Derived structures in the Langlands correspondence
Tony Feng and Michael Harris

ABSTRACT. We survey several recent examples of derived structures emerging
in connection with the Langlands correspondence. Cases studies include de-
rived Galois deformation rings, derived Hecke algebras, derived Hitchin stacks,
and derived special cycles. We also highlight some open problems that we ex-
pect to be important for future progress.
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1. Motivation and overview

1.1. What do we mean by “derived structures in the Langlands cor-
respondence”? The adjective “derived” has come to be applied to various con-
structions in mathematics, sometimes with very different meanings. For exam-
ple, “derived functors”, “derived categories”, and “derived algebraic geometry” are
some of the instances that we will encounter. Generally speaking, the word “de-
rived” refers to an enhancement of mathematical constructions that incorporates
homotopy theory (broadly construed). The past ten years have seen the rapid de-
velopment of applications of homotopy theory to the Langlands correspondence,
on several different fronts. Let us give an overview of those aspects which will be
touched upon in this survey.
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1.1.1. Derived Hecke algebras. Perhaps the first examples of “derived functors”
that one encounters are the Tor and Ext functors, which are constructed by deriv-
ing ® and Hom. In the classical Langlands correspondence, a central role is played
by the notion of Hecke operators, which form the Hecke algebra acting on automor-
phic forms. The Hecke algebra can be viewed as a certain space of endomorphisms;
by replacing endomorphisms with “derived endomorphisms” (i.e., Ext groups) one
obtains a notion of derived Hecke algebra. This concept has arisen in two rather
different contexts: the work of Ollivier-Schneider on the p-adic Langlands corre-
spondence [OS19], and the work of Venkatesh et al. on cohomology of arithmetic
groups [Venl9, (GV18, [PV21].

1.1.2. Derived moduli spaces. Derived functors in the above sense fall under
the umbrella of classical homological algebra, where one derives functors on abelian
categories such as the category of modules over a ring. There is also a theory of
derived functors on non-abelian categories, which goes back to Quillen’s homotopical
algebra |[Qui67]. When applied to the category of commutative rings, it enters the
realm of “derived algebraic geometry”.

In derived algebraic geometry, one constructs derived enhancements of the usual
constructs of algebraic geometry. For example, we shall discuss “derived schemes”,
“derived stacks”, etc. One can imagine derived schemes as classical schemes en-
hanced with some additional homotopical information.

It was recently realized that such derived enhancements provide a natural ex-
planation of structures in the Langlands correspondence. Two different types of
examples are the derived Galois deformation spaces of Galatius-Venkatesh [GV18],
which were used to explain the structure of cohomology of arithmetic groups, and
the derived Hitchin stacks of Feng-Yun-Zhang [FYZ21], which were used to con-
struct virtual fundamental cycles for special cycles related to the Kudla program.

1.1.3. Other directions, that will not be discussed. Let us mention some further
aspects of the Langlands correspondence where derived notions play a critical role,
although they will not be elaborated upon in these notes.

e The Geometric Langlands correspondence features the moduli stack of lo-
cal systems on a curve, and in particular the category of coherent sheaves
on it. To obtain the “correct” version of this category, meaning the one
which has a Langlands dual interpretation, one needs to understand this
moduli stack in a derived way in general. Such matters are treated in
Sam Raskin’s article [Ras24] in these proceedings.

e Derived commutative algebra plays an important technical role in recent
work of Bhatt-Morrow-Scholze [BMS19] and Bhatt-Scholze [BS22] on
integral p-adic Hodge theory.

1.2. Why derive? Given the significant technical background required for
derived algebraic geometry, it is natural to ask why and how it is useful for re-
searchers interested in the more classical aspects of the Langlands correspondence,
such as the reciprocity between automorphic forms and Galois representationsﬂ

There are several independent reasons, some of which are touched upon in this
survey. One is that higher cohomology (of locally symmetric) has become central
to the Langlands correspondence, because cohomology provides natural integral

1We exclude branches like Geometric Langlands theory where derived algebraic geometry is
baked into the very formulations of the core problems, hence relevant in an obvious way.
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structures on the spaces of automorphic forms, and integral structures are needed
to bring in p-adic methods. In many classical situations, the relevant cohomology
groups are concentrated in a single degree, which allows one to ignore derived
aspects to a large extent, but in general they are spread out over many degrees and
it becomes necessary to work with complexes, derived functors, derived categories,
etc.

So far our discussion only requires deriving abelian structures, which is a theory
that has been developed and widely used since the 1970s. But in order to make the
connection to Galois representations, we want to invoke moduli spaces of Galois
representations called Galois deformation rings. In order to make versions of these
objects which are correspondingly “spread out over many degrees”, it becomes
necessary derive the notion of a commutative ring. This is the starting point of
derived algebraic geometry, and requires more sophisticated homotopical methods.

A third, independent thread treated in these notes concerns enumerative ge-
ometry related to automorphic forms. A celebrated example is the Kudla program,
which seeks to develop an incarnation of theta functions in arithmetic geometry.
More generally, one would hope to develop an incarnation of relative Langlands
duality, in the sense of [BZSV23], in arithmetic geometry. This means that we
seek some incarnation of automorphic forms as cycle classes in the Chow groups or
higher cohomology groups of Shimura varieties and moduli of shtukas. We explain
here that such cycle classes should arise from derived geometry: the cycles in clas-
sical algebraic geometry are poorly behaved in general, while their derived versions
have the desired properties.

There are also other motivations which are not treated in these notes, including
the conjectural description of cohomology of moduli of shtukas explained in the
articles of Xinwen Zhu [Zhu21] and Emerton-Gee-Hellman [EGH23]. In certain
situations discussed in those articles, one needs to incorporate derived structure in
order to get the “correct” answers.

1.3. The style of these notes. As the above summary is intended to convey,
the past few years have witnessed a rapid and remarkably broad influx of homotopy
theory into number theory, in the guise of co-categories, derived algebraic geometry,
stable homotopy theory, etc.

The technical foundations for this theory are formidable, and complicated fur-
ther by the multitude of different approaches that divide the literature. For exam-
ple, the literature is split between the language of model categories and oo-categories
(the latter has acquired more popularity recently), and even within the framework of
oo-categories one finds different approaches (quasi-categories, DG-categories, sim-
plicial categories). Derived algebraic geometry also comes in different flavors, being
built out of commutative differential graded algebras, simplicial commutative rings,
and E-algebras. These issues are significant, but often completely orthogonal to
those encountered in applying the tools to number theory.

Therefore, in view of the vast literature that already exists for homotopy theo-
retic background, we opted to write these notes as a kind of “user’s manual” for how
it is applied to number theory. We do not even attempt to give a thorough tech-
nical treatment of the foundational material. Occasionally, we will point out when
different approaches exist and comment on their “intuitive” differences. Mostly, we
will leave things somewhat vague and informal, relying on analogies and intuitions
rather than formal definitions.
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1.4. Outline of this article. In §2]we provide a moral introduction to derived
algebraic geometry. We do not provide any technical details — in fact, we make
almost no mathematically precise statements; rather, we try to give some guide
on “how to think about” certain words and phrases which come up in derived
algebraic geometry. This is counterbalanced by Appendix [A] which focuses purely
on the basic definitions of derived algebra.

In §3]we discuss the notion of derived moduli spaces, which are our raison d’étre
for using derived algebraic geometry in the first place. We try to give a general
pattern of heuristics which one uses in practice to recognize when derived moduli
spaces should be relevant, and how to construct them. We illustrate these heuristics
in several examples of relevance to the Langlands correspondence.

In {4 we survey in more detail the emergence and application of derived moduli
spaces related to the Kudla program, focusing on the work of Feng-Yun-Zhang
[FYZ24, [FYZ21, FYZ23] on higher theta series for unitary groups over function
fields.

In §5| we survey the work of Galatius-Venkatesh [GV18|] on derived Galois
deformation rings in extremely informal fashion.

In we introduce local derived Hecke algebras, touching on the ¢ # p results
of [Ven19] and also briefly the ¢ = p results of Schneider [Sch15al, Ollivier, and
Ronchetti.

In §7] we discuss the cohomology of locally symmetric spaces and the global
derived Hecke algebra. Then in §§ we explain Venkatesh’s motivic conjectures.

Finally, in §9] we formulate several open problems at the interface of derived
algebraic geometry and the Langlands program, which should have important con-
sequences.

1.5. Acknowledgments. We thank Henri Darmon, Dennis Gaitsgory, Soren
Galatius, Chandrashekhar Khare, Barry Mazur, Arpon Raksit, Victor Rotger, Ak-
shay Venkatesh, Jonathan Wang, Zhiwei Yun, and Wei Zhang for conversations
about this material and for collaborations which are discussed here. We thank
Gurbir Dhillon and the referees for comments and corrections on a draft.

A preliminary version of Appendix A was tested on MIT graduate students in
lectures by the first-named author in Spring 2022. We are grateful to the partici-
pants for their feedback.

TF was supported by an NSF Postdoctoral Fellowship under Grant No. DMS-
1902927.

2. A guide to derived algebraic geometry

2.1. What is derived algebraic geometry? Algebraic geometry is about
a theory of geometry for objects called schemes. These are geometric spaces built
locally out of pieces called affine schemes (much like how manifolds are built locally
out of pieces looking like Fuclidean space), which are governed by commutative
rings. Therefore, one could say that algebraic geometry is the study of geometry
built out of commutative rings.

In this vein, derived algebraic geometry is about a theory of geometry built out
of objects that we will informally call “derived commutative rings” for now. Derived
commutative rings are some sort of enhancement of commutative rings; they govern
what one might call “derived affine schemes”, which form the local building blocks
for derived schemes. Therefore, the passage from algebraic geometry to derived
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algebraic geometry mostly amounts to the passage from commutative rings from
derived commutative rings.

2.2. What are derived commutative rings? Let us caution at the start
that there are multiple different approaches to the notion of “derived commutative
ring”. All of them are quite technical, and so we will not go into the formal
definitions of any of them here. Instead, we will content ourselves with explaining
intuitions, analogies, and how we think about things in practice.

2.2.1. Simplicial commutative rings. For the bulk of these notes, our notion
of a “derived commutative ring” will be that of simplicial commutative ring. The
adjective “simplicial” can be thought of as synonymous to “topological”, so it is a
reasonable first intuition to think of a simplicial commutative ring as a topological
commutative ringﬂ

In particular, a simplicial commutative ring R has associated (abelian) homo-
topy groups mo(R), m1(R), m2(R), etc. These should be thought of as the homotopy
groups of the underlying “topological space” of R, but moreover the commuta-
tive ring structure on R equips 7, (R) with the structure of a graded-commutative
ring. Understanding this graded-commutative ring is an approximation to “under-
standing” R, in the same sense that understanding the usual topological homotopy
groups of a topological space is an approximation to “understanding” the space.

The technical definition of a simplicial commutative ring is quite involved, and
for this reason will be quarantined to Appendix [A] The main body of this text
is written to be comprehensible with the notion of “derived commutative rings”
treated as a black box, and it might be advisable to read it as such on a first pass.
We also remark that we will shortly (in change our terminology for derived
commutative rings from “simplicial commutative rings” to animated commutative
TiNgs.

2.2.2. Other models for derived commutative rings. We briefly mention other
possible models for “derived commutative rings” that are commonly encountered
in the literature.

e Commutative differential graded algebras (CDGAs). These are the most
concrete to define and write down “explicitly”. For example, it is rela-
tively easy to write down CDGAs by generators and relations, while any
such presentation would be too huge to write down for almost any simpli-
cial commutative ring. The crucial flaw of CDGAs from our perspective
is that they only lead to a functional theoryﬂ of derived commutative
rings over characteristic zero, while we definitely want to work integrally
or in characteristic p. However, in characteristic 0, CDGAs could be used
just as well as simplicial commutative rings.

o E-algebras. Roughly speaking, an E-algebra is a ring with whose
multiplication is commutative up to homotopy coherence. The precise
definition of E,-algebras requires even more homotopy theory than that
of simplicial commutative rings. In practice, they are typically more
relevant for homotopy theory than algebraic geometry. It is true that

20ne reason we avoid working literally with topological commutative rings, which of course
are well-defined mathematical concepts, is that we want to rule out “pathological” topological
spaces. So a more refined slogan for “simplicial” might be “topological and nice”.

3By this, we mean that there does not exist a model category or oo-category of CDGAs
outside characteristic zero.
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E lead to a functional theory in all characteristics and could be used
just as well as simplicial commutative rings in characteristic zero, but
away from characteristic zero they have different behavior which seems
to be less relevant for us.

2.2.3. The category of derived commutative rings. For the purposes of moduli
theory, it is not the notion of a simplicial commutative ring itself which is essential,
but the correct notion of its ambient category. In terms of the intuition for simplicial
commutative rings as being like topological commutative rings, what we would like
to do is to take the category of topological commutative rings up to homotopy
equivalence; informally speaking, we want to regard “homotopic” things as being
equivalent.

For this discussion, we would like to make an analogy to the following objects:
abelian groups, complexes of abelian groups, and the derived category of abelian
groups. In our analogy a commutative ring is parallel to an abelian group. To “de-
rive” functors on the category of abelian groups, one considers “simplicial abelian
groups” and the category of such is equivalent to the category of connective chain
complexes. However, for many purposes (such as in defining derived functors), one
is not really interested in the category of abelian groups but rather the derived
category of abelian groups. Informally, one can construct this category so that
the objects are chain complexes, and then the morphisms are obtained from the
morphisms among chain complexes by inverting quasi-isomorphisms.

Simplicial commutative rings are parallel to chain complexes of abelian groups.
The category we are really after, called the co-category of simplicial commutative
rings, is not the literal category of simplicial commutative rings but rather a cate-
gory obtained from this by inverting “weak equivalences”, which should be thought
of as the analogue of quasi-isomorphisms between simplicial commutative rings.

Following terminology proposed by Clausen, and explained formally in [vS24!
§5.1], we will refer to the desired category from the previous paragraph as the cate-
gory of animated commutative rings, and we will use “animated commutative ring”
when thinking of objects of this category. Thus, an animated commutative ring is
the same object as a simplicial commutative ring, but the terminology connotes a
difference in the ambient category implied, hence also in the notion of (iso)morphism
between such objects. For example, isomorphisms of animated commutative rings
correspond to what might be called “quasi-isomorphisms” of simplicial commutative
rings, compared to a stricter notion of isomorphisms between simplicial commuta-
tive rings that is defined in the Appendix.

We should remark that the concept of “animated commutative ring” is not new,
but has traditionally just be treated under the name “simplicial commutative rings”
in the literature. More recently, it has become more common (at least, in the areas
that this survey touches upon) to use the terminology of animation to distinguish
the oo-categorical version. Animation works more generally for other algebraic
structures as well, such as abelian groups, where it reproduces an equivalent notion
to that of (connective) chain complexes.

2.3. Visualizing derived schemes. In algebraic geometry, one learns to
think about commutative rings geometrically. For example, in introductory text-
books on scheme theory (such as [Vak24]|, whose §4.2 is the inspiration for the title
of this subsection), one learns that non-reducedness of a ring — which at first seems
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“ungeometric” because it is invisible at the level of field-valued points — can be pic-
tured geometrically as “infinitesimal fuzz”. In other words, one visualizes Spec R
as an infinitesimal thickening of Spec Ryeq. In this subsection, we will explain how
one can similarly visualize a derived scheme as a type of infinitesimal thickening of
a classical scheme. The guiding slogan is:

The relationship between derived schemes and classical schemes
is analogous to the relationship between (classical) schemes and
reduced schemes.

Let us first explain the formal similarities. A scheme has an “underlying re-
duced” scheme, whose formation is functorial and defines a right adjoint functor to
the inclusion of the category of reduced schemes into the category of all schemes.

XX

m

(2.3.1) {schemes} {reduced schemes}

\/’

Y—Yiea

At the level of rings, the formation of underlying reduced scheme corresponds lo-
cally to quotienting a ring by its nilradical, and this is left adjoint to the forgetful
functor including the category of reduced commutative rings into the category of
all commutative rings.

R~ R/Nil

T

(2.3.2) {commutative rings} {reduced commutative rings}

\/

S-S

Now let us explain the analogous picture for animated commutative rings. Any
commutative ring R can be viewed as an animated commutative ring R, intuitively
by “equipping it with the discrete topology”. Then mo(R) = R, while m;(R) = 0 for
¢ > 0. This induces a fully faithful embedding of the category of commutative rings
into the category of animated commutative rings, and in particular justifies the per-
spective that animated commutative rings form an “enlargement” of commutative
rings.

On the other hand, for any animated commutative ring R, its Oth homotopy
group mp(R) has a natural commutative ring structure. These functors fit into an

adjunction analogous to (2.3.2)):

RHﬂ'(} (R)

/\

(2.3.3) {animated commutative rings} {commutative rings}

\/

R+R

This construction glues, so that any derived scheme Y has a classical truncation
Y., whose formation is functorial and defines a right adjoint to the functor from
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schemes to derived schemes:
X+—X

/\

(2.3.4) {derived schemes} {schemes}

~_

YD—)YCI

Analogously to (2.3.1), one can visualize a derived scheme as a classical scheme
plus some “derived infinitesimal fuzz”ﬁ

Example 2.3.1. We have not defined the étale site of a derived scheme, but
just as the étale topos of a scheme is isomorphic to that of its underlying reduced
scheme, it turns out that the étale site of a derived scheme is isomorphic to that
of its classical truncation. This further supports the analogy between derived and
non-reduced structure.

Going forward we will use calligraphic letters such as A, B, R for simplicial com-
mutative rings, and Roman letters such as A, B, R for classical commutative rings.
By the above remarks, we may regard classical commutative rings as animated
commutative rings, but we still prefer to use this convention to emphasize that an
animated commutative ring comes from a classical commutative ring. Similarly, we
use roman letters like M or M for classical moduli spaces, and calligraphic letters
like M for derived moduli spaces.

2.4. Characteristics of simplicial commutative rings. We would like to
make some remarks about how to represent the datum of an animated commutative
ring. In terms of the intuition for an animated commutative ring as a “topological
commutative ring up to homotopy”, it is natural to compare this question to that of
representing the datum of a topological space up to homotopy. A topological space
is a kind of amorphous object, but algebraic topology furnishes two approaches
to measuring it by algebraic invariants: homotopy groups, and (singular) homol-
ogy groups. We shall explain two parallel invariants for “measuring” animated
commutative rings: homotopy groups, and the cotangent complex.

2.4.1. Homotopy groups. An animated commutative ring R has a sequence of
homotopy groups mo(R), 71 (R), ..., which are all abelian groups. Furthermore, the
multiplication on R equips

T (R) := ED mi(R)
i=0

with the additional structure of a graded-commutative ring. The construction is
detailed in Under our intuitive analogy of an animated commutative ring
being like a topological commutative ring, you can think of 7.(R) as being the ho-
motopy groups of the underlying topological space, with the ring structure induced
by the multiplicative structure of R.

Example 2.4.1. If R comes from a topological commutative ring, then 7. (R)
agrees with the graded-commutative ring of homotopy groups (defined in the usual
topological sense) of the topological commutative ring (with respect to the base-
point at the zero element).

4One difference in practice is that “derived fuzz” can carry negative (virtual) dimension. This
is analogous to how the natural extension of dimension to complexes is the Euler characteristic,
which can be negative.
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For a topological space X, the homotopy groups of X are a good measure for
“understanding” X itself. For example, if X and X’ are “nice” topological spaces
then a morphism f: X — X’ is a homotopy equivalence if and only if it induces a
bijection on m; for all ¢, suitably interpreted to account for connected components.

Similarly, we regard m;(R) as a good approximation to “understanding” an
animated commutative ring R. In particular, a morphism of animated commutative
rings f: R — R’ is an isomorphism if and only if it induces a bijection on m; for
all 7.

2.4.2. Cotangent complex. Let f: A — B be a morphism of classical commu-
tative rings. Then there is a cotangent complex Ly, defined in [III71), TII72], which
was originally introduced for applications to deformation theory. For our purposes,
we regard Ly as an animated B-module. We do not give the definition here be-
cause it requires a significant amount of development; Appendix [A] gives a quick
introduction to the cotangent complex and its applications. More generally, if f is
a morphism of schemes, or derived schemes, or even “nice” stacks, then it has a
cotangent complex L.

If A =7, we write Lp for the cotangent complex of B with respect to the
unique map from Z. More generally, for a scheme X (or derived scheme, or “nice”
stack) we write Lx for the cotangent complex of the unique map X — Spec Z.

Example 2.4.2. Let f: A — B be a morphism of commutative rings and A
A a square-zero thickening with ideal I (i.e., I? = 0). Let J = I ® 4 B. We consider
ﬁ—algebra deformations of B, i.e. flat ﬁ—algebras B such that B ® I /Nl/I S BTt
is explained in that this deformation theory problem is “controlled” by Ly,

in the sense that:

e There is a class obs(I) € Ext% (L, J) which vanishes if and only if such
a deformation B exists. B

o If obs(I) = 0, then the set of deformations B has the natural structure
of a torsor for Extp(Ly, J).

e The automorphism group of any deformation B is naturally isomorphic
to Ext(Ly, I) & Homp(Qy, I).

Example 2.4.3. If f is smooth, then L; has cohomology concentrated de-
gree 0, i.e., is represented by a B-module, which is none other than the Kahler
differentials Qp ;4.

In fact, the construction of the cotangent complex uses simplicial commutative
rings, and was one of the earliest applications for this theory. Roughly speaking,
the idea is that when B is not smooth over A then one “resolves” B by a smooth
simplicial A-algebra, and forms the Kéhler differentials of this resolution. This is
reminiscent of how one defines derived functors in homological algebra, by replacing
inputs with “resolutions” by certain types of chain complexes with good properties.
While chain complexes only makes sense for objects of abelian categories, simplicial
objects make sense in much more generality.

Example 2.4.4. Given a sequence of maps

h

7

Al p 93¢
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with h = g o f, we get an exact sequence
Q@ C — Qp — Qg — 0.

This will extend to an exact triangle (in the derived category of C-modules) of
cotangent complexes

L +1
Lf®BC—>Lh—>Lg—>
which in particular gives a long exact sequence in cohomology,
o= HYLy) = H HLy) = Q@ C — Q) — Qy — 0.

It was arranged by definition that a morphism of animated commutative rings
is an isomorphism if and only if it induces an isomorphism on homotopy groups is
an isomorphism. By contrast, it is a priori unclear “how much” information the
cotangent complex carries. It turns out that it carries “all” the information of the
derived structure. This is made precise by the following lemma of Lurie:

LEMMA 2.4.5 ([Lur04, Corollary 3.2.17]). Suppose a morphism of simplicial
commutative rings f: A — B induces an isomorphism on wy and an isomorphism
Li®4B = Lg. Then f is an isomorphism.

We will not give the formal argument for Lemma [2.4.5] but we will sketch the
intuition. From a functor of points perspective, what we have to show is that f
induces an equivalence between morphisms to an arbitrary simplicial commutative
ring from A and from B. As discussed in an arbitrary simplicial commutative
ring can be thought of as a “derived nilpotent thickening” of its classical truncation.
Since morphisms to a classical ring are controlled by my, the morphisms to any
classical ring from 4 and B are identified by f. Then, by (a generalization of)
Example morphisms to a derived nilpotent thickening of a classical ring are
controlled by the respective cotangent complexes, which are again identified by f.

Remark 2.4.6. We regard the cotangent complex as a “homology theory” for
simplicial commutative rings. From this perspective, Lemma [2.4.5|is analogous to
the Hurewicz theorem, which says that for “nice” spaces, it is equivalent for a map
to induce a bijection on homotopy sets and homology groups.

2.4.3. Tangent complex. Suppose f: A — B is a morphism of animated com-
mutative rings whose cotangent complex Ly is perfect as an animated B-module.
This means that L can be locally represented by a finite complex of free B-modules.
Then we define the tangent complex of f to be Ty = RHomp(Ly, B), the (derived)
dual of the cotangent complex.

This construction can be globalized: if f: Y — X is a morphism of (derived)
schemes (or nice stacks, so that Ly exists) such that Ly is perfect over Oy, then
we define Ty := RHomy (L, Oy).

2.5. Examples of derived schemes. Affine derived schemes are anti-equivalent
to animated commutative rings. For an animated commutative ring A, we write
Spec A for the corresponding affine derived scheme. General derived schemes are
glued from affine derived schemes, analogously to how schemes are glued from affine
schemes. We will now give some examples of natural constructions which lead to
derived schemes in practice.
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2.5.1. Derived fibered products. Even when starting out with purely classical
schemes, derived schemes arise naturally through the derived fibered product oper-
ation.

The classical avatar of this operation is the usual fibered product of a two
morphisms of schemes X — Z and Y — Z. The resulting fibered product X xz Y
is characterized by a universal property among schemes with maps to X and Y,
such that the composite maps to Z agree. It is built affine-locally by the tensor
product operation on commutative rings.

Similarly, the derived fibered product, which we also sometimes call the homo-

topy fibered product X Q z Y, is characterized by an analogous universal property.
It can be built affine-locally by the derived tensor product operation on animated
commutative rings (see below). More generally, the same considerations allow to
construct the derived fibered product of derived schemes.

Given morphisms of animated commutative rings C — A and C — B, the

derived tensor product A éc B can be characterized by its universal property as
the coproduct of A and B in the category of animated C-algebras. An explicit model
can be built in terms of simplicial commutative rings, by choosing “resolutions” of
A and B as C-algebras; this is explained in In particular, this explicit model

L
shows that the homotopy groups of A ®c B are the Tor-groups,
L
(2.5.1) m:(A ®¢c B) = Torl (A, B);

L
although (2.5.1) does not illuminate the multiplicative structure on m,.(A ®¢ B),
so it really only encodes information about the underlying animated abelian group

L h
of A ®c B. From (2.5.1]), we see that the derived fibered product X xz Y of
classical schemes is classical if and only if Ox and Oy are Tor-independent over
Oyz. In particular, this holds if either X — Z or Y — Z are flat.

Example 2.5.1. The derived fibered product interacts well with formation
of (co)tangent complexes, which is actually a technical advantage of working in
derived algebraic geometry. More generally, a slogan is that “formation of tangent
complexes commutes with homotopy limits”. In particular, we have that

Trx,y ZFib(Tx|lrxzy @ Tylxxzy = Tzlrxzy),

with the fiber formed in the derived category of quasicoherent sheaves on X xz ).

2.5.2. Derived vector bundles. Let X be a proper variety over a field k and £
a locally free coherent sheaf on X. Consider the functor sending S € Sch/, to the
space of global sections of £ on Xg; it is represented by H(X, €) = H(X, &)@, A},
the k-vector space H(X, £) regarded as an affine space over k. It can be described
as Spec (Sym H°(X, £)*) where H°(X, €)* is the dual of H(X, &) over k.

A perspective one learns in homological algebra is to view HY(X, &) as the
zeroth cohomology group of a complex RI'(X, £), whose higher cohomology groups
are H' (X, €) for i > 1. Analogously, there is a derived affine scheme

RI(X, &) = “Spec (Sym RI(X, €)*)",

whose classical truncation is H°(X,&). This represents the functor which, infor-
mally speaking, sends a derived scheme S to RI'(Xg, ). What we have seen here
is that derived algebraic geometry allows us to construct derived schemes which
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extend classical moduli of global sections in the same way that derived functors
extend classical global sections. Now, we have put quotations in the formula above
because we have not explained what it means to take the symmetric power of an
animated k-module. It can be characterized as the left adjoint to the forgetful
functor from animated commutative k-algebras to animated k-modules.

Remark 2.5.2 (Derived vector bundles). More generally, one can perform
an analogous construction “relative to a base”: given a perfect complex K (of
quasicoherent sheaves) on a (derived) stack S, one can form a “total space” Totg(K)
as a derived stack over S. Such constructions are called derived vector bundles in
[FYZ23], since they generalize vector bundles, which are the total spaces arising
in the special case where K is a locally free coherent sheaf (viewed as an perfect
complex concentrated in degree 0).

Example 2.5.3. Let S = Bun,,, the moduli stack of rank n vector bundles on
smooth projective curve C'. Consider the space M — S, with R-points the groupoid
of rank n vector bundles F on C plus a global section of F. Although the fibers of
M — S are vector spaces, the morphism M — S is not even flat, since the fibers
have different dimensions (even when restricted to connected components of the
base). This is because F — HY(F) behaves “discontinuously”, e.g., the dimension
of HO(F) varies discontinuously with JF.

However, the perfect complex RI'(F) behaves “continuously”, e.g., the Euler
characteristic of RI'(F) varies continuously with F. This foreshadows the fact that
we can assemble RT'(F) into a perfect complex on S, whose total space M — S has
classical truncation M — S and whose derived fiber over F is the derived scheme
RT'(F) in the above sense. This M is a variant of the “derived Hitchin stacks” to
be discussed in §3] and §4]

2.5.3. Derived moduli spaces. Perhaps the most interesting examples of derived
schemes (or stacks) are derived moduli spaces. The entirety of §3|is devoted to such
examples, so let us just give a brief teaser here. The idea here is that one begins with
a classical moduli space, which by definition is a functor defined on commutative
rings, satisfying appropriate descent conditions. Then one finds a way to possibly
reformulate the moduli problem so that it makes sense on animated commutative
rings as well, and in general outputs anima (i.e., animated sets) instead of sets.
The representing object is called a derived moduli space. We shall see later some
of the benefits of promoting moduli spaces to derived moduli spaces.

2.6. Quasismoothness. In this subsection, we define a property of mor-
phisms of derived schemes which is called quasismoothness, which turns out to
play a very important role in derived algebraic geometry. It is the derived general-
ization of a local complete intersection morphism. For motivation, we recall what
this means:

Definition 2.6.1. Let A be a noetherian ring and f: A — B be a finite type
morphism. We say that f is a local complete intersection (LCI) if it is Zariski-
locally on A the composition of a map of the form A — A[z,...,x,] followed by
a quotient by a regular sequence.

Local complete intersections admit a clean characterization in terms of the
cotangent complex.
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THEOREM 2.6.2 (Avramov, [Avr99]). Let f: A — B be a homomorphism of
Noetherian rings. Then f is LCI if and only if Ly is represented by a complex with
cohomology concentrated in degrees [—1,0].

Definition 2.6.3. A morphism f: A — B of animated commutative rings is
quasismooth if Ly has tor-amplitude in [—1,0], i.e., is Zariski-locally on B rep-
resented by a complex of vector bundles in degrees —1,0. (Here we are using
cohomological indexing.)

More generally, a morphism f: X — ) of derived stacks is quasismooth if Ly
exists and has tor-amplitude in [—1,00), i.e., is locally represented by a perfect
complex of vector bundles in degrees [—1, n] for some n < co.

If f is quasismooth, then we define the relative dimension of f to be x(Ly).

Theorem explains why we say that quasismoothness is a derived gen-
eralization of “LCI”. This property enables certain important constructions, for
example the construction of “Gysin pullbacks” in intersection theory. Moreover,
there is a sense in which it is more common to encounter quasismooth morphisms
than LCI morphisms in nature; this is actually one of the main motivations for the
entrance of derived algebraic geometry into enumerative algebraic geometry. For
example, once one knows the definitions it is easy to show:

PROPOSITION 2.6.4. Quasismooth morphisms are preserved by compositions
and derived base changes.

By contrast, note that LCI morphisms are not preserved by base change.

Example 2.6.5. Any finite type affine scheme can be realized as the classical
truncation of a quasismooth derived affine scheme, for trivial reasons. Indeed,
given any choice of presentation R = Z[x1,...,2,]/(f1,.., fm), the derived fibered
product of the diagram

Spec Z[xy,. .., Ty

(s

Spec Z —2— Spec Zy1,- - Ym]

has classical truncation isomorphic to Spec R. This shows that the property of
being quasismooth imposes no restriction on the underlying classical truncation.

If f: X — Y has a tangent complex Ty, then it can be used to reformulate
quasismoothness: f is quasismooth if and only if T is represented by a perfect
complex with tor-amplitude in (—oo, 1].

Example 2.6.6. By Example a derived scheme which is Zariski-locally
isomorphic to a derived fibered product of smooth schemes is quasismooth. The
converse is also true.

3. Derived moduli spaces related to the Langlands program

The relevance of derived algebraic geometry in the Langlands program is through
derived moduli spaces. In this section we will give an overview of some examples,
discuss how to think about them, and hint at why they are useful.
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3.1. The hidden smoothness philosophy. Historically, the notion of de-
rived moduli spaces was anticipated in 1980s, even before the advent of derived
algebraic geometry, by Beilinson, Deligne, Drinfeld, and Kontsevich. They em-
phasized a principle called the hidden smoothness philosophy, which predicts that
natural moduli spaces should have derived versions which are quasismooth (and of
the “expected dimension”).

The backdrop for this principle is that in certain areas of classical algebraic
geometry, one frequently encounters classical moduli spaces — that is to say, moduli
functors represented by classical schemes or stacks — which are not LCI or have the
“wrong” dimension. In such situations, the hidden smoothness philosophy predicts
that these are the classical truncations of derived moduli spaces which do have the
“correct” geometric properties. It can then be useful to find the definition of these
derived enhancements. In this section we will discuss derived moduli spaces from
this perspective: what to look for when trying to “upgrade” a classical moduli space
to a derived one. Subsequent sections will (hopefully) illustrate why this might be
a useful thing to do.

As far as we know, the motivations for the hidden smoothness philosophy are
empirical, and we will try to illustrate it through examples.

Example 3.1.1 (Moduli of Betti local systems). Let us begin by brainstorming
informally about a somewhat older example in derived algebraic geometry, which
has relevance for example in (Betti) Geometric Langlands [BZN18]: the moduli
space of (Betti) local systems on a smooth projective (connected) curve C/C of
genus ¢g. After choosing a basepoint, one could view a Betti local system as a
representation of the fundamental group of C. There is a more canonical way to
phrase things without choosing a basepoint, but for concreteness we make such a
choice ¢y € C, and then 71(C, ¢p) has a standard presentation

g
(3.1.1) m(Cyco) = {ar, ..., ag,b1,... bg: [[lai,bi] =1).
i=1
This presentation suggests a reasonable guess for how to write down the moduli
space of rank n (Betti) local systems of C, as a fibered product

GL%
(3.1.2) lnle[xi,yi]
e — GLn

quotiented out by the conjugation action of GL,,. Since all the spaces in the diagram
(3.1.2) are smooth (and in particular the bottom horizontal arrow is a regular
embedding), it suggests that the moduli space of local systems might be a local
complete intersection, of dimension equal to 2¢g dim GL, —2 dim GL,,. This turns
out to not always be the case, however, because a regular sequence cutting out
{e} = GL,, does not always pull back to a regular sequence in GL2.

However, if instead of taking the fibered product of diagram in classical
schemes, one takes the derived fibered product, then by Example [2.6.6] the resulting
derived scheme is quasismooth and has the “expected” dimension 2(g—1) dim GL,,.

The Hidden Smoothness philosophy it justified in many examples by the fact
that one can find natural (local) presentations for naturally occurring moduli spaces,
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similar to (3.1.2). More precisely, the quasismoothness and dimensionality condi-
tions are suggested by deformation theory, as shall be explained below.
This section explains heuristics for how to solve the following problem:

Given a classical moduli space M, find the “correct” derived
moduli space M of which it is a classical truncation.

By definition, a classical moduli space is a type of functor defined on the category
of commutative rings, while a derived moduli space is a type of functor on the
category of simplicial commutative rings, so the content of this problem is one of
extending the domain of definition for the functor in a “good” way. (The target
should also be extended, from sets or groupoids to simplicial sets.) In analogy to
the notion of derived functors, we will informally call this problem “deriving the
classical moduli space M”.

Of course, this problem is extremely ill-defined: a given classical moduli space
can be realized as the classical truncation of many different (quasismooth) derived
moduli spaces (see Example , just as a given reduced scheme can be realized
as the underlying reduced of many different schemes. Therefore, what we mean
by “correct” derived moduli space is heuristic, and is dictated by the needs of the
particular problem at hand. In practice, the problem may be rigidified by the
desired to obtain a quasismooth M, or even to obtain an M with a particular
tangent complex.

In this section we will describe certain patterns and heuristics for how this
process tends to be carried out in practice. We will illustrate it through two main
examples: the derived Galois deformation rings of Galatius-Venkatesh [GV18|,
and the derived Hitchin stacks of Feng-Yun-Zhang [FYZ21].

3.2. Heuristics for derived moduli spaces. Suppose that we begin with
certain classical moduli space M, which we wants to promote to a derived moduli
space M. The following outline describes the most standard pattern for finding the
“correct” derived enhancement M.

Suppose that we are in the following situation:

e The tangent space to M at a point m € M can be calculated, and has
some interpretation as a natural cohomology group. Furthermore, the
automorphisms lie in a “previous” cohomology group, and obstructions
lie in the “next” cohomology group.

Then we should try to construct M so that its tangent complex (cf. is the
cohomology complex computing the cohomology groups from the bullet point.

We will give some explicit examples to make this concrete. Before that, how-
ever, we will discuss heuristics for when this process is unnecessary.

3.2.1. Heuristics for classicality. In this subsection we give some guiding prin-
ciples for when one expects to find a derived enhancement which is not represented
by a classical scheme or stack. The basic philosophy is captured by the following
slogan.

Slogan. If a moduli space is LCI of the “correct” dimension,
then it does not need to be derived.

The notion of “correct” dimension is itself heuristic, and might arise from
an intersection-theoretic setup such as in (3.1.2), or from calculating the Euler
characteristic of the expected cotangent complex.
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A little more precisely, the statement that a moduli space “does not need to be
derived” means that the “correct” derived moduli space should just be isomorphic
to its classical truncation.

The basis for this principle is as follows. Suppose M is a derived scheme with
classical truncation M <— M. Following the Hidden Smoothness philosophy, we
suppose that M is quasismooth of the “correct” dimension, which at m € M is the
Euler characteristic of the cotangent complex at m, x(Lat,m)-

LEMMA 3.2.1. The canonical map t: M — M induces an isomorphism H®(1* L) —
H°(Lyp) and a surjection H=1(1*Liag) — H~Y(Layy).

We will not give a proof of Lemma which one can find in [GV18| §7.2],
but we will at least give some intuition for it. At the level of simplicial commutative
rings, classical truncation is implemented by adding simplices in degrees > 2 to “kill
off” higher homotopy groups. In topology, the Hurewicz theorem says roughly that
a map of topology spaces induces an isomorphism of low-degree homotopy groups
if and only if it induces an isomorphism of low-degree homology groups. Lemma
follows from an analogous estimate for simplicial commutative rings.

Remark 3.2.2. There is a variant of Lemma[3.2.1] when M is a derived stack,
which says that the map ¢*L s — Ly induces an isomorphisms on degrees > 0 and
a surjection in degree —1.

Now, suppose that M is LCI of the “correct” dimension, which we take to mean
X(Lat). Then the cotangent complex of M has tor-amplitude in [0, —1] by Theorem
2.6.2| and its Euler characteristic is the same as that of L. Then Lemma [3.2.1
forces t*Liaq — Ly to be an isomorphism, and then Lemma [2.4.5] implies that the
map M — M is itself an isomorphism.

We have not turned the above argument into a general formal statement, since
the “correct” dimension is determined heuristically. The dimension used in the
proof is x(La), but this is circular as it presupposes the existence of M. In prac-
tice, “correct” is determined by success in applications. We caution that examples
do come up “in nature” where M is LCI (or even smooth) but not of the “correct”
dimension, such as the derived Galois deformation rings (with crystalline condi-
tions) studied in [GV18].

Remark 3.2.3. In practice, it can be difficult to verify that a moduli space
M is LCI of the correct dimension, unless M is furthermore smooth of the correct
dimension. This is because the cotangent complex of M is typically not easy to
compute, unless the obstruction group vanishes (so that it is a just a sheaf, in which
case M is smooth). By contrast, for a derived moduli space M, the cotangent
complex can usually be described concretely because it has an interpretation in
terms of “higher derived dual numbers”; see for more discussion of this.

3.2.2. Running examples of classical moduli spaces. In the outline at the be-
ginning of we said:
One begins with a certain classical moduli space M, which one
wants to promote to a derived moduli space M.

We list some examples below, which will serve as running illustrations that we will
return to repeatedly.
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Example 3.2.4 (Moduli of Betti local systems). Let C' be a smooth projective
curve of genus g and G a reductive group over C. Motivated by Example [3.1.1
we define the moduli stack of Betti G-local systems on C to be the stack Mgetti
obtained by taking the fibered product

Mgettl,D G29

(3.2.1) i Jl_[ﬁ’zl[wuyi]
e — (G

and then defining ME™ = Mgetti’lj /G to be the quotient by the conjugation
G-action.

This moduli space is the subject of the “spectral side” of the Betti Geometric
Langlands conjecture, which was proposed by Ben-Zvi — Nadler [BZN18].

Example 3.2.5 (Global unrestricted Galois deformation ring). Let F be a
global field and O C F its ring of integers. Let S be a finite set of primes of
Op and Op[1/S] be the localization of Op at S. Let G be a split reductive group
and m1(Op[1/S]) — G(F,) be a Galois representationﬂ We define the (global
unrestricted) Galois deformation functor of p to be the stack Mgal on the category
of Artinian Z,-algebras A equipped with an augmentation A % F,, with A-points
being the groupoid of lifts p: 7 (OFp[1/S]) — G(A) which are sent to p by the
augmentation €, as in the diagram below:

G

(A
(3.2.2) / l
F

m1(OF([1/S]) —— G(Fy)

Such deformation functors were introduced by Mazur in [Maz89], and are at the
foundation of the automorphy lifting theorems pioneered by Taylor-Wiles; see the
article of [CS23] for more about this. (Here “global” refers to that we are look-
ing at representations of the fundamental group of a ring of S-integers in a global
field, while the “unrestricted” refers to that we have not imposed any local con-
ditions, which we would eventually want to do for applications to the Langlands
correspondence.)

)

Remark 3.2.6. The need for Mgal to be derived depends subtly on F' and
on G. We assume that p is absolutely irreducible and odd (meaning that the trace
of all complex conjugations is minimal — see [Gro]). For example, if F' = Q, and
G = GL;, GL; then one does not expect any interesting derived enhancement, while
if G = GL3,GLy, ... then one does. If F' is a number field that is not totally real
and G is semisimple, then Mgal should be derived, whereas if F' is a function field
then ME! need not be derived for any G by [dJ01}, [Gai07]. We mention finally
that if G = GL; (and p # 2), then MS?! should be derived unless F = Q or a
quadratic imaginary field; this will be discussed more in Example [5.5.1

Example 3.2.7 (Local unrestricted Galois deformations). Below we will dis-
cuss deriving (unrestricted) Galois deformation functors of global fields. One could
also ask whether (unrestricted) Galois deformation functors of local fields should

5We suppress the choice of basepoint; for a better perspective see 5
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also be derived. It turns out that one can prove that these are always LCI of the
correct dimension, so that this is unnecessary. See [DHKM20] for the £ # p case,
and [BIP23] for the ¢ = p case. By contrast, the question of whether local defor-
mation functors with conditions should be derived is unclear at present, and seems
to be an important problem for the future of derived Galois deformation theory;
this is discussed more in §9.1]

Example 3.2.8 (Hitchin stacks). Let C be a smooth projective curve over F,
of characteristic p > 2. For integers m,n > 0, we define the Hitchin stack Mf}j}gh
to be the stack over F, with R-points being the groupoid of tuples (€1, &2, F, t1,t2)
where

e &; is a rank m vector bundle on Cr = C Xgpec 1 Spec R,

e F is a rank n vector bundle on Cg

e t; € Hom(&;, F) and t € Hom(F, &) where £ = £5 ® we is the Serre

dual of &;.

This is the specialization of the unitary Hitchin spaces M from [FYZ24|, [FYZ21]
to the “split case”, where the unitary group is split. It was introduced in order to
analyze special cycles on moduli stacks of shtukas, which feature into a function
field version of arithmetic theta series[f]

3.2.3. Hints from deformation theory. We now suppose the classical moduli
space M to be given. Next, in §3.2] we said:

The tangent space to M at a point m € M can be calcu-
lated, and has some interpretation as a natural cohomology
group. Furthermore, the automorphisms lie in a “previous”
cohomology group, and obstructions lie in the “next” coho-
mology group.

We will now explain this. The point is that the tangent space to M at m € M
has a “concrete” description in terms of first-order deformations, by virtue of the
definition of M as a moduli space, and the interpretation of the tangent space in
terms of dual numbers.

Example 3.2.9 (Moduli of Betti local systems). Continuing the notation of
(3.2.4), let L be a (Betti) G-local system on C. We may regard L as a C-point of
MEett Then the tangent space to MES*™Y at L is H!(m1(C), g1) where g1, := Lx%g
is the local system on C obtained by taking the quotient of L x g by the diagonal
G-action. This local system is also sometimes denoted Ad L or gy. Furthermore,

e The automorphisms of L may be canonically identified with H° (71 (C), g1.),
and

e One can show that the obstruction to first-order deformations lie in
HQ(Wl(C),gL).

Example 3.2.10 (Global unrestricted Galois deformations). Continuing the
notation of Example view p as an F,-point of M&2!. Then the tangent space
to M&* at p is H'(m1(Or[1/S]), g5), where g5 has underlying vector space gg, with
the action of m1 (Op[1/S]) being through p: m1(Or[1/S]) — G(F,) and the adjoint
action of G(F,) on gg,. Furthermore,

6The spaces MILth are not the spaces of Higgs bundles which were originally studied by

Hitchin, but are other instances of a similar construction that has risen to importance in auto-
morphic representation theory — see [Yunl8l, FW24| for more discussion.
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e The automorphisms of p may be canonically identified with H° (71 (Op[1/5]), g5),

and
e One can show that the obstructions to first-order deformations lie in
H?(m1(OF[1/95]), 95) [Maz89, Proposition 2].

Note the similarity to Example [3.2.9

Example 3.2.11 (Hitchin stack). Continuing the notation of Example
let (51,52,]:,t1,t2) S M%lfrfh(k‘) for a field k/Fq Let T(gl,gz,]:,tl,tg) be the
complex

End(&1) @ End(&) @ End(F) % Hom(&;, F) & Hom(F, £Y)

where the left term lies in degree —1, the right term lies in degree 0, and the differen-
tial sends (Al, AQ, B) € End(é'l) @End(f,‘g) @End(]-') to (Btl 7t1A1, Agtg — tQB) S
Hom(&1, F) ® Hom(F, ). Then the tangent space to MIL'! at (€1, &, F, t1,t2)
may be canonically identified with H'(Cy, T(E1, &, F,t1,t2)). Furthermore, as
shown in [Ngol0| §4.14],

e The automorphisms of (&1,&s,F,t1,t2) may be canonically identified
with HO(Ok, T(51, &, Foty, tg)), and

e The obstruction to first-order deformations lies in H2(Cy, T(&1, Ea, F, t1,12)).

3.2.4. Construction of derived moduli stacks. At this point we have our classical
moduli space M together with a candidate guess for the (co)tangent complex of the
derived moduli stack M. Finally, in we said:

One then tries to construct M so that its tangent complex
is the cohomology complex computing the cohomology groups
from the previous step.

We will illustrate how this plays out in our running examples.

Example 3.2.12 (Derived moduli of Betti local systems). We continue the
notation of Example [3.:2.10] In fact, there is already a subtle wrinkle here: the
cohomology groups in Example were group cohomology of 71 (C) with co-
efficients in a local system gr. The only dependence of this on C is through its
fundamental group m1(C), which can be viewed as capturing the information of
the Postnikov truncation 7<;C, but the right thing to do is to incorporate the
whole “homotopy type” of C. This means that we want the tangent complex at
the local system L to be the cohomology complex RIgett;(C, gr[1]) rather than
R group (71(C), 92 [1).

Let us briefly discuss the difference between these two objects. We have

H°(C,gr) = H(m1(C), g1)

and
H'(C,gr) = H' (m1(C),01)

so the difference lies in H?. Furthermore, if C' has genus ¢ > 1 then in fact C is
a K(m1(C),1), so that RI'Betti(C, gr.[1]) = R group(m1(C), gr[1]). Therefore this
distinction only arises (among smooth proper complex curves) in the case where
C = P!. In that case 7 (C) is trivial, so the group cohomology is trivial. However,
the higher Betti cohomology of P! is non-trivial (note that L is necessarily “the”
trivial local system, since 7 (P1) = 0).
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One way to construct the desired derived moduli stack MB°" is to take the
derived fibered product of , and then quotient out by the (diagonal) conju-
gation action of G. To calculate the tangent complex of the resulting object, use
that the formation of tangent complex respects homotopy limits (Example ,
and the presentation of the homotopy type of C(C) as the homotopy pushout

St —— VP, (SY)

(3.2.3) l l

pt —— C(C)

Note that for g = 0, where C' = P!, our presentation of Mgem is the derived
self-intersection of the identity in GG, quotiented by G. This has dimension —2 dim G.
The classical truncation of MEe is simply MEe*"M = [Spec C]/G, reflecting that
there is a unique local system on P! (the trivial one). A more naive attempt to
upgrade ME°t to a derived moduli space, with tangent complex RI' (71 (C), g1 [1]),
would have simply produced [Spec C]/G, which is still quasismooth but has the
wrong dimension — dim G.

Note that the description of the tangent complex of Mg as the perfect
complex isomorphic to RI'petti(Cr, gL[1]), functorially in L € MEC(R), shows
that Mg‘mi is quasismooth, since C' has Betti cohomological amplitude in [0, 2].

Example 3.2.13 (Derived global unrestricted Galois deformations). We con-
tinue th e notation of Example [3.2.10] The calculations of Example [3.2.10] sug-
gest that we should look for a derived stack Mgal whose tangent complex at
p € ME*(R) should be isomorphic naturally in R to RI'(m1(Or[1/S]), g,[1]). Note
that one might expect, based on Example that this answer should be ad-
justed to RI«;(Op[1/5], 95(1]). It may indeed be better to think of the latter as
the “right” answer, but the ring of S-units in a global field is an “étale K(m,1)”,
so that the two always coincideﬂ

The desired M &2 is the derived Galois deformation functor of Galatius-Venkatesh.
We will not give its construction right now; that requires a bit of digression into ho-
motopy theory. Morally, one wants to define the functor of points to be but
with A an “Artinian animated commutative ring augmented over F,”. The result-
ing object should be a functor from the category of Artinian animated commutative
rings augmented over F; to the category of anima (also known as “simplicial sets”,
“spaces”, or “oco-groupoids”).

The determination of the cohomology of number fields is part of class field the-
ory and Poitou-Tate duality. The output is that if p # 2, then RI'(m1 (Or[1/5]), 95)
has tor-amplitude in [0,2], so that M&?! is quasismooth.

Example 3.2.14 (Derived Hitchin stack). Continuing with the notation of Ex-
ample we expect that the derived Hitchin stack Mgif,‘fh should be such that
the pullback of its tangent complex to (&1, &2, F,t1,t2) € MIER(R) is naturally
isomorphic to RI'(Cg, T(€1, &, F,t1,t2)). This Mg{tﬁh is the “split” special case of
the derived Hitchin stacks that appear in [FYZ21]]. It can be derived as a “derived

7H0W0vor, when F is the function field of a smooth projective curve C'/Fg, then it is also
natural to study everywhere unramified deformations of a local system on C. In this case the tan-
gent complex is Rl¢(C; g5[1]), and it can have nontrivial Hgt' Therefore, the Galois deformation
space is not quasismooth in this case.
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mapping stack” in the sense of [TVO08|. Alternatively, it may be viewed as the de-
rived vector bundle (§2.5.2)) associated to the perfect complex taking (&1, &>, F) €
Bungr,, X Bungr,, x Bungr, (R) to RHome, (€1, F) @ RHome,, (F, &).

Remark 3.2.15. As we see from these examples, the justification for the hid-
den smoothness philosophy in spaces arising in number theory seems to be the low
cohomological dimensions of number fields and related rings, which lead to “short”
tangent complexes.

Example 3.2.16 (Spectral Hitchin stacks and spectral periods). Non-quasismooth
derived moduli spaces are also of interest in the Langlands program. Several ex-
amples are studied in [FW24, [BZSV23|, where it is argued that they geometrize
a spectral (i.e., Galois-theoretic) analogue of periods in automorphic representa-
tion theory. An example is the spectral Hitchin stack MJPS7, which parametrizes
(E1, Ea, F,t1,t2) analogous to the points of M,, , except with bundles replaced by
local systems. For concreteness, let C/C be a smooth projective curve (but it is
possible to formulate ¢-adic variants for curves over finite fields). The R-points of

M;PSs are triples (Ey, Ea, F,t1,t2) where

e FE; is an R-family of rank m local systems on C,

e Fis an R-family of rank n local systems on C, and

e ¢, € Hom(F4, F) is a flat morphism from FE; to F, and ¢ € Hom(F, E3)
is a flat morphism from F to E3.

This has a derived enhancement MJP’ whose tangent complex is the de Rham
cohomology of C' with coefficients in an analogous complex T(FE1, Eo, F,t1,t2) to
that of Example [3.2.11] However, since the de Rham cohomological dimension of
C is 2 while the coherent cohomological dimension of C is 1, this tangent complex
actually has amplitude up to degree 2, so that MJPS is not quasismooth. In
fact, the failure of MRS to be quasismooth is an important facet of [FW24],
which studies the relation between automorphic periods and spectral periods. One
of the main points of [FW24] is that the dualizing sheaves of spectral Hitchin
stacks, which in some sense measure the failure of quasismoothness, are the spectral
counterpart to automorphic periods.

4. Derived special cycles and higher theta functions

We will explain applications of the derived Hitchin stacks introduced in Exam-
ple towards the theory of special cycles and higher arithmetic theta series,
developed in papers of Feng-Yun-Zhang [FYZ24l, [FYZ21), [FYZ23|.

The context for this discussion is the Kudla program, as discussed in the article
of Chao Li [Li24]. This concerns the so-called arithmetic theta functions, which are
Fourier series assembled out of special cycles. These were first studied on orthogonal
or unitary Shimura varieties, but we will focus on the function-field context, as in
the work of Feng-Yun-Zhang. We refer to [Li24] for the classical background and
motivations.

4.1. Hermitian shtukas. We recall some of the definitions from [FYZ24!
§6,7].

Let X be a smooth projective curve over F,. Let v: X’ — X be a finite étale
double cover, with the non-trivial automorphism of X’ over X denoted o: X’ — X".
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For each » > 0 and n > 0, [FYZ24] §6] and [FYZ21] §2] construct moduli
spaces of rank n unitary shtukas, denoted ShtrU(n). These are variants of the spaces
discussed in the lectures of Zhiwei Yun. There is a map m: ShtrU(n) — (X,
called the “leg map”. For r = 1, 7 is to be thought of as roughly analogous to the
structure map for the integral model of a unitary Shimura varietyﬁ We will now
outline these constructions.

For a test scheme S, a rank n Hermitian bundle on X x S, with respect to
v: X' — X, is a vector bundle F of rank n on X’ xS, equipped with an isomorphism
h: F = o*F such that c*hY = h. Here, F¥ = F* Qo , wx- is the Serre dual of
F. We refer to h as the “Hermitian structure”.

We denote by Bung(,) the moduli stack of rank n Hermitian bundles on X,
which sends a test scheme S to the groupoid of rank n vector bundles on X’ x S
equipped with a Hermitian structure.

Definition 4.1.1. Let r > 0 be an integer. The Hecke stack Hkg(n) has as
S-points the groupoid of the following data:

(i) =; € X'(S) for i =1,...,r, with graphs denoted by I';y C X' x S.
(ii) A sequence of vector bundles Fy,...,F, of rank n on X’ x S, each
equipped with Hermitian structure h;: F; — o*F.
(iii) Isomorphisms f;: .7:1-,1|X/X5,pw;,pa<m;) = .7-'Z-|X/Xs,pmrpa(m;), for 1 <
i < r, compatible with the Hermitian structures, with the following prop-
erty: there exists a rank n vector bundle ]-"Z'.’_1 /2 On X x S and a diagram

of vector bundles

(4.1.1) 1 17

such that coker(f;7) is locally free of rank 1 over I/, and coker(f;”) is
locally free of rank 1 over I'y(,/). In particular, f~ and f;7 are invertible
upon restriction to X’ x S — Pot = Tor)s and the composition

!

R
b fi
Ficilxrxs—r, -1, —— Fi_1j2lx/xs-1,, -1 = Filx'xs-r,,

7Fa‘(z;)

a(z;}
agrees with f;.

For a vector bundle F on X’ x S, we denote by "F := (Idx x Frobg)*F its
Frobenius twist. If F has a Hermitian structure h: F = ¢*F", then " F is equipped
with the Hermitian structure "h; we may suppress this notation when we speak of
the “Hermitian bundle” " F. Viewing F € Buny,)(S), 7F is the image of F under
the map Frob: Bung,) — Bung,).

8As explained by Yun, a closer analogy for the latter is the fiber of the w for r = 2 over
X' x {oo} for a fixed point co € X'.
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Definition 4.1.2. Let r > 0 be an integer. We define Shty;(,,) by the Cartesian
diagram

| |

BunU(n) (m’ﬂ;)BunU(n) X BunU(n)
A point of Shty;(,,) will be called a “Hermitian shtuka (of rank n)”.
Concretely, the S-points of Sht{](n) are given by the groupoid of the following
data:
(i) zf € X'(S) fori=1,...,r, with graphs denoted I,y C X x S. These are
called the legs of the shtuka. l
(ii) A sequence of vector bundles Fy,...,F, of rank n on X’ x S, each
equipped with a Hermitian structure h;: F; — o*F,’

V.
(iii) Isomorphisms f;: fi,l\x/xs,pz,‘,p — .7—'1-|X/X5,pw{,pa(m{) compati-

ble with the Hermitian structure, which as modifications of the underly-
ing vector bundles on X’ x S are as in the definition of the Hecke stack
Hk7 ().

(iv) An isomorphism ¢: F, = 7 F; compatible with the Hermitian structure.

Remark 4.1.3. One can show that Shtlrj(n) is a Deligne-Mumford stack locally
of finite type. The map Shty;(,,) — (X)" is smooth, separated, equidimensional of

relative dimension r(n —1). For these and more geometric properties, see [FYZ24!
§6.4].

4.2. Special cycles. Now we will define special cycles on Shtg(n), which are
analogous to the special cycles constructed by Kudla-Rapoport on unitary Shimura
varieties [KR14].

Definition 4.2.1. Let £ be a rank m vector bundle on X’. We define the stack
Z¢ whose S-points are given by the groupoid of the following data:
e A rank n Hermitian shtuka ({z,..., 2.}, {Fo,..., Fr}, {f1,-- s fr},0) €
Sht?](n)(S).
e Maps of coherent sheaves t;: £ X Og — F; on X’ x S such that the
isomorphism ¢: F, = 7 F, intertwines ¢, with "¢y, and the maps ¢;_1,¢;

are intertwined by the modification f;: F;_1 --+ F; foreachi=1,...,r,
i.e., the diagram below commutes:
EROg —— EXROg —— ... —— EXNOs —— "(EXKOg)
[ N R O
Fo -t i B TR

In the sequel, when writing such diagrams we will usually just omit the “XQOg”
factor from the notation.

Remark 4.2.2. There is an evident map Z% — Sht{,(n) projecting to the data
in the first bullet point. This map is finite by [FYZ24, Proposition 7.5], hence
induces a pushforward map on Chow groups.

Definition 4.2.3. Let Ag(F,) be the F,-vector space of Hermitian maps
a: & — o*&Y such that o(a)¥ = a.
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Let ({z}}, {F:}, {fi}, ¢, {ti}) € ZZ(S). By the compatibilities between the ¢; in
the definition of Z%, the compositions of the sequence of the maps
(4.2.1) EROs L £ s o FY I 07 EV RO
agree for each 4, and (4.2.1)) for ¢ = r also agrees with the Frobenius twist of (4.2.1))
for i+ = 0. Hence the composite map (4.2.1) gives the same point of Ag(S) for

every ¢, which is moreover fixed by Frobenius, hence must come from Ag(F,). This
defines a map Zz — Ag(F,). For a € A¢(F,), we denote by Z%(a) the fiber of Z%

over a. We have
Ze= I 2z
acAg(Fy)

The Z% or Zz(a) are called special cycles of corank m (with r legs).

4.3. Virtual fundamental classes of special cycles. Motivated by the
Kudla program, we expect to attach to each special cycle Z%(a), a € Ag(Fy), a
class [Z¢(a)] in the Chow group CH.(Shty;,) such that the Fourier series with
Fourier coefficients [Z%(a)] is “automorphic”. We call such an automorphic form a
higher theta function, since in the case r = 0 it recovers the definition of classical
theta functions.

However, a cursory inspection reveals that for > 0, the cycles Z% (a) necessarily
have varying dimensions as a varies. For example, if a = 0 then Z%(0) clearly
surjects onto Shty;(,,). On the other hand, it is not hard to see that if r > 0 and
a # 0 then Zg(a) has smaller dimension than Shty;(,). Therefore, we should not

use the naive cycle classes [Z%(a)]""® in the definition of higher theta functions;
we must construct wvirtual fundamental cycles [Z%(a)]"'", which should all lie in
CH(n_m)r(Sht’{](n)) where m = rank £.

4.3.1. The non-singular terms. There are various heuristics which guide such
a construction. A key input is that when m = rank& = 1, and when a is non-
singular, meaning that a: £ — o*EV is injective as a map of coherent sheaves
(equivalently, an isomorphism over the generic point of X’), then Z%(a) is LCI of
the “correct” codimension, which is r. In this case, heuristics (justified a postiori
by suggest that one may take [Z%(a)]V'" = [Z%(a)]™@¥®. More generally,
using this observation one can define [Z%(a)]¥'" for any non-singular a (the point
being to allow m > 1) using the original method of [KR14] of presenting Z}(a)
as an open-closed component of the “derived intersection” of special cycles labeled
by m = 1 and non-singular coefficients. The definition of [Z%(a)]"'" in this case is
carried out in [FYZ24] §7].

4.3.2. The singular terms. The definition of [Z%(a)]"" for singular a requires
further heuristics. Over a number field, the analogous problem has a relatively
simple answer. In that case, a can be represented as a matrix which is of the form
ans ® 0, where a,, is non-singular of rank m’ < m. Then the corresponding virtual
fundamental class is the product of the virtual fundamental class for a,s times the
(m — m/)th power of the Chern class of a certain “tautological” line bundle.

But in the function field case at hand, the answer is much more complicated:
it is in general a sum of infinitely many terms, each involving the top Chern class
of a different “tautological” bundle. We can already illustrate why in the special
case a = 0. Then Z7(0) is stratified by the kernel of the map ¢;: €K Og — F, and
each such stratum contributes a piece of the form described above (a Chern class
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times a virtual class which can be constructed via derived intersections as in the
non-singular case). The analogous number field situation has the special property
that the governing Hermitian form is positive definite on the generic fiber, which
rules out all but one stratum there. This is discussed in more detail in [FYZ21
§4] and [FYZ23| Introduction].

The upshot is that [Z%(a)]¥' can be constructed explicitly for all terms a €
Ag(F,), but the answer is quite complicated.

Alternatively, it was observed in [FYZ21] that the definition of the special
cycles Zp promote naturally, according to the pattern of to derived special
cycles Z¢ which are quasismooth of the correct dimension, and whose classical
truncations recover Z%. According to [Khal9], any quasismooth derived stack Z
has an intrinsic notion of fundamental class [Z]“ai"eﬂ In [FYZ21] Theorem 6.5]
it is proved that [Z%(a)]"¥® coincides with the previously defined (elementary)
construction of [Z%(a)]¥™".

To sketch how Z% is defined, the key point is to realize that |J. Z% admits a
description as a fibered product

Us 2 —— Hky

(4.3.1) l l
M (Id,Frobg M % M

for M a unitary generalization of the Hitchin stack from Example and Hky; a
certain Hecke correspondence for M. Now, M and Hkj; have natural enhancements
to (quasismooth) derived stacks M and Hk', (; for example M is a unitary general-
ization of Example Actually, the important point for the quasismoothness
of Z; is that the maps Hk',, — M are quasismooth. Then, we define Z7 as a
derived fibered product

Ue 28 —— Hky

| |

M (Id,Frob M x M

whose classical truncation recovers Zz by (4.3.1). There is a map ZZ(a) — Ag(Fy)
as before, and we define Z¢(a) to be the fiber of the map Z; — Ag(F,) over a.

Remark 4.3.1. Recently, Madapusi has defined derived special cycles on
Shimura varieties in [Mad23|. A key difference of that situation is that, unlike
in the function field case, his construction does not yet have an accompanying
moduli-theoretic interpretation. Indeed, the correct moduli problem should be in
terms of “global shtukas”, a notion which has not been defined in the setting of
number fields, although recent work of Scholze et al. [Sch18] gives tantalizing hints
for its existence.

4.4. Higher theta series. Let n > 1 and n > m > 1. Then we can assemble
[Z%(a)]"'" into a Fourier series (with Fourier parameter a € Ag(F,)), called a higher
theta series in [FYZ21].

9This rough statement had long been a folklore theorem of derived algebraic geometry, an-
nounced for example in [Lur04], and its importance for Gromov-Witten or Donaldson-Thomas
flavors of enumerative geometry was long understood. However, Khan’s construction of [Z]VI" is
the most general to appear in the literature, and [FYZ21] uses the full scope of its generality.



26 TONY FENG AND MICHAEL HARRIS

Let m € Z>;. The stack Buny - (5,,,) parametrizes triples (G, h), where G is a
family of rank 2m vector bundles on X', and h : G = 0*G* is a skew-Hermitian
structure (i.e., o*h* = —h).

Let Bunp be the moduli stack of quadruples (G, h, €) where (G, h) € Buny - (2m),
and £ C G is a Lagrangian sub-bundle (i.e., £ has rank m and the composition
ECg LN 0*G* — 0*E* is zero). Thus P, corresponds to the Siegel parabolic of
U~ (2m).

Let & := G/E. The skew-Hermitian form on G induces a perfect pairing & x
o*&" — Ox, which identifies £’ with o*&*. We thus have a short exact sequence

0 £ g o*&* 0

and we denote by eg ¢ € Ext!(0*£*, ) its extension class. There is a Serre duality
pairing between Ext'(c*£*, &) and Hom(&,0*EY) = Ag(F,), which we denote by
<€g7g>,a> S Fq.
Choose a nontrivial additive character ¢ : F; — QX. The higher theta series
is a function of (G, h, &) € Bung (Fy), assigning to such a triple the class
(4.4.1)
07(G, h, &) = x(det £)qm e ETIBI2 N " y((eg e, a))[Zg(a)]™ € CHppyr (Shtfy ()
acAg(Fy)

where x : Picx/(Fy) — Q" is a character whose restriction to Picx (F,) is the nth
power of the quadratic character Picy (F,) — {£1} corresponding to the double
cover X’/ X by class field theory.

4.5. The modularity conjecture. By analogy with conjectures of Kudla ex-
plained in [Kud04] (whose formulations are themselves partly conjectural), [FYZ21]
Conjecture 4.16] predicts that these higher theta series are modular in the sense of
automorphic forms. Concretely, this means the following:

CONJECTURE 4.5.1 (Modularity Conjecture). The function ©"(G, h, &) in
is independent of the choice of Lagrangian sub-bundle £ C G.

Remark 4.5.2. The reason that this is called a “Modularity Conjecture” is
that it implies that ©"(G,h,&) descends to a function on Bung - (o,,)(F,), which
can then be interpreted as a function on the adelic double coset space associated
to U~ (2m) using Weil’s uniformization. Thus, it implies that ©" defines an auto-
morphic form for U~ (2m), valued in CH. (Shty;,,).

When r = 0, Conjecture [4.5.1] amounts to the modularity of classical theta
functions, which has long been known. When r = 1, it is parallel to the conjectural
modularity of arithmetic theta series on orthogonal and unitary Shimura varieties,
which has seen much recent progress, as explained in the article of Chao Li [Li24].
But for r > 1, it is a new phenomenon with no parallel in the classical theory.

We remark that the derived construction of [Z%(a)]"*V¢ = [Z%(a)]"" already
allowed in [FYZ21] to prove certain expected properties that were not accessible
using the elementary definition. This is not an issue for the virtual classes of special
cycles on Shimura varieties; the difference is because of the more complicated nature
of singular terms in the function field situation, as described previously. The power
of the description [ZF(a)]"*"® is that it is more uniform and conceptual, and “only”
depends on the underlying derived stack Z%(a), whereas [Z%(a)]"'"" depends not only
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on Zz(a) but also on an auxiliary presentation of it. For this reason, it was felt at
the writing [F'YZ21] that the derived perspective would be more useful for proving
modularity, although it was not clear how. This view has been at least partially
affirmed in [FYZ23] and [FK24], which prove that the f-adic realization of higher
theta series after restriction to the generic fiber of Shty;(,,) — (X')" is modular.

Indeed, [FYZ23] and [FK24] are heavily steeped in the formalism of derived
algebraic geometry, although the derived construction of the [Z%(a)]''" is only a
small ingredient in the proofs. The modularity on the generic fiber comes from
calculations within new forms of Fourier analysis, including a so-called arithmetic
Fourier transform on Borel-Moore homology groups that restricts to the usual fi-
nite Fourier transform in the case r = 0 (where it pertains to the modularity of the
classical theta function), and a derived Fourier transform on the derived category
of (motivic) sheaves on derived vector bundles. These situations are linked by a
higher version of the trace construction, which gives a “sheaf-cycle correspondence”
generalizing the classical sheaf-function correspondence. Even sketching the argu-
ment is beyond the scope of this discussion, so we just refer to [FYZ23| §1, §2] for
an outline.

Remark 4.5.3. We anticipate that a statement which will be needed to go
beyond modularity in the generic fiber is the Trace Conjecture formulated later in
It gives yet another approach to the definition of the virtual fundamental
classes of special cycles. This conjecture can also be formulated purely within
classical algebraic geometry.

5. Derived Galois deformation rings

In this section we will give an overview of the study of derived Galois deforma-
tion rings in [GV18]. We will elide many technical details in order to give the “big
picture”. The reader craving more details could consult the paper [GV18]; another
resource is the Oberwolfach Arbeitsgemeinschaft Report [Arb21]. Readers should
be familiar with the classical theory of Galois deformation rings before reading this
section [

5.1. Overview. To orient the reader, we begin with an overview of the con-
tents of this section.

Step One. First, we will explain how to construct the derived global unrestricted
Galois deformation ring R which represents the functor M&?! from Example

Remark 5.1.1. According to a folklore conjecture of Mazur, R should actually
be isomorphic to a classical commutative ring, i.e., have vanishing higher homotopy
groups. However, this conjecture is wide open, and treating R as a derived ring
allows us to “circumvent” the conjecture for some purposes. Indeed, what we
really need about R is the description of its tangent complex in terms of Galois

10For readers without this background, we recommend [Buz12]| for a quick and illuminating
survey on the classical Taylor-Wiles method, and [Cal20] for an introduction to the Calegari-
Geraghty method. For the more experienced, [Tho] is a clear and concise account containing the
technical details.

Hhis requires some assumptions on g, and as literally formulated in Examplecan only
exist if G is of adjoint type, although this can be generalized in a standard manner by accounting
for determinants and centers.
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cohomology, which we can calculate unconditionally for the derived ring R, for
the reasons explained in §A.19] while knowing the tangent complex of mo(R) is
equivalent to Mazur’s conjecture.

Step Two. The deformation ring R from Step One does not capture local con-
ditions which we expect to be satisfied for the Galois representations corresponding
to automorphic forms. The second step is to cut down the deformation ring by
asking for local conditions that “match” those seen from automorphic forms. The
subtlest aspect of these local conditions concerns the decomposition group at p,
where the local conditions are governed by p-adic Hodge theory.

To do this, one considers analogous derived deformation functors for local Ga-
lois groups, and then imposes local conditions by forming the derived fibered prod-
uct against the global deformation functor. We note that the local deformation
functors are usually discrete, so that it is the step of forming the derived fibered
product that introduces genuine derived structure.

Remark 5.1.2. For the local condition at p, we only consider what may be
considered the simplest situation from a modern perspective on integral p-adic
Hodge theory: the crystalline Galois deformation functor in the Fontaine-Laffaille
range. This should be regarded as a first test case; going beyond it seems to be
first obvious barrier to generalization.

This step results in an object RY® called the derived crystalline global Galois
deformation ring. In many situations it has virtual dimension —¢, where 6 > 0 is
the “defect” and therefore cannot be classical.

We “know” the tangent complex of RY® in terms of Galois cohomology, but
the structure of its homotopy groups is mysterious a priori. It will be determined
in the next step.

Step Three. As a derived generalization of R = T theorems, one expects that
RYS acts on the cohomology of locally symmetric spaces, in a way that makes
said cohomology “free” over R“Y®, at least generically. This action is constructed
at the level of homotopy groups in [GV18] in tandem with the determination of
T (RY®), using the Calegari-Geraghty modification of the Taylor-Wiles method.
Thus, the calculation of 7, (RY®), which is in principle a purely Galois-theoretic
problem, uses the correspondence with automorphic forms. Also, this calculation
offers an explanation for the interesting numerical pattern in the multiplicities in
the cohomology of locally symmetric spaces. This numerical pattern was one of the
original motivations for [GV18] and [Ven19].

5.2. Global unrestricted derived deformation ring. Now we will circle
back around to the beginning, and discuss how to construct the derived Galois
deformation functor in Step One of

5.2.1. Classical deformation ring. Let k be a finite field. For the moment let
I be a discrete group and G a split algebraic group over the Witt vectors W (k).

Let p be a representation of I' in G(k). Let M§, be the functor on the category
of Artinian local W (k)-algebras A augmented over k, sending A to the set of lifts
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modulo conjugacy,

(5.2.1) p A l / ~
r ? G(k)

If p is absolutely irreducible and I' satisfies certain finite conditions on its Galois
cohomology, then Schlessinger’s criterion implies that ./\/lg is representable. These
observations, as well as the original idea to consider moduli of Galois deformations,
are due to Mazur [Maz89]. The story can be extended to profinite groups I', by
treating ML, as the (filtered) colimit of the deformation functors obtained from the
finite quotients of T'.

Suppose F is the ring of integers in a global field and S is a finite set of places of
F, then I' = 71 (Spec Op[1/S5]) satisfies the requisite finiteness conditions by class
field theory. We are actually going to rename MZF[l /8] = Mg in this case, because
this notation emphasizes the parameters that we will focus on in this section. The
pro-representing ring is the (classical) global unrestricted Galois deformation ring,
denoted RéF[l /8]

5.2.2. The work of Galatius-Venkatesh. The idea of Galatius-Venkatesh is to
constructed a derived version of the Galois deformation ring by repeating this story
at a simplicial level. The paper [GV18] is written in the language of simplicial
commutative rings and model categories, rather than the language of animated
commutative rings and oo-categories. We will take this opportunity to discuss
some of the subtleties that this comparison exposes.

Morally, we want to upgrade M’(JQF[1 /) o a functor M’(DQF[I /5] on the category
of animated Artinian local W (k)-algebras A augmented over k (to be appropriately
defined) which “sends” such an A to the anima of lifts modulo conjugacy,

(5.2.2) o7 l / ~
I G

Because of the elaborate nature of the definition of functors between co-categories,
at least in the formalism of [Lur09], it can be difficult to rigorously construct func-
tors. In particular, a functor of co-categories cannot be specified by saying where
objects and morphisms go (a point which is sometimes handled sloppily in the lit-
erature), and so the discussion of the previous paragraph does not really define a
valid functor.

Galatius-Venkatesh choose to use the model category of simplicial commutative
rings to address this difficulty. One can think of this as a rigidification of the
oo-categorical of animated commutative rings. It is an ordinary 1-category, so a
functor can be specified in the usual way on objects and morphisms. However,
part of the structure of a model category specifies a notion of weak equivalence,
alias “homotopy equivalence”, and we are only interested in functors that send
homotopy equivalences to homotopy equivalences. We call such functors homotopy
nvariant.
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To relate this to the other perspective: the co-category of animated commuta-
tive rings is the localization of simplicial commutative rings at the homotopy equiva-
lences, so a homotopy-invariant functor out of simplicial commutative rings should
be equivalent to a functor out of animated commutative rings. Such statements
can be made precise, but the approach of [GV18]| is to use the model-theoretic
framework throughout.

5.2.3. Derived deformation ring. Now we summarize the construction of RgF [1/s]"

We begin by deriving the functor MgF[l /8] First we need to define the notion of
an Artinian local simplicial commutative ring.

Definition 5.2.1. A simplicial commutative ring A is Artinian local if mo(A)
is Artinian local and m,(.A) is finitely generated as a module over 7y (A).

Next, we roughly want to define MgF[l/S] (A) to be the simplicial set of lifts of
p: T = G(k) to p: T = G(A), up to equivalence. We need to define this simplicial
set, and ensure that its construction depends on A in a homotopy-invariant way.
For this it is useful to adopt a different perspective on representations.

Given a discrete group H, there is a classifying space BH. The classifying
space BH can be defined as the geometric realization of the simplicial set N¢(H)
obtained as the nerve of H viewed as a category (consisting of a single object, with
endomorphisms given by H). The simplicial set No(H) takes the form

(5.2.3) «x=HEHXH...

where explicit formulas for face and degeneracy maps can be found in [May99|
p.128]. In particular, BH is equipped with a distinguished basepoint pt.

If X is a “nice” space (e.g., the geometric realization of a simplicial set), then
homotopy classes of maps from X to BH are in bijection with “H-local systems” on
X. If X is connected, then after choosing a basepoint # € X these are in bijection
with the set of homomorphisms (X, x) — H modulo conjugacy. Therefore, the
space of maps from X to BH gives a “space of local systems of X”. (See [Arb21]
C.4] for more discussion.)

More generally, the formula can be used to extend the definition of
classifying spaces to groups that are not discrete. If H is a simplicial group, then
is a bi-simplicial set, and we define the simplicial set No(H) to be the
diagonal bi-simplicial set. This generalization will be important in defining derived
group representation functors, where H will arise by evaluating an algebraic group
G on a simplicial ring R — it is the passage from discrete R to simplicial commutative
R which introduces a non-trivial simplicial structure on H.

Example 5.2.2. Suppose I is a discrete group, and shift perspectives so that
BT and BH are viewed as simplicial sets. Then by general categorical considera-
tions, there is a natural simplicial set of morphisms BI' — BH, which should be
thought of as the simplicial set of representations in I' in H. Note that this for-
malism already incorporates “modding out by conjugation”. If we want to model
homorphisms rather than representations, then we take the pointed morphisms
(BT, pt) — (BH,pt). (This is justified by [Lurl7, §5.2.6.10, 5.2.6.13], which says
that the classifying space functor from simplicial groups to pointed spaces is fully
faithful.)

We have now defined a natural candidate for the “simplicial set of representa-
tions I' = G(A)” (modulo conjugation): it should be the simplicial set of morphisms
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BT' — BG(A), where if ' & lim T'; is profinite then we treat BI' as the formal
inverse limit of BT;.

The actual approach of [GV18] is slightly different. To explain it, we recall
that from a scheme one X can extract, following Artin-Mazur [AMS86] and Fried-
lander [Fri82], an étale homotopy type Et(X). This is a pro-simplicial set whose
raison d’étre is to capture the étale topology of X. For Op[1/S] the ring of S-
integers in a global field F, it turns out that Et(Op[1/5]) = BT where I is the
étale fundamental group of Spec Op[1/5] with respect to some basepoint. (Thus
Spec Op[1/5] is an “étale K(m,1)”, at least with p-adic coefficients where p > 2.)
We prefer Et(Op[1/5]) to BT, even though they are equivalent, because the former
does not refer to a choice of basepoint@ By the preceding discussion, the moduli
description of M{,(A) can be reformulated as the set of lifts

BG(A)

p 7 J

Et(Op[1/5]) —— BG(k)

We then define ./\/lgF[1 /5 to be the functor on the category of Artinian local
simplicial commutative rings A equipped with an augmentation over k, which sends
A to the simplicial set of “lifts”

BG(c(A))

S

Et(Op[1/5]) ——— BG(k)

where ¢(A) is a functorial cofibrant replacement of 4. This notion of “cofibrant
replacement” is another piece of the model category structure, analogous to pro-
jective resolutions in homological algebra, and is what ensures that the functor is
actually homotopy invariantﬁ Here by “lift” we mean by definition the homotopy
fibered product

B h
Map(Et(Op(1/S]), BG(c(A))) *Map(Et(Or[1/8]), BG(k)) {r}

which is computed by taking fibered product after forming fibrant replacements in
the model category of simplicial sets.

5.2.4. Representability. Lurie’s thesis [Lur04] establishes a derived version of
Schlessinger’s representability criterion. To check the criterion, one needs to com-
pute the tangent complex; the answer was mentioned in Example [3.2.13] and will
be revisited later. -

Using Lurie’s derived Schlessinger criterion, Galatius-Venkatesh show that M?% [1/8]

is representable by a pro Artinian animated ring R?QFH /8] Checking the criterion

12There is a similarity to the discussion of the derived moduli space of Betti local systems in
g3l in which T is analogous to 71(C), and ét(Op[1/S5]) is analogous to C' itself.
13A subtle point is that ¢(—) is not monoidal, so by BG(c(A)) we mean the cosimplicial
commutative ring
W(k) = ¢(0g) 5 ¢(0c ® Og) .. .,
where the maps are dual to those in .
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is not the most interesting aspect of [GV18]|, in our opinion, and we will skip it
entirely.

5.3. Desiderata. We abstract out the properties of MgF[l/S] and R@F[l/s]
that we will actually need in the future.

5.3.1. Tangent complex. As already discussed in Example [3:2.13] the tangent
complex of MﬁoF[l/S] at p is RI'(Spec Op[S™1, g5[1]). This is explained in [GV18]
Example 4.38]; note the close similarity to derived moduli of Betti local systems,
discussed in §3]

5.3.2. Comparison to the classical deformation functor. We have the following
compatibility with the classical theory.

As a variant of one has a fully faithful embedding of the category of
Artinian local rings A augmented over k into the category of Artinian local animated
rings augmented over k. By construction, we have a commutative diagram

M7
ini 4 Opl[1/S]
{ Artinian local augmented } Set

commutative rings A — k

Mo p/s)
Artinian local augmented simplicial Fl1
{ commutative rings A — k } ———— sSet

At the level of representing rings, the commutativity of the diagram is equivalent
to an isomorphism

WO(R'('SFU/S]) = R%F[I/S].

Remark 5.3.1. As mentioned previously, it is actually a folklore Conjecture,

attributed to Mazur, that R?Dp[l/s] is LCI of dimension x(RI'(Op[1/5],g5[1])).

By : this is equivalent to the statement that R?QFU /8] is actually homotopy

discrete, i.e., m(RéF[l/S]) =0 for i > 0.
Why then bother with all the effort to define R?)Fu /8] when we could have
simply used RﬁoF[1 / S]‘? The most important fact we will use going forward is the de-

scription of the tangent complex of RﬁOF (1/8]’ which comes relatively easily. Without
knowing Mazur’s conjecture, we don’t know anything about the tangent complex
of RgF[l /8] other than its Oth cohomology group.

5.4. Imposing local conditions. Now we begin the consideration of impos-
ing local conditions. We will use this in two ways:

(i) To impose conditions of p-adic Hodge-theoretic nature, which are neces-
sary in order to cut down to Galois representations that could possible
“match” the automorphic side.
(ii) To implement the Taylor-Wiles method, wherein one needs to consider
the effect of adding and removing ramification at auxiliary primes.
5.4.1. Local deformation functors. For a local field F, and a representation p
of m (Fy,), one defines the local (unrestricted) derived deformation functor M?y
analogously to the global case, sending

, h
A = Map(Et(F,), BG(c(A))) X\ap(ti(r,),BG (k) 1P}
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If v is such that p|,, (,) is unramified, then it is also useful to have the variant
M%F parametrizing unramified deformations, which sends

, h
A Map(Et(Or, ), BG(e(A))) X ytanie(on .56 1P}

When these functors come up, they will typically not be representable, since p will
typically not be irreducible.
5.4.2. Clutting out local conditions. Suppose v is a place of F. Then we have a
map
M%F[l/S] - M,

obtained by pulling back a local system along Spec F,, — Spec Op[1/S]. If v ¢ S,
then the above map factors naturally through M?QF[I /8] M??FU'

Now suppose that we are given some functor M?PU — M?y, where the D
stands for some deformation problem. Typically M?’?” — MﬁFU should be a closed
embedding, meaning a closed embedding on classical truncations. An example could
be MQFU — Mg“, which informally speaking cuts out the deformations which are
“unramified at v”. Then we can form the derived fibered product of the diagram

2.{D.) 7
Mornrs) = Mopnys

| l

5.Du 7
4>.
M i M F,

Example 5.4.1 (Adding ramification). Suppose v ¢ S, and let S’ = S U
{v}; The morphism Spec Op[1/S'] — Spec Op[1/S] induces a map Mg, /¢ —
M?op[l /81" Informally, this morphism sends a deformation unramified outside S to
the same deformation regarded as unramified outside S’ (i.e., forgetting that it is
unramified at v).

In the theory of classical deformation rings one has that

M@)Fu/s'] M7 M@FU = M%F[l/s]'
Informally this amounts to the statement that “a deformation of local system on
Op[1/5'] that is unramified at v comes uniquely from a deformation of a local
system on Op[1/S]”, which is obvious. However, we single out this statement
because (i) it is used crucially in the Taylor-Wiles method to descend from patched
deformation rings, and (ii) its derived version is non-trivial.

To follow up on point (ii): it turns out that the analogous identity holds at the
level of derived deformation functors:

— h — _
(5.4.1) Moenys) X mz, Mos, = Mo,ys)-

This is proved in [GV18] by calculating the map of tangent complexes. Roughly
speaking, the content of ([5.4.1)) is the statement that

Spec F, — Spec Op[1/5]

| |

Spec Op, — Spec Op[1/S]
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is a homotopy pushout at the level of étale homotopy types. This is similar to
(3.2.3)), where we encountered a presentation with the special property that it was
not just a pushout but a homotopy pushoutE

5.4.3. Crystalline conditions. The next step is to cut out a derived Galois defor-
mation ring with a p-adic Hodge theory condition imposed at p. For concreteness,
we focus our attention on the “crystalline” example, which should correspond to
motives with good reduction at p, or from another perspective, automorphic forms
with no level at p.

We have a map MﬁoF[l /5] M?p. (We now know that Mgp = Mgp is classical
for G = GL,, by work [BIP23], and it is expected to be true in general, although we
will not logically use this.) We want to define a local functor M%z™ — M7, that
“cuts out” the “crystalline” deformations. This is something we do not know how
to do in general, since we cannot formulate a moduli-theoretic notion of crystallinity
over sufficiently general rings (this will be discussed further in §9.1)).

The only solution to this problem that we know of (at the present time) is to
restrict ourselves to local conditions which “should” actually be classical, meaning
“Mg;r[}is/ 5= Mgcrff/ )" Where the right hand side is some classically studied object
of p-adic Hodge theory, and take as our local condition the composition of the maps

MG, s = Moy s = Mo,pys)-
The way that one can recognize the deformation conditions which “should” be
classical is, according to that they are LCI of the “correct” dimension.
In practice, to analyze the resulting objects one also needs to know the tangent
complexes, which is typically hard to calculate unless the deformation functor is
smooth, so that the tangent complex is just the tangent space.

A general class of conditions where everything works is the Fontaine-Laffaille
range, which is what [GV18] studies. Here the problems all go away:

e There is a complete moduli-theoretic description, even integrally.
e The obstructions vanish, so that the deformation functor is smooth and
its tangent complex can be described explicitly.

For the rest of this section, we put ourselves in the same situation. We assume
we are in the Fontaine-Laffaille range, so that in particular p is “large enough”
compared to the Hodge-Tate weights that we are considering. This gives a closed

embedding Mgcrﬁs/ 5 < ML o[1/5) @ above. We then define Rgcr[}f/ g) to represent

the derived fibered product /\/lp ’Crf/ o) of the diagram

MEs) — Mbppys)

| l

picrys P
MG ,iizs) = Mo,pys)

Concretely, R ’Cr[yls/ g is calculated using the derived tensor product (cf. :i

14, appreciate this point, it may be instructive to observe that if one uses a presentation of
the fundamental group of a genus g Riemann surface which is different from that in (3.1.1]), then
one arrives at an a priori different moduli space of Betti local systems. Why is the presentation

in (3.1.1)) the “right” one?
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A key point is that by taking the derived fibered product, one has control
over the resulting tangent complex. Its Euler characteristic can be computed by
using Poitou-Tate duality for Galois cohomology of global fields, and the answer is
—&, where § > 0 is a certain quantity called the “defect” that we are not going to
explicate (for our purposes, its definition can be taken to be the Euler characteristic,
but it is more typical in the literature to take a different starting point). The
appearance of this quantity ¢ is crucial; the fact that the same ¢ also manifests on
the “automorphic side” is the linchpin of the Calegari-Geraghty method.

5.5. Relation to the Calegari-Geraghty method. We are now going to
discuss the main results of [GV18|, which give a reinterpretation and elaboration
of the Calegari-Geraghty method [CG18]|, which is itself a modification of the
Taylor-Wiles method for “6 > 07 situations. The reader should be familiar with
these methods at least at the level of [Cal20] in order to get something out of this
subsection. B

5.5.1. Conjectural picture. We are going to abbreviate Rg := Rg;r[yls/s

Ro := m(Rp). Let G be the Langlands dual group of G. There is a complez My
of “automorphic forms for G of level S”, assembled out of the homology of locally
symmetric spaces associated to G. We will index Mj to be in degrees [—94,0],
although it might be later (in §7) reindexed to be in degrees “[—6 — o, —qo]”. The
crucial point is that it this complex has length § — the same § which appears as the
negative of the dimension of Rg. Finally, we write My := H°(M,).

The “automorphic to Galois” direction of the Langlands correspondence, at-
taching Galois representations to automorphic forms, equips My with the structure
of an Rg-module. (This may be conjectural, depending on what G is.) The expec-
tation is (roughly):

] and

There is an action of Ry on M, with the following properties.
o It recovers the given action of Ry on My by taking homo-
topy /homology groups, as in the diagram below:

Ro ~ My
| |
Ro ~ M,

e It makes m,(My)[1/p] generically free over W*(Ro)[l/p]ﬁ
The main result of [GV18] is the construction of an action of m.(Ry) on
(M), under certain conjectures and certain Taylor-Wiles assumptions, with the
properties above.

Example 5.5.1 (The case of GLj). At present, the above picture can be
realized completely only for G = GL;, and even this situation is non—trivialm If
0 = 0, which happens when F = Q or a quadratic imaginary field, then all rings
are classical, and the statement is a consequence of class field theory. The point is
that the classical deformation ring is essentially the (completed) group ring of the
abelianization of m (Op[1/S5]). Class field theory identifies this abelianization with

1E’Technically7 we have defined Rg as a pro-ring, so that m«(Ro) is a pro-group. Some care
must be taken to “invert p” on such an object.

1656 far we have focused on the case where G is of adjoint type, so our definitions have to
be modified slightly in order to accommodate this case.
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the class group of Op[1/S5], whose adelic description is the corresponding “locally
symmetric space” (a finite set of points).
However, in all other cases we have § > 0, which implies:

e the derived Galois deformation ring is non-classical,

e the locally symmetric space is no longer a discrete set of points,
and the hypothesized action goes beyond classical Galois deformation theory. Nev-
ertheless, the desired action of Ry on Mg can still be constructed, which will be
explained in the forthcoming paper [FHMR]. The point is that Ry admits a de-
scription as a (completed) “derived group ring” of the “derived abelianization” of
m1(Or[1/S]). To elaborate on what this means:

e The abelianization of a group controls its set of morphisms to abelian
groups. The derived abelianization of a group controls its anima of mor-
phisms to animated abelian groups. One formulates this precisely in
terms of universal properties, as a left adjoint to the forgetful functor
from (animated) abelian groups to (animated) groups.

e The group ring of an abelian group can also be characterized in terms of
a universal property: it is left adjoint to the functor from commutative
rings to abelian groups given by extracting units. Analogously, the “de-
rived group ring” construction can be characterized as left adjoint to the
an analogous functor from animated rings to animated abelian groups.

The punchline of [FHMR] is that the derived abelianization of 71 (Op[1/S]) “is”
the animated abelian group obtained from the corresponding locally symmetric
space for G (which has a topological group structure in the special case G = GL1),
and its derived group ring “is” the homology chains on this animated abelian group,
with its induced ring structure.

Meanwhile, M, is also the homology chains on the locally symmetric space,
and the sought-for action is the tautological one. In particular, My is a free module
of rank one over Rq for G = GLj.

5.5.2. Results of Galatius-Venkatesh. An informal statement of the main result
of [GV18] is that, assuming “standard” conjectures and hypotheses related to au-
tomorphy lifting, and under “no congruences” and Fontaine-Laffaille assumptions,

(i) m«(Ro) is supported in degrees 0 < % < §, and is moreover an exterior
algebra on 71 (Rg), which is free of rank ¢.

(ii) H.(My) carries the structure of a free graded module over 7,.(Rg), ex-
tending the usual structure for x = 0.

The conjectures alluded to above are about the existence of Galois representa-
tions attached to automorphic forms, and local-global compatibility for such rep-
resentations. The hypotheses are (a stringent form of)lﬂ the usual “Taylor-Wiles”
type conditions on the residual representation. See [GV18] §6.6, §10] for the precise
formulations.

5.5.3. Connection to the Taylor-Wiles method. The proof of the main result of
Galatius-Venkatesh is based on the Taylor-Wiles method, incorporating the mod-
ifications introduced by Calegari-Geraghty. It is an interesting feature that the
determination of m.(Rg) seems to be closely bound to the Taylor-Wiles method,
and we will give a brief and extremely impressionistic sketch of how this works.

" There should be wide scope for optimization of [GV18| from a technical perspective, by
incorporating Kisin’s methods.
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First, we orient ourselves psychologically. We believe there should be an action
of Ry on My, but here and throughout we will only be able to construct (at least
at first) the “classical shadow” of this action, as depicted in the diagram below:

Ro f?\v My
| |
Ro ~ M,

Here ;\v stands for an action that we believe exists, but don’t know how to construct.

The starting point of the Taylor-Wiles method is to consider an auxiliary family
of similar situations with additional level structure added at a well-chosen collection
of primes @,,. Indeed, letting @,, be such a set, we define

e R, = Rg;r[}is/SQn] and R,, := Wo(Rg;TﬁS/SQn}% which by is the
classical crystalline deformation ring. The derived ring R,, has virtual
dimension —4.

e M, for the corresponding module of “automorphic forms for G of level
SQ,”, which by assumption is a complex concentrated in degrees [—d, 0],
and M, := Hyo(M,,).

o
Then the same story holds for each R,,: we want an action R,, ~ M,,, but what
we can actually construct is its classical shadow R,, ~ M,,. Therefore, we have a
diagram

Re A~ M
| |
R, ~ M,

At first, the picture looks the same as when n = 0, so it seems that no progress
has been made. But the point is that by choosing Q,, artfully, one can morally
arrange the R, to “limit” to an object R which is actually classical, so that
Roo — Reo := m0(Roo). Now, in reality we will not be constructing R, in this
way, but we will construct an Rs, which will be seen to be “smooth and of the
correct dimension”. By the discussion in this justifies setting R to be
equal to R

Furthermore, the M,, “limit” to an object M, (which really does exist), and
it is really true that M, — My. Also, one should imagine that the diagram

(5.5.3) “limits” to a diagram

| |

Re ~ Mg

Since in this case Ro, — Ry is actually an isomorphism of simplicial commutative
rings, it automatically gives the desired action on Mso — Myo.

To see how this helps with our original problem, let us contemplate the relation
between R, and Ry. The difference is that Ry only parametrizes deformations
unramified at @, (recall that p is unramified at the primes in @,), while R,
allows deformations that ramify at @,,. As explained in Example Ro can be
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recovered from R, by forming a derived tensor product that cuts out the unramified
locus from among the deformations of local Galois groups over the primes in @Q,,.
More precisely, one chooses @, so that deformations of p are automatically tame
above @Q,,. Then the maps from the tame inertia groups over Q,, to 7 (Or[1/5Q,])
induce a ring homomorphism S,, — R,,, where S,, is certain deformation ring for
tame inertia at the primes in @,. There is an augmentation S,, — So = W (k)
that corresponds to the deformations which are trivial on tame inertia. By similar
conditions as in Example [5.4.1] one has an equivalence of simplicial commutative
rings

L ~
(5.5.1) Ry ®s. So = Ro.

This identity approrimately “limits” to

L ~
(552) “Roo XS0 So — Ro.”

More generally, one has approximately

L ~
(5.5.3) “Reoo @5 Sn = Ryp.”

The reason we have put these statements in quotes is that it they are not exactly
true, but they are true up to a certain amount of error which shrinks to 0 as n — oo,
which makes them acceptable for our purposes. The source of this “error” lies in
the construction of Ry it is extracted by a compactness argument from an inverse
system of finite quotients of the R,,.

There will also be an action of S,, on M, by “diamond operators”, for which
one has

L ~
(5.5.4) Moo ®s,, So — My,

Furthermore, local-global compatibility ensures that this action is compatible with
the one induced by S,, — R,,. Then, from the Ro. — Roo action on My, <= M,
taking derived tensor products and using (5.5.2)) and (5.5.4), we have

L L
“Ro = Roo ®s.. S0” ™ Moo ®s.. So = M.

As discussed above, the statement in quotes is not exactly true but can be made
true on homotopy groups up to arbitrary precision. This is done by instead using
to “go from oo to n”, which incurs arbitrarily small error as n increases,
and then using to “go from n to 0”, which does not incur any error. That
is enough to make some isomorphism

L
mi(Ro) ~ Ti(Roe ®s.. So) = Tor?>(Rac, So),

which we will then be able to compute explicitly (under favorable assumptions).
Indeed, the argument also shows that So, — R is a quotient by a regular sequence
of length §, which allows to compute ToriSoo (Reo,So) by a standard Koszul complex
calculation.

This completes our shamelessly vague and impressionistic sketch. We encourage
the reader to consult the article of Caraiani-Shin [CS23] for a more substantial
discussion of the Calegari-Geraghty enhancement of the Taylor-Wiles method.
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6. Derived Hecke algebras

6.1. The local derived Hecke algebra. We briefly review the theory of
derived Hecke algebras from [Ven19]. Let G be a split reductive group over a local
field K, say of residue field F, having characteristic p. Let U C G(K) be a compact
open subgroup. (For our purposes, we are most interested in the maximal compact
subgroup U = G(Ok).)

Let A be a commutative ring. Define the the universal module

U (U) = -Ind 55 A
where U acts trivially on A. We can present the usual Hecke algebra for the pair
(G(K),U) as
H(G(K),U; A) == Homg(x) (Ua(U), Ua (U)).

This presentation suggests the following generalization.

Definition 6.1.1. The derived Hecke algebra for (G(K),U) with coefficients
in A is the graded ring

H(G(K),U; A) == Exte g (Ua (U), 4a (D)),

where the Ext is formed in the category of smooth G(K)-representations. For
U = G(Ok), we abbreviate H(G(K); A) := H(G(K),G(Ok); A).

Remark 6.1.2. The ring H(G(K),U;A) is really just a graded (associative)
ring, rather than any kind of derived (associative) ring. However, its description
makes it clear that it arises as the cohomology groups of a differential graded algebra
RHomg gy (Ua(U), Ua(U)). It might be more puritanical to call the latter object
the “derived Hecke algebra,” but we follow [Ven19] in applying this name to the
graded ring H(G(K),U;A). We will instead call RHomg g (Un(U),Ua(U)) the
differential graded Hecke algebra, and denote it by € (G(K),U;A), or sometimes
simply s (G(K);A) if U = G(Ok). It does not have the structure of an animated
ring; a priori, it is just a differential graded (i.e., E1) algebra, although we conjecture
in that it has more commutative structure.

~— —

Example 6.1.3. The O0th graded group of H(G(K),U; A) is the classical Hecke
algebra H(G(K),U; A).

We next give a couple more concrete descriptions of the derived Hecke algebra,
following [Ven19), §2].

6.1.1. Function-theoretic description. Let z,y € G(K)/U and G, C G(K) be
the stabilizer of the pair (x,y). We note that G, , is a profinite open subgroup of
G(K). We can think of H(G(K),U;A) as the space of functions

G(K)/U x G(K)/U > (x,y) = h(z,y) € H"(Gay; A)
satisfying the following constraints:
(i) The function h is “G(K)-invariant” on the left. More precisely, we have
[9]" (g, gy) = h(z,y)

for all g € G(K), where [g]*: H*(Ggp,gy; A) = H*(Gyy; A) is pullback
by Ad(g).
(ii) The support of h is finite modulo G(K).
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The multiplication is given by a convolution formula, where one uses the cup prod-
uct to define multiplication on the codomain, and restriction/inflation to shift co-
homology classes to the correct groups [Venl9, eqn. (22)].

6.1.2. Double coset description. For z € G/U, let U, = Staby(x). Explicitly,
if x = ¢, U then U, := U N Ad(g.)U.

We can also describe H(G(K),U; A) as functions

x € U\G(K)/U v h(z) € H*(Uy; A)

which are compactly supported, i.e., supported on finitely many double cosets. For
the description of the algebra structure, it seems better to convert to the model of
(16.1.1)).

6.1.3. The derived Hecke algebra of a torus. Let T be a split torus over K. We
can explicitly describe the derived Hecke algebra of the torus T(K), using now the
double coset model. Since T is abelian we simply have T'(Ok), = T(Ok) for all
x € T(K)/T(Ok).

We have T'(K)/T(Ok) = X.(T). Identify

(6.1.1) X.(T)=T(K)/T(Ok) — G(K)/G(Ok)
by the map X.(T) 3 x — x(w) € G(K)/G(Ok), where w is a uniformizer of K.
Then H(T(K); A) simply consists of compactly supported functions
X.(T) = HY(T(Ok); A)
with the multiplication given by convolution; in other words,
H(T(K); A) = A[X(T)] @x H (T (Ok); A),

Remark 6.1.4. If p is invertible in A, then the structure of H*(T(Ok); A)
can be elucidated as follows. First of all, the reduction map T(Ox) — T(F,)
has pro-p kernel, which then has vanishing higher cohomology with coefficients
in A by the assumption, and therefore induces an isomorphism H*(T'(F,);A) —
H(T(Or); A).

Furthermore, since 7' is split we have T'(F,) = (Fx)" where r = rank(T).
We are mainly interested in the case where A is of the form O/I" where O is the
ring of integers in a number field and [ is a prime above ¢ # p. In this situation,
H*(T(F,); A) has non-zero higher cohomology exactly when ¢ =1 (mod ¢).

6.1.4. The derived Satake isomorphism. We assume in this subsection that g =
1 € A. Let T C G be a maximal torus and W the Weyl group of T C G. We
consider an analogue of the classical Satake transform for the derived Hecke algebra
H(G(K); A), which takes the form

“Derived Hecke algebra for G = (Derived Hecke algebra for T)".”
More precisely, we define the derived Satake transform
(6.1.2) H(G(K); A) - H(T(K); A)
simply by restriction (in the function-theoretic model along the map
(T(K)/T(Ok))* = (G(K)/G(Ok))?
from (6.1.1). In more detail, let h € H(G(K);A) be given by the function
(G(K)/G(OK))* 3 (w,y) = h(z,y) € H (G 3 A).
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Then (6.1.2)) takes h to the composition
(T(K)/T(Ok))? — (G(K)/G(O))* —"— H*(Gapyi A) == H*(Ty 5 A)

Z,Y» x,Ys

Remark 6.1.5. It may be surprising that this is the right definition, since the
analogous construction in characteristic 0, on the usual (underived) Hecke algebra,
is far from being the usual Satake transform. It is only because of our assumptions
on the relation between the characteristics (namely, that ¢ = 1 € A) that this
“naive” construction turns out to behave well (otherwise, it would not even be a
ring homomorphism). The construction seems to have been motivated by [T'V16];
see [Fen24l Lemma 6.5] for a proof of the relevant point.

THEOREM 6.1.6 ([Ven19, Theorem 3.3]). Let W be the Weyl group of T in
G. If |W| is invertible in A and ¢ = 1 € A, then the map induces an
isomorphism
H(G(K); A) = H(T(K); M)".

Remark 6.1.7. Strictly speaking, Theorem [6.1.6] is only proved when K has
characteristic zero in [Venl9], but essentially the same argument should work in
general.

6.1.5. Commutativity? A priori, J(G(K),U; ) is just an associative differ-
ential graded algebra and H(G(K),U;A) is just an associative graded algebra. It
is interesting question what more structure or properties these algebras have. In-
deed, HO(H(G(K),U; A)) 2 H(G(K),U; A) famously turns out to be commutative,
although this is non-trivial to prove.

We think it is reasonable to conjecture that H(G(K); A) is also commutative,
at least if the characteristic of A is not in “bad” position with respect to G and the
residue characteristic of K. (No counterexample is known at present, even for bad
characteristics.) We list some cases in which the commutativity is known:

(i) The commutativity is known for A of characteristic £  #W such that
g =1 (mod ¢) by Theorem (which is due to Venkatesh).

(ii) More generally, the commutativity is known if #G/B(F,) and p are
invertible in A by Gehrmann [Geh22”§|

To say a bit about these arguments, we recall two proofs of the commutativity
of the classical spherical Hecke algebra: one via the Satake transform, and one
via “Gelfand’s trick”. Venkatesh’s argument is a generalization of the method of
the Satake transform, and Gehrmann’s argument is a generalization of Gelfand’s
trick. We note that although Gehrmann proves commutativity in more general-
ity, Venkatesh’s proof gives more refined information which is needed for global
applications.

There are subtler questions that one can formulate beyond the commutativity
of H(G(K);A), concerning the structure of the differential graded Hecke algebra
A (G(K);A). Some more speculative discussion of this problem will be given in
§9.2)

6.1.6. Eztensions. The literature on derived Hecke algebras is not as compre-
hensive as one would hope. It would be useful to:

e Extend the theory to non-split groups G.

18This paper also investigates examples for G = SLg which do not fall under these hypotheses.
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e Extend the theory incorporate to non-trivial coefficients, i.e., replace
A[G(K)/U] with the compact-induction of a non-trivial representation
of U. In a global setting, this would be related to considering non-trivial
local coefficients on the corresponding locally symmetric space.

6.2. Actions of derived Hecke algebras. Maintain the preceding notation:
let G be a reductive group over a local field K of residue characteristic p, U C G(K)
be an open compact subgroup, and A be a commutative ring.

Fact 6.2.1. If C* is an object of the derived category of smooth G(K)-
representations over A, then we have (formally) a right action of the differential
graded Hecke algebra 52 (G,U; A) (resp. the derived Hecke algebra H(G,U; A)) on
RHomyp)(A, C®) (resp. Exty(A, C?)).

Indeed, the derived endomorphism ring RHomg (4 (U),Ua(U)) tautologi-
cally has a right action on the functor RHomj} g (q,)({a(U), —). Then the Fact
follows from the Frobenius reciprocity isomorphism

(621) RHOHI;\[U] (A7 C.) L} RHOHI:\[G(QP)] (uA(U)7 C.)

The functor C* — RHomj (A, C*) is that of derived U-invariants. Thus Fact
may be captured more colloquially by the slogan:

There is a canonical right action of the derived Hecke algebra
for (G, U) on the derived U-invariants of a G(K)-representation.

Remark 6.2.2. If U is pro-p, and p is invertible in A, then formation of U-
invariants is exact. The case where p is not invertible in A will be discussed in the
next subsection.

Example 6.2.3. A source of examples comes from the cohomology of locally
symmetric spaces. Taking U to be the level structure at p, the cohomology com-
plex of the locally symmetry space for G is realized canonically as the derived
U-invariants of a G(K)-representation, which is at least heuristically “the coho-
mology complex of the locally symmetric space with infinite level structure at p”.
The motivation for the local derived Hecke algebra in [Ven19] was to analyze such
examples. We will say more about this later in the subsequent sections.

6.3. Mod p derived Hecke algebras of p-adic groups. Let G be a reduc-
tive group over Q,, — we use the same notation for the algebraic group and its group
of Qp-valued points — and let k be an algebraically closed field of characteristic p.
Let Rep,(G) denote the category of continuous representations of G on k-vector
spaces, and let Rep;™(G) C Rep,(G) denote the subcategory of smooth represen-
tations. When G = GL2(Q,) or a closely related group, the irreducible objects in
Rep;™(G) have been classified for some time, but for every other group even an
approximate classification remains elusive, in spite of impressive efforts over the
past 15 years including [Bre03), [ Koz16, BP12].

The abelian category Rep; " (G) nevertheless has a simple structure in one re-
spect: every irreducible object admits a canonical space of surjective homomor-
phisms from a compact projective generator, denoted i below. This fact has
been exploited by Schneider to define a derived equivalence between Rep;™(G)
and the derived category of dg-modules over the derived endomorphism algebra
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REndg(4)°P. The properties of the latter, a mod p analogue of the mod ¢ de-
rived Hecke algebras introduced above, are still largely unexplored. A simpler ver-
sion, called the derived diamond algebra, has been shown by Khare and Ronchetti
[KR23al to play a significant role in the theory of p-adic modular forms.

6.3.1. Schneider’s theory. Fix an Iwahori subgroup I C G, and let I(1) C I
be its maximal pro-p normal subgroup; thus I/I(1) is the group of F-points of a
torus over a finite field F. It is easy to show that every irreducible m C Rep;™(G)
is generated by its subspace 7/(1). This thus defines a canonical functor

(6.3.1) T : Repi™(G) — Mod(H(G, I(1); k)°P)

)

where H(G, I(1); k) is the k-valued Hecke algebra of G relative to I(1). Here we
caution about a notational inconsistency: Schneider’s convention differs from ours
(which follows Venkatesh) by formation of opposite algebra. That is, letting 8 :=
c—IndIG(” k be the universal induced module, Schneider defines the Hecke algebra of
G relative to I(1) to be Endg(40)°P instead of Endg(i). Thus, when we translate
his results into our conventions, an extra “op” will appear.

A well-known theorem of Borel and Casselman [Bor76] asserts that, if & is
replaced by C, then defines an equivalence of categories between the sub-
category of the left-hand side of representations generated by their I(1)-fixed vec-
tors and Mod(H(G, I(1);k)°P). This is also true for k in characteristic p when
G = GL(2,Qp), but Ollivier [OII09] proved that this is almost never the case
for other G, even though every irreducible 7 is generated by /(). Schneider
found the appropriate generalization of the Borel-Casselman theorem by replacing
H(G, I(1); k) by the differential graded algebra

(6.3.2) H(G,I(1);k) = REndg(4) := RHomg (44, 41).
The replacement of the functor (6.3.1)) is
(6.3.3) 15 D(G) — D((G,I(1);k)°P)

7 — RHomy(1)(1,7) = RHomg (4, 7)

Here D denotes the (unbounded) derived category, we write D(G) instead of D(Rep; ™ (G)),
and the final equality is Frobenius reciprocity. Schneider’s theorem is the following.

THEOREM 6.3.1 ([Sch15a), Theorem 9). Suppose I(1) is a torsion free p-adic
group. Then Al is a compact generator of D(G) and the functor (6.3.3) is an equiv-
alence of triangulated categories.

A first description of the category Rep; ™ (G) is contained in [AHHV17)]. Par-
abolic induction is defined as a functor from Rep; ™ (M) to Rep;™(G) if M is a
Levi component of a parabolic subgroup P; in characteristic p this induction is not
normalized and the result depends on P as well as M. The irreducible admissible
representation 7w of G is supercuspidal if it does not occur as a subquotient of a
representation induced from an admissible irreducible representation of a proper
parabolic subgroup of G. The main theorem of [AHHV17| reduces the classifi-
cation of Rep;™(G) to the classification of supercuspidal representations of Levi
subgroups. This corresponds to a similar classification of modules for the (under-
ived) Hecke algebra H(G,I(1);k)°P: the Hecke algebra modules corresponding to
supercuspidal 7 are called supersingular and have a simple characterization in terms

of H(G,1(1);k)°P (see [AHHV1T, p. 498]).
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Remark 6.3.2. This suggests that the structure of D((G,1(1);k)°P) can
also be reduced to the study of triangulated subcategories of supersingular modules,
but no one seems to have looked into this question.

When I(1) is not torsion free, it can be replaced in the definition of 4 and
in Theorem by an appropriate torsion free subgroup of finite index, but the
theory of the underived Hecke algebras for general open compact subgroups is much
less clear.

As in the £ # p case, we will call the cohomology ring

H(G,U;A) := H (H(G,U; N))

the derived Hecke algebra; this is (a priori) just a graded associative ring. The thesis
of N. Ronchetti [Ron| studies the derived spherical Hecke algebra H(G, G(O); A)
and defines a Satake homomorphism

H(G,G(O);A) — H(T, T(0); A) — A[X.(T)] @ H*(T(O); A).

In this case, with T'(O) p-torsion free, H*(T(O), A) is an exterior algebra on H'.
This algebra is much more manageable than Schneider’s 42 (G, I(1); k); however,
the compact induction of the trivial representation of G(O) does not generate D(G),
so Ronchetti’s algebra cannot account fully for the mod p representation theory of
G. However, simpler p-adic derived Hecke algebras do seem to play a role in the
global theory of p-adic modular forms; see §8.4.2] below.

7. Cohomology of locally symmetric spaces

7.1. Locally symmetric spaces. In this section G is a connected reductive
group over Q, with center Z = Zg. We fix a subgroup K., C G(R) containing
Z(R) and a maximal compact subgroup of the identity component G(R)° C G(R),
so that K /Z(R) is compact. Then X = G(R)/K is a finite union of copies
of the symmetric space for the derived subgroup G(R)4°0. Let K; C G(Ay) be
an open compact subgroup; the corresponding congruence subgroup of G(R) is the
subgroup I' = T'x, C G(Q) given by the intersection G(Q) N Ky in G(Ay). Let
K } C K¢ be a torsion-free normal subgroup of finite index, with quotient Q; then

X(Tgy) =T \X
is a C'°° manifold, and
X(Tie,) = Tic, \X = Q\X (T

is the locally symmetric space attached to Ky. For most purposes the finite group
Q and the singularities of X (I'x,) will play no role in what follows.
We will be most concerned with the adelic locally symmetric spaces

Sk, (G, X) = GIQ\X x G(Af) /Ky

and with the limit
S(G,X) = @SKf(G,X),

Ky

the limit taken over all open compact subgroups Ky C G(Ay). For fixed Ky,
the adelic locally symmetric space can be identified with the disjoint union of a
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finite set of discrete arithmetic quotients of X: by reduction theory we can write
G(Ay) =1, G(Q)a; K for a finite set of a;, and then

Sk, (G, X) =] x(@)),

where T'; = G(Q) N ozijaj_l.
Unless otherwise indicated, for any cohomology theory H*, usually with twisted
coefficients, the space H*(S(G, X)) will be understood to be the filtered colimit

ligH*(SKf(G,X)).
Ky

7.2. Review of the de Rham theory. Let A(G) denote the (complex) vec-
tor space of automorphic forms on G(Q)\G(A), and let Ay(G) C A(G) denote
the subspace of cusp forms. Let Z = Zg denote the center of G, Ko, C G(R) a
closed subgroup of the identity component that contains Z(R) and whose image
in the adjoint group G(R)*! is compact. Depending on the circumstances, K
may or may not be maximal compact modulo center. For bookkeeping purposes,
we let K< denote the maximal compact subgroup of K. We write g = Lie(G),
t = Lie(K); unless otherwise indicated these are taken to be the Lie algebras of
the complex points. Then we have the Cartan decomposition

(7.2.1) g=tdp.

The (possibly disconnected) symmetric space X = G(R)/Ks has an invariant
hermitian structure precisely when there is a homomorphism

h:C* = RC/RGm,C — Gr

with image in the center of K, that satisfies the axioms of a Shimura datum (cf.
Morel’s article [Mor23] in this volume). In that case, (7.2.1) can be refined into
the t-invariant Harish-Chandra decomposition:

(7.2.2) g=toptap,
Here, under the map of tangent spaces
0="Tc.e— Txpn,

where T (resp. Tx,p) is the tangent space at the identity (resp. the tangent
space at the K .-fixed point h € X), p* (resp. p~) is taken to the holomorphic
(resp. antiholomorphic) tangent space; they are respectively of Hodge type (—1,1)
(resp. (1,—1)) for the Hodge structure on g defined by h. We sometimes write
pt =p;, €=, in order to emphasize the choice of h.

The symmetric space X has a G(R)-invariant metric, unique up to multiplica-
tion by a positive real scalar, that descends to S(G, X). If G/Z is anisotropic, then
S(G, X) is compact and its de Rham cohomology can be computed by means of
harmonic forms with respect to the invariant metric. Matsushima’s formula rein-
terprets this computation in terms of relative Lie algebra cohomology of the space
A(G) of automorphic forms.

Let p: G — Aut(V) be a finite-dimensional linear representation, defined over
a subfield E C C. Let V be the corresponding local system over S (G, X), with
coefficients in E:

V=1

=]

G(Q)\X x G(A) x V/K;.

21

f
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In order for V to be a local coefficient system, we need to assume that the Zariski
closure of Z(Q) N Ky in Z, for all sufficiently small Ky, is in the kernel of p; this
assumption will be made without comment in what follows. We write Vg = V®gC
and define V¢ in the same way.

By an admissible irreducible representation of G(A) we always mean an irre-
ducible (g, Ko) X G(A f)-representation, with the chosen K.

THEOREM 7.2.1 (Matsushima’s formula). Assume G/Z is anisotropic. Then
there is a canonical isomorphism of G(Ajy)-representations

H*(S(G, X), Vo) = @em(m)H* (9,870 @ Vo) @ 74

Here m runs through admissible irreducible representations of G(A), and there is a
countable direct sum decomposition

(7.2.3) AG) S @xm(m)

where m(7) is an (integer) multiplicity and m = 7o ® 7y is the factorization with
Too (resp. my) an irreducible (g, Ko )-module (resp. G(Ay)-representation). The
notation H*(g,% —) denotes relative Lie algebra cohomology.

The standard reference for this result is the book [BW00] of Borel and Wallach,
to which we refer for definitions and proofs. The interest of Matsushima’s formula is
that it separates the calculation of the cohomology into a global part, corresponding
to the multiplicities m(), and a local part that depends only on m,. We will only
consider 7 for which 7, is tempered; in this case the cohomology H*(g, & me ®
Vi) is completely calculated in [BWO0O], and we copy the answer in the following
section.

The result is more complicated when G/Z is not anisotropic, and the proofs
are considerably more difficult. In particular, there is no longer a direct sum de-
composition as in . Nevertheless, it was proved by Franke [Fra98] (building
on earlier work of Borel) that the following analogue of Theorem holds:

(7.2.4) H*(S(G,X), Vo) S H*(g,6 AG) @ Ve).
7.2.1. Cluspidal cohomology. We define the cuspidal cohomology
H(S(G,X),Ve) C H*(S(G, X), Vo)

to be the image of H*(g,% Ao(G) ® V) in H*(g,¢ A(G) @ Vi), with respect to
the isomorphism ([7.2.4]). Borel proved that the map from the relative Lie algebra
cohomology of cusp forms to cohomology is injective. Thus if we write

(7.2.5) Ao(G) = @rmp(m)m,

where mg(7) denotes the multiplicity of 7 in the cuspidal spectrum, we have the
analogue of Matsushima’s formula:

(7.2.6) H(S(G, X),Ve) = @amo(m)H (g, 700 @ Vo) @ 74

Remark 7.2.2. In and in Theorem the relative Lie algebra co-
homology should really be replaced by (g, K< )-cohomology, where K¢ is now a
maximal compact subgroup. The version stated here is only correct when K< is
connected and the center of G is finite. The discussion here can easily be adapted
to handle complications introduced by disconnectedness of KS or by the center of

G.
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We fix a representation m¢ of G(A ) and let [7f]o denote the set of irreducible
representations of G(R) such that 7 = 7o, @ 7y C Ag(G). We make the hypothesis

HYPOTHESIS 7.2.3. Every o € [Tf|oo is tempered.
We can define
Hg(S(G, X), Vo)[ns] = Homga ) (my, H (S(G, X), Ve))-
By we then have
(727)  HI(S(GX),Ve)lms] > iy mo(m) H (3,70 © Vo).

7.2.2. Relative Lie algebra cohomology in the tempered case. The set of tem-
pered 7, with non-trivial relative Lie algebra cohomology with coefficients in a
given V¢ is determined in [BWOO, §3], especially in Theorems 3.3 and Theorem
5.1. Every such 7y, is isomorphic to a parabolically induced representation of the
form Ip, 0, in the notation of [BWOQ], where P is a fundamental parabolic sub-
group of G(R) with Langlands decomposition "M AN and o is a discrete series
representation of M, whose infinitesimal character is determined by the highest
weight of V:

Xo = T X=s(p+A(V))le
(see [BWOO, Theorem 3.3 (2)]) where A(V) is the highest weight of V, b is a
compact Cartan subalgebra of Lie("M), and s is a (uniquely determined) element
of the Weyl group of length ¢(s) = dim N/2. Moreover, the relative Lie algebra
cohomology H*(g,¥; 7o, ® Vo) is determined explicitly in the two theorems quoted.

We let . ) .
q(G) = dim(G) - dlm(K‘x’); ly(G@) = rank(G) — rank(K,)

2
w(@) = a(@) - )

The invariant ¢y coincides with dim A where A is the split part of the maximally
split torus in G(R). Then ¢o(G) is an integer (cf. [BWOO, §4.3]) and we have

(7.2.8) HOOH (g K 700 @ Vo) = HICM (Om, Kpio @ Wi p)—p) @ N (a*)

Here a* is the linear dual of the Lie algebra a of the split component A, W\ ,)—,
is the irreducible finite-dimensional representation of ° M with the indicated highest
weight, and Kp is the maximal compact subgroup KS, N P(R) = K& N° M(R).
Moreover, °M is a group with discrete series and q(°M) is the dimension of its
associated symmetric space.

In particular, since £o(G) = dim A, we have

(7.2.9) H(g, K3meo ® Vi) # 0 q € [q0(G), q0(G) + £o(G)]
7.2.3. The exterior algebra action. A basic fact about discrete series, due to

Schmid, is that the space H‘J(OM)("m7 Kp;0 @ Wy(ryp)—p) that appears in (7.2.8)
is one-dimensional. It follows that

COROLLARY 7.2.4. H®(&)t (g K¢ : 1. ® Vi) is naturally a free rank one dif-
ferential graded module over the exterior algebra A®(a*).

Combining this with (7.2.7) we obtain the following global corollary, which is
the starting point of Venkatesh’s motivic conjectures.
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COROLLARY 7.2.5. Suppose my has the property that every Too € [Tfloo S
tempered. Then
HP T (S(G, X), Vo))

is a free differential graded module over A*(a*) of rank

mo(mp) =Y mo(m).

ﬂ'ooe[ﬂ'f]oc

The starting point of Venkatesh’s motivic conjectures is the observation that
the dimension ¢y of a* coincides with a rank of a motivic cohomology group hy-
pothetically attached to m¢. This is explained clearly in [PV21, [Ven19], and we
recall the explanation here. To a pair consisting of cohomological cuspidal au-
tomorphic representation 7 of G and a finite-dimensional representation 7 of the
Langlands L-group G, the Langlands correspondence hypothetically attaches a
collection of motives M (7)., obtained by composing 7 with the parameter of 7
viewed as a homomorphism of a motivic version of the absolute Galois group of
Q to the algebraic group “G. For the purposes of this and the following sections,
we only need the case of the dual adjoint representation 7 = Ad*; then we write
M, = M(Ad),. In general the motives have coefficients in a number field E,,
which we ignore temporarily.

Attached to the hypothetical motive is the group H} . (Q, M(1)) of motivic
cohomology. This is supposed to be a direct summand of a certain K-theory group
tensored with Q, and is conjecturally a finite-dimensional Q-vector space (more
generally an E -vector space); we denote this space T (pronounced “Va,” in honor
of Venkatesh). While both M, and its motivic cohomology are inaccessible, if M,
is an actual piece of the cohomology of a smooth projective algebraic variety over Q
cut out by correspondences, then there are regulator maps comparing @, ® C' and
certain spaces of cohomological realizations, where C' runs through possible fields
of coefficients. The key point iﬂ

CONJECTURE 7.2.6 (Beilinson, Bloch-Kato). (i) The space @, is of dimension
.

(i) The Beilinson regulator defines an isomorphism
7, ®q C — Hp(My mar, 1),

where H,(*,1) is Deligne cohomology and My gar denotes the Hodge-de Rham
realization.

(#ii) For any prime p at which My has good reduction, the p-adic regulator
defines an isomorphism

a-ﬂ' ®Q Qp ; H}”(Qa Mﬂ(l))7
where H} is the Bloch-Kato Selmer group.

Each conjecture also asserts that the space on the right-hand side in the iso-
morphism has dimension ¢3. This can often be proved or deduced from other
conjectures. Most importantly for our purposes, these conjectures provide rational
structures on the exterior algebra A®(a*) that can be compared by means of

19Normally one defines T; as the space of classes that extend to an appropriate integral
model. In the applications Venkatesh explains how this condition can be ignored. See for example
[PV21l p. 4].
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to the rational structure on the cohomology space Hg(S(G,X),Ve)[ns], induced
by topological cohomology. Specifically, we have

Fact 7.2.7 ([PV21], (5.1.1)). Conjecture (i) and (ii) give rise to a canon-
ical isomorphism
T, ®qC — a".
Thus Conjecture [7.2.6] endows a* with a canonical Q-rational structure.

The conjectures of [PV21], [Venl9), [GV18| all refer back to this Q-rational
structure, and in particular to the following conjecture. Since 7y is realized in
cohomology, it has a model over a number field E (7 f)m The 7 isotypic component
of H;(S(G,X),Vg) is then a direct summand of the E(r)-rational cohomology
H}(S(G, X), VE(M)). We state a slight generalization of the main conjecture of
Prasanna and Venkatesh:

CONJECTURE 7.2.8 ([PV21], Conjecture 1.2.1). The action on Hi(S(G, X), V) [ry]
of N*@, preserves the E(ms)-rational structure.

We describe the actions of the p-adic realizations of @ in greater detail in

7.3. Coherent cohomology of Shimura varieties. We return to the nota-
tion of but now we suppose that X has G(R)-invariant hermitian structure. We
assume throughout that Zg is trivial; this is certainly unnecessary but it simplifies
the exposition. We define

PB=Pr=tdp~,
in the notation of . This is a maximal parabolic subalgebra with unipotent
radical p~. The locally symmetric space S(G, X) is then a Shimura variety, and
has a canonical model over a number field E(G, X) that is preserved under the
right action of G(Ay). This induces a canonical model on the individual finite-level
quotients Sk, (G, X).

Let 7 : Koo — GL(W.) be an irreducible representation, and define the holo-
morphic vector bundle
(7.3.1) &= @G(Q)\G(A) X Wr /Ko x Ky

Ky

where now G(Q) acts on G(A) on the left, Ky acts on G(Ay) on the right, and
K acts on G(R) on the right and on W, on the left. If K is sufficiently small the
bundle & descends to a vector bundle, also denoted &, on Sk, (G, X), which has
a canonical model over a finite extension E(G,X,7) of E(G, X). In practice we fix
a level subgroup Ky such that Sk, (G, X) has a canonical integral model, as in the
work of Kisin, Shin, and Zhu [KSZ21]; this presupposes that S(G, X) is a Shimura
variety of abelian type, which is closely related to moduli of abelian varieties with
additional structure.

Suppose for the moment that G is anisotropic over Q, so that S(G, X) is (pro)-
projective. The cohomology of S(G, X) with coefficients in (the coherent sheaf
attached to) the vector bundle &, then admits an expression in terms of differential

201f G = GL(n) it follows from the multiplicity one theorem that this can identified with
the field of rationality of m¢, that is the fixed field in Gal(Q/Q) of the subgroup that fixes the
isomorphism class of . In general E(7¢) may be slightly larger.
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forms (Dolbeault cohomology), which in turn can be written in terms of relative
Lie algebra cohomology, analogously to Matsushima’s formula:
(7.3.2)

H*(S(G, X), &) = H* (P, 6 A(G) @ Wr) = @am(m) H (P, 1o @ Wr) @ 7y

(Again, one should replace (3, £)-cohomology by (3, K}, )-cohomology, where K, D
K is the stabilizer of h in G(R) and is not necessarily connected.) When S(G, X)
is not projective, one needs to replace the left-hand side of by H*(S(G, X)sx, ™),
where S(G, X)x is a well-chosen (smooth projective) toroidal compactification and
Eco™ is Mumford’s (or Deligne’s) canonical extension of £, to a vector bundle over
S(G, X)x; the result is independent of the choice of 3. The analogue of the cuspidal

cohomology ([7.2.6))
(7.3.3) H(S(G, X), &) = Dreageym(m)H (B, & 7o @ Wr) @ 7y

was studied in [Har90], where in most cases the left hand side is defined alge-
braically in terms of two distinct extensions of &; to S(G, X)s. The analogue of
Franke’s theorem holds for coherent cohomology and was proved recently in
the thesis of Jun Su [Sul.

Suppose the infinitesimal character of 7, as a representation of the enveloping
algebra of €, restricts on the enveloping algebra of g to the infinitesimal charac-
ter of a finite-dimensional irreducible representation. Then Schmid’s theorem as-
serts that there is a unique 7o, and a unique ¢(7) € {0,1,...,dim X} such that
HYT (P, & 700 ® W) # 0; moreover, the cohomology space is then of dimension 1,
and 7 is a discrete series. This theory is described at length in [Har90]. In par-
ticular, the global coherent cohomology H{(S(G, X),&;) is non-trivial only when
q=q(1).

The version of Venkatesh’s motivic conjectures for coherent cohomology, to be
discussed in concerns 7 for which Hj(S(G, X), E;) has cohomology in several
degrees, and the corresponding 7., belong to the nondegenerate limit of discrete
series (NLDS). It is shown in [BHRO94], following work of Floyd Williams, that
any given NLDS 7, contributes to H?(B, ¢; moo ® W) for a unique gq. Let P(7)
denote the set of NLDS o such that H(B,¢;0 ® W) # 0, and define

H(T) = Doep(r)0-

For the purposes of this definition, it is most convenient to treat the different
components of the restriction of any NLDS of G(R) to its identity component as
separate representations o.

Question 7.3.1. Is there an abelian Lie algebra a C p such that
H* (B, & 11(1) @ Wr)
is a free module over A®(a*)?

The answer is affirmative in the admittedly unrepresentative case where G =
GL(2), but the question does not seem to have been explored more generally.

7.4. Action of ¢g-adic derived Hecke algebras on cohomology. We re-
turn to the topological setting of and specifically the Prasanna-Venkatesh
Conjecture @ Thus let m¢ be as in that section; in particular, we assume all
Too € [Tf]oo are tempered. We assume E(7y) = Q; this hypothesis can easily be
relaxed, at the cost of complicating the notation. We similarly assume throughout
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that the representation V is defined over Q, and write V for the corresponding
local system with coefficients Q.

Let p be a prime number such that the local component 7, is unramified. We fix
a level subgroup Ko =[], K, C G(Ay), with K, hyperspecial maximal, such that
W;(O # 0. We will be working with Q,-valued cohomology of the locally symmetric

space Sk, (G, X), with coefficients in Ve Q. More precisely, we choose a Z,-local
system Ay C V, and define the Hecke algebra Tk, , as in [Ven19, §6.1], to be the
Z,-algebra generated by Hecke operators at good primes, acting as endomorphisms
of the chain complex of Ay, viewed as an object in the derived category. Then 7
determines a maximal ideal m = m, C Tg,, which we reserve for later.

Write Sk, = Sk, (G, X). For any r = 1,2,... we let Ay, = Ay /p"Ay, A, =
Z/p"Z. We consider the object

RT(Sk,, Av,r)

as a module over Tg,. Let ¢ be a prime such that K, is hyperspecial maximal
compact. Consider the family F, of open compact subgroups U C K that contain
H”;ﬁq K,, and for each U € F, the chain complex C*(Sy (G, X), Av,) as an object
in the derived category of A,-modules. Then G, = G(Q,) acts on C;(4,) =
ligC'(SU(G,X),AV,T). Let &, be the universal A,[G,]-module 4 (K,). Then
just as in Frobenius reciprocity identifies

(7.4.1) RHOIHAT[K (AT,C;(AT)) L) RHomAT[Gq](uA(Kq)7Cq.(Ar))

a
and thus by Fact we have an action of the derived Hecke algebra H’ (G4, K;)
on H*(Ky,Cy(Ar)).
By the discussion in [HV19), §7.5], we can identify the hypercohomology H* (K, Cg(A,))
with H*(Sk,, Av,r). Thus formally we have

PrOPOSITION 7.4.1. For any r and any q, there is a canonical action of the
derived Hecke algebra H(Gy, Kq; Ay) on H*(Sk,, Av.r).

The action in Proposition is only of interest when H 4, (G4, K,) is non-
trivial. Thus we assume ¢ = 1 (mod p"). For such ¢ we have seen in Theorem
that
(7.4.2)

H (G Kos Ar) = HH(T(Qq), T(Zg); Ar)" 55 (A[XH (D)) @4, H* (Ty; Ar)"™

where W denotes the Weyl group of G and we have adapted the notation for the
algebra on the right hand side.

Remark 7.4.2. When ¢ = 1 (mod p"), the action of an individual derived
Hecke operator in Hix,.(qu K,) on cohomology modulo p” can be made explicit in
terms of the mod p” characteristic classes of cyclic unramified topological coverings
of degree p” in the passage from Iwahori level to pro-q Iwahori level at q. They are
thus seen to be derived versions of the diamond operators that play a central role in
the Taylor-Wiles method. This is explained in greater detail in in the setting
of coherent cohomology of modular curves. The topological version was developed
in [Ven19| and is completely analogous.

Venkatesh explains in [Ven19] §2.13] how to take an increasing union of sets
of ¢ as above, while passing to the limit on r, in order to define various versions
of a global p-adic derived Hecke algebra that acts on H*(Sk,, Ay). We choose the
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strict global derived Hecke algebra, denoted T’ in [Ven19], and assume p is prime
to the order of the Weyl group. Then T’ is graded commutative and contains
underived Hecke operators at good primes other than p. These generate the usual
(underived) Hecke algebra Tx, C T’. Moreover, the action of T’ preserves the
localization H*(Sk,, Av)m = H*(Sky, Av)m, at the maximal ideal of Ty, we have
been saving for this moment.

The first main result of [Ven19] is

THEOREM 7.4.3. [Venl9, Theorem 7.6] Under the assumptions listed below,
H*(Sk,, Av)m is generated as a graded module over T’ by its minimal degree com-
ponent HQO(G)(SKO, Av)m.

The proof is an adaptation of the ideas of Calegari-Geraghty, in the version de-
veloped by Khare and Thorne, to the language of derived structures. It depends on a
list of technical assumptions [Ven19, §6.1] and one substantial assumption [Ven19,
§6.2]. The most significant of the technical assumptions is that the m-localized ho-
mology [N.B.] H.(Sk,, Av)m is concentrated in the interval [go(G), ¢o(G) + o (G)]
that we have already seen in the calculation of relative Lie algebra cohomology of
tempered representations. Related to this is the assumption that H,.(Sk,,Av) is
torsion-free. Finally, G is assumed to be a split Q-group; this appears to rule out
generalizations to simple groups over totally real fields, for example, though the
analogous theorem must hold for such groups as well.

The more serious assumption is that 7 has an associated p-adic Galois param-
eter. This is a continuous homomorphism

(7.4.3) pr: Gal(Q/Q) = G(Qy),

where G is the Langlands dual group to G, whose Frobenius conjugacy class at the
unramified prime ¢ corresponds to the Satake parameter of 7, and whose restriction
to a decomposition group at p is crystalline in an appropriate sense. The existence
of such a p, is known when G is the general linear group over a real or CM field,
under our assumption that = contributes to cohomology of some Sg,. Venkatesh
then makes assumptions on the image of the reduction p, mod p that are familiar
from the Taylor-Wiles theory, in particular that the image of p,. is not contained
in a proper parabolic subgroup of G and is not too small.

Remark 7.4.4. Strictly speaking, Venkatesh only proves Theorem [7.4.3] when
V is the trivial representation. Moreover, he assumes that 7 is congruent to no other
representations at level Ko, and indeed that Tr, m — Zp. As far as we know, no
one has written down a proof without these hypotheses, which presumably would
require additional restrictions on p.

The second main result is the construction of an action of the p-adic real-
ization of motivic cohomology, as in Conjecture (iii), on H*(Sky, Av)m as
endomorphisms increasing the degree by 1. This will be discussed in the following
section, which is devoted to Venkatesh’s main conjectures regarding this action and
to generalizations in other settings.

8. Venkatesh’s motivic conjectures

8.1. The action of motivic cohomology. We retain the assumptions of
§7.4L Then Venkatesh’s Theorem tells us that the f-adic cohomology of the
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locally symmetric space, localized at the maximal ideal corresponding to , is cyclic
over the strict global derived Hecke algebra (DHA) . On the other hand, the ana-
lytic theory tells us that, after tensoring with Q, it is cyclic over the exterior algebra
on a vector space of dimension £(G). This invariant plays no role in the definition
of the strict global DHA but is linked to motivic cohomology by the Bloch-Kato
Conjecture. The relation between the two appearances of £y(G) is provided by a
canonical map from the dual adjoint Selmer group on the right hand side of Con-
jecture (iii) to the degree 1 part of the strict global DHA that is characterized
by a local reciprocity law.

The local reciprocity law is nevertheless stated in a global context. We realize m
and the Galois representation in over the ring of integers O in a p-adic field,
with residue field k. Choose a Taylor-Wiles system for m, a set @, = (g1, .-, qm)
of primes ¢; = 1 (mod p"), as in [Venl9, §6.3], to which we refer for the relevant
properties|”’| We write H; , for H*(Gq, Kq; Ar). In particular 7 is unramified at
each ¢ € (), and the Satake parameters of each 7y, ¢ € Q,, are strongly regular.
This means that if my C H(T(Qg),T(Z,); A-)" is the maximal ideal induced by
the maximal ideal m,, then the fiber over m, in

Spec (H(T(Qq), T(Zy), Ar) = Ar[X™(T7)] = Ar[X.(T))])

is a set of || maximal ideals. We choose one maximal ideal in Spec (H*(T(Q,), T(Z,); Ar))
for each ¢; this corresponds to choosing an element of the Langlands dual torus

TV (k) that is contained in the conjugacy class of p.(Frob,); here p denotes the
reduction of p, in GV (k). Since W acts on both factors in the tensor product in
, this choice together with the derived Satake isomorphism allows us to define

a canonical injection [Ven19), §8.17]

(8.1.1) var t HY (T3 A) = Hyy 4,

We can define a O-lattice in the dual adjoint Selmer group H} (Q, M,(1)). With
Conjecture [7.2.6] in mind, we let T, , denote the O-dual of this lattice. Under the
running assumptions, Venkatesh proves in [Venl9), Lemma 8.9] that @ ,, is free of
rank /o(G) over O. Note that global duality identifies 7 , with a lattice in (the
space of obstructions) H]%(Q, Ad(pr)).

There is a second map

(8.1.2) ot HY (T, Ar) = T /0"

defined by local duality of Galois cohomology (see p. 78 of [Venl9]).
Venkatesh’s second theorem, after Theorem|[7.4.3] is then a more precise version
of the following:

THEOREM 8.1.1. [Ven19] Theorem 8.5] There is an action of @, , on H*(Sk,, Ay )m
by endomorphisms of degree +1. This action is uniquely characterized by the prop-
erty that, for any r > 1 and any Taylor-Wiles prime q € Qq() for sufficiently large
a(r), the two actions of HY(T,, A) on H*(Sk,, Av)m — by derived Hecke operators
(via tq,) or by the action of ., (via f,,) coincide.

In particular, there is an embedding of the exterior algebra N*, , in the strict
global DHA T’ of endomorphisms of H*(Sky, Av)m-

21gee also the chapters of Caraiani-Shin and Emerton-Gee-Hellmann in these proceedings.
In practice we can work over a base field other than Q, of course, and the ¢; will then be prime
ideals.
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Remark 8.1.2 (The spectral Hecke algebra). The proof of Theorem
is an intense computation in [Venl9]. Another perspective is given by [Fen20].
There, the author constructs an object called the spectral Hecke algebra; it is a
derived Hecke algebra that acts on the spectral (i.e., Galois) side of the Langlands
correspondence. The construction is motivated by Geometric Langlands, but we
will not explain that motivation here; we refer to [Fen20], Introduction] for details.

The usual spherical Hecke algebra for G is the space of functions on G(Z,)\G(Q,)/G(Z,)
viewed as a double coset set. It is natural to view this double coset space as a
groupotid, i.e. remembering automorphisms. Then it has a non-trivial topologi-
cal structure, and taking cohomology (instead of just functions) gives the derived
Hecke algebra. For G = GL,,, the groupoid may be interpreted as the space of
tuples (Fi, F2,T) where Fi, Fo are rank n vector bundles on Spec Z, and 7 is an
identification of their restrictions to Spec Q.

To make the spectral Hecke algebra, we instead consider the space of tuples
(F1, Py, 7) where Fy, Fy are rank n local systems on Spec Z, and 7 is an identifica-
tion of their restrictions to Spec Q,. Although the language of the two situations is
parallel, the geometry is quite different. In the second case, the construction is only
interesting if performed in a derived sense, because the space of rank n local sys-
tems on Spec Z, embeds in the space of rank n local systems on Spec Qg (so that
the information of Fy is redundant). We call this derived space the “spectral Hecke
stack”, and its functions are essentially the spectral Hecke algebra of [Fen20].

There is a co-action of the spectral Hecke algebra on the derived Galois de-
formation ring, and [Fen20] computes that it is dual to Venkatesh’s reciprocity
law for the action of the derived Hecke algebra; furthermore [Fen20] explains that
there is a co-multiplication on the spectral Hecke algebra making it dual to the de-
rived Hecke algebra. Then [Fen20| gives a conceptual interpretation of Venkatesh’s
reciprocity law as a “derived local-global compatibility” between the actions of the
derived Hecke algebra and the spectral Hecke algebra.

Now we tensor the motivic cohomology and the cohomology of Sk, with Q, and
assume the Beilinson-Bloch-Kato Conjecture|(7.2.6|(iii). We let T B CTrp®@Qp
be the space of classes whose pairing with motivic cohomology lies in E(ns). Let
H*(S(G,X),V)x denote the 7 ¢-isotypic subspace of H*(S(G, X),V). The p-adic

version of Venkatesh’s motivic conjecture is
CoNJECTURE 8.1.3. [Venl9, Conjecture 8.8] Under the action of A*}. , on
[H*(S(G, X), V)] © Qp € H*(Sky, Av)m ® Qp

defined by Theorem the action of T
ture induced from H*(S(G,X),Av ).

[E(n,) Preserves the E(7y) rational struc-

The strongest evidence for this conjecture, apart from the results of [DHRV22]
on a similar conjecture for coherent cohomology of modular curves (see §8.3)), is the
substantial evidence provided in [PV21] for the analogous conjecture for complex
cohomology. In that conjecture the p-adic regulator with values in the Bloch-
Kato Selmer group is replaced by the Beilinson regulator with values in Deligne
cohomology, as in Conjecture (ii). Since derived structures are not required
for the statement of the Prasanna-Venkatesh conjecture, we say no more about it
here.
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8.2. The action of the derived deformation ring. After constructing the
derived deformation ring in [GV18], Galatius and Venkatesh use it to give an in-
terpretation in derived geometry of the method of Calegari-Geraghty. The cuspidal
cohomological representation 7, the localized cohomology H*(Sk,, Av)m, the Ga-
lois parameter p,, its reduction p, modulo p, and the dual adjoint Selmer group
H}(Q,Mw(l)) are as in and Let S be the set of places where 7w and
K are ramified, and assume p ¢ S. Then we can define the crystalline derived
deformation ring Rg;“f/ s> With unrestricted ramification at . ﬁ

The Galatius-Venkatesh interpretation of the Calegari-Geraghty method is for-
mulated in terms of homology rather than cohomology of Sk,. To avoid complica-
tions in the duality between homology and cohomology we assume V is the trivial
representation, so Ay is just the constant local system O; [GV18] does not treat
the more general case. The graded homology group H.(Sk,,O)m is H.(Mo)[qo]
in the notation of §5.5] The proof of the following theorem, the main result of
[GV18]|, was sketched earlier:

THEOREM 8.2.1. [GV18| Theorem 14.1] Under the hypotheses of the previous
sections the localized homology H.(Sk,, O)m carries the structure of a free graded

module over the graded ring ﬂ*(R?;;r[yls/S]).

8.2.1. Duality of the derived Hecke and derived deformation actions. The ar-
ticle [GV18] does not contain any new formulations of the motivic conjectures,
unlike the article [Ven19| devoted to the derived Hecke action. However, when the
two actions can be defined they are related canonically.

The main point is the determination of (R@CF?;S/S]) [GV18] (15.7)]: in our
notation, we have

LEMMA 8.2.2. [GV18| Lemma 15.3] There is an isomorphism

M(Roriys) — T

that induces an isomorphism of graded algebras
T (RGN g) — A Ty

The relation between the two actions cannot be completely straightforward,
because the derived deformation ring acts on homology while the (strict global)
derived Hecke algebra acts on cohomology. Under the duality between cohomology
and homology, the action of A*T;  on H*(Sk,,O)m defined in Theorem
becomes an adjoint action on H.(Sk,,O)m; T, acts as operators of degree —1.
The compatibility between the two actions takes the following form:

THEOREM 8.2.3. [GV18| Theorem 15.2] The DHA action of A\*T;. , and the
derived deformation ring action of (Rg;rﬁs/s]) are compatible in the following

sense. Under the identification
p,crys ~ *
T (Ropinys) — N Trp

of Lemma letved,,em (Rg;r[}f/s]), v €Tk

™p’

m € H,(Sk,, O)m. Then

v ev-m4v-vt m = (v, 0" )m

22The assumptions of [Ven19| already admitted in the previous section remain in force in
[GV18]; these include the hypothesis that the local unrestricted deformation spaces at primes in
S are well-behaved.
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where (,) is the natural O-valued pairing between T, and T, .

8.3. Coherent cohomology.

8.3.1. The derived Hecke action. In this section we use the classical notation
for modular curves. If d > 1 is an integer we let Xo(d) and X;(d) be the familiar
modular curves over Z[3] with level structure of type I'g(d) and I'y (d) respectively.
We think of X»(d), 7 = 0,1, as the quotient

I2(d)\$; H=GL(2,R)’/SO(2) -R%,

where GL(2, R)? is the identity component of GL(2, R). The line bundle over X-(d),
? = 0,1 whose sections are modular forms of weight 1 is denoted w; the isotropy
representation of SO(2) on the fiber of w at its fixed point h € $ is denoted wy,.

The bundle w is the only automorphic line bundle with non-trivial cuspidal co-
herent cohomology, in the sense of , in more than one degree — in other words
in degrees 0 and 1. Moreover, HJ(X7(d),w) and Hg(X+(d),w) are isomorphic as
modules over the classical Hecke algebra, which we denote T+4; this is the algebra
generated by standard Hecke operators at all primes not dividing d. This remains
true for modular curves attached to all congruence subgroups: there are two rep-
resentations (Harish-Chandra modules) of the identity component GL(2,R), say
mo and 71, such that

dim H (B, & m @wy) =1, i=0,1

in the notation of . The representations mg and 7 are holomorphic and anti-
holomorphic limits of discrete series, respectively, and the direct sum I(0) := 7@y
has a structure of irreducible (Lie(GL(2)),0(2) - R*)-module whose restriction
to (Lie(GL(2)),SO(2) - R*) is the sum of the two Harish-Chandra modules for
GL(2,R)". The notation I(0) is meant to suggest (accurately) that, up to a harm-
less twist by a power of the absolute value of the determinant, it is obtained by
parabolic induction from a unitary character of the Borel subgroup.

For any prime ¢ we let G4 = GL(2,Q), K, = GL(2,Z,). Suppose ¢ is rela-
tively prime to d and is congruent to 1 (mod p") for some r > 0. We let X7(d),
denote the base change of X7 (d) to Spec (Z/p"Z) and define w, analogously. One
defines in [HV19] an action of the derived Hecke algebra H(Gg, K4;Z/p"Z) on
H*(X+(d);,w,). The action can be defined formally as in but it also has a
concrete definition in terms of cyclic coverings. We let X7 (¢d) denote the modular
curve corresponding to the congruence subgroup I'7(d) NT(q), and define X;7(qd)
similarly. As long as ¢ > 5 the natural map X;2(qd) — Xg2(¢d) factors through an
étale cover Xa(qd)/Xo7(qd) that is cyclic of degree p”. This cover defines a class

(8.3.1) & € H'(Xo2(qd)r; Cy)

that is called the Shimura class. Here C, is the cyclic quotient of (Z/qZ)* of
degree p”. This can be identified with Z/p"Z but not canonically; we choose an
isomorphism (discrete logarithm)

(8.3.2) log: C, — Z/p"Z.

On the other hand, there are two maps p; : Xo7(qd) — X7(d). If we think of
Xo7(gd) as the moduli space of triples (E,C, ¢) where E is a (generalized) elliptic
curve, C is a cyclic subgroup of order ¢, and ¢ is some level structure at d, then m
is the map that forgets C' and 7o is the map that replaces E by E/C.
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PROPOSITION 8.3.1. (i) The composition

HY(Xo () wr) 5 HY (X () ) 25 HE (Koo (d)rr ) 5 HE(Xo(d) wy),

where the middle arrow identifies w,-QC, with w, by means of the discrete logarithm,
coincides with the action of a (precise non-trivial) element T, € H'(Gy, K,).

(ii) The action of HY(Gy, Kg;Z/p"Z) on H*(X+(d),,w,) commutes with the
action of the classical Hecke operators at primes not dividing qd.

Part (i) is equation (3-1) in [HV19], while part (ii) was observed in Mazur’s
Eisenstein ideal paper [MazT77] (and is easy to prove).

Analogous operators have been constructed and studied in the Columbia thesis
of S. Atanasov [Ata22] for Shimura varieties attached to unitary groups of signa-
ture (1,n — 1). These groups also have pairs of (nondegenerate) limits of discrete
series mp, w1 that have (%3, £)-cohomology with coefficients in the same irreducible
representation of (a maximal compact) K.

8.3.2. The conjecture. The action of the global Hecke algebra T4 on the weight
one coherent cohomology spaces H(X7(d),w) ® Qp, i = 0,1, is diagonalizable and
the characters A : Tyq — Qp that appear in the decomposition are in bijection with
the cuspidal automorphic representations 7 of GL(2, A) whose archimedean com-
ponent Ty, is isomorphic to the irreducible representation 7(0) introduced above.
As already mentioned, the same characters occur in H and H}, with the same
multiplicity. It is also convenient to identify each 7 that contributes to weight one
coherent cohomology with its normalized newform g, which is uniquely determined
by its classical g-expansion. In the statement of the conjecture we will just write
g = g» and we always assume g to be a newform of level d.

The analogue of Venkatesh’s conjecture is easier to state in this setting because
the hypothetical motive M, actually exists. By the Deligne-Serre [DS74] Theorem
each m (or gr) corresponds, in the sense of the Langlands correspondence, to a
2-dimensional Galois representation

pr: Gal(L/Q) — GL(2,Q)

for some finite extension L/Q, where Q is any algebraically closed field. Each such
px is odd: the determinant of p,(c), for any complex conjugation ¢ € Gal(L/Q),
equals —1. Conversely, the Artin conjecture asserts that every 2-dimensional odd
representation of the Galois group of a finite extension of Q is of the form p;;
this has been known since the work of Khare-Wintenberger [KW09] on Serre’s
Conjecture, although it had been established in most cases by Buzzard-Dickinson—
Shepherd-Barron-Taylor [BDSBTO01]. Moreover, when the image of p, is a dihe-
dral group the result is essentially due to Hecke.

Thus to each m we have the 2-dimensional representation p,, which can be
viewed as the Galois realization of a rank 2 Artin motive, with coefficients in a
ring O of algebraic integers, which is a direct factor of the O-dimensional motive
Ry Spec(L). The motive M; is then the direct factor of Ry q Spec (L) whose
Galois realization is given by the 3-dimensional Galois representation

Ad° p, : Gal(L/Q) — GL(3,0C),
the trace free summand of the 4-dimensional representation Adp,. (In general

Ad° pr factors through the Galois group of a proper subfield of L, but this is
unimportant.) It is explained in [HV19] §2.7] that the motivic cohomology group
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HL .(Q,M,(1)), denoted T, above, can be replaced in the formulation of the con-
jecture by a certain 1-dimensional space of Stark units, denoted U, or U, if we
write ¢ = g,. This is defined as

(8.3.3) Uy = Ur = Homyg, 1 (Ad"p, UL ® O)

L/
This becomes one-dimensional upon tensoring with E = Frac(Q). One introduces
a natural map, denoted
red, : Uy — F[IX ®RZ/p"Z.

The conjecture stated in [HV19] relates the action of the derived Hecke oper-
ator qu with a rational multiple of the discrete (mod p”) logarithm of a generator
of Ug. Since rational multiplication does not sit well with reduction modulo p",
one needs to define the inputs and the relations carefully. The Shimura class in
H'(Xo7(qd),; C,) defines a non-trivial class Gp in H'(Xg2(qd),; O,) (where O,
is here the structure sheaf of Xo7(qd),) through the composition of (8.3.2) with
the inclusion of Zariski sheaves Z/p"Z — O,. A feature specific to the case of
GL(2) and its inner forms is that the class G is the reduction modulo p” of the
class in H(Xg2(qd), O) of (the complex conjugate of) an Eisenstein cusp form fg,
in the sense of [Maz77]l§| At least if the space of Eisenstein cusp forms is one-
dimensional, this allows us to assign an invariant that measures the action of qu.
Define g* to be the weight 1 newform corresponding to the automorphic representa-
tion 7V dual to . We let ¢*(9) be the “old form” in the space 7 which in classical
notation is just the analytic function z — ¢*(gz) for z in the upper half-plane. By
Proposition T,(g9) € H'(Xo7(d),,w,) has the same Hecke eigenvalues as g.
Hence in the Serre duality pairing

<a> : H(())(XO7(d)r7wr) & Hol(XO?(d)rawr) — H(}(XO?(d)T7w;®2) — Ora
where the last arrow is the trace map, the map e — (O,qu (9)) factors through

projection on the g = gr-eigenspace of level ¢d. Let now fg = a1 - fg where fg
is the normalized Eisenstein cusp form (with leading coefficient 1; the constant aq
is essentially the inverse of what is called the Merel constant in [HHV19]). Then
qu (g) is determined by the pairing (gg* (9, fz), which can be identified with the
Petersson pairing of the weight 2 forms gg*(9 and fg; ¢* has to be replaced by
the old form because fg has level ¢ (the pairing is taking place in the second group
from the right in Proposition It can also be related to the square root of
the central value of the triple product L-function L(s,m X 7¥ x 7(fg)), where the
notation 7(fg) is self-explanatory.

The motivic conjecture, as formulated in [HV19], comes down to an equality
up to an integer factor:

CONJECTURE 8.3.2. There exists an integer m = mg > 1 and ug € Uy such
that, for all primes q and p as above

m:- <99*’(q)7 6) = log(redq(ug)).

Here both sides depend linearly on the choice of log as in (8.3.2)). The inde-
pendence of m from ¢ and p is essential in this statement, which would otherwise
be vacuous.

23 Atanasov has shown in [Ata22] that for the Shimura varieties attached to unitary groups
of signature (1,n—1) with n > 2, the analogues of the Shimura classes do not lift to characteristic
zero.
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8.3.3. Results. Weight 1 eigenforms g = g, can be classified by the images of
the corresponding (odd) 2-dimensional Galois representations p,, into those whose
image is dihedral — induced from a character ; of a quadratic extension K/Q
— and the “exotic” cases where the projectivized image is A4, Sy, or As. In the
dihedral case the Stark unit group U, can be identified. When K is imaginary —
say g or 7 is of CM type — U, consists of elliptic units; when K is real — then g or 7
is of RM type — U, is generated by the fundamental unit of K itself. Let D be the
discriminant of K. Using the explicit determination of U, the article [DHRV22)]
proves the following theorem:

THEOREM 8.3.3. If K is imaginary, assume that D is an odd prime and that
1 s unramified. If K is real assume that D is odd and that ¥y has conductor
dividing the different of K/Q. Then C’onjecture is true for gr.

The restrictions on D and the conductor of 1, are certainly not necessary;
they have been relaxed in the Columbia thesis of R. Zhang [Zha23], whose results
are close to optimal. The methods of proof of Theorem depend crucially to
the realization of g, as explicit theta functions. D. Marcil has provided striking
numerical confirmation of the conjecture in some Ay cases [Mar21]. As matters
stand, it seems unlikely that one can prove unconditional results in the exotic
case, though it’s conceivable that the conjecture can be deduced somehow as a
consequence of Stark’s conjecture [Sta71ll, [Sta75l, [Sta76l, [Sta80].

8.4. Venkatesh’s conjectures, p-adic cohomology, and the invariant /.
Specialists in p-adic modular forms already encountered the invariant £, as early as
the 1990s. Hida’s theory of ordinary modular forms, or automorphic cohomology
classes, for the reductive group G over Q, constructs a p-adic analytic space whose
points parametrize p-adic modular forms, which can be viewed as the generic fiber
Xora,c of the formal spectrum Spf (T), where T is Hida’s “big Hecke algebra.”
The ring T is an algebra over the Iwasawa algebra A of the (maximal compact
subgroup of the p-adic points of the) maximal torus of G. In Hida’s original theory
for modular curves, and its extension to Shimura varieties, T is a finite flat A-
algebra, and the points of X,,.q corresponding to eigenvalues of classical (complex)
Hecke algebras are dense in &,.4. In general Hida conjectured in [Hid98| that the
codimension of X,4,¢ in the rigid generic fiber of Spf (A) is exactly .

Urban made the analogous conjecture in the paper [Urb11] in which he con-
structed p-adic families of modular forms of finite slope, parametrized by the eigen-
variety Xg, one of several constructions of a higher-dimensional generalization of
the Coleman-Mazur eigencurve for elliptic modular forms. In the finite slope sit-
uation, the eigenvariety is purely a rigid analytic object, Hida’s Hecke algebra is
replaced by a noetherian subring, which we also denote T, of the ring of global
sections of Oy, and the map of Spf (T) to Spf (A) is replaced by a morphism
pr: Xg — W. Here the weight space W is again a rigid torus of dimension equal
to the absolute rank of G, the Iwasawa algebra is replaced by the completed (noe-
therian) local ring A, at a point w € W. Fixing a point « € X, with pr(z) = w,
the map pr makes the completion T, into a finite A,-algebra.

Both Hida and Urban refer to their conjectures on the codimension as non-
abelian analogues of the Leopoldt Conjecture on the p-adic multiplicative indepen-
dence of global units in number fields. The Leopoldt Conjecture has for decades
been the Bermuda triangle of algebraic number theory, tempting many of the most
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distinguished specialists into losing precious years in the pursuit of promising but
ultimately futile attempted proofs. Best not to try to prove the codimension con-
jectures of Hida and Urban, in other words. Nevertheless, it’s natural to reinterpret
these codimension conjectures in Venkatesh’s motivic framework. We briefly discuss
two such interpretations. The article [HT17] of Hansen and Thorne approaches
the eigenvarieties as parameter spaces for Galois representations, whereas the arti-
cle [KR23b] of Khare and Ronchetti provides evidence that the derived diamond
algebras introduced in acting on Hida’s ordinary families, are the wild p-adic
analogues of Venkatesh’s derived Hecke algebras at (tame) Taylor-Wiles primes. In
both constructions the motivic cohomology group H} . (Q, M, (1)) that figures in
Venkatesh’s motivic conjecture appears through its p-adic realization as the dual
Selmer group.

8.4.1. The Hansen-Thorne construction. The article [HT17] is concerned ex-
clusively with eigenvarieties attached to the group of G = GL(n)q. The eigenva-
rieties are constructed by Hansen’s method in [Han17], following the topological
approach of Ash and Stevens. By work of Harris—Lan—Taylor-Thorne [HLTT16],
and also by work of Scholze [Sch15b], it is known that the classical point z € X :=
XL (n) corresponding to the cuspidal cohomological automorphic representation 7
has an associated semisimple p-adic Galois representation

(8.4.1) pr : Gal(Q/Q) — GL(n, L)

for some finite extension L/Q, over which x is defined. The point x also depends
on the secondary datum of a refinement t,, or an ordering on the eigenvalues of
crystalline Frobenius, that is assumed implicitly in what follows. The representation
pr does not depend on the choice of t,.

We then define the dual adjoint Selmer group H $(Q, M (1)) = H}(Q, Adop,(1))
as in Note that this is a Q,-vector space; the constructions in [HT17], in con-
trast to those of [GV18, [Ven19, [HV19], are carried out entirely in characteristic
Zero.

The main result of [HT17] is that, at least under favorable conditions, and as-
suming a conjecture recalled in the statement of Theorembelow, H } (Q, M,(1))
controls the infinitesimal geometry of £ at x with respect to the morphism pr. Com-
bining this with the universal coefficients spectral sequence constructed in [Han17],
the authors recover the analogue of the Galatius-Venkatesh Theorem but
without introducing the derived deformation ring.

The main hypothesis required for the final results of [HT17] is a version of the
isomorphism

(8.4.2) R, = T,

of the Taylor-Wiles method. Here R, is an underived deformation ring defined using
the theory of (p, I')-modules over the Robba ring. In particular, R, is defined purely
by characteristic zero methods, and (pro)-represents a functor on Artinian local L-
algebras for the p-adic coefficient field L of p, . More precisely, it is assumed
that p, is absolutely irreducible; then R, (pro)-represents trianguline deformations
of p, along with the refinement t,. The property of being tm’angulinelﬂ [Ber1d] is
determined by the (¢, I')-module attached to the restriction of p, to decomposition

24pronounced in English to rhyme with fine, wine, and turpentine
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groups at p; the relevant fact for us is that the Galois representations attached to
points on the eigenvariety, including p, itself, necessarily have this property.

We now assume 7 contributes to H *(SKO,V), with notation as in for
G = GL(n)q. We change notation slightly, and let m, denote the maximal ideal
corresponding to 7 in Tg, ® Qp; H*(SKmV)mﬂ denote the localization. Let ¢y =
q0(GL(n)q), o = £o(GL(n)q). The following theorem summarizes the main results
of Theorems 4.9 and 4.13 of [HT17].

THEOREM 8.4.1. Let x € X be a classical point as above, with w = p(x), and
let X\ : T — L be the corresponding character of the Hecke algebra. Assume X\ is
numerically noncritica]ﬁ Then

(i) dimT, > dim A,, — 4y;

(i) If dim T, = dim Ay, — 4o let V, = ker(A — T,) ®4a,, L, where the map
from Ay, on L is the augmentation. Then H*(Sk,,V )m. is free of rank 1
as graded module over the exterior algebra A}V, and is generated by its
term in top degree qo + {y.

(iii) Assume p, is absolutely irreducible and crystalline at p, with the expected
Hodge-Tate weights, and its associated Weil-Deligne representation at
every prime £ (including p) corresponds to mp under the local Langlands
correspondence. Assume also the isomorphism .

Then V,, can be identified with H}(Q, Adp-(1)) = a:r,p[%], and H*(Sxy, V)m.
is free of rank 1 as graded module over the exterior algebra N} @ ,, by
its term in top degree qo + {o.

Remark 8.4.2. It is natural to assume that the action of A5 @, , on H*(Sky, V))m
coincides, up to duality, with the one defined in Theorem [8:2.1] However, the iden-
tification of V, with El‘m,[%] depends on the deformation ring R, which in turn
depends on the choice of refinement ¢,. Hansen has conjectured that the action
does not depend on this additional choice, but even this conjecture remains openm

™

8.4.2. The Khare-Ronchetti construction. The constructions in this section are
based on the paper [KR23b]. Although their derived diamond algebras are defined
purely locally, the construction is bound up with the action on the ordinary part
of global cohomology. It is not clear to us how the representation theory of the
derived diamond algebras fits in a hypothetical p-adic local Langlands program.

Let p > 2 be a prime number and let G be the group PGL(n) over a finite
extension F'/Q. For any open compact subgroup K C G and any ring A we let
H(G, K; A) denote the (underived) Hecke algebra of K-biinvariant functions on G
with coefficients in A. Let B = T - U be the upper-triangular Borel subgroup,
U its unipotent radical, and T the diagonal maximal torus. We restrict attention
to PGL(n) in order to use explicit matrix groups, and to make use of the known
construction of Galois parameters attached to cuspidal cohomology classes. The
article [KR23Db] treats the general case and the reader should be able to make the
appropriate adjustments.

Let U~ be the opposite unipotent (lower triangular) subgroup. Let v be a
prime of F' dividing p, with integer ring O = O, and uniformizer w = w,. For

25This is a regularity condition, for which we refer to [HT17, Theorem 4.7].
26We thank David Hansen for pointing this out.
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1<b<cwelet
(8.4.3) Ipeo=U"(@O)-T(1 +w’O) - U(O);
i.e. the generalization from GL(2) to G of the congruence subgroup
_(1+ wbx *
Ib,c,u - ( - 1 +’{Db*) C GL(2,0)

We let Ib,c = Hv|p Ib,c,vw

Let K = K, - K? C G(Ay), where K? is a fixed level subgroup away from p
and K, varies over the subgroups [, Iv,c,» introduced in (8.4.3). We consider the
cohomology of the locally symmetric spaces of dimension d

Yoo =GQN\G(Af)/ Koo - K- I c

where K, C G(R) is maximal compact and K? is a fixed level subgroup away
from p, so that K7 - I, . C G(Ay) is open compact. We assume KP is hyperspecial
maximal outside a finite set of primes S.

The cohomology of Y} . is a module over the unramified Hecke algebra

= ] H(G. K.
q¢S,a#p

It is also a module over a derived Hecke algebra at p, which we proceed to define
in the setting of Hida theory.

Following Hida, we define an operator U, = [] ¢y, Ua acting as correspondences
on each Y (K (b, c)), compatibly with the natural maps Y (K (b,c)) — Y (K (¥, c))
for o < b,/ < c. (There are really operators Up,(b,c) but we don’t stress this.)
Roughly, with G = PGL(n) we have

n—1
Up =[] Uip» Ujp =Ua, = I | [ diag(c, 1d;,1dp_;) ]y .
j=1

vlp

Definition 8.4.3. The ordinary part H'(Yy ¢, Z/p"Z)ora C H (Yy.c, Z/p"Z) is
the submodule (and direct summand) where the U, operator acts invertibly.

Fact 8.4.4. For all ¢ > b > 1, n > 1, the pullback
Hi(yz,bv Z/pnz)ord — Hi(%,cv Z/pnz)ord
is an isomorphism.

PROOF. The proof in [KR23b] is a calculation with double cosets acting on
singular cochains. ([

Remark 8.4.5. If Fact admits a generalization to overconvergent coho-
mology it will necessarily need to be formulated in characteristic zero.

The group I ¢/Ip . is isomorphic to the abelian p-group
T, =[] 70+ 2,0,)/T(1 + =50,).

vlp

Since I, . is normal in I; ., the elements o € I . define diamond operators
<Oé> = Ib,caIb,c (S HZ/me(G)Ib,C)-
for all b, c.



DERIVED STRUCTURES IN THE LANGLANDS CORRESPONDENCE 63

The action of (o) on H* (Y}, Z/p"Z) commutes with the maps Y. — Y o
for ¥ < b,¢ <c. Let Ay =Z,[Tp), A = 1'&11) Ay, which is the Iwasawa algebra of
T(Zp). We also use Ap = A ®z, F' for any finite extension F/Q,.

The Ty, .-covering Y. ./Y} . corresponds to a morphism to the classifying space

Ty,c * }/b,c - BTb,c~
Thus there is a ring homomorphism
Tpe: H (BTy e, Z/p™Z) = H* Ty, Z/p™Z) — H* Yy, Z/p™Z)

and thus an action of H*(Tyc,Z/p™Z) on H*(Ys ., Z/p™Z) by derived diamond
operators. Since Ilil; = T},c, we have an isomorphism

v H Ty e, Z/p™Z) =5 H' (Iy,e, Z/p™Z) C Hz)pmz(Gp, L)

LEMMA 8.4.6 ([KR23Db]). The derived diamond action of ¢ € H (Ty, ., Z/p™Z)
coincides with the derived Hecke action of i(¢) (obtained as in Fact .
In particular, when b =1 this action commutes with the U; ,-operators.

The claim about commutation follows from an explicit double coset calculation.
It implies (when Y} . = Y1 ¢)

COROLLARY 8.4.7. The derived degree 1 diamond operators act on H*(Y1,¢, Z/D™Z)ord,
preserving all U; ,-eigenspaces.

Another calculation shows:

PROPOSITION 8.4.8. As ¢ varies, the actions of H'(T1,¢, Z/p™Z) on H*(Y11,Z/p™Z)ora
are compatible, and thus give rise in the limit to an action of H' (T (1+pZy)), Z/p™Z)
on H*(Y11,Z/p™Z) orq.-

Letting m — oo we thus obtain a graded action of H*(T(1 + pZ,),Z,) on
H*(YLh Zp)ord-

We return to the setting of Let 7 be a cuspidal cohomological represen-
tation of G, as in that section. Thus we have, as in Corollary

HP DY (Y11, Q,) ]

is a free differential graded module over (p-adic) A®(a*) of rank 0 or 1; here we are
using multiplicity one, and the existence of Whittaker models, for PGL(n).

The following theorem is an imprecise version of the main resuilt of [KR23b].
Let E be an appropriate p-adic coeflicient field for .

THEOREM 8.4.9 ([KR23b]). Under certain favorable circumstances, H*(Y1 1, E)x
is generated over H®(Y11,E)r by the action of the derived diamond operators
H*(T(1+pZy,),E).

Moreover, there is a canonical map from HY (T (14pZ,), E) to the Selmer group

érw[%]v attached to m. And under even more favorable circumstances, the action

of H(T(1+pZ,),E) on H*(Y11,E)x factors through this Selmer group.

The “favorable circumstances” to which the theorem alludes include the isomor-
phism (8.4.2)), in other words the non-abelian Leopoldt conjecture. As in Theorem
the actions of Theorem [8.4.9]and Theorem should be dual to each other.
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9. A selection of open problems

We discuss some open problems at the interface of derived algebraic geometry
and the Langlands correspondence.

9.1. Derived local deformation conditions. The context for this problem
is §3| and In we discussed examples of moduli spaces that we know how
to upgrade to derived moduli spaces. However, there are also many interesting
examples, arising in connection with concrete problems, for which we do not know
how to construct any good derived enhancement, and for which it is unclear to
authors whether such an enhancement should even exist. The examples of Galois
deformation functors with local conditions is particularly interesting, since it would
presumably have consequences for automorphy lifting.

In practice, when implementing modularity lifting arguments, one wants to im-
pose more general local conditions on Galois deformation functors, as explained for
example in the articles of [CS23] in these proceedings. This is done by constructing
Galois deformation functors for local fields with local conditions, and it turns out
that these can often fail to be LCI; see [CG18, Theorem 3.19] and [Snol8| for
some “¢ = p” examples, and [BKM21] for ¢ # p examples. This is an interest-
ing phenomenon to understand, because Kisin’s modification of the Taylor-Wiles
method “reduces” automorphy lifting to the problem of having good control of local
deformation rings.

We do not know if these local deformation functors should actually be subject
to the hidden smoothness philosophy, since these are typically not “honest” moduli
functors, in the sense that their moduli descriptions are not known “concretely”.
Rather, they are typically constructed from “honest” moduli spaces by processes
such as formation of Zariski closure or scheme-theoretic image, which do not admit
good derived versions.

For example, the local deformation functors at p are often constructed by
the following sort of procedure (which to our knowledge was first employed in
[CDT99)]): define a subset of Q,-points of the unrestricted deformation functor
using p-adic Hodge theory, and take their Zariski closure. (The point here is that
the p-adic Hodge theory is understood most generally in the context of represen-
tations with characteristic zero coefficients.) Then the characteristic zero points
admit some moduli theoretic description in terms of rational Galois representations
with p-adic Hodge theoretic conditions, but it is a priori unclear how to interpret
the Z, or Fy-points concretely in terms of Galois representations.

There are some cases where the theory is well-behaved with integral coefficients,
for example in the Fontaine-Laffaille range. In this case, there is a full moduli-
theoretic description of the local deformation functor, which even makes clear that
it is smooth.

In general, the local deformation functors at p are constructed by Kisin [Kis08],
but their construction again involves processes such as formation of scheme-theoretic
image or Zariski closure from the generic fiber, which we do not know how to per-
form in a derived way. This is why we do not know natural ways to derive the
local deformation functors. However, in the past few years there have been ma-
jor advances in our understanding of integral p-adic Hodge theory due to Bhatt-
Morrow-Scholze and Bhatt-Scholze. In particular, Bhatt-Scholze have established
in [BS23| a new interpretation of lattices in crystalline Galois representations, in



DERIVED STRUCTURES IN THE LANGLANDS CORRESPONDENCE 65

terms of prismatic F-crystals. While this itself does not suffice to give a notion of
crystalline Galois representations with general coefficients, it is a promising step
towards such a concept, and therefore towards a moduli-theoretic description of
crystalline deformation functors, which could then be derived.

We caution, however, that even if this is all possible, it is not quite clear at
present what applications this would unlock. Global methods, such as the Taylor-
Wiles method, are predicated upon the premise that the structure of global de-
formation rings and automorphic forms can be “simplified” in a suitable sense
by adding level structure. However, this simplification occurs completely in the
local-to-global aspect, and it is not clear that one can hope for the same type of
simplification if local deformation rings are non-classical. Although it does not
directly tackle this concern, the work [IKM22]| of Iyengar-Khare-Manning, which
generalizes Wiles” numerical criterion using derived algebra, is a promising step in
this broad direction.

9.2. Differential graded Hecke algebra. The context of this discussion is
In we explained that commutativity of the local derived Hecke algebra
H(G(K); A) is still unknown. We conjecture that it is true in general, and more-
over should be a consequence of “higher commutativity” for the differential graded
Hecke algebra 2 (G(K);A). For differential graded algebras, commutativity is a
structure rather than a property, and there is in fact a spectrum of structures
that measures “how commutative” an algebra is, called E,-structures. An associa-
tive differential graded algebra has an E;-structure, while an E,-structure is the
homotopy-coherent analogue of commutativity. It is clear from the construction
that J#(G(K);A) has an E;-structure. If this E;-structure can be promoted to
an Eg-structure, then it would follow that H(G(K);A) is commutative. We be-
lieve that this is the case, and we conjecture moreover that the E;-structure on
A (G(K); A) can be promoted to an Es-structure.

We explain the motivation for this conjecture. Unpublished work of Feng-
Gaitsgory [FG] implies (conditionally) that H(G(K); A) is commutative whenever
A is of characteristic £ which is not too large respect to G, if K is a function field.
The strategy of [FG] is to apply the categorical trace of Frobenius to the modular
derived Satake equivalence, a result which has not appeared in the literature but
which has been announced by Arinkin-Bezrukavnikov, and may well be possible to
deduce directly from the recent paper [BR24] of Bezrukavnikov-Riche.

It is interesting that this strategy is not some elaboration of a proof of com-
mutativity for the classical Hecke algebra, but rather proceeds from a categorical
equivalence. It should also clarify the “meaning” of the derived Hecke algebra in
terms of the dual group, but the answer is complicated to state, so we do not for-
mulate it here. It seems likely that a variant of the strategy will also work for p-adic
local fields K, although significant foundational groundwork would need to be laid
for this to happen.

Now, we explain why this suggests the possibility of an Ez-structure on 52 (G(K); A).
Within the above strategy, the differential graded Hecke algebra appears as the cat-
egorical trace of the derived Satake category. This latter object is expected to admit
the structure of a “factorization category” over an algebraic curve. This “factoriza-
tion” structure is an algebraic analogue of an Eg-structure; in fact there is a precise
relation between the two notions, but it is rather subtle to state.
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9.3. Action of the derived Galois deformation ring. The context for
this discussion is §5| There we sketched the main result of [GV18], which is the
construction of an action of the homotopy groups of a derived Galois deformation

ring Rgirﬁb/ 5) on the homology groups of a locally symmetric space (localized at a

corresponding maximal ideal of the Hecke algebra).

The above action occurs at the level of classical algebra: a graded commutative
ring acts on a graded abelian group. We expect that this action can be refined to
an action of the derived Galois deformation ring R@‘:ﬁ? s on the localization of the
homology chains (i.e., an action of an animated commutative ring on an animated
abelian group), which induces the previous action after taking homotopy groups.

The construction of this action presents an intriguing challenge. Recall that
the Galatius-Venkatesh construction uses Taylor-Wiles patching, which is based
on adding level structure away from p. Morally, Galatius-Venkatesh find that the
derived Galois deformation ring should become classical when patched, and thus
deduce the derived action from the classical action, but this does not literally make
sense since there is no patched derived Galois deformation ring. Instead, one could
hope to add some kind of infinite level structure at p and hope that the corre-
sponding derived Galois deformation ring is classical. Indeed, the work of Khare-
Ronchetti [KR23b| suggests that this should happen when ascending the ordinary
(Hida) tower, if one considers ordinary deformations. On the other hand, [KR23b]
also points out that this approach is intimately connected with p-adic transcen-
dence problems which are known to be extremely difficult, such as the Leopoldt
Conjecture, so perhaps one should look for some other angle.

Although the construction of this refined action seems like a homotopy-theoretic
problem, it would have concrete consequences for classical algebra. In fact, by
considerations with the spectral Hecke algebra [Fen20], it would actually imply
Venkatesh’s reciprocity law [Venl9, Theorem 8.5] for the action of the derived
Hecke algebra. This is very desirable, since in the current formulation of the The-
orem from loc. cit. there is no effective way to determine for which primes ¢ it
applies.

9.4. The Trace Conjecture for Hitchin stacks. The context for this dis-
cussion is The following problem is extracted from [FK24, §6.4]. Let
(9.4.1) ML 2 M
be a correspondence of (derived) stacks over F,. Define Shtxs by the derived
Cartesian square

ShtM L) C

(942) lc/ l(F‘rob ocp,c1)
M—2 5 MxM
In [FYZ23] Lemma 4.2.1], the following is proved:

LEMMA 9.4.1. The tangent complex Tgy,, /7, @S the restriction of Te,. In
particular, if c1 is quasismooth, then Shtaq is quasismooth (over Spec F), of di-
mension equal to d(c1) (the relative virtual dimension of ¢1).

We will formulate the Trace Conjecture for motivic sheaves. See [FK24l §3]
for the relevant definition of motivic sheaves; the reader unfamiliar with motivic
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sheaf theory may replace Q with the constant sheaf Q, in the following discussion
without losing the main gist.

For a motivic sheaf K and i € Z, we write K(i) := K[2i](¢). For a map of (de-
rived) stacks X — ), we denote CH;(X/Y) := H=2(X, f'Qy(—i)). When f: X —
Spec k is the structure map to a field, we abbreviate CH;(X) := CH;(X'/ Spec k).
If f is quasismooth, then we write d(f) = x(Ty) for the Euler characteristic of its
tangent complex, and call it the “relative (virtual) dimension” of f. By [Khal9],
in this situation there is a relative fundamental class [f] € CHg)(X/Y).

Assume that in the above steup ¢ is quasismooth, so that [c;] € CHgy(.,)(C/M)
exists. Then Lemmaimplies that Sht, is quasismooth (over Spec Fy), so the
derived fundamental class [Sht (] € CHg.,)(Shtag) exists.

On the other hand, regarding [c1] as a map c;Qar — ¢} Qai(—d(c1)), we have
a sequence of maps

(Froboco)* Qa = Qu = ¢} Qe 2 & Qui(—d(e)),

whose composition we call ¢pq. This is a cohomological correspondence between
Qum and Qu(—d(c1)). We will define another class Tr([c1]) € CHy(c,)(Shta).
Consider , and abbreviate ¢ for the right vertical map. It is explained in
[FK24| §3.8] that

RHom((Frob ocy)* Qut, ¢} Qum) = ¢ RHom (prf Qum, pri Qum)
(9.4.3) = ¢ (D(Qum) K Qum)

where D is the Verdier duality functor. The evaluation map D(Q ) @Qa(—d(c1)) —
Da(—d(c1)) is adjoint to a map D(Qu) B Qrr — A.Dghg,, (—d(c1)) where Dy
and Dgyg,, are the respective dualizing complexes. Composing this with (9.4.3)
gives

(9.4.4) RHom((Frob ocy)*Qus, ¢t Qa) — ¢! AuDgp p, (—d(c1)).
Finally, using proper base change, we have isomorphisms
(9.4.5) ¢ A Dship (—d(e1)) = AL(C) D {—d(e1)) = AlDspe (—d(c1))-

We may regard ¢ as a global section of RHom(ciQu,ciQa{—d(c1))). Then
Tr(a) € HO(C, A, Dgh ., (—d(c1))) = CHyep)(Shtay) is defined as its image under
the composition of , and .

At this point, we have two natural classes in CHg(c,)(Shta¢). One is the derived
fundamental class [Sht ], and the other is Tr(caq). It is then natural to ask if

Tr(cM) = [ShtM] € CHd(cl)(ShtM).

We have no evidence to believe that it is true in the full stated generality. However,
for M a derived Hitchin stack of the type considered in Example we feel
that the equality is probably necessary for the Modularity Conjecture [FYZ21
Conjecture 4.12] to be true, so we conjecture the equality to be true in this case.

CONJECTURE 9.4.2 (Trace Conjecture). For M a derived Hitchin stack as in
[FYZ21| §5], we have

Tr(caq) = [Shtyy] € CHd(Cl)(ShtM).
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Such M have special properties which could conceivably be necessary for the
proof; for example, they are quasismoot}ﬂ We expect that the Trace Conjecture
should be an important ingredient for a proof of the Modularity Conjecture [4.5.1

Appendix A. A crash course on simplicial commutative rings

This appendix provides a primer on simplicial commutative rings, with the goal
of working up to the definition of the cotangent complex. Its purpose is to provide
more grounding for the readers to whom the “black box” approach of the main text
is too vague, and to indicate references for those interested in delving further into
the subject. For short introductions we like [Quil, [Qui70}, Iye07]; longer textbooks
include [May67] and [GJ09].

In particular, we think it is edifying for typical readers to learn about simplicial
commutative rings and model categories, even if their ultimate goal is work in the
language of animated rings and oo-categories.

Our treatment is extremely far from comprehensive. In fact, we view the sketch-
iness of our writeup as its main (and perhaps only) feature. Each of the subjects we
touch upon is already well-documented in the literature, but simplicial homotopy
theory is so vast and technical a subject that there is real risk in getting lost in the
details. In keeping with the spirit of the main text, we prefer merely to sketch the
skeletal structure of the subject, contenting ourselves with slogans and intuition,
and deferring details to our favorite references.

A.1. Why “simplicial”? We will introduce “simplicial sets” as a combina-
torial model for topological spaces, and “simplicial commutative rings” as a com-
binatorial model for topological commutative rings.

Why do we say “simplicial” instead of “topological”? One answer is that the
combinatorial nature of simplicial objects makes them better-behaved from a tech-
nical perspective — it rules out “pathological” topological spaces. We do not have
a good philosophical answer; the reader could consult [Matb] for more musings on
this question.

Furthermore, it turns out that the adjective “simplicial” is flexible enough to be
applied to any object of any category, and provides a way to do abstract homotopy
theory in many examples of interest. That is, if C is a category of “widgets”, we
will be able to define a category sC of “simplicial widgets”.

A.2. The simplex category. The simplex category A has as its objects the
sets [n] :=={0,1,...,n} for n > 0, and Homa ([n], [m]) consists of all maps of sets
f:[n] = [m] that do not reverse order, i.e., if ¢ < j then f(i) < f(j).

We will name specific generator morphisms between [n] and [n + 1]. For 0 <
i < n+1, the coface map

di: [n] = [n+1]
is the morphism “skipping over ¢”, or more formally
s ={1,, 5
J+1l j=u
For 0 < i < n, the codegeneracy map

o;: [n+1] — [n]

27Note that this condition is not relevant for the formulation of the Trace Conjecture.
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is the morphism “doubling up on ¢”, or more formally

. J J<,
6i(j) = 19" .
j—1 j7>i+1.
Remark A.2.1. The sense in which these morphisms “generate” is that any

morphism in A can be written as a composition of codegeneracy maps followed by
a composition of coface maps.

A.2.1. Simplicial sets. A simplicial set is a functor X : A°P — Sets. Concretely,
it is specified by a collection of sets X,, := X([n]), for n > 0, with maps between
them indexed by the morphisms in A°P. In particular, we have face maps

dl:X((;Z)Xn_i_l*)Xn fOI‘OSZSTL‘FL
and degeneracy maps
s;i=X(0;): Xp = Xpy1 for 0<i<n.

Because of Remark [A.2.T] to specify a simplicial set it it suffices to specify the data
of the {X,,}n>0 and the d; and s; for each n, satisfying the “simplicial identities”
[GJ09 1.1]:

didj = dj—ldi for 7 < ]

dzdl = didi+1.

dij =0j415; = Id.

diSj = Sj_ldi for i < j.

dZ‘Sj = S]‘d,‘_l fori>j5+ 1.

SiSj = Sj4+1Si for ¢ S ]

Example A.2.2. Each element [n] € A induces a representable functor on
A°P, namely Homa (—, [n]), and so induces a simplicial set that we shall call A™.
Intuitively, we think of it as corresponding to the topological space of the standard
n-simplex, denoted

A" = {(2, ... ) ER"0< 2 <1, my =1}

Example A.2.3. The definition of simplicial set is an axiomatization of the
structure obtained from a topological space X by setting X[n] to be the set of
continuous maps from the n-simplex |A™| to X, i.e. X, is the set of “n-simplices of
X7. The face maps d; are the usual boundary maps. The degeneracy maps account
for ways to view lower-dimensional simplices as “degenerate” instances of higher-
dimensional simplices; these do not play an important role in the topological theory,
but are technically convenient in the simplicial theory. This defines the singular
simplices functor

Sing: Top — sSets.

Therefore, for a general simplicial set X we will refer to X[n] as the “n-simplices
of X7.

A.2.2. Geometric realization. Given a simplicial set X, we can build a topo-

logical space X := |X| from X by viewing X as a recipe for assembling a simplicial
complex. In formulas, the geometric realization is given by
X[n] x |A™
X [1, X[n] x |A"

(diz,u) ~ (z,6;u), (s;z,u) ~ (z,0;u)
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The topological space | X| is a CW complex [May67, §14].

An alternative, concise way to express this is as follows: we declare |A™| to be
the standard n-simplex {(zo,...,2,) € R""1: 0 < z; <1, x; = 1} and then we
define

X| = Tim A"
amix
where the indexing category has as its objects the maps A™ — X for varying n,
and as its morphisms the maps A™ — A" respecting the given maps to X. Note
that the geometric realization of the simplicial set A™ agrees with the standard
n-simplex |A"|, justifying the notation.

PROPOSITION A.2.4. Geometric realization is left adjoint to the singular sim-
plices functor:

Homop(|X|,Y) = Homgser (X, Sing V).

Remark A.2.5. These adjoint functors define a “homotopy equivalence” of
categories in a suitable sense, which we are not yet equipped to define precisely.
The technical statement is that the functors induce a Quillen equivalence of model
categories, with the usual Quillen model structures on each side. See [May92] §16]
for the precise formulation and proof. This justifies the assertion that simplicial
sets provide a combinatorial model of topological spaces.

A.2.3. Homotopy groups of a simplicial set. A pointed simplicial set (X,*)
has homotopy groups m;(X, %), which could be defined as the homotopy groups (in
the usual sense) of the geometric realization |X| with respect to the basepoint x.
They could also be defined directly within the category of simplicial sets, basically
by using a combinatorial model for the sphere as the simplicial set A™ modulo
its boundary, but this involves the subtlety of “resolving” X by a Kan complex
(see Remark . We remark that for a topological space Y, SingY is a Kan
complex. The point is that in “homotopy-theoretic” categories (such as the category
of simplicial sets), objects may not have “enough” maps in or out of them and so
must be “resolved” by ones that do. Every topological space is fibrant, which is
why | X| does not have to be similarly “resolved”.

When we discuss simplicial (abelian) groups and simplicial commutative rings,
we will always take x to be the point corresponding to the identity element, and
omit the basepoint from the notation.

A.2.4. Internal Hom. Given two simplicial sets X and Y, we construct a sim-
plicial set Map(X,Y) whose set of O-simplices is identified with Homa (X,Y). In-
tuitively, we are trying to put a topological structure on the set of maps from X to
Y. This will make the category of simplicial sets into a simplicial category — that
is, a category enriched over simplicial sets.

We define

Map(X,Y)([n]) := Homa (X x A™,Y).

Note that the product of functors is formed level-wise.

Remark A.2.6. A simplicial category is a possible model for the notion of
oo-category (although not the main one used in [Lur09]). Intuitively, this is a type
of category enriched over spaces, i.e., where the sets of morphisms are promoted to
spaces.
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A.3. Simplicial widgets. More generally, if C is any category, then we say
that a simplicial object of Cis a functor A°? — C. If C is the category of “widgets”,
then the functor category Hom(A,C) will be called the category of “simplicial
widgets”, and denoted sC.

Example A.3.1. The following examples will be of particular interest to us.

o A simplicial abelian group is a functor from A°P to the category of abelian
groups.

e Given a commutative ring R (for us this always means commutative and
with unit), a simplicial R-module is a functor from A°P to the category
of R-modules.

o A simplicial commutative ring is a functor from A°P to the category of
commutative rings.

e Given a commutative ring R, a simplicial R-algebra is a functor from
A°P to the category of R-algebras.

The categories of such objects is, in each case, enriched over sSet. To see this,
we first observe that for a simplicial set S and a simplicial widget X, we have a
simplicial widget

(X)) = [T Xn
Sn

with the coproduct on the RHS formed in the category of widgets. Then we define
Hom, (X, Y)[n] := Homsc(X#41, Y).

Example A.3.2. Let X be a simplicial set. Then there is a simplicial abelian
group Z(X), obtained by forming the free abelian group level-wise: define Z(X)([n]) :
Z(X([n])) and letting the face and degeneracy maps be induced by those of X.

There is also a simplicial Z-algebra Z[X] obtained by forming the free (poly-
nomial) Z-algebra level-wise, with the face and degeneracy maps induced by those
of X.

Remark A.3.3. It turns out that simplicial groups are automatically Kan
complexes. Therefore, the homotopy groups of simplicial groups can be calculated
as maps from simplicial spheres, in contrast to the situation for general simplicial
sets as cautioned in §A.2.3] The same applies for simplicial abelian groups, sim-
plicial commutative rings, etc. because of how the model category structures are

defined in each of these cases.

A.4. The Dold-Kan correspondence. Recall that if C is an abelian cate-
gory, then we can form the category of chain complexes of elements in C. This is
essential for example in homological algebra. It turns out that this is closely related
to the category sC.

THEOREM A.4.1 (Dold-Kan). Let R be a commutative ring. The category of
simplicial R-modules is equivalent to the category of non-negatively graded chain
complezxes of R-modules.

We may view Theorem [A74.T] as explaining that “simplicial” is a generalization
of “chain complex” to non-abelian categories (where the notion “chain complex”
does not exist).
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We will indicate the functors used to define the equivalence of Theorem [A-41]
starting with the functor from simplicial R-modules to chain complexes of R-
modules. A proof may be found in [GJ09, §II1.2]; we also like the treatment
in [Matal, which we follow. Let M be a simplicial R-module. First we explain an
auxiliary construction called the Moore complex of M. From M we form a chain
complex M, by taking M, := M|n|, and taking the differential d,,: M,, — M,,_1
to be the alternating sum of the face maps,

0:=Y (-1)'d;.
i=0

Example A.4.2. The singular chain complex of a topological space X is by
definition the Moore complex of the simplicial abelian group Z{Sing X).

Remark A.4.3. The homology groups of the Moore complex M, coincide with
the homotopy groups of the simplicial abelian group M.

Let us analyze the structure on the Moore complex. There are degeneracy maps
St My, — M, 41 for 0 < i < n. Topological intuition suggests that “removing” the
degenerate simplices should not affect the homology. To implement this, define
DM, C M, so that DM, 1, is the span of the image of the degeneracy maps
S0y-+-5Sn-

Exercise A.4.4. Check that DM, is a subcomplex of M,, i.e. is preserved
by the differential 0. Furthermore, show that the map M, — (M/DM), is a
quasi-isomorphism.

Basically, we want to instead consider the chain complex (M/DM).. However,
it is convenient to use a different normalization of this, which we will call the
normalized Moore complex. Define N M, to be the kernel of all the face maps d;
for i < n (but not ¢ =n). Then (—1)"d,, defines a differential NM,, — NM,,_;.

Exercise A.4.5. Check that N M, is a chain complex.

Remark A.4.6. The sum map
NM, & DM,, - M,
is an isomorphism. Therefore, N M, maps isomorphically to (M/DM).,.

The functor from simplicial R-modules to chain complexes of R-modules, that
we will take in Theorem is M — NM,. A key step in the proof of the
Dold-Kan equivalence is to show that

M= H NM,
[n]— (k]
functorially in M. Here the index set is over maps [n] — [k] in the simplex category

(i.e., order-preserving maps) which are surjective. This tells us how to define the
inverse functor: given a chain complex M,, we will define a simplicial R-module by

M= @ M.
(n] 1]

The details in checking that this defines an equivalence of categories are left to the
references.
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A.5. Simplicial commutative rings. A simplicial commutative ring is a
functor R from A°P to the category of commutative rings. Because we shall work
with these a lot, we adopt a slightly more economical notation. Simplical commuta-
tive rings will be denoted using calligraphic letters, and we abbreviate R,, := R|[n].
Classical commutative rings will be denoted using Roman letters such as R.

So, a simplicial commutative ring can be specified concretely by a collection of
commutative rings R,, for n > 0, with maps between them indexed by the mor-
phisms in A°P_ which can be specified by degeneracy maps d;: R,+1 — R, and face
maps s;: R, — Rn41 satisfying the simplicial identities. This is an axiomatization
of the structure that exists on the singular simplices of a topological commuta-
tive ring. The category of commutative rings is denoted CR and the category of
simplicial commutative rings is denoted SCR.

Example A.5.1. Let R be a commutative ring. Then we may define a simpli-
cial commutative ring R such that R[n] = R, and all face and degeneracy maps are
the identity map. Intuitively, R corresponds to the topological commutative ring
which is R equipped with the discrete topology.

A.5.1. Homotopy groups. If R is a simplicial commutative ring, then its ho-
motopy groups 7.(R) form a graded-commutative ring. The underlying group of
7« (R) coincides with that of the underlying simplicial abelian group of R, and can
therefore by computed by the Moore complex

On O — O
Ry S R S SR,

Example A.5.2. For the constant simplicial commutative ring R, the Moore
complex reads

L RO RM RO R

Hence we see mo(R) = R and 7;(R) = 0 for ¢ > 0, in accordance with the intuition

expressed in Example

Remark A.5.3. Tt turns out that the augmentation ideal 7~¢(R) always has
a divided power structure in m,(R). We will not explain what this means or why it
exists, except that for a Q-algebra a divided power structure always exists and is
unique, whereas in positive characteristic it is a rather special piece of structure.

A.5.2. Classical truncation. Recall that in we asserted the existence of an
adjunction

™0 (R) +—R

S
(A.5.1) CR SCR

~__
R—R
To justify this, we need to argue that
Homgscr(R, R) = Homcr(mo(R), R).

A morphism f € Homscgr(R, R) amounts to a system of maps f,,: R,, — R com-
patible with the face and degeneracy maps. Since all maps on R are constant, it
must therefore be the case that f,(r) can be calculated by composing with any of
the n + 1 distinct maps R, — Ro and then applying fo: Ro — R. For this to be
well-defined, we see that fy must vanish on the image of dy — dp, and thus factor
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through mo(R) — R. It remains to show that any such fy does induce a well-defined
map of simplicial commutative rings, which is completed by the following exercise.

Exercise A.5.4. Show that all of the n + 1 maps R,, — R induced by the
n 4+ 1 maps [0] — [n] have the same composition with the quotient Rg — mo(R).

A.5.3. Enrichment over simplicial sets. Because of its importance, let us expli-
cate the enrichment of simplicial commutative rings over simplicial sets, although
it is a special case of the description in Given a set S and a commutative
ring R, we can form the commutative ring R®®. Then for a simplicial set S and
a simplicial commutative R, we define R®S by (R®5), := (R,,)®E[M. Finally, we
define a simplicial set Homgcg (R, R') with

Homgg(R, R')[n] := Homscr(R®A", R)
and the natural face and degeneracy maps.

Exercise A.5.5. For commutative rings R and R’, calculate the homotopy
groups of Homecgr(R, R'). (Answer: mp = Homcg(R, R'), and 7; vanish for i > 0.)
This justifies thinking of CR as being embedded fully faithfully, in the sense of
simplicial categories, in SCR.

A.6. Simplicial resolutions. We now discuss a key construction, in which a
morphism of simplicial commutative rings is “resolved” by a process analogous to
formation of projective or injective resolutions.

A.6.1. Derived functors. Let us recall the paradigm of derived functors in ho-
mological algebra, which is probably familiar to you. If F' is a right-exact functor
on an abelian category C, then we define the “higher derived functors” of F' on
M € C by finding a “free” resolution

.o P, P, 1—>...>FP—>M-—=0

and then applying F instead to the complex ... - P, — P,_1 — ... — Py, which
we view as a “replacement” for M. We are being deliberately vague about what
the adjective “free” should mean.

Example A.6.1. Let C be the category of R-modules and N an R-module,
F = N &g (—). The higher derived functors of F are Tor(N, —).

Similarly, if F'is a left-exact functor, then one performs an analogous process
using injective resolutions instead.

Example A.6.2. Let C be the category of R-modules and N an R-module,
F = Hompg(N, —). The higher derived functors of F are Exty (N, —).

Simplicial commutative rings will play the role for commutative rings that
chain complexes of R-modules play for R-modules. In particular, we will see that
replacing a commutative ring by a type of “free resolution” will allow us to build a
theory of “derived functors” on the category of simplicial commutative rings. We
will illustrate this in the particular example of the cotangent complex.

Recall that for a morphism f: A — B, we have the B-module of Kéhler differ-
entials Q}, which is “well-behaved” if f is smooth. For general f, we will “resolve”
B by a “smooth” simplicial A-algebra in order to define the cotangent complex
L;. For abelian categories, this meant replacing B by a complex of objects which
level-wise had good properties (e.g., “free”), but that does not apply to the cate-
gory of A-algebras, which is far from abelian. Instead, this theory of homological
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algebra will be replaced by a theory of homotopical algebra developed by Quillen.
The correct framework for this is that of Quillen’s model categories, but this would
involve a significant digression to explain completely, so we will adopt an ad hoc
presentation and then hint at the general theory later, in §A.7}

Definition A.6.3. A morphism of simplicial commutative rings f: R — R is a
weak equivalence if it induces an isomorphism of homotopy groups 7, (f): m.(R) —
m(R').

This notion is an analogue for simplicial commutative rings of the notion of
quasi-isomorphism for chain complexes. Indeed, we could make an analogous defini-
tion for simplicial R-modules, which would transport under the Dold-Kan Theorem
to the usual notion of quasi-isomorphism.

A.6.2. Free simplicial algebras. Let A be a simplicial commutative ring. A
simplicial A-algebra is a simplicial commutative ring R equipped with a homomor-
phism of A — R of simplicial commutatve rings.

Definition A.6.4. A free simplicial A-algebra R is a simplicial A-algebra of
the following form:
e There is a system of sets X,, such that R,, = A[X,].
e The degeneracy maps send s;(X,) C Xp41. (Note that there is no
condition on face maps!)

The following Lemma illustrates that a free simplicial A-algebra has good
“mapping out” properties, similar to those of free resolutions of modules.

LEMMA A.6.5. Consider a commutative diagram of simplicial algebras

A—— B

e
L

R——C
were O is level-wise surjective and a weak equivalence, and R is a free simplicial
A-algebra. Then there exists a lift R — B making the diagram commutative.

PROOF. See [GSO07, (5.4)]. For the more general statements in the framework
of model categories, see [DS95] §4]. O

PrOPOSITION A.6.6 (Existence of resolutions). Let f: A — B be a map of
(classical) commutative rings. Then there exists a free simplicial A-algebra B and

a diagram

47

We remind that the symbol = denotes a weak equivalence, and A (resp. B) denotes
the constant simplicial commutative ring on A (resp. B). Furthermore, we can even
arrange that the formation of this diagram is functorial in B.

s

~

—

I

PROOF SKETCH. We will give a “canonical” resolution, which is functorial in
B. Note that for any A-algebra R, we have a canonical algebra homomorphism

(A.6.1) AR > R

sending [r] to r. This construction gives rise to two maps A[A[B]] — A[B]:
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e Apply with R = B to get a map A[B] — B, and then take A[—].
For example, this map sends [a[b]] — [ab].
e Apply with R = A[B]. For example, this maps sends [a[b]] — a[b].
We also have a map A[B] — A[A[B]] sending [b] to [[b]], which is a section of both
maps above.
Contemplating the combinatorics of the situation, we get a simplicial object

(A.6.2) ... A[A[B]] = A[B]

where the maps defined previously are the first face and degeneracy maps. Clearly
this resolution is level-wise a polynomial algebra over A, and one can check that it
is free. Why is it a resolution of B?

This comes from an “extra degeneracy” argument, which is part of a more
general pattern. If we have a simplicial set X

X = X

with an augmentation dy: Xo — X_; and “extra degeneracies” s_1: X,,_1 = X,
satisfying the natural extensions of the simplicial identities, then the map X — X_4
(where X_; is regarded as a constant simplicial set) is a weak equivalence.

Going back to (A.6.2)), there are extra degeneracies B — A[B] sending b + [b]
and s_1: A[B] — A[A[B]] sending a[b] — [a[b]], etc. This can be used to show that
the map from (A.6.2)) to B is a weak equivalence.

O

Remark A.6.7. The construction of the proof is a special case of a more
general one, and we give the general statement because we feel that it elucidates the
situation. Let T be a monad on a category C, meaning the data of an endofunctor
T: C — C plus natural transformations n: Idc — T and p: T oT' — T satisfying
various coherence conditions detailed [Mac71l §VI]. We remark that monads often
arise in practice as compositions of adjoint functors. (The running example of
interest is: C is the category of sets, and T is the functor taking a set S to the
underlying set of A[S]. Here T can be viewed as arising from a free-forgetful
adjunction.)

An algebra over the monad T consists of the data of x € C plus a morphism
a: Tx — x satisfying coherence conditions. (In the running example, the category
of algebras over T is equivalent to the category of A-algebras.) Given an algebra
x over T, one can form a simplicial set called the bar construction B(T,x)s, which
has B(T, x), = T°(+1) 2. By formal combinatorial analysis, the bar construction is
equipped with extra degeneracies. The augmentation B(T,x), — x will therefore
be a weak equivalence in great generality.

A.6.3. Uniqueness. If f: A — Bis a morphism of simplicial commutative rings,

we will refer to a diagram
B/

AT}B

where B’ is a free simplicial A-algebra, as a free resolution of B as a simplicial
A-algebra. Let us discuss “how unique” these resolutions are. In the classical
situation of homological algebra, projective resolutions are unique up to homotopy.
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Analogously, there is a sense in which free resolutions of a simplicial commutative
A-algebra are “unique up to homotopy”. The best language for formulating such
statements is model category theory, which would take us too far afield to explain,
but we can say what it specializes to in this particular situation.

We write A[X] := A ®z Z[X] for the one-variable polynomial algebra over A,
the tensor products being formed levelwise (as will be the case for all tensor products
formed in this paragraph; they will be the “same” as the derived tensor products
to be discussed in §5.2.3)). Let us call A[Xo, X1] := A[X]®.4 A[X]. This represents
the “homotopy coproduct”; in particular, given two A-algebra homomorphisms
fyg: A|X] — B we get an A-algebra homomorphism f ® g: A[X(, X1] — B. There
is a product morphism p: A[Xo, X1] — A[X]. Let A[Xo, X;1,Y] be a simplicial
resolution of A[Xy, X1] £ A[X]. Then we say that f and g are homotopic if f @ g
extends to a commutative diagram

Such a diagram is called a homotopy between f and g.
We say that two simplicial resolutions

k2L

are homotopic if there are maps a: B’ — B” and : B” — B’ making the appro-
priate diagrams commute, and such that « o 8 and S o a are homotopic to the
identity. Lemma may be used to show that any two simplicial resolutions are
homotopic.

A.7. A vista of model categories. Let us hint at the more general frame-
work underlying these procedures, which is Quillen’s theory of model categories.
Our discussion will be very brief; a favorite introductory reference is [DS95].

The purpose of a model category is to incorporate homotopy theory into cat-
egory theory. The basic idea is that in practice, one often wants to introduce a
notion of maps that are “weak equivalences”, but not necessarily isomorphisms.
For example, in the category of topological spaces there is the usual notion of ho-
motopy equivalences, and in the category of chain complexes there is the notion
of quasi-isomorphism. A model category is a framework to do homotopy-theoretic
constructions in such a situation.

More formally, a model category is a category equipped with several distin-
guished classes of morphisms, satisfying various properties. The most important
are the weak equivalences, which designate maps that are “homotopy equivalences”.
The weak equivalences are morphisms that we want to “invert”. Familiar examples
are:

e In the category of chain complexes of R-modules, weak equivalences
should be the quasi-isomorphisms. Inverting them leads to the derived
category of R-modules.
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e In the category of simplicial commutative rings, weak equivalences should
be as defined in Definition [A.6.3

The other data in a model category are classes of morphisms called the cofibra-
tions and fibrations, which are roughly the generalizations of projective and injective
resolutions. There are various axioms placed on these classes of morphisms: for ex-
ample, they are preserved by compositions and retracts. An object is called fibrant
if its map to the terminal object is a fibration, and an object is called cofibrant if
its map from the initial object is a cofibration.

Example A.7.1. In the standard model structure on simplicial sets, the Kan
complezes referred to in §A:2.3] are the fibrant objects. Kan complexes are charac-
terized by lifting conditions possessed by the singular simplicial set of a topological
space; in particular, Sing Y is a Kan complex for any topological space Y. This is
the reason why, when defining homotopy groups of simplicial sets as maps from a
sphere, it was necessary to replace the target by a Kan complex.

On the other hand, in the standard model category structure on topological
space the fibrations are Serre fibrations, and in particular all topological spaces are
fibrant. This is the reason why, when defining homotopy groups of a topological
space, it was mot necessary to replace the target.

The axioms of a model category imply that every object admits a weak equiv-
alence from a cofibrant object, or a weak equivalence to a fibrant object. We
think of such a map as a “resolution” by a cofibrant object or a fibrant object.
As we know, derived functors on abelian categories are defined using such resolu-
tions. A model category structure provides a more general notion of “resolution”
in categories which are not necessarily abelian, and therefore allows to construct
“non-abelian derived functors”.

Our particular constructions with simplicial commutative rings are examples
of general constructions with model categories. In particular, our notion of “free
simplicial A-algebra R” means that R is a cofibrant A-algebra in the standard
model structure; meanwhile, all simplicial commutative rings are fibrant.

A.8. The cotangent complex. We may now define the cotangent complex
of a morphism f: A — B, as invented by Quillen and developed by Illusie in
71, T72]. Let B = B be a simplicial resolution of B as a free simplicial A-
algebra. Then let Lg,4 be the simplicial B-module obtained by forming Kéhler
differentials level-wise: Lg/a[n] := Q%n /- Finally we define the cotangent complex
to be

L;:= LB/A = LB/A ®p B.

Exercise A.8.1. Show that if B and B’ are two free simplicial resolutions of
B, then Ly, ®p B is homotopic to Lg/ 4 ®p B. Therefore, L, 4 is well-defined
up to homotopy. In particular, it gives a well-defined object of the derived category
of B-modules.

Remark A.8.2 (Derived generalizations). Even better, if A is an animated
ring, and B is an animated .A-algebra, then Ly, 4 can be constructed as an animated
B-module — see [Lur04, §3.2].

We expect Lp/a to have reasonable finiteness properties when the morphism
f has good finiteness properties. However, the canonical resolutions used to build
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B in the proof of Proposition [A.6.0] are extremely large. Therefore, we would like
to know that there are “smaller” resolutions. We will examine this question next.

A.9. Economical resolutions. We will show the existence of resolutions
with “good” finiteness properties, following [Tye07) §4].

ProroOSITION A.9.1. Let A be a noetherian commutative ring and f: A — B
a finite type morphism. Then there exists a simplicial A-algebra resolution of B by
a free simplicial A-algebra A[X] with each X, finite.

COROLLARY A.9.2. Let A be a noetherian commutative ring and f: A — B a
finite type morphism. Then there exists a representative of L 4 by a complex of
finite free B-modules.

Remark A.9.3. Typically Lp,4 cannot be represented by a perfect complex;
that is, it will typically have homology groups in infinitely many degrees. For
example, if A is a field and Lp/4 has finite Tor-amplitude, then in fact Lp,4 has
Tor-amplitude at most 2, and B is LCI over A. This is a result of Avramov [Avr99],
resolving a Conjecture of Quillen.

As motivation, we recall how to construct “efficient” resolutions of a finite type
A-module M by a complex of free A-modules. We can build a sequence of complexes
of finite free A-modules {F;} whose homology approximates M in degrees up to
1. For Fy, we pick any surjection from a free module A™ — M. Then we pick

generators for I := ker(Fy — M), which induces a map A™ 9 A" with image 1,

whose map to M induces an isomorphism on Hy. So we may take Fp = [A™ 9, A™].
We then inductively build F; from F;_; by picking representatives in F;_; for
generators of H;(F;_1), and then adding free summands in degree i + 1 that bound
these generators.

To perform an analogous construction for simplicial commutative rings, what
we want is a way to “kill cycles” in a simplicial commutative ring. This is accom-
plished by the following Lemma.

LEMMA A.9.4. Given a simplicial commutative ring A, and a homotopy class
[z] € m;(A), there exists a free simplicial A-algebra A’ such that:

o Al isa free A,-algebra on finitely many generators for each n, and A, =
A, forn <i.

e The map A — A’ induces an isomorphism on w, forn < i, and forn =1
an ezact sequence

0— mo(A) - [2] = m(A) = m(A) =0

Indeed, supposing Lemma[A.9.4]is true, we can make a resolution as in Proposi-
tion picking a surjection A[xy,...,24] = B. Then, by repeatedly applying
LemmalA.9.4] we may build a sequence of free simplicial A-algebras with the “cor-
rect” finiteness properties and homotopy groups in all finite degrees. Taking their
colimit gives the desired resolution.

Now to prove Lemma we want to “adjoin” a variable whose boundary is
[2]. However, because of the simplicial identities, the process of “adjoining” vari-
ables is necessarily quite complicated. For this, we will imitate what happens to the
singular simplices when attaching cells to a topological space X to kill a homology
class in degree ¢ — 1. If we attach a cell in degree 7, then this creates additional
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degenerate simplices in all higher dimensions. For this reason, the construction is
considerably more complicated.

Proor oF LEMMA [AZ9.4l We define
Xy ={x|t: [n] > [i+1] € A}
and we take A, = A, [X,], with faces and degeneracies defined as follows.
e We have s;(7¢) = Zto0, -
e Note that X;11 = {z1a}. We set do(z1q) = z and d;(z1q) = 0 for j > 0.
For n > i+1, we define d;(x;) = w05, if t0d; is surjective, and otherwise

it factors through a face map d;/: [i{] — [i + 1] so we define it to make
the following diagram commute

=1 ——[i]

One can check that this A/, is a simplicial commutative ring satisfying the conclu-
sions of Lemma (see [Matc] for more details). O

Remark A.9.5. A more highbrow way to phrase this construction is as follows
(following [Matc]). For a simplicial A-algebra A, a class in m;(.A) is represented
by a map of simplicial sets A1 — A (here we are using Remark that A
is fibrant). This induces a map of simplicial commutative rings A[DAT1] — A,
where A[DA™1] is the free simplicial A-algebra on the simplicial set AT, We
may then form

A= A® 00011 AlA™
and we claim that it satisfies the conclusions of Lemma[A:9.4] The first bullet point
is satisfied by inspection. To compute the effect on homotopy groups, we note that
T (A) = m (A[A1]) because At is contractible, and the lowest positive-degree
homotopy group of A[DA*!]is in degree i and maps to [z] in 7;(A) by construction.
Then conclude using the Tor spectral sequence [Qui70| (5.2)]

T ot i i
Tor7 APATD (7, (A), m (A[ATY])y = Tpiq(A@ajpniny A[AT)).

A.10. Derived tensor products. Let A — B and A — B’ be two maps
of simplicial commutative rings. Let A < P = B be a free resolution of B as
an A-algebra and A < P’ = B’ be a free resolution of B’ as an A-algebra. The

derived tensor product “B é 4 B is represented by the simplicial commutative ring
P @4 P, with
(PRAP )0 =Pn®a, Py
Although this is not unique since it depends on a choice of resolutions, it is unique
up to weak equivalence. In fact, it suffices to resolve only one of the terms, e.g., the
simplicial commutative P ® 4 B’ also represents the derived tensor product. Indeed,
there is an evident map
PRAP —-PosB

and this is a weak equivalence of free B’-algebras.

If A is classical and P is a free simplicial A-algebra, then the underlying sim-
plicial A-module of P associates under the Dold-Kan correspondence to a complex
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of free A-modules. In particular, the Dold-Kan correspondence takes free simplicial
resolutions to the familiar notion of free resolutions of chain complexes. In par-
ticular, we see that if A = A, B =5 B, and B’ =+ B’ are all classical, then we
have

L / A I
mi (B ®4 B") = Tor; (B, B).
This has the following consequence.

COROLLARY A.10.1. Let A — B and A — B’ be maps of classical commutative
. L L
rings, such that Tory(B,B') =0 for alli > 0. Then B ®4 B’ — my(B ®4 B') =
B ®4 B’ is a weak equivalence.

A.11. Properties of the cotangent complex. Now we establish some prop-
erties of the cotangent complex which are familiar for the module of Kéahler differ-
entials, at least in the smooth case. As a reference we recommend [Qui].

PROPOSITION A.11.1. If B, B are A-algebras with Tor'y (B, B') =0 fori > 0,
then
(i) Lpg, B /pr = Lp/a ®a B'.
(i) Lpg,prja = (Lpja®aB)®(B®aLpa).
Remark A.11.2. It is true in general that
(i) L =Lp/a®ab.

B& LB /B
ii) L =~ (L / Ly .
(ii) 555/ (Lpja®@aB')® (B®aLp,a)

L ~
The Tor-vanishing assumption is used to ensure that B ® 4 B’ — B®4 B’.

PROOF. Both arguments are completely formal from the standard properties
of formation of Kéahler differentials with respect to tensor products, using the ob-
servation that:

e If P is a free simplicial A-algebra, and B is any simplicial .A-algebra, then
P @4 B is a free simplicial B-algebra.

O

ProrosiTiON A.11.3. If A — B — C is a composition of morphisms, then
there is an exact triangle in the derived category of C'-modules:

LB/A ®pC — LC/A — LC/B

PROOF. Choose a free resolution A < B =5 B. This gives C the structure of
a B-algebra, so we may then choose a free resolution B — C = C. This gives a

diagram
C

~

— &

e

S
Sy

C
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Then we form the tensor product

C

.

B B®egC \”
/l”/
A B

From the exact sequence of Kéhler differentials for smooth morphisms [Sta22] Tag
02K4], applied levelwise, we obtain an exact triangle

LB/A ®pC — LC/A — LC/B~

Applying — ®¢ C, we get an exact triangle. Let us verify that the terms are as
claimed.
¢ Lp/a@C®cC=Lga@3C=Lg/a@pC.
e Lc/y ®c (0= Leoya-
e We have L¢,s ®5 B = Lpg,c/p- Since B ®p C is a free resolution of C'
as a B-algebra, tensoring with C' over C gives L¢ 4.

O

COROLLARY A.11.4 (Cotangent complex of localizations). Let A be a
commutative ring.

(i) If S is a multiplicative system in A, then Lg-14,4 = 0.
(ii) Let A — B be a ring homomorphism. If S is a multiplicative system in
A and T is a multiplicative system in B containing the image of S, then
Ly-1p/s-14 = Lpa©p T 'B.

PROOF. (i) Multiplication induces S~!A®4 S~1A = S~1A. Putting this into
Proposition |A.11.1{ii), we get
Ls-14/4a = Ls-1ag,5-14/4 = Ls-14/4 ® Lis-14/4

via the diagonal map. This forces Lig-14/4 = 0.
(ii) By Proposition A.11.1|(i) We have Lg-1p/5-14 = Lg/a ®p S™'B. Apply
Proposition [A.11.3| to get an exact triangle

LS—lB/S—lA ®s-1p T7'B— LT—lB/S—lA — LTle/S’*lB~

The rightmost term vanishes according to (i), from which the result follows.
O

A.12. Some computations of the cotangent complex. Now we will iden-
tify the cotangent complex in some special cases. Simplicial resolutions are almost
always too unwieldy to compute with by hand, so we will instead need to make
clever use of the formal properties explained above.

PrOPOSITION A.12.1. Let A be a noetherian commutative ring and f: A — B
a finite type morphism. Then
(1) f is étale if and only if Ly = 0.
(i1) f is smooth if and only if Ly = Q} and is finite projective.
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PROOF OF ONE IMPLICATION. We will only prove the forward directions for
now. The converses will be established after we have developed the connection
between L; and deformation theory.

Suppose f is étale. Then the multiplication map B®4 B — B is a localization,

so Corollary implies that Lp/pg,p = 0. By Proposition [A-T1.1] we have

Lpg,B/B = Lp/a ®a B. Then applying Proposition |A.11.3{to B Me®ls, p ®a

B — B, we find that L4 = 0.
Next suppose f is smooth. The local structure theorem for smooth maps says
that locally on Spec B, f can be factored as an étale map over an affine space:

Spec B —— A}

T~

Spec A

At the level rings, this means that after some localization, we have a factorization
A — P — B where P is a polynomial ring over A and P — B is étale. Then the
morphism of constant simplicial A-algebras A — P is already free, so Lp/s = Qp/a
is finite free. From Proposition @ we have an exact triangle Lp/y ®p B —
Lp/a — Lp/p where Lp/y ®p B = (2,4 and Lp,p = 0, which completes the
proof.

O

Regular that a reqular sequence in a commutative ring A is a finite sequence of
elements r1,...,7, € Asuch that each r; is a non-zerodivisor modulo A/(r1,...,7i—1).

PROPOSITION A.12.2. If B = A/I and I is generated by a reqular sequence,
then
Lp/a = I/I?[1].

PROOF. Let us first treat the case A = Z[z] and B = Z, I = (z). In this case we
have a section Z — Z[x]. Apply Proposition :A.11.3 to the sequence Z — Z[x] = Z
to get an exact triangle

L7z ®z(a) Z — Lzz — Lz/7[]-

This shows that LZ/Z[:c] = LZ[z]/Z[l] Rz[z] Z= (a:)/(mQ)

Now we consider the more general situation of the Proposition. By induction,
it suffices to handle the case where I = (r) is principal. Note that a choice of r
induces a map Z[z] — A sending x — 7, and this map induces A/(r) = Z ®z[, R.
We claim that 7 is a non zerodivisor if and only if Toriz[x](Z, A) =0 for all s > 0,

L ~
or in other words (by Corollary |A.10.1)) if and only if Z ®z,; A — A/(r). The
claim is an elementary computation in homological algebra, using the resolution
Z[z] % Z[x] of Z over Z[z]. Then by Proposition |A.11.1} we have

Lp/a = Lz 7)) @z A = (2)/(2%) ®z(z) A 2 (1)/(r?).

O

A.13. Globalization. The theory we have discussed can be globalized to
schemes, and then to stacks. For example, let Y — X be a morphism of schemes.
Then we define Ly,x by finding a free replacement of Oy as a simplicial Ox-
algebra, and then forming Q-levelwise, etc. Traditionally, it was important to
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develop the theory this way instead of trying to “glue” the cotangent complexes
from affine open subspaces, because of inadequate categorical technology: on the
one hand the cotangent complex is not unique at the level of chain complexes, and
on the other hand the derived category is not suitable for gluing.

However, in modern language one can indeed glue the cotangent complex affine-
locally in the desired way, viewing the cotangent complex as an animated module
and using that the categories of animated quasicoherent sheaves satisfy Zariski
descent.

A.14. André-Quillen homology. Let A — B be a map of commutative
rings. We have defined the cotangent complex Lp,4 as a simplicial B-module up
to homotopy.

Definition A.14.1. Let M be a B-module. We define the André-Quillen
homology groups
Di(B/A; M) == H;(Lp/a ®p M)
and the André-Quillen cohomology groups
D'(B/A; M) := H'(Hompg(Lp,a, M)).
As a consequence of the properties of the cotangent complex, we have various
properties of André-Quillen (co)homology:
e Let B be an A-algebra and M’ — M — M" be a short exact sequence
of B-modules. Then there is a long exact sequence
DY(B/A; M') — DY(B/A; M) — DY(B/A; M") — DY (B/A; M) — ...
e Let B, B’ be A-algebras such that Tor; (B, B’') = 0 for i > 0. Then for
any B ® 4 B-module M, we have
D'(B®a B'/B'; M) = D'(B/A; M)
and
D'(B®a B'JA; M) = D'(B/A; M) @ D'(B'/A; M).

e If A - B — C is a sequence of ring homomorphisms and M is a C-
module, then we get a long exact sequence

D'(C/B; M) — D'(C/A; M) — D'(B/A; M) — D' (C/B; M) — . ..

We will next apply André-Quillen cohomology to study deformation theory.

A.14.1. Deformation theory setup. Let f: X — S be a scheme and S — S’
a square-zero thickening with ideal sheaf Z. We consider deformations of X to
X' — 8’ as in the diagram

X ----- >)‘(’
|
S —— 9

Then this is a matter of constructing an extension




DERIVED STRUCTURES IN THE LANGLANDS CORRESPONDENCE 85

where J may be regarded as a sheaf on Ox because of the square-zero property,
and as such it is isomorphic to f*Z =7 ®p, Ox.

A.14.2. Square-zero algebra extensions. Motivated by this, we consider the fol-
lowing problem. Let f: A — B a homomorphism of (classical) commutative rings
and let M be a B-module. An extension of B by M as A-algebras is an exact
sequence

0—-M-—-E—-B—0

which presents F as a square-zero A-algebra extension of B by M. We would like to
understand the structure of all such extensions. It turns out that this is controlled
by André-Quillen homology.

PROPOSITION A.14.2. Let M be a B-module. Then D'(B/A; M) is the set of
isomorphism classes of extensions of B by M as A-algebras.

Example A.14.3. The zero element 0 € D'(B/A; M) corresponds to the
trivial square-zero extension B & M, with multiplication

(b1, m1) (b2, ma) = (b1be, byma + bamy).

PROOF. Let us give maps in both directions. First suppose we have an exten-
sion M — E — B. Pick a free A-algebra resolution A — B = B. In particular,
since By is polynomial over A, we have some lifting

BO —— B
-~
M — FE —— B
Now, we have two maps dg, d;: By = By and we know that the image of (dy — dy)
is an ideal in By, with By/Im(dg — d1) = mo(B) = B. So the difference
gboo(do—dl)l Bo—>M
is a B-linear derivation from By to M, hence corresponds to an element of Homp(Qg,, M).
One checks that it is a cocycle, hence induces a class in D'(B/A; M). The different
choices of ¢g modify this cocycle by a coboundary, so we get a well-defined map
from isomorphism classes of extensions to D'(B/A; M).

This also suggests how to construct the inverse map. Given a class in D(B/A; M)
represented by a derivation §: By — M, define E to be the pushout of B-modules.

B, %= B,

b

M —— F

We equip F with the multiplication induced by its structure as a quotient of Bo® M.
For this to be well-defined one checks that the image of By under (d; — dp,d) is a
square-zero ideal, which is straightforward. ([

Example A.14.4. Consider Z-algebra extensions of F, by F,. Since we
are considering arbitrary extensions of commutative rings, these are controlled
by DY(F,/Z;F,). By Proposition the cotangent complex of Z — F,, is
LFp/Z = Fp[l] So

DY(F,/Z;F,) = Homp, (Fp[1], F,[1])

IR

F,.



86 TONY FENG AND MICHAEL HARRIS

The 0 class corresponds to the extension F,le]/e?. The non-zero classes all have
underlying ring Z/p?Z, with the maps to F, being the natural projection composed
with an automorphism of F,,.

Example A.14.5. Let A — B a smooth map of commutative rings and let
M be any B-module. Then by Proposition |A.12.1{ we have L, 4 = Q}B/A is finite
projective, so DY(B/A; M) = 0. This says that there is a unique square-zero A-
algebra extension of B by M, which is necessarily the split extension.

COMPLETION OF THE PROOF OF PROPOSITION [ALT2. 1l We want to show that
if f: A — B is a finite type morphism of Noetherian rings, and Lp/4 is a finite
projective B-module concentrated in degree 0, then f is smooth. Thanks to the
finiteness hypotheses, it suffices to show that f is formally smooth, which means
that for any square-zero extension S — S, the diagram

S —— Spec B

7
.
-
///

S Spec A

has a lift. First suppose that the map S — Spec B is an isomorphism. Then S
is the spectrum of a square-zero A-algebra extension of B, and we want to show
that it splits. But the assumption on Lp,4 implies that DY(B/A; M) = 0 for any
B-module M. So the class of [S] € D'(B/A; M) vanishes, which means that there
is a lift as desired. N N

Now we can treat the general case. Suppose S = Spec R, S = Spec R, and let
I = ker(R — R). Choose a surjection P — R from a polynomial A-algebra P, say
with kernel J. By choosing lifts of generators, we find a lift P — E, which carries J
to I, hence factors over P/J?. Then P/.J? is a square-zero A-algebra extension of
B, so by the case handled in the previous paragraph there is a splitting B — P/J?,
whose composition to R gives the desired lift.

P— B=Pl] — R= R/I

!

R

Fer ™

)
J
<
[V}

]

A.15. Deformation theory of schemes. Let A — A be an extension by a
square-zero ideal I. We consider the problem of finding flat deformations

NHK
HUJ
ILHUU
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or geometrically, deformations of Spec B — Spec A to a flat family over Spec A.

Spec B —— Spec B

| |

Spec A —» Spec A

Since [ is square-zero, we can regard I as an A-module. Similarly, we can
regard J as a B-module.

LEMMA A.15.1. In the situation above, B is flat over A if and only if IQ , B =
J.

PROOF. If B is flat over A, then applying E@g (—) to the short exact sequence
I > A A, and using that the A-action on I factors through A, shows that
I®aB = J.
For the other direction, see [Sta22| Tag 00MD].
O

Henceforth we may assume that J = I ®4 B. We know that:lalgebra exten-
sions of B by J are classified by D'(B/A,J). The composition A — A — B gives
a long exact sequence

—— DY(B/A;J) —— DY(B/A;J) — DY(A/A;J)
—— D*(B/A;J)

The equivalence class of the extension A may be viewed as an element [g] €
DY(A/A; J), which comes from D'(B/A;.J) if and only if its image in D2(B/A; J)
vanishes. By the long exact sequence, its pre-image in D(B/A; J) forms a torsor
(possibly empty) for D'(B/A; J). Hence we find:
PROPOSITION A.15.2. Let the situation be as above.
e Attached to the extension A — A is an obstruction class obs(g) €
D%(B/A; J), which vanishes if and only if an extension B exists.

e Ifobs(A) € D*(B/A; J) vanishes, then the isomorphism classes of exten-
sions form a non-empty torsor for DY (B/A; J).

o The automorphism group of any extension is D°(B/A; J) = Homp(Qp/a;J).

(This is elementary; the theory of the cotangent complex is not relevant.)

A.15.1. Application: Witt vectors. We will give an application of the preceding
theory to the construction of Witt vectors for perfect Fp-algebras.

LeEMMA A.15.3. If B is a perfect F-algebra, then Lp g, = 0.
PRrROOF. The Frobenius endomorphism on B is an isomorphism by definition,
hence induces an automorphism of Lp ¢, . To compute the action of Frobenius on

Lp/r,, pick a free resolution of B =5 B over F,, and note that Frob on B lifts to
Frob on B (the p-power map level-wise on B):

B Frob B

BF‘robB


https://stacks.math.columbia.edu/tag/00MD
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Hence the action of Frob on Lp/r, is tensored from its action on Lg/p , which is
zero because the Frobenius endomorphism induces 0 on Kéhler differentials. So on
the one hand we have that Frob induces an automorphism of Lp/x , but on the
other hand it is the zero map. Therefore, L p, = 0. [l

LEMMA A.154. There is a unique flat deformation of B to Z/p™.

PrROOF. The base case n = 1 is tautological. We may suppose by induction
that we have a unique deformation B,, over A,, := Z/p™, and we want to extend it
over A = Z/p" . Let I, C A be the kernel of A — A,,, a module over A,, which
in fact is pulled back from A;. Let J,, = I,, ® 4, B,,, which is then pulled back from
B. Since the action of B, on J, factors over By = B, and B, is flat over A,,, we
have D¥(B,,/Ay; J,) = DY(B/Ay; J,) 22 0 for each 4. In particular, the obstruction
class in Proposition lies in D?(B,,/A,;J,) = 0, so an extension exists; and
then since D'(B,,/A,; J,) = 0, the extension is unique. O

Therefore, there is a unique (up to unique isomorphism) diagram
B By B3 -

F, «— Z/p*Z «— Z/p’Z «— ...

with all squares co-Cartesian and all vertical arrows flat. The inverse limit @n B,
is called the ring of Witt vectors of B. This construction of the Witt vectors was
pointed out in [Sch12| Remark 5.14].

A.16. Deformation theory of maps. Our next situation is motivated by
the deformation theory of maps: given a square-zero extension X < X, and a map
X — Y, we want to understand extensions of the map

X X

-
-
-
-
-
-
14

Y
The local problem is: given an A-algebra B and a square-zero extension
J—B— B,

equip B with a compatible A-algebra structure. The equivalence class of B asa

commutative Z-algebra extension of B by J can be viewed as an element [B] €
DY(B/Z;J). We want to lift this a class in D'(B/A; M). We have the long exact
sequence

...— D%A/Z;M) — D*(B/A; M) — D*(B/Z; M) — D*(A)Z; M) — ...

The map DY(B/Z; M) — D'(A/Z; M) can be interpreted as sending B to the
fibered product A xp B, which is a commutative algebra extension of A by M.
Then we may interpret the long exact sequence as follows.

PrROPOSITION A.16.1. Let the situation be as above.

e Attached to the estension B — B is an obstruction class obs(é) €
DY(A/Z; J), which vanishes if and only if there exists an A-algebra struc-

ture on B compatible with the given one on B.
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e If obs(B) € D*(A/Z;J) vanishes, then the isomorphism classes of A-
algebra structures form a non-empty torsor for D°(A/Z; J) = Hom 4 (Q4, J).

A.16.1. Application: Fontaine’s map. Let R be a p-adically complete and p-
torsion-free ring. Let R’ := im_ - (R/p). This is a perfect ring, characterized
uniquely up to unique isomorphism aps “the” final perfect ring mapping to R/p.

It is a very important fact in p-adic Hodge Theory that there is a unique map
W(R") = R that reduces mod p to the canonical map R* — R/p, called Fontaine’s
map, although we will not be able to explain its significance here. Here W (R?) are
the Witt vectors, which as discussed in is the inverse limit of the unique
(up to unique isomorphism) family of lifts

R «—— Wo(R’) «—— W3(R") «— ...

R

F, «— Z/p’Z «—— Z/p’Z «— ...

Let us build up a family of maps step-by-step, starting with Wy(R") — R/p>.

R/p «—— R/p? R/p?

|

R «—— Wi(R’) «— W3(R") «— ...

R

F, «—— Z/p*Z «—— Z/p°Z «— ...

N

(The p-torsionfree property of R is used to see that R/p™ is flat over Z/p"Z.) By
similar arguments as above, the obstruction to such an extension is a class in

D' (Wa(R)/(Z/p*Z); pWa(R")),

which is isomorphic to D*(R”/F,; R”), which vanishes because R’ is perfect. Then,
the set of such an extensions is a torsor for D°(R”/ Fp; R’) =0, so the extension is
unique. By induction, we have constructed compatible maps W, (R") — R/p" for
each n > 1. Finally, take the inverse limit of these maps to construct Fontaine’s
map (here is where we use that R is p-adically complete).

A.17. Global deformations. So far we have discussed deformations of affine
schemes. Now we begin the study of deformations of possibly non-affine schemes.

Example A.17.1. Let X be a smooth (but not necessarily affine) variety over
a field k. A first-order deformation of X is a flat family X over k[e]/(e2), whose
fiber over Spec k is X. The we claim that the set of first-order deformations of X
is in bijection with H!(X,TX).

To see this, write X = |JU; as a union of affines U; = Spec A;. A first-order
deformation of X is then uniquely specified by a compatible collection of first-
order deformations of the U;. Since the U; are smooth, they have unique first-order
deformations U;. The gluing data is an automorphism of U; NU; := Spec A;; lifting
the given automorphism on U; N U; := Spec A;;, which is of the form

a+ be — a+ (0a+b)e
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where ¢ is a k-linear derivation from A;; to itself, i.e., a section of the tangent sheaf
TX over U;;. In order to glue to a first-order deformation of X, these sections
must satisfy the cocycle condition on triple intersections. Finally, modifying each
U; by an automorphism (as a first-order deformation) corresponds to adding a
coboundary. Therefore, we see that the data of a first-order deformation is exactly
that of a class in the first Cech cohomology H(X,TX).

As an application, consider the moduli space of (smooth, projective) genus g
curves Mgy. A k-point to this moduli space is a smooth, projective genus g curve
C'. The tangent space to M, at the k-point corresponding to C' has underlying set
the set of extensions of this k-point to a k[e]/e-point, which is to say the set of
first-order deformations of C'//k. According to what we have said, this is H(C, TC).
Furthermore, the obstructions are valued in H?(C,TC'), which vanishes because C
is a curve — this tells us that M, is smooth at the k-point corresponding to C.

A.18. Globalizing the cotangent complex. By globalizing Proposition

[A15.2] one proves:

ProrosiTiON A.18.1. Let f: X — S be a map of schemes. Let S — S be a
square-zero thickening with ideal sheaf T, and J = f*T.

e Attached to the extension S — S is an obstruction class obs(S) €
Eth(LX/S,j), which vanishes if and only if a flat extension X > S
exists.

o If obs(g) € ExtQ(LX/S7 J) vanishes, then the isomorphism classes of flat
extensions form a mon-empty torsor for Extl(LX/S, J).

o The automorphism group of any flat extension is ExtO(LX/S, J).

Example A.18.2 (LCI curves). Recall that a finite type morphism of Noe-
therian rings A — B is said to be local complete intersection (LCI) if it can be
Zariski-locally written as a composition A — A[zy,...,x,] - B where the second
map is a regular quotient. More generally, a morphism of schemes is said to be
LCI if it is Zariski-locally LCI. For example, a curve with at worst nodal singu-
larities over a field is LCI. By Proposition if Y — X is LCI then Ly, x is
concentrated in degrees —1, 0.

Suppose C' is an LCI curve over a field k, which is is smooth outside a finite
number of closed points of C. Then we claim that Extz(LC/k, J) = 0, which in
particular shows that all infinitesimal deformations of C'/k are unobstructed. By
the local-global spectral sequence, it suffices to show the vanishing of

o H*(C,Ext’(Loyi, J)),

d Hl(c?ml(LC/kaj))v and

o H(C,Ext*(Leyk, J)).
The first vanishes because C' is a curve, so it has cohomological dimension 1. The
third vanishes because Ext? (Leoyk, J) vanishes, thanks to Ly, being supported in
degrees [—1,0]. Finally, since C is smooth away from a finite collection of closed
points, Ext! (Leyk, J) is a torsion sheaf by the localizing property of the cotangent
complex plus its calculation in the smooth case (, so its higher cohomology
vanishes.

For completeness we state the globalization of Proposition
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PROPOSITION A.18.3. Let X < X be a square-zero extension with ideal sheaf J
and f: X =Y. Let Ly be the absolute cotangent complex of Y (i.e., the cotangent
complezx of Y — Spec Z).

e Attached to X is an obstruction class obs(X) € Ext!(Ly,.J), which

vanishes if and only if f extends to a map X =Y.
e If obs(X) € Ext'(Ly,J) vanishes, then the isomorphism classes of ex-
tensions of f form a non-empty torsor for ExtO(Ly, J).

A.19. Geometric interpretations of André-Quillen homology. In this
section we reflect on the relation between derived algebraic geometry and the cotan-
gent complex; a more substantial exposition of this topic may be found in [Vez10].
As was discussed in §3] one of the characteristic features of derived algebraic ge-
ometry in practice is its ability to construct spaces whose cotangent complexes
can be “identified” in a meaningful way, for example as some natural cohomology
theory. The reason this happens is because derived algebraic geometry supplies a
“geometric” interpretation of the cotangent complex.

It may be helpful to consider the analogy between schemes and reduced schemes,
explained in Even if we are only interested in reduced schemes, allowing nonre-
duced schemes into our vocabulary allows us to gives a geometric interpretation of
tangent spaces as maps from dual numbers. In the context of moduli spaces, this
allows to express tangent spaces as first-order deformations, and then often in prac-
tice as a cohomology group.

We could contemplate defining a “reduced moduli space” as a functor on re-
duced commutative rings. However, it would be a priori unclear how to describe
its tangent space explicitly. If the functor can be extended to non-reduced rings,
then its tangent space space could be calculated as in the previous paragraph, and
if for example the moduli space turned out to be smooth then one would know a
posteriori the tangent space of the underlying reduced scheme. The reader might
enjoy contemplating this thought experiment in the example of Mg, the moduli
space of smooth projective genus g curves.

Similarly, the tangent complex of a classical moduli space is a priori hard to
describe explicitly, because the “higher” tangent spaces are not prescribed by some
direct process from the moduli problem. However, in the derived world the full
tangent complex does admit such a direct description, which we now explain.

Let A — B be a morphism of commutative rings, and n: B — A an augmen-
tation. It may be helpful to focus on the special case A = Spec k for a field k, in
which case 1 corresponds to a k-point of B.

Let M be a B-module. It can be turned into a simplicial B-module M]0],
which is characterized as the unique simplicial B-module with 7o(M[0]) = M and
m;(M[0]) = 0 for 4 > 0. For n > 0, there is a simplicial B-module M[n] with
Tn(M[n]) = M and 7;(M[n]) = 0 for i > 0. (For example, M [n] can be constructed
using the Dold-Kan correspondence.)

Then we form the level-wise simplicial square-zero extension A & M[n]. Its
graded homotopy ring is the square-zero extension of A (in degree 0) by M (in
degree n).

Example A.19.1. Let A =k be a field and M = k. Then k @ k[0] = k[e]/e?
is the ring of dual numbers over k. More generally, k @ k[n] is called the ring of
derived order n dual numbers.
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Then the André-Quillen cohomology group D™(B/A; M) can be viewed as the
group of homomorphisms from B to A ® M|n] lifting 7, in the homotopy category
of simplicial A-algebras. The reason for this is relatively formal, once the relevant
definitions are in place; for now we just give a sketch. To compute these homomor-
phisms, by definition one needs to resolve B by a free simplicial A-algebra B. (This
is analogous to how maps in the derived category of A-modules are computed by
first resolving the source by a projective resolution.) Then, lifts

A& Min]

1
-
-
-
-
-
-

BY— A

are computed by derivations from B into M|n|, which can be converted into a
description as homomorphisms from Kéahler differentials of B into M|[n], which is
basically the definition of André-Quillen cohomology.

Geometrically, we can think of “Spec (A®M|n])” as being some “higher derived
infinitesimal thickening” of A by M. A derived moduli problem can be evaluated on
such a space, giving a geometric interpretation of André-Quillen homology groups;
this makes it easier to understand the cotangent complex of a derived moduli
space than that of a classical moduli space, in the same sense that it is “easier” to
understand the tangent space of a classical moduli space than that of a “reduced
moduli space”.
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