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NOTE TO THE READER 5

Note to the reader

This document consists of notes I live-TEXed during the Arbeitsgemeinschaft at
Oberwolfach in April 2017. They should not be taken as a faithful transcription of the
actual lectures; they represent only my personal perception of the talks. Moreover,
they have been edited from their original form.

No doubt many typors and errors remain, for which I take full responsibility. I
have also not attempted to sync the notation used across different talks. The reader
is warned that there are some fairly significant inconsistencies in notation! Despite
these flaws, I hope the notes will be useful to some readers.

Almost all of the mathematics here is contained in the paper “Shtukas and the
Taylor Expansion of L-functions” by Zhiwei Yun and Wei Zhang. These notes are
but an expository first glimpse of their incredible work. Special thanks to Zhiwei
and Wei for also organizing the workshop, and to the speakers.

Comments and corrections can be sent to me at tonyfeng@stanford.edu. I thank
Arthur Cesar le Bras for corrections.






Part 1

Day One



1. An overview of the Gross-Zagier and Waldspurger formulas
(Yunging Tang)

1.1. The modular curve Xy(N).

1.1.1. The open modular curve. To state the Gross-Zagier formula, we need to
introduce modular curves. We begin by defining the open modular curve Yy(N).
Over a field of characteristic 0, it is the moduli space of pairs (E’, C') where E’ is an
elliptic curve and C' is a subgroup of E’ isomorphic to Z/NZ.

The complex points Y5(NV)(C) have the structure of the locally symmetric space
[o(N)\H, where

To(N) = {(Z Z) €SLy(Z): c=0 (mod N)} |

The point 7 € H parametrizes the curve C/Z + 7Z, with N-torsion point being .
1.1.2. Cusps. The cusps of To(N) are in bijection with the set

Lo(N\PHQ) = | |(Z/fa2)*  fa= ged(d, N/d).
d|N
We define X((IV) as the compactification of Yy(N) obtained by adjoining a point for
each cusp. There is a moduli interpretation of Xo(/N) as parametrizing isogenies of
generalized elliptic curves
¢: B — E"
such that ker¢ = Z/NZ and ker ¢ meets every component of E'. A generalized
elliptic curve is a family whose geometric fibers are either an elliptic curve or a
“Néron n-gon” of P1’s.
There are two special cusps on Xo(N):
e The cusp oo corresponds to the n-gon for n = 1, which is the nodal cubic.
e The cusp 0 corresponds to the N-gon.

1.1.3. CM points. In terms of the uniformization of Xo(N) by H, CM points
correspond to 7 € H such that there exist a, b, c € Z such that

ar? +br +c=0.

We can assume that ged(a,b,c) = 1. With this assumption, the discriminant D =
b% — 4ac is the discriminant of Endg(E,) & Z + Z[LQ‘/B].

1.1.4. Heegner points. Heegner points are a special type of CM points. Fix K to
be an imaginary quadratic field of discriminant D over Q. Assume D is odd. The
Heegner condition says that for all p | N,

(1) p is split or ramified in K, and
(2) P> N.
Remark 1.1. These conditions are equivalent to saying that D is a square
(mod 4N).
The Heegner condition is equivalent to the existence of a point z := (¢: E' —

E) € Xo(N)(Q) satistying
EndQ(E’) = EHdQ(E”) = OK
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The theory of complex multiplication implies that Heegner points are defined
over the Hilbert class field of K, which we denote by H. In terms of the complex
uniformization, the Heegner point x corresponds to

z=[C/Og — C/N1Ok]

where N' C O is an ideal of norm N. Its existence is guaranteed by the Heegner
condition as follows. For every p | N we can choose p C O such that Nmp = p,
and then set N' =], por(N),

Finally, we can form a degree 0 divisor on X((/N) from the Heegner point, which
will actually be defined over K, as follows: let

P = Z (o(x) — 00).

ceGal(H/K)

1.2. Néron-Tate height. We now define the “Néron-Tate height”. This con-
struction can be done for any abelian variety, but we will only do it for Jacobians;
this is all we need to state Gross-Zagier.

Suppose we have a line bundle £ on Jy(N), corresponding to twice a theta divisor
©. (More This is ample, so we can use it to define a height. Namely, we can pick a
large power of n and use £®" to embed

L Jo(N) — P™.

On projective space we have the standard height function due to Weil, which we can
restrict to Jo(IN) to obtain a height function %hgm. To make this well defined, we
normalize: define h% on Jo(N)(K) by %hggm.

Definition 1.2. The Néron-Tate height for Jo(IN) is defined to be

. K on
o= lim 22"
n—00 4n
This satisfies
h(2z) = 4h(z).
Remark 1.3. The Néron-Tate height can be decomposed into a sum of local
terms, which is used in the original proof of the Gross-Zagier formula.

1.3. L-functions. Let f be a weight 2 newform for T'g(N). (This means that
f is a cuspidal Hecke eigenform, orthogonal to modular forms coming from smaller
level.) We have a Fourier expansion

f= Z anq".

n>1

If a,, € Z for all n, then by Eichler-Shimura we have an elliptic curve E/Q with
conductor N. Conversely, for an elliptic curve E/Q the modularity theorem (Wiles,
Taylor-Wiles, Breuil-Conrad-Diamond-Taylor) produces a modular form with the
same L-function.
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The modular form f can be viewed as an automorphic form for GLg /Q. If fj
denotes its base change to K, then

L(fr;8) = L(f, $)L(f © 0 )q; 8) (1.1)

where 7y /q is the quadratic character associated to K/Q by class field theory.
Explicitly, we can write

L(f,s) = Zanq"
L(f ®@nkqs) = > n(n)ang"

Remark 1.4. The base change for automorphic forms can be understood con-
cretely in terms of elliptic curve. If f corresponds to the elliptic curve E under
Eichler-Shimura, then

L(fk,s) = L(Ek,s).
Thus becomes
L(Eg,s) = L(E,s)L(EP,s)
where EP is the quadratic twist of E by D. This has an Euler product
L(Ek,s) = 11 Ly,
v finite place of K

where for good reduction v,
Ly=(1-av,* +¢, )" av=q+1-#E(F,),
and in the bad reduction case,
Ly=(1-ayq,”)""

where a, = 1 for split multiplicative reduction, a, = —1 for a nonsplit multiplicative
reduction, and a, = 0 for additive reduction. (This can again be phrased in terms
of a point count for the non-singular locus of the reduction.)

The Heegner condition implies that
e(L(fx,s)) = -1 = L(fk,1)=0.

1.4. Gross-Zagier.

1.4.1. The elliptic curve case. Let ¢: Xo(N) — E be the modular parametriza-
tion, sending oo — e. Thanks to the modularity theorem of Wiles, this parametriza-
tion is induced by a modular form f. We define

P(¢):= Y  ¢(o(z)) € B(K).

ceGal(H/K)
THEOREM 1.5 (Gross-Zagier). We have

. _deg¢-u2-]D\1/2
h(P(¢)) - 87r2|’f”Pet

L'(Eg,1)
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where u = |OF|, and
anpa;ﬁ=m/" ()T (@) dudy
To(N)\H

We can rewrite this in terms of modular forms, which fits better with the gener-
alization to automorphic forms.

Definition 1.6. The Hecke algebra is the algebra of correspondences on Xo(IV)
generated by

Tn:[ES B Y [E/C— E/C).
cccC:
#C=m
Cnker ¢p=e

It acts on Xo(IV), hence also on Jy(N). Let P(f) be the isotypic component of
Jo(N) ® Q, where we need to extend scalars because the idempotent has denomina-
tors. Then the reformulation of Gross-Zagier is:

. _ u?|D|Y2 L/(Fg,1)
h(P(f)) - 87'['2 Hf”Pet .

Remark 1.7. The proof considers the height pairing

((z = 00), T (o(x) = 00))NT

for Xo(NN). This is the Fourier coefficient of a cusp form of weight 2 on Xo(N). It is
part of a general philosopy of Kudla that the generating series for special cycles is a
modular form. The L-function is also associated to a modular form. The proof goes
by arguing that these two forms coincide, up to an old form. The higher Gross-Zagier
also has to do with this.

1.5. Generalized Heegner conditions. We now explain a generalization of
of Heegner points, following work of Zhang and Yuan-Zhang-Zhang.

Let (N, D) =1. Assume N = N*N~ where N~ is squarefree and its number of
prime factors is even. In this case we can have a quaternion algebra B ramified at
N~ giving rise to a Shimura curve

X = BX(Q)\H* x B*(A)/U.

From an elliptic curve E/Q we get a modular form f. By Jacquet-Langlands, we
get a modular parametrization X — E. For an embedding K — B(Q) of an
imaginary quadratic field K, we get a Heegner point x € X(H), where H is the
Hilbert class field of K. (The Shimura curve parametrizes abelian surfaces with real
multiplication, while the CM point parametrizes things with endomorphism by O
The Heegner condition forces endomorphisms by the maximal order. In particular,
this implies that the CM point is defined over H. )

Definition 1.8. We define the generalized Heegner point

P(¢):= Y  ¢(o(z)) € B(K).

ceGal(H/K)
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THEOREM 1.9 (Zhang, YZZ). We have

- L'(E/K,1)
hP())) = —Z—
[ 1[Pet
1.6. Waldspurger formula. We normalize so that the center of the L-function

is 1/2.

Let F' be a number field and A = Ap. Let B be a quaternion algebra over F,
and G the algebraic group associated to B*. Denote the center of G by Zg = F*.
Let K/F be a quadratic extension with a given embedding K — B. Let T =
Resg/p Gm; note that we can naturally view T' C G. Let n be the quadratic Hecke
character associated to K/F.

Let 7 be an irreducible cuspidal automorphic representation of GG, and w, the
central character. Let mxg denote the base change of 7 to K. Let

x: T(F)\T(A) - C*

be a unitary character, such that wy - x|ax = 1. (The purpose of x is to get a trivial
central character.)
The Waldspurger formula concerns a period integral. We define

P:m—C
by
[ P(f) = / F(t)x(t) dt.

T(F\T(A)/A*
THEOREM 1.10 (Waldspurger). For fi € m and fy € T (the contragredient rep-
resentation), we have

AR ~ =F3d )

where a = [[, a is a product of local terms

a(fi ® f2)

oy € Homyex (my ® Xo, C) ® Hom e x (7 ® o ', C),

normalized by Waldspurger (so in particular, they are 1 in the spherical case).
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2. The stacks Bun,, and Hecke
(Timo Richarz)

2.1. Why stacks? In algebraic geometry one would like to have a classifying
space BGL,, for vector bundles, such that

Hom(S, BGL,) = {vector bundles of rank n on S}/ ~ .

Such an object can’t be represented by a scheme, since a vector bundle is locally
trivial, so any map S — B GL, would need to be locally constant, and for maps of
schemes locally constant implies constant.

There are several possible ways to wriggle out of this situation.

(1) Add extra data (e.g. level structure) in order to eliminate automorphisms.
(2) Don’t pass to isomorphism classes.

Stacks are the result of the second option.

2.2. Bun,, as a stack. Let k£ be a field.
Definition 2.1. A stack M is a sheaf of groupoids

M: Schy? — Grp C Cat

i.e. an assignment
e for all S a groupoid M(S),
e for every S ENYN pullback functor f*: M(S’) — M(S),
o for all S £+ 5" % S a transformation

Prg: ffog" = (gof)
such that objects and morphisms glue (in the appropriate topology).
Example 2.2. The classifying stack

BGL, := [pt / GLy]

takes S to the groupoid of vector bundles of rank n on S.
Example 2.3. Let X be a smooth, projective, connected curve over k. We define
the stack Bun,, taking S to the groupoid of vector bundles of rank n on X x §.
How do you make this geometric? We have a map pt — BGL,, corresponding to
the trivial bundle. If £ is a rank n vector bundle on S, then we get by definition a
classifying map
fe: S — BGL,.

Consider the fibered product

S XBGLn pt —_— pt

| |

s — 7, paL,



14

To understand what the fibered product is, let’s compute its functor of points is.

T
\E
S XBaL, pt pt

N [

s 7, paL,

Its T-valued points are
{(f,: Trivop = fe o f} = Isom(Og", E)(T),
which is the frame bundle of £. Let’s think about what this means.
(1) We can recover & = O% xgr,, Isom(Og", ), i.e. the map pt — BGL, is
the universal vector bundle.
(2) The map pt — BGL,, is a smooth surjection after every base change.
Inspired by these examples, we make a definition.
Definition 2.4. A stack M is called algebraic if
(1) For all maps S — M and S — M from schemes S, S’, the fibered product
S xp 8 is a scheme .
(2) There exists a scheme U together with a smooth surjection U — M called
an atlas.
(3) The map U xpq U — U x U is qegs.
An algebraic stack M is smooth (resp. locally of finite type, ...) if there is an atlas
U — M such that U is smooth (resp. locally of finite type, ...).

Example 2.5. (Picard stack) We define Picy = Bunx,;. Let Jacxy be the
Jacobian of X. This is the coarse moduli space of Picx, so we have a map

Picx — Jacx

which preserves the labelling of connected components by degree. Suppose you have
x € X (k) # 0. Then we actually have an isomorphism

Picx = Jacx x BGy,
where the map Picxy — BG,, corresponds to the restriction of the universal line
bundle on X x Picy to {z} x Picx.

This shows that Picx is a smooth algebraic stack locally of finite type of dimen-
sion ¢g(X) — 1.

THEOREM 2.6. Bun,, is a smooth algebaic stack locally of finite type over k, of
dimension n*(g(X) — 1), and mo(Bun,,) = Z.

PROOF. Choose an ample line bundle Ox (1) on X. Define U to be the union
over N of (£,{s;}) such that
e £(N) is globally generated,
e HY(X,E(N)) =0, and
e the {s;} are a basis of H*(X,E(N)).
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This U is represented by a smooth scheme, by the theory of Quot schemes, and
U — Bun, is an atlas. (The obstruction to deforming a basis lies in H*(X,E(N)),
which we have asked to vanish.) O

Example 2.7. Let X = P}. Then [pt/GL,], corresponding to the trivial
bundle, is an open immersion in Bun, because H 1(P,lc,g) = 0. For example,
Bund(k) = {092, 0(1) @ O(—1),...} so the automorphism groups get bigger as
the points get more special.

2.3. Adelic uniformization of Bun,,.

2.3.1. Weil’s uniformization. Let k = Fy. Let F' be a the function field of X,
and |X| the set of closed points. For z € | X| denote by O, the completed local ring
at x. This is non-canonically isomorphic to k;[[w;]|]. We also set F, = Frac(O,),
which is non-canonically isomorphic to k;((w,)). Recall the ring of adeles

/
A= H (Fy, Oz) = {(az) € HFI | az € O, for almost all = € |X|}.
z€|X|

THEOREM 2.8 (Weil). There is a canonical isomorphism of groupoids

GL,(F)\ [ GL.(A)/ [] GLa(Ox) | = Buny(k).
z€|X|
Here if S is a set with a group action of G, then S/G can be considered as a
groupoid, whose objects are orbits and automorphisms are stabilizers.
Example 2.9. For n = 1, this gives

FO\AYT]Ox =F~\ (H F;/o;> — F*\ Div(X) = Picx (k).

PRrROOF. Consider the set

rank& =n
Y=< (&, {ax},T): az: Elgpec 0, = OP™
7: Elspec F = Fon

We seek to define a GL,,(F') x [[ GLy, (O, )-equivariant map

¥ — GL,(A). (2.1)
Once we have this, we get a map of quotients
by » GL,(A)

| |

Bun, (k) ——- GLy(F)\ (GLp(A)/ [ GLA(O)) .

We'll just show you how to define the map (2.1). Given (&, {ay},7) € X, we get
gr € GL,,(F;) given by

-1
(0%
Fg RaN 5|Spec Fy, L} F:;Gn.
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O

2.3.2. Level structure. Given D = " d, - x an effective divisor, we can look at
the double quotient

GL,(F)\ (GL,(A)/Kp) = {(£,0) | a: €|p = OF"}

where Kp = ker (IT,epx| GLa(Or) = [oepx GLa(O2 /i) ).

2.3.3. Split groups. If G is any (not necessarily reductive) algebraic group split
over k, then

GE\ | GA)/ ] G(Ox) | = Bung(k).
z€| X|
If G is not split, then we instead get an injection, with the right side having terms
related to inner twists of G.

2.4. Hecke stacks. Let » > 0 and p = (p1,...,1r) & sequence of dominant
coweights of GL,, such that p; is either 4 = (1,0,...,0) or p— = (0,...,0,—1).

Definition 2.10. The Hecke stack Hkk is the stack defined by HkE(S) is the
groupoid classifying the following data:

e a sequence (&, ...,&,) of rank n vector bundles on X x S.
e asequence (21, ...,z,) of morphisms z;: S — X, with graphs I';, C X x 5,
e maps (f1,..., fr) with
fir Eicilxxs\ra, = EilxxS\Ls,
such that if pu; = p4, then f; extends to &_1 — & whose cokernel is an

invertible sheaf on I'y,, and if pt; = p— then fi_l extends to & — &;_1 whose
cokernel is an invertible sheaf on I',.

For ¢ =0,...,r we have a map
pi: Hkl — Bun,,
sending (£, z, f) — & and
px: HkH — X"
sending (&, z, f) — z.
LEMMA 2.11. The morphism
(po, px): HkY — Bun,, x X"

is representable by a proper smooth morphism of relative dimension r(n — 1), whose
fibers are iterated P"~'-bundles.

PROOF. Once we have fixed a reference bundle, the fibers are iterated modi-
fications, which amounts to a choice of a hyperplane in an n-dimensional vector
space. ]
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3. (Moduli of Shtukas I)
(Doug Ulmer)

3.1. Hecke stacks. Let X be a (smooth, projective, geometrically connected)
curve over Fy. Let F' = Fy(X). Fix integers n > 1 and r > 0. Let p = (p1,..., i)
with each p; = £1. Usually we require that r is even, and moreover that > u; = 0.

In the previous talk we met the Hecke stack Hk., parametrizing the stack of
modifications of type p of rank n vector bundles. If S is an Fy-scheme, then Hk%(S)
is the groupoid of

e vector bundles (&,...,&) on X x S.

o If y; = +1, amap ¢;: &1 — &; with cokernel an invertible sheaf supported
onI'y,. If p; = —1, a map ¢;: & — &1 with cokernel an invertible sheaf
supported on I',.

Example 3.1. If y; = +1, demanding a map
i1 =& —=E_1® O(in).

amounts to specifying a line in an n-dimensional vector space.
We have a map
Hk" — Bun, x X"
sending
(€ z,9) = (&, z).
This map is smooth of fiber dimension r(n — 1), so Hk" is smooth of dimension
n%(g—1) +nr.

3.2. Moduli of shtukas for GL,.

3.2.1. Definition.

Definition 3.2. A shtuka of type p and rank n is a “Hecke modification” plus a
Frobenius structure. More precisely, Sht?(S) = {(&€, z, ¢)} together with an isomor-
phism &, 2 7&; := (Idx x Frobg)*&y. B

We have a cartesian diagram

Sht# —— HkV

Frob x Id
Bun,, ELLLEE LN Bun,, x Bun,

Example 3.3. For n = 1, the choice of points x; determines the higher &; from
&, namely & =&_1® O(.Z‘Z) So Hklf = Picxy xX".
For a point of H{' to be an element of Sht}, we also need &, = &, i.e.

TE®E = O pixs).

Thus Sht} is a familiar object, classically known as a “Lang torsor”. It is a fiber of
the Lang isogeny Picx — Picy, hence a torsor for Bun; (F,).
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Example 3.4. For r = 0, Sht#(S) is a vector bundle £ on X x S and an
isomorphism & = 7€. This looks like part of a descent datum. If § = Spec Fq, then
such £ come from £ on X itself via pullback.

More generally, in this case

Shth = H[Spec F,/Auté&].
&
What exactly does this mean? Concretely, an element of Sht is an Aut(&)-torsor
on S, which we can think of as a twisted form of p%(£) on X x S.
3.2.2. Basic geometric facts about Shth .
(1) Sht# is a Deligne-Mumford stack, smooth and locally of finite type.
(2) There is a morphism
Sht! — X"
which is separated, smooth, and of relative dimension r(n — 1).

3.2.3. Lewvel structure.

Definition 3.5. Let D C X be a finite closed subscheme (in this case, just a
finite collection of points with multiplicities). A level D structure on (€, z, ¢) is an
isomorphism

&olpxs = OF g
such that |D| N {z1,...,2,} = 0, which is compatible with Frobenius in the sense
that the following diagram commutes:

~ D
Eolpxs —— OpLs

"&lpxs —— TOFLg

Note that there is an action of GL,(Op) on the set of level structures.
In practice, we’ll introduce level structure in order to rigidify the objects.
3.2.4. Stability conditions. The components of Bun,, are indexed by Z, via
E — degdet €.

We need to fix this to get something of finite type. But that still won’t be enough,
since we have things like O(ap) @ O(—ap). For a vector bundle &, let
M(E) :=max{degL | L — E}.
This is enough to cut down to something of finite type.
Definition 3.6. Define Shtz D.d.m to be the stack whose S-points are
L4 (é) Z, 9)7 57' ; 7’50
e A level D structure,
o deg(det&;) =d, M(&) < m.
Facts:

(1) If D > 0 (with respect to n,m,d) then Sht!' , , = is represented by a
quasi-projective variety.
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(2) The map [Sht}, 1, 4, / GLy(Op)] = Sht}; is an open embedding.
(3) Shtk is the union of these substacks for varying d, m.

This is enough to check that Sht!; is a DM stack locally of finite type over F,.
3.2.5. Smoothness. Recall the cartesian square

Shth » HkE » X7
\L J/poxpr
Bun,, M Bun,, x Bun,

Note that d Frob = Frob, = 0, and Id, = Id. On the other hand, pg. and p,. are
both surjections.

COROLLARY 3.7. The maps (Frob,1d): Bun,, — Bun,, x Bun,, and (po,p,): Hk" —
Bun,, x Bun,, are transverse.

COROLLARY 3.8. The map Shth) — X" is smooth, and so has relative dimension
(n—1)r.

3.2.6. Summary. Shtg is a DM stack locally of finite type, with a smooth sepa-
rated morphism Shty; — X" of relative dimension 7.

3.3. Moduli of Shtukas for PGLs. Let G = PGLy = GLy /G, and let Bung
be the stack of G-torsors on X, which is isomorphic to Bung / Bun;, with the action
being ®. This action lifts to Hkh, by

This action doesn’t restrict to Shty unless £ = L. Therefore, only the subgroup
Picx (k) acts on Shty. We have cartesian diagrams

PiCX(Fq) E— PiCX

(3.1)
Frob x Id l Y

PiCX E— PiCX X PiCX .

and
Shtt ——  HkH

l lpo Xpr (3~2)

Frob x Id
Bun,, ELLEE LN Bun,, x Bun,

and the objects for G = PGLg are obtained by quotienting the second diagram (3.2))
by the action of the corresponding groups in the first diagram (3.1)).
3.3.1. Independence of signs when n = 2. If u, ' are r-tuples of signs and n = 2,

~

then there is a canonical isomorphism Sht’é — Shté/ . We'll show this by giving an

explicit isomorphism between Sht‘é, for any u, and Sht"" where w=(+1,...,+1).
Suppose we are given (£,z,¢,1) € Shté. The key idea is that we can transform

an injection &1 <= &; with deg 1 cokernel into &1 — & @ O(z;). So we take every
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instance of &1 < &;, which is a modification of type p_, into &_1 — & @ O(x;),
which is a modification of type pu. Given (&, z, ¢) let

Dii= Y Ta,.

1<j<i
By =p—

Let & = & ® Oxxs(D), and note that
E =& —...=E&

is an element of Shté/ .
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4. Moduli of Shtukas II
(Brian Smithling)

4.1. Goal. We're going to start by stating the formula which is the goal of this
work. We’ll then spend most of the talk explaining the meaning of some parts of it.
For f € H the Hecke algebra, define

() = (0X[Shth], £+ 0¥[Shtll)g, o € Q

Here 6%[Shtf] € Ch,,(ShtZ)q, a cycle in the “rational Chow group of dimension r
cycles proper over k”.

This Chow group has an action of .Cha,(Shtd X ShthT)Q, the “rational Chow
group of dimension 2r cycles proper over the first factor”. This actually has an
algebra structure.

The main goals for today are:

e Define a map H — .Cha, (Shtg; x Sht).
e Define a map 6#: Sht}, — Shtg.

4.2. The Hecke algebra. Let G = PGLa, X/k, and F = k(X). Write
K= ][] Ko K.=G(On).
z€| X|

Definition 4.1. The spherical Hecke algebra is

H=C>(K\G(A)/K,Q) = () C(K\G(Fy) /Ky, Q).

z€|X|

The algebra structure is by convolution.
Let M ,, be the subset of Mata(O,) with determinant n, viewed in G(F;). Thus

Mx,(} = Ka:

M:p,l = Kz <wx 1) K:p

Let hn, € H, be the characteristic function of Mx ,. By Cartan decomposition,
these form a Q-basis of H,.

Let D = ZwE\XI ngx be an effective divisor. Then hp = Qzexhng, € H is a
Q-basis for H.

4.3. Hecke correspondences. Let u be an r-tuple with the same number of
py’s and p_’s. We define Shth(hp)(S) to parametrize

e (r1,...,x,) maps S — X.
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e a commutative diagram

50 ***** > 51 ***** Yoo mmm- > 5,« —— Tgo
j(bo j@sl \[¢r T¢O
&y -—--- » & ----- Yooal mmmme » & —— TE|

with top and bottom rows in Sht!, such that:
e the map det ¢; has divisor D x S.

For G = PGLsy, we define
Shté(hp) := Shth (hp)/ Picx (k).
We have a commutative diagram

Sht?, (hp)

Sht?, Sht?,

\XT/

LEMMA 4.2. The maps p~ and p— are representable and proper. The map
(p©,p7") is also representable and proper.

PRrROOF. The fibers of p~ are closed subschemes in a product of Quot schemes.
For p*, dualize. For (p*,p™), the fibers are closed in a product of Hom schemes.
Properness follows from Sht being separable and p* being proper. (]

LEMMA 4.3. The geometric fibers of Sht;(hp) — X" have dimension r. There-
fore dim Sht¢;(hp) = 2r.

We now define

H:H— cChQT(ShtE X ShtE)Q
sending hp — (p~,p7).[Shte(hp)].

LEMMA 4.4. The map H is a ring homomorphism.

Idea of the proof: we need to show that H(hp*hp/) = H(hp)-H(hp/). We can
reduce to checking this over U", where we can see it directly.

Remark 4.5. For g = (g9;) € G(A), one usually defines a self-correspondence
['(g) of Sht; [(x\g)- where S = {z: g, ¢ K,}. Then 1xyk|x\s)- is the same cycle
as ['(g). However, in this case the total Hecke algebra only acts on the generic fiber.
In the paper, the Hecke action is defined over all of X, using that Shty;(hp) is defined
over all of X.

Here is a variant: let v: X’ — X be an étale cover of degree 2, and X’ and X
geometrically connected. Define

Shtf := (X')" x xr Shtl,
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and )
ShtGT(hD) = (X/)T X xr Shtg(hp)

Base changing the maps from earlier, we obtain the commutative diagram

Sht? (hp)

2
o

H': # — .Chy,(Shtd; x ShtZ,)
which is again a ring homomorphism.
Definition 4.6. For f € H, we have an operator f * (—) := H'(f) acting on
Che.(Sht)q.

Sht; Sht;

This induces a map

4.4. The Heegner-Drinfeld cycle. Let u be a balanced r-tuple. Let T :=
Resx//x G, and T := TV/G:m

We have an action of Picx (k) on Sht‘%. In particular, Picx (k) acts through its
embedding into Picx/(k). Then Sht}. := Sht%/PicX(k:) has a map

mh: Shth, — (X)),

which is a Picx/(k)/ Picx (k)-torsor. Thus Shtf. is proper smooth of dimension r
over k. The spaces Sht% are canonically independent of u, and so is the structure
map to X" (but not the one to X'").

Let £ be a line bundle on X’ x S. Then we get a vector bundle v, L of rank 2
on X x S. This induces

Shtf. — Shtg,

sending (2/, L, f, 1) = (v(2'), uL, Vs f,v4t). Thus we get

Sht#, — Sht& = (X')" x xr Sht}. .

This is a finite étale morphism.
Definition 4.7. We define the Heegner-Drinfeld cycle 6%[Sht}] € Ch,.,(Sht%)q.
Then can define
Iz Iz
<95[ShtT]7 [ Qf[ShtTDSht/Gr-
LEMMA 4.8. This pairing is independent of .
The main result is the following:

THEOREM 4.9. If m is an everywhere unramified automorphic representation of
G, then
L7 (pr,1/2) ~ ([Sht]r, [Shty] ).
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5. Automorphic forms over function fields
(Ye Tian)

5.1. Cuspidal automorphic forms.

5.1.1. Goal. Let X/k be a curve over a finite field and F = k(X). Let A = Ap
and O = er|X\ O, where O, is the completed local ring of X at x.

Let G = GL4 and Z be the center of G. Let G(O) be the maximal compact
subgroup of G(A).

Definition 5.1. A function f: G(F)\G(A) — C is smooth if it factors through
G(F)\G(A)/K for some open subgroup K of G(A). It is cuspidal if for any proper
standard parabolic P C G, with unipotent IV, the constant term

©p(g) = / ¢(ng) dn
N(F)\N(A)

vanishes.
The main goal of the talk is to prove:

THEOREM 5.2 (Harder). For any compact open K C G(A), all cuspidal functions
¢ acting on G(F)\G(A)/K — C have support uniformly finite modulo Z(A).

5.1.2. Automorphic representations.

Definition 5.3. A smooth function ¢: G(F)\G(A) — C is called automorphic
if its space spanned by right translations G(A) of ¢ is admissible. (A smooth rep-
resentation is admissible if the fixed vectors under any compact subgroup are finite
dimensional.)

Definition 5.4. A function ¢: G(A) — C has central character x if x(zg) =
x(2)p(g) for all z € Z(A).

Remark 5.5. If ¢ is cuspidal automorphic form with a central character, after
twisting by u o det for some idele character p, we may view ¢ as a function on
G(F)\G(A)/Ka?%, where a € Z(A) = A* has dega = 1.

Harder’s theorem implies that Acusp(G(F)\G(A)/Ka?) is of finite dimension.

Definition 5.6. We define Ag cusp, to be the space of automorphic cuspidal
forms of central character x. This has an action G(A) by right translation.

THEOREM 5.7. For any x € XxG, AlGcusp,y 5 an admissible representation of
G(A). Moreover, it has a countable direct sum decomposition

AG,cusp,X = @ .
m€llG cusp,x

Here 11G cusp, @ the set of equivalence classes of irreducible automorphic cuspidal
representations of central character x.

What is the content of this statement? It’s obvious that 7 occurs as a subquo-
tient. The theorem says that it actually occur as an honest subrepresentation, and
also asserts a multiplicity one statement.
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PROOF. Admissibility follows from Harder.
Semisimplicity: after twisting Ag cuspy @ (1 © det), we can assume that is x is
unitary. Then

(o1, P2 Prp2dg

)= |

G(F)Z(A)\G(A)
defines a G(A)-invariant positive definite Hermitian scalar product on Ag cusp,y-
Since G(A) has a countable open basis at e, this implies

AG,cusp7X = @ﬂ'm(ﬂ-)

with m(m) = dim Homga) (7, A) > 1.

To see that m(mw) = 1, we use that the Whittaker spaces are 1-dimensional. If
¥: F\Ar — C* is a non-trivial unitary character, and U is the unipotent radical
of the Borel, then we have

Homyy(a) (7, 1) = Homga)(, Indgﬁﬁi V)

The latter is one-dimensional, which we can prove by passing to the local Whittaker
model.
If &: m— Ag cusp,x then we get a map m — W, sending

o Wen() = [ £(¢) (ng)(n)Ldn.
U(F)\U(A)
From this we can "recover"
§(p)(g) = > Wf(w)[<7 1) g]
v€Uq—1(FI\Ga—1(F)

so the 1-dimensionality of the Whittaker model for 7 implies m(7) = 1. O

5.2. Reduction theory on Bung.

Definition 5.8. The slope of £ is defined to be p(€) := riigkgg' We have deg & =
degdet &.

By Riemann-Roch,

X(€) = deg & +rank E(1 — gx).

Definition 5.9. A (non-zero) vector bundle £ over X is said to be semistable if
for all sub-bundles
0C FCE,
we have pu(F) < u(G). There is an equivalent formulation in terms of quotients.
Definition 5.10. A filtration of a vector bundle £ on X

O=FREChéEC...CF,£E=E¢

is a Harder-Narasimhan (HN) filtration if F;E€/F;_1& are semistable with slopes p;
satisfying
p1 > p2 > > g
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Example 5.11. Let X = P!/k. Then £ = @;_, O(n;)" with ny >ng > ... >
ns integers. Then the HN filtration is

0C O(nl)rl C (9(’I’L1)T1 D O(ng)” cC...C

THEOREM 5.12 (Harder-Narasimhan). Any non-zero vector bundle over X ad-
mits a unique HN filtration.

PROOF. Let pu1 be the maximal slope of a sub-bundle F C £. By Riemann-Roch,
we know this to be < co. We claim that in any HN filtration, F1€ is the maximal
subbundle & with p(€1) = p1. (The result would then follow by induction.)

To see that & exists, suppose you have &1, &}’ which both have r; with slope p;.
Consider F := (£] + &{), the saturation of the subsheaf of £ spanned by £] and &;'.
Then

deg F > 2ripy — deg(E5 NEY)
(the inequality comes from the saturation) while
rank F = 27y — rank(E] NEY) > ry.

So u(F) > p1 and dominates both & and &f.

To see that F1&, must be defined in this way, note that the definition of &; forces
it to be semistable. Therefore, its image in F;E/F;+1& has slope at least p(€1) > pi,
so this image must be 0.

O

Write B =TU. By Weil’s adelic uniformization, we can interpret
B(F)\B(A)/B(O) < isomorphism classes of flags of rank (1,...,1).
Let A be the set of simple roots of G.

THEOREM 5.13 (Siegel Domain). Let ca > 2g be an integer. Then
G(A) = G(F)U(A)T(A)5G(0)

Cc2

where T(A)S = {t € T(A): dega(t) < coVa € A}. In other words (by Iwasawa
decomposition), for every £ of rank d over X, there is at least one flag

0cé&céqE C...céq=¢€
such that deg(Ej41/&;) — deg(E5/Ej-1) < 2 for all j.
PROOF. Take a subline bundle £ C £ with & = (L) (the saturation) such that
1<deg& —ddegL+d(1—g)<d. (5.1)

Why is this possible? The lower bound comes from Riemann-Roch applied to H?(£®
L"), which is non-zero as soon as there exists £ < €. The upper bound comes from
the inequality

d
deg& > det L > cg ¢ —g

which comes from the non-existence of extensions with too large separation of degree
(by Serre duality).
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By induction, we can lift a filtration with this property £/&1. The only question
is to check the desired inequality for ¢ = 1. If £ is semistable we can conclude as
follows: the analog of ([5.1]) holds to tell us that

Ey —ddeg& +2(1—g) <2
so
deg52/€1 — deg& = degé'g — 2deg51
<2-2(1-g)=2g.
If £ is not semistable, take an HN filtration, whose associated subquotients
are semistable by definition. We apply the conclusion from the semistable case to
each subquotient. The only issue is to check that the inequality still holds at the

endpoints. The desired inequalities end up following from the semistability.
O

THEOREM 5.14. Let K C G(O) be a compact open subgroup. There exists an
open subset Cx C G(A) satisfying
(1) Z(A)G(F)Ck = Ck, i.e. Ck is invariant under Z(A)G(F), and
(2) Z(A)G(F)\Ck/K is finite.
Moreover, supp @ C Cx for all cuspidal .
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6. The work of Drinfeld
(Arthur Cesar le Bras)

6.1. Notation. Let k = F;, X/k a smooth projective, geometrically connected
curve over k. Let F = k(X). Chooose a point oo € |X|, and assume for simplicity
that degoo = 1.

Let F = k(X), Fx be the completion of F' at oo. Let Cy be the completion of
a separable closure of Fi,, and A = H°(X \ {00}, O).

6.2. Elliptic modules.

6.2.1. Definition. The seed of shtukas were Drinfeld’s “elliptic modules”. Let G,
be the additive group, and K a characteristic p field. We set K{7} = K ®z Z[7],
with multiplication given by

(@®@7)(b® 1) = ab? @ 7.
We have an isomorphism K{7} = Endg(G,) sending

m ) m )
Zai@m’z — (X — ZaiXpl> .
i=0 1=0

If a,, is the largest non-zero coefficient, then the degree of Y ;" a; € K{7} is defined
to be p™. The derivative is defined to be the constant term ag.

Definition 6.1. Let » > 0 be an integer and K a characteristic p field. An
elliptic A-module of rank r is a ring homomorphism

¢ A— K{r}

such that for all non-zero a € A, deg¢(a) = |a|L.

We can also make a relative version of this definition.

Definition 6.2. Let S be a scheme of characteristic p. An elliptic A-module of
rank r over S is a Gg-torsor £/S, with a morphism of rings ¢: A — Endg(L) such
that for all points s: Spec K — S, the fiber L; is an elliptic A-module of rank r.

Remark 6.3. The function a — ¢(a)’ (the latter meaning the derivative of ¢(a))
defines a morphism of rings i: A — Og, i.e. a morphism 0: S — Spec A.

6.2.2. Level structure. Let I be an ideal of A. Let (L, ¢) be an elliptic module
over S. Assume that S is an A[I~!]-scheme, i.e. the map 6 factors through 6: S —
Spec A\ V(I).

Let £; be the group scheme defined by the equation ¢(a)(z) = 0 for all a € I.
This is an étale group scheme over S with rank #(A/I)". An I-level structure on
(L, p) is an A-linear isomorphism

a: (ITHAG S L.
Choose 0 C I € A. We have a functor
FJ: A[I"'] — Sch — Sets

sending S to the set of isomorphism classes of elliptic A-modules of rank r with
I-level structure, with 6 being the structure morphism.
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THEOREM 6.4 (Drinfeld). F7] is representable by a smooth affine scheme M7}
over A[I71].

6.3. Analytic theory of elliptic modules.
6.3.1. Description in terms of lattices. Let I" be an A-lattice in Coo. (This means
a discrete additive subgroup of Co, which is an A-module.) Then we define

er(z) == H (1 —x/7).
zel'-0

Drinfeld proved that this is well-defined for all x € C, and induces an additive
surjection:

er: Coo/T = Coo.
Given I', we define a function
¢r: A— Endc_ (Gq)
by the following rule. For a € A, there exists ¢r(a) such that
¢r(a)er(x) = er(az) for all z € C.

If T is replaced by AI', for A € CJ_, then ¢r doesn’t change. Therefore, ¢r is a
function on homothety classes of A-lattices.

THEOREM 6.5 (Drinfeld). The function T+ ¢U induces a bijection between

o ) rank r elliptic A-modules
rank r projective A-lattices )
in Cao /homothety over Co such that ¢(a) = a
o /isomorphism

Remark 6.6. Under this bijection, an I-level structure equivalent to an A-linear
isomorphism (A/I)" =2 T'/IT for the lattices.

6.3.2. Uniformization. We now try to parametrize the objects on the left hand
side of . First we parametrize the isomorphism classes. Let Y be a projective
A-module of rank r. Then we have a bijection

{ homothety classes of A-lattices in Cuo

>< .
isomorphic to Y as A-modules } © Coo\nj(Foo ®4 Y, Coo)/ GLA(Y).

Next we observe that there is a bijection
CX\Inj(Fao ®4Y,Co) < PT7HCy) \ U (Foo-rational hyperplanes),

given by sending u € Inj(Foo ®4 Y,Cx) to [u(er),...,u(e,)]. This is called the
Drinfeld upper half plane Q"L

As Spec A = X \ o0, a projective A-module of rank r is the same as a vector
bundle of rank 7 on X \ co. We saw yesterday that there is an isomorphism (Weil’s
uniformization)

rank 7 vector bundles on X \ oo
plus generic trivialization

fisom. ¢ GL,(A%)/ [] GL(Ov).
vF£00
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Set GLy(A) =[], 00 GLy(Oy), and
GL,(A, ) := ker (GLT(ZU = GLT(E/J)) .
In conclusion, there is a natural bijection
Mj(Co) = GL,(F)\(GL-(AF)/ GL, (A, I) x Q" (Cx))
This can be upgraded into an isomorphism of rigid analytic spaces:

THEOREM 6.7 (Drinfeld). We have an isomorphism of rigid analytic spaces over
Fo:

(M7)** = GL(F)\(GL,(AF)/ GL,(A, I) x 2"(Cx)).
6.4. Cohomology of M12 and global Langlands for GLs.
6.4.1. Cohomology of the Drinfeld upper half plane. We now outline Drinfeld’s

proof of global Langlands for GLg using the moduli space of elliptic modules. Set
r =2, and Q := Q2. Then one has

Q(Cy) = PLHCL)\P(Fy).

There is a map A from Q(Cy) to the Bruhat-Tits tree, sending (zp, 21) to the ho-
mothety class of the norm on F2, defined by

(ag,a1) € Ffo — |aozo + a1z

The pre-image of a vertex is P! minus ¢+ 1 open unit disks, and the pre-image of an
open edge is an annulus (which can be thought of as P! minus 2 open disks). There
is an admissible covering of Q given by {U. := A~!(e)} as e runs over the closed
edges. We have an exact sequence

HY(Q,Z/n) —» [[ H'(Ue, Z/n) — [ H' (U, Z/n)
eeE veV

and using this, we get that for ¢ # p, the vector space H, élt(Q,Qf) is naturally the
space of harmonic cochains on the Bruhat-Tits tree, which is the set of functions ¢
from oriented edges to Q, satisfying

(1) ¢(—e) = —c(e) and
@) Yecpi cle) = 0.

Any such harmonic cochain defines a (Q-valued) measure on 9Q = P!(F,). In
other words, we have

H (2, Q) = (C*(PH(Fix), Q) /Qq)" 2 St

The isomorphism is GLa(Fi)-invariant.
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6.4.2. Cohomology of M?. Now we use the uniformization of M?. We can rewrite
it as follows:

MP™ = (9 x GLy(F)\ GLa(AF)/ GLa(4, 1)) / GLa(Fic).

(Some elementary trickery is required to go from the previous formulation to the one
above.) Now you use the Hochschild-Serre spectral sequence for Y — Y/T to get a
long exact sequence

0— Hl(F7HO(Y7Q£)) — Hl(Y/F7QZ) — Hl(Xaﬁf)F ..
From this we deduce

H} (M} ®r F, Q) = Homgy, (p,)(St, C*(GLy(F)\ GLa(AF)/ GLa(4, 1)) @ sp

where sp is a 2-dimensional representation of Gal(F/Fs), which should be the
Galois representation corresponding to Steinberg. This isomorphism is compatible
for the action of GLa(Ap) x Gal(F oo/ Fuo)-

Remark 6.8. This is cheating a little; we really need to work with a compacti-
fication of M? instead.

Drinfeld shows that

limg H' (M} @p F,Qy) = P 7™ ® o(r)
I s
where 7 runs over cuspidal automorphic representations of GLo(Ap) with 7o, =
St. Here o(n) is a Gal(F/F) representation. Moreover, Drinfeld shows that at
unramified places, m, and o(m,) correspond by local Langlands.

6.4.3. The local Langlands correspondence. Using this, one can construct the
local Langlands correspondence for GLs over K, a characteristic p local field. Indeed,
let m be a supercuspidal representation of GLo(K). Write K = F,, for a global F.
Choose a global automorphic representation II such that II, = 7 and Il,, & St. By
the work of Drinfeld, we get o(II) and we know that II,, and o(II),, have the same
e-factors and L-functions at all w outside some finite set S. Then for any global
Hecke character y, we have

H Lw(Hw X Xw) = H ew(Hw X Xw) H Lw(Hqu ® X;l b2 WHw)
w w w

and similarly for o(IT). We can divide these two equalities by the product for w ¢ S,

getting an equality of two finite products

H 621;(Hw ® Xw) = H EL(U(H)w ® Xw)

wES weS

' _ LV ®wr)
where €,,(7) = €,(7) CRE

Now for a trick: we can choose x such that x, = 1 and x,, is very ramified
for all other w € S — v, thus forcing the L-factors at those w to be 1. Then
el,(Ily ® xw) = €(Ily, ® xu) only depends on x,,. In this way one can isolate an
equality for the e and L-factors of 1I, = .
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6.5. Elliptic sheaves. (This material is from a discussion session.) We will
explain the connection between elliptic modules and shtukas. The relation passes
through an intermediate object called an “elliptic sheaf”.

Definition 6.9. An elliptic sheaf of rank r > 0 with pole at oo is a diagram

]'L+1
<

— Fi

. Fi H—l(
T ¢ 73\7.
7

.7+1
: T};+1(—>...

(here as usual 7*F = (Idx x Frobg)*]-" ) with F; bundles of rank r, such that j and
t are Ox xs-linear maps satisfying
(1) Fiyr = Fi(o0) and jiyr 0 ... 0 j;y1 is the natural map F; < F;(00).
(2) Fi/j(Fi—1 is an invertible sheaf along I'
(3) For all i, F;/t;(T*F;—1) = is an 1nvert1ble sheaf along I', for some z: S —
X\ o0 (independent of 7).
(4) For all geometric points s of S, the Euler characteristic x(Fo|x.) = 0.
Definition 6.10. Let J C A be an ideal cutting out the closed subset I C
Spec X. An [-level structure on an elliptic sheaf is a diagram

Folrxs

TFolrxs

THEOREM 6.11. Let z: S — Spec A\ I. Then there exists a bijection, functorial
in S,

rank r elliptic A-modules rank r elliptic sheaves over S
with J-level structure /isom. < with zero z /isom.
such that ¢(a)’ = z(a) and I-level structure

We’ll define the map for S = Spec K. Let (F;,j.,t.) be an elliptic sheaf. Define
M; = HY(X ® K, F;), and
=lim M; = H'((X — 00) ® K, Fy).
This is a module over A ®j K.
The ¢, induce a map t: M — M which satisfies
e t(am) = at(m), fora € A
e t(Am) = At(m), for A € K.
This ¢t makes M a module over K{7}. Furthermore:
e Because the zero and pole are distinct, ¢ induces an injection

"(Fi/§(Fi-1)) = Fix1/3(Fi)-
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This implies that 7: M;/M;_1 — M;+1/M; is injective.

e We claim that My = 0. Otherwise, we would have for some i < 0 a non-
zero x in M; \ M;_1. The previous bullet point implies that for all m > 0,
we have t"x € Mty \ Mitm—1, so dim M,, > m + 1 because there are
independent vectors (z,tx,...,t"z). For really large m, we would then
have x(F,) = m = dim M, > m + 1, a contradiction to x(Fy) = 0.

e For all ¢, M;/M;_; is 1-dimensional by similar estimates as in the previous
bullet point. Finally, if u is a non-zero element of M7, we have M = K{7}u.

The action of A gives a ring homomorphism A LA Endg () (M) = K{7}.
e The action of A on M/K71(M) = M, being in the fiber of F; at z implies
¢(a)" = z(a).
One can show that if (F;, ¢, j) is an elliptic sheaf, then for all 4
t(r*Fi—1) = Fi N t(7" F;)as subsheaves of Fiyq.

You can actually reconstruct the entire elliptic sheaf from the triangle
Fo 1> F
e
T-Fl

which is just a shtuka!

You can’t go in the other direction - shtukas are more general. (You need to
impose special conditions, namely “supersingular”’, on shtukas to construct elliptic
sheaves.)
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7. Analytic RTF: Geometric Side
(Jingwei Xiao)

7.1. The big picture. Yesterday we defined a certain “geometric”’ quantity
L.(f). Today we will define an “analytic” quantity J,(f). Both of these have two
expansion:

2ouepr(p)—0 Iy (u, ) == L(f) == X I(m, [). (7.1)

and
ZuePl( (u f) ( ) O Z’]T JT(T‘-M}C)' (72>

The left sides of , . are expansions in terms of orbital integrals. The right
side are the quantities that we want to compare: J,(m, f) ~ L) (7p,1/2), and
L (m, f) = ([Shtp|r, f * [Shtp]r). The functions f are “test functions” which provide
the flexibility to isolate the terms of interest.

7.2. The relative trace formula. Let I’ be a global field, the function field
of X for X/F,. Let G/F be a reductive group, and Hi, Hy — G subgroups over F.
We'll write [G] := G(F)\G(A), and similarly for H;.

7.2.1. The kernel. Let A = Ap, [G] = G(F)\G(A). For f € C*(G(A)), we
define the kernel function

rlong2) = > flor'v92).
VEG(F)

The point is that G(A) acts on C*°(G(F)\G(A)), and for ¢ € C*°(G(F)\G(A)) we
have

m(f) ¢ = / Ky (91, 92)8(g2) dgs- (7.3)
G(F\G(A)
The relative trace formula involves the quantity
/ K (h1, ha) dhydhsy (7.4)
[H1]x[Hy]

7.2.2. The geometric expansion. The geometric expansion of ([7.4) is

/ S F(hT yhe) dhidhy
[H1]x[Hz2] yeG(F)

_ 3 / S F(h]6hs) dhadhs
yeH (P\G(F)/ Ha(F) ” IXIH2] 5 b, (P oy, ()

Rearranging, one rewrites this as

F(h vhs).

yEH 1 (F)\G(F)/Ha(F) /(Hl X Ha)~ (F)\H1(A)x Hz(A)

Here -, denotes the stabilizer of :

(Hl X HQ)»Y = {(hl, hg): h;l’yhz = ’}/}
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7.2.3. The spectral expansion. Now we rewrite ([7.3) in a different way. The idea

is to decompose
Kp~ ), Y alfowd

7 cuspidal ¢
where ¢ runs over orthogonal basis of 7. This is a bit of lie, as one also needs to
consider the residual and Eisenstein parts, but it roughly works. Using this, we can

rewrite
= Z% /[HI] w(f)¢dhi - /[HZ] & dhs

Here the term f[H1] 7(f)¢ is a “period” P, (7(f)o).
7.2.4. The split subtorus. For G = PGLo, set H; = Hs = A to be the diagonal
torus of G. For f € C°(G(A)) we get a kernel function K;. We consider the integral

/ K (hy, ho) [l hal*n(ha)
[A]x[A]

where if h = (x y> then |h| = |z/y|, and n: A} — {£1} is the character corre-

sponding by class field theory to F'/F.
There’s an issue with this integral. Since A = G,,/F, [A] := F*\AJL is not

compact, since
Al/ H Oy =Pic(X

This has infinitely many connected Components, which are finite since they are iso-
morphic to Pic?(X). To regularize the integral, define

A ={ (") s e =n}.

v: AR/ ][O — 2
sending v(7;) = log,(q.) for any = € |X].
The [A,] are compact, so we can talk about

/ K(hl,hQ)’hthP?’](S) ds
[Alng X[A]

We have a map

This is actually a polynomial in ¢°.

PROPOSITION 7.1. For each f, there exists N such that |ni| + |na| > N implies
/ Ky (h1, ho)n(ha)|hihe|® = 0.
[Alny x[A]

Assuming this claim, we can define the regularized integral

/[A1]><[A2] Z /A]n1 x[Alng

ni,n2
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7.3. Spectral expansion. The goal of this section is to establish the identity

(= > ).

ueP1(F)—0

7.3.1. The invariant map. We have seen that in the RTF, we care about the
double coset space

Hi(F)\G(F)/H2(F).
For G = PGLs, Hi = Hs = A we can define an invariant map
A(F)\ PGLy(F)/A(F) — P! — {1}

a b be
c d H@

PROPOSITION 7.2. For x € PY(F) — {1}, we have

by

( single orbit x # 0,00
1 1 1 1
.1 ) ) x=0
inv " (z) = 11 1 1
1 11 1
’ 5 Tr = o0
1 1 1 1

Also, v is reqular semisimple iff inv(y) # 0, cc.

7.3.2. Expansion. This lets us write

I(f,s) = > J (7, f,5)
YEA(F\G(F)/A(F)
where
J(v, f.5) =/ Ky~ (h1, h2)|h1hal*n(he) dhy
[A]x[A]
and
Kiqy(hho) = > f(hy'ohyh).
SCA(F)yA(F)

For u € PY(F) — {1}, we define

J(U,f,S): Z J(77f73)'
YEA(F)\G(F)/A(F)

inv(y)=u
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7.3.3. Higher derivatives. Now we define
d T
35 =(4) I

Similarly, we have a decomposition

i) = () S £l

Also
(= > Iuh.

weP(F)—{1}
7.4. The case r = 0. The goal is to establish the identity
Z I’Y(u’f) :Hr(f)
u€P1(F)-0
Yesterday we defined
Io(f) := (Sht, f * Sht.).
Let F'/F be a quadratic extension. Define T' = Resp//p G,/ /G, 1t turns
out that we also have an equality

Io(f) = /[TMT] Ky (h1, ho).

The Waldspurger formula can be reinterpreted in these terms:

Z Jo(v, f) = Jo(f) ~ L(,0).

YEA(FN\G(F)/A(F)

> Io(v, f) =Lo(f / Pr.

YET(F)\G(F)/T(F)

While

7.5. The equality Iy(f) = Jo(f). The strategy to relate the things is to relate
the orbital integrals. So we first need to relate the orbits.

7.5.1. Matching double cosets. Let G = PGLg or D* /F*, where D is a quater-
nion algebra over F' (with an embedding F’ < D).

THEOREM 7.3. We have

A(F)\PGLy(F)™/A(F) = I1 T(FN\G(F)™/T(F).
G=PGLy or DX |FX
PROOF. We consider G = PGLg or D*. Let H = Ma(F') or D, so G = H*. We
have an embedding F’ — H.
There exists € € H(F) such that exe™! = 7 for z € F'. The choice of ¢ is
unique up to multiplication by (F’)*. By computation, €2 € Z(H) = F, so [¢?] €
F*/Nm(F")* is well-defined.

PROPOSITION 7.4. The element [¢?] € F*/Nm(F')* determines H.
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We have an invariant map

T(F)\H*/T(F) =% P'(F) - {1}

sending
hahsg
hi + ehy = 22
hihy
The image lands in €2 - Nm((£”)*), and is equal in the regular semisimple case since
this is equivalent to hiho # 0. O

7.5.2. Matching orbital integrals. Now that we’ve matched up the double cosets,
we turn to showing that Io(f) = Jo(f) for f = [],¢x| fo € He a bi-K-invariant
function. Writing out the expansion, this comes down to

> To(u, f) = Jolu, f)

This becomes a fundamental lemma type statement.

Consider F) /F, a quadratic extension. Let f € C°°(PGLgy(F},)) be bi- K-invariant.

We have
A(F,)\PGLy(F)/A(F,) = T(F,)\ PGL(F,) /T(Fy) [ [ T(F)\D*/T(F.)

By Theorem each v on the left side matches up with a~y; € T'(F,)\ PGLa(Fy)/T(
or v2 € T(F,)\D*/T(F,). One can then compute by hand that the corresponding
orbital integrals are equal.

o If v 3 v € T(F,)\ PGLy(F,)/T(F,), then

+ / F(he yha)n(he) = / F(hIyhy)
A(F)x A(F) T(F)xT(F)

S0 HO(“? f) = JO(ua f)
o [f v ¢5 75 € T(F,)\D* /T(F,), then

/ F(hy Y yho)n(ha) dhe = 0
A(F)x A(F)

so the extra double cosets do not contribute.
This shows that
Lo(f) = Jo(f)-

F,)
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8. Analytic RTF: Spectral Side
(Ilya Khayutin)

8.1. Decomposition of the kernel. Recall that we defined
J(f, S) = / Kf(hl,h2)|h1h2’577(h2) dhldhg.
[A]x[A]

We have an action of G(A), and hence C°(G(A)), on the space of automorphic
functions LZ([G]). We are going to try to decompose the kernel functions into three
parts:
Kf(ajla 1'2) = Kf,cusp + Kf,sp + Kf,Eis
corresponding to cuspidal, "special", and Eisenstein. This idea is essentially due to
Selberg.
8.1.1. The cuspidal part. We have

Kfcusp = Z Kyx
™

where
Kyr(z,y) =Y 7(f)d(@)o(y).
¢
where ¢ runs over an orthonormal basis.
8.1.2. The special part. Using the determinant map, we have a map

x: [G] — FX\AX/(AX)2 — {£1}.
Then

Kf,Sp,x(v’Ua y) = W(f)X(ﬂf)@

This is the same expression as for the cuspidal part, actually - it just looks much
simpler because it is 1-dimensional.

8.1.3. The Fisenstein part. The Eisenstein part will be defined later.

8.1.4. Goals:

(1) Identify f € H such that Ky i = 0.
(2) For such f, show that

P(m Py(p)
- 24420

8.2. Satake isomorphism. Let Hg be the spherical Hecke algebra of G. By

definition,
/
Ha = ® H.
z€| X|
For A C G the split torus, we have A = G,;,. Then H4 = ®/ Ha e, and the local
Hecke algebras are all isomorphic to
Hax = QIFS /O] = Qlt, ', t,]

where t, = lwgl(’)j'
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The Weyl group action is, in this normalization,

to(te) = qut; L.
The Satake homomorphism
Saty: Hey — Hax

sends hy — ty + it L In fact Sat, is an isomorphism onto the subgroup of Weyl
invariants.
The local Satake homomorphisms extend to a global one:

Sat: H — H.

8.3. Eisenstein ideal.

8.3.1. Definition of Eisenstein ideal. We can identify A*/O* = Div(X). There
is a map Div(X) — Pic(X). Now, H4 = Q[Div(X)] — Q[Pic(X)].

The Weyl involution descends to tpi. on Q[Pic(X)],

1, — qdeg[']_ﬁ—l.
Thus we have a map
agis: H 225 1Yy — Q[Pic(X))".
Definition 8.1. We define the Eisenstein ideal to be Zg;s := ker agjs.
THEOREM 8.2. For f € Ig;s,
Ky pis(z,y) = 0.

Before we can prove this, we need to say what Ky gis is. And before that, we
need to define the Eisenstein series.

8.3.2. FEisenstein series. The Eisenstein representations are induced from A, so
we should first parametrize the representations of A, which are necessarily characters.
Note that

A(A) = A% = Al x o
for some choice of a € A with |a| = ¢q. For a character
x: FX\A! = C~
we can extend to a character
Xo: FX\A — C*
by sending y(«) = 1.
More generally, for any u € C we get a character
Xu: F\AD — CX
sending xu(a) = xo(a)lal".
1

For B=AxU and U = ( :1C>, we define the modular character

p: B(A) — A%
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Sp (a Z) = a/d.

¢: B(A) —» C*

by

Finally, we define

by b +— xo(a/d).
Definition 8.3. We define the induced (Eisenstein) representation V) , by
Vi = {p € CX(G(A)) | p(bg) = x()[05(0)|*¢(9)¥b € B(A)}.
8.3.3. The Fisenstein kernel. Take p; orthogonal basis of V.. Then

Ky pis(z,y) = Z Ky Bisx (2, )
X

and

log q /O+27ri/ log q
0

oi (,OXSD],Q&L)E(%,QDZ,U,X)E(Z/,QO],U, Z) du

Kf,EiS,X(CUa y) =
+0i i
8.3.4. Proof of Theorem . Any f € H is unramified, so f, , is periodic under

U U+ ligiq' If x is unramified, then

27

logq [loga
KyEisx = 27”/0 (Pxu(NK, 1K) ... du.

It is a property of the Satake transform that

Tr(pxu(f)) = Xu+1/2(Sat(f)) (8.1)

Inflate the character x,41/2: F”\A* /O™ — C* to xyq1/2: A*/O* — C*. Thus
we get a character of H4. Then ({8.1]) reads

Tr(px,u(f)) = Xu+1/2(aEis(f)) =0.

8.4. Relation to L-functions.
8.4.1. Normalization of L-function. We have

L(mpr,s) = L(m,s)L(m ®mn, s).
The functional equation reads
L(mpr,s) = e(m,s)L(mpr, 1 — s)
where
e(m,s) = ¢ 8la-D=1/2),
Definition 8.4. We define the normalized L-function

_1/2 L(T{'F/, S)

[’(WF/?S):E(T(F”S) L(ﬂ' Ad 1)
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We write

I(frs) =D In(f9)

where

Ie(fis) = P(w(f)e, s)Py(@, s)

" (@, )

for ¢ € m%. Here for any character y,

h s
Px(p,8) = / ¢ < 1> X(h)[h[* dh
[A]
If we write
h s
o) = [ o (") xme2an (82)
FX\AX
and 3(g) = ¢(*g™'), then we have a functional equation

I(S,(P,X) :I(1_87§57X)'

8.4.2. Whittaker model. To relate J,(f) with derivatives of L-functions, we use
“Whittaker models”, which are automorphic variants of Fourier coefficients.
Let ¢ € V. Then we get

e: UF)\UA)— C

as follows. Note that U = G, since

U:<1 ;).

Since U(F)\U(A) = F\A for a character ¢: F\A — C* we can identify

—

(F\A) ={y(yz) |z € A,y € F}.

Then we can define a Whittaker function

1 n _
o= [ o (1 })a) vt oman (83)
F\A
Now we use a trick: by a change of variables, (8.3)) is equal to

L ()R o)

Call this W, ;,(vg). Then we have a “Fourier expansion”
o= Woulrg)-
VEX

Since f is cuspidal, the Oth Fourier coefficient vanishes. Also we have the identity

Wow(ng) = d(n)We(g)-
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In fact, this whole discussion applies locally, and we can define the local Whit-
taker function W, .. The Whittaker function decomposes locally:

Wew = H W
z€|X|

If we write (8.2)) as
h .
.00 = [ % wota) (") I hyan
FOAX

:/AXW“"<h 1)...dh.

Here we have used that since we are integrating over F*\A* a sum over F'*, we
just get an integral over A* of something that decomposes locally as a product of
local integrals. That’s basically what an L-function is, so it is not surprising that
the result is related to an L-function. However, there’s an issue of test vectors. For
almost all places, you get the right local factor. But at the finitely many bad places,
you need to calculate a constant factor.






Part 3

Day Three



9. Geometric Interpretation of Orbital Integrals
(Yihang Zhu)

9.1. Geometric expansion. This is is a talk about “geometrization of the
geometric side of the analytic RTF”. Yesterday we introduced J(f,s). This has
a geometric expansion and a spectral expansion; we will focus on the geometric
expansion:

)= D, Iufs)
weP1(F)—{1}

9.1.1. Orbital integrals. The regular semisimple orbital integrals correspond to
u # 0, 00:

Ju, f,s) =J(v, f,s) = / F(hT ko) haha|*n(he) dhydhs
A(A)x A(A)

where inv(y) = u. For these 7, there are no convergence issues because the conjugacy
class is closed in G(A), and f has compact support in G(A). So no regularization
is needed in this case.

We can restrict our attention to Hecke functions of the form f = hp, for D an
effective divisor.

9.1.2. Observation. We can compute the orbital integral on GLo, as follows. If
v is a lift of 7y, and D = > n,z, we can define

h =) hnye € Ha(GLo)

where

hnz,x - lMatZ(Ow)val(det):nz S Hm(GLQ)
Remark 9.1. The ﬁD is not a pullback of hp; rather, it is a lift.
LEMMA 9.2. We have

J(v, hp, s) = hp(hy 'Fha)|e(hr)a(he)*n(a(he)) dhidhs.

/A(Z(A))\(EXE)(A)
Here A is the diagonal torus in GLy, and o <a d> — a/d.

PROOF. Clear. OJ

9.1.3. Geometrization. Note that ED(hl_l"?hg) only depends on the value of h;
and hy in A(A)/A(O). Since A = G2, we have

A(A)/A(0) = (Gn(A)/Gr(0))* = (Div X)*.

The condition that hp = 1 defines a subset of A(DivX)\(DivX)* We'll first
describe the subset in (Div X)* before quotienting by center. It will be denoted
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Definition 9.3. We define NDﬁ C (Div X)* to be the set of (E1, Es, B, E}) €

Div(X)* which are all effective, such that the rational map O? 2 02 induces a
holomorphic map

0?2 7 0?2

J J

O(—Ey) & O(—By) —215 O(—E}) & O(—E})

such that Divy = D. Finally, we define
N%D = N%D/A(DiVX).
The upshot is
I(v,hp,s) = > g~ BB BB s (B )n(Es)
El,EQ,Ei,EéGNﬁ’D
Since 7 is a quadratic character, we can rewrite this as
J(y.hp,s) = > g BB A BBy (B — B)n(Ey — EY) - (9.1)
E1,E2,Ei,Eé€NThD
Here h1 — (Ei,Eé) and hQ <~ (El,EQ).
The idea of geometrization is that the formula (9.1]) should be expressible as the
sum, over k-points of a scheme, of the value at that point of the function associated

to a sheaf on the scheme. Through this we can relate the formula to Lefschetz
cohomology.

9.2. The moduli spaces.
Definition 9.4. Let X; — Pich be the moduli space of sections, i.e.

S L = degree d line bundle on X x S
Xd(s)_{(ﬁ’s): gsEHO(XxS,L) }

Let X; = Sym? X = X?//S;. This is a scheme, with a natural embedding
Xg— )?d sending
(t1,...,tqg) — (O(t1 + ... +tg),1).
This is an isomorphism onto the open subscheme of X% where the section is not the
zero section.

Note that )?d \ Xg = Picgf. The composition
Xq < Xq — Pick

is the Abel-Jacobi map.
Definition 9.5. For d = deg D, let

5, = i di | dij € Z>0,d11 +dao = dia +da1 = d
da1  doo

Given d € Y4, we define the moduli space -/\74 classifying
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e four line bundles K1, K, K/, K} such that
deg K| — deg K; = d;;.

e A map ¢: K1 ® Ko — K| ® K}, which we can write as

o= (o o)
with ¢;;: K; — K ;-, satisfying some technical conditions. One example is if
di1 < dgg,d12 < dn

¢11 7 0,012 # 0 (9.2)
and a1, 20 are not both 0.

There is an obvious action of Picx on /Vd, and we define
Ng = ./\74 / Pic X -

Definition 9.6. We define the moduli space A, classifying (A, a, b) where

e A € Pick and
e a,bc H°(X,A) are global sections not vanishing simultaneously.

Remark 9.7. The scheme Ay is covered by two pieces
Xq X Picd. Xaq

and
Xd X picd Xd.
The morphism X; — Picg( is representable, the fibers being vector spaces, hence Ay

is a scheme.
Definition 9.8. We define a map

fa: Nd — Ay
sending
(K1, K2, K1, K3) — (K1 ® Ky ® KY @ K5, 011 @ 22,012 @ ¢21).

PROPOSITION 9.9. Ny enjoys the following properties.

(1) Ng is a geometrically connected scheme over k.
(2) If d > 4g — 3, Ny is smooth of dimension 2d — g + 1.
(3) The morphism fq is proper.

PROOF. Use the non-vanishing conditions to find a covering of Ny analogous to
the covering of Ay discussed above. This imnplies (1) + (3). (Properness reduces
to properness of Xy,..) For (2), by Riemann-Roch the map Xg,; — Pic;lgj is smooth
of relative dimension 1 — g + d;; if d;; is large. If d is large then at least one of the

relevant d;; is large, and you use that one to run this argument. O
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9.3. Geometrization of the analytic RTF. We now define a crucial local
system Lg on Ny. By geometric class field theory there is a rank 1 local system
on the Picard scheme of X corresponding to the quadratic character . We first

define a local system Ly on Xy as the pullback of this local system via the map
coarse

)?d—>PiCX—>PiCX .

There is an open embedding

Nd — (X:du X )?dm) XPicgl( ()?du X )?dm) (9'3>
given by the universal ¢;;’s. Finally, we define the rank 1 local system Lg on Ny to
be the restriction of the local system
Lq,, ®Q¢X Lg,, M Qg on ()?dn X )?dm) XPicgl( ()?dm X )?dm)

to Ny via (9.3).

Definition 9.10. We define

0: .Ad — Xd
to be the morphism sending
(A, a,b) — (Aya — D).
We also define
Ap = 61(O(D),1) 2T(X,0x(D)).
and the invariant map
invp: Ap(k) — PY(F) — {1}

1 viewing a as a rational function in F.

sending a — 1 —a~

PROPOSITION 9.11. Assume u # 0, co.
(1) If u ¢ Im invp, then J(u,hp,s) = 0.
(2) If u =invp(a) for a € Ap(k), then

J(u,hp,s) =Y ¢®H27D Tr(Froba, Rfg«La)a
deXy

PROOF. (2) We have a bijection
NDFY = Na(k)
where Ny (k) = | e, fil(a) sending
(Ev, Bz, B, Ey) = (O(=E1), O(=Ey), O(=Eq), O(—E3), ¢5).
Use and the definition of L. O
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10. Definition and properties of M,
(Jochen Heinloth)

10.1. Goal. Let X be a (smooth, projective, geometrically connected) curve
over a finite field k, and v: X’ — X a degree 2 étale cover.
Let T':= (Resx//x Gm)/Gm. We can embed T'into “PGL2” = Aut(1.O0x/)/O%.
Remark 10.1. We can also view T as the norm-1 subgroup of the Weil restric-
tion:
1 =T = Resx//x Gn N—m>Gm—> 1

We can put these two definitions together to get an exact sequence

tst(o*t) "1

1 = Gy — Resyr/x G Resx/x G~ Gy, — 1. (10.1)

The goal is to compute the intersection number
<ShtT, hp * ShtT>ShtG
where G = PGLs.

10.2. The moduli space M.
10.2.1. Relation to intersection numbers. Recall the shtuka space is

Shtp —— Hk*

! !

Id,Frob
Bunyp Buny x Bunyp

The idea is that the shtuka construction is complicated, so we should try to do the
Buny intersection first. So we should try to compute “Buny Nhp * Bunp”.

Every time we want to do a PGLg-computation we actually push it to a GLs-
computation. So as usual, set T = Resy//x G, and G = GL2. Note that Bung
can just be thought of as parametrizing line bundles on X, by the definition of Weil
restriction.

So we want to compute the intersection

? Hk?

! !

Bunf X Bunf — Bung x Bung

(L, L)) —— (. LyvL))

In terms of the previous talks, d = deg D. Recall that Hk? parametrizes maps of
vector bundles £ — &’ with quotient a torsion sheaf of degree d.
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Definition 10.2. We define My to be the fibered product

My ——— 5 HK¢

! !

Bun—Tv X Bun-Tv —— Bung x Buny

Remark 10.3. What we are calling Mvd is called Mg in the paper, but we're
going to omit it because we’ll be working with it most often.

10.2.2. The functor of points. Let’s try to compute the functor of points of Mvd.
View Bung as Picyxs. The bottom horizontal map sends

(L, L") — (vl v L)),
The space Md (which is analogous to a “Hitchin space”) parametrizes
{(L, L4 vL — v L) | deg coker ) = d}.

Let’s digest this. We need £, L’ € Pick x Pic?d, and 1 is equivalent to (by adjunc-
tion)

o: VL — L
We have v*v,. L = L& o*L. So ¢ is equivalent to

vV’ L=LB oL % L
which amounts to the data of two maps
LS5
oLl
10.2.3. Compactification. We now introduce a compactification of M.
Definition 10.4. We define ﬁd to be the moduli space classifying
o L, L' € Pick, x Pici}?,
e Maps
a: L— L
B: L—o*L
such that «, 8 are not both 0.
Remark 10.5. The bar on ﬁd is because we haven’t imposed an injectivity
condition on 1. This space is just called My in the paper.
There is an action of Picx on ﬁd, and we finally define My := ﬁd/ Picx.

Remark 10.6. Obviously Mvd isn’t of finite type, since it has infinitely many
components. Since v*: Picy — Pic%}k/ hits “half” the components, M, is of finite
type. In fact it has exactly 2 components.
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The map
v v L — v L
when pulled back to X’ becomes

v viu L — viu L

s, (o 0B
Vzp_(ﬁ J*a>
so det v*9p = Nma — Nm 3. We have
Md:ﬁd\{Nma:Nmﬂ},

and is given by

and .
Md = [Md/ PiCX].
10.2.4. The moduli space Aq.
Definition 10.7. We define the moduli space A, parametrizing
e A € Picy,
e a,b € H°(X,A) where a and b never simultaneously vanish.
Thus R R
Ag = Xq Xpicy Xq— Z(Pick)
where Z(Picg() = (Picx xPicX)?d U )?d Xpicy Picx), embedding as the locus where
a or b vanish.

Remark 10.8. Again we point out that the notation has changed from the
paper and previous talks. What is being called Ay used to be called Ay, and what
is being called Ay is called Ag in the paper.

10.2.5. The map f. There is a map

fi Mg — Ag= Xq xpic, Xq— Z(Pick)
sending
(L, L a,B) — (Nm(L') @ Nm(£) ™!, a := Nm(a),b := Nm(B))
So My is the pre-image of Ag := ((£,a,b): a =b).

_10.3. Properties of M;. We begin with an important alternate description of
Myg. There is a map

L: Md — )/(\/d XPicx )/(\/d.
Recall that X/ d XPicx X' 4 parametrizes
e L, L' € Picyr,
e ac HY (X', L),3€ H°(X', L) not both 0,
e ¢c: Nm(L) = Nm(L)}.
In these terms, ¢ sends
(L, L 0, 8) — (L@ L7 L @c* L7, o, B, canonical).

PRrROPOSITION 10.9. Keeping the notation above, the map ¢ is an isomorphism
onto the open subset where a,b don’t both vanish.
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PrOOF. We can ignore the sections; the interesting part is to keep track of the
map on bundles, which looks like

(Pick, x Pici}?)/ Picx — (Pic%k, xpicy Pick/)

sending

L, LY (L oLt oo L™). (10.2)
We’ll show that this is an isomorphism by describing the inverse.

By “looping” the sequences

1= T = Respr/p G~ Gy — 1
and

1= Gy = Resprjp Gy = T — 1

we obtain exact sequences of groups stacks

1 — Buny — Picys 2275 Picy — 1 (10.3)
and
* r—1
1 — Picy — Picxys 2277 Bung — 1. (10.4)

Suppose we have a point (M, M’ ¢: Nm(M) = Nm(M')) on the right hand side
of . Then tells us that since M and M’ have the same norm, they
differ by a T-bundle. By (10.4)), there exist £, £’ such that M = £’ ® £~ and
M’ = L' ®o*L7!, and this choice is unique up to multiplication by an element of
Pic X-

O

PROPOSITION 10.10. If chark # 2 then My is a Deligne-Mumford stack.

PROOF. M, is covered by the open stacks X/ Xpicy )/(\’d and )/(\’d Xpicy X
describing when the sections « and § don’t vanish, respectively. By symmetry,
it suffices to show that one of these is Deligne-Mumford. Consider the cartesian
diagram

X/ Xpicy X'q X'g

|7

PiCXI

[

. N .
X/, — 5 Picy —X™ Picy

The map 7 is representable, since the fiber over £ is H(X', £).

The map Nm is a torsor under ker(Picx- N—m> Picx), which is the Prym variety
Prym(X'/X)/us, since uz is precisely the group of automorphisms of the norm map
on line bundles.

This implies that the fibered product is Deligne-Mumford. O
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Remark 10.11. Alternatively, we can establish the Deligne-Mumford property
by showing that the automorphisms groups are étale, i.e. have vanishing tangent
space. We can compute the tangent space to the map

Picy -2 Picy
as follows. The map on tangent spaces is

Thm = HY(X', Ox/)) = HY(X,1,0x)

trace

H'(X,0x)
and the infinitesimal deformations of this map is the kernel of H°(X’, Ox/) Lrace,
H°(X,Ox), which is just multiplication by 2.

COROLLARY 10.12. My is smooth if d > 2g’ — 1.

PRrROOF. The map )/(\’d — Picgl(, is a vector bundle if d > 2¢’ — 1 by Riemann-
Roch, and X'j Xpic, X = Ma. O

PROPOSITION 10.13. The morphism f: Mg — Aq is proper. Therefore its re-
striction to f: Mg — Aq is also proper.

PrROOF. Recall that f is the map

)/(\/d X Picx )/(\/d — (both 0) N—m> )?d X Picx )?d — (bOth O)

where (both 0) refers to the substack where both global sections vanish. So it suffices
to show that the norm map X’; — Xy is proper. Note that this is obvious on fibers,

since both X/, 24y X4 and Picys RLN Picx are proper, the first map being even finite
and the second map having the Prym variety as its kernel.
To give a formal proof, we compactify. If we define

X, = {L € Pick,s € PH(X, L ® Ox)}

then the natural map XE Picx is obviously proper, so )A(d is proper. We have an
open embedding X < X sending (£, s) — (£, [s : 1]). Note that

X'y = [(X7q x AL — both 0)/G]
X4 = [(Xq x Al — both 0)/G]

where X x Al parametrizes (£,s € H*(L), f € H°(Ox)), and similarly for X’. The
substack (both 0) refers to the locus where s = f = 0. Then we have a cartesian
diagram

X'y — X'y

|

Xs —— X4

and )/(\’d — )?d is proper, so )/(\’d — X’d is proper. ]
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11. Intersection theory on stacks
(Michael Rapoport)

The aim is to introduce intersection theory on stacks which are only locally of
finite type, like the moduli stack of shtukas. Fortunately, we only need the Q-theory,
which makes things easier.

11.1. Definition of Ch(X)q.
11.1.1. Chow groups for finite type.

Definition 11.1. Let X/k be a DM stack, finite type over k. Then we define
Ch.(X)q = Z«(X)q/0W«(X)q

where

o 7,(X)q = @, Q with V running over irreducible reduced closed substacks
of dimension *, and

o Wi(X)q = @y k(W)* ®z Q with the same index set, and k(W) viewed
as a rational function to Aj; the inclusion into Z,(X) is by the “boundary”
as in the usual case for schemes.

11.1.2. Generalization to locally finite type. When X is locally finite type over
k, we replace Z,(X)q with Z. .(X)q and W, .(X)q, where the subscript c indicates
that we only take substacks proper over Spec k. We have

Che(X)= lim Ch(Y)g= lim Ch,(U)q.
Y ft. X U open CX

11.1.3. Degree map. We want to define a map
deg: Ch.o(X)q — Q.

Since we are working with stacks, we need to account for stabilizers.

Definition 11.2. Let z € X be represented by a geometric point T: Spec k* —

X. We define
1

[ Aut(e)]
11.1.4. Intersection pairing. Now let X be smooth, locally of finite type, and
pure dimension n. Then we have an intersection product

degz := [(k5P)T=: K]

ChCﬂ(X)Q X ChCJ(X)Q — Chc,i—l—j—n(X)Q (111)

defined as follows. Let Y7,Ys be closed substacks of X, which are proper over k.
Then (|11.1)) is the colimit of the finite-type intersection products

Chi(Yl)Q X Chj(YQ)Q — Chi—}—j—n(}/l N YQ) — Chc7i+j_n(X)Q.
The first map is subtle to define: it is the refined intersection product

(€1, G2) = X X (x,x) (C1 X C2)-
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What does this mean? It is a special case of the refined Gysin morphism. Start with
the fibered product diagram

W —V

]

X -y
where ¢ is a regular embedding of codimension e. Then we get a refined Gysin
morphism
it Chi(V)q — Chiye(W)q
and we define
X x(x.x) (G % ) = A ¢ x Q).
Thus we have finally constructed the product
Che,i(X)qQ % Chej(X)q = Cheivj—n(X)q

Then composing with the degree map, we get an intersection pairing

<, >X: Chc’j(X)Q X Chc,n—j(X)Q — Q
Remark 11.3. (i) We have a cycle class map
cly: Chej(X)q — H"™#(X @y k, Qe(n — j))
and the intersection product is compatible with cup product.
(ii) Consider

cChy(X x X)g = lim Ch.(Z)q
ZCXxX

such that pry|z is proper. This is a Q-algebra. It acts on each Ch, ;j(X)q via
(€,¢) = pra.(§ (XxX) pri¢).

Now that we have a definition, the problem is that we can’t really calculate. So
instead we pass to K groups.

11.2. Relation to K-theory. For technical reasons, we need to relate the
Chow groups to K-theory. First we recall K-theory of schemes of finite type over
k. Let K{(X) be the Grothendieck group of the abelian category of coherent Ox-
modules. Let K(X)q be the rationalization.

11.2.1. The naive filtration. We have a filtration

K§(X)§:%5, = Im (Ko(Coh(X)<m)q — Ko(X)q)

where Coh(X )<y, is the subcategory of coherent sheaves with support of dimension
at most m.
We have a natural graded map

¢x: Chy(X)q — GrI*™(K((X))q

sending

[V]: + class of Oy.
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This is an isomorphism: we have a commutative diagram

Ko(Coh(X)<m)q — Grii™*(X)q

m

isupp J,wx

Zm(X)q — Chn(X)q

where the map supp sends F — 3y vemm 1v (F) - [V].
This discussion was for schemes. For stacks, all definitions extend but it’s not
clear if the map

Ko(Coh(X)<m)q

|

Zm(X)q ——— Chn(X)q

factors through K{(X)%ive.
11.2.2. The not-so-naive filtration. This problem is solved in the paper under
the assumption
(*) there exists a finite flat presentation U — X where U is an
algebraic space of finite type over k.
Define K{(X)q,<m to be the set of o € K{(X)q such that there exists a finite
presentation m: U — X with 7*(«) € Ké(U)Ig‘;j’n
Example 11.4. It may happen that K{(X)q,<m is non-zero for m < 0. (Of
course, this doesn’t happen for the naive filtration.) Let X = [*/G]. Then K{|(X)q =
Repq(G), and K{j(X)q,<—1 is the augmentation ideal (in particular, non-zero). In-
deed, when we pull back via the cover x — [*/G], anything in the augmentation
ideal becomes 0 in Kq(x).
In general, we have an inclusion K{(X )‘éalg% C K{(X)q,<m, which is an equality
if X is an algebraic space.

The filtration just defined enjoys expected functoriality properties: compatibility
with flat pullback and under proper pushforward.
Let X be a DM stack satisfying (*). Then there is a homomorphism

Px: Grp(Kp(X)q) — Chi(X)q

induced by a commutative diagram

Ko(Coh(X)<m)q — K(I)(X)nqazin — Kj(X)q,<m

| I

Zm(X)q Chn(X)q

We now come to a key technical point, which the compatibility of K-theory with
the refined Gysin homomorphism. We will describe two situations in which we can
deduce a good compatibility relationship.
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11.2.3. (A): Compatibility with the refined Gysin homomorphism. Consider the
cartesian diagram

f/

X —Y
o]
x 1oy
Assumptions (A).

e Assume that X' satisfies (*).

e Assume that f is the composition of a regular embedding of codimension
e and smooth morphism of relative dimension e — d. (Note that this is
automatic if X and Y are smooth.)

We have two maps: the refined Gysin morphism
f' Che(Y)q — Chy_g(X')q
and the pullback on K-theory
f: Ky(Yq = Ko(X')q

L
sending F — (f")"1(F) ®(fog)-10y (/) H(Oy).
PROPOSITION 11.5. Under the assumptions (A):

(1) The pullback f* sends K(’)(Y')Iéai%% to K{(X")Q.<m and hence induces a
map

Grnmaive I Grnmaive K{)(Y’)Q — Gryp—d K{)(X')Q.

(2) We have a commutative diagram

Grii™ Kg(Y')q
Ko(Coh(X)<m)q Gryn-a(X')q
lsupp l
Zm(Y')q Chyn—a(X')q

If we also assume that Y' satisfies x, then we can fill this in to
G nalve KO(Y/

/ \Wef)*

Ko(Coh(X)<m)q —----- > Grp, Ko(Y')qQs ------ > Grop—a(X')q

qupp

Zm(Y')q ————— Chp(Y')q —— Chy_g(X)g
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11.2.4. (B): Compatibility with Gysin map. Again consider a cartesian diagram

x Iy

ol
x 1,y

Assumptions (B).

e Assume h is representable.

e Assume that the normal cone of f is a vector bundle of constant virtual
dimension. (We will apply this to (Id,Frob): X — X x X, where X is
smooth, so this is certainly satisfied.)

e Assume that there exists a commutative diagram

U—YV

o]
X —Y

where U and V' are smooth surjective maps from schemes of finite type and
1 is a regular embedding.
Write dimY’ = n and dim X’ = n — d.
PROPOSITION 11.6. Under the assumptions (B), the following diagram is com-
mutative:

f*
Ko(Y)q » Ko(X')q

o |

Chn(Y')q = Zn(Y')q — Zn-d(X")q = Chn—a(X')q-

11.3. The octahedron lemma. Consider a commutative diagram

A—— X +— B

1]

U—— S +—V
T 1
C —Y<+—D

Let N be the fiber product as in
N AxBxCxD

l !

X XgY xgUxgV —— (X xgU) x (X xgY) x (Y xgU) x (X xgV)

LEMMA 11.7. There are canonical isomorphisms

(C Xy D) XUxgV (A XX B) 2N (C XU A) XY xgX (D Xy B)
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THEOREM 11.8. Assume everybody is smooth, except B (the “bad” object) of
dimension da,dp,.... Also assume that the fiber products (on the left) C' xy D,
UxgV,CxyA,Y xgX have the expected dimension. Further assume that each of
the fiber diagrams

A Xx B—— B

| !

A— X

and
DxyB——B

| |

D—YV

satisfy the compatibility conditions (A) or (B). Finally assume that both fiber dia-
grams
N — Axx B

| |

Cxy D ——UxgV

and
N —— DxyB

! |

C XU A——Y Xs X
satisfies the compatibility condition (A). Let n = dim N. For the diagram

N 23 DxyB—%3B

N %3 AxxyB —*- B

we have §'a'[B] = d'a'[B].

Roughly speaking, the proof proceeds by using the relation to K-theory, and
lifting the statement to the level of derived stacks.
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12. LTF for Cohomological Correspondences
(Davesh Maulik)

12.1. Motivation. We want to compute an intersection number
L.(hp) = (Sht, Sht7, Jgpe. -
The shtuka involves some sort of Frobenius.
Sht —— H

|

M M x M

We'll rewrite this intersection in another order, so that at the end the answer will
be presented as a refined Gysin pullback via Frobenius, which we can then compute
in terms of a cohomological trace.

Recall the “usual” Grothendieck-Lefschetz trace formula.

I':=Id x Frob
—_—

THEOREM 12.1. Let Xq be a variety over Fy, and X = Xo xp, Fy.
> (~1)' Tr(Frob | H(X,&))= > Tr(Frob, | &).
i 2€X0(Fy)
Outline of

(1) Cohomological correspondences.
(2) Trace formula.
(3) Application.

12.2. Cohomological correspondences.

12.2.1. Setup. To convey the idea, we'’re just going to work with schemes. Let
k = k be an algebraically closed field, and X a scheme of finite type over k. Let
D(X):= DY%X,Qq). If f: X =Y is a map then we have functors

fu, fi: D°(X) = D*(Y)
and
f5 ' DY) = D(X)
and adjunctions
Id — fif*
fiff > 1d.
12.2.2. Borel-Moore homology. Let m: X — Spec k, then Kx = m'Qy is the
dualizing sheaf.

Example 12.2. If X is smooth of dimension n, then Kx = Q[2n](n).
Definition 12.3. We define the Borel-Moore homology

HPM(X):= H 4(Kx).
If f: X — Y is proper, then we have a trace map
Tr: HPM(X) — HPM (V)
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via
fEx = fif Ky — Ky.
using that Ky = f'Ky-.

Think of H(?M as being a receptacle for O-cycles (it is the target of cycle class
map from Chg) , and this as being pushforward of cycles. In particular, if X is
proper over k then the pushforward for the structure map X — Spec k is the degree
map

d
HyM(X) == Qe
12.2.3. Cohomological correspondences.
Definition 12.4. Given X1, X2 a correspondence between X7, X5 is a diagram

c
RN
X1 Xo
Given F; € D(X;), a cohomological correspondence is an element

u € Home (] Fy, 0!2]-"2) = Homx, (corci F1, Fa).

Example 12.5. For a morphism f: X — Y, we have f*Q; = Q; = Id' Q,. This
gives a cohomological correspondence, which is admittedly trivial.

Example 12.6. Let X2 be smooth of dimension n. Then Kx, = Q¢[2n](n), so
cbQp = K¢[—2n](—n). So the cohomological correspondences between Q, and Qg
are maps

Q; — Kc[—2n](—n) = HBM (¢)(—n).
We get a Borel-Moore homology class from any cycle, which gives a map

Ch(C) — Corrc(Qe, Qo).

12.2.4. Maps on cohomology. If c; is proper, then from a cohomological corre-
spondence u we can define a map

RT(u): RT.(X1,F1) — RT (X2, F2).
Indeed, we have a map of sheaves
F1 — 1.1 F1 = enci Fi
(using that ¢; is proper in the second equality) which induces on cohomology
RT.(X1,F1) = RT(C,c{F1) = RL(C, chFa) = RTo(X2, carchFa) — RT(Xa, Fa).
More generally, given a diagram of correspondences

X +2 0 -2, X,

lfl if ifz
v, B p %,y
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if (a) f and f; are proper, and (b) ¢; and d; are proper then we can define a
pushforward

[f]!: Corrc(}"lj]-'g) — COl“l“D(fu]:l, fggfg).
This generalizes the previous construction, which is the special case with Y1 = D =
Y> = Spec k sending a correspondence u — RI'c(u) € Corrpi (R (F1), RT(F2)).

12.3. Trace formula.
12.3.1. Self correspondences. Suppose we have a correspondence between X and

itself:
RN

X X

If ¢ is proper, then we have an endomorphism of RI'.(u) on RI'.(X,F). The
fundamental question is: what is its trace?
In a relative situation, if we have a map of correspondences

C

S

X

f S f
S S
then [f]i(u) is an endomorpism of fi.F.

12.3.2. The trace. Consider the cartesian square

Fix(c) N

\LC/ lc:cl X2

X 2 ,XxX

Definition 12.7. We define a trace map
RAomc (¢} F, chF) — AL Krix(c)- (12.1)
as follows. We have
RAomc (¢ F, 4 F) = ¢(D(F) X F) = ¢ (AKx)

where D(—) = R¥om(—, K¢) is Verdier duality, and then we apply base change.
Applying H to (12.1)), we get

Tr: Corro(F, F) — H°(Fix, Krix(e)) = HBM (Fix(c)).
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Now suppose [ is a connected component of Fix(c), so we have

HPM(Fix) = @ HPY (Fixg).
Bernc(Fix)

Assume further that 8 is proper over k. Then we can push forward to k& and take
the degree.

Definition 12.8. In the situation above, we define the local terms
LTgs(u) = deg(Tr(u)g) € Q.
Example 12.9. For the correspondence
k k

the cohomological correspondences are just Hom(F,F) and the trace as defined
above coincides with the usual trace.

12.3.3. The local-global formula.

Example 12.10. For X smooth of dimension n and F = Qg, we have Corrc(Qy, Q) =
HBM(C)(—n). There is a cycle class map

Ch,,(C') — Corre(Qe, Qo) = HEM(C)(—n) 2 HEM (Fix)

The claim is that the diagram commutes:

Chy,(C) —— Corre(Qe, Qe) = HEM(C)(—n)

I b

Chy(Fix) » HPM (Fix)

THEOREM 12.11. The trace commutes with proper pushforward. In other words,

if

X/C\X
Yf/D\yf
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is a map of correspondences, with f proper, then the following diagram commutes:

Corrg(F, F) —2— HPM (Fix(c))
i{f], 1 (12.2)
Corrp(fiF, fiF) —— HPM (Fix(d))

COROLLARY 12.12. If C, X are proper over k, then

Tr(RTc(u)) = Y LTs(u).
B

PROOF. The left side corresponds to the left path of the commutative diagram
in (12.2), and the right side corresponds to the right path in ((12.2)). O

This is what is usually called the Lefschetz-Verdier trace formula.
12.3.4. The naive local terms. There are two issues with the trace formula. First,
how do you actually compute the local terms? Consider a correspondence

X X
with ¢y is quasifinite. Given y € Fix(c), with = ¢1(y) = c2(y), we can define
Uy: Fy — Fy

as follows. We have a cohomological correspondence

(ca, ¢iF) = @ ciF|. - F,

Z—T

by adjunction from
Fp — @F|c1(z)
=T

Definition 12.13. The Tr(u,) defined above is called the naive local term.

Example 12.14. The naive local term does not necessarily coincide with the
local terms computed above. Consider translation z — x + 1 on P! — P!. Then

LTy (u) =2

whereas the naive local term is Tr(us) = 1. The naive local term doesn’t know
that the fixed point oo should have multiplicity 2; it only counts the physical fixed
points. An example in the same spirit is the map z +— z + 1 on Al

Another issue is that we need properness. We can solve that by compactifying
everything, but then you get local terms at infinity, which may be non-zero (as we
saw in the preceding example).
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12.3.5. A special case. Let Xy be a variety over k = Fq and X = Xg XF, Fq.
Consider the correspondence

XFrob

N

X X

Let u = Frob* & — £. Then the local terms coincide with the naive local terms. In
other words,

(1) For all s € Xo(F,), we have
LT, (u) = Tr(us).
(2) We have
Tr(RTc(u)) = )  Tr(us, Es).

Why? The idea is that Frobenius is contracting near fixed points. For s € Fix,
Frobfl(mZ)OX C mZJrlOX
for some n > 0. Geometrically, this means that if we pass to the normal cone we get

an endomorphism which contracts everything to the origin.

12.4. Applications to the appendix. Consider a correspondence

Assume

e ( is proper, and
e M is smooth of dimension n, and
e we have a proper map f: C' — S.

Let v € Ch,(C)q. Suppose we have a map of cartesian squares

MxM N
S(Fy) S
| J2
S Id x Frob SxS
Then we can write
Sht= JJ Sht,.

s€S(Fq)
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We can pull back (I'y)s = contribution of Shts. This is in Chg(Shts)q, which is
proper, so we can apply the degree map to get something in Q. We want a formula
for it, so set

<’77FFrob>s = deg(f‘!’y)s.
THEOREM 12.15. We have
<'77 I_‘Frob>s = Tr((f!d(q'))s © FrObs | (f!QZ)E)'

The argument has two steps: compatibility of trace with proper pushforward,
and the special case discussed in §12.3.5]

The first idea is to replace the correspondence C' with Frobenius, by composing

C 2 M with ¢ <5 M 2 7. This gives a C" which lives over the Frobenius

correspondence for S.

Cl
Frob oc/ \
M ! M
S

SAb \S

The second idea is to use the compatibility of trace with proper pushforward to
express this as a trace on .S, from which one gets the answer.
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13. Definition and description of Hké‘w’ 4+ expressing I.(hp) as a trace
(Liang Xiao)

13.1. New moduli spaces.

13.1.1. Goal. Recall that v: X’ — X is an étale (geometrically connected) dou-
ble cover. Let D be an effective divisor on X of degree d. We have constructed a
map

6" : Sht}. — Sht/ := Shtf, x x»(X')".
The goal is to understand the intersection number
L. (hp) := (0% [Sht4], hp * Gf[Sht%DShtg € Q.

13.1.2. The stack Sht/y, ;. For formal reasons, I.(hp) coincides with the inter-

section number in the product:

Shty p —— Sht (hp)

! |

Sht#, x Shth, —— Sht/ x Sht X
To be clear, let us flesh out the definition of Sht“M D

Definition 13.1. We first define the moduli stack ﬁl/tx,l p barametrizing
(1) Modifications of line bundles

> T
Lo B I 2,

with modification points at z,...,z.
(2) Modifications of line bundles

£ fl fr T
Ry AR NN =N
with modifications points also at the same 7, ..., 2} as above, because by
definition the following diagram commutes:

Sht!t, , —— Shtf(hp) ———— (X)"
Sht#, x Sht!. —— Sht x Sht ¥ —— (X)" x (X')"
(3) Compatible modifications
cit UL = v L]
such that det(v,L]/c(viL;)) is an invertible sheaf on D x S.

The stack /Sﬁx/l p/ Picx (k) has an action of Picx (k) as usual. Finally, we have

Sht't , = Sht)v p/ Picx (k).
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As we saw yesterday, datum (3) in Definition is equivalent to the data of

(te; Be): LoD T Lo — L.

The central object of this talk is a “Hecke version” of this moduli space.

13.1.3. The stack Hk‘;vl’d.

Definition 13.2. Define }ﬁ{uM,d whose S-point are:
(1) a:’l, , T, GX’(S)

2) Ly RN El EAN —]l Ly,

) Ly ——-) L) ——-) ——-) L,

)

A commutative dlagram

(
(3
(4

Ly LT L) B NN /N Ll
S

LoDy 2 g,

2 | l 2
o* L}, LT o* L) NELING LN o* L]

such that each row in (13.1)) gives a point of ﬁi; over zi, ...

column

o
o* L]
gives a point of Mvd, which really just means that
deg £, —deg L =d
and
Nm(e;) # Nm(5;)
(this is the © condition in the paper).
Finally, we define
Hikh, ;= HK)y 4/ Picx .

There is a map

HKA, (!, L) & Lo 2 o7 0l)

| !

My (L, &, Pe, o* L)

(13.1)

, .., and each
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Remark 13.3. We have a cartesian diagram

Sht‘jvt’d Em— Hk/j\/{,d

| [

Id x Frob
Md e Md X ./\/ld

13.1.4. Relation to Hitchin fibration. Set H := Hk}vl,d- Then we have
Hk“Md:HXMdHXMd...XMd'H (13.2)

r terms

where the maps H — M, are 1, and the maps My < H are 7.

LEMMA 13.4. The composition

HKY (z', L), & L, P, a* L))
- |
My (a: Li — L Bi: Li — o* L))
[ |
Ag (A := Nm(£}) ® Nm(£;)~!, Nm(ey), Nm(8;))

1s independent of i.

Proor. We have Ay C X’d X Picd. X’d, included as the open locus where the
sections take distinct values. Consider

5.
L L; s o* L]

€7

lat z/ lat z’ lat x!

Bit1
! *x /
£i+1 it Lit1 — 0 L

SO
L @ L 2 L) @ (L) = Lie L7

and « = a;41 under this identification, and Nm(3;) = Nm(3;+1). (So in fact, all the

maps agree to a slightly more refined space, X'y X picd. Xq.) O

13.1.5. The ¢ locus. Consider the following “nice locus”.
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We denote by AY C Ay the open substack (A, a,b) where b # 0, and for our other
moduli spaces we use ¢ to denote the full pre-image of Aj. Thus we have the
commutative diagram:

Hk”Mo’ d

>N
N

Ag

Mg

LEMMA 13.5 (Description of H®). We have a diagram of cartesian squares
Y0 Ir
M H M

| J |

v/ / v/ v/ /
Xg Xpicd. Xgq —— Xg Xpied Lo —— Xg Xpjea Xy

lprz J/prg lprz

X! < I > X

where I, = {(D,z) € X}, x X' | 2’ € D} and the maps are

X/ < I > X

D<+—— (D,2)) —— D —2'+o(2)
PROOF. A point of H® is a diagram
L L;

*
o U‘Ci

i at 2’ J at o’ i at o (')

/ ) * pl
i+1 e Li 5i+1>a i+l

The content of the statement is that we can resconstruct this diagram from the top
row, plus the point z/. If we know where z’ is. Indeed, from this information we
get o for free, as L;11 = L;(2'). The map f; is also unique if it exists, but we do
not get its existence for free, since we need it to be a regular (rational than rational)
map. Its divisor is determined by the condition

Div(3;) + o(2') = Div(Bis1) + 2’

and we need Div(f31) to be effective, so since the ¢ locus forces o(2’) # 2/, the
requirement for ; to exist is

x € Dlv(ﬂ,)
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COROLLARY 13.6. The map
v =it Hklyo g = Mg
is finite surjective (because I, — X, is). Therefore
dim HK, , = dim MG = 2d — (g — 1).

13.2. Trace formula for intersection number. Let [#°] be the class of the
Zarisi closure of H® in Chag—g41(H)q. As we have seen, this gives a cohomological
correspondence in Corr(Qy a,, Qem,) via the diagram

H
My My
We can then push this down via

H

Mg Mg
if/\/l if/\/l
.Ad Ad
to obtain a cohomological correspondence on the Hitchin space

fami[HC]: Rfa Qe — R Q.

We have a map §: A; — Xg sending (A, a,b) — (A,a —b). The preimage of a
divisor D € Xy will be denoted Ap.

Aqg

THEOREM 13.7. Suppose D is an effective divisor of degree d > max{4g—3,2g}.
Then

I (hp) = Z Tr((fan o [H%]a)" Frobe, (RfanQe)a)
acAp (k)

PROOF. Recall the diagram

Sht”M’d Em— Hkﬁ/{,d

| e
SA

Id x Frob
Md —_— Md X Md -Ad

lf/\/l lfmxfy
Ad Id x Frob -Ad y Ad A
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The map from Hk“M? 4 factors through the diagonal of Ay x Ay, which implies that
Sht!y 4 is fibered over Aq(k):

Shth .= || Shth (a).
acAq(k)

So we have a map

@DEXd(k) Cho(Sht“M7D)Q = Cho(Shtl/(/Ld)Q — Ch2d—g+1(Hk7\47d)Q

(Id, Frob)'¢ < ¢

In the next talk the proof of the following theorem will be sketched:
THEOREM 13.8 (Theorem 6.6). There exists ¢ € Chag—g11(H) such that (|ye is
the fundamental cycle, and
I(hp) = deg(Id, Frob)'¢
Then it follows from the trace formula that

I(hp) = Y Tr((frncl(¢))a © Froba, (RfAuQe)a)

aeAp (k)
= > Tr((fancd([H°]))a 0 Froba, (RfAuQe)a)
aeAp (k)

Remark 13.9. There’s a technical issue that ¢ and [H°] aren’t the same, but
at least they’re the same on the ¢ locus. You can show by dimension estimate that
the difference on the boundary doesn’t contribute.
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14. Alternative calculation of I, (hp)
(Yakov Varshavsky)

14.1. Overview. The goal is to sketch the proof of Theorem 6.6, which was
stated last time:

THEOREM 14.1 (Theorem 6.6). Let D be an effective divisor on X, of degree
d > max{2¢g’' — 1,2g}. Then there exists ¢ € Chag_g1(Hk\, ,)q such that

(1) QHk“Mo s the fundamental class, and
(2) deg((1d, Frob')¢)p = L. (hp) = ([Sht/r], hp * [Sht!r]) sy -

The strategy of the proof is to:

(1) Give a formula for ¢.
(2) Prove that ¢ satisfies properties (1), (2) of Theorem ((14.1]).

The basic idea is that Sht is the intersection of something with the graph of
Frobenius. On the right hand side of Theorem M(2), we are taking an intersection
of objects obtained by intersecting with the graph of Frobenius. On the left hand
side, we are intersecting first and then intersecting with the graph of Frobenius. That
these coincide is the substance of the “octahedron lemma” from Rapoport’s talk.

14.2. The fundamental diagram. Consider the commutative diagram of al-
gebraic stacks

App —2— Ajg < Ais

I

Aoy > Ao Ao

RN

A31 > A32 <

A~

Think of Ai3 as the “bad” object. Thus, also fibered products involving it are also
“bad”, while all objects not involving it are “good”. We’ll be more precise about
this shortly. The point is that we can take the fiber product of the rows and then
columns, or columns and then rows.

If we take the fibered products of rows first, then we get

App —— A «—— A Aty
| | | |
A9l — Ago +—— Ao Aoy

I R

Agp — Azp +—— Az3 Az
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If we take the fibered products of columns first, then we get and

A —5— Agg < Az

I

Az > Agg < Aagz

RN

A31 > A32 <

A*l 7 ” A*2 < A*3

PROPOSITION 14.2. The two fiber products Ai. X a,, Az« and Ax X a,, A3 are
canonically equivalent.

From the diagrams we have refined Gysin maps
Ch(A;3) 2 Ch(Ar) 5 Ch(Ar, x4, Asy)

Ch(A13) 25 Ch(A,s) L5 Ch(Ay x4, Au).
Thanks to Proposition [14.3|it is meaningful to ask if they agree.

PROPOSITION 14.3. Assume that

o the A;j are smooth equidimensional all i,j # 1,3,
o the Aoy, Asy, As1, Aso are smooth of expected dimension,
e the map «, B,7,0 satisfy assumptions (A) and (B) from Rapoport’s talk.

Then we have
8'a'[A13] = v'B'[A13] € Ch(Ar, X a,, Azy) = Ch(Auy X4, As3).

The content of Proposition [I4.3] as compared to Proposition [[4.2] is that Propo-
sition [I4.3]involves both “derived fiber products” and classical fiber products. There-
fore, the content of Proposition [14.3]is that the “derived fiber product = usual fiber
product”. The assumptions are there to make that true.

14.3. Application to shtukas.
14.3.1. The fundamental diagram. We are interested in the specialization of the
fundamental diagram to shtukas:

II# < I1# ’ ’ ,
HkY. < Hkf, ——— Hkg x Hkg «+—— Hkd
Bun? x Bunj —— Bun% x Bun, +—— Hy x Hy
Id x FrobT Id x FrobT Id x FrobT

TIxII
Buny x Bunp —— Bung x Bung +— Hy



14. ALTERNATIVE CALCULATION OF I,.(hp) (YAKOV VARSHAVSKY) 79

Some of the objects of this diagram haven’t even been defined yet; we will give the
definitions (and recall old ones) shortly.
The fibered products column-wise will be

1 o IIExII# Iy 'y .
Hk/, x Hk}, ——— Hk{ x Hk(; «——— Hké
Bun? x Bun? —— Bun x BunZ, +—— Hy x Hy

Id x FrObT Id x FrObT Id x FrobT

IIxII
Buny x Buny —— Bung X Bung «— Hy

Shtf x Shtfh 2" Shtg x Shtgs +——— Shtg

The fibered products row-wise will be

II# < ITH

HKY, x Hi Hk¢ x Hkfy «—— Hkd Hk( 4
Bun? x Bun? —— Buné X BunQG +——— H,; x Hy Mg x My
Id x FrobT Id x FrobT Id x FrobT Id x FrobT
Buny x Bungp ELLEIN Bung x Bung +— Hy My

Definition 14.4. The total fiber product is denoted Sht“/\/t,d' This can be viewed
as the fiber product of the column-wise fiber products, or as the fiber product as the
row-wise fiber products, thanks to Proposition [14.2]

14.3.2. Explication of the terms. Now we're going to tell you what these things
are.

e H, is the Hecke stack. We can view Hy = I-/Ivd/ Picx, where ﬁ[d parametrizes
modifications

¢ E—=E

with coker ¢ is finite over S and flat of rank d.

e The map Buny — Bung sends £ — v, L.

e The stacks HkY and Hkg = Hkg, parametrize modifications of type p be-
tween chains of bundles. It is perhaps easier to phrase things in terms of
Hk%, which parametrize chains of modifications

Then we define Hk; = Iiﬁ{TG/ Picy, and Hk/GT’d = Hkp x xr (X')".
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e The stack Iiﬁ{ad parametrizes “modifications of (modifications of type p) of
degree d": that is, chains of rank 2 vector bundles

at = at x at ©
& 2ty g 2T, WIn g
; atx y  at x2 J at x, /
g A g 2 y YA &

such that the rows are in Hkg and the columns are in Hy. As usual, we
require the modifications of both at z1, ..., z,. We define Hky; = (X')" X xr
HK/;.

e Finally we set HK/; ; = Hkg 4/ Picx and Hk}; ; = HK g 4/ Picx.

The potentially bad objects in the diagram are Hk/&d and everything that in-
volves it: Sht'G7 q and Hkl/(’,l,d. Everything else is smooth. To show this, you first study

the objects in the big diagram. For example, the map Hk LN Bung is smooth of
relative dimension 2d. (We've already seen this for d = 1: there is one dimension for
the choice of point and one dimension coming from the P! parametrizing the choice
of modification type at that point.)

14.3.3. Intersection numbers. Specializing Propositions we get:

COROLLARY 14.5. We have
(Id, Frob)' (IT* x I1*)'([Hké 4]) = (6" x 6")'(Id x Frob)'([Hk¢ 4]) € Cho(Shtly )

Definition 14.6. We now define ¢ := (IT* x H“)!(Hkg) € Cth,gH(HkX/ld).

We then need to check that ¢ enjoys the following two properties promised in

Theorem 4.1
(1) Consider the fiber product

Hkﬁ/l,d — Hkgy

J !

HKY, x HkY —— HkZ x HkS

The total space Hkpyq is bad, and hard to understand. However, we claim that
the open substack Hkao 4 has the expected dimension. Then the claim is that
[¢] € Ch(Hkpge ) is the fundamental class.

(2) We know that we can write

Shth, = || Shth,p.
DeXy(k)
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which implies that Cho(Sht!y, )q = @ Cho(Shty, )q. Using Corollary [14.5, we
have

deg((1d, Frob')¢) p = deg[(1d, Frob)' (I* x T1*)*([Hk¢: o)) [snes, , ]
= (0" x 0")'(Id x Frob)'([Hk¢, 4]) € Cho(Shtly, ;)
To establish Theorem [14.1] (2), we need to show that
(0" x 6")'(1d x Frob)' ([Hk¢ 4]) € Cho(Shthy, ;) = I (hp).
Note that (6% x 6")!(Id x Frob)! = [Sht;]. We use that we have the cartesian diagram
Shtpg, — Shtg(hp)
Sht4, x Shtl, —— Shtg x Sht;

We have the compatibility relation “pullback then restrict to DS is the same as
restrict to D and then pullback”, so

I, (hp) = (0"[Sht"], hp * 6"[Sht!])
= (0" x 0").([Sht’] x [Sht/]), pr,[Sht (hp)])

= deg (6" x 0")'[Shts]

Shty} x Shty}

as desired.
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15. Comparison of M, and Ny; the weight factors
(Ana Caraiani)

15.1. Review.

15.1.1. Goal. Let D be an effective divisor on X of degree d > max{2g¢’ —1,2g}.
We have an associated Hecke function hp. The goal is to prove the key identity
(Theorem 8.1 in the paper)

(log Q)_Te]]r(hD) = ]Ir(hD)
We'll use the notation in the paper [YZ]:

Ag = ()?d X pid. )?d) \ both sections vanish.

(This is consistent with talks up to Wednesday morning, but inconsistent with the
ones afterwards.)

To prove this we’ll use the geometrization of both sides that we have been de-
veloping, and which we now review.

15.1.2. The analytic side. On the analytic side, the geometrization takes the
form

(logq)"Jr(hp) = > Y (2d1a — d)" - Tr(Froba, (Rfn«La)a). (15.1)
deXy ac Ap (k)

Remark 15.1. We obtained this formula from geometrization of Tr(u,hp) by
taking the sum over invariants u € P1(F) — {1}

The analytic side was geometrized by the moduli space Ny. Recall that we
defined a map

Rfns: Ny — Ag
in the following way: it is the restriction to an open substack of the “addition” map

adddu,dm X adddu,dzl: (an X Xd22) ><Pich (Xd12 X Xd21) — Xa XPich Xd-

Also, recall that the local system Lg from (15.1) was the restriction to Ny from
(Xayy % Xay,) X pick (Xay, X Xgy,) of

(Ld11 X Q@) X (Ld12 X QZ)

where for d’ > 0, Ly is the local system on X pulled back from the local system on
Picg( corresponding to

L:= Q)= v:X =X

Note that L] X8y is descended from L¥% on X?. The upshot is that on the open

substack Xy C )?d/ we understand the local system Lj very concretely, so we have
a chance of computing H*( Xy, Lgr).
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15.1.3. The geometric side. On the geometric side, the geometrization takes the
form
I(hp) = Y Te((fra[H]a)" © Froba, (RfAuQe)a)-
a€Ap (k)
Here the point is that one can understand [H°] as the fundamental class over the
“nice” locus ¢. The map far: Mg — Ay was the norm map
)/(\/d XPicg( )/(\/d VdX—Vd> )?d XPicg( )?d-
15.1.4. The comparison. We have reduced to a comparison of traces on coho-
mology:

> Y (@diz—d)"Tr(Frobe, (RfxgsLa)a) ~ D Tr((fanHla) oFroba, (RfauQe)a)-

deSq ac Ap (k) a€Ap (k)

To tackle this, we’ll first compare the local systems. So the strategy is:
(1) Compute RfanQy.
(2) Compute Rfa;1Lg.
(3) Compute the action of fuu[H®].

The idea is to use the “perverse continuation principle”. This tells us that if we
know that Rfy Qe and Rfa,1Lg satisfy certain special properties, then we can es-
tablish an “identity” between them globally if we can do it over a “nice” open set. This
is important technically because the geometrization process was that we understood
the relevant moduli spaces well over a nice open subset, but not everywhere.

For this we need to show that the sheaves are (shifted) perverse, and moreover
that they are the middle extension of their restriction to a “nice” open subset of Ajy.
The poins is that middle extensions are completely determined by their restriction
to the open subset. So we’ll compare Rfr1Q¢ and R fa;,1 Ly on an open subset, using
the representation theory of finite groups. -

We probably won'’t have time to do everything, so we’ll focus on (1).

15.2. The geometric side. We want to compute RfynQy. Let
7: X:i) — Xg— )?d

to be the locus of multiplicity-free divisors.
Taking pre-images of X7, we get a étale Galois covers

+1}4
(x)ydo B ydo Sa, o
Gal={+1}4xS,

Let x;: {£1}% — {&1} be the character which is non-trivial on the first i factors,
and trivial on the last d — i factors.

Let S;q—i = S; x Sq—; be the stabilizer of the first ¢ elements. Let I'y(i) =
{£1} % S;4-i C Ty := {£1}¢ x S;. Since the S;.d—i-action on {£1}* stabilizes the
character y;, we can inflate y; to I'y(i) as x; X 1, and then we set

pli) = dl (¥ 1).
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Note that this has dimension (f) It determines an irreducible local system L(p;)
on Xj. We want to extend this to a (shifted) perverse sheaf K; = (ji.L(p;)[d])[—d].
This is called the middle extension: it is a perverse extension of L(p;)[d] to Xg,
which is characterized by the following property:

If Z := X4 — X3, and i: Z < Xg, then (ji.L(p;)[d])[—d] is the

unique (shifted) perverse extension of L(p;)[d] such that it has no

subobjects or quotients of the form i,M where M is perverse on

Z.

This condition can be rephrased in terms of “support an§ co-support” conditions.
Perverse sheaves form an abelian subcategory of D = D%(X,). They are defined by
support and co-support conditions. The support condition cuts out a subcategory
PD=Y < D, and the co-support condition is the Verdier dual of the support condition,
cutting out D=9 C D.

The middle extension

K; = jiu(L(pi)|d])
is the unique perverse extension such that i*K € PD<"1(Z), and 'K € PDZ'(Z).

PROPOSITION 15.2. Assume that d > 2g' — 1. Then we have a canonical isomor-
phism of shifted perverse sheaves on Ag:

d
RfpmQe = @B (Ki R K;)| 4,
3,5=0
PROOF. Recall that faq is the restriction of
Ddx’y‘d:)/(\’dx)/(\’d%)?dxfd.
Since these maps are proper, we can use base change and the Kiinneth formula to
reduce to showing:

d
R4, Qq = GB K;.
=0

We argue this by showing that Rvg,Qy is a middle extension (up to shift) and then
computing over the “good” open set.

Why is R4, Qg a middle extension? Actually this follows from a general princi-
ple: Uy: X'y — )?d is a small map, which means that

codim{y € X, | dim v (y) > 7} > 2r for r > 1.

We can check this explicitly: the map 7y is a union of v4: X, — X4 and Nm: Picg(, —
Picgf. Since vgq: X — X, is finite, the only positive dimensional fibers live over
Picd — X4. The codimension here is d — g + 1, while the dimension of the fibers in
this locus is ¢ — 1. So the map will clearly be small for large enough d.

Now, it is formal that if 7; is proper and and the source )/(\’d is smooth and
geometrically irreducible, then

Ri/\d*QE = j!*(RVS*Qf)
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where v3: (X')5 — X3 (Why? You check the support condition by bounding the
cohomological dimension of fibers, and the complex is automatically self-dual because
the map is proper, so you get the cosupport condition for free. The strictness of the
inequality gets you the middle extension property).

Now it’s enough to show that

d
Rv3. Qe = P L(p:)

1=0
This is just an equality of local systems, so it follows from a purely representation-

theoretic fact:
d

r r
Indg? 1 = @ (Indp? ;) xi ¥ 1).
i=0
To prove this, make a dimension count and show that there is a T'y4(i)-equivariant
embedding x; X1 < Qy[I'4/S4]. This can be done explicitly: send

i X1l—=1,, = Z x(e)e.
EGFd/Sd
O
15.3. The analytic side. Next we want to compute R fa;1 L4 on Ay. Here one

wrinkle is that the map fn, — Ay is actually not small. It is obviously finite on
B := Xy X picd. X4, C Ay. So the problem occurs on

Ag\ B = ({0} x Xq) U (Xq x {0}).
=:C =:C’

Let’s think about what the fibers look like over C. A point of C is just a divisor, say
(0, D). Assume dq1 < da2; then by the definition of Ny (which we admittedly skated
over) 11 # 0 and 99 = 0. So the fiber is

(0, D) = Xqy, x addg) ;. (D). (15.2)

This has dimension dy1, which can go up to about d/2. You can check that the
smallness just fails by a constant factor of about g for all d.

However, we don’t really need smallness. If you think about the argument we
just made, you’ll see that it’s enough to bound the cohomological dimension (as
opposed to dimension) of fibers of fx;, to conclude that the pushforward is a middle
extension. -

By the cohomology of the geometric fiber over (0, D) is then H*(Xg,, ®p
kyLay,) ® Ho(add;é’dm(D) ®k k, Lq,,). We can ignore the second factor, since it
doesn’t effect the cohomological dimension. Since Lg,, is a non-trivial local system,

d
H*(an Qk Ev Lq,,) = /\(Hl(Xv Ldu)[_dll])'

which vanishes if dy; > 2g — 2.
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The upshot is that Rfa;«Lg is the middle extension for large enough d. Then
you want to show that

addj,_;,(L; X Q) = L(p;j) on Xg.

where
add;?’n,j: (Xj X Xd_j)o — Xg.
The local system L; X Qg corresponds to x; X1 on (X; x Xg4_;)°.

15.4. Weight factors. We’ve completely run out of time to discuss the weight
factors. The punchline is that, by using perversity, one can compute the Hecke action
on A§ using Lemma 6.3 of Liang Xiao’s talk. This ends up giving the weight factors
d—2j on KHXKJ



16. HOROCYCLES (LIZAO YE) 89

16. Horocycles
(Lizao Ye)

16.1. Outlook. Let G = PGLy, B C G be the Borel, and H C B be the torus.
(Actually, it is better to regard H as a quotient of B.)
Consider the diagram

Shtp

Shtq Shty

\ N /
We basically want to prove

What we have is J,, = I.. So we need to have some spectral decomposition. This has
been done for the analytic side. The geometric side rests on spectral decomposition
of the cohomology of shtukas, H?"(Shtg). This is achieved by an analysis of the
Hecke action.

16.2. Hecke action. Let D — X be a divisor. We have defined a correspon-
dence

Shtc (hp)

N

Shtg Shtg
The stack Shtg(hp) parametrizes modifications of iterated shtukas
(& = &.

In fact, for every ¢ = @ g, € G(AF), we get a correspondence Shti(g). This
defines an algebra homomorphism

He — End H'(Shtg).

We sketch why this is the case.
Recall that the ring structure on the Hecke algebra is defined by convolution:

1kgk * 1Kkg Kk = Z (95" K1t K N Kgy 'K : K] - 1k k¢
g3 K\G/K
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The fibered product of Shtg(g1) and Shtg(g2) is basically several copies of Shtg(gs3):

/ ? \
Shte(g1) Sht(g2)
Shtg Shtg Shtg

In fact the number [g; 'K g1 K N Kgy 'K : K] is the number of copies of Shte(gs)
appearing in the fiber product.

16.3. The constant term map. We are going to define a constant term map
H"(Shtg) — HO(Shtg).
We begin by considering the diagram
Shtp
PN
Shtg,y, Shty

where 7 is the generic point of X", and the subscript 1 denotes restriction to the
generic fiber. Since we have restricted everything to the generic fiber, we have
dim Shtg,, = r, dim Shtp , = r/2, and dim Shtg, = 0.

THEOREM 16.1 (Drinfeld-Varshavsky). The map Shtp, — Shtg, is finite un-
ramified.

We need this properness, because to define a map on cohomology from a coho-
mological correspondence requires properness of the first map.
Definition 16.2. The constant term map is the composition

OT: H'(Shte) 25 H(Shtp) L5 HO(Shty).

The key point is that the constant term map is compatible with the Satake
homomorphism.

PROPOSITION 16.3. For h € H¢, we have
CT oh = Sat(h) o CT.
ProoF. Consider the diagram
Shty <—— Shtg(h,) — Shty

I I

Shtpg Shtpg

| !

Shtg «—— Shtg(hx) —— Shtg
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Define a middle term Shtpg(h,) to make the bottom right square cartesian. We claim
that it automatically makes the bottom left square cartesian.

Shty +—— ShtH(hx) — Shty

[ I I

Shtg +—— ShtB(hx) — Shtp

! | !

Shtg «—— Shtg(hy) —— Shtg
Let’s unravel the claim. The stack Shtp(h,) parametrizes modifications

L—— L

[ ]

g at x g/

The fact that both diagrams are cartesian amounts to saying that given the datum

L

\6‘[ at x g/
we can fill it in to

L ----- » L

g at x g/

Indeed, we take L' to be the saturation of the image of £ in £’

Thanks to the cartesian-ness, base change applies to the squares in the dia-
gram. Therefore, we get an obvious compatibility relation by following two maps
H}(Shtg) — H}(Shty).

To finish, we recall that the constant term

'HG —H H
sends
R
The middle row
Shtp «-- S --» Shtpg (16.1)

maps points as in

The middle object Shtp(h,) is a disjoint union of two things. One is where the
modification occurs in the sub, and one is where it doesn’t. In that latter case,
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it occurs in the quotient. Write Shtp(h,) = S1 U S, where S; parametrizes the
modifications with £ = £’ and Sy parametrizes the modifications with M = M’.
Then we can separate the correspondence (16.1)) into two ones:

Shtp < Sy L2 gt (16.2)
and Lo tal
Shtp =€ G, ™ Shtp (16.3)

O

16.4. Statement of the main theorem. There’s a finite type substack of
Shtg outside of which the map from Shtp is an isomorphism. Thus Shtg is the
“infinite part” of Shtg. So the cohomology of Shts on this infinite part is the same
as on the corresponding part of Shtp, which can then be calculated by pushforward
to Shtg. The Shty is a PicO(Fq)—torsor over X, which we understand well. So the
issue is in understanding the fibers of Shtp — Shty.

THEOREM 16.4. For large enough degrees, fibers of ShtdB — Sht?{ are isomorphic
to an affine space GZ/2 divided by a finite étale group scheme Z.

COROLLARY 16.5. Let wg: Shtg — X". For large d, the cone of
Rﬂg[(Shtéd) — Rﬁgg(Shtéd)

has cone some locally constant sheaf on X", concentrated in degree 7.
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17. Cohomological spectral decomposition and finishing the proof
(Chao Li)

17.1. Overview. The goal is to prove the main theorem:

THEOREM 17.1. For all f € Ha,
(logQ)_TJr(f) = Hr(f)'

If we have proved this for all f, then we can apply spectral decomposition. On
the left side, we use the analytic spectral decomposition to extract the term

)\W(f)‘a(r) (ﬂ-F’v 1/2)
On the right side we use the cohomological spectral decomposition to extract the
term

<[ShtT]7ra f * [ShtT]ﬂ'>'
If we then take f = 1x € H then we get

L) (rp,1/2) = ([Shty]y, [Shtr]x).

So we arrive at the desired higher Gross-Zagier formula.

The most difficult intersection is the self-intersection. Allowing the choice of hp
for large D lets us take the intersection in easier cases, and then deduce it for the
one we really want.

The strategy is to show that validity of the identity for hp for all D with d :=
deg D > 0 (in fact, d > max{2¢’ — 1,2g}) is enough to deduce it for all f € H. This
implication uses only elementary commutative algebra. What makes it possible is
finiteness properties of the action of H on the middle-dimensional cohomology of
shtukas.

17.2. Key finiteness theorems. Let Hg = ®x€|X| ‘H. be the Hecke algebra.
It acts on the vector space V := H2"(Shtg, Q). The difficulty is that V is infinite-
dimensional, because Sht¢ is only locally of finite type.

Example 17.2. For r = 0, V = A = C*(G(F)\G(A)/K,Q/) = Agis ®
Acusp- The cuspidal part is finite-dimensional, but the Eisenstein part is infinite-
dimensional.

Therefore, we bring in the Eisenstein ideal to kill the Eisenstein part. Recall we

have the Satake transform

ams: Ho 225 Ha,, = Qe[Divx (k)] — Q¢[Picx (k)]

This is compatible with the local Satake transforms

Sat
He ———— Hg,,

J ]

Sat
Hez — HGpe

hy —— tz + quty; .



94

Definition 17.3. We define
Tgis = ker(Hg — Qu[Picx (k)]).
The map ag;s is surjective:
He/Lris = Qu[Picx (k)]

Thus Zgis := Spec H/Zgis — Spec H is a reduced, 1-dimensional subvariety.
Remark 17.4. A Q,-point of Spec H is a map

Ha = Q.
The condition that this is in Zgjs says that it factors through

Hoe — He/Ips —— Qu

.

Q([Picx (k)]

So it factors through a character x: Picx (k) — QZ, and the definition of the Eisen-
stein ideal implies that

S(hx) = X(tx) + Q:J:X(tajl)'
Example 17.5. For y = 1, we see that s(h;) = 1 4 g,. This is analogous to
Mazur’s Eisenstein ideal, T}, — 1 + p.
THEOREM 17.6. Zgis - V is finite-dimensional over Q.

PrROOF. We have a stratification

Shte = _JShtZ
d

where each Shtéd is an open substack of finite type. Then

V = lim H7"(Sht5).
d

The difference between the cohomology of Shtéd and Shtéd can be explicitly under-
stood in terms of horocycles when d > 2g — 2. By the discussion of horocycles, for
ma: Shtg — X7,

Cone(Rr5{Qp — Rwé,ng) = RWémng[—T],

which is moreover a local system concentrated in degree r.

So when d > 0, we understand how the cohomology grows, and we also under-
stand the Hecke action. By the local constancy, it then suffices to show that on the
geometric generic fiber 7 (so the middle dimension is r) the vector space

Tgis - H; (Shte )
is finite-dimensional over Q.

For any finite-type substack of Sht 7, we get finiteness of cohomology for free. So
it would be great to show that Zgs -V lies in H](U) for some finite type U C Shtg 5.
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To this end it suffices to show that if we take U = Shtéd for sufficiently large d, then
for all f € Tgis the composition

HT(Shte) I HT(Shte) — H'(Shte)/Im H'(U)

is 0, as this implies that Zg;s - V' is in the finite-dimensional vector space Im H] (U).
We can extend the map through the injection (for large enough d)

H](Shtg)/Im H;(U) — [ Ho(Shtg,)
d'>2g—-2

which comes from the study of horocycles

H?(Shte) —— HI(Shtg) —— H!(Shtc)/Im HZ(U)

. [
Hd’>2g72 H(](Shthm)

Since the last map in the composition is an injection, it suffices to show that the
dashed arrow is 0. To this end, we extend the diagram

H? (Shtg) —— HI(Shtg) —— H(Shte)/Im H(U)

[1s Ho(Shtg;,,) — [T Ho(Shtd, ) —— Tlasag o Hy(Shtg,,)
If f € Zgis, then Sat(f)* = 0 by the definition of Zgis and the compatibility of the
Satake homomorphism with the constant term map, so
[ (H(Shtg)) € Im (HZ(U) — H;(Shtg))
is finite-dimensional. O
Here is another important theorem, which we don’t have time to prove.
THEOREM 17.7. V is a finitely generated module over H, for all x € | X|.

17.3. Cohomological spectral decomposition. We’re only interested in the
Hecke action on V' and through the Satake transform, so we make the following
definition:

Definition 17.8. We define H = Im (H¢g — End(V) x Q[Picx (k)]).

COROLLARY 17.9. H is a finitely generated algebra over Q.

PROOF. Since H — Endy, (V& Q[Picx (k)]) and V and Q[Picx (k)] are finitely
generated H,-modules, we deduce that 7 is a finitely generated module over H,.
Therefore, it is a finitely generated algebra over Q. O

THEOREM 17.10. We have
(1) Spec Hred = Zgis U Z§ where Z{ is finite. Here Zg;s is 1-dimensional and
Zy is a finite set of closed points.
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(2) V = Vgis ® Vo as Hg-modules, with
supp Veis C Zgis
and
supp Vo = Zg.
17.4. Proof of the main identity.

LEMMA 17.11. Let I C H, be a non-zero ideal. Then for any m > 1,
I+ {hpz,n>m} =H,.
PROOF. We can identify H, = Qyt,t 1]* = Qu[t + t~!]. Under this identifica-

tion,
P ="+t 2 4t
So the proof reduces to showing that
T+{t"+t7":n>m}=Qut+t1.
This is an elementary exercise in algebra. O
_ Note that the validity of I(f) = J(f) only depends on the image of f inside
H = Im(H — End(V) & End(A)) which is a finitely generated Q-algebra by

Corollary
Definition 17.12. Let ’HZIO C Hg be the subalgebra of H generated by the
elements hp for all deg D > dj.

LEMMA 17.13. For any do > 1, there exists an ideal I C H such that
(1) I CIm(H — H), and
(2) H/I is finite dimensional.
ProOOF. Commutative algebra using the key finiteness theorems. ([l
Using Lemmas[17.11]and [I7.13] we deduce the result needed for the main identity.
COROLLARY 17.14. For any do > 1, the composition
Hy, —H—H

1S surjective.

ProOOF. Take I as in Lemma Since [ is generated by hp for deg D > d,
it suffices to show that the composition
Hy, = H—>H—->H/I
is surjective.
Consider the corresponding local statement: for all x € |X|, we have a map
Hoe NH — Hyp — Im (Hy) C H/IL
Lemma|17.13| (2) tells us that H /I is finite-dimensional. Therefore Im (H,) is finite-

dimensional. By Lemma [17.11] noting that the image of I in H, is non-zero because
Im (H,) is finite-dimensional, H, N H' — Im (H,).
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Since this works for every x, we get the surjectivity of the global map
H —H—»H—>H/I

as desired.
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