GEOMETRIC LANGLANDS DUALITY FOR PERIODS

TONY FENG AND JONATHAN WANG

ABsTrACT. We study conjectures of Ben-Zvi-Sakellaridis—Venkatesh that categorify the relationship be-
tween automorphic periods and L-functions in the context of the Geometric Langlands equivalence. We
provide evidence for these conjectures in some low-rank examples, by using derived Fourier analysis and the
theory of chiral algebras to categorify the Rankin-Selberg unfolding method.

CONTENTS
(L.__Introductionl 1
(2. Notation and conventions| 6
(Part 1. Toolsl 8
[3. Derived Fourier analysis| 8
[4. Chiral algebras and factorization homology| 9
[>.  Geometric Langlands equivalence] 18
[Part 2. Examples| 22
22
[7. Hecke period| 30
[8. Singular Rankin-Selberg period| 39
[References] 51

1. INTRODUCTION

Many arithmetic questions are encoded in the analytic behavior of L-functions, and a powerful tool for
understanding L-functions is via integral representations as periods of automorphic forms. It is therefore of
great interest and consequence to find such integral representations. Some of the first examples include:

e Riemann’s integral representation of the zeta function, as periods of theta series.
e Hecke’s integral representation of standard L-functions for GL,, as periods of modular forms.
e Rankin-Selberg’s integral representation of tensor product L-functions for GLs, via Rankin-Selberg
convolution of modular forms against mirabolic Eisenstein series.
The purpose of the present paper is to study a categorification of automorphic periods and their relation
to L-functions, in the context of the Geometric Langlands equivalence. In particular, we will focus on the

three examples noted above in terms of the Relative Langlands duality conjectures of Ben-Zvi—Sakellaridis—
Venkatesh [BZSV23|, henceforth abbreviated “BZSV”.

L.1. Relative Langlands duality. Let us briefly summarize the format of the BZSV conjectures. Lang-
lands defined a duality of split reductive groups, G <+ G. BZSV extend this to a duality

{hyperspherical G-varieties} +— {hyperspherical G-varieties}.

We do not define “hyperspherical” G-variety, but we mention that the cotangent bundles of smooth affine
spherical G-varieties are among the main examples. There is also a G4,-action commuting with the G-action
on the objects of both sides (cf. §1.4]), whose role we suppress in the introduction.

Now we turn to the global period conjecture of BZSV. Let C' be a smooth projective curve over C. Let
(G,M) « (G,M) be dual pairs of split reductive groups and hyperspherical varieties over C. Assume
furthermore, partially for simplicity, that we have presentations M = T*X and M = T*X where X (resp.
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X) is a spherical variety for G (resp. G). Let Bung be the moduli stack of G-bundles on C, and let Loc
be the (derived) moduli stack of G-local systems on C.

1.1.1. Automorphic period sheaf. From the datum (G, M = T*X), BZSV define a space Bung equipped

with a map waut: Bun)G( — Bung and an associated (un-normalized) period sheaf

Py = i (Cpunx = constant sheaf on Bungy) € Dmod(Bung).

Example 1.1.1. Viewing Bung as the mapping stack Map(C, BG), Buné is approximately the mapping
stack Map(C, X/G). Suppose X = G/H is a homogeneous spherical variety. Then it is often the case that

Bung = Map(C, X/G) = Map(C,BH) = Buny; .

In the analogous situation of a curve C over a finite field Fy, Bung(F,) is canonically identified, by Weil’s
uniformization theorem, with a double coset groupoid of the form

G] = GIENG(AR)/ [] G(Oc.)
ce|C|

for F = F,(C) the function field of C. In this case Px categorifies the pushforward of the constant function
along [H] — [G], which represents the distribution

fH/[H]fdh

on functions f on [G]. In this sense Px categorifies the period integral associated to X.

1.1.2. Spectral period sheaf. From the datum (G,M = T*X), BZSV define a space Locg equipped with a

map 7P Locg — Locg, and an associated (un-normalized) “L-sheaf”

O spec
Ly =

(WLocé‘ := dualizing complex on Locg)/ € IndCohyip (Locs).
Here (,)I is the “shearing operation”, which shifts and twists graded components; we will not explain it in
the introduction

In contrast to the period sheaf Px, which is clearly related to classical automorphic periods as explained
in Example it is not immediately obvious how L ; is related to an L-function. One of the main points
of this paper is to explain this precisely. The punchline is that we identify a piece of Ly as the (relative)
factorization homology of a certain (relative) cocommutative factorization coalgebra, which is a sheaf-theoretic
analogue of an Euler product. This will be discussed further in §1.3.2]

Remark 1.1.2. It is essential to consider Locg and Locy as derived stacks. Morally, one should also
consider Bung as a derived stack, but because we will always work with either D-modules or constructible
sheaves or étale sheaves on the automorphic side, it is possible to formulate the period sheaf without doing
this. However, we will see in the calculations that it is still useful to incorporate the derived structure.

1.1.3. The duality conjecture. There is a conjectural Geometric Langlands equivalence
L¢g: Dmod(Bung) — IndCohiyp (Locg), (1.1.1)

which (if it exists) is characterized by various compatibility properties, discussed in [AG15] and [Gail5|. For
GL; this has been known since the work of Rothstein [Rot96] and Laumon [Lau96| (although in a slightly
different formulation), and recently a proof for general groups has been announced by Gaitsgory-Raskin
partially in joint work with Arinkin, Beraldo, Chen, Faergeman, and Lin |[ABG™23|.

The global period conjecture of BZSV concerns the behavior of the equivalence Lg on specific objects.
BZSV define “normalized” versions of the period sheaf and L-sheaf. For the period sheaf, the normalized
version P3°™ is obtained from Px by certain shifts and twists. For the L-sheaf, £5°™ is obtained from

IThis is an oversimplification: the construction of Bun)G( depends furthermore on the action of Gg» on X.
2The shearing depends on the action of G4 on X.
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L% by shifting, twisting, and tensoring with a certain line bundle. Then BZSV conjecture (see |BZSV23,
Conjecture 12.1.1] for the precise statement) that the Geometric Langlands equivalence Lg take

Dmod(Bung) 5 P¥™ Lo, L™ € IndCohyip (Loc) (1.1.2)

1.2. Results. We will study the three examples listed at the beginning of the introductionﬁ In the language
of relative Langlands duality, they are the Tate, Hecke, and singular Rankin-Selberg (for GL3) examples in
Figure [T}

Strictly speaking, singular spherical varieties fall outside the scope of [BZSV23|. However, we expect that
there should be some extension of relative Langlands duality that encompasses singular varieties. Part of our
motivation for analyzing the singular Rankin-Selberg example is to investigate what such an extension might
look like. The work of Chen-Venkatesh [CV24] also investigates examples of singular spherical varieties.

X G X G

Tate AT G,, Al G,

Hecke GL2 / GLl GL2 A2 GL2
Rankheseberg | Indar * *2(A?\ 0) | GLy x GLy | (A% ® A?)™"k<L | ALy x GLy

FIGURE 1. Examples of dual hyperspherical varieties (G, M = T*X) < (G, M = T*X).

Our main results take the following form. In each of the examples of Figure [I} we produce exact triangles

A — P¥™ — B € Dmod(Bung) (1.2.1)
and § §
A — L™ — B € IndCohyjip (Loc) (1.2.2)

and we prove a result of the form:

Theorem 1.2.1. In each of the examples of Figure[l, assuming the existence of the Geometric Langlands

equivalence Lg for the respective G, it matches A Loy A and B X9 B as indicated in the diagram below,
where the rows are exact:

A ™ B € Dmod(Bung)
l]LG EILG"? l]LG J}LG (123)
A Lrerm B € TndCohyyy, (Locg)

See Theorem Theorem and Theorem for the precise statements (which involve some
notation that we do not want to explain here). The existence of a decomposition into two pieces is an
artifact of the low rank examples that we study; in general we would expect to find multi-step filtrations of
Py and L whose associated gradeds can be matched under L by our methods.

Remark 1.2.2. Our results are stated in terms of the Geometric Langlands equivalence (which, as already
noted, has been announced in |JABG™23]). Note that it is known in the case of the Tate period, since
there G = GL;y. For the Hecke and singular Rankin-Selberg periods, we only use the Geometric Langlands
equivalence for G = GLg, whose proof was outlined several years ago in [Gail5], although a complete account
has not yet appeared in the literature to our knowledge.

Theorem reduces the BZSV Conjecture (|1.1.2) (in the cases of Figure [1]) to an extension problem.
It would be interesting to investigate the meaning of the extension classes. In the Tate case, the group of
extensions is relatively easy to describe, and there is a distinguished canonical element on each side that we
are able to pin down as the relevant extension classes, thus proving the full relative duality conjecture in
that case.

Theorem 1.2.3. In the Tate case, we have P™ Le, L™ as conjectured in (1.2.3).

3The version we write here omits the duality involution appearing in loc. cit., which appears for reasons of convention in
[BZSV23| regarding right/left actions. See [CV24] §A.1] for a discussion of this point.
4Actually, we replace the Rankin-Selberg period by a singular subperiod.
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Let us comment on the nature of the exact triangles (1.2.1)) and (1.2.2). They are induced by geometric
decompositions of the hyperspherical varieties. For example, in the Tate case, one has the stratification
of X (resp. X) by G-orbits (resp. G-orbits): A' = 01 (A'\ 0). On the automorphic side, this induces
an open-closed decomposition of Bung7 and comes from the excision triangle for this open-closed
decomposition.

On the spectral side, the stratification by G-orbits induces (in all three examples) an open-closed decom-
position

v closed LOCg open 1%
and (1.2.2)) comes from the corresponding exact triangle for cohomology with supports,
RI'y (Lock, —) — RI'(Lock, —) — RT(W, —).

In particular, the term A in (1.2.2)) is the relative local cohomology along the zero-section Locys — Loc)G:( of

the dualizing sheaf of Loc)Gv( .

In the case of the Tate period, there is a matching between the G-orbits on X and G-orbits on X (revers-
ing the closure relations) such that matching orbits contribute corresponding pieces under the Geometric
Langlands equivalences. However, this naive matching does not persist in general: in both the Hecke and
singular Rankin-Selberg periods, X is homogeneous for the G-action, while there are two G-orbits on X. In
those cases, the exact triangle for P3>"™ comes instead from a stratification in the Fourier dual space. These
are united in microlocal geometry, suggesting that in general, one should look for a decomposition in the
hyperspherical variety M = T*X. Indeed, a closed-open stratification X = Z LU U induces a decomposition
of T*X as

T*X =(Zxx T )u((T*0). (1.2.4)
Note that Z xx T*X can be thought of as the embedding in 7* X of the Lagrangian correspondence

T° 7 «— ZxxT*X —» T*X

associated to the map Z — X. More generally, it happens that 7% X admits a decomposition into Lagrangian
correspondences, which may not come from a stratification of X. We then see a corresponding decomposition
of the (automorphic or spectral) X-period, as in or . See for how this plays out in the
example of the Hecke period.

This suggests that the duality M <> M often preserves more structure on both sides, which would be
interesting to codifys.

1.3. Methods. The proof of Theorem [I.2.T]for the Tate case is in some sense by direct computation. For the
Hecke and singular Rankin-Selberg periods, the classical approach is via the “unfolding method” of Rankin-
Selberg, and our approach can be seen as a categorification of the Rankin-Selberg method. However, we
note some significant differences which make our task more difficult. The Rankin-Selberg method analyzes
the period of a single cuspidal Hecke eigenform, while we want to analyze the automorphic period sheaf as a
distribution on all of Bung. If we were only interested in the pairing of the period sheaf against individual
cuspidal Hecke eigensheaves, then the relevant analysis has already been carried out by Lysenko [Lys02]. Our
task includes the issue of analyzing periods of Eisenstein series where the corresponding L-function has a
pole, a subtle topic which is not understood even in the analysis of classical automorphic forms. Miraculously,
we find a very clean answer; in some sense, working at the level of sheaves allows us to bypass convergence
problems that would make it difficult to articulate the answer numerically.

We highlight here some ways in which our calculations make interesting contact with other themes in
mathematsics.

1.3.1. Derived Fourier analysis. The premise of the unfolding method is to “unfold” automorphic periods
in terms of Whittaker periods. Classically, this means that one should consider the Fourier expansion of a
Hecke eigenform.

But in the geometric context, it turns out that the spaces which arise naturally from trying to geometrize
natural vector spaces are not vector bundles, which a priori precludes us from applying the sheaf-theoretic
Fourier transform. For example, in the Tate case one is led to consider the space Bunyy over Bungr,, whose
fiber over a line bundle L its space of global sections H°(C; L). Thus each fiber is a vector space, but the
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fibers vary in rank (even on connected components) hence cannot interpolate into a vector bundle. For this
reason it is natural to consider derived vector bundles, which are derived linear spaces associated to perfect
complexes, generalizing how vector bundles are associated to locally free coherent sheaves. For example, one
wants to enhance Bun)G( to a derived vector bundle over Bungr,, whose fibers are, informally speaking, the
complexes RT'(C; L). In general, derived vector bundles have both “derived” and “stacky” aspects, which are
interchanged under duality.

In order to execute unfolding at the geometric level, it is therefore necessary to use an expansion of the
Fourier transform to derived vector bundles, which we call the derived Fourier transform. It turns out that
the good properties of the Deligne-Laumon Fourier transform extend from vector bundles to derived vector
bundles, although this is technically quite tricky to establish — see [FYZ23], §6 and Appendix A]. The trickiest
aspect is to show the near-involutivity of the Fourier transform, for which the crux is the statement that the
derived Fourier transform of the constant sheaf is (an appropriate shift and twist of) the delta~sheaf at the
origin of the dual bundle. It is this statement which we use to unfold the Hecke and singular Rankin-Selberg
period sheaves.

We arrived at the formulation of derived Fourier analysis when contemplating the functional equation
for the Tate period (§6.5). The theory was written up in [FYZ23], which used it to study the modularity
of higher theta functions in the sense of [FYZ21]. Not coincidentally, the modularity of theta functions is
closely connected to the functional equation for zeta functions.

1.3.2. Factorization homology. Our analysis gives a new perspective on the appearance of L-functions in peri-
ods of automorphic forms. Let V be a representation of G. Then to a Galois representation o: Gal(F*/F) —
G(Q,) with Frobenii having rational characteristic polynomials, one forms the L-function as an Euler product

L(V,0,s) HL V,0,s)
vE|F|

where L,(V,0,s) is some local factor at the place v € |F| formed using the characteristic polynomial of
o(Frob,) acting on V.

The geometric counterpart to such Euler products is factorization homology. To explain it, let Y be a
variety over a field C. (We will eventually apply this theory to Y = C, although there is a version of the
theory for any variety over any field.) We write pt := Spec C. Then we have a pair of adjoint functors

pr
T
Dmod(Y) Dmod(pt)

~_ -

Pr!

where the derived categories of D-modules Dmod(Y) and Dmod(pt) can be equipped with a symmetric
monoidal structure with respect to the !-tensor product (under the usual identification of Dmod(pt) with
the derived category of C-vector spaces, this is the usual tensor product). The functor pr' is symmetric
monoidal with respect to these symmetric monoidal structures. Therefore, it induces a functor

ComAlg(Dmod(Y)) = ComAlg(Dmod(pt)), (1.3.1)

where ComAlg(—) denotes the category of commutative algebras in a symmetric monoidal category. Then
the factorization homology functor

CF*(y; —): ComAlg(Dmod(Y)) — ComAlg(Dmod(pt)) (1.3.2)
is the left adjoint to (1.3.1)).

Example 1.3.1. If Y = {y1,...,y,} is a finite disjoint union of points, then ComAlg!(Dmod(Y) :
X, ComAlg(Dmod(pt)), under which identification we have

CPet(v; F) = ®}‘1.

This suggests the intuition, emphasized in the work of Gaitsgory-Lurie [GL16], that in general CFa<t(Y; F)
is a “continuous tensor product of F over the points of Y”. The analogy to Euler products is evident.
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In the work of Gaitsgory-Lurie [GL16] on Weil’s Tamagawa Number Conjecture over function fields, a
certain product of zeta functions arose as the trace of Frobenius on a certain factorization homology group.
In our analysis here, general L-functions (and even more general objects) will be categorified by factorization
homology. More precisely, let wy be the dualizing complex of the G-representation V regarded as an affine
space over C, and consider the local cohomology at the origin RT'o(V;wy); informally, it is the derived of
distributions on V' with set-theoretic support at 0. Then RIo(V;wy ) is equipped with the natural structure
of a cocommutative coalgebra in Rep(G’), which allows to form a corresponding G-equivariant cocommutative
factorization coalgebra on C. The G-equivariant structure allows to twist this cocommutative factorization
coalgebra by a G-local system o on C, and we regard its factorization homology as the categorification of
the L-function L(V, 0, s).

As for how such objects arise in our calculation, suppose X = V is a G-representation, as is the case in
the Tate and Hecke periods. Then the origin 0 € V' contributes a closed G-stratum, and we will stratify
Locg by the induced zero-section of Locs. Then, using the work of Beilinson-Drinfeld on chiral algebras,
we prove a local-global principle that relates the derived pushforward of w;  x, with set-theoretic support

along the zero-section, to the relative factorization homology of the cocommutative factorization coalgebra
attached to RI'g(V;wy) (and twisted by the universal G-local system on C). More generally, the same
argument will show that each G-fixed point # € X contributes a term to the L-sheaf L which is the
relative factorization homology over Locx of the local cohomology RI', (X ;wy ) turned into a cocommutative
factorization coalgebra and then twisted by the universal local system. However, if = is not a smooth point of
X, as happens in the singular Rankin-Selberg period, then the resulting factorization homology is analogous
to an Euler product which is not an L-function.

1.4. Acknowledgments. We thank David Ben-Zvi, Lin Chen, Gurbir Dhillon, Vladimir Drinfeld, John
Francis, Charles Fu, Quoc Ho, Sam Raskin and Yiannis Sakellaridis for relevant conversations. We especially
thank Dennis Gaitsgory and Akshay Venkatesh for many discussions and explanations regarding the material
here. We are grateful to Sanath Devalapurkar and Sergey Lysenko for comments on a draft. TF was
supported by the NSF grant DMS-2302520 and JW was supported by NSF grant DMS-1803173.

2. NOTATION AND CONVENTIONS

2.1. Coefficient fields. Let F be an algebraically closed field, which will be the ground field for the “auto-
morphic side”.

Let k be an algebraically closed field of characteristic 0, which will be the ground field for the “spectral
side”, as well as the coefficients for sheaves on the automorphic objects. When discussing the “de Rham”
setting, we will have a fixed identification k£ = C.

2.2. Reductive groups. Let G be a split reductive group over F and G its Langlands dual group, regarded
as a split reductive group over k.

2.3. Categories and sheaves. All our categories will be k-linear. All our functors are derived, e.g., f.
means Rf,, ' means R, etc. If we need to refer to individual cohomology groups, we will write R f, and
H?, etc.

Our categories are derived, e.g., Vect is the derived category of k-vector spaces and Rep(@) is the derived
category of G-representations, unless specified otherwise.

We denote by kg the constant sheaf on a space S. When context is clear, we may omit the subscript.

When F = C, we denote by Dmod(.S) the derived category of D-modules on S.

2.3.1. Categories of sheaves. Recall that there are (at least) three flavors of the Geometric Langlands equiv-
alence, which we refer to as de Rham [AG15|, Betti [BZN1S|, and finite field |JAGK™22|. Our final theorems
are all about the de Rham setting because this is where the proof of the Geometric Langlands Equivalence is
best documented, but many of our calculations (at least on the automorphic side) are agnostic to the specific
sheaf theory, so we introduce a notation that is agnostic to the sheaf theory. For an algebraic stack S over
F, we denote by Shv(S) any of the three flavors of “topological” sheaf theories [BZSV23|, §B.4-B.7|:

(1) (de Rham) If F = C, then we may take Shv(S) to be the derived category of D-modules on S,
denoted Dmod(S). In this case we must work with k¥ = C.
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(2) (Betti) If F' = C, then we may take Shv(.S) to be the derived category of all sheaves on S(C) equipped
with the analogy topology, in the sense of [AGK ™22, Appendix G]. There are no restrictions on k.
(3) (finite field) If F' has positive characteristic, then we may take Shv(S) to be the derived category
ind-constructible f-adic étale sheaves on S. Then k = Q, for some prime /.
We denote by Shvpei(S) C Shv(S) the subcategory of holonomic sheaves. In the D-module context this
means holonomic D-modules in the usual sense, while in the Betti and ¢-adic contexts it means constructible
objects.

2.3.2. Artin-Schreier. The Artin-Schreier sheaf refers to a certain object [BZSV23| Definition 10.5.1] in
Shv(A1l), defined case-by-case in each flavor of sheaf theory:

(1) (de Rham) The exponential D-module.

(2) (Betti) The locally constant C*-equivariant (via squaring) sheaf on C defined as (jik™ @ j.k)[—1]
where j: C* < C and k, k™ are the trivial and non-trivial rank one local systems on C* /C* = Bpus.

(3) (Finite Field) The étale Artin-Schreier sheaf induced by a choice of additive character ¢ : Fy — k*.

2.3.3. Shifting and twisting. For n € Z, the endofunctor K — K(n) of Shv(S) is the nth Tate twist. This
only has meaning in the finite field context, where we will choose a square root of the cyclotomic character
to make sense of half Tate-twists. We use the notation (n) := II"[n](n/2) as in [BZSV23, (2.4)]. Note that
“(ny” in [FYZ23] is instead called (2n) in this paper in order to be consistent with [BZSV23]|.

2.3.4. Correspondences. Consider a correspondence
A 20 25 Ay
Our convention is that “the functor induced by K € Shv(C)” is
ca(K®ci(—)): Shv(A;) — Shv(Ay).

Note that in the de Rham case this is not a priori defined on all of Shv(A;), but we will only apply it when
it is defined.

2.3.5. Graded categories. For a monoid A and a category C, we denote by C* the category of A-graded
objects in C.

2.4. Geometry. Let C be a smooth projective curve over F. For d > 0, we write C(9) = Sym? C for the
dth symmetric power of C, with the convention C(?) := SpecF.

2.4.1. Spin structure. Fix a square root Qéﬂ of the canonical line bundle Q. The Conjectures of Ben-Zvi—
Sakellaridis—Venkatesh are formulated in terms of such a choice — see [BZSV23| §10.1.2].

2.4.2. Derived mapping stacks. If X is a proper scheme and Y is locally of finite presentation over a field,
then the derived mapping stack Map(X,Y") is constructed in [TV05l §3.6] and [TV08| §2.2.6.3] (the first
reference constructs the internal hom on stacks on any site, and the second establishes its geometricity
properties under the given assumptions). At the level of 0-cells, Map(X,Y’) sends an animated ring R to the
anima of morphisms Xgp — Y.

Suppose Y is equipped with a map 7: Y — X. Then we have the derived space of sections Sect(X,Y),
defined as the derived fibered product

Sect(X,Y) —— Map(X,Y)

l [

{Id} ——— Map(X, X)

2.4.3. Moduli of G-bundles. By definition, for BG the classifying stack of G, we have
Bung := Map(C, BG).
Although defined a priori as a derived stack, this is in fact a classical Artin stack [FYZ21, Example 5.3].
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2.4.4. Moduli of G-local systems. Parallel to the sheaf theory, there are several different flavors of moduli
spaces of local system — see [BZSV23| §11.1.2] for discussion of them. Our calculations will be somewhat
specific to the de Rham setting, so we recall that only.
Recall the de Rham stack Cyr associated to C from [Gailbl §3.1]. For BG the classifying stack of G, we
define
Locg := Map(Cqr, BG).
We abbreviate Loc,, := Locgr,, and Bun,, = Bungr,,.

2.4.5. Tangent and cotangent complexes. Let f: X — Y be a map of derived Artin stacks. We denote by
Ly the cotangent complex of f, and by Ty the tangent complex of f if L is a perfect complex.

2.4.6. Classical truncation. For a derived stack S, we denote by S its classical truncation, which comes
equipped with a canonical closed embedding S < S.

2.5. Coherent sheaves. We follow [Gail3| in our conventions on (ind-)coherent sheaves. For a map of
derived Artin stacks f: X — Y, we denote by wx/y := f 'Oy the relative dualizing sheaf. For Y a point, we
abbreviate wy = wx/y.

2.5.1. Perfect complexes. For a derived stack S, we denote by Perf(S) the category of perfect complexes on
S. This is equivalent to complexes of finite tor-dimension, defined in [Autl Tag 0652], which we follow in
using cohomological grading to define tor-amplitude.

For £ € Perf(S), we denote by £Y := RHom(&,S) the dual perfect complex.

2.5.2. Coherent singular support. On the spectral side, the period sheaves mi’"(

Wy oex ) naturally live in
G

IndCoh(Locg) but typically do not lie in the full subcategory IndCohniip(Locs) which is the domain of

the Geometric Langlands equivalence. The embedding of this full subcategory is left adjoint to a co-

localization functor IndCoh(Locys) — IndCohnip(Locs). For an object F € IndCoh(Locy), we write

F € IndCohnip(Locgs) for its image under this co-localization. That is, we use the specification of the

ambient category in order to indicate the application of a singular support co-localization functor.

Part 1. Tools
3. DERIVED FOURIER ANALYSIS

3.1. Derived Fourier transform. In this subsection we recall the “Derived Fourier analysis” developed
in [EYZ23]. While loc. cit. worked in the setting of ¢-adic étale shaves, essentially the same constructions
and arguments go through more generally for holonomic sheaves in the sense of §2.3.1] We shall give the
statements, omitting proofs since these are identical to the f-adic setting.

3.1.1. Derived vector bundles. Let S be a derived Artin stack. There is a functor Totg from the category
Perf(S) of perfect complexes on S to the category of derived stacks over S, which extends the usual con-
struction of a vector bundle from a locally free coherent sheaf. We normalize this construction as in [FFYZ23]
§6]. For &€ € Perf(S), we will call E := Totg(€) the associated derived vector bundle associated to E. The
virtual rank of E, denoted rank(FE), is the locally constant function on S given by s — x(&), the Euler
characteristic of the fiber of £ at a geometric point s.

Definition 3.1.1. For a derived vector bundle £ — S, we denote by zg: S — FE the zero-section. Note
that zg need not be a closed embedding. We write dg := zgi(kg) € Shv(E) and call it the delta-sheaf of E.

3.1.2. The derived Fourier transform for derived vector bundles. Let S be a derived Artin stack, £ € Perf(.S).
For £V € Perf(S) the linear dual of £, we have a tautological evaluation pairing £ ® £¥ — Og. Setting
E :=Totg(€) and EY := Totg(£Y), this induces on total spaces a map
ev: Exg EY — AL
Let o/ € Shv(A') be the Artin-Schreier sheaf (cf. §2.3.2), which we note is holonomic.
The derived Fourier transform
FTY: Shvpi(E) = Shvia(EY)

is the functor

K 5 proy(pr () @ ev* o) [rank(E)]
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where the maps are as in the diagram
ExgEY - Al
E EY
We now tabulate some basic properties of the derived Fourier transform. Below we let r be the virtual
rank of £ — S.

3.1.3. Base change. Let h: S — S be a map of derived stacks. For a derived vector bundle £ — 5, let
E — FE be its base change along h. So we have derived Cartesian squares

E- LB Ev M, pv
PN s g

Then there are canonical natural isomorphisms of functors Shvye (E) — Shvye (EY)

FTzo(hP)" = (W) o FTg (3.1.1)

FT;o(h?) = (hP') o FTg (3.1.2)
and canonical natural isomorphisms of functors Shvhol(E) — Shvpe (EY)

FTpo(h?) 2 (hP") o FT (3.1.3)

FTgo(h”), = (W), o FT5. (3.1.4)

3.1.4. Involutivity. There is a canonical natural isomorphism FT gv o FT g = mult™ ; (—r) of functors Shve (E) —
Shvpo (E), where mult_; is multiplication by —1 on F.

Remark 3.1.2. The construction of this natural isomorphism is the central point of derived Fourier analysis.
It is significantly more involved than in the situation of classical vector bundles.

3.1.5. Functoriality. Let f: E' — E be a linear map of derived vector bundles having virtual ranks r/,r
respectively. This induces a morphism f: EV — E’V of dual derived bundles. Then we have canonical
natural isomorphisms of functors Shvye (E’) — Shvpe (EVY):

(1) f*oFTp ~FTg ofilr’ — 7],

(2) f'oFTg 2 FTgof.fr—1](r—1"),
and canonical natural isomorphisms of functors Shvye (E) — Shvye (E'Y):

(3) FTgrof* = ﬁ oFTg[r—2](r — 1),

(4) FTE/ OfI = f* o) FTE[T/ — T].

Example 3.1.3. Natural transformation gives an isomorphism
FTg(6g) & kpv[r] € Shv(EY)
and natural transformation gives an isomorphism

FTev(kpy) = dg[—r](—r) € Shv(E).

4. CHIRAL ALGEBRAS AND FACTORIZATION HOMOLOGY

In this section we recall or develop some tools in the theory of chiral algebras. This subject was developed
by Beilinson-Drinfeld [BD04], although our presentation instead follows the references [FG12 [GL16), Hol
Ho21al [Ho21b]. Most of this section just recalls material from the literature: factorization (co)algebra theory
is reviewed in §4.2]and and derived infinitesimal geometry is reviewed in §4.4] The only “new” material is
which studies factorization cohomology of cocommutative algebras of distributions. Our work suggests
that these are the correct categorification of L-functions.
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4.1. Non-unital algebras. Let (C,®) be a symmetric monoidal category. There is an equivalence between
the notion of augmented unital commutative algebras in (C,®), by which we mean a algebras A equipped
with an augmentation ¢: A — 1 (morphisms are required to be compatible with the augmentation) and
non-unital algebras A. The equivalence sends an augmentated k-algebra A to A := ker(e), and in the other
direction sends a non-unital algebra 4 to 1 & A.

In this section by ComAlg(C, ®) we mean the category of non-unital commutative algebras in the sym-
metric monoidal category (C,®).

A similar discussion applies to augmented cocommutative coalgebras. We denote by ComCoalg(C, ®) the
category of non-unital commutative algebras in the symmetric monoidal category (C, ®).

4.2. Factorization algebras.

4.2.1. The Ran space. Suppose C'is proper. Let FinSurj be the category of finite sets, with morphisms being
surjective maps. The Ran space of C' is the prestack

Ran(C’) = COlimIeFinsurJOP CI.
The category of sheaves Shv(Ran C) is defined by descent along !-pullback. We have a “union” map
Ran(C') x Ran(C) Lnion, Ran(C).
Since the transition maps defining Ran C' are proper, union has a notion of !-direct image.

4.2.2. The convolution tensor structure. The map
union;: Shv(Ran(C') x Ran(C)) — Shv(Ran(C))

induces a symmetric monoidal structure on Shv(Ran(C)), which we denote ®*. We call this the convolution
tensor structure.

Remark 4.2.1. By its construction, for the map prg,,: RanC — pt := SpecF the proper pushforward
PrRan! 25 symmetric monotdal. Consider the commutative diagram

ComAlg(Shv(C), é)) PN ComAlg(Shv(Ran C), ®*)

!
\ Teran
pr

ComAlg(Shv(pt))

It turns out that the left adjoint to A' exists (and will be discussed below): it is the formation of the
associated commutative factorization algebra. Therefore, forming the left adjoint diagram shows that the
left adjoint to pr', which was called factorization homology in agrees with prg,,. composed with the
the left adjoint to A'.

4.2.3. Commutative factorization algebras. Recall that ComAlg(Shv(RanC'), ®*) denotes the category of
commutative (non-unital) algebra objects in the convolution symmetric monoidal structure. In particular,
an object of ComAlg(Shv(Ran C), ®*) entails A € Shv(Ran C') plus a map

union; (AKX .A) — A.

By adjunction, such data is equivalent to A X A — union' A. We often abuse notation by referring to an
object of ComAlg(Shv(RanC), ®*) by “A”, suppressing the multiplication map and higher coherence data.
The disjoint subspace (RanC x Ran C)g;s; is defined as

— el I I
(Ran C' x Ran C)qisj = colimp, ¢pingurior (CF X C°2)qisj
I>€FinSurj°?

where (CTt x CIZ)disj parametrizes pairs (D1 € C1, Dy € C2) such that D; and D, have disjoint support.
Definition 4.2.2. A factorization algebra is an A € ComAlg(Shv(Ran C'), ®*) such that the structure map
AKX A — union' A

restricts to an isomorphism on the open subspace (Ran C' x Ran C')g;sj. The full subcategory of factorization
algebras is denoted ComAlgp, . (Shv(Ran C)) C ComAlg(Shv(Ran C), ®*).
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4.2.4. Diagonal embedding. The diagonal map A: C' — Ran C induces a symmetric monoidal functor

A': (Shv(Ran C), ®*) — (Shv(C), ®)
because of the Cartesian square

C LxA RanC x RanC

lld J{union (4.2.1)

C —2 5 RanC

Theorem 4.2.3 (J[GL16, Theorem 5.6.1]). The functor A' admits a fully faithful left adjoint

!
Fact: ComAlg(Shv(C),®) — ComAlg(Shv(RanC), ®*),
)-

whose essential image is ComAlgs, .. (Shv(Ran C)). In particular, A' restricts to an equivalence

!
A': ComAlg}, .. (Shv(Ran C)) =5 ComAlg(Shv(C), ®).

Example 4.2.4 (Free factorization algebras). The statement that A' is symmetric monoidal means that we
have a commutative diagram

!
Shv(C) +———— ComAlg(Shv(C), ®)

i i

Shv(Ran C) ¢—— ComAlg(Shv(Ran C), ®*)
Hence the diagram of left adjoints commutes:

! !
Shv(C) —2™ 5 ComAlg(Shv(C), ®)

lA’ lFact (4.2.2)
Shv(Ran C) 2™ ComAlg(Shv(Ran C), ©*)

where Sym’ refers to the formation of the symmetric algebra with respect to the symmetric monoidal

!
structure “?”. Let M € Shv(C) and A := Sym'(M) € ComAlg(Shv(C),®). Then [#2.2) tells us that
Fact(A) & Sym*(A,M). Explicitly,

Sym*(AM) = @unlonn (AM)E™)5 @Anu ME™)g ),
n>0 n>0

where A,, is the composition

C" —=— (RanC)"

\ [

RanC

and the coinvariants (—)x, are for the natural action of the symmetric group ¥,, on n elements. See [Hol7],
especially §3.5 of loc. cit., for more discussion on free factorization algebras.

4.2.5. Chiral algebras. Consider the correspondence

(Ran C' x Ran C')qis
Ran(C) x Ran(C) Ran(C)

Then !-pullback and *-pushforward through this diagram equips Shv(Ran(C)) with another symmetric
monoidal structure called the chiral tensor structure, which we denote ®°". For us, ® is an intermediary
technical device.
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As usual, in any symmetrical monoidal category we have an operadic notion of associative/commutative
(co)algebras and Lie algebras. Below we summarize the results on “chiral Koszul duality” from [FG12| that
we will need.

o (Lie* algebras on Ran C') We denote by Lie*(Ran C) the category of Lie algebras in the symmetric
monoidal category (Shv(RanC), ®*).

e (Lie* algebras on C) We denote by Lie*(C') C Lie*(Ran C) the full subcategory of sheaves supported
on A(C) C Ran(C).

e (Chiral Lie algebras on Ran C') We denote by Lie™ (Ran C) the category of Lie algebras in (Shv(Ran C), @°).

o (Commutative algebras on Ran C') We abbreviate by ComAlg*(Ran C) the category of commutative
algebras in (Shv(Ran C), ®*). We denote by ComAlg® (Ran C) the category of commutative algebras
in (Shv(Ran C), ®°").

o (Cocommutative coalgebras on Ran C) We denote by ComCoalg*(Ran C) the category of cocommu-
tative coalgebras in (Shv(RanC), ®*). We denote by ComCoalg™ (RanC) the category of cocom-
mutative coalgebras in (Shv(Ran C), ®h).

Remark 4.2.5. It follows from the Cartesian square that A' induces an equivalence between Lie*(C)
and Lie(C) := Lie(Shv(C), é}) See [HolT, Proposition 4.2.3| for the details.
The identity functor on Shv(C') promotes to a symmetric monoidal functor
(Shv(Ran C), ®*) — (Shv(Ran C), ®M).

This formally induces functors

ComAlg*(Ran C) <2 ComAlg™ (Ran C), (4.2.3)
Lie*(RanC) LY Lie®(Ran 0), (4.2.4)

and
ComCoalg*(Ran C) oblv, ComCoalg®™(Ran C). (4.2.5)

The left adjoint to (4.2.4) is a functor

*—ch
Indr

Lie*(Ran C) —=<— Lie®(Ran C).

The notion of cocommutative factorization coalgebras in ComCoalg® (Ran C) is defined in [FG12, §2.4.6

The full subcategory spanned by such is denoted ComCoalgfe ,(RanC). Let us describe the definition

informally for intuition. For a non-empty finite set I and F € Shv(Ran C), let F be the !-restriction of F
1

! !
along C! — RanC. If A € ComCoalgCh(Ran (), then A has a system of maps Ay — A, ® ... ® Aj, for
every (disjoint) partition [ = I; U ... U I,,. We say that A is a cocommutative factorization coalgebra if all
such maps restrict to isomorphisms on the open subspaces (C7* x ... x Clnr)disj.

4.3. Graded factorization (co)algebras. Let A be a free abelian monoid of finite rank, identified with
Z%, via a choice of basis ay,...,a;,. Let AT := A\ {0}. We will consider A™-graded factorization algebras.
These turn out to have more elementary incarnations, as explained in [Gail6l, §4.1] and [GL19} §4 — 5].

4.3.1. Colored divisors. For X =), d;ca; € A, write
CN = 0l 5 0ld2) % On),
We define the space of A-colored divisors Div* (C) to be
piv* (0= [T ™.

AEAT

It can also be described as the moduli space of (D € DivC,¢: D — A'). We think of ¢ as equipping D
with a “coloring” by A", and sometimes refer to a point of DivA" (C) as a “AT-colored divisor”.

5Francis—Gaitsgory call it “commutative factorization coalgebras”.
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4.3.2. Convolution and chiral tensor structures. Addition of divisors induces maps
addy, »,: ) x 02 — o)
which assembled into a map
add: Div*' (C) x Divh' (C) - Div*' C.
This induces a symmetric monoidal structure on ShV(DiVA+ () that we call the convolution tensor structure
®*, with
F®*G:=add(FXQG).

The disjoint locus (DivAJr C x Divh" (') aisj is defined as the open subspace of (Dq,D3) € DivA’ € x

Div?" € such that D, and D have disjoint support. Then !-pull and *-push through the diagram

(DivA+ C x Divh" C) aisj

DivA"T ¢ x DivA' ¢ DivA' ¢

induces another symmetric monoidal structure on ShV(DivA+ C) that we call the chiral tensor structure @<.

As explained in [Ras, §4], these structures allow to imitate the theory of factorization algebras on Divt’ C
(instead of RanC'). Moreover, while the pro-nilpotence of the chiral symmetric monoidal structure on

Shv(Ran(C')) was a non-trivial theorem in [FGI2], it is obvious in Shv(DivA+ () due to the nature of the
grading. Hence all the results of [FG12| pass over to the graded setting, with the same proofs.

4.3.3. Graded factorization algebras. The notion of AT -graded factorization algebras is developed in [GLI9,
§5]. Informally, this consists of

A= {A}renr € Shv(Divd €)= T shv(c™) (4.3.1)
AEAT
equipped with a “homotopy-compatible” system of identifications

AM A2 |(C(>\1) xC(2)) >~ AM K AN |(C(>\1) X CO2)) gy (4.3.2)

disj
for all Ay, Ay € AT,
Remark 4.3.1 (Ranification). This definition looks rather different to the notion of factorization algebra in

Definition The translation goes through a “Ranification” procedure explained in [Ras, §4.7], which turns
a factorization algebra A = {A*},ca+ in the sense of (4.3.2) into a factorization algebra Ranification(A) €

Shv(Ran C’)AJr in the sense of Definition we note that
A'Ranification(A) = [ A\Ax € Shv(C)A".
AeAt
Thanks to Ranification, when working with AT-graded factorization algebras we can replace Ran(C) with
Div" C.
4.3.4. Commutative graded factorization algebras. We say that a At-graded factorization algebra A := {A*}
is commutative if for all A1, Ao € AT the maps
AN ® AA2|(C(A1)XC(A2))diSj = A/\1+/\2|(C(*1>x0(*2>)di5j
extend to maps
AM R AN < add), ,, AN T2 (4.3.3)
For each A € A*, let Ay: C — C™ be the diagonal map. Let
A= T A4: Shv(Div™" €) — Shv(C)A".
AEAT

Parallel to Theorem we have:

Theorem 4.3.2. The functor A — A'A induces an equivalence between the category of commutative fac-

torization algebras in Shv*(DiVA+ C) and commutative algebras in Shv(C)A" .
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4.3.5. Graded factorization coalgebras. The case of (cocommutative) coalgebras graded by A* will play an
important role for us. A reference is [Gail, although Gaitsgory calls “cocommutative factorization algebras”

what we call “cocommutative factorization coalgebras”. Indeed, a factorization coalgebra on Div" C s by
definition the same as a factorization algebra: informally speaking, a collection

A= {Asenr € Shv(Divt €)= @B Shv(C™W)

AEAT

equipped with a “homotopy-compatible” system of identifications

AMr Az |(C(A1)Xc(>\2)) ~ AN AA2|(C(A1)XC(A2))diSj. (4.3.4)

disj

(The “moral” difference between graded factorization algebras and coalgebras is that the right side of
is add} 1.2, for factorization coalgebras, while the analogous expression for factorization algebras should use
add!)\h A, Dut addy, x, is étale when restricted to the disjoint locus so these coincide.)

We say that a factorization coalgebra A is cocommutative if the maps come by adjunction from maps

AMFAz o gM gx gA2 (4.3.5)

on CP1+22) If A is holonomic, so that it lies in the domain of the partially defined adjoint add*, then
(4.3.5) can be formulated equivalently as saying that each (4.3.4]) extends to a map

add}, ,, AN — AN K AN
on C1) x CO2),

Remark 4.3.3. Evidently Verdier duality induces an equivalence between holonomic commutative AT-
graded factorization algebras and holonomic cocommutative AT-graded factorization coalgebras. Let us
say that an object of ShV(C)A+ is graded holonomic if its component each each grading degree A € AT
is holonomic. In turn, Theorem m gives an equivalence between holonomic commutative A*-graded

factorization algebras and commutative algebras in Shv(C’)A+ which are holonomic in each grading degree
AeAT.

The map

+

A* = H AX: Shvhol(DivAJr C) — Shvhol(C)A
AEAT

(4.3.6)

is symmetric monoidal for ®*-monoidal structure on Shvhol(DivAJr (') and the usual monoidal structure ® on
Shvhol(C’)A+. It is clear that Verdier duality on Shv(DivAJr () induces an equivalence between commutative
algebras in Shvye (C)2" and cocommutative coalgebras in Shvie (C)". Applying Remark to Theorem

[432] then gives:

Theorem 4.3.4. The functor A — A*A induces an equivalence between the category of cocommutative
factorization coalgebras in Shv}*lol(DivAJr C) and cocommutative cocolgebras in (Shvie (C)A, ®).

Example 4.3.5. Let V' be a vector space and let Sym (V') = @,,, Sym" (V) be the free graded (non-unital)
commutative symmetric algebra on V. (The grading corresponds to the standard scaling G,,-action on V.)
By Example the associated factorization algebra Fact(Sym(V)) = {A(™ € Shv(C(™)} has

AW = (7, AB) g (4.3.7)

where 7,: C" — C(™ is the quotient map and the coinvariants (—)s, are for the natural action of the
symmetric group Y,, on n elements.

Note that the graded dual of Sym (V') is Sym(V*), which has a graded cocommutative coalgebra structure.
We invert the grading so that Sym(V*) is graded by Z~o. Then the associated Z-(-graded cocommutative
factorization coalgebra (under Theorem is given levelwise by the Verdier dual of A™).
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4.3.6. Factorization homology. Let A = {A*} a At-graded factorization algebra on DivA" C. Then we
define its factorization homology to be

CENC,A) = @ Cr ™, AY).
AEAT
If A is a commutative factorization algebra, then this is compatible with (1.3.2]) under the equivalence of
Theorem We will also apply this to cocommutative factorization coalgebras.

4.4. Recollections on derived infinitesimal geometry. We will now study some constructions related
to formal geometry. The theory of formal completion is complicated in the derived setting. For a closed
embedding of classical schemes Z < Y, one has the notion of “nth infinitesimal neighborhood” of Z in
Y, which is the closed subscheme of Y defined by the nth power of the ideal sheaf of Z. Then the formal
completion of Z in Y is the colimit over n of the nth infinitesimal neighborhoods. However, in derived
algebraic geometry it does not make sense to take the “nth power of an ideal sheaf”, so it is subtler to form
the nth infinitesimal neighborhood.

In [GRI17b, Chapter 9, §5], this problem is solved: for a map f: Z — Y of derived stacks, Gaitsgory-
Rozenblyum define a sequence of derived stacks

Z2=70 570 5 7z@ , 5z 5 Sy (4.4.1)

When f is a closed embedding, then Z(™ is the derived analogue of the “nth infinitesimal neighborhood of Z
in Y”. The extensions are produced using the theory of the cotangent complex, and the derived deformation
to the normal cone.

Remark 4.4.1. Suppose f is a closed embedding of classical schemes. If f is a regular embedding, then
Z™) is the usual nth infinitesimal neighborhood. In general, if f is not a regular embedding then Z(")
can have non-trivial derived structure, even though f is a map of classical schemes. In particular, the Z(™)
constructed above may not agree with the classical notion of nth infinitesimal neighborhood.

Definition 4.4.2. The formal completion of Y along f is colim,, Z(™). We will denote it by YfA, or sometimes
just Y2 by abuse of notation.

4.4.1. Ind-coherent sheaves on the formal completion. For the notions of ind-coherent sheaves on derived
ind-stacks and formal completions, we refer to [GR14, §6,7]. Suppose Z — Y is a closed embedding of
stacks. Let IndCohz(Y) C IndCoh(Y') be the full subcategory of ind-coherent sheaves with set-theoretic
support on Z. This admits a co-localization functor IndCoh(Y) — IndCohz(Y'). Letting U = Y \ Z be
the open complement of Z and j: U — Y be its open embedding, the co-localization functor sends an
ind-coherent sheaf F to the derived fiber of F — j.j*F.
Let Z :=Y) = colim, Z(™) be the formal completion of Y along Z. Let i1 Z = Y be the colimit of the

i : Z) Y. Then i factors through the co-localization map IndCoh(Y) — IndCohz(Y), and induces
an equivalence (cf. [GR14} §7.4])

7 M

IndCoh(Z2) IndCohy(Y)
~_ 7

where the left adjoint 7, is the colimit of the 70", The co-localization functor IndCoh(Y) — IndCohz(Y) =
IndCoh(Z) is monoidal (with respect to -tensor product). In particular, it sends the unit wy € IndCoh(Y)
to wz € IndCoh(Z).

4.4.2. Description as modules over a Lie algebroid. Let f: Z — Y be any map of derived stacks. Then
[GR17b} Chapter 8, Section 3.2] constructs a Lie algebroid structure on the relative tangent complex Ty .
We denote this Lie algebroid by £(Z/Y). We will only use the notion of Lie algebroid as a formal device
used to access IndCoh(YfA), so we will not elaborate on it.

Recall that every derived stack has an underlying reduced sub-stack, and a nil-isomorphism is a map that
is an isomorphism on underlying reduced stacks [GR17al Chapter 1, Definition 8.1.2]. Equivalently, f is
representable in derived schemes and is an isomorphism on reduced subschemes after any base change from
a derived scheme S to Y.
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Let i: Z — Z be a nil-isomorphism, for example the natural map Z — Z := Y2 induced by a map
f: Z =Y. Then by [GR17b, Chapter 5, §2.2.6, and Chapter 8, §4.1] we have an equivalence

L(Z/Z)-Mod(IndCoh(Z)) = IndCoh(Z), (4.4.2)
such that the following diagram commutes:

£(Z/Z)-Mod(IndCoh(Z)) +—— IndCoh(Z)

loblv li!

IndCoh(Z) =—————= IndCoh(2)

Since £(Z/Z) is a Lie algebroid over Z, there is the Lie algebra homology functor
Chev(L(Z/2),-): L(Z/Z)-Mod(IndCoh(Z)) — IndCoh(Z).

It is the left adjoint of the functor triv: IndCoh(Z) — L(Z/Z)-Mod(IndCoh(Z)) equipping an ind-coherent
sheaf on Z with the trivial £(Z/Z)-module structure. The functor Chev(L(Z/Z),—) can be modeled ex-
plicitly in terms of the bar construction.

Suppose we have a retraction m: Z — Z. Then from the construction of the equivalence , the
following diagram commutes:

£(Z)Z) Mod(IndCoh(Z)) +—— IndCoh(Z)
Chev(£(2/2).-) | v n( e (4.4.3)
IndCoh(Z) === IndCoh(Z)

Example 4.4.3. Consider wz € IndCoh(Z). Then wz = 7'(wz) € IndCoh(Z) corresponds under (4.4.2)
to wz € IndCoh(Z) equipped with the trivial action of £(Z/Z), and then m,(wz) € IndCoh(Z) is naturally
isomorphic to the Lie algebra homology Chev(L(Z/Z),wz).

4.5. Factorization homology of distribution coalgebras. In this subsection we prove the key local-
global principle that will be used to calculate spectral periods. In this subsection we assume that F = k.

4.5.1. Twisted mapping stack. Let Y be an affine scheme acted upon by G and L be a G-local system on C,
thought of as a G—bund}e L — Cyr. Then we may form the space m: Y x& L — Cyg. The derived space of
sections Sect(Cqr,Y x¢ L) is defined in informally speaking it parametrizes flat maps from C to Y
twisted by the local system L.

4.5.2. Distribution coalgebras. For a closed subscheme Z < Y we may form I'z(Y;w), the derived global
sections of the dualizing sheaf of Y with set-theoretic support in Z. The formation of I'z(Y;w) is functorial
in maps of pairs (Y, Z) which are proper in the second factor.

In particular, let y € Y and consider I'y (Y,w). Informally, it is the space of “distributions on Y supported

at y”. The diagonal map Y 2y xY equips I'y (Y, w) with the structure of a unital cocommutative coalgebra,
the unit coming from (Y,y) — (pt, pt). We denote by I';(Y;w) the corresponding non-unital cocommutative
coalgebra (cf. §4.1)).

Suppose y € Y is a G-fixed point. Then the G-action on Y equips I'y(Y;w) with an action of G. Since
the diagonal map is G-equivariant, the commutative coalgebra structure is compatible with the G-action.
This promotes T',(Y;w) to a cocommutative coalgebra in Rep(G).

Suppose furthermore that T',(Y;w) has a Z>0—gradingE| We may view I',(Y;w) as a constant cocommu-
tative coalgebra in Shv(C)%>° by #-pullback, and then by Theorem there is an associated Z-g-graded
cocommutative factorization coalgebra, which we denote Fact(T',(Y;w)) € ComAlg}, .. (DivZ>° ().

SFor example, this happens if Y has a commuting Gy,-action for which y is an attracting point (i.e., y is a Gp-fixed point
and in some neighborhood U 3 y the action extends to U x Al — U and y). In the applications to spherical varieties, the
Gn-action on Y will be the G4-action on X.
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4.5.3. Twisting a factom'zationv algebra by local systems. Recall that BG is the classifying stack [Spec k:/G’]
In [Gaildl §4.2] the space (BG)Ranc is defined. For a derived affine scheme S, the S-points of (Bé)RanC
are pairs of ¢ € Ran(C)qr(95) and a map

(Dg)dR X Sar S — BG

where D, is the formal completion of S x C along its closed subscheme I, defined as the union of the graphs
of the maps (S¢1)reda — C comprising c.

A G-equivariant factorization algebra is A € QCoh((BG)Ranc) such that oblv(.A) € QCoh((Ran C)4R) =
Dmod(Ran C) is a factorization algebra. A G-equivariant factorization algebra can be twisted by a G-local
system on C'. To explain this, recall from [Gaildl, §4.3] that there is an evaluation map

ev: Ran(C)qr x Locs — (BG)Ran C- (4.5.1)

For a derived affine scheme 5, the map (4.5.1) sends (¢ € Ran(C)ar(S), L € Locs(S)) to the pair of ¢ and
the composition of the maps
(DQ)dR X Sar S Kl_) (Dg)dR — C4r £> Bé-

We denote by A" the I-pullback of A € QCoh((BG)Ranc) to Ran(Cyr) x Locg along ev. Informally, it is
the universal twisting of A by local G-local systems on C'; restricting to L € Locg giving the twist of A by
a particular G-local system L.

Example 4.5.1. Let y € Y be as in §4.5.2, Since T,(Y;w) is a cocommutative coalgebra in Rep(G), this
construction applies to give Fact(T',(Y;w))"™v € QCoh(Ran(C)ar x Locg).

4.5.4. Local-global principle. Let Locg be the derived mapping stack Map(Cyg, Y/G') The tautological map
Y/G — BG induces a map
T Locg — Locg .
The G-fixed point y € Y induces a distinguished section oy: Locy — Locg tom. Let j: U — Locg be the
complement of o,. A key formula for us will be the following “local-global principle” for calculating
7T¢/7\ *(wLoc’f) = ﬁb(ﬂ*wLoc‘f - W*j*wU)’
k4 G G
the direct image of wy,,.v under 7, with supports along the section oy.
G

Proposition 4.5.2. Assume that the cotangent complex of Y is perfect (i.e., has bounded tor-dimension).
Let pry: Ran(C)ar x Locs — Locgy be the second projection map. Then there is a natural isomorphism

70« (Wroex ) 2= pry, (Fact(Ty (Y3 w)) ™) ® wioc, € QCoh(Locg) (4.5.2)
where on the left side (—) refers to removing the unit (
Remark 4.5.3. The factor of wrec, on the right side of (4.5.2) comes from the fact that tensoring with

!

WLoc,, induces a fully faithful symmetric monoidal functor (QCoh(Locg), ®) — IndCoh(Locg, ®).

Proof. Recall that T,y = T, Y[—1] has a canonical Lie algebra structure. This can be thought of as coming
from the group structure of the derived loop space (i.e., inertia group) y Xy y, whose associated Lie algebra
is T, Y [~1]. Moreover, the G-action on (Y, ) equips T, Y[—1] with the structure of a Lie algebra in Rep(G).

Regarding T,y € Shv(pt), this equips the !-pullback T, /- € Shv(C) with the structure of a G-equivariant

| .
Lie algebra in (Shv(C), ®), so we can view it as a G-equivariant Lie* algebra on C' by Remark [4.2.5
Let pry: Cqr x Locs — Locs. The relative tangent complex of the map oy, : Locys — Locg is

Tcry = Tﬂ[_l] = prz*( ZI/H);)

where T;‘/“;,’ € QCoh(Cyr x Locg) is the twist of T,y by the universal family of G-local systems. The

G-equivariant Lie algebra structure on T, /y equips pry, (T‘y‘?‘g}’) with a Lie algebra structure in QCoh(Loc).

Then according to Example we have a natural isomorphism
ﬂ—;\y*(wLocé) = Chev(prQ*( Zr/u}\//)) (453)
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For sanity of notation we will present the rest of the proof over the trivial local system only. The full
version over Locs can be done by repeating by repeating the argument below (and the theory of chiral
algebras) with Cqg replaced by Cqr X Locg, Ran(C)qr replaced by Ran(C)gr x Locg, ete.

A formula of Beilinson-Drinfeld, reproved in [FG12, Proposition 6.3] via chiral Koszul dualityﬂ gives for
any Lie* algebra £ on C' a natural isomorphisné

Chev(Tar(C; £)) = C*(Ran C; Chev(Ind; ;2" £)).
Applying this to £ = Ty, we obtain a natural isomorphism
Chev(Tar(C; T, /y)) = CF (Ran C; Chev(Indf; ;™" £)). (4.5.4)
Another application of Example f4.3]to y € Y gives a natural isomorphism between the cocommutative
coalgebra I'y(Y;w) and Chev(T,,y). Comparing (4.5.3) and (4.5.4), we see that it suffices to construct a
natural isomorphism Chev(Ind};." £) = Fact(Chev(T, /v))- This follows from [FG12, Lemma 6.2.6], which

we note is dual to [Gail, Proposition 2.3.5] (which is proved by the same general argument of [FG12, Lemma
6.2.6]).

]

5. GEOMETRIC LANGLANDS EQUIVALENCE

Let G be a split reductive group. The Geometric Langlands equivalence is an equivalence of categories
Lg: Dmod(Bung) — IndCohyip (Locs) (5.0.1)

characterized by various properties [Gaild, Conjecture 3.4.2]. Some of the properties (including all those that
we will use later) are listed in this section. For GL; this has been known since the work of Rothstein [Rot96]
and Laumon [Lau96] (although in a slightly different formulation), and recently a proof for general groups
has been announced by Gaitsgory-Raskin partially in joint work with Arinkin, Beraldo, Chen, Faergeman,
and Lin [ABG™23|.

We will use the existence of , satisfying the properties mentioned in this section, as a black box —
that is to say, we will not use any internal details of the proof. Furthermore, we only use for G = GL;
(where it is classical) and G = GL2 whose proof was outlined several years ago in [Gail].

5.1. Whittaker compatibility. Fix a Borel subgroup B < G with unipotent radical N, and write T :=
B/N. This induces a natural map Bung — Bunp, and for Fp € Buny(F) we write BunﬁT for the fibered
product

Bun]](-,T —— Bung

| !

pt _Ir Bunp

Let {o;}iez be the simple (positive) roots corresponding to N. We write F7* for the line bundle obtained
from F7 via the homomorphism «;: T'— G,,. There is an evaluation morphism

ev: Bunj” — l_lHl(C7 F1)
€T
constructed in [FGV01), §4.1.1], where for a vector space V/F we write V for the associated affine space
regarded as an F-scheme.
Let X := G/U regarded as a G x T-space via (g,t): Uz — Ut 'zg, with the G, acting through the

1,e72°
character G,, g G xT. Now regard X as a G-space with the same action of G4,. Then Bung — Bung,

defined in [BZSV23|, §10.2], can be identified with a BunﬁT such that F7' = Q¢ for each i. Consider the
composite map
Buny <% []H'Y(C,0) % HY(C,0) = AL, (5.1.1)
ieT

"The two actually differ by the equivalence of removing the unit, cf. [FGI2, Remark 6.4.6]. We are using the version of
Francis-Gaitsgory.
8The formulation below is the one of [Hol7, Proposition 4.1.11].
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Example 5.1.1. For G = GL;, the classical truncation of the stack Bung has R-points the groupoid of
pairs
(L € Bung(R),t: Oc X R — L).

Example 5.1.2. For G = GL,, the classical truncation of the stack Buné has R-points the groupoid of
extensions

O’®R—F— Q)RR
The map ev: Bungy — A' sends such an extension to its class in H'(Cr, Qc K R) = R.

Recall the Artin-Schreier sheaf on A! from §2.3.2 We let ¥ € Shv(Bung ) be the x-pullback of the Artin-
Schreier sheaf along (5.1.1). The (autormorphic) Whittaker sheaf # € Shv(Bung) is then the !—pushforwardﬂ
of ¥ along the natural map Bun)G( — Bung.

Up to twist, the Whittaker sheaf corresponds to the dualizing sheaf of Locs under Lg. More precisely,
we normalize the Geometric Langlands Equivalence as in [BZSV23|, §12.2.1] so that for p the half-sum of
positive roots of G and p the half-sum of positive roots for GG, we have

Shv(Bung) 3 # ((9—1)(dim N—(2p,25))) Lo, WeLocg (—(9—1)dim G) € QCoh(Locg) C IndCohnip(Locy). (5.1.2)
Note that dim Bung = (¢ — 1) dim G.

5.2. Hecke compatibility. We summarize [Gail5l §4], which formulates the “Hecke compatibility” property
of the Geometric Langlands Equivalence L.

5.2.1. Spectral localization. We will define a certain spectral localization functor
Loc®™*: QCoh((BG)Rranc) — QCoh(Locs)
following [Gailb, §4.3]. Recall from the “evaluation map” ev: Ran(C)qr x Loce — (BG)Rranc. The
diagram
Ran(C)qr x Locs — (BG)Ranc —— (BG)RanC

J{PTZ

Locg
defines the functor §
Loc™® = pry, ev': QCoh((BG)Ranc) — QCoh(Locg).

5.2.2. Hecke operators. The Ran version of the Hecke stack, denoted Hkg ran ¢, has R-points the groupoid
of tuples (¢, Fi1, F2, 8) where ¢ € RanC(R), F; € Bung(R), and § is an isomorphism Fi|c,\c = Falog\e:
There is a correspondence diagram

HkG,RanC
y Wz (5.2.1)
Bung Ran C x Bung
Convolution defines a map
Hke Ran ¢ Xhs,Bung,hi HkG,Ranc — Hkg Ranc - (5.2.2)

Pull-push via the correspondence diagram

Hke Ran ¢ Xhs,Bung,hi Hk@,Ranc — Hkg Ranc X Hkg Ranc

J{5.2.2

HkG,Ran C XRan C(Ran C x Ran C)
lld X union
HkG,Ran C

defines a monoidal structure on Shv(Hkg Rranc)-

9n the de Rham case, note that this is defined because ¥ is holonomic [Gail5l, p.47].
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The correspondence diagram ([5.2.1)) defines an action of the monoidal category Shv(Hkg ran ¢) on Shv(Bung).
We refer to this as the “action of Hecke operators”.

5.2.3. Geometric Satake. The Geometric Satake equivalence [MV07] induces a functor

Sat

QCOh((BG)Ran C) — ShV(HkG,Ran C)- (523)

The Hecke compatibz;lity property of the Geometric Langlands equivalences stipulates that Lg intertwines
the action of QCoh((BG)Rran ) on Dmod(Bung) (via (5.2.3) and Hecke operators) and on IndCohyiip (Loc)
(via spectral localization).

5.2.4. Graded version. By the discussion in for a A*-graded object in QCoh((BG)Rranc), there is an

alternative formulation of spectral localization in terms of graded configuration space Div® €' instead of
RanC.
There is a parallel story for the Hecke action, using Hk . s+ . instead of Hkg ranc. The stack

Hk, ;,a+ o has R-points the groupoid of tuples (D, F1, Fa,3) where D € DivA" C(R), F; € Bung(R),
and f3 is an isomorphism Fi|c,\p = F2|cy\p- The graded version of (5.2.3) is a functor

Sat

QCoh((BG)p; a+ () — Shv(Hk (5.2.4)

G,DivAT c)'

Hecke compatibility then says that L¢ intertwines the action of QCoh((BG) it o) on IndCohygp (Locg),
via spectral localization and tensoring, with its action on Dmod(Bung) via ([5.2.4) and Hecke operators.

Remark 5.2.1. By definition, the spectral localization functor Loc®®®° takes a factorization (co)algebra
in QCoh((BG)DiVAJr o) to its relative factorization homology over Locg. Since the factorization homology
takes the unit to the unit (cf. [FG12, Remark 6.4.6]), it will be convenient to formally define factorization
homology on unital augmented (co)algebras by taking the direct sum with a copy of the unit (see §4.1J).

Example 5.2.2 (Hecke compatibility for the standard representation). Let G = GL,, so G = GL,. We

denote by Std € Rep(G) the standard representation. Consider
Sym’ (Std) := €D Sym™ (Std) € Rep(@), (5.2.5)

n>0

the free (non-unital) graded cocommutative coalgebra in Rep(G) generated by Std in graded degree 1. There
is a corresponding (under Theorem [4.3.4)) cocommutative factorization coalgebra

Fact(Sym® (Std)) = {Fact(isym.(Std)) € QCoh((BG)C<n))}
By Example it is given explicitly by
Fact(Sym® (Std)),, = m (Std¥™) g | (5.2.7)

where 7, : C" — C(") is the natural quotient and ¥, is the symmetric group on n elements.
Then the universally twisted (cf. §4.5.3) version

Fact(Sym® (Std))™ =: {Fact(Sym" (Std)):™ € C{% x Locg bnso (5.2.8)

. 5.2.6
n>0 ( )

is described as follows. We have a universal G-local system on C' x Locg, and composing it with the standard
representation gives L'V € QCoh(Cgr x Locg). Taking the n-fold exterior product of L' in the Cyr
factor gives L™V € QCoh(C%y x Locg). Then for 7,: C™ — C™ | we have

Fact(Sym" (Std))™™ 2 (7, L¥)5, € QCoh(C{ x Locg). (5.2.9)

Note that under the Geometric Satake equivalence for GL,, each Sym?(Std) € Rep(G) corresponds to a
shift of the constant sheaf on its support in Hkg on for every d. (This is well-known; the key point is that
each non-zero weight space of Symd(Std) is one-dimensional.) Consequently, L™V corresponds to constant
sheaf on Hkg o normalized to be relatively perverse (in the sense of [HS23]) over C”, namely k(n(r—1)).

Hence (5.2.4) takes

{Fact(%'(std))n € QCoh((BG)C<n>)}n>O — {k(n(r—1) € Shv(Hkg o) } (5.2.10)

n>0"
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Now let Sym®(Std) € Rep(G) be the unital cocommutative coalgebra k @ Sym" (Std). Then we may
formally set

Fact(Sym®(Std)) = {Fact(Sym®(Std)),, € QCoh((BG)cm)}n>0 (5.2.11)
to be
Xn s
h((B n
Fact(Sym* (Std)),, := ¢ 7 (584 ")z, € QUOh((BG)een) n >0, (5.2.12)
Opt € QCoh(pt) n=0.
We also formally define the universally twisted version
Fact(Sym*® (Std))™" = {Fact(Sym®(Std)),, € QCoh(C ¥ x Locg)}nso (5.2.13)
to be
) univ (n) -
Fact(Sym® (Std))mv — § (Tmiln™)2, € QUoh(Cag x Locg)  n >0, (5.2.14)
OLoc, € QCoh(Loc) n = 0.
By definition, we have
Loc®P(Fact(Sym®(Std))) := pry, H Fact(Sym®(Std))"™" | € QCoh(Locg). (5.2.15)

n>0

Let HkSGt)dC(n) be the stack of tuples (D, Fi1, Fa, ) where §: F; < F» is an upper modification such that
coker(f3) is a line bundle over D. Let

Hkg syme ¢ == U sztficm) . (5.2.16)
n>0
The object of Shv(Hkg syme ¢) corresponding to (5.2.12) under the Geometric Satake equivalence is
k(n(r71)> S ShV(Hk%t)dC(n)) n > 0,

(5.2.17)
k € Shv(Hkg o) = Bung) n=0.

Sat(Fact(Sym®(Std)),,) = {

Hecke compatibility then stipulates that the tensoring action of Loc™*°(Fact(Sym®(Std))) € QCoh(Locs)
on IndCohyiip (Loc) is intertwined under L with the action of the kernel sheaf

I ey € shv(| Bk o) (5.2.18)
n>0 n>0

on Dmod(Bung) via convolving on the correspondence

Std
Hke syme ¢ = U,>0 HkG oo

/ \ (5.2.19)

Bung Bung

5.3. Eisenstein compatibility. Let P C G be a standard parabolic subgroup with Levi quotient M. This
induces a standard parabolic subgroup P C G with Levi quotient M. The Eisenstein compatibility property
of L is discussed in [Gaildl §6]. We will briefly summarize it.

With reference to the correspondence diagram

Bunp
PN
Bunj, Bung
the Eisenstein functor [Gailbl §6.3]
Eisp: Shv(Bunjs) — Shv(Bung)

is defined to be Eisp := pig*.
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With reference to the correspondence diagram
Locp
2N
Loc,; Locg
the spectral Eisenstein functor
Eisjf‘,mc: IndCohniip (Loc ;) — IndCohip (Locs)

is defined to be Eis’y* := p, o ¢'. Note that our normalization is slightly different from [Gail5} §6.4], in that

we use ' instead of ¢*; the two differ by tensoring by an invertible sheaf (namely, a shift of the determinant
of Ty) since ¢ is quasi-smooth.
Then the diagram

Dmod(Bunyy) % IndCohiip (Locyy)
J{EisP J{EisspPec
Dmod(Bung) SRECEN IndCohiip (Locg)

commutes up to tensoring by an explicit invertible sheaf in either column; the details are pinned down in
[Gail5l, §6.4.8].

Notation 5.3.1. Objects which do not lie in IndCohniip(Locy) arise naturally (an example that will come
up for us is the IndCoh-pushforward of O, along the map pt — Locs corresponding to the trivial local
system). There is a co-localization functor IndCoh(Locyz) — IndCohnip(Locs), which is right adjoint to
the natural inclusion IndCohyii, (Locs) < IndCoh(Locs). By convention, whenever we write Eis®*®°(...) €
IndCohniip (Locs), we are automatically applying this co-localization functor (if necessary). This has the
same effect as applying the co-localization to the input object of IndCohniip(Locy ).

Part 2. Examples
6. TATE PERIOD

6.1. Setup. We study an anzsatz that we call the “Tate period”, as it corresponds to the integral represen-
tations in Tate’s thesis [Tat67] for the L-functions attached to Hecke characters.

6.1.1. Automorphic side. Let X = A', with G = GL; acting by the standard representation.
6.1.2. Spectral side. Let X = A', with G = GL; acting by the standard representation.

6.1.3. Gyr-action. According to [BZSV23| Example 12.6.7], the “neutral” action of G, is the standard scaling
action on both X and X, so the “un-normalized” action of G, is trivial on both X and X (cf. [BZSV23,
Example 12.6.7]). Below we will take the un-normalized action of Gg;.

6.1.4. Automorphic period. By definition, Buné is the (derived) mapping stack
Buné{ := Map(C,A'/G,,)
whose classical truncation has R-points the groupoid of pairs (£, s) where:

e [ is a line bundle on Cg.
e sis a section of £ on Ckg.

Remark 6.1.1. The derived structure plays no role until we study the functional equation in §6.5 so we
will pass to the classical truncation until then.

The map 72u¢: Buné( — Bung forgets the datum of s. The automorphic period sheaf is
Px = ﬂf““t(kBung) € Shv(Bung).

In the language of [BZSV23], this is the un-normalized period sheaf for the un-normalized action of G,
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6.1.5. Spectral period. By definition, LOC)G:( is the derived mapping stack
Locé{ := Map(Cyr, A'/G,,)

is the derived stack with R-points the groupoid of pairs (£, s) where:

e L € Loci(R) is a line bundle on Cr with a flat connection along C' (informally speaking, an R-family
of rank 1 local systems on C).
e s € Sect(Cyr, L)(R), or informally speaking a flat section of L.

spec ,

The map m.""" : Locg — Loc forgets the datum of s. The (co-localized) spectral period sheaf is
Ly = (ﬁipechocg Y/ e QCoh(Locg).

Note that mP“w; x = (73w, x)/ in this case, since the action of Gy, is trivial. In the language of
G G
IBZSV23], this is the un-normalized L£-sheaf for the un-normalized action of G,

6.1.6. Duality. The main theorem of this section is the following:

Theorem 6.1.2 (Geometric Langlands duality for the Tate period). The Geometric Langlands equivalence
for G = GLy takes

Dmod(Bung) > Px (s-1) Lo, E{Z € IndCoh(Locx).

It is explained in [BZSV23| §12.2.3] that Theorem is equivalent to [BZSV23|, Conjecture 12.1.1] for
the neutral action of Gg,. (The duality involution in loc. cit. disappears under the translation from right
actions to left actions — see [CV24, Appendix A].)

6.2. Spectral side. Let Z — Locg be the zero section of 7P and U be the open complement of Z. Note
that U is isomorphic to Map(Car, G.,/G,) = pt, while Z is isomorphic to Locs. We consider the exact
triangle in QCoh(Locs) coming from filtering by sections with set-theoretic support in Z:
(T3 pacs) = T @cg) > TP0 (e ) (6:2.)
G G G

where we are using the notational conventions of §2.5.2)
6.2.1. Open stratum. We analyze the rightmost term of (6.2.1). It is evidently the direct image along

pt Lrlv, Loc; at the trivial local system, i.e., the skyscraper sheaf Oy, of the trivial local system.

6.2.2. Closed stratum. Before we analyze the leftmost term of , we establish some generalities.

Recall that an affine derived scheme S is n-coconnective if its homotopy groups vanish in degrees greater
than n, and eventually coconnective if it is n-coconnective for some n [GR17al Chapter 2, §1.2]. The definition
of eventually coconnective derived stacks is a bit subtle: see [GR17a, Chapter 2, §2.6]. The significance for
us is that if a derived stack S is eventually coconnective, then Og € Coh(S) so there is a natural embedding
E: QCoh(S) — IndCoh(S). In particular, for a finite type map of derived stacks f: Y — S, the relative
dualizing compler wy s := f'(Os) € IndCoh(Y') is defined.

Lemma 6.2.1. Let S be a locally finite type derived stack over a field and let f: Yo < Y be a closed
embedding of finite type derived stacks over S. Let Yy := YQ) be the formal completion of Y along Yy and
w: Y — S be the restriction of w. Then for w:' Y — S the structure map to S, we have isomorphisms

75,4 (Wy) = i (wy,) € IndCoh(S).
If S is eventually coconnective, so that wy, s € IndCoh(Y') is defined, then we also have an isomorphism
79 (Wy/s) = Tu(wy,/s) € IndCoh(S).
Proof. By definition, 79 ,(wy) is the composition of m, with the counit IndCoh(Y) — IndCohy,(Y) —

IndCoh(Y). Letting i:Y — Y be the map induced by formal completion, the equivalence IndCoh(Y) =
IndCohy, (Y) is implemented by the adjunction (i,,7'), cf. §4.4.11 Under this equivalence, we have

T (wy) = Tind (Wy) & 7, (wy) € IndCoh(S)

O

since i'wy wy, and similarly for the relative dualizing complex if S is eventually coconnective.
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We will use Proposition with Y := X and y := 0 = A! =Y, to calculate (7°P*°)}, (w; .x). For this
G

we first need to compute the unital cocommutative coalgebra I'o(X ;wy). It will be convenient to establish
a more general statement for future use.

Lemma 6.2.2. Let S be an eventually coconnective locally finite type derived stack over k (hence of charac-
teristic 0), G be a reductive group, and let m: E — S be a G-equivariant derived vector bundle associated to
a perfect complex € € Perf(S/G) with tor-amplitude in [0,00), where G acts trivially on S. We view S < E
as the zero section. Equipping E with the scalar G,,-action, we have a natural isomorphism

74, (wys) = Sym*(€) € QUoh(S/G)

as Gy,-graded unital cocommutative coalgebras. Here Sym®(E) := €D,,~ Sym™ (&) is the free graded G-
equivariant unital cocommutative coalgebra over S generated by £ (placed in graded degree 1).

Remark 6.2.3. Contrast the statement of Lemma with the tautological statement
7.(Op) = Sym*(£Y) (6.2.2)

the free graded unital commutative algebra in Rep(G) generated by £V (placed in graded degree —1), which
is the dual G,,,-graded unital commutative algebra. The appearance of this duality is somehow crucial.

Proof. Let z: S — E be the zero-section. Let

S=80 s g E} E
LT@ Jﬂu) LT@) l Jw
S S S S S

be the system of derived infinitesimal neighborhoods of z: S < E as in ([{.4.1)), with EZ := colim,, S". Then
by Lemma we have 7§, (wp/s) = mw £4 /s, and by definition of ind-coherent sheaves on ind-schemes
we have (cf. §4.4.1)

m(wpy) = colim, ™ (wgm) € IndCoh(S). (6.2.3)
Since each 7™ is proper, Grothendieck duality applies to give a trace map wi”’ (wgmy) = Og. Taking the
colimit in n, we get a trace map
This induces a pairing

(6.2.4)
74, (Wrps) © T (Op) — T (Wrys) Os, (6.2.5)

which we claim is perfect in each degree of the grading. This can be checked locally on S. Affine-locally on
S we may find a presentation for £ as a complex of finite projective modules, which necessarily splits, so we
may assume that £ = @, E![—1i] where each £ is a locally free coherent sheaf, which induces a splitting
E >~ @,., FE'[—i]. This then reduces to the case where E is concentrated in a single degree i > 0.

If i > 0, then 7: E — S is proper, as the classical truncation of 7 is an isomorphism, and the claim
follows directly from Grothendieck duality. We therefore reduce to the case ¢ = 0, where E is a classical
vector bundle over S. Returning to the situation of , since each (" is proper, Grothendieck duality
applies to give a natural isomorphism

™ (Wgm)) = (ﬂ'in)OS(n))v € IndCoh(S).

Since z is a regular embedding, 7T£n)0 s(m 18 the quotient of Sym®(£Y) by the nth power of its augmentation

ideal. Dualizing this and taking the colimit over n completes the proof that is a perfect pairing.
Finally we observe that the commutative coalgebra structure on 7§, (wgs) is graded dual to the commu-

tative algebra structure on 7,(Op) under (6.2.5)), so we conclude from ({6.2.2). O

Corollary 6.2.4. The cocommutative coalgebra To(X;wy) € Rep(GLy) identifies with Sym®(Std), the free
unital cocommutive coalgebra in Rep(GL1) on Std placed in graded degree 1.

Proof. Apply Lemma with G = GL;. |
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Proposition 6.2.5. Let Fact(Sym®(Std)) be the graded unital cocommutative factorization coalgebra ((5.2.12)).
Then we have an isomorphism

(7°P) 3 (W ox ) = Loc™(Fact(Sym® (Std))) ® wrec,, € QCoh(Locg).
G

Proof. Applying Proposition with y being the origin inside the G-scheme Std, placed in graded degree
1 (corresponding to the standard scaling action of G,.), we obtain an isomorphism

(wspec)g*(wmg) = (pry, Fact(To(X;wg))"™Y) ® wioc,, € QCoh(Locg). (6.2.6)

In Corollary we saw that To(X;wy) = Sym' (Std) € Rep(G)%>0. Inserting this into (6.2.6) yields an
isomorphism

(m5P°) ), (wyoox) = (pro, Fact(Sym’ (Std))™) ® wroec,, € QCoh(Locs). (6.2.7)
G

Recall from that we may pass between non-unital cocommutative coalgebras and augmented unital
graded cocommutative coalgebras by taking the direct sum with the unit. Applying this to (6.2.7)), we
obtain an isomorphism

(75Pe) 2, (W pex) = (Pra. Fact(Sym'(Std))“niV) ® WLocy € QCoh(Locg) (6.2.8)
G

where the meaning of Fact(Sym®(Std))"""V is as in (5.2.14). We conclude by using that
pry, Fact(Sym®(Std))"™" = Loc™°(Fact(Sym*®(Std))) € QCoh(Locs)

by definition (cf. (5.2.15).
O

6.2.3. Extension class. Putting together §6.2.1] and §6.2.2] we have produced an exact triangle triangle in
IndCoh(Locg),

Loc™™(Fact(Sym® ($t)) & wLocg, = Mapec(ocx) = Ousv- (6:2.9)
G
Next we want to understand the connecting homomorphism
Otriv — Loc®P*(Fact (Sym® (Std))) ® wroe, [1] = 75, (wp0x ) [1]-
G

Let us factor triv: pt — Locg as a composition
pt
triv
ql \
BG,, —— Locg

Since ¢ is a closed embedding, we have an adjunction

HomLocc; (Otriv, (Wspec)%* (WLocg)[l]) = HomLOCG (¢4 Opts (ﬂ'spec)%*wLocg [1])

= Homgg,, (¢«Opt, ¢ (7°P°°) 3wy .. x [1]). (6.2.10)
We have a derived Cartesian square

vV ——— Loc)Gv(

k l’f (6.2.11)

BG,, —— Locg

where V := Spec(Sym® (T'qr (C; k)")) is the derived vector bundle associated to the perfect complex Tqr(C'; k)
over k. (In fact, the argument of [FYZ21], Proposition 5.34] shows that Loc)Gv( is the derived vector bundle over
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Locg associated to the perfect complex L — T'qr(C; L).) We may further base change along its zero-section

Z < Locg as well as the formal completion Z — Locg thereof, giving a tower of derived Cartesian squares

y — -+ Z

| |

VvV — Locé (6.2.12)
Jﬂ e
BG,, — Lié
We abuse notation by calling all the horizontal maps ¢. In particular, from the outer derived Cartesian
square
Vy——— Z
lﬂ L,spec (6.2.13)
BG,, —— Locg
we get a base change natural isomorphism
PP (wz) 2 it (wz) & i (wy) € QCoh(BG,,). (6.2.14)
Inserting this into and recalling from Lemma that 3P (wz) = (WSPEC)/Z\*(wLOCg), we have a
natural isomorphism
Hompoc, (Ouiv, (1) 24 (wy00x)[1]) = Hompg,, (¢ Opt, v [1]). (6.2.15)
Recall that the functor ¢* induces QCoh(BG,,) — Rep(G,,). Note that ¢' = ¢*[1] since ¢ is a G,,-torsor
(in particular, smooth of relative dimension 1), so by base change and Lemma @ we have
¢ (wy) = Sym®(Lar (Cs k))[—1]
where the G,,-action is via the natural scaling action on 'qg(C, k). Putting this into gives
Hompocg (Ouiv, (77°) 2. (wyocx)[1]) = Hompa,, (¢: Opt, mcov[1])
= Homg,, (O(Gym), Sym* (Lar (C; k))[-1][1])
= ] HIx(C: k). (6.2.16)

n>0

Hence the isomorphism class of the underlying lying object w3’ (wLOC)Gg) € IndCohnip(Locy) is then de-
termined by the extension class [Wipec(wLOCé()] of in each of the 1-dimensional spaces Hip (C;k)
indexed by d > 0, modulo the action of k*. In other words, we have pinned down the isomorphism class
of m3Pee (wLOC)Gg) € IndCohnjip(Locs) once we know whether or not the extension is split for each n.
This is addressed by the following Lemma.

Lemma 6.2.6. For each n > 0, the extension (6.2.1) maps to the class of 1 € Hiz (C; k).

Proof. The statement can be proved after base change along +: BG,, — Locs. Examining the computation
of extensions, we see that it also suffices to prove for the classical truncation of V,; of V, which is Al/G,,
with the standard action of G,. Its relative dualizing sheaf over BG,, is wy,, = Oy, [1]. Then the statement
is that in the exact triangle

7'1'6:< (wvcl) — Ty (wvcl) = Ogriv € QCOh(BGm)
the map RO7r, (Ogiy) — R), (wy,,) is an isomorphism in the n graded component for each n > 0; and in

fact is the identity map with respect to the canonical identification R'mj, (wy.,) = k. Applying ¢' and using
base change, this reduces to the explicit computation of the exact triangle

To(Al;wa1) = T(ALwar) = (G wa,,)-

Since A! and G, are smooth, we have compatible identifications wa: = Oa1[1] and wg,, = Og,,[1]. The
assertion that the map is an isomorphism clear from the explicit identification of '(A'; Op1) — I'(Gy; Og,, ),
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which also provides the canonical identification R'Tg(A';wa1) = Std, and then the statement that the
extension class is the identity is tautological. O

6.3. Automorphic side. Welet i: Z — Bung be the zero section and j: U — Buné its open complement.
We filter Waut(k‘Bung) using the open-closed exact triangle in Shv(Bung ),

j!EU - EBun)G( - i*EZa (631)
which after applying 7"* gives an exact triangle in Shv(Bung),

(k) = T (Epany ) — 7 (k). (6.3.2)

6.3.1. Closed stratum. Since the 't restricts to an isomorphism Z — Bung, we have

7k ) 2 kpun,, € Shv(Bung). (6.3.3)

6.3.2. Open stratum. Recall that for G = GL;, we have Bung = [[ ;.4 Bunf, where Bung, is the connected
component parametrizing line bundles of degree d.

The intersection UﬂBuné, which parametrizes degree d line bundles plus a non-zero section, is isomorphic
to C'9 by the map sending a section to its divisor. Hence we have

Ux=Sym®*C = H c@,

d>0

The restriction 78 |;;: U — Bung is a version of the Abel-Jacobi map: it sends a divisor D to the line
bundle O(D). Therefore we denote it AJ: U — Bung, and we write AJ? for the restriction to the connected
component C¥ € U, which lands in Bunf. Hence we have

" (ky) = Adi(ky) = Adi(kgyne o)-

6.3.3. Extension class. We have just produced an exact triangle in Shv(Bung):
AJ!(ESym' C) - 71', (kBun ) — kBunG (634)

To analyze the extension class of (6.3.2]), we will use a trick explained to us by Akshay Venkatesh. Consider
the exact triangle in Shv(Bung),

Z|Z (kBun ) — kBunX — ]*J (kBunG) (635)

Now apply 72" to (6.3.5)). Since i is a closed embedding, we have 4, = i, so we get an exact triangle in
Shv(Bung),

autZ v (kBun ) - aut(kBun ) - ﬂ—zutj*j*(EBung)' (636)

Under the identification 78" : Z = Bung, we have 729 04 = Id. There is a G,,-action on Bung contracting
the fibers to the zero Section which by the Contraction Principle [DG15, Theorem C.5.3] implies that the
natural transformation i' — wa“t is an isomorphism of functors from G,,-monodromic sheaves on Buné{ to
sheaves on Bung. Putting this into gives the exact triangle

allt(kBun ) - 7Taut(kBun ) — ﬂ.aut (kBun ) (637)

Now, again by the Contraction Principle the natural transformation 724" — ¢* is an isomorphism of functors
from G,,-monodromic sheaves on Buné( to sheaves on Bung. Finally, observe that

aut Oj ( aut 0])* — AJ*
which transforms (6.3.7) into the exact triangle
mt(k’Bun ) = Epung — AJL(5” kBun ). (6.3.8)
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Note that AJ, = AJ[1] as AJ is the composition of a G,,-torsor and a projective space bundle. Unraveling
the construction, we have a commutative diagram

©34) .
EBunG ! A‘]'(] EBung)[l]

JN

j*EBuné{)

EBunG AJ*(

where the top row is the connecting homomorphism for (6.3.4)), which therefore lies in the space
HomBUHG (EBunG ) AJ*(ESym’ C)) = HOI’HSym' C(ESym’ CH ESym' C)

= ] Homgyue o (ksyme o ksyma o) = [ +- (6.3.9)
d>0 d>0
Lemma 6.3.1. For each d > 0, under our identifications the connecting map for (6.3.4)) is adjoint to the
Zd@ntlty map in HomSymd C(ESymd CvESymd C’) in ‘) .

Proof. The map is given by a scalar for each d. To compute the scalar, we may base change to a point
L € Bung(F). Let

| 7GRN Buné

Jﬂ [

L—1 Bung

Note that I*72%* = 7,0* on G,,-monodromic sheaves, by hyperbolic localization. Here V is the derived
vector bundle associated to I'(C; £). Write ¢: 0 < V for the origin and j for its open complement. The map
raut (EBuné) — AJ*(j*EBun;G() from pulls back under [* to the map given by the unit of j in the left
side of
Hom(m. kv, majui*ky) = Hom(j* m¥m.iky,, 5 kv ),

which transports to the counit of 7 on the right side, which is evidently the identity upon identifying
m*m.ky = ky,. The hyperbolic localization is implemented by the map m.ky, — 7.i.2"ky,, and under the
identifications 7.k = k; and i*ky, = k;, it is the identity map. Hence we are done. O

6.4. Comparison. We will now complete the proof of Theorem We note that in this case IndCohyip (Locs) =
QCoh(Locg) because G is a torus.

We first collect some normalizations. The Whittaker compatibility specializes in this case to the
statement that for the trivial bundle triv € Bung, we have

Dmod(Buny) 3 Suiv %5 wioe, (—(9—1)) € QCoh(Locy). (6.4.1)
On the other hand, as dimBun; = (g — 1), the perverse normalization for eigensheaves yields that for

triv € Loc; the trivial local system,
Dmod(Bun;) 3 k((g—1)) Ls, Otriv € QCoh(Locy). (6.4.2)
Lemma 6.4.1. We have
Dmod(Buny) 3 AJi(kgyme ¢)(9-1) Lo, Loc™¢(Fact(Sym® Std)) ® WLoc,, € QCoh(Locy).

Proof. By the special case of Hecke compatibility of L in Example L intertwines the tensoring action
of Loc*P*“(Fact(Sym®(Std))) € QCoh(Locs) with the Hecke convolution action of [], < q Egysta oy (P €
- G,cn

Shv(U,,>o Hkg,con) on Dmod(Bung). In this case, note that n(r — 1) = 0 because r = 1, and Hk%tydc(n) can
be identified with the stack of tuples (D, L1, Lo, Lo = L1(D)). Applying this statement to (6.4.1)), we deduce
that Lo takes

Dmod(Bung) > H Eppesta o | * Otriv Le, Loc™(Fact(Sym® (Std))) ® WLoc, (—(9-1)) € QCoh(Locgy).
20 Ga,c(n
(6.4.3)
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Finally, unraveling the definition of the Hecke convolution reveals that

EHkscd * 5triv = AJF (EC(") )
G,C(")

so that the left side of (6.4.3) is identified with AJ)(kgy,,e ). Inserting this into (6.4.3) and twisting by (s-1)
completes the proof. O

Inspecting (6.2.9) and (6.3.4), and using Proposition [6.2.5) we have a diagram where L intertwines the
indicated objects:

Ady(kgyme ¢)lg—1) —— w?‘”(kBung)(gq) + kpung(9-1) € Dmod(Bung)
Lemmal]LG i]Lg? Lg l]Lc (644)

Loc®P¢¢ (FaCt(Sym. (Std))) ® wLoCC‘; — Wipec (wLoc}G:( ) B Otriv = QCOh(LOCé)

aut spec

To verify that L takes " (kpynx ) (9-1) to T (wy.x ), it therefore suffices to verify that L takes the con-
G

necting map kg, (9-1) — AJi(Esyme ¢)(9—1[1] to the connecting map Oy — Loc™* (Fact(Sym®(Std))) ®
WLoc [1]. The functor Lg is the identity on the extension groups in question with respect to the identifi-
cations (6.2.16]) and (6.3.9), and then we conclude by using Lemma and Lemma to identify the
connecting maps on each side. O

6.5. Functional equation. We explain a categorification of the functional equation for Tate’s zeta func-
tions, which compares the automorphic periods for the standard action of G,, on A' and its inverse. To
emphasize the distinction, we write X := Std for A! with the standard scaling action of G = G,,, and
X’ := StdY for A with the inverse of the standard action. We equip X and X’ with the standard scaling
Ggr-action (the neutral action).

6.5.1. Normalized period sheaf for X. Let & := RHom(O¢, L™V ® Qé/Q) be the perfect complex on Bunj,
whose pullback to £ € Bun;(R) is I'(Cr; £) viewed as an animated R-module. Let 7: E — Bun; be the
associated derived vector bundle. We define the derived stack Bungy as in [BZSV23] (10.6)] but taking the
derived fibered product and forming mapping spaces as derived stacks:

X
BU.DG —_— Map(C, %(Ggr)

J{ IleQl/Q J{

Bung ——<— Bungy Ggr

By [FYZ21], Proposition 5.34], Bungy is canonically identified as a derived stack with E, in a manner in-
tertwining the projection 7 with w2ut: Bung — Bung. Hence the un-normalized period sheaf for X is
Px & mkg. To normalize Px, we note that nx: G — G, is the standard character (i.e., the identity). We
pull back the degree function deg: Bung,, — Z to Bung via nx, so it assigns to £ € Bung(R) the integer

deg £. Then the normalized period sheaf [BZSV23| (10.12)] is
P = mkp(deg +(9—1)) € Shv(Bung). (6.5.1)

6.5.2. Normalized period sheaf for X'. Let & := RHom(O¢, (L"V)Y ® 910/2) be the perfect complex on

Bun;, which over £ € Bun;(R) is I'(Cg; LY ® 910/2) Let 7n': E' — Bun; be the associated derived vector
bundle. Again, the derived stack Bung " s canonically identified with E’, in a manner intertwining the

projection 7/ with 7aut: Bung/ — Bung. Hence the un-normalized period sheaf for X is Px: = mkp,.
Now, in this case nx/: G — Gy, is the inverse of the standard character. Therefore, the degree function
deg: Bung,, — Z pulls back to —deg: Bung — Z under nx/. Hence the normalized period sheaf is

P =2 mkp(—deg+(9-1)) € Shv(Bung). (6.5.2)
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6.5.3. Categorification of the functional equation. The following result is the categorification of the functional
equation for the L-functions attached to Hecke characters of GL;.

Proposition 6.5.1. With the notation above, there is a canonical isomorphism
P =2 PR € Shv(Buny ).

Proof. Let rg := rank(E) be the virtual rank of E over Bun;. Note that rg = deg by Riemann-Roch.
Regarding Bun; as the total space of the zero vector bundle over itself, we have from §3.1.5| natural isomor-
phisms

WIEE = FT()(W[EE) = ZEV FTE(EE)[_TE] = ZEV ((5Ev)(—2'rE) (653)
where zgv is the zero-section of EV. Note that by Serre duality provides an isomorphism of perfect complexes
over R,

I(Cri L® Q?)” 2 T(Cr; £¥ © Qe (1))

so that F is dual to E’[1]. Hence we have a derived Cartesian square

oSN Bun,

J”/ JZEV (6.5.4)

Bun; ELCANN 5
Proper base change applied to gives a natural isomorphism
2y (0pv) = iy zpvi(kpun, ) = m(7')" (kpun,) = (k) € Shv(Buny), (6.5.5)

and the result follows from combining and , and then comparing them to and (6.5.2). O

Remark 6.5.2. On quasicompact open substacks of Bunj;, an argument for Proposition without
using derived Fourier analysis appears in [BG02, Lemma 7.3.6] and is credited there to Drinfeld. Drinfeld’s
argument is based on an ingenious construction, which we invite the reader the admire. Nevertheless, we feel
that the perspective of the derived Fourier transform puts the statement in its proper general context. In
fact, trying to understand the functional equation is what led the authors to the derived Fourier transform,
the details of which were then written up in [FYZ23]. Adeel Khan discovered the (homogeneous version of
the) derived Fourier transform independently, and independently observed a dual statement to Proposition
which was written up as [FK24, Theorem 8.3.1].

7. HECKE PERIOD

7.1. Setup. We study an anzsatz that we call the “Hecke period”, as it corresponds to Hecke’s construction
[Hec37] of L-functions for modular forms (i.e., automorphic forms on GL2) by Mellin transform.

7.1.1. Automorphic side: Let A := (1 *> >~ Gy, < GLy and X = GlLs /A, with G = GLy acting by left
translation.
7.1.2. Spectral side: Let X = A? with G = GL, acting by the standard representation.

7.1.3. Ggr-action. According to [BZSV23, Example 12.6.7], the neutral Gg4-action on X is trivial, while
the neutral G4,-action on X is the standard scaling action. The un-normalized Gg,.-action on X is via the
inverse of the standard character into the center G,, = Z(GLsz), while the un-normalized Ggr-action on X
is still the standard scaling action. Below we will take the un-normalized action of Gg,..

7.1.4. Automorphic period sheaf. Examining the recipe of [BZSV23], §10.2], we see that Bung can be iden-
tified with Bun; in such a way that the map 724*: Bung — Bung is identified with the map sending

L (Lo0d?) o0y’
1/2 . . J . . .
where Q4 ° is the fixed spin structure ( The automorphic period sheaf is
Px = it (EBuné) € Shv(Bung).

In the language of [BZSV23], this is the un-normalized period sheaf for the un-normalized action of G,
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7.1.5. Spectral period sheaf. By definition, LOC)G:( is the derived mapping stack
Loc)Gv( = Map(Cyqgr, A%/ GLy)
with R-points the groupoid of pairs (E, s), where:
e F € Loca(R) is a rank 2 vector bundle on Cr with a flat connection along C,

e s € Sect(Cyr, E)(R), or informally speaking an R-family of flat sections of E.

The map 737%°: Locg — Loc forgets the datum of s. The (co-localized) spectral period sheaf is

‘CX = (ﬂ-ipechocé )i = @(T(ipechOCé()n(n) S Il’ldCOhNilp (LOCG)
spec

where (7,."w; _x)n is the nth graded piece for the Gg-action. In the language of [BZSV23]|, this is the

un-normalized L-sheaf for the un-normalized action of Gg,.

7.1.6. Duality. In this case, the projection of [BZSV23| Conjecture 12.1.1] to the formulation of Geometric
Langlands in [AG15] is equivalent to

Dmod(Bung) 3 Px (5(9—1)) Lo, L5 € IndCohyiip (Locgs).

Indeed, [BZSV23| Proposition 12.6.4] says that [BZSV23| Conjecture 12.1.1] is equivalent to Px (r) Le, ,C‘)i«(
where
r=fx+B% —(g—1)T.

where the (—)’ refers to un-normalizing G,-action. The duality involution disappears under the translation
from right actions to left actions — see [CV24, Appendix A]. Here 7 = (1, 7)) = 0 where 7 is the character by
which G scales the volume form on X; it vanishes because GLo and A are unimodular, so GLs /A admits a
left GLg-invariant volume form. Then Sx = (¢ — 1)(dim G — dim X’ + yx/) but vx, = 0 since the action of
G, is through G. Also By, = (g — 1)(dim G — dim X’ + v¢,) and vy, = 2 since the G,-action scales the
volume form by the square of the standard character. All in all, we see that

r=(g-1)(A-3)+(g-1)(E—-2+2) =5(g - 1).

7.2. Spectral side. We let Z — Locé be the zero section and U be the open complement of Z. We consider
the exact triangle in IndCohyyip, (Locs) coming from filtering by sections with set-theoretic support in Z:
(T ) = T () = TN (a5 ) (7.2.1)
G G G
where we have implicitly co-localized onto nilpotent singular support (§2.5.2)).

7.2.1. Open stratum. We analyze the rightmost term of (7.2.1). Since a flat section of a family of local
systems is non-zero at one point if and only if it is non-zero at every point, U is isomorphic to the derived

mapping stack Map(Cqg, (A? \ 0)/ GL2) over Locs. The action of GL2 on (é) identifies A2\ 0 with

GLy / Mirg, where
. 1
Mirg := {(0 :)} — GL2

is the mirabolic subgroup. This induces a presentation of U as the derived mapping stack
U= Map(C’dR, B Mil‘g)

such that the map 7°P°°|;: U — Loc is the one induced by the inclusion Miry < GLs.
Therefore, with respect to the diagram

Locwir,
Locy Loco

we have
Py (wy ) = pMir*ql!\/[ir (WLoc,) € IndCoh(Locy).
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In order to fit the formulation of Eisenstein compatibility in we rewrite this in terms of usual spectral
Eisenstein functors (for parabolic subgroups). Let B C G be the standard Borel subgroup containing Mira,
and T its Levi quotient. We consider the correspondence diagram

Locg
/ X
Locy Locg
We then have a commutative diagram

Locwir,

q“/ lf
PMir

Loc; Locy
lg / \
q p
Locy Locg
where the upper left square is Cartesian. By base change for that Cartesian square, we get isomorphisms
PMir« (W0) = Dair « Ghtie (WLoe, ) 2 Poq' gs (WLoe, ) € IndCoh(Locy). (7.2.2)
Now, g can be identified with the map

trivxId
pt x Loc; ——— Loc; x Loc;

so that

9 (WLocy ) = Otriv K wiee, € IndCoh(Loc; x Locy).
Inserting this into (7.2.2), and co-localizing onto nilpotent singular support, we have established:
Proposition 7.2.1. We have an isomorphism (using the notational convention of

Tspec | Usx (WU) = EiSsBpec (Otriv X WLoc, ) S Il’ldCOhNilp (LOCG).

7.2.2. Closed stratum. Next we analyze the leftmost term in ([7.2.1]), with a similar approach to that of §6.2.2
The origin 0 — Std = X is the only G-fixed point. Let V be its formal completion in X. By Lemma [6.2.1
we have an isomorphism of unital cocommutative coalgebras

Do(X;wy) 2T (V;wy) € Rep(G x Gy,). (7.2.3)

The G,.-action equips T'o(X;wy) with a non-negative grading.

Lemma 7.2.2. As a commutative coalgebra in Rep(G)%>°, To(X;wy) identifies with Sym®(Std) where Std
is the standard representation of G in graded degree 1.

Proof. This follows from Lemma |
This gives the following description of the leftmost term in ([7.2.1)).

Proposition 7.2.3. Let Fact(Sym®(Std)) be the graded unital cocommutative factorization coalgebra ((5.2.12)).
Then we have an isomorphism

(7%P) 3 (W o ox ) = Loc™ e (Fact(Sym® Std)) ® wroe,, € QCoh(Locg).
G

Proof. Applying Proposition to the origin inside Std viewed as a G-scheme, equipped with the standard
scaling action of G4, we obtain an isomorphism

(mspee) 2, (wLOC)G;) = pr2*(Fact(fo(X; wX))”ni") ® Wroc,, € QCoh(Locgy). (7.2.4)

In (7.2.3) and Lemma we saw that To(X;wy) = Sym® Std € Rep(G)%>0. Inserting this into (7.2.4)
yields an isomorphism

(75P) ) (wp o) =2 Pro, (Fact(Sym” Std)"™) @ wrec, € QCoh(Locg) (7.2.5)
G
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where the meaning of Fact(Sym. Std)"n is as in Example The rest follows from adding a copy of the
unit, as in the proof of Proposition [6.2.5

|
7.2.3. Summary. Putting together §7.2.1|and §7.2.1] we have produced an exact triangle in IndCohyip (Loc):
Loc™*¢(Fact(Sym® Std)) ® WLoc, — Wipec(WLocg) — BisY*(Otriv M wroc, ) (7.2.6)

where we are invoking the notational convention of

7.3. Automorphic side. Twisting by Q¢, we may identify w2u¢: Buné — Buny with the map Bun; —
Bun, sending £ — (£®le/2) @ QgQ. We will write 724¢: Bun; — Buns when using the latter perspective.

We seek a filtration of Px corresponding to the filtration of £y in , which came from the stratifi-
cation of X by G-orbits. But note that unlike in the example of the Tate period, here there is no obvious
“open-closed” decomposition of 7{"* (kp,,, ) coming from a stratification of X to match the stratification of X,
since the G-action on X is homogeneous. (However, see for matching stratifications in the hyperspherical
varieties.) We will instead look for a decomposition in the Fourier dual space.

7.3.1. Unfolding. On Bun; there is a perfect complex RHom(£"V, Q[1]) whose pullback to £ € Bun; (R),
for any animated F-algebra R, is RHom¢, (£, Q¢ X R[1]) regarded as an animated R-module. We denote
its total space by E — Bun;. By Serre duality, the dual derived vector bundle EV — Bun; can be
identified with the total space of the perfect complex RHom(O¢, £%V), whose pullback to £ € Bun;(R) is
RHome, (O ® R, £) regarded as an animated R-module.
In fact, F is a classical stack, with R-points the groupoid of extensions
QcWR—=F =L (7.3.1)
where £ € Bun;(R). The zero-section Bun; — F sends £ € Bun;(R) to the split extension £ & (¢ X R),
and identifies kg, = 0p € Shv(E).
Let deg be the locally constant function on Bun; assigning to a family of line bundles the fiberwise degree.
The virtual rank of E as a derived vector bundle over Bun; is
rg = x(RHom(£"™", Q¢ [1]) =1 — g + deg.
Hence by Example we have an isomorphism
EBunl =g =2 FTgv (EEV [’I"E](TE)) S ShV(BUIh). (732)

We will then analyze the decomposition of §z coming from the the stratification of EV into its zero section
and the complement. To unravel what this means, consider the commutative diagram

1)) XBun;

BV
L
E EY
Buny Buny

where f sends (7.3.1) to F ® QEI/ ’ e Buny(R), and the middle square is derived Cartesian. The classical
truncation (F Xpgun, F")a has R-points the groupoid of diagrams

QcXR

|

pe (7.3.3)

|

Oc®R——

where

e F is a rank 2 vector bundle on Cg,
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e [ is a line bundle on Cg, and
o s: Oc W R — L is any section (possibly zero).

The map

ev: E Xpun, BV — Al
assigns to a diagram ([7.3.3) the extension class of the pullback of F along s, which is an element of
HY(Cr, Q' X R) = R.

Lemma 7.3.1. Recall that </ is the Artin-Schreier sheaf on A'. With the notation above, we have an
isomorphism

" (Epyn,) = f10E = fipry(ev* & (2r5)) € Shv(Buny).
Proof. This follows from ([7.3.2)) by writing out the definition of FT. O

Consider the derived fibered product

Z —'— E Xpun, EY

| o

Bun, — 0% L F

Informally speaking, i: Z < E Xpun, EV is the closed substack where the section s is zero. Let j: U —
E XpBun, EY be its open complement. Then we have an exact triangle in Shv(E xpyn, EY),

Jiit(ev* ) — ev' I — i, i*(ev* ).

Then applying fipr;, and using Lemma gives an exact triangle in Shv(Buns):

aut

fipry ii*(ev® ) 2erg) — 7 (EBung) — fipry i.d" (ev™ ) (2rg). (7.3.4)

Henceforth we will have no further need of the derived structure on the objects involved, so we pass to
classical truncations.

7.3.2. Closed stratum. We analyze the rightmost term of (7.3.4).
The closed stratum Z < E Xpuyn, E may be identified with the (classical) stack Bun&irz, whose R-points
form the groupoid of
e L, a line bundle on C' x R.
e An extension

QXRR—F L. (7.3.5)

The stack Bun%ir2 is a twisted version of the stack of torsors for the mirabolic group Mirs < GLs.
Since ev |z is identified with projection to 0 x Bun; < A! x Bun;, the *-restriction of ev* &/ to Z is
identified with the constant sheaf kg, o . Let pyiy = foi: Bunlg\l/[ir2 — Buny be the map sending (7.3.5)

to F® 951/2. So the rightmost term in (7.3.4) is isomorphic to pumir(kgung, )(2re). We rewrite this in
irg
terms of the Eisenstein functor. Let B be the standard parabolic of GLy containing Miry. Then we have a

commutative diagram
Q

Bunyy;,,
V lg’
PMir
Bun; Bunp
lg / x
Bun; x Bun; Bunsy

in which the left square is Cartesian, and g is the map £ — (£ ® 951/2, ng) By proper base change, we

have

pMir!(EBunﬁiQ) = pMir!qK/Iir(EBunl) = p!q*g! (EBunl) = EiSB (EBunl X 6spin) € ShV(BunG)
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where dgpin is the delta sheaf at ng € Bunj, meaning spin, (Ept) for the map spin: pt — Bun; corresponding
to the chosen spin structure Qé‘/2' In conclusion, we have identified the term fii.i*(ev* o) from ([7.3.4)) with

puint (Bpung, ) = Bisp(kpyn, M dspin) € Shv(Bung).

7.3.3. Drinfeld’s compactifications. In preparation for analyzing the open stratum, we take a digression to
recall Drinfeld’s compactifications. Let G be a reductive group. Choose a Borel subgroup B C G and let

N C B be the unipotent radical. Let T'= B/N and Fr € Buny(F).

The map u: BunﬁT — Bung is not proper, even after quotienting out by the T-action on the source.

Drinfeld construct a diagram

——F
BunﬁT < Buny

I

Bung

such that the induced map Bun;T /T — Bung is proper; this is explained in [FGV01] §2.2]. To explain its
functor of points, we recall that the groupoid BunﬁT (R) admits a description as classifying pairs (Fg, k)
where F¢ is a G-torsor on Cr and k is a system of (saturated) vector bundle embeddings

KN Fp s Vi, for all X € X*(T),

satisfying the Pliicker relations, where .7-"75‘« is the line bundle on C'i obtained from Fp via the homomorphism
AT — Gpp; and V}_—G is the vector bundle on Cp obtained by twisting irreducible representation of G with
highest weight A by Fg. Then BunﬁT (R) parametrizes tuples (Fg, k) defined similarly, except that the maps

x> are only required to be (not necessarily saturated) embeddings of coherent sheaves fiberwise over Spec R.

The maps v and @ are both described by (Fg, k) — Fg.

Example 7.3.2. We explain the picture for G = GLs, which is the only case we will use in this paper. In
this case, Fr corresponds to a pair of line bundles £1, L5 on C. The stack BunﬁT has R-points the groupoid
of extensions

LiKXR -2 F-"4, oXR

of vector bundles on Cg. The stack Bun;T has R-points the groupoid of triples (F, k1, ko) where

e F is a rank 2 vector bundle on Cg,

e k1: L1 X R < F is an injection of coherent sheaves fiberwise on Spec R,

® ro: F — L5 X R is a map of coherent sheaves which is non-zero fiberise on Spec R, and
e the composition ks o k1 is the zero map.

Let A := X, (T)>0. There is a stratification of Bun;T indexed by A-colored divisors D = Y. v; - x; €

Div® C; recall this means that v; > 0 for each i The stratum Bunf,T (D) indexed by D is characterized by
the property that an F-point (Fg, k) € BunﬁT lies in Bun;T(D) precisely when

the saturation of x*: ]—'% — VJ’;\:G is .7:% <Z<Vi’ A) - xl> for each A\ € X*(T).
In particular, the stratum indexed by D = 0 is the open substack BunﬁT — BunﬁT.
Example 7.3.3. We explain the picture for G = GL; in terms of Example In this case, the strati-

fication is indexed by a pair of effective divisors Dy, Dy on C. The stratum corresponding to (D1, D2) has
F-points the diagrams

L1 5 F5 L
such that the saturation of 1 is £1(D1) C F, and the image of kg is Lo(—D2) C Lo.

10We have reverse the conventions on positivity /negative from [FGVO0I] for consistency with our discussion of graded
configuration space.
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7.3.4. Open stratum. We will analyze the leftmost term in ([7.3.4]).
For d > 0, we abbreviate Hk2 o for the Hecke stack Hth ,.c( from (5.2.16), and

Std Std
K5 Syme ¢ = |J HES G
a>0

for the stack Hk%tfj%sym. ¢ from (5.2.16). We have a correspondence diagram
Std
HkQ,Sym’ C

hy hr
hy Xpr

Buny Buns x Sym*® C Buny

where for a modification (F < F’) € Hkgfgym. c(R), we define
h(F — F') := F € Buny(R)
he(F < F') := F' € Buny(R)
and pr(F < F') is the support divisor of (.7-"/]:). We write
Hkgfgym ox(= Z Hk2 ot x(— (7.3.6)
d>0
for the endofunctor of Shv(Bung) induced by the convolving with the kernel sheaf

I @ € shv(|  HKS'Eo)) (7.3.7)
d>0 d>0

from (5.2.18).

Remark 7.3.4 (Satake sheaves). In principle one should use the IC complexes coming from the Geometric
Satake equivalence as kernel sheaves for Hecke convolution. Recall from Example that the definition
is justified by the fact that the Satake sheaf associated to Sym?(Std) € Rep(GLy,) is the (shifted and
twisted) constant sheaf k(d) on the corresponding Schubert variety. The key point behind this is that each
non-zero weight space of Symd(Std) is one-dimensional, for every d.

Recall that #” € Shv(Buns) is the Whittaker sheaf (cf. . We write (deg): Shv(Bung) — Shv(Buny) for

the endofunctor given by (4) on Shv(BunQ) where Bun2 is the connected component parametrizing bundles
with degree d.

Proposition 7.3.5. With notation as in we have an isomorphism

Hkgfgym.(c) *W = fipry, it (ev® &) (deg) € Shv(Bung).

Proof. Let Fp := Qé/z @ le/ 2, Then, with notation as in BunﬁT classifies families of extensions

0—>Qlc/2®R—>8—>le/2®R—>0.

Recall that the Whittaker sheaf # is obtained by pulling back the Artin-Schreier sheaf o/ via the map
BunﬁT — Al obtaining ¥ € Shv(BunﬁT), and then !-pushing forward to Buny. There is a commutative
diagram

Fr Std
BunN X Buns HkQ,Sym' (C)

=3
Bun kgtgym.(c BunNT (7.3.8)
Bun2 / \ Bun2

where the left square is Cartesian. To describe the dashed arrow h, note that

BunN X Bung Hk2 Sym* ( U BunN X Buns Hk2 O
d>0
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has R-points the groupoid of diagrams of the form

(7.3.9)

where the cokernel of £& < £’ is a line bundle over some effective divisor D € C(D(R). The dashed arrow

h in (7.3.8) sends (7.3.9) to the inclusion of coherent sheaves (910/2 XR—E)e BunﬁT(R) in terms of the
description in Example [7.3.2]

There is an open embedding j: U — Bun]](,T sending ((7.3.3)) to the inclusion of coherent sheaves Qg ’RMR —
F® 951/2. We claim that

I (0) 2, ev* (/) € Shv(Buny’ ). (7.3.10)
We will deduce this from the Geometric Casselman-Shalika formula of Frenkel-Gaitsgory-Vilonen [FGV01l
Theorem 4], which is a similar statement but for Hecke modification at a “fixed leg”. We first produce a map

ev* o — j hhi(¥) € Shv(U). (7.3.11)
Indeed, the fibered product U’ in the Cartesian diagram
g a U
|7 |7
(7.3.12)

F Std h  woJT
BunNT X Buns HkQ,Sym.(C) — BUHN

parametrizes divisors D € Sym®(C)(R) along with commutative diagrams

Q"R —— Q/’R®R
P ps (7.3.13)

| |

O RR —— Q5 ®0, Lo

where coker(QEl/2 KR — QEI/Z ® L2) = coker(€ — &') is a line bundle over D. The map h': U’ — U
projects to the data of D along with the right column. But this data is enough to reconstruct the entire
diagram, as the left column must then be the pullback of the right column along the composition

O PR R= Q. ®op Lo(—D) — Q5 90, Ls.
Hence the map h': U’ =5 U is an isomorphism. This induces isomorphisms
ev .o — hi(F ) hi (V) = hh}(¥) € Shv(U), (7.3.14)

giving the claimed map (7.3.11)).
As j is an open embedding, adjunction from (7.3.14) gives a map

Jiev* o/ — hhi(T) € Shv(Buny’) (7.3.15)

which we want to show is an isomorphism. This can be checked at stalks, so we may in particular restrict

to the fiber over D € C(? < Sym® C' with respect to the map Bun;T — Sym® C. Now this is a special
case of [FGV01] Theorem 4] (applied iteratively to the different points in the support of D), which says that
the Hecke operator attached to V' € Rep(G) acting on ¥ is the clean extension of the stratum indexed by
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the highest weight. Indeed, the highest weight of Sym?(Std) is (d,0), and the stratum indexed by (d,0)
in Bunf,T is the one where Q}J/ X R — & has no zeros, or in other words is already saturated, so that

coker(Qlc/2 X R < £') is a locally free of rank d over D. This is the precisely the fiber of U over D € C@),
which then establishes by invoking the Geometric Casselman-Shalika formula, noting Remark
that the perverse sheaf associated to V by the Geometric Satake equivalence is the shift and twist of the
constant sheaf that we are using.

Apply @: BunﬁT — Buns to both sides of (|7.3.10) gives an isomorphism
wmhhy (V) 2 uj,j,(ev* ). (7.3.16)

From the commutativity of the diagram (7.3.8), the left side of identifies with Hk;fgym.(c) (— deg) *
# € Shv(Bung) since the kernel sheaf is the constant sheaf shifted by (d) on the component over
C@. On the other hand, we see by inspection o j = f o pr; o7, so the right side of identifies with
fisij*(ev* &) € Shv(Bung). This completes the proof. O

7.3.5. Summary. Putting together §7.3.2f and §7.3.4] we have produced an exact triangle in Shv(Bung),

(HKS'Syme o) * # (2re—deg) = Tanit (kpunx) = Bisp(kpyn, 8 0spin)(2re) (7.3.17)

7.4. Comparison. We compare the extensions ([7.2.6)) and (7.3.17)) for the L-sheaf and period sheaf.

7.4.1. Rightmost terms. First we examine the terms on the right. By (6.4.1)) and (6.4.2)), we have

Lar, x gLy

Dmod(Bun; x Bun;) > (Egy,, X dtriv)(20-2) Otriv R wree, € QCoh(Locy x Locy).

Note that we are using QCoh(Loc; x Loci) = IndCohyip(Locy x Locy) and the notational convention of
§2.5.20 In this case Eisenstein compatibility (§5.3) says that the diagram

GLj X GLy

Dmod(Bun; x Buny) % QCoh(Loc; x Locy)

lEisB lEisg’CC

Dmod(Buny) - Lo IndCohyip (Locs)

commutes after translating by (ng, 951/2) on the source and twisting by (g—1+deg), so we deduce that

Dmod(Bung) > Eisp (EBunl X (Sspin)(39—3+deg) L—G> EiSSBpeC(Otriv X wLOCl) S IndCOhNilp(LOCQ). (741)

7.4.2. Leftmost terms. Next we examine the terms on the left.

Lemma 7.4.1. With notation as in Proposition[7.2.3 and Proposition we have
Dmod(Bung) > Hkgfgym. o * W (3(g-1)) Lo, Loc™(Fact(Sym® Std)) ® wroec,, € QCoh(Locg).
Proof. The Whittaker normalization in this case reads
Dmod(Bung) 3 # (- (9-1)) La, WLocg (—(9—1)4) € IndCohnyp (Locg). (7.4.2)
By the special case of Hecke compatibility of L in Example [5.2.2] L intertwines the tensoring action of
Loc®™*¢(Fact(Sym® Std)) € QCoh(Locs) on IndCohyiyp, (Loce)
with the Hecke convolution action of

H Epysta o (™) € Shv(Hk%t%ym. ¢) on Dmod(Bung).
a,cn ’
n>0 '

Acting by these operators on either side of (7.4.2]) and twisting by (4(¢—1)) yields the result. a
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7.4.3. Conclusion. Twisting (7.3.17) by (5(g—1)), we get an exact triangle in Shv(Bung):
(Hkg,télym’ C) * W(?y(g—l)-‘rdeg) — Taut! (EBun)G( )(5(9—1)> — FKisp (EBunl X 6spin)(2(g—1)+2 deg)

where we used that 2rg +5(g — 1) = 2(1 — g + deg) + 5(¢9 — 1) = 3(g — 1) + 2deg. By inspection, the
twist (deg) on the flanking terms correspond to the shearing operation (—)/ on Loc®**°(Fact(Sym® Std)) and
Eis“(Opiv K wioe,) € IndCohnip(Locg) for their respective G,-actions (coming from Proposition

B
in the former case), under Lemma and (7.4.1). Therefore, we have proved the following theorem.

Theorem 7.4.2. The Geometric Langlands equivalence Lg: Dmod(Buny) — IndCohniip (Locs) intertwines
the indicated objects in the diagram below, where each row is exact

Hkgfgym. o *W (3(g—1)+deg) + Px (5(9-1)) =+ Eisp(dspin M kpyp, ) (3(9—1)+2deg)

Lemma[7Z||La Lg? Lo (7.4.3)
Loc™e(Fact(Sym® Std))/ Ly Eis P (Oriv R woc, )/

7.5. Microlocal interpretation. Here we give an explanation for the unfolding decomposition in
terms of the geometry of T X. The fact that the ultimately was seen in the Fourier dual space suggests
that in general one should look for decompositions in the microlocal geometry of X. Indeed, we shall see
a decomposition of its hyperspherical variety T*X analogous to that reflects the decomposition of
periods. We thank David Ben-Zvi and Akshay Venkatesh for explaining this to us.

Let a := Lie A and n := Lie N; note that Lie Miry = a@®n. With respect to the moment maps pu4: T*G —
a* and unir: TG — a* @ n*, we have the following decomposition of the hyperspherical variety T X:

(Note that ! should be formed in the derived sense a priori, although it does not make a difference in this
example.) Now observe that
H (0 % (v 0))
A
is isomorphic to the hyperspherical variety of the Whittaker period (using that A acts freely on n*\ 0), while
piag (0 x 0)/A can be thought of as the embedding in 7* X of the Lagrangian correspondence

~ T*(G/N, 1))

T*X «—— X xx/;n T*(X/N) — T*(X/N) = T*(G/ Mir)

associated to the map X — X/N. Thus, (7.5.1) realizes a decomposition of T*X into T*(G/N,v) and
T*(G/ Mir) in the sense of G-Hamiltonian spaces. These terms correspond to the decomposition of 7{* (EBun)G( )

in (7-3.17).

8. SINGULAR RANKIN-SELBERG PERIOD

8.1. Setup. In this example we will study a duality which is closely related to the Rankin-Selberg period.
In the Rankin-Selberg period for GLy, XR = GL; xA? as a spherical variety for G = GLy x GLy and
XRS = Std ® Std. We shall pass to the “rank one” locus inside in X®°, which corresponds to passing to a
certain open subset inside XRS.

The Rankin-Selberg period is a fundamental construction, which is also the starting point for other
approaches to automorphic periods such as the Relative Trace Formula. Our particular interest in passing
from XR®S to X owes to the latter being singular. Singular spherical varieties lie beyond the scope of
[BZSV23| but encompass many useful examples, so we would like a theory that covers them. Our analysis
here suggests that that [BZSV23| Conjecture 12.1.1] extends well to the singular case, with modifications to
the normalizations.

8.1.1. Automorphic side. Let X = (GLy x GLg) x©L2 (A2\ 0), where the quotient by GLy is with respect to
it diagonal embedding in GLg x GLs, and G = GLs x GLg acting by left translation on the left factor. (In
other words, X is the induction of A2\ 0 along the diagonal subgroup GLy — GLa x GLs3.)
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8.1.2. Spectral side. Let X = (Std ® Std)™**<! (the locus of rank < 1 tensors) and G' = GLy x GLs, acting
factorwise through the standard representation.

8.1.3. Gyp-action. We will take action of G, on X induced by the inverse standard scaling action of G4, on
A%\ 0, and the trivial action of G, on X, which we propose to think of as the un-normalized G,,-actions.

This is justified as follows: X appears an open subvariety of the Rankin-Selberg period XR° := (GLy x GLy)x

A2 and X appears as a closed subvariety of the dual XRS := Std ® Std. As X®S and X®S are both smooth
and affine, they fall under the scope of [BZSV23], wherein the neutral action of G, on X® is induced by
the scaling action on A?, while the neutral action of G, on XRS is also the scaling action. Then the un-
normalized action of G4, on X RS is induced by the inverse standard scaling on A2, while the un-normalized
action of Gy, on XRS s trivial. Passing to the subvarieties X < XRS and X < XRS then results in the
action of the preceding paragraph.

Remark 8.1.1. Let us compare this to the outcome of naively using the recipe of [BZSV23]. On X, the
naive neutral action of G, should be induced by the scaling action on A2\ 0, and the naive neutral action of
Gyr on X should be the standard scaling action (we use the adjective “naive” because strictly speaking X and
X fall outside the scope of [BZSV23|, so we are performing some naive extrapolation from their formulas).
Writing X = GLg x(A?\ 0) and taking Haar measure on GLs and Lebesgue measure on A%\ 0, we have
n = (1,det): GLy x GLy — G,,. Writing (X)*™°°*" = (A2\ 0) xG= (A2 \ 0) and descending Lebesgue
measure, we get 1) = (det,det): GLg x GLy — Gy,,. Hence the “naive un-normalized” action of G4, on X is
trivial, and the “naive un-normalized” action of G4, on X is also trivial.

8.1.4. Automorphic period. We define the mirabolic subgroup

{5 e

Then A2\ 0 = GLy /Miry as a GLg-space, so X = (GLy x GLg) x%L2 (GLy / Mirg) as a G = GLg x GLg-
space. Thus X/G = B Mirs. Examining the recipe of [BZSV23l §10.2], we see that Buné can be identified
with the space Bun&ir2 with R-points the groupoid of extensions

O’RR— F - LEQY (8.1.1)

where £ € Bun; (R) and Qé/z is the fixed spin structure (cf. 31) in such a way that the map 721*: Buné —
Bung is identified with the map sending (8.1.1)) to (F, F) € Buny X Buns(R). The automorphic period sheaf
is

Px 1= m (kBunx ) € Shv(Bung).

In the language of [BZSV23|, this is the un-normalized period sheaf for the un-normalized action of G,..

8.1.5. Spectral period. By definition, Locé is the derived mapping stack
Locg = Map(Cyr, X /G)

with R-points the groupoid of triples (Fy, Fa, s), where:

e [, Fy € Loce(R) are rank 2 vector bundles on C'r with flat connections along C.
e 5 € Sect(Cyr, (Fy ® F»)™"*<1)(R), or informally speaking a flat section of the flat bundle F} ® Fy
landing pointwise in the locus of tensors of rank < 1.

The (co-localized) spectral period sheaf is
L =m0y x )/ € IndCohyiyp (Locs )
G
Note that 75°w, ¢ = (73w, %)/ in this case, since the action of G, is trivial.) In the language of
Loc% Loc# g
G
IBZSV23], this is the un-normalized L£-sheaf for the un-normalized action of G,

8.1.6. Duality. Since X is singular, [BZSV23| Conjecture 12.1.1] does not formally apply to this case. How-
ever, we propose that its statement should be extended as follows.

Conjecture 8.1.2. Under the Geometric Langlands equivalence for G = GLgs X GL2, we have

Dmod(Bung) 3 Px (8(g—1)) Lo, L% € IndCohniip (Locgy).

GL2
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8.2. Spectral side. We let Z — LOC)G:{ be the zero section and U be the open complement of Z. We consider
the exact triangle coming from filtering by sections with set-theoretic support in Z:

()0 (W e) = TP () = (1)t (8:2.1)

8.2.1. Open stratum. We analyze the rightmost term in (8.2.1]), which corresponds to the open substack U C
LOC)G-( where the flat section s has rank ezactly equal to 1. The locus of rank 1 vectors in the representation

Std ® Std of GLy x GLo is homogeneous. Taking <(1)> ® (é) for the basepoint, the stabilizer is generated
by the subgroups Mirs x Mirs and A in G, where

. 1 -1
erQ{(O :)}CGLQ, and A{(“ 1),(“ 1>}CGL2><GL2.

This choice of basepoint induces a presentation
(A? ® A?)rank=1 = (QL, / Miry) x# (GLg / Mirs)

identifying Locg with the derived mapping stack Map(Cyr, BH) = Loc ;g for the subgroup

—1 /
= {(g Z) , <“O d,)} CGLyxGLy =G (8.2.2)

and the map Loc)G:( — Locg is the one induced by the homomorphism H < G.
We will rewrite the contribution from this orbit in terms of Eisenstein series. Let B be the standard
parabolic in GLg and T its Levi quotient. Then we have a commutative diagram

’ U ’
/ \
Loc x Locy x Locy Locy x Locy (8.2.3)
p
g q

Locy x Loc Locg

where the left square is derived Cartesian. Here:

e The map ¢ is induced by the Levi quotient homomorphism B x B — T x T in coordinates it sends

(8 2) x (C(L)/ Zﬁ) = (a,d) x (a/,d).

e The map ¢’ is induced by the group homomorphism H — Ax G, X G, sending (8.2.2)) to ax (d,d') €
A X Gy X Gy, .
e The map ¢ is induced by the group homomorphism A x G,, X G,, — T x T which sends

71 . .
AX G x G 5 (a,d,d') (g g) x <a0 3,) e T xT.

e The map ¢’ is induced by the inclusion of H in B x B.
By base change applied to the commutative diagram (8.2.3)), we have isomorphisms
92 (wir) = g(q") (Weoea x Loes x Locr) = @'« (Whoea x Loes x Loc;) € IndCoh(Loc x Locy). (8.2.4)

Then applying p. to (8.2.4) and co-localizing, we obtain an isomorphism

(7TSPCC|U)*UJU = p*q!g* (wLOCA x Locy X Locl) = Emsgpi(;} (g*wLocA x Locy X Loc1) S IndCOhNilp(LOCG)' (825)
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8.2.2. Closed stratum. We begin with a general construction that amalgamates two graded (co)commutative
(co)algebras.

Construction 8.2.1. Let A be a finite rank free abelian monoid with a chosen basis, as in
(1) Suppose A = @, Ax and B = @, Br are A-graded commutative algebras in a symmetric
monoidal category (C,®). Then
A
A® B := @ Ay ® By
AEA
has a A-graded commutative algebra structure, with multiplication being the composition

(ABB)® (A& B) = <@A®B)® P 4; @ B

€A JEA

~ P (4@ Bi)® (4; ® B)))

i,jEA
f—>EB EBAZ@AJ- ® @ By ® Bjs
AEA i+j=A i +j =\
—)@A,\(@B,\:A(%B
A€A

where the third line includes into the summands indexed by 7 = i’,7 = j' and the fourth line uses the
multiplications on A, B.
(2) Similarly, if A and B are A-graded cocommutative coalgebras in (C,®), then

A
A® B =D A\ @By
AEA
has a A-graded cocommutative coalgebra structure, by the dual formulas. If Ay, By are dualizable in C for
all A, then the graded duals AY := @, ., AY and BY := @, BY are A-graded commutative algebras, and

A A
(A® B)Y = (AY @ BY).

Next we analyze the leftmost term of (8.2.1). We may view Z — Loc)G:( as the zero section of 75P¢¢: Loc)G:( —
Locg.

We compute the coalgebra of distributions on X supported at 0. Note that unlike in the Tate and Hecke
periods considered in the previous sections, X is not a vector space, so Lemma does not apply.

Lemma 8.2.2. As a cocommutative coalgebra in (Rep(GLy) ® Rep(GL2))%20, we have

, A
Fo(X;wy) = Sym®(Std) ® Sym®(Std)

where Sym® (Std) € Rep(GLa)%20 is the free Z>o-graded cocommutative coalgebra on the standard represen-
tation placed in graded degree 1.

Proof. The variety X is a quadric cone in A*. Tt admits a smooth resolution by Y := [A% x A%\ (0,0)]/G,,
via the map
Y 3 (y1,92) = 41 @y

where G,,, acts via the standard scaling on the first factor and its inverse on the second factor. The map
r: Y — X is in fact a rational resolution (all quadric cone singularities are rational) so the natural map
T«Wy — Wy is an isomorphism. Furthermore, the resolution r restricts to an isomorphism on the complement
of 0 € X. The exceptional fiber W = 7~1(0) is the disjoint union of P! x 0 and 0 x P'. By adjunction we
have a commutative diagram of exact triangles in IndCoh(X),

iy (Wy) Wy 7wy (Wi w)

I [

wy Wy wX\O
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where V is the derived formal completion of X at 0. Hence we obtain that the map 'y (Y;wy ) — To(X;wy)
is an isomorphism of cocommutative coalgebras. It therefore suffices to compute Fw(Y;wY/) as a G-
equivariant graded cocommutative coalgebra. To do this we use ; note that W < Y is a regular
embedding (unlike 0 — X ), so that its system of derived infinitesimal thickenings coincides with the classi-
cal such notion (whereas the analogous picture for 0 < X is complicated by Remark .

First we compute the (underived) global functions O(Y') as a commutative algebra in Rep(G). We have

O(Y) = O([Std x Std \ (0,0)]) =
=~ O(A% x A?)Gm
>~ (Sym®(Std") ® Sym* (Stdv))Gm
= (P Sym™ (Std") K Sym" (Std") (8.2.6)
n>0

where in the last isomorphism we note that Sym™(Std") X 1 has weight n for the G,,-action and 1 X
Sym™(Std") has weight —n for the G,,-action.
Now we turn to calculating the cocommutative coalgebra I'yy (Y;wy ) € Rep(GL2) ® Rep(GLg). Let

W=wOswh o  SsWsY

be the system of formal neighborhoods of W in Y as in (£:4.1]), with colimit the formal completion W := Y;}).
According to Lemma we have

Iy (Y;wy) = T(W;ww) € Rep(GLs) © Rep(GLz),
which in turn can be presented as
T(W; ww) 2 colimy, T(W™: wyp)).

By Grothendieck duality, I'(W); wyy(n) is the dual cocommutative coalgebra to the commutative algebra
T(W™: Oyrny). Since W™ is a the nth order neighborhood of W = P* [P, it has no higher cohomology.
Since W < Y is a regular embedding, Oy is the quotient of by the nth power of the ideal of W.
Dualizing and taking the colimit over n gives the dual cocommutative coalgebra to , completing the
proof. O

A .
Proposition 8.2.3. Viewing Sym®(Std) ® Sym®(Std) as a cocommutative coalgebra in Rep(G)%2° with Std

A .
in grading degree 1, let Fact(Sym®Std ® Sym®Std) € QCoh((BG)syme ) be the associated factorization
algebra, augmented by the unit analogously to (5.2.12). Then we have an isomorphism

A
(7°P%) 3 (W gox ) = Loc™¢(Fact(Sym® Std @ Sym*® Std)) ® wree, € QCoh(Locg).
G

Proof. Applying Proposition m to the origin inside the G-scheme X, with grading coming from the
standard scaling action of G, we obtain an isomorphism

(mspec) (wLOC)G;) > pry, (Fact(To(X;w))™Y) @ WLoc, € QCoh(Locg). (8.2.7)
From Lemma [8.2.2] we have

- . A, .
To(X;w) = Sym (Std) ® Sym (Std) € Rep(G)Z>°.
Inserting this into (8.2.7)) yields an isomorphism

= A . .
(m5Pe) (W oex ) = Do (Fact(Sym (Std) ® Sym (Std))"™") @ wWroc,, € QCoh(Loc) (8.2.8)
G

. Ao
where Fact(Sym (Std) ® Sym (Std)) is the universally twisted relative factorization algebra over Locx,
analogous to ([5.2.14). The rest follows from adding a copy of the unit, as in the proof of Proposition m

(Il

8.2.3. Summary. We have produced an exact triangle in IndCohnip(Locg):

A
Loc™?¢(Fact(Sym® Std ® Sym® Std)) ® wrec, — Wipec(wLOCé() — Bis*(¢«WLoca x Locs x Loc)-  (8:2.9)
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8.3. Automorphic side. We seek a filtration of Px corresponding to the filtration of £ in 7 which
came from the stratification of X by G-orbits. But, as in the case of the Hecke period, X is a homogeneous
G-variety, so the stratification of X by G-orbits is trivial. Therefore, we will again look for a stratification
in the Fourier dual space.

8.3.1. Unfolding. We may identify Bun&ir2 with the derived vector bundle over Bun;, associated to the
perfect complex RHom(L£"V, Q¢[1]) whose pullback to £ € Bun;(R) is RHomg, (£, Q¢ K R[1]) as an

aut

animated R-module. We abbreviate E := Bun&ir2 viewed in this way. Then there is a factorization of 7
as

T(aut

E 72 B xpu, E —L Bun, x Bun, (8.3.1)
where f sends
QKRR F =L F1 @00 Q5
E Xpun, E(R) 3 - ‘ € Buny x Buny(R). (8.3.2)
QcXR—>Fy— L f2®OcQ 1/2
This induces an isomorphism
7" (ky) = fi(Alky) € Shv(Bung). (8.3.3)
From we have a natural isomorphism
A! FTE\/ = FTEv XBun; BV (Av)* [TE](TE) (834)

where rg := rank(E) = 1 — g + deg L' is the virtual rank of E; and AV : EY xpu,, EY — EY is dual map
of A, which can be identified with the addition on EV. In particular, applying (8.3.4)) to the §-sheaf on EV,
and using that FTgv (dgv) & kg[rg] (cf. Example [3.1.3]), we obtain an isomorphism

7 (k) = FFT B, 5 (AY)"052) (1) € Sh(Bung). (8:5)

We have a derived Cartesian square
BY —2 5 BV xpun, EY
J | (8.3.6)
Bun; —%—— EV

where the map z is the zero section, and 2’ is the anti-diagonal embedding e — (e, —e). Applying proper
base change, we obtain an isomorphism

(AV)*(5EV) = (AY) 2 (kpyy,) = 2 (kpv) € SWV(EY Xpun, E). (8.3.7)
Putting this into gives an isomorphism
T (kp) 2 iFTEv kg, Bv (2kpy)(re) € Shv(Bung). (8.3.8)

Now we unravel the meaning of the right side of (8.3.8)). Consider the commutative diagram

\
E ><Bunl I ><Bunl D)

J,Z” \
E\/

E XBun; E XBun; E ><Bun1
JZ/ (8.3.9)

£

E ><Bun1

— I

Buns x Buny Bun; EY
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where the parallelograms are derived Cartesian. By base change and the projection formula, we have
T8 s, v (Akp) = pru(ev’ o @ prs 2k )[2rs]
= pry(ev* o @ ' prl (k) [2r8]
= pr, (21 (2" ev* &) [2rE]. (8.3.10)

Explicitly, £ XBun, £ XBun, FV is a derived Artin stack whose classical truncation has R-points the
groupoid of diagrams

QC' XR QC X R
F Fo (8.3.11)
Oc®R—— L Oc®R —>— L

where

e Fi, JFy are rank 2 vector bundles on Chg,

e [ is a line bundle on Cg,

e The columns are extensions of £ by Q¢ X R, and

e s: Oc ¥R — L is any global section of £ (possibly zero).
The map

IT:= fopr o' E XBun; £ XBun, EY — Bung (8.3.12)

sends (8.3.11)) to the underlying bundles (F; ®o,, 951/2, Fa®o0, 951/2) € Bung x Buny(R). The map evoz”
sends (8.3.11)) to the sum of the extension classes in Ext'(O¢ KR, Q¢ X R) 2 R obtained by pulling back the
extensions in the columns via the horizontal maps s and —s respectively. We abuse notation by abbreviating

ev' o == 2" ev* o/ € Shv(E XBun, E XBun, E). (8.3.13)
Putting together (8.3.8)) and (8.3.10), we have established:

Proposition 8.3.1. We have an isomorphism
ﬂ-!aut(EBung) >~ Tl ev” &/ (2rg) € Shv(Bung).

Now we contemplate the decomposition coming from the stratification by the vanishing of s. Let i: Z —
E XBun, £ XBun, EV be the closed substack where s = 0, which may be viewed as the pullback of the zero
section of EY under pr,. Let j: U < E XBun, £ XBun, £V be its open complement. Then, using Proposition
we have the following exact triangle in Shv(Bung):

1" (ev™ &) 2re) = ™ (kpunx) — Mhisi™(ev™ o) 2rp). (8.3.14)

Henceforth we will have no further need of the derived structure on the objects involved, so we pass to
classical truncations.

8.3.2. Closed stratum. We analyze the rightmost term of (8.3.14). Note that Z = F Xpun, E and i* ev* o7 =
k,. Let B be the standard Borel subgroup of GL2 containing Mirg, and 7T its Levi quotient. We have an
equality of maps

Moi=pog:Z— Bung (8.3.15)
referring to the diagram
/E\
E XBun, E —2— Bunp x Bung —— Buny x Buny (8.3.16)

where ¢’ sends (8.3.11)) to
QPRR— FL 00" x (I’ KB R — F, ® Q;'/%) € Bunp(R) x Bung(R). (8.3.17)
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The map ¢’ fits into a derived Cartesian square

!’
g
E XBun, £ —— Bunp x Bunp

lq, lq (8.3.18)
Buny -7 5 Buny x Bunp

where
e The map ¢ is induced by the Levi quotient B — T.

e The map ¢’ sends (8.3.11]) to L.

e The bottom map g sends
£ eBuny(R) — (R R, L @0, Q%) x (R R, L @0, O5"/%) € Buny x Bung(R).  (8.3.19)

Hence by proper base change, we have natural isomorphisms

g',(EZ) = g!/(q,)*(EBunl) = q*g' (EBunl) € ShV(BunB X BUHB). (8320)
Combining (8.3.20) with the identity of maps (8.3.15) and the observation i*ev* &/ = k,, we have an
isomorphism

H!i*i*(ev* "Q{) = p’g'/(EZ) = p'q* (g!EBunl) = EiSBXB(g!EBunl ) (8321)
8.3.3. Open stratum. We analyze the leftmost term in (8.3.11]).

Twisting by Qlc/ 2, we may rewrite the R-points of U (recall that we replaced the original U by its classical
truncation) as the groupoid of diagrams

OJ’RR O’®R
& & (8.3.22)

l l

O, PRR % Lo ' 0, PRR — Lo’

where the columns are extensions of vector bundles and where s is required to be injective as a map of
coherent sheaves fiberwise over Spec R.

Let Hkgfg(d) and Hkgfgym. ¢ beasin 5‘. Write

A
HKG 00 o= HES Gy X o HES G
which parametrizes pairs of modifications (F; — Fj € Hkgfg(d> (R), Fa — F) € Hkgféw (R)) such that

supp(coker(F; < F})) = supp(coker(Fy < F3)) € CD(R).

Write
A A
Std®Std . _ Std®Std ~ 171, Std Std
HkG,Sym' C = U HkG,C(d) = Hk27sym. C Xsym. C sz,symo C -

d>0

We have a correspondence diagram
Std®std
HKG Syme ¢

h . (8.3.23)
/ hm
Bung Bung x Sym*® C Bung

hi(Fy = Fi, Fo = Fp) := (F1, F2) € Buny x Buny(R)
he(Fi < F|, Fo = Fb) := (F},F}) € Buny x Buny(R)
pr(Fy < Fi, Fo < Fy) := supp(coker(F; — F;)) € Sym® C(R).

where
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Consider the complex

A
[ keo e shv | | BRE G | = Shy (Hk%%%itdc) (8.3.24)
d>0 d>0

A
as a kernel sheaf on Hkgﬁ%%it.dc We write Hkgtgﬁff?c) *(—) for the endofunctor pr,((8.3.24) ® prj(—)) of
Shv(Bung) induced by (8.3.24).
Let N be the unipotent radical of B, so the Whittaker space for G is G/(N x N,¢ x ¢). Let Fp :=
Ql/ g Qo 12 ¢ Buny(F). Then, with notation as in Bun}” (R) classifies extensions

1/2

0— QY 1/2

XR—=E—=Q-""KR—0.

The Whittaker sheaf # € Shv(Bung) is obtained by pulling back the Artin-Schreier sheaf &7 via the map
Bun}” x Bun” — A, to get ¥ € Shv(Bun}” x Bun}”), and then !-pushing forward to Bung.
We write (deg): Shv(Bung) — Shv(Bung) for the endofunctor given by (d:+d») on Shv(Bun(dl’d2))

BunG is the connected component parametrizing pairs of bundles (Fy, F2) with deg F; = d;.

, where

Proposition 8.3.2. With notation as in {8.3.1, we have a natural isomorphism

Hk%t%%ﬁdw) * W 211" (ev™ o )(deg) € Shv(Bung).

Proof. Consider the commutative diagram

Fr Fr Std®Std
(Buny” x Buny™) XBung HkY Sym* (©)

/ l T (8.3.25)

F F Std®Std Fr Fr
(Buny x Buny") HK G 5 me Buny, x Buny
Bung / \ Bung
where:

e The left square is Cartesian.
e The dashed arrow h is as follows. Observe that (Bun}” x Bunk”) XBung Hk2§7dsym. (c) parametrizes
diagrams of the form

Q)R O/’RR
& — & E —-— & (8.3.26)
O’ RER 0 PR R

where coker(&; < &) and coker(E2 — £3) have the same divisor of supports, which is some effective
divisor D € C(D(R). The dashed arrow h sends (8.3.26)) to the pair of injections of coherent sheaves

QPR R &,0Y*KR < &) € Buny' x Buny' (R).

There is an open embedding j: U — Bun]]:VT X Bun]fVT sending (8.3.22)) to the inclusions of coherent sheaves
QPR RS &, R RS £). We claim that

Il (T) = 7, (ev* o) € Shv(Buny’ x Buny’ ). (8.3.27)
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Consider the commutative diagram

Fr Fr Std®Std S~
(Buny” x Buny”™) XBung Hk3 Syme(C) o

hy L b
8.3.28
(Bun X BunN ) XBung (Hkg ,Sym® C X Hkgtéiym’ C') ' ( )

\
pul = \
hy h v

(Bun%” x Bun}?") (BunﬁT X Bun;T)

where the map ¢ is the base change along the diagonal map Sym C 2, Sym C x Sym C', which is the diagonal
embedding C(D — C(@ x C@ on the dth component.

We will use the Geometric Casselman-Shalika formula [FGV01, Theorem 4] to analyze the action of the
kernel sheaf

k(deg) 1= H k(2dy € Shv (Hkgfsdym. o x HES'S e c)
a0

through the correspondence (8.3.28]). The proof of Proposition shows that ﬁ!hf(\ll ® k(deg)) is the clean

. ——Fr _ o—F . .
extension from the stratum of (Bun)’ x Bun) ) parametrizing diagrams

O’RR —— QY°®R O’ KR ———
Fi ————— F Fy s F} (8.3.29)
—1/2 s —1/2 —1/2 s —1/2
Q' PRR o L1005 Q' PRR 22 Ly

Therefore, base changing along the diagonal map ¢: C(¥ — C@ x ¢4 we find that hihj (W) is the clean
extension along the locus where coker(F; < F]) has the same divisor of supports as coker(Fz < F3). This
is precisely U, which completes the proof of the claim (8.3.27]).

Applying u: BunﬁT X BunﬁT — Bung to both sides of (8.3.27)) gives an isomorphism
whhy (V) 2 uj,5,(ev* &) € Shv(Bung). (8.3.30)

From the commutativity of the diagram (8.3.25| the left side of (8.3.30]) identifies with Hkg%%itd(c) (— deg) *
W e ShV(Bung) since the kernel sheaf is the constant sheaf shifted by (2d) on the component
over C9. On the other hand, by 1nspect10n @woj = Ilogj, sothe right side of identifies with
I i j* (ev /) € Shv(Bung). This completes the proof. O

8.3.4. Summary. In summary, combining §8.3.2/and §8.3.3|we have produced an exact triangle in Shv(Bung),

Hkggﬁaﬁc) KA (orp—deg) = T (kpunx) = Bispxp(9ikpn, ) @rs). (8.3.31)

8.4. Comparison. We compare (8.2.9)) and (8.3.31]) for the L-sheaf and period sheaf.

8.4.1. Rightmost terms. First we examine the terms on the right. On the spectral side, let us rename the

object in question by Els;pCCB (93 Whoca x Loc; x Loc; ), as the same name g is regrettably used for a different
map on the automorphic side. To spell out the meaning of ¢:"“*(WLoc, x Loc; x Loc; ), et us label the two

factors of the maximal torus T x T C G as T} x Tg, and then write 7} 2 Gs,ll) X Ggﬁ) and Ty = G(S) X G(4)
In these terms, the map

P Gy X Gy X Gy = G x G2 x GB) x G

sends
(a,d,d') —~ (a,d,a”",d).
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As the anti-diagonal embedding G, = G X G, is dual to the pullback along the map G,, x G,, = G,
given by (z,y) — x/y, we have using (6.4.2) that

IL - -
Dmod(Bungyr) 3 AM (kp ) K6 K62 ag-1)) =255 65 (Wioe s x Loey x Lot ) € QCoh(Locs, )
(8.4.1)
where the superscripts on the RHS indicate the factors in which they lie, and A(*3) is the diagonal embedding
of Bun; into the BunG@ X BunG<3).
In this case Eisenstein compatibility (§5.3) says that the diagram

Dmod(Buny x Bunr) ]LT—NXT> QCoh(Loct x Locy)

. ._spec
J{Elsng J{EISBXB

Dmod(Bung) — Lo IndCohyiip (Locg)

commutes after translating by (Qlc/2 @951/2) X (Qlc/2 @951/2) € Bun; x Buny and twisting by (2(g9—1)+deg).
Combining this with (8.4.1), we deduce that

Dmod(Bung) > Eispxp(gikgun, ) (6(g—1)+deg) Lo, pmigepec. (g5pee

BxB WLoca x Locy X Locl) S IndCOhNilp (LOCG“)

(8.4.2)
where we have used the notational convention of §2.5.2

8.4.2. Leftmost terms. Next we examine the terms on the left. In preparation we observe here a binary
operation on (co)commutative At-graded factorization (co)algebras, which will be seen to be parallel to
Construction

Lemma/Construction 8.4.1. Let A be a finite rank free abelian monoid with a chosen basis, as in §4.3

(1) Let A= {A*}xen+ and B = {B*}xep+ be commutative A -graded factorization algebras in Shv(Div®" C).
Then

A !
A® B = {4 ® B }ens € Shv(Divh' €)
has a natural structure of commutative AT -graded factorization algebra.
(2) Let A = {A*}yenr and B = {B*} ep+ be cocommutative AT -graded factorization coalgebras in
Shv(Div*" C). Then
A
A® B={A*® B} ens € Shv(Div' C)

has a natural structure of cocommutative AT -graded factorization coalgebra.

Proof. (1) Define the factorization algebra structure (cf. (4.3.2)))

! ! !
(AN 2 g BMHQ)\(c(Al)xcMz))diSj > (AM @ BM) R (AN @ BA2)|(C<A1>xc<%2>) (8.4.3)

disj

!
as the ® of the respective isomorphisms for A and B. Define the commutative factorization algebra structure

(cf. (4.3.3))
! ! | !
(AN @ BM) R (AN @ B*?) — add), ,, (AN T @ B HA2) (8.4.4)

1
as the ® of the respective maps for A and B. It is straightforward to check that these define a commutative
AT -graded factorization algebra.

(2) Similar, with dual formulas. O
Lemma 8.4.2. (1) Let A,B € ComAlg(Shv(C’),é!@)AJr. Let Fact(A), Fact(B) € ComAlg*(Shv(DivA+ )
be the corresponding commutative factorization algebras (under Theorem . Then there is a natural
isomorphism

A A
Fact(A ® B) = Fact(A) ® Fact(B).
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(2) Let A,B € ComCoalg(Shvyoi(C),®)" . Let Fact(A),Fact(B) € ComCoalg*(Shvhol(DivA+ C)) be
the corresponding cocommutative factorization coalgebras (under Theorem . Then there is a natural
isomorphism

A A
Fact(A ® B) = Fact(A) ® Fact(B).

Proof. (1) Since Fact is the inverse of A' from Theorem an equivalent statement is that for any
commutative At-graded factorization algebras A, B € ShV(DiVA (), there is a natural isomorphism

(A'A) & (A'B) = A'(A ® B) € ComAlg(Shv(C)A", &)

A A
where the “®” on the left side to Construction and the “®” on the right side refers to Construction
This follows directly from the combinatorics of the definitions.
(2) Follows from dualizing (1). O

Lemma 8.4.3. With notation as in Proposition and Proposition we have

Dmod(Bung) > szt%%i.(c) KW (6(g—-1)) =5 Loc™e (Fact(Sym® Std & Sym® Std)) @ wrec,, € QCoh(Locg).
Proof. The Whittaker normalization in this case reads
Dmod(Bung) 3 # (6(3—1)) Lo, WeLocy € INdCohyiyp(Locg). (8.4.5)
By Example specialized to r = 2, Lgr,, intertwines the tensoring action of
Loc™(Fact(Sym® Std)) € QCoh(Locz) on IndCohyip, (Locs)
with the Hecke convolution action of

H k(ny € Shv(HKS"S, ‘Syme ¢) on Dmod(Buny).
n>0

Hence by Lemma [8.4.2(2), we deduce that Lg intertwines the tensoring action of

A
Loc®®¢(Fact(Sym® Std ® Sym® Std)) € QCoh(Locy) on IndCohyip(Locs)

with the Hecke convolution action of

H k(2n) € Shv(H kg%?itdc) on Dmod(Bung).
n>0

Acting by these operators on either side of (8.4.5) gives the result. O
8.4.3. Conclusion. Twisting (8.3.31)) by (8(g—1)), we get an exact triangle in Shv(Bung):

(HKSSESI ) (651 ) — Tt (Epunx ) 89-1) = Bispu (91, ) (8(g—1)+2 deg)

where we used that 2rg +8(g —1) = 2(1 — g) + deg +8(9 — 1) = 6(g — 1) + deg.
Therefore, we have proved the following theorem.

Theorem 8.4.4. The Geometric Langlands equivalence Lg: Dmod(Bung) — IndCohnip(Locs) intertwines
the indicated objects in the diagram below, where each row is exact

Hk?}%?,ffdc *W (6(9-1)) ——— Px(8(9-1)) — Eispxp(9ikpun, ) (6(9—1)+deg)
Lemma[84.3|La %]LG? J]LG (8'4'6)

Lo (Fact(Sym® Std & Sym® $td))/ —— L —— Bis?™, (g whoes x Loes x Loer)
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