
TERM PAPER FOR 18.784, FALL 2021

Information. The term paper will consist of a mathematical essay of about 10
single-spaced pages in 12-point font, written in a professional style in LATEX, on a
topic related to p-adic numbers. In addition, you will give a 20-minute talk during
the last three weeks of class on the subject of your paper.

Guidelines. The paper should be written for an audience at the level of your
peers. Terms which have not been introduced in class should be defined (it is okay
to give informal definitions occasionally), theorems that have not been stated in
class should be explained, etc. As with your presentations, it is not necessary to
present complete proofs for every statement; the main goal is to convey the key
ideas.

The paper will be evaluated on the quality and originality of exposition. You
may go beyond 10 pages if needed, but additional length will not by itself earn fa-
vorable marks. (In fact, it is less painful to read a short poorly-written paper than
a long poorly-written paper.) Also do not equate difficulty with quality – a poorly
written paper on very difficult subject will earn few points. On the other hand,
many easy topics are already covered well by existing literature, and a well-written
paper which looks very similar to existing well-written papers will also receive few
points.

Submissions. Solutions must be typed in LATEX and submitted online before 11:59
P.M. on the due date. Late submissions will not be accepted.

Incremental progress. You are required to submit partial work towards the term
paper at various times during the semester. These works will not be graded individ-
ually, but part of your paper grade comes from keeping up with these assignments.

• Reading assignment (due Sep 30). Read the assigned short essay, and come
prepared to discuss it in class.
• Topic preferences (due Oct 8). List five, starting with your first choice. If

you are proposing your own topic, mention some references or otherwise
describe in a little detail what you have in mind.
• References and Outline (due Oct 18). List the books and articles that you

will base your term paper on. Describe what subtopics will be discussed.
List the names of the sections of your paper, with a sentence or two for
each explaining what it will contain.
• First third of paper (due Nov 1). 3-4 pages at the level of your first draft.
• First draft of paper (due Nov 22).
• Peer revision comments (due Dec 3). You will be split into groups of 3(ish,

depending on the total number of students). You will give feedback on your
two classmates’ first drafts.
• Final version of paper (due Dec 9).

What does it mean to write a mathematical paper? You are not expected
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to obtain any original results in your paper. However, this does not mean that your
paper should consist of material “copied” from references. Rather, you are expected
to put significant work into creating an original exposition. Your mathematical
personality enters in deciding what and how much motivation to include, how to
balance technicalities with examples, and so on.

Think of an expository paper as being like a short story – your mission is to
craft an engaging narrative. A good way to accomplish this is to distance yourself
as much as possible from the references. Do not look at any of your references as
you write, or at notes that you took on the references, etc. Try to understand the
material so well that you can tell it completely from memory; you will find that the
process of internalizing it forces your mind to shape the material into a coherent
and compelling story.

Getting started. Starting by trying to get a broad sense of the topic, and finding
appropriate references. For the suggested topics I have given at least one initial
reference. Wikipedia and Google are useful for this purpose, although you should
avoid citing results from Wikipedia. The department also has many knowledgeable
graduate students, and I am happy to discuss in office hours.

Some possible topics. Below is a list of possible topics, along with a first reference
to get you started. The listed sources are not required or necessary and
may not be sufficient. You are expected to find additional references on your
own – this is an important part of the research process! You can also propose a
topic that is not on this list at all, but check with me first to make sure that it is
at an appropriate level.

(1) Weierstrass Preparation Theorem. [G20, §6.2, §6.3].
(2) Newton polygons. [G20, §6.4].

The above two topics are covered in Gouvea’s book, although we will not get to
them in class. To do a good job on these you will need to go beyond the book, and
also show significant innovation in your presentation.

(3) Quadratic forms and the Hasse invariant. [S73, Chapters II-IV].
(4) The Brauer group of a p-adic field. [§IV of Milne’s notes.]
(5) Lubin-Tate theory. [LT65]
(6) Statements of local class field theory. [C09, §7]

The next two topics require background in algebraic geometry.

(7) Elliptic curves over p-adic numbers. [S09, §7]
(8) Tate curves. [S94, Chapter 5]

The next two topics require background in analysis.

(9) Fourier analysis over p-adic numbers / Local aspects of Tate’s thesis. [T67]
(This reference needs to be supplemented, but fortunately there are many
resources on it.)

(10) p-adic zeta functions (this also requires background in modular forms). [Ser]

The next three backgrounds are about some applications of p-adic numbers.

(11) Monsky Theorem. [Start with the Wikipedia entry]
(12) Skolem-Mahler-Lech. [Start with Terry Tao’s blog post.]
(13) Applications of p-adic numbers in cryptography, e.g. this paper.

https://www.jmilne.org/math/CourseNotes/CFT.pdf
https://en.wikipedia.org/wiki/Monsky%27s_theorem
https://terrytao.wordpress.com/2007/05/25/open-question-effective-skolem-mahler-lech-theorem/
https://arxiv.org/pdf/0801.1416.pdf
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Final presentation. Your final talk with be a solo, 20-minute blackboard presen-
tation plus an additional 5 minutes of fielding questions, during the last three weeks
of class. This is not meant to be a summary of your entire paper. You may decide
to spend all your time on motivation, or to just get to the statement of the main
theorem without any proofs, or to illustrate one clever proof idea. The material is
up to your discretion, but keep in mind that “more is not better”.

Tips on mathematical writing. This document by Halmos (click on the name
for the hyperlink), also summarized at this post, contains useful guidance on math-
ematical writing. See also the list of practical suggestions by Bjorn Poonen, and
https://mathcomm.org/writing/teaching-writing/ for more resources.

Grading. The presentation will be graded according to the same rubric as the
collaborative presentations, and the paper will be graded according to the following
rubric.

• Mathematical correctness and synthesis of sources (45%). I am
looking to see that the math and its motivation should be correct, suffi-
ciently rigorous, and demonstrate a solid understanding of the material.
The paper should provide readers with greater insight than they would
receive simply by reading the paper’s sources: for example, although the
paper may not present original results, it should successfully synthesize
material from several sources to create a focused, cohesive narrative.
• Exposition (45%). I am looking to see that the paper is carefully crafted

to ease reading and understanding for the target audience (peers of the au-
thor). For example, the paper should be consistent and cohesive; new ideas
should be concisely introduced or motivated before being used; displays and
examples should be carefully crafted to aid understanding; citations should
clearly acknowledge any sources used; writing should be appropriately con-
cise and carefully formatted and proofread.
• Writing Process (10%). I am looking to see that sufficient effort was put

into the incremental drafts, and that feedback was understood and taken
into account.
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