphisms’’ approach to localization described above. A left R-module homomorphism from a left ideal Rs to R can be thought of as right multiplication by some element s–1r; the conditions for the sum and composite of two

G.M.Bergman Re §II.4,p.111 Companionto Lang’sAlgebra, p.60 such maps to make sense turn out to be that for every a ∈R and s∈S , one have Sa ∩ Rs ≠ ∅. This is called the left Ore condition (after Oystein Ore), the construction of the ring S–1R in this case is called Ore localization, and when the set S = R–{0} satisfies the left Ore condition, then R is called a left Ore ring, and S–1R turns out to be a division ring. Ore localization does not, in general, give rings with a universal property; but when it can be used, it often gives rings in which one can compute more easily than in rings arising by universal localization.

P. M. Cohn has discovered that many of the deficiencies of universal localization mentioned earlier can be overcome by inverting, not elements of R, but matrices. Cf. his books mentioned at the end of the comment on specializations, and for another approach to the material, my paper Constructing division rings as module-theoretic direct limits, Trans.A.M.S. 354 (2002) 2079-2114.

The fact that we are studying fields of fractions will be my excuse for mentioning a few simple but long-outstanding questions about rational numbers:

Open Question II.4.c2 (Richard Guy). Does there exist a point of the plane having rational distances from each of the vertices of the unit square, (0,0), (0,1), (1,0), (1,1)? (= Problem D19 in Richard K. Guy, Unsolved Problems in Number Theory, Springer-Verlag, 1981.)

Open Questions II.4.c3 (Erdős and Graham). (a) For every positive integer d > 1, do there exist positive integers d1, d2, d3 such that 4 ⁄d = 1⁄d1 + 1⁄d2 + 1⁄d3?

A more sweeping question is (b) For every positive integer n, is it true that all but finitely many of the rational numbers n ⁄d (d > 0) can be written 1⁄d1 + 1⁄d2 + 1⁄d3 as above? (Cf. p.44 of P. Erdős and R. L. Graham, Old and New Problems and Results in Combinatorial Number Theory, Université de Genéve, 1980, and references given there.)

Re §II.5. Principal and factorial rings.

P.111, definition of factorial ring [~]: The standard term in English, which we shall use, is unique factorization domain, abbreviated UFD. (Lang almost gives this in his parenthetical alternative ‘‘unique factorization ring’’.) Recall also that we will be using the standard terms integral domain and principal ideal domain (PID) where Lang says ‘‘entire ring’’ and ‘‘principal entire ring’’.

P.112, second line [=]: By (a,b) Lang means (a) + (b). I dislike the (a,b) notation, since it looks just like the symbol for an ordered pair; but it is common among number theorists and others. However, paging around this book, I don’t see any other occurrences of it before Chapter IX.

P.112, fifth line after second display [=]: The conclusion ‘‘and has a maximal element’’ is by Zorn’s Lemma.

P.112, proof of Theorem II.5.2 [~]: The Ascending Chain Condition, and Theorem II.5.2.

The proof of Theorem II.5.2, that every PID is a UFD, becomes more understandable with some background. Let us note first that the hypothesis that A is a PID can be broken into two parts, which are used in very dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath e rent ways. On the one hand it tells us that every ideal generated by two elements is principal, from which, by induction, we see that every ideal generated by finitely many elements is principal. Given this observation, the remainder of the condition that every ideal is principal is clearly just the statement that every ideal is finitely generated.

Now the condition that every 2-generator ideal is principal tells us that any two elements not only have a g.c.d., but a g.c.d. which can be written as a linear combination of these elements. In particular, if p is an irreducible element and a an element not divisible by p, then irreducibility of p says that p and a

G.M.Bergman Re §§II.4-II.5,pp.111-112 Companionto Lang’sAlgebra, p.61 have no nonunit common divisor, so their g.c.d. is 1, and we can write this as a linear combination 1 = xp + ya. Taking the image in A⁄(p) of this equation, we see that a becomes invertible in that ring. Thus, every nonzero element of A⁄(p) is invertible, i.e., A⁄(p) is a field. This means that (p) is a maximal ideal, and in particular, is prime; i.e., that if a product of two elements is divisible by p, one of these elements is divisible by p. This is the only consequence of the condition ‘‘every 2-generator ideal is principal’’ that we use.

The other half of the PID condition constitutes an extremely important concept of ring theory, which we characterize in the following

Lemma II.5.c1. The following conditions on a commutative ring A are equivalent:

(i) Every ideal of A is finitely generated.

(ii) A has no infinite strictly ascending chain of ideals a1 ⊂≠ a2 ⊂≠ ....

(iii)Everynonemptysetofidealsof A hasa maximalelement.

Proof. (i) ⇒ (ii): Assumingwehaveaninfinitechaina1^⊂≠ a2^⊂≠ ..., choosea finitegeneratingset x1,...,xn foritsunion.Each xi liesinsomeaji; let j =max(j1,...,jn). Thenclearlyaj =aj+1, a contradiction.

(ii)⇒ (iii):Let S beanonemptysetofidealsof A. Takea1∈S; ifitisnotmaximal,choose a2 strictlylarger;if thisis notmaximal,choosea3 strictlylargerthana2, andsoon. Ifthisprocessdid notterminateinfinitelymanysteps,wewouldgeta contradictionto(ii),soit terminates,i.e., atsomestep wegeta maximalmemberof S.

(iii)⇒ (i): Given anideal a ⊆ A, let b bea maximalelementin thesetof finitelygenerated subidealsof a. Weclaimb = a. Forifnot,wecouldtake x∈a – b, andthen b + xA wouldbea largerfinitelygeneratedsubidealof a, contradictingourchoiceof b. 1

A ringsatisfyingthe equivalentconditions of the abovelemmais calledNoetherian(afterEmmy Noether.Cf.Lang,introductoryparagraphof §IV.4.) Condition(ii)is expressedby saying that A has ascendingchaincondition, abbreviatedACC;ormoreprecisely,ACConideals.Clearly,theconditionof ACCcanbedefinedforarbitrarypartiallyorderedsets. Theanalogofthelemmaholdsforessentiallyany sortof algebraicstructure,with‘‘ideal’’replacedby anyclassof substructureswhich is closedunder takingunionsofchains.

Justasthefactthatthenaturalnumbersarewell-ordered,i.e.,satisfydescendingchaincondition, gives us the principleof mathematicalinduction,so one cando inductionon anypartiallyorderedset with ascendingchaincondition.LetmeformulatethisforNoetherianringsas

LemmaII.5.c2(PrincipleofNoetherianinduction).Let A bea Noetherianringand P a conditionon ideals,suchthat if a isanideal andallidealsstrictlylargerthan a satisfyP, then a satisfiesP. Thenallidealsof A satisfyP.

Proof. Assumingthecontrary,let S bethesetofidealsof A thatdonotsatisfyP. BytheNoetherian assumption,S hasa maximalelement a. Thenallidealsstrictlylargerthan a satisfyP, hence,by assumption,a toomustsatisfyP, acontradiction.1

Theef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ect ofthisprinciple is thatintryingtoprovea resultaboutidealsina Noetherianring,onecan safelysay‘‘Let a be an ideal,andassumebyNoetherianinductionthatalllargeridealssatisfythe desiredproperty.’’If one can deducefromthisthat a alsohasthedesiredproperty,thenonehas establishedthatallidealsdo.

Thesamemethodcanbeappliedtoanysubclassoftheidealsofa Noetherianring. E.g.,if wewantto provethatallprincipal idealshavea propertyP, wemayapplyNoetherianinduction tothecondition

G.M.Bergman Re§II.5,p.112 CompaniontoLang’sAlgebra, p.62

‘‘eithera isnonprincipal,or a satisfies P’’.

Notethatany PIDsatisfiescondition(i) of LemmaII.5.c2, andso is Noetherian.Returningnowto Lang’sproofthat everyPIDis a UFD,wecanreplacetheexplicitargumentconcerninganascendingchain of principalidealsbythereasoning, ‘‘Toprovethateverynonzerononunita∈A hasa factorizationinto irreducibles,assumeby Noetherianinduction,appliedto thenonzeroprincipalideals,thateverynonunit thatgeneratesa largeridealthan (a) canbesofactored.Nowif a isitselfirreducible,thereisnothing to prove, whileif thereis a nontrivialfactorizationa = bc, then b and c eachgeneratelargerideals thana, sobyourinductivehypothesis,eachmaybefactoredintoirreducibles.Multiplyingtogetherthese factorizations,wegeta factorizationof a intoirreducibles,asrequired.’’

Knowingthateverynonzerononunitfactorsintoirreducibles,andthateveryirreducibleis prime, the proofofuniquefactorizationisnoweasilycompletedasonthebottomofp.112.

Forthereader whohas,as recommendedin thecomments on§II.3,readthebeginningof thechapter onmodules,I willmentionthatanidealof a commutativering R (ora leftidealofanyring R) isthe samethingasa (left)R-submoduleof R, makingtheconceptofa Noetherianringa specialcaseofthat ofa Noetherianmodule.LemmaII.5.c1aboveis statedandprovedinthisbroadercontextonthefirsttwo pagesof ChapterX. (If you are interested,you shouldfind all of §X.1readableat this point.)

P.113,secondandfourthparagraphs(‘‘Wecouldcall...’’and‘‘Weobserve...’’)[<]: HereLangis talkingaboutUFD’s(‘‘factorialrings’’);thoughhedoesn’tstatethatassumption,heusesit.

P.113,line3 [=]: ‘‘Wecouldcalltwoelementsa,b∈A equivalentifthereexistsaunit u suchthat a = bu’’. Infact,suchelementsa and b arestandardlycalledassociates. (Thisdefinitionappliesin anycommutativering,notnecessarilya UFD.)If A isanintegraldomain,thenelementsx and y are associatesif andonlyif xA= yA. (If A isnotanintegraldomain,thisisnolongertrue.Theproblem offindinga counterexampleisExerciseII.5:4.)

P.113,definition of least commonmultiple[~]: Though Langhas been talkingaboutunique factorization domains,one can givea definitionof ‘‘leastcommonmultiple’’in an arbitraryintegral domain,analogousthatof greatest commondivisor(p.111bottom); namely,a leastcommonmultipleof a finitefamilyof elementsmeans anelementm whichisa multipleofallthemembersofthefamily,and suchthat everycommonmultipleofthefamilyis a multipleof m. Inauniquefactorizationdomain,one seesthattheelementLangdescribesherehasthisproperty. Ina generalintegraldomain,a finitefamilyof elementsmayormaynothavea leastcommonmultipleora greatestcommondivisor.

P.114,endof§II.5[>]. Sumsandintersectionsofideals,andg.c.d.’sandl.c.m.’sofelements.

If a and b aretwoidealsofa commutativering A, weseethattheirsum a+b istheleastideal containingboth. Thereis alsoa greatestidealcontainedin both,namelya∩ b. Notethattheproduct ideal,ab, is clearlycontainedin thisintersection;it mayor maynotequal it. In a principalideal domain,it is not hardtoshowthattheproductis strictlysmallerthantheintersectionwhenever a and b are generatedby elementshavinga nontrivialcommondivisor.Ontheotherhand, inanycommutative ring A, I claimthatif a and b areidealssuchthat a + b = A, then a∩ b = ab. Wehaveseen ‘‘⊇’’;toget‘‘⊆’’,notethatforanytwoidealsofacommutativering,wehave (a∩ b)(a+b) = (a∩ b)a+(a∩ b)b ⊆ ba +ab = ab.

Substitutingin a +b =A givesthedesiredresult.(Thiswasstatedasan‘‘exercisefor thereader’’on p.87, thirdlinefromthebottom.)

Observethata ‘‘greatestcommondivisor’’ofelements a and b ofacommutativering A means,in ef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ect, an elementc suchthatthe ideal cA is thesmallestprincipalidealcontainingaA and bA;

equivalently,thesmallest principalidealcontainingaA+ bA. (Aswehavenoted,givena and b, such a c mayor maynotexist.)In particular, if aA+ bA is principal(e.g.,if A is a principalideal

G.M.Bergman Re§II.5,pp.112-114 CompaniontoLang’sAlgebra, p.63 domain),thena g.c.d. of a and b meansa generatorofthisideal.However,a g.c.d.mayexistevenif theidealaA+ bA isnotprincipal.Inthepolynomialring R[x,y], wefindthat 1 isa g.c.d.ofthe elementsx and y, though the idealtheygenerateconsistsof allpolynomialswithzeroconstantterm, andsodoesnotcontain1.

A‘‘leastcommonmultiple’’of a and b similarlymeansanelementc suchthat cA isthegreatest principalidealcontainedin aA∩ bA. Sinceeveryidealisa unionoftheprincipalidealsitcontains,in thiscasewe see thatthe onlywaysucha greatestprincipalidealcanexistis if aA∩ bA is itself principal.

ChapterIII. Modules.

Re§III.1.Basicdefinitions.

P.117,bottom[>]: Theideaofa module.

Therelationship betweenringsR andR-modulesM is analogoustothatbetweengroupsG and G-sets S whichwestudiedin§I.5. Justastheconceptofa groupis motivatedbythatofa groupof permutationsofa set S, andtheabstractconceptofagroupisbrought backtoitsrootsbystudyingsets S onwhicha groupG acts,equivalently,sets S givenwithgrouphomomorphismsG→ Perm(S), so theconceptofaringismotivatedbythepropertiesofthesetofendomorphismsofanabeliangroup, and an importantrole in ring theoryis playedby abeliangroups M on whicha ring R acts by endomorphisms;equivalently,abeliangroupsM givenwithringhomomorphismsR→ End(M). These are calledleftR-modules.

In thestudyof actionsof groups,thoughwesetupthedefinitionso thatelementsof thegroupwere writtento theleftof elementsof theset,therearesomecaseswhereit is morenaturalto writethegroup elementson the right. However,there is no essentialdif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erence between‘‘right’’and‘‘left’’actions, becauseif wehaveanactionof onesort,wecanre-encodeit as anactionof theoppositesort,usingthe observationthat thegroupoperation( )–1 reversestheorderofmultiplication.(Informalterms( )–1 is an‘‘anti-automorphism’’ofanygroupG.) Thus,givena‘‘rightaction’’,underwhichagroupelementg takesan elementx toanelementx·g, satisfying((x)·g)·h= x·(gh), thoughwecannotdefinea left actionby writinggx =def.x·g, becausethis definition willnot behaveproperlywithrespectto composition,thedefinitiongx =def.x·g–1 will. Inringtheory,ontheotherhand,a ring R maynot havean anti-automorphism,so the conceptsof leftR-module andrightR-modulearenotequivalent. However,rightmodulesovera ring R areequivalentto leftmodules overa ringcalledRop (‘‘the opposite ring to R’’) havingthe sameelementsand additivestructureas R, but the reverse multiplication,a∗b = ba. Thusit willsuf

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ce to discussleftmodulesalmostexclusivelyin presenting generalresults.Whenwedealwithmodulesovercommutativerings,thereis nodistinctionbetweenleft andrightmodules.

Sinceeveryabeliangrouphasendomorphismsx→ nx foreveryintegern, everyabeliangrouphasa naturalstructureofZ-module;indeed,Z-modulesareessentiallythesamethingasabeliangroups.Soyou canthinkof thetheoryof modulesas a generalizationof thetheoryof abeliangroups. Anotherclassof moduleswithwhichyouarealreadyfamiliararemodulesovera field,whicharecalledvectorspaces.

Incidentally,in defininga module,Langreferredto ‘‘an operationof A on M (viewingA as a multiplicativemonoid...)’’. Actually,hehasn’tdefinedtheconcept ofanactionofa monoidona set,but thedefinitionis analogousto thatof theactionof a groupon a set. Thelatterwasdefinedas a group homomorphismG→ Perm(S); sotheformermaybedefinedasamonoidhomomorphismG→ Map(S). Eitherconceptisalsoequivalenttoa mapG×S→ S withtheproperties1s= s and (gh)s= g(hs) for

G.M.Bergman Re§§II.5-III.1,pp.114-117 CompaniontoLang’sAlgebra, p.64 all g, h∈G, s∈M.

P.118,endofmiddleblockofparagraphs[>]: Some basic constructions.Let M bea leftR-module.Thenyoushouldcheckthat(i)foranysubset N⊆ M, thesetofelementsof R whichannihilateN (i.e., {r∈R ! rN= 0}) is a leftidealof R; (ii)foranyadditivesubgroupN⊆ M, thesetofelementsof R carryingM into N willforma right ideal,and(iii)underthe sameassumption,the set of elementswhich carriesN intoitselfwillbe a subring. Moreover,(iv) if N isinfacta submoduleof M, thenitsannihilator(whichwenotedin(i) abovewasa leftideal),andthesetofelementsof R carryingM into N (whichwenotedin(ii)wasa leftideal)willbothbe2-sidedidealsof R.

Notealsoin connectionwith(i) thatif N is a singleton{x}, thenthestructureofthesubmodule Rx= {rx! r∈R}⊆ M isdeterminedbytheannihilatoridealI of x: Rx=∼R⁄I; justasthestructureof theorbitGx ofanelementx ofaG-setisdeterminedbytheisotropysubgroupof x: Gx=∼G⁄Gx.

Theabovefourconstructionsareuseful‘‘generic’’waysofgettingone-sidedandtwo-sidedidealsand subringsof R. Indeed,itisinstructivetoverifythateveryrightideal,leftideal,2-sidedideal,andsubring of R canbeobtainedinthewaysindicatedabove, usingappropriate M and N. And,justasitcanbe heuristicallyusefultoregarda generalsubgroupH ofagroup G astheisotropysubgroupofanelement ofaG-set,sotheaboveconstructionsgiveusefulwaysofthinkingaboutidealsandsubringsofaring.

P.118,paragraphcontainingthebold-facewordsvectorspace[>]: Wheneverweconstructa ring R as a ringof endomorphismsof an abeliangroupor moduleM, thatveryconstructionmakesM an R-module(whatW.-Y.Hsianglikestocallthe‘‘birthcertificaterepresentation’’ofthegivenring). Thus, sincetheringofn×nmatricesover K, oftendenotedMn(K), isconstructedtomodeltheringoflinear endomorphisms of the vector space Kn, that vectorspacehas, as Langnotes,a structureof Mn(K)-module.

Likewise, sincethe Weylalgebra (describedin my commentson §II.1) arisesas the algebraof operatorsona polynomialalgebraR[x] generatedbytheoperatorsX ofmultiplicationby x, and Y of dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erentiation withrespectof x, itfollowsthatonecanmakeR[x] intoa moduleoverthisalgebraby lettingX and Y actintheseways.

SinceI recommendedreadingsectionsIII.1-III.4before§II.3,wedon’thave manyexamplesof rings yet,makingit hardto givemoreexamplesof modules!Attheendof §II.3 I notesomefurtherexamples ofmodules.

P.119,lasttwolines,andp.120, topline[~]: If f : M→ M′ isa modulehomomorphism,thenthe moduleM′⁄f(M) isuniversal(initial)amongmodulesgivenwitha homomorphismfrom M′ intothem whose compositewith f is thezerohomomorphism.Thispropertyis dualtothatofthekernelof f, whichis universal(terminal)amongmoduleswitha homomorphisminto M whosecompositewithf is zero;henceM′⁄f(M) is calledthecokernelof f. Wehavetheusualterminologicalalternativesof speakinglooselyof the moduleM′⁄f(M) as thecokernel,or usingthistermmorepreciselyforthe universalpairconsistingofthismoduleandthecanonicalmapof M′ intoit. Langmentionsbothusages, excepthat,as usual,he wouldabbreviatethepairtothemapalone.

P.120,bottom,definitions ofmonomorphismandepimorphism[>]: Thequestionof whatthewords monomorphismand epimorphismshouldmeanis currentlya canof worms!Theywereoriginallycoined(I believebyBourbaki)astermsfor‘‘one-onehomomorphism’’and ‘‘surjectivehomomorphism’’ respectively. However,theearlycategory-theorists, lookingfor‘‘categorytheoreticequivalents’’of variousconcepts,notedthatin almostallnaturally occurringcategories,theoneto-onehomomorphismscould be characterizedas thosehomomorphismsf : A→ B suchthatforevery objectX andeverypairofhomomorphismsi,j: X→ A, onehas fi = fj ⇒ i = j. Theytherefore named a morphismf ina generalcategoryhavingthispropertya ‘‘monomorphism’’.Theythenfeltit naturalto definean‘‘epimorphism’’ to meana morphismf: A→ B withthedualproperty,namelythat

G.M.Bergman Re§III.1,pp.117-120 CompaniontoLang’sAlgebra, p.65 foreveryobject Y andpairofmorphismsi,j:B→ Y, onehas if= jf ⇒ i= j.

Nowit turnsoutthatin abouthalfthenaturallyoccurringcategories,theclassof epimorphisms,so defined,coincides withthe classof surjectivehomomorphisms,whilein the otherhalf it does not! However,in thelattercases,theclassof epimorphismsdoesconstitutea classofhomomorphismsworth studying,and therehas beenconsiderable workon characterizingsuchmapsamongvarioussorts of algebras.Hence,‘‘epimorphism’’is nowfrequentlyusedbyalgebraistsinitscategory-theoreticsense,and I do notrecommendedusingthetermin theoldmeaning.Theoldermeaning canconvenientlybe expressedbythephrase‘‘surjectivehomomorphism’’or‘‘ontohomomorphism’’, andI willdosohere.

Thecategoryof modules overa ring R happenstobeone ofthoseinwhichepimorphismsarethe sameas surjectivehomomorphisms,so Lang’suseof thetermonp.120doesnotcontradictthecategorytheoreticmeaning.However,I willgenerallyuse themoredown-to-earthtermswhenthereis a choice, unlessthe contextiscategory-theoretic.

Howshouldthe statementthata morphism f : X→ Y of algebraicobjectsis anepimorphismbe thoughtof,incaseswhereit is notequivalentosurjectivity?Intuitively,it meansthatthesubobjectf(X) ‘‘controls’’all of Y. Dependingonthesortof objectwearedealingwith,thismayormaynotentail f(X) =Y, i.e.,surjectivity.(SeeExerciseI.11:1forsomepositiveandnegativexamples.)Ontheother hand, surjectivehomomorphismsare alwaysepimorphisms.(Note that thoughthe concepts of monomorphismandepimorphism aredefinedin arbitrarycategories,theseremarkson their relationwith one-one-nessandonto-nessreferto categoriesof algebraicobjects,and homomorphismsthataremaps of underlyingsets. As we haveobserved,one-one-nessandonto-nessarenot evendefinedfor objectsof generalcategories.)

Althoughit is rareformonomorphismstobeanythingotherthanone-to-onemaps,hereisoneexample wherethis,too,fails.Let C bethecategoryofdivisibleabeliangroups,thatis,abeliangroupswhichfor everypositiveintegern satisfy(∀x)(∃y) ny = x. Youshouldnot findit hardto provethatin this category,thecanonicalmapQ→ Q⁄Z isamonomorphism.

P.121,firstparagraph[~]: Notesontheconceptofanalgebra.

Lang’s introductionto thisconceptis misleading; letmeputit in context.Therearemanywaysone cangeneralizetheconceptofring. Ontheonehand,onecanremovetheassociativityassumptiononthe multiplication,or theassumptionof theexistenceof unit. Theresultingobjectsarecallednonassociative ringsandnonunitalrings. (Intheformercase,onefrequentlyrestrictsattentiontoringswhich,insteadof associativity,satisfysomeotherinterestingidentity.)

Ontheotherhand,onemaynotethatinanyring,theunderlyingadditivegroupstructurecanbelooked at as a structureofZ-module,butthatinsomenaturally occurringexamples,ithas a naturalstructureof moduleovera largerring,e.g.,therationals, thereals,or thecomplexnumbers.Onecallsa ringgiven witha structureofA-moduleonitsadditivegroup,satisfyingappropriateconditions,anA-algebra. What are theseappropriateconditions?Notethatin a ring R onecanprove(fromdistributivity)thatforany ring elementsx and y andanyintegern, onehas (nx)y= n(xy) = x(ny). Tomaketheconceptof A-algebragoodgeneralizationofthatofring,onerequires,likewise,thatforanyelementsx and y of thealgebra,andelementa∈A, onehave

(c19) (ax)y = a(xy) = x(ay).

(Thisis partof the conditionin Lang,thatthe multiplicationmapof E be bilinear.) Notethatif a,b∈A, x,y∈R, then(c19)canbeusedtotransform(ax)(by) eitherto (ab)(xy) orto (ba)(xy). Thus thesemustbe equal.Thisleadsto a degeneratetheoryunlessA is assumedcommutative;hencethe concept ofA-algebraisonlydefinedforcommutativerings A.

Thetwosortsof generalizationof theconceptof ringthatwehavediscussed– droppingunitalityor

G.M.Bergman Re§III.1,pp.120-121 CompaniontoLang’sAlgebra, p.66 associativityon the one hand,and enhancingthe underlyingabelian groupstructureto an A-module structureon theother– areindependent of oneanother.Thus,thereis no goodreasonwhyLang has connected the transitionfrom ringsto A-algebraswiththe possibleremovalof the conditionsof associativityand/orunitality,asthough ringswererequired tohavetheseproperties,butalgebraswerenot.

Letus makeexplicitan observationthatis particularto thecaseof associativeunitalalgebras,and givesanotherwayoflookingat theseanimals.(We willusethewords ‘‘associativeunital’’here, because wehavebeentalkingaboutother sortsof ringsandalgebras;butelsewhere,wewillunderstand‘‘ring’’ and‘‘algebra’’toincludetheseconditions unlessthecontraryisstated.)

LemmaIII.1.c1.LetA bea commutativering.Thenthefollowingstructuresareequivalent. (a) AnassociativeunitalA-algebraR, i.e.,an A-moduleR givenwithan associativeunital bilinear multiplication. (b) Anassociativeunitalring R, togetherwitha homomorphismf fromA intothecenterof R.

Sketchof Proof. Givenan associativeunitalA-algebra R, if weregarditsmultiplicationmapas a bilinearmapof abeliangroups,weseethatit makesR intoa ring. Nowlet f : A→ R bethemap takinga∈A to a1∈R (where1 denotestheunitoftheringR, andthisismultipliedby a∈A using theA-modulestructureof R). Itiseasytoverifythat thisgivesahomomorphismfromA intothecenter of R.

Inversely,givenanassociativeunitalring R anda homomorphismf fromA intothecenterof R, wemaymakeR anA-moduleby definingtheproduct of a∈A and r∈R tomeantheproductf(a)r, evaluatedin the ring R. It is easyto verify thatthismakesR an A-module, suchthatthering multiplicationof R isA-bilinear.Thus,R becomesanA-algebra,andtheconditionsofassociativityand unitalityholdinthisalgebra becausetheyholdin R asaring.

Finally,it is easytoverifythatif wepassfroma structureof unitalassociativeA-algebratoastructure of ringgivenwitha mapof A intoitscenter, andthenbackto analgebrastructure,in themanner indicated,wegetpreciselythestructurewestartedwith;andlikewiseif wego froma structureof ring witha mapof A intoitscentertoanalgebrastructureandback.Thus,theconstructionswehavedefined are inversetooneanother,and givea bijectionbetweenthetwosortsofstructureona set R. 1

(Langsketchestheaboveideastillmorebriefly inthenext-to-lastparagraphofp.121.) Notethatif R iscommutative,thecenterof R, referredtoin(b)above,isallof R. Hencewehave

CorollaryIII.1.c2.LetA bea commutativering.Thenthefollowingstructuresareequivalent. (a) AcommutativeassociativeunitalA-algebraR. (b) Acommutativeassociativeunitalring R, togetherwitha homomorphismf:A→ R. 1

Thereis another naturalmotivationfor the conceptof a unital associativeA-algebra. If A is a commutativering,and M isanA-module M, whatstructuredoestheset EndA(M) ofallA-module endomorphismsof M have?Itselementscanbeadded;theycanbecomposedwitheachother, andthey canbemultipliedbyelementsof A. Thefirsttwooftheseoperationssatisfytheaxiomsforanassociative unitalring,andthemultiplicationofthisringis bilinearwithrespectotheactionof A. Sowemaythink of the conceptof A-algebraas an abstractionof the naturalstructureon thesesetsof A-module endomorphisms,justas theconceptof ringabstractsthenaturalstructureonthesetof endomorphismsof anabeliangroup.

Thereis,unfortunately,anotherimportanttechnicaluseof theword‘‘algebra’’.Thesubject-matterof the widebranchof mathematicscalled‘‘algebra’’is the propertiesof sets givenwithone or more operations– e.g., monoids,groups,G-setsfora fixedgroupG, rings,modules,etc.. Thoughmany approachesto algebra,includingthatof thiscourse, treattheseas separate topicsandintroducethemone

G.M.Bergman Re§III.1,p.121 CompaniontoLang’sAlgebra, p.67 by one,thefieldcalledUniversalAlgebraorGeneralAlgebrastudiesthepropertiesthatsuchconcepts havein common,andcallsanysuchobjectanalgebra. Itwouldbeverydesirableiftherewerea name forthisconcept, distinctfromthetermusedforthe specificconceptstudiedinring-theory,butnoonehas come upwitha goodone,andthedoubleusageis nowentrenched. Whenthereis ambiguity,onemust distinguishthetwoconcepts as‘‘analgebrainthesenseofuniversalalgebra’’and‘‘analgebrainthe sense ofringtheory’’. Russianauthorsoftencalltheformer‘‘auniversalalgebra’’,butthisisnota goodchoice, becausenouniversalpropertyis assumed.Inthiscourse,unlessotherwisestated,theword‘‘algebra’’will beusedonlyinitsring-theoreticsense.

Langdoes notsaywhatis meantbya homomorphismofA-algebras.IfweregardanA-algebrasan A-modulewitha ringstructurewhosemultiplicationis A-bilinear,thena homomorphismofA-algebras meansa mapwhich is botha ringhomomorphismandanA-module homomorphism.If weregardan A-algebraas a ringwitha homomorphismof A intoitscenter,thena homomorphismof A-algebras meansa ringhomomorphismwhichmakesa commutingtrianglewiththehomomorphismsfromA. These twodefinitions areeasilyshownequivalent.

Whataboutmodulesoveralgebras?Therearetwowaysof formulating theconcept,butfortunately, theycometothesamething.

LemmaIII.1.c3.Let A bea commutativering,and R anA-algebra.Thenthefollowingstructuresare equivalent: (a) AleftR-module M, thatis, an abeliangroupgivenwitha ringhomomorphismR → End(M), (whereEnd(M) denotestheringofabeliangroupendomorphismsof M). (b) AnA-moduleM givenwithan A-algebrahomomorphism R → EndA(M), (whereEndA(M) denotestheA-algebraofA-moduleendomorphismsof M).

Sketchof Proof. It is clearthata structureas in (b)gives,in particular,a structureas in (a),since EndA(M) isasubringof End(M), andanalgebrahomomorphismintotheformeris,inparticular,aring homomorphismintothelatter.Ontheotherhand,givena structure asin(a),notethatthemapof A into thecenterof R, composedwiththemap R→ End(M) givesa map A→ End(M), i.e.,anA-module structureon A. Theactionofeachr∈R commuteswiththeactionsofallelementsof A (why?),hence eachsuchelementinfactgivesanA-moduleendomorphismof M; sowegetastructureasin(b). 1

RecallthataZ-moduleisthesameasanabeliangroup. FromthisweeasilyseethataZ-algebraisthe sameas a ring. Henceif weprovea resultaboutalgebras,wealsohavethecorrespondingresultforrings.

P.121,Examples [<]: Skipthisexample,unlessyouarefamiliarwiththesubjectmatter.(I would loveto insertherea thumbnail sketchof theconceptof Liealgebra,butI thinkI’veloadedin enough commentaryonthispage!)

StudentswhoareinmyMath250Aorotherswhoarefollowingmysuggestionofreading thismaterial immediatelyafter§II.2shouldalsoskipthe discussionof groupand monoidalgebras;these willbe introducedin§II.3.

P.121,next-to-lastparagraph[~]:ThisisstatedmorepreciselyinLemmaIII.1.c1above.

Re§III.2.Thegroupofhomomorphisms.

P.122,secondparagraph[>]: Youshould convinceyourselfthat the calculationshowingthat HomA(X′,X) becomesanA-moduleindeedworksif A iscommutative,butnotfornoncommutativeA. (Youmightfindit interestingto thinkaboutthequestion:Givena noncommutativering A, istherein generalsomestructurestrongerthanthatofanabeliangroupthatwecanputina functorialwayonthese hom-sets?)

Caveat: Thesumof tworinghomomorphismsisnotingenerala ringhomomorphism.ForringsR

G.M.Bergman Re§§III.1-III.2,pp.121-122 CompaniontoLang’sAlgebra, p.68 and S, theset Hom(R,S) hasnoalgebraicstructure.

P.122,PropositionIII.2.1and p.123,PropositionIII.2.2 [~]: Shortexactsequencesare a wayof indicatingthe relationbetweena module,a homomorphicimageof thismodule,andthe kernel of the homomorphism.Sincethesearekeymodule-theoreticconstructions,whenwestudyfunctorsonmodulecategories,oneof thefirstthingswewouldliketo knowis howtheybehaveon suchsequences.Wesee fromthesetwopropositionsthatfunctorsof theform Hom(X, –) and Hom(–, Y) eachpreservemost, butnotall,oftheexactnessofshortexactsequences.Youshould,infact, lookforexamplesshowingthat if 0 → M′→ M → M′′→ 0 isa shortexactsequenceofmodules(e.g.,Z-modules,i.e.,abeliangroups),neitherofthesequences

0 → Hom(X, M′)→ Hom(X, M) → Hom(X, M′′)→ 0

0 ← Hom(M′,Y) ← Hom(M, Y) ← Hom(M′′,Y) ← 0

needbeexact,attheplacewheretherespectivepropositiondoesnotguaranteeexactness.

Thestatementsof thepropositionsarenotlimited to thecaseswherethegivensequence is partof a shortexactsequence;i.e., wheretheleftmostmapof PropositionIII.2.1is one-to-one,andtherightmost mapof PropositionIII.2.2 is onto. However,youmightverifythatif a covariantor contravariantfunctor frommodulesto abeliangroupspreservesexactnessofallsequencesobtainedbydroppingtheappropriate zero-modulefroma genuineshortexactsequence,thenit preservesexactnessfor themoregeneralsortof exactsequencereferredtointhesepropositions.Anotherusefulresultyoumightverifyis thatanyfunctor fromA-modulestoabeliangroups whichtakesallshortexactsequencestoshortexactsequencesinfact takesallexactsequencestoexactsequences.

Thefactthat Hom(X, –) preservesexactnessofsequences0 → Y′→ Y→ Y′′is expressedby sayingthat it is a leftexact functor; the factthat Hom(–, Y) preservesexactnessof sequences X′→ X→ X′′→ 0 (thoughreversingthedirectionofarrows)isexpressedbysayingthatit isa right exact(contravariant)functor.

In his proofsof thesetworesults, Langleavesto the reader,amongotherthings, the ‘‘upward’’ direction;thatis, theverificationthatifa sequenceofthesortshownhasthe propertythattheinduced sequencesof hom-groups areexactforallchoices of theoutside object, thenthegivensequenceisitself exact.Theneededargumentsareeasytofind– onceoneisfamiliarwiththefollowingheuristicprinciple:

(c20) Tostudytheconsequences ofa conditionholdingforall morphismsofa givensort,considera universalexample.

Letus seehowto apply thisin provingthe‘‘upward’’directionin PropositionIII.2.1.Langdoesn’t name themorphismX′′→ X ofthegivensequence; letuscallit μ. One of the conditions for exactness

of the bottom sequence of hom-sets is that the kernel of the left-hand arrow be equal to the image of the right-hand arrow. To say that it contains this image for every Y is to say that for every Y, every element of the right-hand hom-set, HomA(X′′,Y), when composed with μ (to map it into the middle hom-set) and then with λ (to map it into the left-hand hom-set) gives 0. So let us apply this observation to a universal example of a morphism from X′′ into a module Y. Given no other conditions on the morphism than that it have domain X′′, a universal example is the identity morphism of X′′. The statement that this identity morphism, when composed with μ and then λ , gives 0 is just the condition μλ = 0, equivalently, Im(λ ) ⊆ Ker(μ), which is indeed part of the desired statement that the original sequence be exact.

Let us now treat similarly the condition that for all Y, the kernel of the left-hand arrow be contained in the image of the right-hand arrow. This is a statement about every element of that kernel, so we should look for a universal instance of an element of that kernel; i.e., a universal example of a homomorphism

G.M.Bergman Re §III.2,p.122 Companionto Lang’sAlgebra, p.69 from X into a module Y which goes to zero on composition with the map λ : X′→ X. If you draw a picture, you will see that the universal map with this property is the canonical map

q : X → Coker(λ ).

So let us apply the exactness assumption on the bottom sequence in the case Y = Coker(λ ). Since q is then in the kernel of the left-hand map of that sequence, there must be an element p in the right-hand hom-set Hom(X′′,Coker(λ)) that maps to q in the middle hom-set, i.e., such that q = pμ. Hence Ker(μ) ⊆ Ker(q) = Im(λ ) (the latter equality by the definition of q). Since we proved Im(λ ) ⊆ Ker(μ) in the preceding paragraph, we get Im(λ ) = Ker(μ), as desired.

The other parts of the ‘‘upward’’ direction of this proposition, and the proof of the same direction in the next proposition, are similar applications of (c20), which you should work out to get familiarity with this technique.

P.124, next-to-last paragraph [>]: There is no need to assume A commutative in this paragraph. Note that, given what Lang calls a representation of R on an A-module M, the full structure one has on M can be described as one of an abelian group, together with a homomorphism α : A → End(M) giving the A-module structure, and a homomorphism ρ : R → End(M) giving the action of R, subject to the condition that for all a ∈A, r ∈R, x∈M we have α (a)ρ (r)(x) = ρ (r)α (a)(x); or, writing the actions both of elements of R and of elements of A as ‘‘multiplications’’, arx = rax.

However, noncommutative ring theorists frequently make a slight notational change, writing endomorphisms of a left A-module M on the right of M, e.g., as x → xh, and defining composition of endomorphisms accordingly, so that x(hh′)= (xh)h′. Let us denote the ring of such endomorphisms by End(AM); this will be the opposite of the ring Lang denotes EndA(M). (The opposite ring is defined in the comment to p.117 of Lang in this Companion.) Thus, given what Lang calls a representation of the ring R on the A-module M, if we write B for the opposite of the ring R, we can describe the map giving the representation as equivalent to a ring homomorphism B → End(AM); in other words, a way of letting elements of B act on the right on the A-module M. The condition that the actions of elements of B respect the actions of elements of A now takes the form (ax)b = a(xb) (a ∈A, r ∈R, x∈M ).

An abelian group with actions of A and B on the left and the right respectively, and satisfying this law, is called an (A,B)-bimodule. (The name refers to the fact that it is composed of a left A-module structure and a right B-module structure, related by the above condition.) A major advantage of this notation is that if A and B have elements in common (for instance, if they are the same ring), then to unambiguously write the actions of both on the left would require awkward notation like α (a)β(b)x; while the notation axb is unambiguous, and, in view of the above displayed equation, does not even require parentheses.

An important class of bimodules is given by the 2-sided ideals of a ring A; these are clearly (A,A)-bimodules in a natural way. (Note that Lang’s notation would require calling these ‘‘representations of Aop on left A-modules’’.)

You will sometimes see the term (A,B)-bimodule written ‘‘A–B–bimodule’’, but I do not recommend this, since if in place of A and B one has complicated symbols, it can be unclear how the prefix is divided. We will not study bimodules (or ‘‘representations’’) in 250A, but you should be aware of the concept.

I have some further discussion of the convention of writing endomorphisms of left modules on the right and vice versa – its advantages and disadvantages – in a note at /~gbergman/grad .hndts/left+right.ps .

G.M.Bergman Re §III.2,pp.122-124 Companionto Lang’sAlgebra, p.70

Re §III.3. Direct products and sums of modules.

P.129, 7 lines from bottom [~]: Lang says an A-module generated by a subset S may be written A S . Don’t! As I have mentioned, that is noncommutative ring-theorists’ notation for the ring generated over A by a set of elements S of an overring. For the A-module generated by S, simply write AS.

P.129, long paragraph, containing definition of submodule genera ted by a set [>]: This construction thus takes its place beside ‘‘the submonoid of a monoid G generated by a subset X ⊆ G’’, ‘‘the subgroup of a group G generated by a subset X ⊆ G’’, ‘‘the normal subgroup of a group G generated by a subset X ⊆ G’’, ‘‘the subring of a ring R generated by a subset X ⊆ R’’ and ‘‘the right (or left, or 2-sided) ideal of a ring R generated by a subset X ⊆ R’’. Note that in each of these cases, the set constructed is obtained as the closure of X under certain operations. Some properties common to such constructions are abstracted by the concept of

Closure operators. Suppose that in each of the cases mentioned in the preceding paragraph, we denote the substructure ‘‘generated by X’’ as cl(X). Clearly, in each case we have

(c21) cl(X) ⊇ X,

(c22) X ⊆ Y ⇒ cl(X) ⊆ cl(Y),

(c23) cl(cl(X)) = cl(X).

Operations cl with these properties are ubiquitous, not only in algebra, but in other areas of mathematics. (For instance, if S is any topological space, the operation of taking the topological closures of subsets of S satisfies these conditions, while if S is Euclidean n-space, the operation taking a set to its convex hull has the same properties.) An operator cl on subsets of any set S that satisfies (c21)-(c23) is called a closure operator , and a subset X of S is called closed with respect to cl if cl(X) = X.

It is easy to verify that if cl is a closure operator on a set S, then the intersection of any family of closed subsets of S is a closed subset, and the improper subset S ⊆ S is closed. Conversely, if C is a family of subsets of a set S such that the intersection of any set of elements in C is in C, and S itself is in C, then there is a unique closure operator cl on S whose closed sets are the members of C; namely, the operator taking every X ⊆ S to the intersection of all members of C containing X. So closure operators on S are equivalent to sets of subsets with the above properties.

Particular sorts of closure operators satisfy additional conditions. For instance, examples arising in algebra, including all those that have come up in this course, typically satisfy the condition that the union of a chain of closed subsets is closed, while this is not true of topological closure. On the other hand, topological closure has the property that the union of finitely many closed sets is closed, which the algebraic examples do not.

At this point, we will not study the general concept any further, but simply put this useful definition under our belts. We will see it again in our discussions of §VI.1, §VI.14 and §XI.1.

P.129, next-to-last paragraph [~]: Lang indicates that a finitely generated module can also be called a ‘‘finite’’ module. This terminology is used by some algebraic geometers, but since it can lead to confusion, I don’t recommend it, unless you are talking with those who use it regularly.

P.130, middle [>]: The concepts of linear independence for sets and families are both important, and are closely related; each can be expressed in terms of the other. A set is linearly independent if and only if the family one gets when one indexes the set by itself (using its identity map) is linearly independent as a family; a family (xi)i∈I is linearly independent if and only if the set {xi ! i∈I } is linearly independent, and the indexing map i → xi is one-to-one.

P.133, material on abelian categories [<]: I suggest skipping or skimming this, since such a brief introduction is not suf

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cient to make the concept useful. If you want to learn something about the subject,

G.M.Bergman Re §III.3,pp.129-133 Companionto Lang’sAlgebra, p.71 one old but good source is Peter Freyd’s book Abelian Categories (Harper and Row, 1964). Rather surprisingly, Freyd’s development of the theory shows that the abelian group structure that Lang and many other modern presentations of the subject assume given can in fact be deduced from simpler axioms that seem to have little to do with groups.

Re §III.4. Free modules.

P.135, second line of text [~]: Delete the assumption that S is nonempty! I will say more about this in my comments on the next section.

P.135, after proof of Theorem III.4.1 [>]: Bilinear maps on free modules.

Note that Theorem III.4.1 characterizes free modules (defined in the preceding line) by a universal property parallel to the universal properties of free abelian groups and free groups. Indeed, free abelian groups are equivalent to free Z-modules. (The construction of free modules on an arbitrary set will be discussed on p.137.)

The universal property of free modules is an existence and uniqueness property for module homomorphisms, also known as linear maps. From it, one can get a similar result for bilinear maps, which is very useful in constructing and studying these maps, and hence in defining algebra structures on certain free modules. This result is given in the lemma below; in the second paragraph, it is generalized further to n-linear maps, defined in the obvious way.

Lemma III.4.c1. Let A be a commutative ring, and L, M and N A-modules, such that L and M are free, with bases X and Y respectively. Then for any set-map t: X×Y → N, there is a unique bilinear map τ : L×M → N whose restriction to X×Y⊆ L×M is t.

More generally, the analogous result is true for n-linear maps M1× ...×Mn → N, where M1,...,Mn are free on bases X1,...,Xn respectively.

Proof. This could be done ‘‘by hand’’, essentially as Lang proves Theorem III.4.1, but let us note that the result is also a consequence of that theorem. For each x∈X, let us define a map tx of Y into N by tx(y) = t(x,y). By Theorem III.4.1, there is a unique A-module homomorphism τx: M → N extending tx. Now the association x → τx is a set-map X → HomA(M,N), hence there exists a unique A-module homomorphism τ*: L → HomA(M,N) which sends each x∈X to τx. If we define τ (u, ) = τ*(u)( ), we see that this is A-linear in u because τ* is linear, and is A-linear in because τ* takes values in HomA(M,N), hence it is A-bilinear. From the equations uniquely characterizing the maps at each step, we find that τ is the unique bilinear map taking the desired values on elements of X×Y.

The result on general multilinear maps can be gotten by induction, proving the n-linear case from the (n–1)-linear case just as the bilinear case was proved from the linear case above. 1

P.136, start of next-to-last paragraph [>]: What Lang calls a principal module (using the word that is common in referring to ideals) is more often called a cyclic module (generalizing the use of this word in group theory).

P.136, third from last line, ‘‘and the process can be continued’’ [>]: What Lang means is that one can map a free module F1 of finite rank onto M1, call its kernel M2, and if this turns out also to be finitely generated, one can map a free module F2 of finite rank onto it, etc.. Note that in the general step, one is mapping a free module Fi onto the submodule Mi ⊆ Fi–1; hence the result can be looked at as a map Fi → Fi–1. Because the image Mi of each of these maps is the kernel of the next, what we are getting is an exact sequence . . . → F3 → F2 → F1 → F → M → {0}.

As Lang notes on the next page, even when one can’t get free modules of finite rank, one can always get such an exact sequence of free modules of possibly infinite ranks. This is called a free resolution of M,

G.M.Bergman Re §§III.3-III.4,pp.133-136 Companionto Lang’sAlgebra, p.72 and is the starting point of many of the fundamental constructions of homological algebra.

You might find it interesting to look for a case where M is finitely generated, but where, taking F free of finite rank, one gets an M1, and hence an F1, that is not finitely generated.

P.137, second paragraph [=]: Lang already defined ‘‘free module’’ on p.135 (just before Theorem III.4.1). What he gives here is a way of constructing such a module with basis indexed by any set S. This construction can be motivated using the general heuristics for constructing universal objects that I sketched in my comment to Lang, p.74, bottom. Namely, consider an arbitrary A-module M given with an S-tuple of elements, (f(s))s∈S . What elements of M can we name, in terms of these? Clearly, we can name all linear combinations Σ as f(s) where the elements as lie in A and all but finitely many of these are zero. Moreover, given two expressions of this form, we can write down the expression of the same form which will represent the sum of the indicated elements of M, and given an expression of this form and an element a ∈A, we can write down the expression representing the result of multiplying the indicated element of M by a. Now for particular modules M and maps f, certain distinct expressions of this form may describe the same element; but we can’t see any equalities that must hold in all such cases; so let us take the set of all ‘‘formal expressions’’ of this sort, and define addition and scalar multiplication on these in the manner that we have seen works for actual expressions for elements of an actual A-module. We find that the result in fact forms an A-module, which we can describe as a ‘‘module of formal expressions’’. Since each such expression is uniquely determined by the S-tuple of coef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath c ients (as)s∈S , in which we have noted that almost all as are zero, we may more simply define our module to consist of all such S-tuples (as)s∈S . As in Lang, one easily verifies that the set of S-tuples with a 1 in one place and 0’s everywhere else forms a basis, in bijective correspondence with the given set S, so by Theorem III.4.1, we do indeed have a free module on S.

In our discussion of free abelian groups, we saw that all bases had the same cardinality. Is the same true for bases of modules over arbitrary rings? You might think about this. I will discuss the answer in my comments on §III.5.

P.137, discussion of projective modules [<]: In studying free abelian groups, we noted that Lemma I.7.2 said that every surjective homomorphism of an abelian group to a free abelian group split. The same argument shows that every surjective homomorphism from an A-module to a free A-module splits, and this fact is an important tool in module theory. However, over many rings, there are modules other than free modules for which this also holds, and these may be considered ‘‘as good as’’ free modules for many purposes. They are given the name projective modules, and introduced here.

P.138, before Examples [=]: Recall that abelian groups are essentially the same as Z-modules. Hence, let us ask, ‘‘What are the projective Z-modules?’’, and look at this as a question about abelian groups. From condition P 3, we see that every such module must embed in a free Z-module. But we know that every subgroup of a free abelian group is free; so every projective Z-module is free. Since we began by observing that projectivity was a property of free modules, we can conclude that the projective abelian groups are precisely the free abelian groups. In the next paragraph, Lang will mention several other classes of rings for which all projective modules are known to be free, including two large classes for which he will soon prove this, the fields and the principal ideal domains. However, for those of you who are interested, let me give a few examples of

Non-free projective modules (optional for my Math 250A). First, a simple-minded class of examples. If A and B are any two rings, one can form the product ring A×B. It is not hard to show that any module over A×B has the form M×N, where M is an A-module, N is a B-module, and the product is made an A×B-module in the obvious way. In particular, the free module of rank r over A×B has the form Ar×Br. It is easy to see that a module of the form Am×Bn will be a direct summand in the free module Ar×Br for any r ≥ max(m,n); but in general, this will not be free; for instance, it will not be free if A = B = Z and m ≠ n.

G.M.Bergman Re §III.4,pp.136-138 Companionto Lang’sAlgebra, p.73

Now for some more interesting examples, though these require some geometric arguments. Let A be the ring of all continuous real-valued functions on the unit circle x2 + y2 = 1. Let us think of this circle as lying in 3-dimensional space, and let F be the set of all functions that associate to each point of that circle a vector in 3-space perpendicular to the circle at that point, in a continuous fashion. Since we can multiply such a continuous vector-valued function by a continuous scalar-valued function, F becomes a module over A. In fact, we can see that F is free of rank 2, with one generator given by the function associating to every point of the circle the unit vector in the upwards direction, and the other associating to every point the unit vector in the outward normal direction. Now comes the geometry: Let us draw a ‘‘Möbius strip’’ containing this circle, let P1 be the submodule of F consisting of those elements whose value at every point lies in (the plane determined at that point by) the Möbius strip, and let P2 be the submodule consisting of elements whose value at every point is perpendicular to the Möbius strip. Then we see that F = P1 2+ P2, so that P1 and P2 are projective modules over A. But I claim that they are not free. To show this, we first note that if they were free, they would each have to be free on a single generator. For given two elements of one of these modules, one can construct a nontrivial linear relation that they satisfy, with coef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cients in A; though the argument requires a bit of (undergraduate) analysis, and I will not go into it here. On the other hand, I claim that neither P1 nor P2 can be generated by a single element. For the 180° twist in the construction of the Möbius strip has the consequence that every element x of either of these modules has a point where its value is the zero vector (draw a picture!); and if we take a member y of the given module which is nonzero at that point, we see that y cannot lie in the submodule Ax. So these projective modules can neither be free on one generator, nor free on more than one generator; so they are nonfree.

The above ring A is messy from an algebraic point of view, since it contains many zero-divisors. However, with a little more care one can show that this example can actually be realized over the subring of polynomial functions on the circle, i.e., functions which are the restrictions to the circle of polynomial functions on the plane. This ring, R[X, Y] ⁄(X2+Y2–1), can be shown to be an integral domain. (In fact, it is isomorphic to the ring of trigonometric functions on the line generated by the functions sinθ and cosθ. That one can express the ‘‘half-twist’’ of the Möbius strip in terms of these functions is a consequence of the fact that tan(θ ⁄2) can be written as a rational function in sinθ and cosθ.)

Another geometric example: Suppose we let A be the ring of continuous real-valued functions on the 2-sphere x2 + y2 + z2 = 1, and F the A-module of all functions associating in a continuous fashion to each point of the 2-sphere an arbitrary vector in 3-space (which you should picture as drawn at that point of the sphere). Then F is free of rank 3, with a basis consisting of the functions which associate to every point of the sphere the unit vector in the x-direction, respectively the y-direction, respectively the z-direction. Now we can decompose F as P1 2+ P2, where this time P1 denotes the set of functions which are everywhere tangent to the sphere, and P2 the set of functions everywhere normal to the sphere. Here, P2 is free of rank 1, with generator the everywhere-outward-unit-normal function. One can show that if P1 were free, it would have to be free of rank 2, and that a basis would have to consist of two elements, whose values at each point gave a basis of the tangent plane to the sphere at that point. But this would mean that each of these functions would have the property of associating to every point of the sphere a nonzero tangent vector, in a continuous fashion. Now it is a well-known result of algebraic topology that there is no such function (‘‘You can’t comb a hairy sphere’’). Hence P1 cannot be free. In this example, too, the ring of all continuous functions can be replaced by the integral domain of all polynomial functions.

Finally, one quick noncommutative example. Let R be any ring, n a positive integer, and A the ring of n×n matrices over R. Then the set P of column vectors over R of height n can be considered a left A-module. Note that if we regard A as a left module over itself, multiplication by each member of A acts separately on the n columns of members of A. From this we can see that A is isomorphic to the direct sum of n copies of P. Hence P is projective; intuitively, one may think of it as a ‘‘free A-module of rank 1⁄n’’.

G.M.Bergman Re §III.4,p.138 Companionto Lang’sAlgebra, p.74

P.138, Examples , through end of section on next page [<]: You may consider that material optional reading. If you do read it, note that at several points (once in each paragraph), Lang uses ‘‘finite’’ in the sense ‘‘finitely generated’’ which he introduced on p.129, but which I have advised you not to use.

What do we get if we apply the ideas of the second and third paragraphs of this discussion to the geometric examples of nonfree projective modules we have just sketched? It is easy to see that in the ‘‘Möbius strip’’ case, P1 and P2 are isomorphic to each other. Calling their common isomorphism class p, and writing f for the isomorphism class of the free module of rank 1, it can be proved that all projective modules over this ring are direct sums of copies of these two modules, and that K(A) is the abelian group presented by two generators and one relation, p, f ! 2p=2f . (Being a finitely generated abelian group, this must be decomposable as a direct sum of cyclic subgroups. Can you find this decomposition?) We get K0(A) by dividing out by the subgroup generated by f; the result is p ! 2p=0 =∼ Z2. In the ‘‘hairy sphere’’ example, let me just note that because the direct sum of P1 with the free module P2 gives the free module F, the image in K(A) (and hence in K0(A)) of P1 is the same as that of the free group of rank 2, even though P1 is not itself free. In the n×n matrix ring example, if k is a field, one can show (cf. Exercise III.5:1) that K(A) is infinite cyclic with generator [P], and K0(A) is cyclic of order n.

Lang gives a second definition of K(A) in the very last paragraph. It can be shown that this agrees with the first definition for a large class of rings A, but we can’t go into this here. (There is an obvious homomorphism from the first group to the second; the nonobvious result is that for ‘‘good’’ A, this is an isomorphism.)

When he gives the second definition of K(A), Lang notes that by modifying the class of modules considered, one gets still other groups. This is true, but one has to be careful. If, for instance, one starts with the class of countably generated A-modules, then one finds that for every module M in this class, the direct sum N of countably many copies of M is also in the class. But N =∼ N 2+ M, hence M has zero image in this Grothendieck group; hence that group is trivial. Another example of how changing the class of groups can erase structure: If we take A = Z, and consider the class of finite abelian groups, we find that the corresponding Grothendieck group is free of infinite rank, on the generators [Zp], where p ranges over the primes. On the other hand, in the Grothendieck group obtained from the class of finitely generated abelian groups, we have [Zp] = 0, in view of the short exact sequence 0 → Z → Z → Zp → 0. From this it is easy to see that all finite groups have zero image in this Grothendieck group, and that it is, in fact, free of rank 1 on the generator [Z].

P.139, end of §III.4 [>]. Further notes. We can dualize the definition of projectivity. One calls a module I injective if every one-to-one map from I to a module M splits (i.e., is a split injective homomorphism, as defined in the comments on §I.7). This is equivalent to saying that whenever I occurs as a submodule of a module M, it is a direct summand in M. Free modules are not in general injective; e.g., taking A = Z, we note that the free abelian group Z is a submodule of^1⁄2Z, but not a direct summand therein. Two examples of injective abelian groups (though we will not prove this) are Q and Q ⁄Z. Although free modules are usually not injective, it is not hard to prove from Lemma I.8.c1(b) that for A = Z ⁄pnZ, free A-modules are injective, and from the results of the next section (or undergraduate linear algebra) that over a field, every module is injective. Basic results on injective modules over general rings are developed in Lang, §XX.4, which can be read immediately after the present section. This material is sometimes covered in 250B.

Recall that in §III.2, we saw that covariant and contravariant hom-functors Hom(X, –) and Hom(–, Y) on module categories do not generally preserve exactness of (short) exact sequences. In fact, the first functor preserves exactness of all such sequences if and only if X is a projective module (Lang’s P 4), and the second, if and only Y is an injective module. (This is not hard to prove; Lang gets it as I 2 on p.783.)

G.M.Bergman Re §III.4,pp.138-139 Companionto Lang’sAlgebra, p.75

Re §III.5. Vector spaces.

P.139, first line of §III.5 [>]: More generally, a module over a division ring is called a vector space, and you will find that all the arguments used in this section work for vector spaces over division rings; so read them under that more general assumption. There are important results in the theory of vector spaces over fields that do not hold in this more general context; but these concern determinants of linear transformations, eigenvectors, and similar subjects, not treated in this section.

P.139, statement of Theorem III.5.1 [=]: Lang requires V ≠ 0 in order to be consistent with his previous definition that a basis must be nonempty. Since we are not requiring this, you should drop that condition from this theorem.

P.140, Proof of Theorem III.5.2 [=]: The argument becomes simpler and more elegant if one takes as the key statement that if 1, ... , m span V and u1,...,un are linearly independent, then n≤ m. Then one can drop the last seven lines on this page, in which Lang shows that the linear independence condition he is (unnecessarily) assuming on the ’s carries over to the modified sequence. (Likewise, on the line after the first display on the next page, one would weaken ‘‘is a basis of’’ to ‘‘spans’’.) When this inductive argument is complete, one can conclude that if two finite subsets are both linearly independent and spanning sets, then their cardinalities must be equal.

P.141, second paragraph [=]: Lang leaves the infinite-basis case ‘‘to the reader’’. This is proved by the same method as for free abelian groups. You should verify that the lemma on generating sets of groups given above in the commentary to pp.41-42 also holds for modules over any ring, by the same proof. (The proper statement of that lemma is as a general result of universal algebra.) It follows that if a module is free with bases X and Y, and one of these is infinite, then they have the same cardinality.

P.141, beginning of second line of proof of Theorem III.5.3 [=]: The canonical map Lang is referring to is the map V → V⁄W.

P.142, end of §III.5 [>]. Now read the items below.

Trouble with trivia. Recall that when Lang defined a ‘‘basis’’ S of an A-module M on p.135, he required that S be nonempty. I think most mathematicians would not make such a restriction. When this condition is deleted, one finds that the empty set is a basis of the zero module {0}. (In verifying this, we must be careful and note that when S is empty, the phrase ‘‘linear combination of members of S’’ is not vacuous – 0 is a linear combination of members of ∅, since the empty sum is understood to be 0.) Thus, one does not have to give the statement that the zero module is free as a special proviso in the definition, as Lang does (p.135, last four words before Theorem III.4.1).

Does it matter whether we allow empty bases? Yes! If we do not, then arguments about free modules will continually require consideration of special cases. For example, under Lang’s definition, his proof of Theorem III.5.3 (p.141) is incomplete: He fails to note that if f is one-to-one Ker f will ‘‘not have a basis’’, and likewise that if f is the zero map Im f ‘‘has no basis’’. Of course, the proof of the theorem in these special cases is easy, but it’s nicer not to have to deal with them. The dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erence is all the greater in more complicated proofs, involving, for instance, infinite families of vector spaces, any of which might be zero. Moreover, if we prove a result like Theorem III.5.3 by giving separate arguments for the case where f is one-to-one or zero, this suggests that it may just be a coincidence that the same result holds in those cases as in the general case. A proof based on the correct definition makes it clear that it is not.

I think the reason Lang and some other textbook-writers specify that bases must be nonempty is the awareness that if they do not, many students will have trouble figuring out how the definition applies to empty linear combinations. But I think the best approach is for a textbook to give the definition without special treatment of the zero module, then to point out, after the definition, how this makes ∅ a basis of the zero module; and, finally, to advise any readers who have dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath culty with this case to take the statement that the empty set is a basis of the zero module as an addendum to the definition, for the time being.

(Curiously, in discussing free groups in Chapter I, Lang does not require his free generating sets to be

G.M.Bergman Re §III.5,pp.139-142 Companionto Lang’sAlgebra, p.76 nonempty, though he does in the case of free abelian groups.)

Free modules with and without unique rank. We can now address the question mentioned earlier, of whether a free module over a ring R can have bases of two dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erent cardinalities. By our comment on Lang’s p.141, this is only possible if both cardinalities are finite.

To understand the question computationally, note that a free left R-module of rank n is isomorphic to the ‘‘standard’’ free module Rn. Let us write the elements of the canonical basis of Rn, (1,0,0,...), (0,1,0,...), . . . (0,...,0,1), as e1,...,en. A module homomorphism f : Rm → Rn is uniquely determined by the images of the m elements ei ∈R m, which can be any elements f(ei) = Σj≤n aijej (aij∈R ). Note that when we apply this homomorphism f to a general element Σi≤m ciei ∈R m, we get Σi,j ciaijej, and computationally, the ef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ect is that of multiplying a row vector (c1,...,cm) on the right by an m×n matrix ((aij)). (Cf. the ring theorist’s principle that homomorphisms of left modules should be written on the right of elements of these modules.) It is easy to verify that composition of homomorphisms among such free modules corresponds to multiplication of matrices over R. We deduce

Lemma III.5.c1. Let R be a ring, and m, n positive integers. Then the following conditions are equivalent: (i) The free left module of rank m is isomorphic to the free left module of rank n. (ii) There exist an n×m matrix A and an m×n matrix B such that AB = In, BA = Im. 1

Now given any homomorphism of rings, f : R → S, we can apply f to the entries of any family of matrices over R, and get matrices over S that satisfy any matrix relations that our original matrices did. From this observation we get

Corollary III.5.c2. (a) If R → S is a homomorphism of rings, and m, n positive integers such that Rm =∼ Rn as R-modules, then Sm =∼ Sn as S-modules. (b) If R is a ring which can be mapped homomorphically into a division ring, then any two bases of a free R-module have the same cardinality.

In particular (c) If R is a nonzero commutative ring, then any two bases of a free R-module have the same cardinality.

Proof. We get (a) by applying the given homomorphism to the entries of matrices as in point (ii) of the preceding lemma.

To see (b), let X and Y be two bases of a free R-module F. We have already seen that if either is infinite, then they have the same cardinality, so assume both finite; say X has cardinality m and Y has cardinality n. Since any two free modules on the same number of generators are isomorphic, we have Rm =∼ F =∼ Rn. Now if R has a homomorphism to a division ring D, then by part (a), this gives a D-vector-space isomorphism Dm =∼ Dn. But by Theorem III.5.2 (which we have noted is valid for vector spaces over division algebras), this implies m = n, as claimed.

Finally, if R is a nonzero commutative ring, then letting I be a maximal ideal of R, we know that R⁄I is a field; so we can apply (b) to the canonical homomorphism R → R⁄I and conclude that bases of free R-modules have unique rank. 1

Now the result we just used, that for any maximal ideal I of a commutative ring, R⁄I is a field, does not extend to say that for any maximal ideal I of any ring, R⁄I is a division ring. Thus, though the results in Lang are as true for vector spaces over general division rings as for vector spaces over fields,

G.M.Bergman Re §III.5,p.142 Companionto Lang’sAlgebra, p.77 their consequences for commutative rings are stronger than for general rings! Indeed, we shall now show that there exist noncommutative rings having free modules with nonunique rank.

To do this, we must first generalize our observation about writing homomorphisms among free modules as matrices. Note that by the universal properties of products and coproducts in any category, a morphism from a coproduct to a product, a : I..II Xi → I .. IJ Yj, is uniquely determined by the I×J-tuple of morphisms aij gotten by composing a on the right with the universal morphisms (coprojections) from the Xi to I..II Xi, and on the left with the universal morphisms (projections) from I .. IJ Yj to the Yj. In particular, since products and coproducts of finite families of modules are both direct sums, in the module case this gives a description of morphisms a : 2+ I Mi → 2+ J Nj as ‘‘matrices’’ of morphisms aij: Mi → Nj; and it is easy to verify that these compose by formal composition of matrices. (This description uses the fact that module maps can be added as well as composed.) We can now prove

Lemma III.5.c3. (a) Let A be any ring, M a left A-module, and m and n positive integers such that Mm =∼ Mn as left A-modules. Then, letting R denote the ring EndA(M), we have Rm =∼ Rn as left R-modules.

In particular, as a concrete class of examples (b) If R is the full endomorphism ring of an infinite-dimensional vector space V, then Rm =∼ Rn as left R-modules for all positive integers m and n.

Proof. (a): The given isomorphism Mm =∼ Mn will be described by an m×n matrix and an n×m matrix of module homomorphisms M → M, i.e., elements of R, which compose to the identity matrices. Hence by Lemma III.5.5, above Rm =∼ Rn as left R-modules.

(b): Since any infinite cardinal α satisfies mα = nα for all positive integers m and n, we see (by working with bijections of bases) that infinite-dimensional vector spaces V satisfy Vm =∼ Vn, from which the assertion follows by part (a). (We could equally well have stated this result for endomorphism rings of free modules of infinite rank over an arbitrary ring.) 1

The above result was easy to prove. There are more delicate results that are harder, such as that there exist rings R such that all R-modules of even finite positive dimension are mutually isomorphic, but are not isomorphic to free modules of odd dimension. Cf. P.M.Cohn, Some remarks on the invariant basis property, Topology, 5 (1966) 215-218.

The functorial approach (sketch, optional). You may wonder why matrices were needed to get the above results. There is in fact an approach I think more enlightening, though it involves some material we have not developed. If f : R → S is a ring homomorphism, then one can regard any left S-module M as a left R-module by defining r·x = f(r)x (r ∈R, x∈M ). The resulting functor S-Module → R-Module, called ‘‘restriction of scalars from S to R’’, has a left adjoint, called ‘‘extension of scalars from R to S’’. (Lang introduces this construction in §XVI.4, though only for R and S commutative.) Now note that the composite of the above restriction of scalars functor with the forgetful functor R-Module → Set is the forgetful functor S-Module → Set. Since adjoints of composite functors are composites of adjoint functors, with order of composition reversed, we see that the free R-module functor Set → R-Module, followed by the extension of scalars functor R-Module → S-Module , gives the free S-module functor Set → S-Module . In particular, the extension of scalars functor takes the free R-module of any rank n to the free S-module of rank n. Hence if there is an isomorphism between the free R-modules of ranks m and n, there will be an isomorphism between the free S-modules of ranks m and n, as described in Corollary III.5.6(a) above. The trick of applying the ring homomorphism R → S to entries of matrices simply mimics the way this functor acts on morphisms among free modules.

The non-unique-ranks construction of Lemma III.5.c3(b) also has a functorial interpretation, this time not even requiring adjoint functors. Observe that a left A-module M has a natural right End(AM)-module

G.M.Bergman Re §III.5,p.142 Companionto Lang’sAlgebra, p.78 structure. Using this, we can make HomA(M,N) into a left End(AM)-module for each left module N, in a functorial manner. Clearly, when N = M, this module is the free module of rank 1, from which it can be deduced that, writing R = End(AM), the functor HomA(M,–) takes Mn to the free left R-module of rank n. Hence if Mm = Mn as A-modules, we get Rm = Rn as R-modules.

Incidentally, the trick used in showing that over a commutative ring, free modules of dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erent ranks were nonisomorphic is an instance of a method common in modern mathematics: To show objects are nonisomorphic, find a functor taking them to objects you can already prove nonisomorphic. We used this earlier to show free abelian groups of distinct ranks nonisomorphic. Though we did not have the theory of dimension of vector spaces available at the time, we saw that the groups one got by applying to such groups the functor A → A⁄pA could be distinguished by their orders. Another standard use of the same method is in showing that the free (nonabelian) group of ranks m and n cannot be isomorphic unless m= n (which was actually never shown in §I.12). To do this one applies the abelianization functor G → G ⁄Gc. It is easy to verify by universal properties (or by Lemma II.3.c3) that the abelianization of a free group of rank n is a free abelian group of rank n; hence, since we have shown that free abelian groups have unique rank, the same is true of free groups.

Let me mention an interesting pair of open questions on bases of vector spaces.

Open Questions III.5.c4. Let k be a field, n a positive integer, and V an n-dimensional vector space over k. (a) (J. Kahn) Suppose we are given n2 bases 11, 12,..., nn of V (not necessarily distinct. Think of these as written in the cells of an n×n array. ) Is it possible to choose from each ij an element bij, in such a way that for each i, {bij ! j = 1,...,n} is a basis of V, and for each j, {bij ! i = 1,...,n} is a basis of V? (I.e., can we choose one element from each cell so that in each row, and in each column, the chosen elements form a basis of V?) (b) (G.-C. Rota) Same question, under the additional assumption that for each i, all the ij are the same. (So this question asks whether, given n bases i of V, we can recombine them into n bases j′, each using one element of each i, so that each element of each i is used in only one j′.)

(See R. Huang and G.-C. Rota, On the relations of various conjectures on Latin squares and straightening coef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cients,

Discrete Math., 128 (1994) 225-236.)

Re §III.6. The dual space and dual module.

P.142, first paragraph of §III.6 [>]: Note that the duality Ev studied in this section is quite dif from the duality E^ of §I.9. In the last sentence of this paragraph, Lang makes two claims which he does not justify: that the map E → Evv is always injective, and that it is not always surjective. I will show both facts in the comment to be read following the proof of Theorem III.6.1.

P.143, statement of Theorem III.6.1 [=]: In the first line, delete the word ‘‘finite’’. (Lang is using the word in the sense ‘‘finitely generated’’, but it is redundant in view of the next line.) In the third line, before ‘‘fi is’’, add the words ‘‘for each i’’.

P.143, first display [=]: Add, on the right, ‘‘= a1c1+...+ancn’’. Also, in the line after the second display, ‘‘K’’ should be ‘‘A’’.

P.143, end of proof of Theorem III.6.1 [>]. We can now show the two facts asserted at the bottom of p.142. Let us write θ: E → Evv for the map described there, let (xi)i∈I be a basis of E, and let (fi) be defined as in Theorem III.6.1.

To show θ is injective, consider an element x∈E , written in terms of the xi. If x ≠ 0, there will be some i∈I such that xi occurs with nonzero coef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cient ai in this expression. Thus, θ(x)(fi) = fi(x) = ai ≠ 0, showing that θ(x) ≠ 0.

On the other hand, I claim that when A is a field and E is infinite-dimensional, θ is not surjective. We first note that the argument used in the proof of Theorem III.6.1 still shows that the family (fi) is

G.M.Bergman Re §§III.5-III.6,pp.142-143 Companionto Lang’sAlgebra, p.79 linearly independent (though the proof that if E has finite rank that set generates Ev, which involves taking a summation over all i, does not work in the non-finitely-generated case). Hence we can enlarge this family to a basis of the vector space Ev. Let us now define φ ∈E vv to be the unique linear map Ev → A which takes all elements of to 1. If φ were of the form θ(x) (x∈E ), it would take each fi to the coef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cient of the basis element xi in the expression for x, so it would take on nonzero values at only finitely many of the elements fi. Thus, φ cannot have the form θ(x), so θ is not surjective.

Note that for any base ring A, if E is free on a basis I, then Ev is isomorphic to an I-fold direct product of copies of A. Thus, our old Exercise I.7:1 ef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ectively asked you to show that for E free, Ev may fail to be free.

P.143, statement and proof of Corollary III.6.2 [=]: In the second line of the statement, ‘‘V’’ should be ‘‘E’’. The proof is sloppily worded. Again writing θ: E → Evv for the map referred to in the corollary, one should replace {x1, ..., xn} in the second line by {θ(x1), ..., θ(xn)}, and ‘‘E = Evv’’ by ‘‘θ: E → Evv is an isomorphism’’.

P.143, Theorem III.6.3 [=]: The assumption that U, V and W are free is much stronger than we need; we only need an assumption on U, and this assumption is that it be projective (which is weaker than free). From that condition, one sees that the given exact sequence splits, and, as we noted in our comments on split exact sequences under §I.7, this makes the sequence a ‘‘direct sum’’ of the two exact sequences 0 → W → W → 0 → 0 and 0 → 0 → U → U → 0. It is not hard to see that Hom(–,A) preserves direct sums, and therefore preserves exactness of such sequences, proving the theorem. In fact, this argument shows that the conclusion can also be strengthened, replacing Hom( – ,A) by Hom(–,M) for any module M.

P.145, Remar k 2 [<]: Let me precede this with some remarks of my own. The context in which Lang introduces this duality is unnecessarily restricted. First, the functor Hom( – , A) can be applied to arbitrary modules, not just free modules. (Indeed, in the last sentence of the first paragraph, Lang applies v to Ev, which may not be free if E is free of infinite rank.) Although this functor is ‘‘uninteresting’’ when applied to certain non-free modules (e.g., when A = Z and E is either a torsion abelian group or Q, then Ev = 0), there are other non-free modules for which it is important. When it is applied to finitely generated projective modules, one can show that the analogs of all the theorems of this section hold. You might also find it interesting to examine the case where A = k[X,Y], a polynomial ring over a field, and E is the ideal (X,Y); in particular, to compute Ev, Evv, and the natural map θ: E → Evv.

Lang has taken the base-ring A to be commutative. If this is not assumed, and E is a left A-module, it turns out that the abelian group of left A-module homomorphisms Ev = Hom(E, A) has a natural structure of right A-module; and likewise, the abelian group of right-module homomorphisms from a right A-module into A has a structure of left A-module. (More details in my comments in §XIII.1.) Thus, one gets a duality between right and left modules, which, when these modules are finitely generated and free (or projective), still has all the properties Lang proves in the commutative situation.

In Remark 2 on this page, Lang notes a dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath e rent kind of duality, taking an R-module E to the set E^ = Hom(E,Q ⁄Z) of abelian group homomorphisms E → Q ⁄Z. What he fails to mention is that this set can be made an R-module in a natural way! For instance, if E is a left R-module; then E^ becomes a right R-module by defining, for each f∈E ^ and r ∈R , the element fr ∈E ^ to be the map that acts by fr(x) = f(rx). Here too, we get a natural map E → E^^. This is always one-to-one, but rarely onto. (It is onto when E is finite in the set-theoretic sense, by the results of §I.9.)

For this duality by Q ⁄Z, and also for duality of vector spaces by the construction of this section, the failure of surjectivity of the embedding of an object E in its double dual can be considered to result from the existence of ‘‘strange’’ functionals on the dual. In some contexts it is possible to exclude these by introducing a topology on the dual, and restricting attention to continuous functionals. When one does this for the E^ construction, it is also natural to replace Q ⁄Z by R ⁄Z. For any topological abelian group

G.M.Bergman Re §III.6,pp.143-145 Companionto Lang’sAlgebra, p.80

E one then defines E^ to consist of all continuous homomorphisms E → R ⁄Z, one puts a natural topology on this group, and one shows that if E is locally compact, then so is E^, and the natural map E → E^^ is then an isomorphism of topological groups. (This is Pontrjagin duality, mentioned by Lang in the next paragraph; cf. Walter Rudin Fourier Analysis on Groups, Interscience, 1962.) One finds, inter alia, that under this duality, the compact abelian groups are the duals of the discrete abelian groups; for example, this duality takes the short exact sequence 0 → Z → R → R ⁄Z → 0 to itself, interchanging the right- and left-hand objects. Similarly, for a vector space E over an arbitrary field k, one can put a natural topology on Ev = Hom(E,k), such that for ‘‘good’’ E, the natural map E → Evv is an isomorphism of topological vector spaces. In particular, discrete spaces are ‘‘good’’, and are dual to what are called ‘‘linearly compact’’ spaces. This is ‘‘Lefschetz duality’’, but is not so well known.

Re §III.7. Modules over principal rings.

I motivated the structure theory of finitely generated abelian groups in my comments on §I.8. Since the theory of modules over principal ideal domains closely parallels that theory, I will not repeat that discussion here. Though Lang generally leaves the non-finitely-generated case to the reader, or refers to an Appendix, it is treated in detail in those comments.

P.147, Corollary III.7.2 [>]: Lang indicates two ways of proving this. Actually, these yield dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erent results, each stronger than the result he states. The proof he writes out shows that if E is a module over a PID which can be generated by n elements, then any submodule of E can be generated by ≤ n elements. The other proof shows that any submodule of a finitely generated module over any Noetherian ring is finitely generated (but not necessarily by fewer generators than the given module. E.g., if R is the polynomial ring k[x,y] in two indeterminates over a field, and E = R, the free module of rank 1, then the submodule generated by x and y cannot be generated by fewer than two elements, the submodule generated by x2, xy and y2 cannot be generated by fewer than three elements, etc..)

P.148, first paragraph [~]: This argument shows that any finitely generated torsion-free module M over an integral domain R embeds in a free module of finite rank. When R is, in fact, a principal ideal domain, it follows that M is free, which is the fact he will use next.

P.148, Lemma III.7.4 [~]: Lang is really re-proving the fact that a free module satisfies condition P2 (p.137), i.e., is projective.

P.149, bottom, first sentence of proof [<]: If we take a finite generating set for E, we may choose a nonzero exponent for each member of this set, and take a common multiple a ∈R of these elements. Thus a will annihilate all members of our generating set, hence all members of E, justifying this sentence.

P.151, statement of Theorem III.7.7 [>]: Note where Lang above the display refers to the R⁄(qi) as nonzero, this is equivalent to saying that the qi are nonunits.

P.151, next-to-last line of text [=]: After ‘‘i = 1,...,l’’ add, ‘‘, with some of these rows ‘padded’ with zeros on the left, if necessary, so that they all have the same length r as the longest row’’.

P.153, Theorem III.7.8 [<]: Any finitely generated R-module E can be written as a homomorphic image of a free module F of finite rank, hence as a factor-module of F by a submodule M. We have just shown that E can be written as a direct sum of cyclic modules R⁄(aiR). Can we write F as a direct sum of free modules of rank 1, Rxi, so that M is the sum of the submodules Raixi; i.e., can we ‘‘realize’’ the decomposition of Theorem III.7.7 via the given presentation of E? A positive answer is given by the next result, which is thus a strengthening of Theorem III.7.7.

Incidentally, in the statement of the theorem, the condition M ≠ 0 is pointless. The result is clearly true for M = 0, and the induction with which the proof ends on the next page implicitly uses that fact, since M1 may be 0.

Pp.153-154, sentence on bottom of one page and top of next [=]: To prove this assertion, note that because R is a principal ideal domain, the ideal (g(x1)) + (λ 1(x1)) can be generated by one element, say

G.M.Bergman Re §§III.6-III.7,pp.145-154 Companionto Lang’sAlgebra, p.81

(ug(x1) + λ 1(x1)) = (g(x1)) + (λ 1(x1)).

But this implies

(ug+ λ 1)(M) ⊇ ((ug+ λ 1)(x1)) = (g(x1)) + (λ 1(x1)) ⊇ (λ 1(x1)) = λ 1(M)

(where the middle step is the preceding display). Now by maximality of λ 1(M), the two inclusions must be equalities; the second one now shows that g(x1)∈(λ 1(x1)) = (a1), as Lang claims.

P.154, Theorem III.7.9, line 1, and preceding sentence [=]: Precisely, an ‘‘elementary matrix’’ means a matrix which dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ers from the identity matrix either by changing one of

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath -diagon al entry 0 to a nonzero value, or by replacing one diagonal entry 1 to another unit of the ring. (Lang has a definition of the term on p.540 that leaves out the latter sort of element. I haven’t checked whether that is what he really intends there; but here, elements of both sorts are needed to make the condition of generating GLn(R) plausible.)

You should verify that multiplying a matrix A on the left by an elementary matrix has the ef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ect of a row operation on A, while multiplying on the right by an elementary has the ef of column operation.

The operations of interchanging two rows and columns are not themselves of this form, but each can be expressed as the product of a small number of such operations. Thus, the assumption in the first sentence of the theorem implies that any operation of left or right multiplication by invertible matrices is equivalent to a finite number of row, respectively, column, operations.

In fact, if we delete that first sentence from the theorem, the result can still be made true by changing the phrase ‘‘with a finite number of row and column operations,’’ to ‘‘by multiplying on the right and on the left by invertible square matrices’’.

Incidentally, note that the matrix in the statement of the theorem is not assumed square. P.155, end of §III [=]: The final paragraph is a technical remark which you can ignore. Though the results of this section classify the structures of all finitely generated modules over PID’s, if one drops the hypothesis of finite generation, one finds oneself in a very nontrivial area – even if one limits attention to torsion-free modules of finite rank (i.e., having no infinite set of linearly independent elements; equivalently, embeddable in a finite-dimensional vector space over the field of fractions of R). Such modules (over Dedekind domains, a generalization of principal ideal domains) are the subject of a book in preparation by E. Lee Lady, which can be viewed at https://www.math.Hawaii.Edu/~lee/book.

Re §III.8. Euler-Poincare´ maps.

P.156, top, italicized condition [~]: This condition is satisfied by various natural invariants – the dimension of a finite-dimensional vector space; the order of a finite group (regarded as a member of the multiplicative group of rationals), etc.. Hence one gives a name to an arbitrary function satisfying this condition, and studies such functions in the abstract.

P.156, italicized sentence near bottom [=]: Lang hasn’t said what he means by ‘‘are equivalent’’; he means ‘‘have, up to isomorphism, the same factors, with the same multiplicities, but possibly in a dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erent order’’. The Jordan-Hölder Theorem, Theorem I.3.5, is a consequence of the Schreier Refinement Theorem, which was proved on p.22 – for groups, not modules. However, the construction in the proof used only joins, intersections, and canonical isomorphisms, all of which respect module structures if these are present. Hence if we apply this proof to towers (which Lang here calls finite filtrations) of modules, regarded as abelian groups, then the isomorphisms obtained are module isomorphisms. So the Schreier Refinement Theorem also holds for modules; hence so does the Jordan-Hölder Theorem.

Re §III.9. The Snake Lemma.

P.158, statement of Snake Lemma [=]: The expression f–1°d°g–1z′′gives an element of N′; what Lang means, however, is the image of that element in Coker d′. (One could say that there should be an additional map at the other end of that composite as well, the inclusion of Ker d′′ in M′′. However, it is common to leave inclusion maps unwritten, but not, in general, to leave factor-maps unwritten.)

G.M.Bergman Re §§III.7-III.9,pp.154-158 Companionto Lang’sAlgebra, p.82

Re §III.10. Direct and inverse limits. This is an important subject, begun in §I.10. As with that section, I haven’t so far had time to treat this material when I have taught Math 250, but Bjorn Poonen did cover it in Fall 2003, and gave me some errata; and I present these errata and some further observations I made in checking those errata out.

P.160, definition of directed family of morphisms [~]: Recall that in §I.10, Lang used ‘‘directed family’’ as short for ‘‘inversely directed family’’, the structure from which we construct inverse limits. Here, however, he begins with the concept relevant to direct limits and (in agreement with common usage) calls this a ‘‘directed family’’; so the phrase can no longer be used in the sense used previously. In the bottom paragraph of p.161, beginning ‘‘We now reverse the arrows’’, the resulting system is an inversely directed family, though he does not name it here.

P.162, fourth line of Example , and line below last display [=]: Change ‘‘projective limit’’ to ‘‘inverse limit’’.

Chapter IV. Polynomials.

Re §IV.1. Basic properties of polynomials in one variable.

P.174, last display and preceding line [=]: The holds by the italicized result on the lower part of p.100, ‘‘If we assume that at least one of the leading coef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cients

...’’.

P.175, end of Proof of Theorem IV.1.2 [>]. Euclidean rings.

The technique used in proving the above theorem is called the ‘‘Euclidean algorithm’’ because it goes back to Euclid’s technique for finding the greatest common divisor of two positive integers a1 > a2: subtract from a1 that multiple of a2 that will leave a nonnegative remainder a3<a2; verify that a2 and a3 will have the same greatest common divisor (i.e., will generate the same ideal) as a1 and a2, and, if a3 is again positive, repeat the process with a2 and a3, till one eventually gets a zero term, an+1 = 0. Then the preceding term an must generate the ideal a1Z +a2Z. If one merely wants to prove that this ideal is principal, this argument can be shortened: Let a be a least positive element of this ideal, and prove that it must be a generator.

As the proof in Lang shows, a similar argument (due to Simon Stevin, Arithmétique, 1585) can be applied to polynomials, using the degree-function. In fact, there is a wide class of rings in which this method can be used, characterized in

Definition IV.1.c1. If R is an integral domain, a Euclidean function on R means a set-map φ from R – {0} to the nonnegative integers, such that (i) if a, b∈R – {0}, then φ (ab) ≥ φ (b). (ii) if a ∈R, b∈R – {0}, then there exist q, r ∈R such that a = qb + r and either r = 0 or φ (r) < φ (b).

An integral domain which admits a Euclidean function is called a Euclidean domain or Euclidean ring.

Mimicking the proof that Z and K[X] are PID’s, one gets

Theorem IV.1.c2. Every Euclidean domain is a PID. 1

Another ring easily shown to be Euclidean, and hence a PID, is Z[i] ⊆ C, via the norm function φ (m+ni) = m2 + n2. (The conclusion of condition (ii) above is equivalent to the statement that there exists a q∈Z [i] whose distance from a ⁄b is <1. To prove this, verify, more generally, that for any complex number α there is a q∈Z [i] whose distance from α is ≤ 1⁄02.)

G.M.Bergman Re §§III.10-IV.1,pp.160-175 Companionto Lang’sAlgebra, p.83

In fact, the Euclidean algorithm is essentially the only ‘‘easy’’ way known to show that a ring is a PID. (What about using the fact that a localization S–1R of a PID R is a PID? Well, if R was proved a PID with the help of a Euclidean function φ , then a localization S–1R will also be Euclidean, via the function that takes each element x to the least of the values φ (a) as as–1 runs over all expressions for x.) However, the handout ‘‘A principal ideal domain that is not Euclidean’’ shows how to get one example not of that form.

There are some generalizations of the definition of Euclidean ring, which still allow one to prove that the ring in question is a principal ideal domain. In particular, one may allow φ to have range in a general well-ordered set, rather than the nonnegative integers; but I don’t know any cases where this generalization can be used but the standard concept cannot. Condition (i) may also be dropped from the definition; however, the class of rings admitting a function φ satisfying this weakened condition will actually be the same as the class admitting a φ that satisfies the original condition. For if φ satisfies (ii), then the function φ ′ defined by letting φ ′(a) be the minimum, over all nonzero c∈R , of φ (ca), will satisfy both (i) and (ii).

P.175, middle, definition of irreducible [=]: This term was defined on p.111 (beginning of §II.5), and does not need a separate definition for polynomials. What Lang should say here is that for k a field, a polynomial f(X) will be irreducible if and only if it has the stated property, since in k[X], the nonzero constants are the invertible elements.

P.176, Corollary IV.1.5. [=]: Delete the final phrase ‘‘i.e., f induces the zero function’’. (It is true, but not the meaning of what precedes.)

P.176, next-to-last line, ‘‘... the same function f ...’’ [=]: The fact being used here is that a field k of q elements satisfies the identity xq = x. This was proved in the case k = Z ⁄pZ in the second Example on p.99. You should check that the same argument works for any finite field.

P.177, Proof of Theorem IV.1.9 [<]: Actually, Lang did most of the work needed here when he proved Proposition I.4.3(vi), p.25, so he should have called on that result in this proof! By that result, it suf

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ces to show that no U contains no more than p roots of Xp – 1 for any prime p; but this is immediate by the preceding theorem.

P.177, Theorem IV.1.9 [>]: Note that this shows that if p < q are primes, then Zq∗ has at most one subgroup of order p. This is the statement which we saw, in our discussion of groups of order pq, was needed to deduce that there is no more than one isomorphism class of nonabelian groups of that order. So at last that argument is complete!

P.178, second sentence of third paragraph [>]: In fact, Lang will prove that C is algebraically closed in Example 5 on p.272.

P.178, third-from-last display [=]: The first formula is clear. To verify the second formula by writing f and g as sums of monomials, and computing the two sides, is tedious and unenlightening. A nicer way is to observe that the maps (f,g) → (fg)′ and (f,g) → f′g+ fg′ are both bilinear maps of A-modules, hence they will be equal if they agree as f and g range over the spanning set of powers of X (cf. lemma in our note to p.135 of Lang). Thus, to prove that equation, it suf to prove it in the case f = Xm, g = Xn, a quick computation.

P.179, last paragraph (excluding last partial sentence) [>]: Here properties of the pth-power map on a ring of characteristic p are obtained using the fact that certain binomial coef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cients are divisible by p.

In fact, this property of the binomial coef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cient s can be proved from a result we already know about the pth-power map on such a ring! Namely, we have seen (using properties of the group of units) that in Z ⁄pZ, the pth power map is the identity. It follows that the polynomial (x+1)p – xp – 1 over that field, which has degree at most p–1, and whose coef are these binomial coef modulo p, has all p elements of this field as roots. Since the number of roots is greater than the degree, all coef of this polynomial must be zero.

(There are other interesting ways of showing that these coef are divisible by p. For instance,

G.M.Bergman Re §IV.1,pp.175-179 Companionto Lang’sAlgebra, p.84 the νth coef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cient is the number of ν-element subsets of {1,...,p}. Now the cyclic permutation (1,...,p) has order p, and if ν is neither 0 nor p, it clearly acts without fixed points on the set of ν-element subsets of {1,...,p}. Hence the number of such subsets must be divisible by p.)

Pp.179-180, sentence on bottom of one page and top of next [=]: The Frobenius endomorphism should be defined to be the map x → xp. The maps x → xp r are the powers of the Frobenius. (When one

considers k-algebras A for k a field of pr elements, one sometimes calls the map x → xp r the Frobenius endomorphism of A, since it, and not x → xp, is an endomorphism of A as a k-algebra. But in that usage, there is a particular power of p relevant to the situation, not an arbitrary power, as Lang’s wording suggests. I will always use ‘‘Frobenius endomorphism’’ to mean the map x → xp.)

P.180, end of §IV.1 [>]. The Jacobian conjecture (optional).

There is a longstanding open problem on polynomial algebras, which this is a natural time to mention. We have seen that the operation of dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erentiation of polynomials, which we learned in calculus, can be carried over formally to a function D: A[X] → A[X] for any commutative ring A, which has the algebraic properties of dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erentiation, though it is not defined using limits. Note, incidentally, that it is not an algebra homomorphism. Like such a homomorphism, it respects the A-module structure, but instead of the law h(st) = h(s)h(t), it satisfies D(st) = D(s)t + sD(t). A function from an A-algebra into itself with these properties is called a derivation over A.

We can likewise define partial dif operators DX, DY: A[X,Y] → A[X,Y]. These are each derivations over A, and they commute with one another: DXDY= DYDX.

Let us now recall that a pair (f, g) of real-valued functions on the plane R × R is equivalent to a single map of the plane into itself, namely (x,y) → (f(x,y), g(x,y)), and that if f and g are dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erentiable, then the information about this map analogous to the information given by the derivative of a function of one variable is given by the Jacobian matrix,

(c24) &DXf DYf ’ ! !. ( DXg DYg )

In particular, this satisfies a chain rule saying that the Jacobian matrix of a composite of two maps is the product of the Jacobian matrices of the two maps. (If the two maps correspond to pairs of functions (f,g) and (h,i) respectively, then their composite corresponds to (f(h,i), g(h,i)), and the statement of the chain rule is, precisely, that the Jacobian matrix of the composite map, evaluated at a point (x,y), is the product of the Jacobian matrix of (f,g) evaluated at the image of (x,y) under (h,i), and the Jacobian matrix of (h,i) evaluated at (x,y) itself.)

This suggests that we should think of a pair (f, g) of elements of A[X,Y] as the ‘‘algebraic analog’’ of a map of the plane into itself, and define the Jacobian matrix of such a pair by (c24), using our algebraically defined partial dif operations. If we define the ‘‘composite’’ of two such pairs (f,g) and (h,i) as the pair (f(h,i), g(h,i)), it is not hard to prove the chain law for these Jacobian matrices. Note that the pair (X, Y) is a neutral element for this composition, and has for Jacobian matrix the identity matrix.

There is also an algebraic interpretation of such pairs: Any A-algebra endomorphism α of the polynomial ring A[X,Y] is determined by the pair of elements (α (X), α (Y)), which we can denote (f,g), and conversely (by the universal property of polynomial rings), every such pair corresponds in this way to an endomorphism. Composition of endomorphisms corresponds to substitution of one pair into another, although the order of composition is the reverse of the order we get when composing maps of the plane. (This is because there is a contravariant relation between points of the plane and functions on the plane.)

Given a pair (f,g) (equivalently, an endomorphism of A[X,Y]), it is not clear how to tell whether it

G.M.Bergman Re §IV.1,pp.179-180 Companionto Lang’sAlgebra, p.85 is invertible under the above composition, i.e., corresponds to an A-algebra automorphism of A[X,Y]. But we can give a necessary condition: by our above observations on the chain rule, if such an endomorphism is invertible, the Jacobian matrix of the pair of functions must be invertible as a matrix of elements of A[X,Y]. This is equivalent to saying that the determinant of the Jacobian matrix is an invertible element of A[X,Y].

Let us take for A a field k. Then the invertible elements of k[X,Y] are the nonzero elements of k; so if an automorphism is invertible, the determinant of its Jacobian matrix will be nonzero scalar. Is the converse true? It definitely is not if k has finite characteristic p, for in this case the pair (Xp+ X, Y) has identity Jacobian matrix, but the corresponding endomorphism is not invertible. So assume k has characteristic 0. To prove the desired converse, it would suf

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ce to prove it in the case where the determinant is 1, since any endomorphism of k[X,Y] with nonzero scalar Jacobian determinant can be transformed into one with determinant 1 by composing with an invertible linear transformation. The problem thus takes the form

Open Question IV.1.c3 (Jacobian conjecture). Prove or disprove: If k is a field of characteristic 0, then any k-algebra endomorphism of k[X,Y] whose Jacobian matrix has determinant 1 is an automorphism.

We remark that when k = R, the analogous statement for real analytic maps of the plane into itself is false. For let f : R → (–1,1) be a real analytic function with everywhere positive derivative. Then the map (x,y) → (f(x), f′(x)–1y) is area-preserving, hence has Jacobian determinant 1, but it carries the plane into the strip ( –1, 1)× R, and so is not onto. If we compose this f with a locally area-preserving real analytic map that winds the strip onto an annulus, we can get an example that is also not one-to-one.

Re §IV.2. Polynomials over a factorial ring.

The goal of this and the next section is to study conditions under which polynomials can or cannot be factored, and in particular, do or do not have roots.

P.180, first paragraph of this section [>]: For an example of the concept of the ‘‘order’’ of an element at a prime, let A = C[t] and p = t–a. Then ordp(f) is the order (= multiplicity) of the zero of the function f at the point a. (If f does not have a zero at a, we say ‘‘the order of its zero there is 0’’.) This is probably the source of the name. More generally, if f is a member of the field of fractions of this ring, C(t), called ‘‘the field of rational functions in t’’, then ordp(f) is again the order of the zero of f at a if f is defined at a, while if f has a pole at a, it is the negative of the order of this pole.

In the next sentence, Lang extends this concept from elements of K to polynomials f ∈ K[X]. Note that his definition can be simplified to say that the order of f∈A[X] at the prime p∈A is the minimum of the orders at p of all the coef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cients of f, zero and nonzero.

P.181, statement of Gauss’s Lemma [>]: Content, and Gauss’s Lemma. To understand what the ‘‘content’’ of a polynomial f∈K [X] means, think first of the case where f∈A[X]. In this case, it is the greatest common divisor of the coef of f; i.e., the ‘‘largest’’ member of A that divides f. The easiest description of the content of a general f∈K [X] is gotten by bringing the coef of f to a common denominator, i.e., writing f = c–1g where c∈A, g∈A[X]; then the content of f will be c–1 times the greatest common divisor of the coef of g. (If one defines it this way, one must, of course, prove that it is unique up to multiplication by units.) Still another way of interpreting the concept is by generalizing the concept of ‘‘divisibility’’, defining u∈K to ‘‘divide’’ ∈K ‘‘with respect to A’’ if = au for some a ∈A. Then the content of f is simply the greatest common divisor, in this sense, of the coef of f.

The concept of ‘‘content’’ is mainly a tool in the formulation and proof of Gauss’s Lemma, and its consequence Theorem IV.2.3, so don’t expect to see it outside this and the next section. Actually, Gauss’s

G.M.Bergman Re §§IV.1-IV.2,pp.180-181 Companionto Lang’sAlgebra, p.86

Lemma is often, and, I think, most usefully, stated in a way that doesn’t refer to ‘‘content’’ – though that concept, or some equivalent, is still needed in the proof. This statement, which you should verify can be deduced from the statement in Lang, is

(c25)

(Gauss’s Lemma, alternative formulation) If A is a UFD, with field of fractions K, and we have a polynomial f∈A[X] and a factorization f = gh with g,h∈K [X], then there exists a nonzero element u∈K such that both terms in the factorization f = (ug)(u–1h) lie in A[X].

Re §IV.3. Criteria for irreducibility.

P.184, proof of Theorem IV.3.1 [>]: This proof can be made simpler in two ways. First, instead of reducing to the ‘‘content 1’’ case, we can use the version of Gauss’s Lemma given in (c25) above to conclude that the given factorization can be taken in A[X]. Second, observe that if our polynomial f has factorization gh in A[X], where g and h are nonunits, then since the leading terms of g and h are not divisible by p, the images of g and h in (A⁄(p))[X] both have positive degree. But the image of their product f in that ring has the form cXn, and the only factors of a monomial in a polynomial ring over an integral domain are monomials; hence the images of g and h are monomials, and both therefore have constant term zero. Thus, g and h have constant terms divisible by p, hence their product f has constant term divisible by p2, contradicting the hypothesis on a0.

Though the assumption that A is a UFD is used to reduce the proof of this theorem to showing that f has no factors of positive degree in A[X], the proof of the latter fact, which is the main part of the argument, does not require that A be a UFD. Thus, we get

(c26)

(Eisenstein’s irreducibility theorem, variant form.) Let A be an integral domain, f(X) = anXn+ ...+a 0∈A[X], and p a prime ideal of A, such that an∈ p, ai ∈p for all i< n, and a0∈ p2. Then f is not a product of two polynomials of positive degree in A[X].

P.184, proof of second example [=]: Why is it true that ‘‘It will suf

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ce to prove that the polynomial f(X+1) is irreducible over Q’’? Roughly speaking, because a factorization f(X) = g(X)h(X) would imply a factorization f(X+1) = g(X+1)h(X+1), so if no factorization of the latter sort exists, no factorization of the former sort does either.

The elegant way to say this is that the homomorphism Q[X] → Q[X] taking X to X+1, an instance of the evaluation homomorphisms defined on p.98, has an inverse, the evaluation homomorphism taking X to X–1. Hence that map is an automorphism of Q[X], hence preserves irreducibility.

P.184, last display [=]: The symbol ‘‘...’’ in the numerator of the right-hand term may be deceptive if you don’t stop and think about. It does not mean that the omitted coef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cients are all p; rather, these coef are given by the Binomial Theorem.

P.186, top paragraph [=]: Hint for proving the proposition: Gauss’s Lemma.

Re §IV.4. Hilbert’s Theorem.

P.186, first paragraph [>]: For basic results on Noetherian rings, see the discussion of the topic in this Companion under §II.5 above. The result cited by Lang from Chapter X in the proof of Theorem IV.4.1 (the equivalence of the three conditions on p.413) is a generalization to modules of the first Lemma of those pages; but that Lemma is all that is needed in this case.

Theorem IV.4.1, here called ‘‘Hilbert’s Theorem’’, is commonly known as the Hilbert Basis Theorem . In early usage, ‘‘basis’’ meant ‘‘generating set’’, and the theorem is equivalent to the statement that if every ideal of A has a finite generating set, so does every ideal of A[X]. Nowadays, in linear algebra ‘‘basis’’ only means a linearly independent generating set, but the old usage is fossilized in the common

G.M.Bergman Re §§IV.2-IV.4,pp.181-186 Companionto Lang’sAlgebra, p.87 name for this result.

P.187, last sentence of the proof of Theorem IV.4.1 [=]: Change this to ‘‘By induction, the polynomial f – c1fd1 – ... lies in the ideal generated by the fij, from which we conclude that f does as well.’’

P.187, Corollary IV.4.2 [=]: Note that while the X of the preceding theorem was an indeterminate, the x1,...,xm of the Corollary are arbitrary ring elements.

Re §IV.5. Partial fractions. We skip this section in 250A. However, here is one erratum:

P.187, bottom line [=]: After ‘‘j(p) = 0’’ add ‘‘and αp = 0’’.

Re §IV.6. Symmetric polynomials.

P.190, beginning of §IV.6 [<]: The results of §§IV.2-3 were aimed at helping us study the possible roots of a polynomial in terms of its coef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cients.

But one can often get additional information about a problem by turning it backward. Thus, in this section, we look at a polynomial which is a product of linear factors, perhaps in some extension of A, and we examine how its coef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cie nts depend on its roots.

In general, the roots might be any elements of any commutative A-algebra; but if we write down a polynomial f whose roots are distinct indeterminates, i.e., generators of a polynomial ring, t1,...,tn∈A[t1,...,tn], then from the coef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cients of the polynomial F(X) = (X–t1)...(X–tn) ∈ A[t1,...,tn][X], we can get the coef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cient s of any polynomial of the form (X–a1)...(X–an) by substituting the ai for the ti. (Here ‘‘substituting’’ means applying the unique homomorphism of A-algebras that takes ti to ai. If the ai lie in A, this will be a homomorphism A[t1,...,tn] → A; if, more generally, they lie in a commutative A-algebra B, it will be a homomorphism A[t1,...,tn] → B.) Results about the polynomial (X–t1)...(X–tn) will thus give us information about any polynomial that can be written as a product of linear factors X – ai.

P.190, end of first paragraph [>]: The arguments of this section do not require us to know what the si look like, and Lang only shows us s1 and sn, but the general case is easy to describe: si is the sum of the &(ni ’) monomials which are products of i distinct factors taken from {t1,...,tn}. E.g., when n = 4, s2(t1,t2,t3,t4) = t1t2 + t1t3 + t1t4 + t2t3 + t2t4 + t3t4.

P.191, lines 3-5 [>]: The idea of the ‘‘weight’’ of a polynomial is ‘‘the degree one would expect the polynomial gotten by substituting for each Xi the symmetric function si (or any other polynomial of degree i) to have’’. Thus, this is an ad hoc definition, specific to this context. In other contexts, one may use ‘‘weight’’ functions defined by associating a dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erent family of weights to a family of indeterminates.

Since the degree of the zero polynomial was defined to be –∞ , we shall also understand this to be the weight of the zero polynomial (though Lang does not say this).

One sometimes wishes to speak of a polynomial all of whose monomials have the same weight with respect to some weight function. The formal term for such a polynomial is ‘‘isobaric’’, though one more often hears ‘‘homogeneous with respect to the given weight function’’.

P.191, 4th line of Proof [=]: To ‘‘substitute tn = 0’’ here means to apply the homomorphism A[t1,...,tn] → A[t1,...,tn–1] taking tn to 0 and all other ti to themselves.

P.192, first line [=]: After ‘‘By induction’’ add ‘‘on d’’. (There are two inductions going on in this proof, one on n, and one on d.)

P.192, line 6 [=]: Where Lang writes ‘‘each term on the right has weight ≤ d’’, he means that g1(X1,...,Xn–1) and Xng2(X1,...,Xn) each have weight ≤ d. Defining g(X1,...,Xn) = g1(X1,...,Xn–1) + Xng2(X1,...,Xn), we conclude that g has weight ≤ d, giving the conclusion of the theorem as Lang states it. However, note that if g had weight strictly less than d, then on substituting si for each Xi, we would get a polynomial of degree strictly less than d in the ti’s, contradicting our assumption on f. Hence the weight of g must be exactly d. (The reason we could only say about each of g1 and Xng2 that it had weight ≤ d is that one or the other of them might have smaller weight;

G.M.Bergman Re §§IV.4-IV.6,pp.187-192 Companionto Lang’sAlgebra, p.88 e.g., you might work out what happens when f(t) = s1, respectively f(t) = sn.)

P.192, italicized statement [=]: This is equivalent to saying that the polynomial g of the theorem just proved is unique. (So you could add the word ‘‘unique’’ to the theorem, and consider this the last part of the proof.)

In the proof of this statement, Lang implicitly uses induction on n again.

P.192, end of above proof (up to Example ) [>]. Alternative proof of Theorem IV.6.1.

The preceding proof is instructive: on substituting tn = 0, one loses some information about one’s symmetric polynomial, but reduces to a case in which one can inductively assume the desired result. Thus, one can represent the resulting polynomial in terms of the elementary symmetric functions in n–1 variables. Replacing these by the corresponding symmetric polynomials in n variables, we get polynomial which, on the one hand, is expressible in terms of the si’s, and on the other, resembles our original polynomial to a certain extent. This turns out to mean that the dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erence between the original polynomial and the new one is sn times a symmetric polynomial of lower degree, and an induction on degree then allows us to get the desired result.

Here is a dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erent

(and also instructive) way to prove the same theorem. (In stating it, I will use ‘‘monomial’’ to mean what Lang calls a ‘‘primitive monomial’’, i.e., a member of the monoid generated by the elements in question, without coef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cie nt from the base-ring.)

The symmetric group Sn permutes the monomials in t1,...,tn, and the symmetric polynomials in these indeterminates are those polynomials f such that for each orbit of this action, the coef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cients in f of all monomials in the orbit are the same. Let us select one representative from each such orbit. To do this, we consider the monomials of each degree to be ordered lexicographically, i.e., we write t1d1...tndn > t1e1...tnen if and only if the least i for which di ≠ ei has di > ei. (In other words, in comparing monomials of the same degree, we compare first the exponents of t1, then, if these are equal, we compare the exponents of t2, etc..) We can see that in each orbit of monomials under the action of Sn, the greatest monomial (c27) t1d1... tndn

under this ordering will be the unique member of the orbit which satisfies (c28) d1 ≥ d2 ≥ ... ≥ dn.

Moreover, it is not hard to verify that for each monomial (c27) satisfying (c28), there is a unique monomial in s1,...,sn having (c27) as its greatest term under our ordering; namely (c29) s1d1–d2s2d2–d3... sndn.

Now suppose f is any symmetric polynomial in t1,...,tn. Let us look at its highest-degree monomials, and among these, find the monomial (c27) that is greatest under our ordering. Since f is symmetric, this monomial will satisfy (c28), hence if we subtract (c29) times the coef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cien t of this monomial, we get a symmetric polynomial whose greatest monomial of highest degree is either of smaller degree than that of f, or of the same degree, but smaller under our ordering. Repeating this process, we must sooner or later run out of monomials of the original highest degree (since there are only finitely many monomials of that degree); we then eliminate monomials of the next lower degree the same way, and so on. This process must stop when the subtraction at some step yields remainder 0. When this happens, we will have expressed f as a polynomial in s1,...,sn.

The same method also yields an easy proof of the italicized assertion on p.192 following the proof of the theorem (which should really be part of the statement of the theorem): it follows from the uniqueness statement in the line above (c29) that distinct monomials in s1,...,sn involve distinct highest monomials in t1,...,tn (under our ordering). It follows that a nontrivial linear combination of monomials in

G.M.Bergman Re §IV.6,p.192 Companionto Lang’sAlgebra, p.89 s1,...,sn can never equal zero; for if we look at the highest monomial in t1,...,tn occurring among their expansions, this can only occur in one of them, hence will not be canceled when we sum these terms.

Having seen Theorem IV.6.1 proved in two ways, you should now convince yourself that a little bit more is true than what that theorem says; namely that if f(t)∈A [t1,...,tn] is symmetric and homogeneous of degree d (cf. first of my comments on p.191 above), then it can be written as g(s1,...,sn) where g is homogeneous (or in purist language, isobaric) of degree d with respect to our weight function. This will be used on p.193. One way to get this result is to go back over either of the above proofs and verify that they work with ‘‘homogeneous’’ inserted everywhere. Another is to use the result as stated to get the existence of a not-necessarily-homogeneous polynomial with the stated property, then group together its monomials homogeneous of each weight getting an expression g = gd + gd–1 + ... + g0, note that since each elementary symmetric polynomial si is homogeneous of degree i in t1,...,tn, the substitution of the s’s for the X’s gives an expression for f in terms of homogeneous summands gi(s1,...,sn); but now since f was assumed homogeneous of degree d, the summands of degrees other than d must be 0, and we must have g = gd, as claimed.

P.193, first paragraph [>]: Lang uses the displayed formula to define a polynomial Df , the unique polynomial in n indeterminates such that, when one substitutes for these indeterminates the respective elementary symmetric functions in t1,...,tn, one gets the product of the squares of the pairwise dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erences of the ti. Now if we map A[t1,...,tn] into an arbitrary A-algebra B by sending t1,...,tn to any elements a1,...,an, the above characterization of Df yields the following statement: Given any polynomial of degree n over an A-algebra, which is a product of linear terms, (X – a1)...(X – an), if one substitutes for the indeterminates in Df the coef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cient s of this polynomial, one gets the product of the squares of the dif of the roots ai.

It is this property that Lang will use for the rest of the section. In fact, whenever he specifies a polynomial f, he will then use the symbol ‘‘D’’ for the element gotten by substituting the coef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cients of that polynomial for the indeterminates in the above polynomial Df . Thus, under Quadrat ic case he will take n=2, look at the polynomial f(X) = X2 + bX + c, and understand D to mean D(b,c), while under Cubic case he will take n=3, look at the polynomial f(X) = X3 + aX + b (note the absence of an X2 term), and understand D to mean D(0,a, b).

Note also that I .. Ii<j (ti –tj)2, in addition to being symmetric, is homogeneous of degree n(n–1);

hence by our earlier observations, D(s1,...,sn) will be homogeneous of weight n(n–1). This property will be retained if we replace one or more of the si by 0; in particular, D(0,a, b) is homogeneous of weight 6. Lang will use this fact, without clearly stating it, a couple of paragraphs from now.

P.193, Cubic case [=]: Note that by taking the coef of X2 to be 0, as noted above, Lang is essentially taking t3 = –t1–t2. This is equivalent to looking at the images of s1, s2, s3, D, etc. under the map A[t1, t2, t3] → A[t1, t2] taking t3 to –t1–t2; and indeed, Lang here speaks of D as a polynomial in t1 and t2. (He will indicate in the top paragraph of the next page how, by a substitution, one can reduce the problem of finding the discriminant of an arbitrary cubic to the case of a cubic with no X2 term.)

Note that in the context of the preceding pages, each symmetric polynomial si is homogeneous of degree i in t1,...,tn, δ is homogeneous of degree n(n–1) ⁄2 in those indeterminates, and hence D is homogeneous of degree n(n–1). When n=3 and we map k[t1,t2,t3] onto k[t1,t2] by sending t3 to –t1–t2 as described above, the latter element is homogeneous of degree 1 in t1 and t2, so homogeneous elements remain homogeneous of the same degrees. This allows Lang to use homogeneity arguments in determining the form of D.

Three lines after middle display on this page, for both occurrences of the word ‘‘special’’ read ‘‘particular’’.

In the second line after the next display, ‘‘of the product’’ should be ‘‘as the product’’.

G.M.Bergman Re §IV.6,pp.192-193 Companionto Lang’sAlgebra, p.90

Re §§IV.7-9. This is material which there is no time to cover in 250A; but I give below some clarification of material on pp.196-197 brought to my attention by David Goldberg.

P.196, 3rd line after 2nd display [=]: Where Lang speaks of ‘‘large’’ primes, I believe the point is that the product N0(abc) of the primes in question must be large, hence they can’t just be among the first few primes; so the largest of them must be at least moderately large. (But not necessarily anywhere near abc.)

P.197, 2nd line after first display [=]: For ‘‘Again the proof is immediate from’’, read ‘‘We shall show below that the above conjecture is implied by’’.

P.197, 3rd line before display (1) [=]: m > should be mn >. P.197, display (1) [=]: Sketch of the derivation of these formulas: In the abc conjecture we may bound max( |a|, |b|, |c|) below by |a|, and N0(abc) above by N0(a)N0(b)N0(c). If we apply the resulting inequality to the equation preceding (1), dropping the factors A and B because they are fixed, bounding N0(um) and N0( n) by u and respectively, and writing the result in ‘‘<<’’ notation, we get |u|m << (|u|| |N0(k))1+ε, hence |u|m–1–ε| |–1–ε << N0(k )1+ε. We get a similar inequality with the roles of u and revers ed, and taking a ‘‘multiplicative linear combin ation’’ of these which eliminates | |, and solving for |u|, we get |u| << N0(k )(1+ε)n ⁄(mn–(m+ n)(1+ε)). The exponent is not the same as in Lang’s (1), but given any ε>0, we can find an ε′>0 (independent of m and n so long as mn ⁄(m+ n) is uniformly bounded above 1; and indeed the relation mn > m+ n leads to a bound 6 ⁄5) such that (1+ε′)n ⁄(mn–(m+ n)(1+ε′)) ≤ (1+ε)n ⁄(mn–(m+ n)). Hence, applying the above computation with that ε′, we get the first formula of (1). The second formula follows by symmetry.

P.197, sentence after next-to-last display [=]: For this read, ‘‘The Hall conjecture is essentially the case of the first formula of (1) with m=3, n=2, and N0(k) bounded by |k| = |u3– 2|.’’