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ABsTrACT. We define and study “tautological classes” in the cohomology of moduli stacks of shtukas,
pursuing two directions of applications. First, we prove a formula relating the “arithmetic volume” of
tautological classes to higher derivatives of Artin L-functions, which can be viewed as an arithmetic
analog of Hirzebruch’s Proportionality principle. Second, we define and analyze the structure of the
“phantom tautological ring”, using a general relation between Hecke correspondences and Vinberg’s
degeneration, and give applications to a function field analog of Colmez’s Conjecture.
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1. INTRODUCTION

1.1. Volume and Hirzebruch proportionality for locally symmetric spaces. Hirzebruch’s Pro-
portionality Theorem [Hir58| (in the compact case), extended by Mumford to the non-compact case
[Mum77|, asserts that the integral (also known as the “volume") of any Chern class polynomial of auto-
morphic vector bundles on a locally symmetric space is proportional to the integral of the corresponding
Chern classes on a partial flag variety. Moreover, the proportionality constant is essentially the special
value of a certain product of (shifts of) zeta or Hecke L-functions.

More precisely, let (G, D) be a Shimura datum, where G is a reductive group over Q and D ~ G(R)/K
is a Hermitian symmetric domain with K a maximal compact subgroup of G(R). Let G, C G(C) be
a compact form containing K, and DV = G./K the compact dual of D. Note that DV can be realized
as the C-points of a partial flag variety G(C)/P,(C), where P, is a parabolic subgroup associated to
the Shimura cocharacter . We have an analytic open embedding D — DV. For any discrete subgroup
I' ¢ G(R), we have a natural map, which we call the Hodge morphismﬂ

ev:I'\D —— G(C)\D" = BP,(C). (1.1.1)

Automorphic vector bundles on the source are by definition the pull-back of vector bundles on the target.
Then the map ev induces a homomorphism on the cohomology rings

ev* : H*(BP,(C),Q) = Ry" — H'(I'\D, Q) . (1.1.2)

ITerminology based on [WZ23, Introduction] where the authors call the target the Hodge stack.
1
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Here Rq = H*(BT(C),Q), where T is a maximal torus of G, and W, is the Weyl group of the Levi
subgroup associated to u, acting on T in the natural way. Chern—Weil theory implies that the cohomology
classes coming from H>?(BG(C), Q) = Rg + (here W is the Weyl group of G) are mapped to zero under
ev*. Thus the ring homomorphism ev* factors through a homomorphism

p:H'(DY,Q) = Ra"/(RY ,) —=H"(I'\D, Q) . (1.1.3)

Now suppose T'\D is compact and let N = dimD = dim DY. The map p then restricts to an
isomorphism on the top cohomology

p?N cH*N(DV,Q) 5 H*N(T\D, Q).

Now both sides are one-dimensional vector spaces, and they are each equipped with canonical trivialization
(up to a Tate twist) given by pairing with the fundamental cycles of DV and of T'\D respectively.
Therefore, there is a unique constant ¢ € Q* (cf. [WZ23l, Corollary 7.21]) making the following diagram

commutative
p2 N

H*Y(DV, Q) —=H*"(I'\D. Q) (1.1.4)

fDV \L lfF\D
Q(—N) : Q(—N)
This is the famous Hirzebruch Proportionality principle [Hir58]. We may suggestively write the propor-

tionality principle as
/ ev'n = c/ 7 (1.1.5)
\D DV

for any class 7 € H*N (BP,(C),Q), where 77 is the pull back of 5 along the map DV — G(C)\DV =
BP,(C). When I'\ D is non-compact, Mumford proved in [Mum77] that the same assertion goes through
after replacing it by any smooth toroidal compactification.

Moreover, the proportionality constant ¢ in can be interpreted as the special value of an L-
function attached to the “motive of G” in the sense of Gross [Gro97] (up to an index factor depending on
).

1.2. Arithmetic volumes of Shimura varieties. When there are natural integral models for Shimura
varieties and their automorphic vector bundles, there is an “arithmetic” analogue of the volume of Chern
classes, defined via the arithmetic intersection theory, which we call the arithmetic volume. In this case,
the arithmetic volume has only been computed for specific families of examples, such as in the case where
G is the isometry group of a quadratic space [H14] over Q or a hermitian space [BH, [Guo25] with respect
to an imaginary quadratic field extension of a totally real field with signature (1,7 — 1) at one place and
definite in all other places. In these works, the arithmetic volumes are shown to be essentially a special
value of the first derivative of the L-function of G.

1.3. Arithmetic volumes of moduli of Shtukas. In this paper we investigate the analogous question
over function fields, namely the arithmetic volumes of “automorphic vector bundles" on moduli spaces of
shtukas for a general reductive group. Our initial motivation was to extract the intersection number out
of the constant term of the arithmetic theta series in the top degree case in our previous work [FYZ25].
The main difficulty is that these moduli spaces are almost never proper and their compactifications (when
the number of legs is more than one) are more complicated than the toroidal compactification of Shimura
varieties. As one of the key steps of this paper, we will define a “regularized" volume, via the trace of the
endomorphism on the cohomology of Bung induced by certain natural correspondences.

Now let X be a smooth, projective, geometrically connected curve over F,. For simplicity, in the
Introduction we consider only split reductive groups G over F; the main text treats arbitrary quasisplit
reductive group schemes over X (and we explain in Remark that we can reduce arbitrary reductive
group schemes over X to the quasisplit case, for the purpose of computing arithmetic volumes). Let
Bung be the moduli stack of G-bundles on X.
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1.3.1. Moduli of shtukas. Let = (u1,--- , i) be an admissible (see ) r-tuple of modification types
for G. There is an associated moduli stack of shtukas Sht{,. It is neither proper nor of finite type, hence
the Chern numbers of Sht{. are not a priori defined. We now outline a regularized definition of Chern
numbers, and relate them to higher derivatives of the L-function attached to the motive of G (in the
sense of Gross [Gro97]) over the curve X.

The general setup is as follows. We have a Hecke stack

HEL,

VN
Bung Bung

defined using the same modification data p as Shtf,. Then Shtl, is defined as the fibered product

Sht/, —— HK.,

l J/(h()»h'r‘) (1.3.1)

(Id,Frob)

Bung Bung x Bung

In other words, Shtf, is the “Frobenius-twisted fixed points” of a correspondence on Bung. Therefore we
regularize Chern numbers of Sht, as the trace of a suitable endomorphism on the cohomology of Bung.

1.3.2. Endomorphisms of cohomology. We have dim Sht{, = r + 37, (2p, u;). We write D, := (2p, 1)
and D), := 22:1 D,,.

Henceforth, H*(—) always means geometric cohomology of Q, (i.e., cohomology over the algebraic
closure of the ground field), where £ is invertible in Fy. Let n; € H2(D“J‘+1)(Hk’g ). The numerology is

such that n; N [Hk{/] is a Borel-Moore homology class in Hk}Y of degree 2dimBung. For the natural
correspondence

hj_ Ry
Bung «+>— HKY ~- Bung

we may view 1N [Hkéj] as a cohomological correspondence for the constant sheaf on Bung supported on
Hkéj . Using that h; is proper, it induces a degree-preserving map on cohomology (of the geometric fiber
with Q,-coefficients)

s+ H'(Bung) — H*(Bung)
0 = hj—1.(hj(0) Un;)
Similarly, since h; is proper it induces a degree-preserving map on compactly supported cohomology
A7+ Hp(Bung) — Hy (Bung)
0 = hju(hj_1(0) Un;)

(The reversal of the roles of h;_1 and h; in these definitions is due to the adjoint relationship of I') and
I'ft. This will be explained further in §5.1.3)

1.3.3. Tautological classes. In analogy with the Shimura variety case, there is a natural way to suppl
such n; € H*P “JH)(Hkéj ), by taking Chern classes of automorphic vector bundles. We show in §3.1.3
that for each ¢ = 1, ..., 7 there is a canonical morphism

ev; Hk’éj —BP,,

where P, C G is the parabolic subgroup defined as the attracting locus of p; : G,, — G. We also have
the leg map p; : Hkéj — X. We will call classes pulled back along the enhanced Hodge morphism

(evj,p;)* : HPPrtD(BP, % X) — BP0 (HKE) (1.3.2)

tautological classes on Hkéj .
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1.3.4. Arithmetic Volume. We may now define the arithmetic volume of Shtf, with respect to tautological
classes. For the sake of simplicity, we present a simplified definition in the Introduction for the case where
G is semisimple.

Definition 1.3.5. Assume G is semisimple. Let 7; € HQ(D“JH)(]BPM x X) for j=1,---,r. We define
the volume of Sht?, with respect to 1 := (n1,--- ,7,) to be

vol(Shtg, n) := Tr(.Ihr o--- o T4t o Frob” | Hj (Bung)). (1.3.3)

As H}(Bung) is infinite-dimensional, the convergence of the trace in the definition of vol(Shtf,,n)
needs to be justified, which we do in greater generality in Proposition [5.5.3]

Remark 1.3.6. For an r-tuple u = (p1,-- - , itr), the ev; assemble to a morphism
ev, : Hkf, —— H;Zl BP,,

The pre-composition of ev,, with Sht, — Hk/, defines a morphism Sht/, — [] ;i BPu,, which may be
viewed as an analog of the Hodge morphism (1.1.1). Vector bundles on Sht, built from pullbacks of vector
bundles on BP,; are the analogue of “automorphic vector bundles" on Shimura varieties. Therefore, our
arithmetic volume may be viewed as the analog of the arithmetic volumes of automorphic vector bundles
on Shimura varieties.

1.3.7. Main results. Our main result is a formula of the arithmetic volume in terms of (mixed) higher
derivative of L-functions attached to the Gross motive of a reductive group [Gro97]. We present the
formula in the simplified setting where G is split semisimple, although in the main text we treat general
quasisplit G — X, which witnesses more interesting L-functions.

Choose a maximal torus and Borel subgroup T'C B C G and denote the Weyl group W(G,T) by W.
Denote R = H*(BT'), which is canonically isomorphic to the graded ring Sym (X*(T )62(_1))’ with the
grading such that X*(T)g (—1) is concentrated in degree 2. The Gross motive of G (or rather, its {-adic
realization) from is the graded Qy-vector space with Frob-action

Vg ~ RY /(RY)? (1.3.4)
where R+W C RY is the augmentation ideal. Let (di,...,d,) be the multiset of degrees of a homogeneous
basis f1,---, fn of Vg. When G is almost simple, the multiset (dy,...,d,) coincides with the multiset

{e; + 1}, where {e;} are the exponents of G. We define the associated multivariate L-function to beﬂ
fX,G(Sla o ,Sn) = H CX(SZ + dz)
i=1

For j € {1,2,...,r}, let W, be the Weyl group of the Levi L, of P,,. Via the pull-backs from the
maps BT — BP,, — BG, we have

RV ~ H*(BG) C H*(BP,,) ~ R"".
For each n; € R"*i of degree 2(Dy,, + 1), we define in (5.3.2) an endomorphism V7’ : R" — RV It is
a derivation that carries Rfﬁ/ to RYFV, and hence induces a graded linear endomorphism of Vg:
V., € End" (Vg).

Now let = (u1,..., 1) and n = (m1,...,7n,) be r-tuples as above. We will assume (Commutativity
Assumption @ that the operators WZJJ pairwise commute for 7 = 1,...,r. The assumption holds
automatically if the d;’s are all distinct, which holds for all simple groups except those of type Dy, and
also holds for GL,,. We may choose the homogeneous basis fi,--- , f, of Vg to consist of (generalized)
eigenvectors of ?Z’] for each j € {1,---,r}. Let €(n;, ;) be the generalized eigenvalue of ﬁ:ﬁ on f;.
Consider the differential operator

n

0; := —(logq) ™" Y ei(ny, 115)0s,

i=1

2In the non-semisimple case the analogous definition needs to be slightly renormalized — see (5.6.2]).
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Some special cases of our main result for split semisimple G are as follows. First we consider tautological
classes which come wholly from H>Pr; 1 (BP,).

Theorem 1.3.8. Let = (u1,- -+, i) be an admissible sequence of minuscule dominant coweights of G.

Letn = (m,...,n), wheren; € HQ(D"’J'H)(IB%PHJ.) satisfying the Commutativity Assumption . Then,
with the notations introduced above, we have

vol(Shtt;, n) = i (G) - g Bune Ho Lot s 5n) . as9)

s1=82=-=8,=0

This theorem computes an analog of arithmetic volumes for (integral models of) Shimura varieties
mentioned earlier. It relates the arithmetic volume of Sht, to higher derivatives of L-functions. We also
prove a formula that may be viewed as an analog of the Hirzebruch Proportionality principle for
locally symmetric spaces. It is obtained by looking at tautological classes with “maximal contribution
from the curve direction”.

Theorem 1.3.9. Let p= (1, , i) be an admissible sequence of minuscule dominant coweights of G.
Let n; € H2Pwi (BP,,), and ¢ € H*(X) be the class of a point. Let n = (m&,...,n.¢). Then with the
notations above, we have

vol(Sht, n) = #m1(G) - g™ B™e Ly H/ (1.3.6)
G/PM

Theorems and represent two extremes of tautological classes: those with “minimal” and
“maximal” contribution from the cohomology of X. In general, we calculate vol(Shtf,,n) for all tautolog-
ical classes in the relevant degree (Theorem for split GG, and Theorem for quasisplit G/X).
We give a concrete illustration of Theorem [7.4.12] without spelling out all the definitions, deferring the
full formulation to §7.6]

Theorem 1.3.10. Let Sht%(n) be the moduli stack of Hermitian shtukas with respect to a finite étale
double cover X'/ X, and let Py,..., P, be the tautological line bundles on Sht%(n). Let £ be a vector
bundle of rank n on X'. With respect to these choices,

I(Sh H (e @ P;)) R0 (d )
vol(Shti s | | cn(p5E* @ P;)) = 20— | —
U(n) = P; J (logq)” \ ds

S:o(q_s 8L v U (25)).

Remark 1.3.11. One initial motivation for this work was to investigate the singular terms in a conjec-
tural Higher Siegel-Weil formula, generalizing [F'YZ24] which proved such a formula for the “non-singular
terms”. On the other end of the spectrum, the “most singular term”, contributing to the constant Fourier
coeflicient, is the arithmetic volume of certain tautological Chern classes, and Theorem should
provide the comparison to the corresponding piece of the higher derivative of the Eisenstein series. In
fact, our method was already used in the paper [FHM25] which extends the higher Siegel-Weil formula
to the corank-1 case, the “least degenerate” of the singular terms. Concretely, [FHM25| §7] can be viewed
as specializing our proof of Theorem [7.6.0] to the case n = 1.

1.3.12. The case r = 0. When r = 0, p is empty and Sht?, identifies with the groupoid Bung(F,)
viewed as a discrete stack. In this case, our main result specializes to the Tamagawa number formula
of Gaitsgory—Lurie [GL14E|, generalizing earlier work such as [BD09]. Our proof of this special case is
the same as that of [GL14]: both are based on the Atiyah-Bott description for the cohomology of Bung.
We prove this description for general reductive group schemes over X, using the simply connected case
proved in [GLI4| as input.

3They assume a simply connected hypothesis, but it is easy to deduce the general semisimple case from this.
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1.3.13. Calculation of eigenweights. To apply Theorem [1.3.8]in practice, we need to calculate the eigen-
weights €;(n;, ;). In we work out the eigenweights in many examples for G of Type A, B, D. More
precisely, we obtain the eigenweights when G = GL,, or the special orthogonal groups, and u; are all
special minuscule coweights corresponding to the standard representation of the Langlands dual group
of G. For G = GL,, we are also able to calculate the eigenweights for u = (1,1,0,---,0), for which the
answer takes a much more complicated shape, see Proposition The determination of the remain-
ing minuscule coweights in Type A, as well as the spin coweights in Types C and D will be explained
in the separate paper [Fen26], using different methods (also devised by AI). Finally, a work-in-progress
of Zeyu Wang will generalize the calculation of both the arithmetic volume and eigenweights to all (not
necessarily minuscule) coweights in all types.

1.4. Tautological rings. It is natural to consider the cohomology classes on Shtf, obtained by pulling
back along the enhanced Hodge morphism (|1.3.2))

evi,pi): Sht’, = BP, x X
VED ] G Hj

for 1 < j < r. From this we obtain a ring homomorphism
p:Cl = QH"(X)® R"") — H*(Shtl).
j=1
The tautological ring for Shtl, is the image of p. When G is a constant reductive group scheme over X,
we define an ideal I}, with explicit generators given by (8.1.3), and we prove in Theorem that the

pull—back map p factors through the quotient ring Cf, := Cf,/If., which we call the phantom tautological
ring.

1.4.1. Structure of the phantom tautological ring. The phantom tautological ring has nice properties. In
Proposition we show that the ring Cf, is a flat deformation of ®j_,H*(G/P,;) over the Artinian
ring H*(X"). As a corollary, the top degree of C% is canonically isomorphic to the top degree cohomology
of H;Zl(X x G/P,,),

(Ce)z2n = QU (X) © H*P# (G/Py,)),
j=1
where N = Z;Zl(DW + 1) = dim Sht?,. With this isomorphism, the pairing with the fundamental class
of H;:1(X x G/P,,) defines a volume functional on (Cg)2n, denoted by fl_l" (XXG/Py )" On the other
j=1 J

hand, we also have the volume functional vol(Sht/., —) defined earlier by (1.3.3)) (applicable to all elements

in (6’5)2]\;) Proposition shows that vol(Shty,, —) factors through the quotient (C%)2n of (ég)gN
Then a special case of our main result (i.e., (1.3.6)) compares these two linear functionals on (C%)an (see

Proposition [8.4.9)

Vol(Shith, ) = #m (G)g ™ B ] ¢ (d)- / (-).
i=1 ;:1(X><G/Puj)

This may be viewed as the analogue of Hirzebruch Proportionality for the moduli stack of shtukas.

Remark 1.4.2. Due to the non-properness of Shtf,, the induced map p : Cf; — H*(Shtf.) is not injective
(e.g., the top degree map vanishes). Hence the tautological ring of Sht{, is a further quotient of C..
However, we have reasons to believe that CZ should be viewed as the “correct” tautological ring for Shtf,,
that “amends" the non-properness of Shty,. In fact, we show that Cf, satisfies Poincaré duality under
the volume form and hence carries the structure of a Frobenius algebra (Proposition . We expect
that the image of C¥, is large enough to account for the Hecke (generalized) eigenspace for the most
non-tempered representation, namely the trivial representation 1, in the cohomology:

C% /ker(p) ~ H*(Sht%)[1].

4This result was first found by a brutal calculation of the authors, and then proved by a more elegant argument found
by Gemini Deep Think (IMO Gold version); we will present Gemini’s argument instead of our original one.
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1.4.3. The tautological ring of Shimura varieties. Our results should also give a conceptual framework for
the tautological ring of Shimura varieties (i.e., the subring of the Chow ring generated by the Chern classes
of all automorphic bundles), a topic which has seen much study, for example in [vdG99, [EH17, [WZ23]. In
[EH17], Esnault—Harris proved that the positive degree ¢-adic Chern classes of flat automorphic bundles
vanish and conjectured that the same vanishing result should hold in Chow groups. We prove an analog
of this result as a Corollary to Theorem where the f-adic Chern classes of “flat automorphic
bundle" in [EH17] correspond to the pull-back from ev; of classes in R = H*(BG). It is amusing to note
that in [EH17] the proof uses the Hecke eigen-property of the Chern classes of flat automorphic bundles,
while our proof of the function field case avoids the expected Hecke eigen-property in view of Remark
4.2

The right analog of the volume given by in the number field case should be the arithmetic vol-
ume of integral models of Shimura varieties with respect to (the arithmetic Chern classes of) Hermitian
metrized bundles. In the case of Siegel moduli space, Kohler [K05| has obtained a proportionality prin-
ciple, which resembles our Theorem [8:I.7] However, since the Siegel moduli space is non-proper, it does
not have an immediate definition of arithmetic volumes. A conjecture of Maillot and Roessler [MR02]
may be viewed as the analogous relation for certain PEL type Shimura varieties. In a future work
we will pursue the analogous questions for more general Shimura varieties, guided by Theorem [8.1.7]

1.5. An analog of the Colmez conjecture. In [Col93] Colmez conjectured a formula relating the
stable Faltings height of an abelian variety with Complex Multiplication (by the ring of integers of a CM
field) to the special value at s = 1 of the logarithmic Artin L-function attached to a class function arising
from the corresponding CM type. Though the averaged (over all CM type for a fixed CM field) version
of the Colmez conjecture has been proved [AGHMP18| [YZ18], the general case remains wide open. In
§9] we obtain a function field analog of the Colmez conjecture. Let 7 : X — Y be a finite Galois étale
covering with Galois group X. For an r-tuple o0 € 3" = 3 x .-+ x X, consider the twisted diagonal map:

o= (01,09, ,00): X = X"
sending « € X to (0;(x))/_;. We restrict Sht, to the twisted diagonal above:
Shty, , := Sht, X xr » X.

This may be viewed as an analog of a Shimura variety of Hilbert-Blumenthal type. The element & =
> 0i € QY] in the group algebra is an analog of the CM type. In principle, Theorem could
allow us to compute the volume of Shtf, = with respect to any top degree form. In Theorem we
treat the case G = PGL,, where the volume involves special values of (logarithmic) Artin L-functions
attached to the CM type. In the simplest case G = PGLg, the formula takes the following shape (we
defer the unexplained notation to :

|
vol(Shthep, 1) = f%q?’” Cx(2) - #m(G) -
¢k (2) 2 Ly@av):(2) 2 ey T
(210g(JCX(2) P gLy wee@ T (@0 ) )

The recipe of the class function in Colmez conjecture (cf. [Col98|, §2] for a more explicit formula involving
® x ®V) is completely analogous to the one above, except that here we have the special value at s = 2.
In a future work we will pursue a similar question for Shimura varieties.
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talked about formulas for higher derivatives of L(s,n) at the University of Maryland in February 2024.
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T.F. was supported by the NSF (grants DMS-2302520 and DMS-2441922), the Simons Foundation,
and the Alfred P. Sloan Foundation. Z.Y. was supported by a Simons Investigator grant. W.Z. was
supported by NSF DMS-2401548 and a Simons Investigator grant.
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2. NOTATION

2.1. Cohomology. For an algebraic stack ) over a field k and a prime number ¢ not equal to char(k),
we follow the formalism of [LZI7] for Q,-sheaves on Y. We write D()) for the constructible derived
category of étale Q,-sheaves on ) in the sense of loc. cit..

When talking about ¢-adic cohomology of ), we always mean geometric cohomology, i.e., the cohomol-
ogy of the base change V. We will abbreviate H*(Y) := H*(V; Q).

2.2. The curve. Fix a prime p and finite field F, of characteristic p. Let X be a smooth, projective,
geometrically connected curve over F,. We set some notation for invariants of X.

2.2.1. Homology and cohomology of X. Let ¢ € H?*(X)(1) be the cycle class of a point. Let [X] €
Hy(X)(—1) =2 H(X) be the fundamental class. We use the notation

[ e -q,
X

to denote the pairing with [X]. The cup product on H'(X) gives a symplectic pairing
(= =) H(X) < H'(X) = Q1)
(€1,62) = / C1€a-
s

For z € H;(X) we often write its homological degree i as |z|; similarly, for ¢ € H'(X) we write its
cohomological degree i as |¢].
We use
PD : H.(X) = H* *(X)(1)
to denote the Poincaré duality isomorphism. In particular,

PD(1)=¢ and PD([X]) = 1. (2.2.1)

Writing (—, —) also for the evaluation pairing induced by H;(X) = H*(X)*, the isomorphism PD is
characterized by the identity

_/PD@%<=@£>
X

for any 2z € Hy,|(X) and ¢ € lel(X). In other words, we have (z, () = (PD(z), (), justifying the abuse of
notation.

2.3. Reductive groups. For a torus T, we denote by X*(T) and X, (T') the character and cocharacter
groups of T, respectively. For a cocharacter A € X,(T), we denote by Ly = Cg () the corresponding
Levi subgroup of G, and P the attracting parabolic to Ly under the adjoint action of I';, on G via A.

Given a character x of Ly, the associated line bundle O(x) on the flag variety G/Py is G x™ Al
where the action of Py on G x A is so that (gp,t) = (g, x(p)t). Under this normalization, anti-dominant
weights correspond to semiample line bundles on G/P.

Example 2.3.1. Let G = GL,,, T be the standard diagonal torus, and A = (1,0,...,0). Then P) is the
subgroup of matrices of the form

* % *
0 =* *
0 = *

and G/P) identifies with P"~1. Under our conventions the character y = (1,0,...,0) € X*(T) corre-
sponds to O(—1) on G/Py.
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Let G be a split (connected) reductive group over a field k. Choose a maximal torus and Borel
subgroup T C B C G. This choice induces a notion of dominant coweights in X, (7). Denote the Weyl
group W(G,T) by W.

Fix a prime ¢ # chark. Let Vr := Hi(T, Q) := X,(T")g, (1) be the Q, version of the Tate module of
T. Let

R:=Sym(X*(T)q, (1)) = Q/[Vr]
with the grading such that X*(T')g, (—1) is concentrated in degree 2. Then there is a canonical isomor-
phism of graded Q,-algebras
R = H"(BT).
Under this isomorphism, the subring of W-invariants is identified with H*(BG),
H*(BG) = RV = Q,[v]". (2.3.1)

2.4. Graded algebras. Let E be a field and A be an F-algebra with an augmentation e : A < E. The
augmentation ideal is ker(e) and its associated ker(e)-adic filtration is denoted Fj,A = ker(e)". The
associated graded algebra of A (for its augmentation filtration) is

Groy, (A) = @p>0 ker(e)™/ ker(e)" 1.

aug

In case A is Zxo-graded, and ¢ is also a graded map, Gr},,(A) inherits the Z>o-grading from A, in

addition to the natural grading as the associated graded algebra.
The same discussion works more generally in the setting of an augmented algebra object (A,¢) in a
symmetric monoidal abelian E-linear category.

3. CHARACTERISTIC CLASSES UNDER MODIFICATION

In this section, we prove a general result about the behavior of characteristic classes under “modifica-
tions” of G-bundles on a stack. We fix an algebraically closed base field k.

3.1. Modifications of G-bundles. Let S be a stack over k and Fy, F; be two G-torsors over S. Let
D C S be a Cartier divisor. Let
<P3]:0|S—D:>]:1|S7D (3.1.1)
be an isomorphism of G-bundles. We call ¢ a modification (of the G-bundles Fo, F1) along D.
For any V € Rep,(G), let F; 1 be the associated vector bundle F; x¢ V over S. The isomorphism ¢
induces an isomorphism of vector bundles over S — D,

ev : Fovls—p = Fivls—p-

For a T-bundle F on S and A € X, (T), there is a unique T-bundle F(AD) such that for any x € X*(T),

the associated line bundle F(AD), satisfies
FAD)y = F ({6, M D).

This generalizes the construction of twisting a line bundle by a Cartier divisor.
Definition 3.1.1. Let A € X, (T) be a dominant coweight. We say the modification ¢ from (3.1.1) is
of type X if the following condition holds fppf locally on S: there are T-reductions Fy r and Fi,r of Fy
and JF respectively, such that the map ¢ respects the T-reductions, and extends to an isomorphism of

T-bundles over S
SZT . ]royT()\D) :> J__.l,T‘ (312)

Example 3.1.2. For G = GL,, and a G-bundle F, we consider the rank n vector bundle £ := Fy
associated to the standard representation V' of GL,,. Let A = (1,0,---,0) € Z" = X, (T"). A modification
¢ : Fols—p = Fils_p of G-bundles has type X if the isomorphism ¢y : &ls_p — &i|ls_p (where
& = Fiv ) extends to a map of coherent sheaves & — &£ on S that fits into an exact sequence

0=& 5 & —ip.P—0 (3.1.3)

where P is a line bundle on D. We call such a modification ¢ an “upper modification of & of colength 1
along D”.
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3.1.3. Canonical parabolic reduction. Let

@ : Fols—p = Fils-p (3.1.4)
be a modification along D, of type A. Let P, and P_) be the parabolic subgroups of G defined as the
attracting and repelling loci to the Levi Ly = Cg(\), under the adjoint action of G,, on G via .

Proposition 3.1.4. The restriction Fo|p carries a canonical Py-reduction.

Proof. By definition, locally for the fppf topology on S we have T-reductions Fo 1 and Fi 7 such that ¢
respects the T-reductions and extends to an isomorphism

SZT : ]:07T()\D) :) ]:17T~

We claim that the Py-reduction P := (For|p) xT Py is independent of choices of the T-reductions.
To see this, we observe that a Py-reduction P’ of Fy|p is determined by its adjoint bundle Ad(P’) C
Ad(Fo)|p. Now Ad(P) C Ad(Fy)|p is equal to the image of the vector bundle map over D

(Ad(Fo) NAd(F1))|p — Ad(Fo)|p.
Here, Ad(Fp) N Ad(F1) denotes the preimage of Ad(F;) under the map Ad(Fp) — j.Ad(F1) induced by
¢ (where j : S — D — S).
This characterization of P proves its independence of the choice of the T-reduction of Fy, which allows

us to descend it from a fppf cover of D, as desired.
O

We thus obtain a canonical Py-reduction of Fy|p, which we denote by Fo|p, p, . Similarly, the restriction
Fi|p carries a canonical P_y-reduction that we denote by Fi|p,p_, -

Denote the induced Ly-torsor of F;|p p,, by Fi|p,r,. Then there is a canonical isomorphism of
L-torsors

1/JD :-7:O|D,L>\(/\D) g]:l|D,LA (315)
where, observing that A factors tautologically through Z(Ly), £(AD) denotes the central twist of an
Ly-bundle € by D. Explicitly, £(AD) can be described as the unique Ly-bundle such that for any
representation V of Ly where the center Z(L)) acts through a character w : Z(Ly) — G,,, the associated
bundle £(AD)y = Ey ((w, A\)D), where (w, ) € Z = End(G,,,) is the composition

Gm 2 Z(L3) % G
This definition is evidently consistent with Definition [3.1.1]
Example 3.1.5. We continue with Example where & — &1 is an upper modification of colength
1 along D. Restricting (3.1.3) to D, we get a map

evip : &lp = &ilp

of constant rank n — 1 between rank n bundles over D. Denote its image by H C F1,v|p, arank n — 1
subbundle. This gives the P_j-reduction of Fi|p. Similarly, the Py-reduction of Fy|p is given by the
line subbundle ker(y|p), which is isomorphic to P ® O(—D)|p with P as in (3.1.3)).

3.2. Formulation of the theorem. Recall from (2.3.1) that characteristic classes of G-bundles are
given by W-invariant polynomial functions on V7. In particular, for f € R = Q,[V7]" and a G-torsor
F on S corresponding to br : S — BG, we denote its f-characteristic class to be

F(F) = bif € H'(S).
Let W) be the Weyl group of Ly, viewed as a subgroup of W. A coweight A € X, (T) can be viewed
as a vector in Vip(—1). It thus makes sense to define the partial derivative

Onf € QuVr]"™ (=1) = ™ (-1).
Similarly we define higher derivatives in the direction of \:
OVf € RV (—n).
Since H*(BL)) = Q,[V7]"*, we may view 9% f as an element in H*(BLy)(—n).
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Theorem 3.2.1. Consider a modification of G-bundles ¢ : Fo|ls—p — Fi|s—p of type . Let
vp = c1(0(D))|p € H*(D)(1)
be the Chern class of the normal bundle of D, and
ip: H*(D)(=1) — H*"2(S)

be the Gysin map for the regular embedding ip : D — SE|
Then for any characteristic class f € H*(BG) = RV, we have

P~ F) =it | 3 @ Folp,e,) v | €HI(S). (3:2.1)

n>1

Note that 0% f can be viewed as a characteristic class for Ly-torsors (up to a Tate twist), hence (0% f)(Folp,Ly)
makes sense as an element in H*(D)(—n).

Example 3.2.2. We continue with Example and Identify R with Q,[z1,- -+ ,,], with the

action of S,, = W permuting the variables. Consider f := e;(z1,---,2,) € R", the degree i elementary
symmetric polynomial in x1,- -, z,, so that f(F) = ¢;(€) for rank n vector bundles £. We have
3,\67:(5131, T 79371,) = 51161'@17 T ,In) = 61‘—1(12, T 7In)-

The higher derivatives 8;1161- (z1,--- ,x,) are zero. According to Example the induced Ly = G, %
GL;,—1 bundle from the Py-reduction of Fo|p is the pair (P ® O(—D)|p,H). In this case, Theorem [3.2.1]
reads

Ci(fl) — CZ'(]:()) = Z'D!Cifl(?'[)7 1 < ) <n. (322)

Example 3.2.3 (Pfaffians). Consider the case G = SOs,, and f € H"(BG) = Qy[z1, -+ ,x,]" is the
Pfaffian f = 21 -+ 2. (See §6.1.1| for more on the group theoretical description.)

Consider A = (1,0,---,0) and an isomorphism ¢ : Fo|s_p — Fi|s—p of G-torsors of type \. Let V
be the standard representation of G. Using ¢ to view Fq v, F1,v as being subsheaves of their identified
rationalizations, define the coherent sheaf flb/Q = Fo,v N F1,v. The image of f1b/2|D — F1v|p gives a

co-isotropic hyperplane H C JFi v |p, hence corresponds to an SOa,,—2-bundle H/HL over D.
Note that

8Af:6$1(x1"'$m) =Ty Ty
is the Pfaffian for SOgp,—2. The higher derivatives 85! (x1 - - - ) = 0. In this case, Theorem reads
Pf(F)) — Pf(Fo) = ipy PE(H/HE).
3.3. Proof of Theorem We prove Theorem using a series of reductions.

3.3.1. Product compatibility. We show that if Theorem holds for two elements f,g € R, then it
holds for their product fg.
Abbreviate H = Foy|p,1,. By assumption, we have

FoF) = Fo(Fo) = | FFo) + X imm (i ) v ™) | | 9(Fo) + i kgl - v™)

(3.3.1)
— [(Fo)g(Fo)-

Expanding this expression, we encounter two types of terms:
(1) f(Fo)ipi(h) for some h € H*(D). We use projection formula to rewrite it as

f(Fo)ipi(h) = ipi(ip f(Fo) - h).
Note that i}, f(Fo) = f(Folp) = f(H), we then have
f(Fo)ipi(h) =ipi(f(H) - h).

51t is induced from the canonical map Q,[—2](—1) — i',Q, by taking global sections.
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Similarly we have
ipi(h)g(Fo) = ipi(h-g(H)).
(2) ipi(hy - v cipi(hy - v, where hy, hy € H*(D). Again using the projection formula, and
the identity i,ipi(—) = (—) - vp, we have

Z'D!(hll/gl_l) . Z'D!(hgl/gQ_l) = iDI(hlhgl/glJ'_nQ_l).

Using these observations, the expansion of (3.3.1)) can be written as

S i (( 3 Tllllaylf(ﬂ)r;é)f?g(%)) . ygl>

n>1 ni+ngs=n

and we recognize the inner summation gives 9%(fg)(H) by the Leibniz rule. This shows that

Fo(F) ~ FolFo) = i | 32 k(7o) (30) v |

n>1
as desired. O

Corollary 3.3.2. If Theorem [3.2.] holds for two reductive groups Gi and Ga, then it holds for G =
G1 X Gz.

Proof. Since H*(BG) = H*(BG1) ® H*(BG>), it suffices to treat elements of the form f; ® fo = (f1 ®
1)(1® fa), where f; € H(BG;). By the discussion in §3.3.1] it suffices to consider the case of f; ® 1 and
1 ® f5 separately. The equality for f; ® 1 is obtained by pullback from the same equality for the
modification of the induced Gi-bundles for the class fi, and similarly for fs. a

3.3.3. Reduction: central isogeny. Let 6 : G — G’ be a central isogeny of connected reductive groups over
k. We show that if Theorem holds for G’, then it holds for G.

Indeed, if ¢ : Fols—p = Fi|ls—p is a modification of type A, letting F/ = F; x& G’, it induces a
modification ¢ : F}|s—p — Fj|s—p of G’-bundles of type A (now viewed as a dominant coweight of 7",
a maximal torus of G’ containing 6(7")). The pullback map 6* : H*(BG’') — H*(BG) is an isomorphism,
so we may view f € R" also as a class f € H*(BG’'), and we have f(F;) = f(F!) € H*(S), and
O f(Filp,ry) = 0% f(Flp,r) € H (D). Formula now holds for f and the modification ¢’, which
can then be viewed as the same formula for f and ¢.

This reduction allows us to reduce to the case where G is a product of an adjoint group and a torus. In
view of Corollary [3.3:2] we further reduce the statement to the case where G is either simple and adjoint,
or G =G,,.

3.3.4. Case G = G,,. In this case, Fy and F; are line bundles over S, and A € X,(G,,) = Z is an
integer. A modification ¢ : Fols_p — Fi|s_p is of type X if and only if ¢ extends to an isomorphism
Fo(AD) = F;. Now H*(BG,,) = Q,[c1], where ¢; € H*(BG,,) is the first Chern class of the universal line
bundle on BG,,. In view of it suffices to prove for f = ¢1. Then

f(F1) = f(Fo) = c1(F1) — e1(Fo) = cr(O(AD)) = ipr(A)

which gives (3.2.1)) since dx¢; = A € H*(BG,,,) and higher derivatives of ¢; vanish.
It remains to deal with the case where G is of adjoint type, for which we need some preparation.

3.3.5. Wonderful compactification. Let G be a simple adjoint group. Choose a Borel subgroup B C G
and a maximal torus T C B. Let {«;}icr be the set of simple roots. Let G — G be the wonderful
compactification [DCP83]. The G x G-orbits on G are given by intersections of simple normal crossing
divisors {D;};c; indexed by I. Each divisor classifies a map G — [A!/G,,], so all of them together give
a smooth map
m:G — [AT/GL). (3.3.2)
For each subset J C I, let e; € Al be the point with j-coordinate 1 if j € J and 0 otherwise. Let Pj
be the standard parabolic subgroup of G whose Levi L containing T has simple roots {a;: j € J}. Let
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P} be the parabolic subgroup opposite to Py containing L ;. Then there is a canonical G x G-equivariant
isomorphism

7T_1(€J) = (G X G)/(PJ XL, P;) (333)

Let A € X,(T) be a dominant coweight. Then it extends to a map ay : A' — A’. Base changing
(3.3.2) along ay : [Al/G,,] — [Al/GL)], we get a map

TN 2 éA = é X[AI/an],ax [Al/Gm] — [Al/Gm] (3.3.4)

whose fiber over 1 is G and fiber over 0 is 7=1(e;), where J := {i € I|{a;,\) = 0}. The Levi subgroup

L is the fixed point subgroup L) of the adjoint action of A\, and the parabolic subgroup P; = Py (resp.

P, = P_,) is the attracting (resp. repelling) locus of Ly under this action. Hence we can rewrite ((3.3.3))
as a G X G-equivariant isomorphism

.5,\ = 7'(';1(0) =G x G/(P)\ XLy P,)\).

The preimage D) := 7, '({0}/G,,) = Gy — G C G, is a smooth divisor of G. Let L} := Ly/G,, where
Gy, acts by multiplication via A : G,,, — Z(Ly) C T (which is not necessarily injective, so L3 may be a
group stack). We can describe the G x G-variety D) as

D)\ = (G X G)/(P)\ XL; P_A). (335)

Lemma 3.3.6. For a modification of G-bundles Fols_p = Fils_p as in §3.1, there is a canonical map

h:S = [Gr/(G x G)]

with the following additional structures:
(1) The composition S — [G5/(G x G)] — BG x BG is classified by the G-bundles (Fo, F1).
(2) The composition S — [Gr/(G x G)] 225 [A'/G,,], which is the datum of a line bundle £ on S
and a section of L7, is given by L = O(—D) and the tautological section 1 € L™t = O(D).
(3) In particular, we have

h|D D — [D)\/(G X G)] = B(P,\ XL‘Z\ P,)\)

which is the same datum of a Py-bundle Py on D, a P_x-bundle P1 on D and an isomorphism
Y Po,r, = Pi,r, of their induced Li-bundles. Then referring to the canonical parabolic reduc-
tions of we have a canonical isomorphism of Px-bundles Py = Fy|p p, and a canonical
isomorphism of P_x-bundles P1 = Fi|p.p_,, under which v is the isomorphism induced by ¢Yp
m (noting that the central twisting is trivial under our assumption that G is of adjoint
type).

Proof. The data of (Fo, F1,¢) gives a map ho : S — D — [G/(G x G)]. Since [G,/(G x G)] is separated

over B(G x G), the extension of hg to h : S — [G/(G x G)] is unique if it exists. Therefore it suffices to

check the existence of h fppf locally on S.

We may thus assume there are T-reductions F; r of F; such that ¢ respects the T-reductions and
induces an isomorphism @r as in (3.1.2). This is equivalent to a map hor : S — D — [T/(T x T)]. It
is well-known that G contains an open subset G isomorphic to (G x G)/(B x7 B~), where B~ is the
opposite Borel to B containing 7', and the closure T° of T in G° can be identified with A’ via coordinates
given by simple roots, so that the projection

Tr|epo T~ A 5 [AT/G!]
is the tautological projection. Let Ty C Gy be the base change of T~ along ay : [A}/G,,] — [AT/GL].
Then T contains T' as an open subset. Our goal is to extend ho,7 to a map
hr S — [Ty/(T x T)]. (3.3.6)

Amap S — [T°/(TxT)] is the same datum as a collection of effective Cartier divisors {D; };c; on S, two T-
bundles & and & and maps ¢; : £.q, (D) — £1,q, of coherent sheaves on S for each i € I. Such a map has
a canonical factorization into [Ti /(T xT)] if we are given a single effective Cartier divisor D C S such that
D; = {a;, \)D for all i € I. In other words, a map hr as in is the same datum as an effective Cartier
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divisor D C S, a pair of T-bundles & and &£ and maps ¢; : £o.q, ({ai, A\) D) — &1,4, of coherent sheaves
on S for each ¢ € I. Now our D, the T-bundles & = For,&1 = Fir and ¢; : For({oi, A)D) = Fir
induced from the @7 give such a datum, hence inducing a map hr as in extending ho. This
proves the existence of h.

The claimed properties of A then follow easily from the construction. O

3.3.7. Adjoint case. Now we show Theorem [3.2.1]for G adjoint by reducing it to the torus case. By Lemma
3.3.6, it suffices to prove the Theorem for the universal case S = [G)/(G x G)], D = [Dy/(G x G)] =
B(Py X1, P-)), and the canonical modification between the pullbacks of the tautological G-bundles via
the first and second projection h; : S — BG, ¢ = 0,1. Since the map ) is smooth, D) is a
regularly embedded divisor in S, hence by purity we have ¢ DQe Q,[— }( ) We thus have an excision
distinguished triangle

RUgxc(DA)[-2](=1) = Rlaxc(Gy) = Rlaxa(G) — (3.3.7)

From (3.3.5)), we see that RT'gxg (D)) = RT'(BL)) and Rl g« (G) = RT'(BG) are both concentrated
in even degrees, hence the long exact sequence attached to the cohomology groups of (3.3.7)) splits into
short exact sequences in each even degree 2n

0 = HZL A (DA)(~1) “25 HZ 6 (Gr) = HEL6(G) = 0 (3:3.8)
Let f € H*"(BG). We need to show that
* * - 1 7 i—
B = oS = ipa (D S08f vt ) € HELG(G). (3.3.9)
i>1

On the other hand, consider the closure Ty of T C G in Gy, which is stable under the action of T x T..
It is well-known that the closure T of T in G is a smooth toric compactification of T, and the projection
w7 : T — [AT/GL] is also smooth. Therefore T’y is also smooth over [A!/G,,]. In particular, the divisor
D, =Ty —T is regularly embedded into T'y. We have a counterpart of the short exact sequence (3.3.8)
for T

0 — H737 (D) (1) = Hi 7 (Th) — HEp(T) — 0. (3.3.10)

Restriction gives a map from (3.3.8)) to ( m ) that is easily seen to be injective on both ends, therefore
the restriction map chG(GA) — Hj,r(T») is also injective. Therefore, to check (3.3.9), it suffices
to check that its image in HTXT(T)\) holds. This reduces to the case of the tautological modification
between the two universal T-bundles on [T,/(T x T)]. Note that the D7, is not necessarily connected
but has connected components Dy (') in bijection with coweights X\ € X, (T') in the W-orbit W - A,
such that the modification type of the universal T-torsors along D7 x(X') is X' € X, (T'). The torus case
of Theorem has been proved already (by Corollary and . Therefore holds. This
finishes the proof of Theorem in the adjoint case, hence in general. O

4. THE ATIYAH-BOTT FORMULA FOR REDUCTIVE GROUP SCHEMES

In this section we work over an algebraically closed base field k& = k. For a smooth projective curve
X/k and reductive group scheme G — X, we prove a formula for the ¢-adic cohomology of the associated
stack Bung that resembles the famous formula of Atiyah-Bott [AB83] for Betti cohomology when X is
replaced by a Riemann surface, and G is split and semisimple. It has since been generalized to various
other settings, but we require greater generality (where G may fail to be semisimple, or split) than
previously treated in the literature.

4.1. The classifying stack. Let S be a scheme over k. Let G — S be a connected reductive group
scheme, i.e., a flat relatively affine group scheme all of whose geometric fibers are connected reductive.

We have the classifying stack 7: BG — S and the direct image complex R, (Qg) on S. We first show
that, roughly speaking, BG only depends on the outer class of G.
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4.1.1. Canonical quasisplit form. Assume that S is connected. Then there is a unique connected reductive
group G over k such that each k-fiber of G is isomorphic to G. Also fix a pinning of G, which identifies
Out(G) = Aut(G)/Guq with the subgroup of pinned automorphisms of G. Let P = Isom¢(G, G), which
is a right Aut(G)-torsor over S. Let Pouy = P/Gaq be the induced Out(G) = Aut(G)/Gaqg-torsor. We
have a canonical isomorphism over S,

BG = P xAu(©) BG. (4.1.1)
Definition 4.1.2. The canonical quasisplit form in the inner class of G is
Ggs = Pout xO"© G.

Lemma 4.1.3. Assume that Gge, is of adjoint form, i.e., Gaer — Gaq is an isomorphism. Then there is
a canonical isomorphism over S

BG = BGs.
Here Out(G) acts on G (and hence on BG) via pinned automorphisms.

Proof. The assumption Gger — Gaq implies that G = G,.q x A for some torus A. The action of G.q on
BG = BG,g x BA (induced by the conjugation action on G.q) is canonically trivial. Therefore we may
rewrite the right side of (4.1.1)) as

Pous x°OUHE) BG
which is BGys. O

4.1.4. Comparison under central isogenies. Let : G — G’ be a central isogeny of reductive group schemes
over S, which induces a map Bf : BG — BG'.

BG ——— B&

N

Lemma 4.1.5. The pullback map along BO
R7,.Qepcr — RmQupe
is an isomorphism.

Proof. Tt suffices to check on stalks, so we may reduce to the case S = Spec k. Let I' = ker(6). The
presentation BG' = [BG/BI'| exhibits BG as a gerbe over BG’ banded by the group scheme I'. Since T is
finite, pullback induces an isomorphism on cohomology with Qg-linear coefficients for any I'-gerbe. [

Let 7% : BG4s — S be the structure map.
Proposition 4.1.6. There is a canonical isomorphism in D(S)
Rm. Qe = R7FQupa,,. -
Proof. Let G' = Gaq X A, where A = G/Gqer is the quotient torus of G. We have maps
BG — BG' =BG, + BGs.

Here the middle isomorphism is given by Lemma Both G — G’ and G¢s — G are central isogenies,
hence by Lemma they induce isomorphisms on the direct images of classifying stacks. Composing
these isomorphisms gives the desired canonical isomorphism. O
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4.1.7. Canonical splitting of Rm.Qepc. Choose a connected component of Poy, and denote it by S’. It
is a torsor for a finite subgroup Out(G)* C Out(G). Let v : S’ — S be the projection. Then G becomes
the constant group G x S’ after base change along v. Therefore, with R = RI'(BG) as in we have
a canonical isomorphism

V*RW*Q&BG = V*RW*QZ’EGqS = RF(BG) ® Q50 = RY ® Qo5 (4.1.2)

The descent datum of the left side is given by the natural Out(G)f-action on R". In particular, we
conclude that R, Qg pe is canonically isomorphic to the direct sum of its cohomology sheaves

R Qenc = @RQnTF*Q&BG[—Qn]. (4.1.3)
n>0
Each local system R*"71,.Qupc is equipped with an isomorphism
V'R¥' 1. Quee 2 H(BG) ® Qu,sr

whose descent datum is the natural Out(G)%-action on the right side.

4.1.8. The Gross motive. Using notation from §2.4] we have the augmentation filtration of RW =
RT'(BG), and in particular a graded vector space

Vg = G} ,RY = RY /(RY)*. (4.1.4)

aug

When G is almost simple, the multiset of degrees of Vg (i.e., d repeated dim Vg o4 times) coincides with
the multiset {e; + 1}, where {e;} are the exponents of G.

Under the isomorphism , the augmentation filtration on R descends to a filtration FoueRm Qg
on Rm,.Qy (by direct summands), and Vg ® Qg s/ descends to

Vg = Gr}, R, (Qe) € D(S).
The canonical splitting (4.1.3) induces a splitting of Vg,
Vg = @ Va,24[—2d]
d€Zxo

where each Vg o4 is a local system on S.

Remark 4.1.9. In [Gro97], B. Gross introduced the motive M of a reductive group G over any base
field K. In our setup, if S = Spec K, then Vg as a Gal(K®/K)-module is the f-adic realization of
Mg, (—1). Comparing with Gross’s definition [Gro97, (1.5)], our grading on V¢ has been doubled, and
each Vy is already Tate twisted by Q,(—d). Our V¢ coincides with what Gaitsgory—Lurie denote M (G)
in |[GL14, Remark 6.4.10].

Example 4.1.10. Let v : S’ — S be an étale double cover. Let G be a unitary group over S defined

as the isometries of a S’/S-Hermitian rank n vector bundle F over S’'. Let £ = (1.O0s/)°= "1 where
o:S" — S’ is the nontrivial involution over S. Then we have a canonical isomorphism
n
Vo = @) L% ]-2i].
i=1
The following is an immediate consequence of Proposition
Lemma 4.1.11. (1) Let 0 : G — G’ be a central isogeny. Then 6* induces a canonical isomorphism

Vo &2 Vg.

(2) Let A = G/Gaer and 0 : G — Gaq X A be the canonical central isogeny. Then 6 induces a
canonical isomorphism

Vea %Vgad PVy.

Moreover, V 4 is concentrated in degree 2, and Vg, is concentrated in even degrees > 4.
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4.1.12. More on central isogenies. The rest of the discussion in this subsection is only used in the reduction
step in the proof of the Atiyah-Bott formula.

Let 6: G — G’ be a central isogeny of reductive group schemes over a stack S with kernel I". Since T’
is abelian, its classifying stack BI" is an abelian group stack over S. Furthermore, since I' is central in
G, the multiplication map a: I' xg G — G is a group homomorphism, and induces a map of classifying
stacks

a: BT xg BG — BG (4.1.5)

which extends to an action of the abelian group stack BI' on BG. This realizes BG’ as the quotient stack
BG’ = [BG/BT.

Lemma 4.1.13. With a the action map from (4.1.5)) and pry : BG xs BI' — BG the projection, we have
pri =a* as maps

R7,. Qe e — RIL.QuraxsBrs

where 11 : BG xg BI' — S is the structure map.

Proof. Since T' is finite, pullback along the neutral section e: S — BI' induces an isomorphism on co-

homology with Qg-linear coefficients. Hence it suffices to check the statement after pullback along the

neutral section BG 9% BG xg BI'. But the maps a and pr; agree when composed with the neutral

section, so a* and prj obviously agree after such pullback. O

4.1.14. G-characteristic classes. For any map of stacks S — S, a G-torsor on S’ is classified by a map
S’ — BG. Any cohomology class ¢ € H*(BG) thus gives rise to a system of compatible cohomology
classes associated to G-torsors on S’ — S, which we call G-characteristic classes.

In the situation of let £ be a I'-torsor on S. Then £ can be interpreted as a section of BI,
and composing it with the action map gives a map BG — BG, which we refer to as “twisting a
G-torsor by L”.

Corollary 4.1.15. The action of twisting by L has a trivial effect on the G-characteristic classes.

Proof. Tt suffices to check in the universal case, where the base is BI' x g BG. In this case, the assertion
amounts to Lemma .1.13] O

4.2. Formulation of Atiyah-Bott formula. Let X be a smooth connected and projective curve over
k. Let G — X be a connected reductive group scheme.

Let Bung be the moduli stack of G-bundles over X. Since Bung classifies sections to the structure
map 7 : BG — X, it only depends on BG.

When G is the constant group G x X, we also write Bung as Bung.

4.2.1. Components of Bung. Let mo(Bung) be the set of connected components of Bung. When G =
G x X is constant, mo(Bung) can be identified with the algebraic fundamental group wflg(G), which in
particular has a group structure. For a maximal torus T C G, there is a canonical surjection of abelian
groups
X, (T) — 7o (Bung) (4.2.1)
whose kernel is the coroot lattice.
For general GG, we have a local system of abelian groups over X

TE(G/X) i= Pou xOM(E) r5(G).
Then there is a canonical isomorphism
mo(Bung) = Ho(X, 78(G/X)). (4.2.2)

This is a reformulation of [HeilOl, Theorem 2|: the right side above is the same as the coinvariants of
72!8(G/X) under the monodromy action of 7 (X).
For w € mp(Bung) we denote by Bung: the corresponding connected component of Bung.
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4.2.2. The evaluation map. The universal G-bundle is classified by the evaluation map
ev: X x Bung — BG. (4.2.3)
Then induces a map
R Qepe — RI'(Bung) ® Qe x- (4.2.4)
Tensoring with the dualizing complex D x and taking cohomology, we obtain a map
RI'(X;Rm.Qupe ® Dx) — RI'(X; Dx) ® R['(Bung).
Composing this with the trace map RI'(X,Dx) — Qg, we obtain in particular a canonical map
RI(X;Rm.Qeec ® Dx) — RI'(Bung). (4.2.5)
For K € D(X), the homology of X with coefficients in K is deﬁnecﬂ to be
H.(X;K) :=H*(X;K ® Dx).
In these terms, we can interpret the map obtained by passing to cohomology in as
evg : Ho(X; RmQepe) — H* (Bung). (4.2.6)
We denote its further restriction to Bung by ev : Hy(X; Rm.Qere) — H*(Bung).

4.2.3. The constant group case. We make the above discussions more explicit when G = G x X is a
constant group scheme. The map (4.2.6) now reads

evg : Ho(X) @ H*(BG) = H.(X) ® RY — H*(Bung).
For z € H,(X) and f € RV, we write

[F=re0g(2® f) € H(Bung). (4.2.7)
4.2.4. Graded evaluation map. We define

H. (X;Vea)t = @) Hi(X; Va))li — 2] € Ho(X; Vo) (4.2.8)

i<2j

to be the subspace of H,(X; V) with cohomological degree > 0. For any w € m(Bung), we will construct
a canonical “evaluation” map

e o P Ho(X;Ve) 4 — Gry, JH* (Bung). (4.2.9)

aug

We first make some reductions. If  : G — G’ = G,q x A (where A = G/Gge,) is the canonical map,

’
it induces a map O,y : Bung — Bung,. If 0 G

is defined, then we let evy . o be the composition

UWL/] / ’ Gr;uge*‘m
H.(X;Va) s = Ho(X; V) —22% Grl H* (Bung, ) —=52, Grl H*(Bun).

aug

Here we use Lemma |4.1.11} and the last map is the map on Grr,(lmg induced by the ring homomorphism
05, Using the additivity Vg =2 Vg, @ V4, we thus reduce to consider separately the case G is adjoint

(or more generally semisimple) and G is a torus.

4.2.5. The torus case. Let G = A be a torus. In this case, V4 = RZW*QZ)[BA[—Q], which is canonically a

summand of Rm,.Qera by (.1.3). We define evy,, 4 to be the composition

H.(X;V4): CH(X;Rm.Qepa)+ oA, H>%(Bun%) — Gri,  H*(Bun%).

aug

6A priori, the relative homology of a map f should be defined to be the left adjoint fy of f*, if it exists. In this case,
Verdier duality identifies f3(K) = Rf« (K ® Dx).
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4.2.6. The semisimple case. Let G be semisimple. Let R>07T*Qg’[ﬂgg = Falug(Rw*ng) be the direct

sum of the positive degree summands under the canonical splitting (4.1.3). By construction we have a
canonical map that is a surjection in each degree,

R™'m.Qrc — Va.
The desired map ([4.2.9) is characterized by the following lemma.

Lemma 4.2.7. There is a unique map e¢v”

aug,c making the following diagram commute:

H. (X;ROm.Qupc) s — > H>O(Buns)

.

w
aug,G

H.(X;Vg), —=2 5 Gri  H*(Bung)

aug
Here Hy(X;R™7m.Qupe)+ C Ho(X;R1.Qupe) is the positive degree part.
Proof. Uniqueness is clear because the vertical maps are surjective. It remains to check that

ev? sends H,(X; F2 Rm.Qrpc)+ to F2, ,H*(Bung). (4.2.10)

aug aug

For this we compare G with the constant group situation.

Let v : X' = Pouw — X as in so that v*BG,q is canonically isomorphic to BG,q x X’. This
induces a canonical map ¢ : Bung — Bung,_, x+ by pulling back G-bundles along v and pushout along
BG — BGaq = BG.g. We have a commutative diagram

X' x Bung —~—= v*BG (4.2.11)

lidX/XLp l
’

X' x Bung,, x' — BGaq

Here ev is the base change of ev : X x Bung — BG along v. Applying the discussion of the constant

group case in §4.2.3] (4.2.11]) induces a commutative diagram

’
w
€0g | xs

H,(X')® RW H>0(Bun¥ | /)

H,(X;Rm.Qzc) — > H>(Bun)

Here the map « is the canonical quotient to Out(G)-coinvariants. Since ¢* respects the augmentation
filtrations, and o maps H,(X') @ F2,,R" surjectively to H.(X; F2 ,Rm.Qqpq), it suffices to check that
holds for the constant group G x X’ over X'.

We henceforth rename X’ to X and let G = G x X, where G is semisimple. In this case,
is equivalent to: for any fi, fo € RY and any z € H.(X), we have (fif2)* € FfugH*(Bung). Indeed,

let Ay(z) € Ho(X x X) & H,(X) ® Hi(X) be the image of z under the diagonal map for X. Write
Ay(z) =3, 2 @ 2 for 2,2 € Hi(X). Then

(hf2) =3 5 (4.2.12)

!/ "

Since G is semisimple, fi, fo have cohomological degrees > 4 while 2}, ;' have homological degrees < 2, so

flz2 and f;gl both have positive degrees, hence belong to H>0(Bun°é). Therefore (f1f2)* € FazugH*(Bung).

This proves (4.2.10) and finishes the proof. O

Now we can state the Atiyah-Bott formula for the cohomology of Bung.
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Theorem 4.2.8. For any w € mo(Bung), the Q,-algebra map
Sym%l (Ho(X;Vg)y) — Gr¥ H*(Bung) (4.2.13)

aug
induced by is an isomorphism.
4.2.9. The constant group case. When G = Gy x X, choose a basis of H,(X):
zo=1€Ho(X), 21, ,229 € Hi(X) and 29441 = [X] € Ho(X).
Choose also homogeneous free generators fi,--- , f, of R" as a polynomial ring. Then Theorem m

implies that H*(Bung) is the polynomial ring over Q, with free generators
S Bung,  0<j<2g+1,1<i<n, such that (deg f;, |z]) # (2,2). (4.2.14)

(Here |z;] is the homological degree of z;.) In particular, we get canonical isomorphisms between the
cohomology rings of different components of Bung, under which the classes with the same name f* (in
the constant group case) correspond to each other.

Remark 4.2.10. When X and G are defined over F,, Bung is also defined over F;. The Frobenius

. Fr(w) .
Fr acts on 7 (Bunch) and induces a map Bun‘éfq — Bun Gr,qu . From the construction of (4.2.13)), we

obtain a commutative diagram

* Fr(w
Sym®, (H.(Xg,;Ve)s) — GrlH* (BungL))

lFr* lF (4.2.15)

Sym%Z (H. (qu; Vg)y) — Grl H* (Bungfq)

In particular, if Fr(w) = w then the isomorphism (4.2.13) is automatically Fr-equivariant.

4.2.11. Prior results. There have been many partial results towards Theorem [£.2.8]in the literature. The
formula is inspired by a formula for closely related moduli spaces of G-bundles on a Riemann surface, for
split semisimple G, due to Atiyah-Bott [AB83]. The analogous formula for Bung on a complex algebraic
curve, again for split semisimple G, was established by Teleman in [Tel98].

Turning towards X/F, in the case where G — X is a constant semisimple group scheme (i.e., pulled
back from a semisimple group Go/F), Theorem is proved in [HSI10]. In the case where G — X
has simply connected semisimple generic fiber (which implies that Bung is geometrically connected), it
is proved in [Gail9] based on the work of Gaitsgory—Lurie [GL14|; the same result appears in [Ho21l
Theorem 6.1.3]. We will bootstrap from this last result to prove Theorem in the general reductive
case.

4.3. Propagation of the Atiyah—Bott formula. We prove that Theorem |4.2.8|is stable under certain
operations. We denote by Bun% the neutral component (i.e., the connected component of Bung containing
the trivial G-bundle).

4.3.1. Products. Let G1, G2 be reductive group schemes over X, and G = G; xx G3. Then Theorem
holds for both G; and Ga, if and only if it holds for G. Indeed, we have BG = (BG;) xx (BG2)
and Bung = Bung, x Bung,. Thus both sides of for G can be written canonically as the tensor
product of their counterparts for G; and Go.

4.3.2. Central isogenies. Let 8: G — G’ be a central isogeny, with kernel I". It induces a map v : Bung —
BunG/ .

Proposition 4.3.3. The map v°: Bun% — Bun%, 18 surjective.
We record some preliminary Lemmas which will be used in the proof.

Lemma 4.3.4. Let f: Gy — G’ be any homomorphism of groups over S whose kernel F := ker(f) is
central in Gy. (In particular, F is abelian, so that the category BF(S) of F-torsors on S has a natural
abelian group structure in groupoids). Then the fiber of the category BG1(S) over a given G'-torsor
F' € BG'(S), is itself a torsor for BF(S).
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Proof. Let Fy be a G1-torsor equipped with an isomorphism 7o: Fyx %1 G’ = F'. If F is another G-torsor
equipped with an isomorphism 7: F x% G’ = F'  then we claim that the sheaf Isom((Fo, m0), (F, 7)) of
isomorphisms from Fy to F intertwining the identifications 7y and 7, is an F-torsor. Clearly F' acts on
it; to check that it is an F-torsor, we can work locally, thus reducing to the case where F, Fj are trivial,
where the assertion is clear. ]

Lemma 4.3.5. Let f: G — G’ be a central isogeny of reductive groups over a curve. Then there is a
factorization G — G1 — G’ such that ker(G1 — G') is an induced torus.

Proof. Let K :=ker(f), a finite flat group scheme over Xi- of multiplicative type. Then the Cartier dual
KP = Hom(K,G,,) is a finite étale group scheme over Xz. By choosing a surjection onto KP from a
permutation module for 71 (X7) and then forming Cartier duals, we can embed K in an induced torus 7.
Now we let G1 := (G xx T)/K, where K acts diagonally as

k - (g7t) = (gkvkilt)'
We then have a map Gy — G’ given by (g,t) — f(g). Clearly the kernel is (K xx T)/K = T. O

Proof of Proposition[{.3.3 In the proof, we base change the situation to k without changing notation.
Choose a factorization G — G; — G’ as in Lemma[d.3.5] Let T":= ker(G; — G’), which by assumption
is an induced torus. First we claim that the map Bung, — Bung is surjective. It suffices to show this
on geometric points, so let k be a separably closed field over k. Then the map Bung, (k) — Bung/ () is
identified with
HY(X,.;Gy) — HY(X,;G").
The obstruction classes for this map lie in H?(X,;T), which vanishes because T is an induced torus
(by Shapiro’s Lemma and the vanishing of Brauer groups of curves over separably closed fields [Gro68|
Corollary 5.8]). This shows that Bung, — Bungs. Lemma shows that this map is a Bunp-torsor,
so we obtain an isomorphism Bung, /Buny — Bung/. Also, we observe that the map Bung1 — Bun%,
is surjective. Indeed, the exact sequence 73'8(T/X) — 7%(G1/X) — n™8(G’'/X) — 0 plus [#.2.2) show
that for a geometric point of Bun%,, any lift to Bung, can be translated to Bun(c);1 by the action of Bunry.
Let D := G1/G, so that G — G; — D is an exact sequence. Then we have a Cartesian square

Bung —— Bung,

J l (4.3.1)

pt — Bunp

where the bottom horizontal arrow is the map induced by trivial D-bundle. Let BunhG C Bung be the

preimage of BunOG1 under Bung — Bung,. Then BunhG is a union of connected components of Bung.
We have a Cartesian diagram

f 0
Bung, —— Bung,

Lk

0
pt —— Bunp

The map d is equivariant under the translation actions of Bung«. Since T'— D is an isogeny, the induced
map Bun. — Bun?, is surjective, hence the translation action of Buny. on Bun, is transitively. This shows
that d is surjective, and that BunhG — Bun%l/Bun% is surjective. We observed earlier that BunOG1 —
BunY, is surjective; since this map factors through Bun%1 /Bunj., we deduce that BunOG1 /Bunf. — Bung,
is also surjective. Composing this with the surjection BunhG —» Bun% ./ BunOT7 we conclude that

The map v7 : BunhG — Bunl, is surjective. (4.3.2)

In particular, we learn that the map v’: v~'(Bunl,) — Bunl, is surjective. By Lemma v is a
torsor for the abelian group stack Bunr. In particular, it is flat. At the same time, we see that Bunr is
finite by presenting I" as the kernel of an isogeny of tori. Therefore, v’ is also finite. Restricting v’ to the
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connected component Bund, we see that the map v°: Buny — Bung, is also finite and flat. This implies
that the image of v° is both open and closed, and clearly non-empty, hence must be everything.
|

Return to the central isogeny 6: G — G’ with kernel I". Note that Bunr is an abelian group stack.
By the constructions of §4.1.12] Bunr acts on Bung such that the map Bung — Bung: induced by 6 is
Bunp-invariant. Let Bunj. be the subgroup stack of Bunr that preserves the neutral component Bun(();,
then we have a canonical map

Bun%/Bun% — Bun.,. (4.3.3)
Corollary 4.3.6. The map (4.3.3) is an isomorphism.

Proof. Lemma shows that Bung is a Bun%—torsor over its image. Then it suffices to see that the
map Bun% — Bun, is surjective, which is Proposition m O

We have a corresponding classifying map
f: Bunl, — IB%Bun%.

Each direct image R?f.(Qy) is a local system on IB%Bun% with stalk H?(Bun,), together with the action
of ﬁo(Bun%) coming from the action of Bun? on Bung,.

Lemma 4.3.7. Suppose that Theorem holds for G. Then the action of ﬂ'o(Buni) on H(Bun®,) is
trivial.

Proof. According to the Atiyah—Bott formula for G, H*(Bunoc) is generated by the Kiinneth components
of G-Chern classes of the universal G-bundle on X x Bung. But we saw in Corollary [£.1.15] that twisting
by I'-torsors has trivial effect on G-Chern classes. (]

Example 4.3.8. Consider the universal cover SLy, = G — G’ = PGLy. Then I' = py and Bunp =
Bun? can be identified with the moduli stack of 2-torsion line bundles. The action on Bungt, is via
tensoring with 2-torsion line bundles. Those all have trivial Chern class, so the action on the Atiyah—
Bott description is evidently trivial.

Corollary 4.3.9. Suppose that Theorem holds for Bunoc. Then f induces an isomorphism
H*(Bun%,) = H*(Bun,),
and Theorem holds for Bun,.

Proof. From the presentation Bunl, = [Bun% /Bun?] we have a spectral sequence
Hi(BBun%; H/(Bunl)) = H™(Bunl,).

Since T is finite and of multiplicative type, Bunfﬂ is a finite abelian group stack, so the higher cohomology
of IB%Buntli vanishes with rational coefficients. The spectral sequence therefore degenerates. Furthermore,
since H7 (Bung,) is the trivial local system on Bunfﬂ by Lemma we obtain that the pullback map

H*(Bun%,) — H*(Bun)

is an isomorphism. Moreover, it is clear from construction and Lemma that this isomorphism is
compatible with the formulation of Theorem [£.2.8] O

4.3.10. Pure inner twisting. Let G — S be a reductive group scheme and P € BG(S). We may view P
as a G-torsor in the étale site of S. Let G’ = Autg(P) be the (internal) automorphism group of P (as
a G-torsor) in the étale site of S. Then by general nonsense, G’ is a twist of G in the étale site of S.
Furthermore, the pure inner twisting construction F — Isom$ (F,P) carries G-torsors to G/-torsors, and
induces an equivalence of groupoids

BG(S) = BG(S).
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Now let Bung be a connected component of Bung. Fix a G-bundle P € Bung(k). Letting G’ =
Aut y (P) be the corresponding pure inner twist of G, the pure inner twisting construction F ~— Isom§ (F, P)
induces an isomorphism

Bung — Bung
carrying P to the trivial G’-torsor, hence in particular carrying
Bun, = Bunl,.

Lemma 4.3.11. Let C be a class of connected reductive group schemes over X preserved by pure inner

twisting, e.g., C = {semisimple G/X} or C = {connected reductive G/X}. Suppose Theorem [}.2.§ holds
for the neutral components Bun% of all groups G € C. Then Theorem holds for all G € C.

Proof. Pure inner twisting by P induces an isomorphism BG — BG' of classifying stacks over X, such
that the diagram

X x Bunfy —— BG

Ik J{z
X x Bun%, — 5 BG'

commutes. Then it is clear that Theorem [£:2.8] for the bottom row implies Theorem [£.2.8] for the top
row. O

4.4. The simply connected case. In the case where G is semisimple with simply connected generic
fiber, Bung is connected and Theorem is already proved in [Gail9, (0.7)], and later is reproved by
similar methods in [Ho21l Theorem 6.13].

4.5. The semisimple case. We prove that Theorem holds for semisimple groups.

Let G be a semisimple group scheme over X. Let Gsc — G be the simply connected cover. Then we
saw in §4.4] that Theorem holds for Bung_.. From Corollary [£.3.9] we obtain that Theorem [£.2.8
holds for Bun?;, for all semisimple groups G. Then from Lemma we obtain that Theorem [4.2.8
holds for all semisimple groups.

4.6. The torus case. We will prove Theorem [£.2.8) when G = T is a torus over X. Applying Lemma
4.3.11|to C = {T'}, it suffices to prove Theorem for the neutral component Buny..

4.6.1. Split tori. First suppose T' = T x X is split. Then the result is classical, but let us spell it out.
By the additive nature of both sides of (4.2.13)), it suffices to treat the case T = G,,, in which case
Bun$ = Pic%. Upon choosing x € X (k), we have

Pic% = Jacx xj BG,y,.
Here Jacy is the moduli of degree zero line bundles on X with a trivialization at xg. It follows that

Gr}  H*(Pic%) = H' (Jacx)[—1] ® H*(BG,,)[-2], (4.6.1)

aug

and the natural map
Sym®Gry, H* (Pick) — Grg, H* (Pick)

is an isomorphism. Thus, to prove Theorem [£:2.8]in this case, it suffices to show that

0l ., (Ho(X)® Vg, )4 — Gry,, H* (Pick)

is an isomorphism.

We have Vg = Qu[—2](—1), so that
(Hi(X) ® Vg, )+ = Hi(X)[-1](—1) & Ho(X)[-2](—1). (4.6.2)
Under the isomorphisms (4.6.1) and (4.6.2)), the map enguvam respects each direct summand. On the

first summand, as a map H;(X)(—1) — H'(Jacx), or equivalently, an element in H'(X) ® H* (Jacx)(1),
it is the Kiinneth component of c; (L") for the universal line bundle £ on X x Jacx. This shows

that engug G,, 18 an isomorphism on the first summand. On the second summand, if we compose with
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restriction to o, the evaluation map becomes the identity map H?(BG,,)[—2](—1) = Q¢[-2](~1) = Vg,,.
This shows wgug,«;m is an isomorphism, and completes the proof for split tori.
4.6.2. Induced tori. Let v : Y — X be a finite étale map, Ty a torus over Y, and T' = Resy,xTp be
the Weil restriction, a torus over X. We claim that if Theorem holds for Ty and Y, then it holds
for T and X. Indeed, H.(Y,Vy,) is canonically isomorphic to H.(X, V), and Buny x is canonically
isomorphic to Bung, y.

In particular, by the split tori case already proved, Theorem [£.2.8| holds for any induced torus 7' =
Resy/x (T x Y'), where Y is finite étale over X.

4.6.3. General tori. In general, T splits over some finite étale Galois v: Y — X, so that v*T =T x Y
for some torus T over Spec k. Then we have a canonical map o : T'— T" = Resy, x (T x Y') and a norm
map 8 : T" — T such that the composition 8 o a = [N], where N = deg(v). Therefore one can find a
torus S over X together with an isogeny 7" — T X x S. Since Theorem holds for Bun%, by
it also holds for Bun%X +s by Corollary hence also for Bun?p by §4.3.11 This finishes the proof in
the torus case.

4.7. The reductive case. If G is reductive, let Z° be the connected center of G and Gge, the derived
subgroup of G. Then the map Z° X x Gger — G is a central isogeny. Theorem has been established
for Z° and Gger, hence also for Z° x x Gger. By Corollary [4.3.9, Theorem ds for Bunog.

At this point we know that Theorem holds for the geometric neutral component Bun% for every
reductive G. Then by its propagation under pure inner twisting construction (Lemma it holds for
all the geometric connected components of Bung for every reductive G.

5. ARITHMETIC VOLUME OF SHTUKAS FOR SPLIT GROUPS

Fix a prime p. Henceforth our base field will be k := F, where ¢ is a power of p. Let X be a smooth,
projective, geometrically connected curve over k, of genus g.

In this section, we formulate and prove our main formula for the “arithmetic volume” of the moduli
stack of shtukas for a split reductive group scheme over X. (The nonsplit case will be treated later, in )
As we only work with constant group schemes over X in this section, we will denote by G a connected
reductive group over F, (which was denoted by G in ; the discussions in §4] are applied to the constant
group scheme G x X over X.

5.1. Hecke correspondences. Below we write Vg as V. Let w € mo(Bung). Theorem m gives a
bigraded isomorphism of algebras

AB,, : Sym™ (H.(X) ® V) ) — Gr¥ H*(Bun). (5.1.1)

aug

We recall the notation f* € H*(Bung) from §4.2.3|for f € RY and 2 € H.(X).
We will apply the general result in §3| to the Hecke correspondence for Bung. Let p € X, (T)" be a
dominant coweight. Consider the Hecke correspondence

px

HE,

7

Bung Bung

X

that classifies modifications (x, Fy --+ F1) at one moving point @ € X of type equal to p (rather than
<w]]

7Our main theorems will treat the case where 1 is minuscule, in which case there is no distinction between these notions.
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For a connected component Bung, let “Hk?, C HkY, be the preimage of Bung under hg. Then “HK,
has a natural correspondence structure

px

“HEL,

N

’
w w
Bung Bung

X (5.1.2)

where w’ = w+ i, and T denotes the image of 1 in 7mo(Bung), the quotient of X, (T) by the coroot lattice,

of [TZ1).

5.1.1. Tautological classes. Consider X x Hk?, with projection to the two factors denoted ¢x : X x HkY, —
X and puy : X x Hkl;, — HkY,. Let I'(px) C X x Hk/, be the graph of px : Hk, — X. Let 7" be the
universal G-bundle over X x Bung. We have two G-bundles on X x Hk‘é

-FO = (QX x ho)*funiv, -71 = (QX % hl)*funiv
together with the universal Hecke modification of type p along I'(px)

O Fo --> Fi. (5.1.3)
By Proposition the G-torsor Fo|r(py) carries a canonical P,-reduction classified by a map
ev, : Hk{, — BP,. (5.1.4)

We emphasize that the P,-reduction comes from Fo|p(,), not Filpep)-
Restricting to the w-component, which we denote by ev}, it induces a ring homomorphism

evie® : RWr = H*(BP,) — H*(“HK,) (5.1.5)
which is easily seen to be injective. Combining this with pullback p% along the leg map, we get a ring
homomorphism

H*(X) ® R"» — H*(“HK.,). (5.1.6)
The image of this map can be regarded as “tautological classes on H*(“Hk/,)”.
5.1.2. Tautological endomorphisms of cohomology. Now assume that u € X, (T) is minuscule and domi-
nant. Let D, := (2p, ) = dim G/P,. We consider classes in H*”»*?(Hk/,) which are the image under
(B16) of

Wy Wy
n+&n', where n € Ry, 1.0 € Rypy -

Let w' = w+ @ € mo(Bung), where we recall that 7 is the image of p € X, (T) in mo(Bung). Consider
the degree-preserving map

rpHer H (Bung ) — H* (Bung) (5.1.7)
0 — ho((n+&n') - hi0). (5.1.8)

The pushforward map on cohomology hg. is defined because hg is smooth and proper (recall that p is

assumed to be minuscule). The map FZ+§’7/ is degree-preserving because the relative dimension of hg is
D, +1.

5.1.3. Variant on compactly supported cohomology. With the same notation, we define

CFZ+5” : HZ(Bung) — H(Bung ) (5.1.9)
0 — hi((n+&0') - hio). (5.1.10)

The definition is arranged so that under the Poincaré duality pairing
(=, =) : H (Buny) x H2dmBune=i(gyye)  g2dimBune By,¢) ~ Q,(— dim Bung) (5.1.11)

the map CI‘Z+57’/ is adjoint to I‘Z+5"/, ie.,

(I (@), B) = (@, TTHE7 (B)) (5.1.12)
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for all a € H',(Bung) and 8 € H? dimB““G_i(Bung).

5.2. Arithmetic volume of the moduli of shtukas. We can now define the moduli spaces of shtukas
and the notion of arithmetic volume of their tautological classes.

5.2.1. Moduli of shtukas. Let r € Zso and p = (u1,---,pr) be a sequence of minuscule dominant
coweights of G that is admissible in the sense that

p1 + p2 + - -+ + py lies in the coroot lattice of G. (5.2.1)

In other words, we have Y_!_, 71, = 0 € mo(Bung), cf. ([£.2.1).
Let Hk/, be the fiber product
Hkg‘l X Bung Hkg? XBung **° XBung Hklér

that classifies iterated modifications (x1,--- ,z,,Fo --+ F1 --» -+ --» F,.), where F;_1 --» F; is a
modification along z; of type y;. For 0 < i <r, let h; : Hk{, — Bung record F;. Let “Hk{, C Hk}, be
the preimage of Bung under hy.

The moduli stack Shty, of G-shtukas with r legs and modification type p is the fiber product

Shtt, — > Hk, (5.2.2)

l lmo,m)
(id,Fr

)
Bung —— Bung x Bung

We decompose Shtl, according to which connected component of Bung the first bundle & lies in. This
gives a decomposition
shtt, = J]  “Sht
wemo(Bung)

so that “’Sht?, is the preimage of “HkY,. Let
Wj:OJ+ﬁ1+"'+ﬁj€7To(Bung)7 =12 r (523)
Then for (z1, - ,xp, Fo --» Fy —=» -+ ——» F,, 2 TF;) € “Shtl,, we have F; € Buny/.

5.2.2. Definition of Arithmetic volume. For j =1,2,...,r, let D, = dim(G/P,,) = (2p, j1;) and choose

a pair of classes
W,

N € R2(DMJ+1)7

W,
/ wj
n; € R2D“j.

We have a composite morphism
Sht# — HkY, — HkY.

ev;

Composing this further with the map Hkéj — BP,, from (corresponding to the canonical
parabolic reduction of fj,l\p(xj)), we obtain the map
ev; : Sht, — HkY =% BP, .
For 1 < j <, let p; : Sht, — X be the map recording the jth leg.
We let 1) be the r-tuple (1 +£&n1, ..., n- +&n..). Recall the operators CFZ§+£77} defined in . Write
T = T o o I HE (Bung) — HZ (Bungy) = HE (Bun)
for the composition of the cFZéJrgn; ; note that the target component w agrees with the source component

w by the assumption ([5.2.1]).

Definition 5.2.3. Let g = (p1,...,pr) and n = (m+&n05, ..., e +£n%.). The arithmetic volume of “Sht/,
with respect to 7 is the graded trace

vol(“Shtg;,n) := Tr(.I'}) o Frob | H(Bung,)). (5.2.4)
Since H}(Bung) is infinite-dimensional, it is not clear that the RHS is well-defined; this will be justified
in Proposition [5.5.3]
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Remark 5.2.4. We justify why the definition (5.2.4)) deserves to be viewed as an “arithmetic volume”.
The numerics are arranged so that H;Zl(ev;fnj +p;€ - evin;) is a top-degree cohomology class of “’Shtg;.
If “Shtf, were proper, then

T
/ H(evjnj + pj&-evin) (5.2.5)
«Sht, j=1
would be well-defined, as the evaluation of the fundamental class of “Sht, on the top-degree cohomology
class, and we would take this to be vol(Shtf,, 7). But “Sht?, is almost never proper, so (5.2.5) has no a
priori meaning.

If Bung, were proper, then a suitable version of the Grothendieck—Lefschetz trace formula (e.g., [FYZ24]
Proposition 11.8]) would identify (5.2.5) with Tr(Frob o .I'} | H:(Bung)). The latter expression has the
potential at least to make sense when Bung is not proper (there is a convergence question, because
H}(Bung) is infinite-dimensional), and we will show that it indeed is always well-defined.

Our main theorem (Theorem [5.6.9) computes the arithmetic volume in terms of differential operators
applied to the L-function of the Gross motive of G (cf. §4.1.8)). These differential operators are determined
by local data, which we describe next.

5.3. Local operators on characteristic classes. We define some “local” operators on R" = H*(BG).

5.3.1. The operator V. Let i € X, (T). Then we have the partial derivative 9, on R = Sym(X*(T)q,(-1))
which lowers the grading by 2 and twist by 1. It carries the subring R to R"», so we may view it as a
derivation
9y RV — RWr[-2](-1).
Let P, C G be the parabolic subgroup of G corresponding to p. Pushforward along the proper smooth
map BP, — BG induces an RY _linear map

/ : R"» = H*(BP,) — H*(BG)[-2D,|(-D,.) = R" [-2D,)(-D,) (5.3.1)
G/P,
where D, := dim(G/P,) = (2p, ).
Let n € R"» be homogeneous of degree 2(D,, + 1). Consider the map
v? . RY - RW (5.3.2)

“w
fs n-Ouf. (5.3.3)
G/P,

Then V]| is a degree-preserving derivation.
5.3.2. The operator VZ. Since V] is a derivation that carries Rf to RE’_V, it also sends Rf . RKY to itself,
hence induces a graded linear endomorphism of V
="
V, € End?" (V).
In other words, vZ restricts to a linear endomorphism of each V;. The eigenvalues of vZ are the crucial

“structure constants” for the upcoming formulas for arithmetic volumes. We refer to them as eigenweights.

Example 5.3.3. In many examples of interest, Vo4 has dimension at most one, and then the eigenweights
can be calculated in the following way. By the assumption, we can choose homogeneous free generators
fi, fo, -+, fu of RW (which we know is a polynomial ring) of increasing degrees

2d1 < 2dy < --- < 2d,,.

This means V = @?:1 Va4, and Vy4, is one-dimensional spanned by the image of f;. Then, for degree
reasons, we necessarily have for each i =1, -+ ,n,

V(i) = €(n, 1) fi + (polynomial in fi,--- , fi_1).

The numbers {¢;(n, u) 7, are the eigenweights of ﬁz.
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5.4. Example of calculating eigenweights. We will calculate the operator V! in the example G =
GL, and p = (1,0,---,0), so that D, = n — 1. We identify R = Q,[z1,- -+ , 2] (cf. Example|3.2.2) with
the obvious action of the Weyl group W = S,, by permutations on the variables, so that

RY =Qlei, ..., en)
where the e; are the elementary symmetric polynomials in the z;.
Proposition 5.4.1. Let G = GL,, and u = (1,0,...,0). Choose n =z} € RWr. Then we have
— n—1,. .
Vi(ei) = (=1)"""e; foralli=1,2,...,n.
In particular, we have €;(n,u) = (=1)"~t for each i =1,...,n.

Example 5.4.2. For i = 1, we want to calculate

VI(er) :/ 2.
G/P,

An RW-module basis for R"» is given by the powers 29, ... ,x?il, and fG/P extracts the coefficients of

(—z1)" !, by our convention that —z; corresponds to O(1) on G/P, (cf. Example [2 . We have the
characteristic relation

b — ezt 4 (=1, = 0.
Thus

/ = / (1™t 4. = (=1)" ey,
G/P, G/P,

For i > 1, the combinatorics become much more complicated to analyze directly in this way, so we will
first develop some machinery.

5.4.3. Combinatorial formula for the integration map. We will first give a general description of the
integration map in more concrete terms, which will be useful for explicit calculations.

We maintain the notation of so G is an arbitrary split reductive over F, and p € X, (7).
Consider the G-equivariant top Chern class of the tangent bundle of G/P,

cp,(Toyp,) =Ry = [[ aecR™ (5.4.1)
ae®(G)
(a,u)<0

where ®(G) is the set of roots of G.

Lemma 5.4.4. For any f € R"*, we have

/| L= i), (5.42)

weW /W,

Here the sum is over a set of representatives of W/W,,, which is well-defined since f/R,, is W, -invariant.
(The element f/R,, is understood in the fraction field of R, yet the sum above will lie in RV .)

Proof. Suppose the Lemma is proved whenever the parabolic subgroup is a Borel. Let B be the standard
Borel subgroup contained in P,. Let B, := BN L,, a Borel subgroup of L,. Let }3* be the analogous
construction for B,, < L, (i.e., the L,-equivariant top Chern class of L,/B,,), so that

H a=R,NR" € R.

a€P(Q)
a<0
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By assumption, we have a commutative diagram

HG(G/B) == H (Lu/By) —— R
J l lzwewu w((-) /)

H;(G/P,) === H] (pt) —— RI”

HE (pt) = RY

where the composite right vertical arrow is ), o w((-)/9) (which is the content of the lemma for
P, = B). The description of the map R — R"™r in the above diagram is the content of the lemma for
G = L, with its Borel B,,. This implies that the second right vertical arrow must be ZweW/WH w((-)/R,u).

So it suffices to verify the Lemma in the case where P, = B is a Borel subgroup. By computing on
simple reflections, which reduces to an SLs calculation, one checks that fG /B is sign-equivariant under
the W-action:

| wr=a [ povren,
G/B G/B
Let R®8" be the sign-isotypic component of R under the W-action. Let
Avgen : R — R®"
1
foe 2 (D Mef
w2

be the projector to R®". Since |, G/B is sign-equivariant, it has a factorization as a composition
/ . R 2n, peen L pW
G/B

for a unique R"W-linear map ¢. It is well-known that R®" is a free R"-module with basis 9&; hence, to
determine ¢, it suffices to compute ¢(R).
By the definition of fG /B 38 2 pushforward, we have

/ R = caimc/B(Ta/p) = X(G/B) = [W|.
G/B G/B
This implies ¢(9%) = |[W|, which in turn implies that

f = UMV (f)) = (W Avegn(f)/R = Y w(f/R),

G/B weW
proving (5.4.2). O
5.4.5. Proof of Proposition [5.4.1, Now we return to the setup of Proposition [5.4.3] so G = GL,, and
w=(1,0,...,0) € X, (T).
We have arranged that 9, = 9,,. We choose n = z7. In this case, BP, — BG is a P"~!-bundle with

21 being the first Chern class of the tautological bundle O(—1) in our conventions (cf. Example [2.3.1]).
Each e; spans the (1-dimensional) eigenspaces Va4, and we want to calculate

/ 1 0, €.
G/ Py

Let €; € R be the ith elementary symmetric polynomial in zs,...,z, (omitting x1). Note that
Oz, (e;) = €;—1, so that we are interested in calculating fg/P €.
“w

Vii(ei)

Let ¢ be a formal variable. Then we have

n n—1

[[t—z)=> (-1t (5.4.3)

j=2 i=0
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Identifying W = S,, with the permutations of the {x;}, the subgroup W, = S,,_; is the stabilizer of z;.

We claim that
Z w (a:’f#}fzﬁ:cj)) =t" — H(t —x;). (5.4.4)

WESy /S 1 j=2(1 = 5) i=1

Indeed, the left side is the Lagrange interpolation formula for the unique degree n — 1 polynomial P(t)
such that P(x;) = ¥ for each ¢ = 1,...,n, and the right side visibly has this same property, so they
must agree.

Comparing coefficients of t*~* in (5.4.4)), and using (5.4.3)), yields

Z w (W) =e;. (5.4.5)

WESn/Sn_1 J=2

Note that the denominator [T}_,(z1 — ;) is (=1)""'9R,, from (5.4.1). Invoking Lemma we find
that

n ne n—1 T} €1 () _—
Vi(ei) = e 1=(—1) Yoo w|lmm—— | = ()" e, (5.4.6)
G/P, wes T ULl —aj)
as desired. ]
5.5. Convergence of trace. Since the definition of arithmetic volume involves taking trace on an

infinite-dimensional vector space, some analysis is required to see that the trace actually converges to a
well-defined number; we undertake this analysis now in a more general context.

5.5.1. More general arithmetic volumes. Fix an admissible sequence p = (u1,- - , ) of dominant mi-
nuscule coweights of 7. Recall N = -"_ (D, +1). For any 0 € H2Y (“HKY,), we can define the operator
FZ on H*(Bung) similarly as in §5.1.2|as the composition

% := ho.(hi(—) U6) : H*(Bung) — H* (Bung)).
Similarly we have the version with compact support

L0 = hpo(hi(—) U6) : H (Bung) — H:(Bung).
Lemma 5.5.2. For each i € Z, we have

Tr(cFZ o Frob | HY,(Bun%)) = ¢ Bue Ty (Frob ™! o FZ | g2 dimBune =i (Bype)).

Proof. By the analog of (5.1.12), under the Poincaré duality pairing (5.1.11]), the endomorphism CF?L
of H:(Bun%) is adjoint to the endomorphism I of g2 dimBune =i Byp%). Also, the automorphism Frob

on H:(Bun%) is adjoint to the automorphism g™ BuraFrob™! on H24mBune=4(Bun¥). The conclusion
follows. g

Proposition 5.5.3. Fiz an embedding of fields + : Q, — C. For any 6 € H2N(‘*’Hk‘é), the two series of
complex numbers

> (=1 (Te(Frob™" o T [H'(Bung))) and Y (—1)"s (Tr(.I o Frob|H.(Bung))) (5.5.1)
€L iE€EL
are absolutely convergent. We denote their sums by
Tr,(Frob™" o ') |H*(Bung)) and Tr,(cI'%, o Frob|H}(Bung))
respectively.

By Lemma it suffices to prove the absolute convergence of the first series in ((5.5.1]), whose proof
occupies the rest of the subsection.
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5.5.4. The Ran grading. For m > 0 define R, H*(Bung) C H*(Bung) to be the subspace spanned by
elements of the form

T f52 - f&+ such that ), |z;| = m and deg(f;) > |2 for each i =1,--- ,s.

Here the f; € RY are homogeneous. We note that deg(f;) > |2;| automatically holds unless deg(f;) = 2 =
|2:|, which is not allowed in the description of the Atiyah-Bott formula §4.2.9| (for in this case f7* € Q).
From the definition, it is clear that R,,H*(Bung:) are multiplicative under cup product in that

mmml C m’m—i—l-
Lemma 5.5.5. We have a decomposition
H*(Bung) = @ %, H* (Bung). (5.5.2)
m>0

We call the resulting Z>o-grading on H*(Bung) the Ran grading ﬁ

Proof. Abbreviate R,,H*(Bung:) simply by R,,,. Let f1,---, f, be a set of free homogeneous generators
of RW. Let zo =1 € Ho(X), 21, , 229 € H1(X), and 22441 = [X] € H2(X) be a homogeneous basis of
H.(X). Then by Atiyah-Bott formula (see §4.2.9), H*(Bunf,) has a Q,-basis consisting of

n 2g+1 . . .

. Z fi=0orj=2g+1,
I | | I (f7)°%  where e € &0 l j,i ory=2g+ (5.5.3)
=1 =0 e{0,1} ifj=1,---,2g.

Let R, be the subspace spanned by those monomials of the form (5.5.3]) where

n 29

Z (Zeij + 26i,2g+1> =m.

i=1  j=1

Clearly H*(Bung) is the direct sum of %},. It remains to show that R, = R/,,. The inclusion R}, C R,,
is clear. Conversely, to show that R, C R}, we observe that R/, are also multiplicative, so it suffices to
show that

fFen, (5.5.4)

for any f € R" and homogeneous z € H,(X).
Any f € RV can be written as f = P(f1,---, fn) for a unique polynomial P in n variables. We prove
(5.5.4) by induction on the degree of P. The case deg(P) < 1 is clear. Suppose (5.5.4) holds for all f

whose degree in f1, -+, fp is <d. Let f = P(f1,---, fn) for deg(P) = d. By linearity, it suffices to treat
the case where P is a monomial of degree d > 1. In this case we write P = P; P, where P; are monomials

of degree < d. Let g1 = Pi(f1, -+, fn) and g2 = Po(f1,- -+, fn). Then by (4.2.12)) we have

7= 1(9192)" = Z(gl)z'; (92)7 (5.5.5)
J
where A, (z) = >, 27 ® 2z} € H; (X x X). By induction hypothesis ()% € R, and (g2)%7 € R
J J
Therefore ([5.5.5) implies f* € %TZ‘. This shows R, = R, completing the proof of the lemma. a

For each m, define the Ran filtration FoH*(Bung:) on H*(Bung) by

FH*(Bung) = P R, H*(Bung). (5.5.6)

m’'<m

8The nomenclature comes from the fact that H* (Bung,) is the factorization homology of H*(BG), a key observation of
[GLI4].
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5.5.6. Monomial basis for H*(Bung:). As in the proof of Lemma we now fix a choice of homogeneous
free generators fi,--- , f, for R". Also choose a homogeneous basis zg = 1, 2, - - - , Zag, Zag4+1 = | X] for
H.(X) that are also eigenvectors for the Frobenius action on H, (X )E| Let B be the set of elements of the
form (5.5.3)); they form a basis for H*(Bung) that we call the monomial basis. We use the same notation
B for varying components w € mo(Bung).

For ac € B in the form (5.5.3)), we call
d o= Z eij (5.5.7)

1<isn, 0<j<2g+1

the naive degree of o € B.

5.5.7. Hecke action on tautological classes. From here until the end of Lemma [5.5.15] we will fix a
dominant minuscule coweight p of G, and consider the one-step Hecke stack “HK/,.

First we need to prove a technical result about the behavior of tautological classes under Hecke corre-
spondences. We follow the notation of

Proposition 5.5.8. For f € RV and z € H.|(X), we have

2 _
W) — (%) = PD()au() + {(1 PO 1 =2
0 otherwise.

Proof. We apply Theorem to S := X x “HK},, the two G-bundles Fy and F; with the modification
along the divisor D = I'(px). Note that D < S is the pullback of the diagonal Ax — X x X
under (¢x,pxopuk) : S — X x X. Therefore the normal bundle of D is the pullback p% Tx. In particular,
its first Chern class is vp = (2 — 2g)¢, and v% = 0.

Let H be the L,-torsor on I'(px) obtained from the restriction Fo|r(,) (cf. §3.1.3). Since v, = 0 as
noted above, Theorem says in this case that

f(F1) = f(Fo) =ip ((aﬂf)(H) + %(83]‘)(7{) : VD) . (5.5.8)
By the Cartesian square
D Ax

X xp, “HKE, — DXy

we have
ip(0uf)(H) = ipip (i (Ou f)(H)) = [D] - pinc (0 f)(H)) = [Ax] - pruc (O f) (H))-

By our convention (5.1.5), we are viewing R — H*(Hk;;) embedded via the classifying map for #, so
we can simply write 9, f(H) as 9, f € H*(“Hk/,), which we will do below. Similarly, using vp = (2—2¢)¢
we have

ini (3@20w0) = i pin(1 ~ 9)€02)) = (D] pi (1 — 9)E021)
= (1= 9)[Ax]- 1@ Opinldf) = (1 - 9)(€ @ i} f)

where in the last step we used that [Ax]- (1®¢) = (6 ® £) € HY(X x X)(2). Plugging these into (5.5.3)
we get

F(F) = f(Fo) = [Ax] P (0uf) + (1 = 9)(€ @ )pine(9f)-

Now we expand both sides using Kiinneth formula for S = X x “Hk’,, and use [Ax] =£®@1-+1®¢&;
then contracting with z € H,.(X) gives the desired formula. O

9We are using here the fact that Frob acts semisimply on Hj(X); however, without using this fact, the argument can
still be made with slight modification towards the end.
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5.5.9. Ran filtration for Hecke stack. We also define an increasing filtration on H*(“HkY,) as follows. Let

=0, m< -2

= pyxH*(X)-R"*,  which is the image of (5.1.6)
= FoH*(“HkY) - hi F, H* (Bung), m > 1.

Both filtrations FoH*(Bung;) and FoH"(“Hk};) are also multiplicative, i.e.,
F,-F; C Fiyj.
In particular, FoH*(Bung) (resp. FoH"(“Hk()) is a subring of H*(Bung) (resp. H*(“HkY,)).
Lemma 5.5.10. The map h} sends F,,H* (Bun"é/) to F,H* (“HKE) for alln € Z.
Proof. Consider f* € F‘Z‘H*(Bun“é/). Then by Proposition we have
Ri(f7) = hi(f*) € px HZ*71FI(X) - RWe = Fj,H" (“HKY,). (5.5.9)
Since h(f*) € F,/H*(“Hk};) by definition, implies that hi(f*) € F,/H"(“Hk%).

By construction, both filtrations on H* (Bun“é/) and on H*(“Hk{.) are multiplicative. Since h} preserves
the filtrations on a set of ring generators, it preserves the filtrations on all elements of H* (Bung/). O

Theorem[4.2.8|gives a canonical identification of the cohomology rings of different components of Bung.
Using this identification, it makes sense to define a map

A, :H*(Bung) — H*(“HKE)
0 > hi0—hio.

Lemma 5.5.11. The map A, sends F,,H*(Bung,) to F,,_oH*(“HKY) for all n € Z. The induced map
on the associated graded

Grf'A, : GriH*(Bung) — Grl_,H*(“Hk.)
is a derivation with respect to the ring homomorphism
Grl(hy) = Grf' (h?) : GrfH*(Bun%) = GrlH*(Buns ) — GrfH* (“HKY).
It is characterized by the property that
(Gl 8,)(F) = PD(2)0, () € Gall)_H" (“HI).

Proof. By definition, a general element in F,,H"(Bung) is a linear combination of f = f{*f32--- fZ
where |z1] + -+ + |2zs]| < m. We may write

(H hTﬁ”') (Lf7 = ho ) (H th§?”> : (5.5.10)

i/ <4 i >4

Wif—hif =)

s
i=1

By Lemma/5.5.10/and (5.5.9), each summand above lies in Fy ,_ |-, 1|2 —2H" (“Hkpy) = F, oH"(“HKY,).
Passing to associated graded, we learn that hjf has the same image as A f in Grf;H* (“HK’), hence

(5.5.10) tells that A, is a derivation after passing to associated graded. The calculation of (Grf;A w)(f?)
follows from Proposition [5.5.8] O

Lemma 5.5.12. The map ho. carries Fy,_oH*(“HkY,) — F,,H* 2P+ "2(Bun&)(~D,, — 1) for allm € Z.
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Proof. The canonical parabolic reduction fits into a commutative diagram

“Hk, —— X xBP,

x| |

X x Bun¥ - X x BG (5.5.11)
Bung

whose top square is moreover Cartesian, and whose vertical maps are fiber bundles for G/P,. Therefore,
using the notation [, p RWr« — RW introduced in : we can rewrite ho,. on the image of H*(X) ®
"

H*(BP,) = H*(X) ® R"» C H"(“Hk/) as the composition

* %% id@fG/Pu * W id®eve:” * wy Ix * w
hos : H*(X)®@ R ——— 5 H*(X) @ R ———— H*(X x Bung) — H*(Bung). (5.5.12)

For n < 0, we have

how Ep H* (“HkY) = ho (H=""(X) @ R"*) C X(Hz_m(X) -R™).

Here RV is embedded into H*(Bun%) via ev?*. For ¢ € HI¢/(X) and f € RW, Jx(Cf) is a linear
combination of f# where |z| 4 |¢| = 2. This implies

/ (H=""™(X)-R") C Frya.
X
Now consider the case m > 0. We abbreviate F,,H*(Bung) simply as F,,. Using that hg. is linear
over h§H"(Bung,), and ho, FoH"(“HKY,) C F> by the preceding paragraph, we conclude that
how Py (“HKL) = ho, (FoH* (“HK,) - B F))
= ho*FoH*(wHkg) -F, CFy F, C Fm+2.
]

Corollary 5.5.13. For any § € H"(X x BF,), ', sends FmH*(Bung) to F<pioH"(Bung), for all
m € Z.

Proof. Let a € FmH*(Bun‘é/). By Lemma [5.5.10, h{a € F,,H"(“HKY,). By definition, 8 € FoH"(“HK),
hence hi(o)B € F,, H*(“HK%). Finally, by Lemma [5.5.12 I’ﬁ(a) = ho« (R} ()B) € F<myoH"(YHKE). O
5.5.14. Truncation of Fg. Let f € H*(X x BP,) be homogeneous. For i € Z let D%il"ﬁ : H” (Buné/) —
H*(Bung:) be the Ran degree ¢ part of Fﬁ: for a € R, H* (Bun‘é/), %iFﬁ(a) is the Ran degree m + i piece
of I'’(ar). Define R>;T" : H* (Buny ) — H*(Bun¥) to be the sum

SNV S
i'>i
The main estimate to prove the convergence of trace is the following.

Lemma 5.5.15. Fizi > 0. For a monomial basis element o € B, write D‘izﬂ-l"ﬁ as a linear combination
of the monomial basis for H* (Bung):

R il (a) = Z o/
a’eB
for cg/ € C. Then there is Cg,p; > 0 depending only on 8, 1,i (and not on a) such that
Z '], < Cpi(d+1)* 1 for all o € B with naive degree d.
a’eB

Here | -|, denotes the absolute value under the embedding v : Q, — C.
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Proof. Write o = szl S, where d is the naive degree. Let m = Zg 1 |zj.| be the Ran degree of a.
Let Ay (f7) = hi(f*) — h§(f?). Expanding hja =[], hi(f7*) = TT,(hs (f7) + Au(f;7*)), we get

@) = ho(hja-B)= > =*ho. (h;;(H £ T Ants )
JC{1,2, d} st seJ
= > (H f) hoo ([ [ Au(£7 (5.5.13)
Jc{1,2,---,d} s¢J seJ
By Lemma [5.5.11} [T ., Au(f7*) € Fs> (2. 1-2H"(“Hkg). Since 8 € FoH"(“Hkg;), by Lemma 5.5.12

we have
hoo(J ] Au(fi7)B) € Fears (1, -2 B (VHKG).
seJ

Therefore, the J-summand of (5.5.13)) lies in F§m72|!]|+2H* (Bung:). Therefore, in computing %Z,irﬁ(a),
we only need to sum over those J C {1,2,---,d} with m — 2|J| +2 > m — 4, i.e., |J| <i/2+ 1. The
number of such J is < (d + 1)%/?+1. For fixed J, writing ho.(IT,c; Au(f;?)B) as a sum of elements in
B, the sum of absolute values of coefficients have an upper bound Cp , ;, since there are only finitely
many possibilities for [T ., A, (f;”*) when |J] is bounded by i. Therefore for each |J| < i/2 4 1, the
corresponding summand in ((5.5.13) will contribute at most Cjs,,; to the total sum of absolute values of
coefficients of mz_if‘ﬁ(a), giving the desired upper bound. O

5.5.16. Proof of Proposition first reductions. The map (p1,--- ,pr, ho) : “Hkf, — X" x Bung
is an iterated fibration with ﬁbers G/P,,. Therefore, as a module over h§H"(Bung), H*(“Hky) is
generated by elements of the form f;---f,, where §; € H"(X x BP,,) is pulled back to “Hk, via
(pj,ev;) : Hkgy — X x BP,,. It is therefore sufficient to treat the case where § = (hfa)B; - - - B, where
a € B is a monomial basis element for H*(Bung) and 5, € H*(X x BP,,). In this case I‘Z is the
composition
I‘ﬁ = (Ua)OFﬁi O-~-OF§:.

Here Ux is the endomorphism of H*(Bung,) given by cup product with a.

Below we base change all Q,-vector spaces to C-vector spaces using ¢. In particular, FZ can be
represented as a matrix with entries in C under the monomial basis of H*(Bung). We can therefore talk
about the diagonal matrix coefficients of Fﬂ.

Lemma 5.5.17. Let t be the Ran degree of o, and let w = r(t/2+r). There exists Cp , > 0 (depending
on 0 and p) such that, when writing I‘Z as a matriz using the monomial basis B, its diagonal entry at
any o' € B with naive degree d > 0 has absolute value bounded above by Cy ,(d+ 1)".

Proof. Let i =t + 2(r —1). Write each FH as R>_ ZF '+ R J? (where R, _,;T ﬁj is the part of FBJ
that decreases the Ran degree by more than 7). We expand

I = (Ua)o (Re T + R T ) o0 (Rei T + R T)

into a sum of compositions of %Z,J‘ﬁjl and 9%<,ifgj. with Ua. If 9%<,J‘5§ appears at the jth place, then
the corresponding term will send R, H*(Bung,) to Ry —itor—1)+:H" (Bung) = R, H (Bung), because
each of the other terms %Z,J‘ﬁ'j.l, (there are < r — 1 of them) can at most increase the Ran grading by
2, and Ua increases the Ran grading by m. Therefore, under the monomial basis, the diagonal entries of

FZ are the same as the diagonal entries of

(Ua) o Rs T 0w oM T (5.5.14)
Now if o/ € B has naive degree d, by iterative use of Lemma [5.5.15] the sum of absolute values of
coefficients of %E_J‘fﬁ 0.0 %Z_Z-Fﬁ: (/) in terms of B is bounded above by

T

[T (Comeild+1+2(s = 1))/21). (5.5.15)

s=1
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Since o € B, all matrix entries of Ua in terms of the basis B are either 0 or 1, we conclude that all
diagonal entries of (5.5.14)) are bounded by (5.5.15)). Therefore the same is true for the diagonal entries
of FZ. For a suitable constant Cp , depending only on ¢ and p, one can bound (5.5.15)) from above by

Co.p(d+1)0/2H0 = C(d 4 1)*. O

5.5.18. Finish of the proof of Proposition . Now decompose H* (Bung,) according to the naive degrees
of monomial basis elements:
H*(Bung) = @5 M,
d>0

where 91, is the span of o/ € B with naive degree d. Note that this grading splits the augmentation
filtration on H*(Bun{,) introduced in §5.6.14, All the generators f;? € 9B have cohomological degrees
between 2 and 2d,,, where d,, is the largest degree of the generators {f;} of R"'. Hence a monomial of
naive degree d has degree in [2d, 2d,d]. Therefore

H'(Bung) C @ Ng.
i/(2d,)<d<i/2

In particular, by Lemma |5.5.17] the diagonal entries of Fz on H'(Bun%) are bounded by C(i/2 + 1)*.
The Frobenius action is diagonal with respect to the monomial basis, and has eigenvalues with absolute
value ¢*/? on H*(Bun&). Therefore

|Tr(Frob™ ' o FZ|Hi(Bun‘é))| < Couq~?(i/2 4+ 1)* dim H' (Bun%)). (5.5.16)

Now (i/2 + 1)* dim H(Bun%) has polynomial growth in i while ¢~*/? decays exponentially, so the sum-
mation of ([5.5.16)) over i converges. This finishes the proof of Proposition m O

5.6. Calculation of the arithmetic volume. We will compute the arithmetic volume defined in Def-
inition at least under the following assumption.

Assumption 5.6.1 (Commutativity of local operators). We assume that the operators WZ’] pairwise
commute for j =1,...,r. (When r = 0, we interpret this assumption as being vacuously true.)

Example 5.6.2. Assumption is satisfied in many cases of interest. For example, under the degree
splitting
v @
d

if the nonzero Vo4 all have dimension 1, then Assumption [5.6.1] is automatically satisfied since the
operators 7];7 are degree-preserving. The one-dimensionality of graded pieces of V holds for all simple
groups except those of type Daoy,.

On the other hand, for G = PSOy,,, there are three minuscule coweights. There is a natural choice of
71 coming from the Killing form of G (see . In this case, it was not known to the authors whether the

VZ commute; eventually a counterexample was found in [Fen26].

5.6.3. The L-function. Under Assumption , the endomorphisms {V:Z} of V have a common system
of generalized eigenvalues. More precisely, one can find a basis vy, - -+, v, of V consisting of homogeneous
elements, such that v; belongs to a generalized eigenspace of VZJJ for each 1 < j < r. Let d; be the degree

of v;, and let €;(n;, 1;) € Q, be the generalized eigenvalue of WZJJ on v;. The n-tuple (of (r + 1)-tuples)

(di76i(”717/1’1)7"' 7€’i(771“7/147‘))7 Z:172a ,

is independent of the choice of the basis v; up to permutation of the index i.
To formulate the answer for our eventual calculation of vol(Sht{;,n), we introduce the following L-

function in n-variables:
n

XX,G(SM cee ,Sn) = ng(sl + dl) (561)

i=1
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We also consider the regularized version by removing all factors (1 — ¢~%) (i.e., where d; = 1) in the
denominator:

$§’G(sl,-~- ,Sn) = I I Cx(si-i-di) I I C}(Si-i-l), (562)
1<i<n 1<i<n
d;#1 d;=1

5.6.4. Invariants of the tautological classes. Recall n,n7' € R"» are homogeneous of degree 2(D,+1) and
2D,, respectively. We will define numerical constants associated to  and 7’.

Definition 5.6.5. By assumption, € R"» has degree 2(D,, + 1), hence fg/P“ n € RV is of degree 2.
Viewing RW as a subring of H*(X x Bun“é) via pullback along the tautological map, we can then apply

Jx (=) to define (using notation from (4.2.7))

dy(n) := (/G/PH 77) ]= /X/G/Pun € H'(Bung) = Q,.

This number d;; (1) depends on the component w of Bung.

Example 5.6.6. If G is semisimple, then the degree 2 part of R" vanishes, so we automatically have
dy;(n) = 0.
i

Definition 5.6.7. Recall that ' € R"» has degree 2D, = 2dim(G/P,). Then we define

d () = /G L TETe

5.6.8. The differential operators. Recall from (5.2.3) that w; = w + 7y + --- +7; € mo(Bung). The

definition is arranged so that I}’ e goes from H(Bung/ ') to H)(Bung).
For j =1, --- ,r consider the ﬁrst order differential operator

n
0 1= dyit(n;) + dy, (n;) — (log q) -1 Zel 0, 144)0 (5.6.3)
i=1

Here we refer to Definitions and for the numerical constants dj;3 " (n;) and d,,, (1)}).

Theorem 5.6.9. Let = (u1,--- , ) be a sequence of minuscule dominant coweights of G satisfying
(5.2.1). Letn; € H2Pw +2(IB§LM) and n; € H2Pw; (BLy,) for j =1,2,...,r, satisfying Assumption .
Forn = (m +&ny,...,n- +&n)), we have

vol(“Shtk,, ) = gdimBune Ha Lials1, 0, 8n) : (5.6.4)

s1=89=--=85,=0

Remark 5.6.10. Even the case r = 0, where px and 7 are empty, is interesting. In this case, the result
collapses to the Tamagawa Number Formula proved by [GL14], at least in the case where G is semisimple
and simply connected. Our proof of this special case is the same as theirs, being based on the Atiyah-Bott
description.

Example 5.6.11. A common situation is: G is semisimple, all u; are equal to the same minuscule
coweight p, all ; are equal to a common 7, and all 77; are equal to a common 7. Since G is semisimple,
Example implies that d;;’~"(n;) = 0 for all j. In this case, Assumption is trivially satisfied
(since all the endomorphisms are equal), and Theorem can be written as

. d\T n
vol(“Shtls, n) = ¢ 0 (d,,(n') — (logq) ™ =)' | (H Cx (ei(n, w)s + di)> .
=1

The remainder of this Section is devoted to the proof of Theorem [5.6.9] Our strategy is to compute

171 +&nj

the “eigenvalues” of the individual I';, , quotation marks because F Enj does not map H*(Bung) to
q

itself, hence does not have an a pI‘lOI‘l notion of eigenvalues. However, as discussed in H*(Bung)
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and H” (Bung) can both be identified with the polynomial ring generated by the Kiinneth components
of universal characteristic classes using the Atiyah-Bott description. We can use this identification to
view I‘Z“‘g” as an endomorphism, and thus make sense of its eigenvalues. To do this, we will show that

the Ran filtration on H*(Bung) introduced in (5.5.6) is stable under I‘ZH”, (in the above sense), and its
eigenvalues on the associated graded are easy to calculate.

5.6.12. Analysis of the associated graded. Until §5.6.18] we denote by g a minuscule coweight of G and
consider the one-step Hecke stack “Hk?,. Let n,7" € R"™r be homogeneous of degree 2(D,+1) and 2D,
respectively. Recall the definitions of d%/(n) and d,(n') from §5.6.4 The following is a refinement of

Corollary 5.5.13

Lemma 5.6.13. Let )] : GrlH* (Bung) — Grl'H*(Bun%) be the derivation characterized by the equation
) = (Vi) zeH(X),feRY

where VZ(f? was defined in (5.3.2). Then for all m € Z, the operator FZ"‘f”l from (5.1.7) carries
F,H"(Bung ) to F,,H*(Bung). On the associated graded, it takes the form

Gri T (0) = (d%(n) + dyu(1'))0 + +71(6).
Proof. Let 6 € F,,H*(Bun% ). We have
DI () = hou((n +&0) (W50 — h0) + (1 + En')h0)
= ho((n+E0)ALD)) + (hos(n+En')) - 6. (5.6.5)

To make sense of the second summand, we identify 6 with a class in H*(Bung) using the Atiyah-Bott
presentation. By Lemma [5.5.11} we have A, (0) € F,,,_oH"(“HkY,). Since n + &' € FoH"(“HKY,), the
product (n + &n')A, () also lies in F,_oH"(“Hk/,). By Lemma 5.5.12] the first summand in (5.6.5)) lies
in Fy, H*(Bung,). For the second summand, using (5.5.12) and the definitions of d (1) and d,,(n"), we get
how(n+&n') = ds(n) + du(n).

Hence the second summand in (5.6.5) is (d; () + d.(n'))0, which also lies in F,, H"(Bung,).

Now we calculate the effect of FZ“‘@’/ on the associated graded. Since £n' € F_5, Lemma [5.5.12implies
that ho.(€n'A,(0)) € Fy—o. Therefore, we have

GrETTE (6) = h. (A (8)) + (42 (1) + dy(7))0 mod Fyy_s.
The map 6 — ho«(nA,(0)) on Ger*(Bun‘é/) is given by
5(6) = (Gry_sho) (0 - (Gry A,)(6)).

By Lemma [5.5.11} (Grl'A,)(0) is a derivation while Grf ho, is Grl H*(Bung)-linear, hence we see that

6 is also a derivation. On f# (where z € H.(X) and f € RY) we have by Lemma [5.5.11) and (5.5.12)
that

On(f*) = (Grlhoo)(PD(2)n0,f)
- [ ppy- ( / 77%”) = (V)"
X G/P,
Therefore §;) = ~;]. This finishes the proof. ]

5.6.14. Augmentation filtration. The graded ring Gri H*(Bun%) carries a natural augmentation by pro-
jecting to Gry H(Bun%,) = Q,. Note that this restricts to the natural augmentation on Grf H*(Bun) =
R"™. We apply the construction in to form the associated graded with respect to the adic filtration
given by the augmentation ideal:

Gr;ugGer*(Bun“é).

This is a triply-graded ring, with the three gradings denoted », e and x*.
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Example 5.6.15. Abbreviating Gr!” = Gr H*(Bun%,), we have

Gry R =V i=0;

GrouGrj’ = § G /(RY Grf) i=1,
Grg/(RKVGrg +Grf Gy =2

For z =1 € Hy(X), the isomorphism (—)* : R" = Gr{ H*(Bung) induces an isomorphism

Ho(X> ®V:> GI‘l

aug

Cr{H*(Bung) = Gr} ,R"Y. (5.6.6)

aug

For z € Hy(X), it is clear from the definition that the map (—)* : R = FyH*(Bun{) is a derivation. In
particular, (f1f2)* € RY FyH*(Bung). This induces a map

H(X)®V — Cr}

aug

Gri'H*(Bun%). (5.6.7)

For z = [X] € Hy(X), it is clear from the definition that the map (—)* : R" — FRH*(Bunf) is
a derivation modulo Fy Fy , where Fj 4 is the positive cohomological degree part of FyH*(Bung).
Therefore it induces a map

Hy(X) ® Vag — Grl  Gri H*(Bung). (5.6.8)

aug

The direct sum of (5.6.6)), (5.6.7]), and (5.6.8]) gives a map
(He(X) ® V)4 — Gr,,,,Gre H*(Bung).
This then induces a map of triply-graded commutative Q,-algebras

CraugABY : Sym™ (He(X) ® V) ) — Gr¥,Grl H*(Bun).

aug

Here the e-grading and x-grading (cohomological) on the left is understood as follows: a monomial
(21© f1)(22® f2) -+ - (25 ® fs), where z; € H|,,|(X) and f; € R" homogeneous of degree |f;], has e-degree
> |zi| and x-degree > | fi] — |z

Lemma 5.6.16. The map GrawABY is an isomorphism.

Proof. Asin we have a set of free generators f;” for H*(Bung). Now f,7 € F.,) and we denote its
image in Grf, | by 7. From the description in §4.2.9/of H*(Bung) as the polynomial ring on generators
E ? G

(4.2.14)), it is easy to see that Ger*(Bung)i is a polynomial ring with free generators ?jﬂ Then the
assertion follows from observing that the z; ® f; (with | f;| > |z;]) form a basis for (He(X)® V)., mapping
to ?jﬂ under Gra,gAB”. O

Using Lemma [5.6.13) we can now describe the operator FZ"‘f”/ on Gr;ugGrf explicitly.

Proposition 5.6.17. The operator GrfFZ*'f", preserves the adic filtration by the augmentation ideals
and passes to the associated graded

Gl Cr T s Gl GrlHY (Bung)) — Grf, Grl'H' (Bun).

aug aug
Let (idH.(XL(EQ v:i)Jr be the restriction of idy,x) ® ﬁz € End(He(X) @ V) to (He(X) ® V)4, and
(idg, (x) ® VZ)ier be its unique extension to a derivation on Sym”™ ((He(X) ® V);). Then under the
isomorphisms Gr:ugAB“’ and Gr;ugAB‘”/, Gr;ugGrfFZ“'f", is identified with the endomorphism of

Sym” (He(X) ® V)4)
given by

Gl GriTp e = (ds(n) + du(n))id + (idu, (x) © V)5



40 TONY FENG, ZHIWEI YUN, AND WEI ZHANG

5.6.18. Completion of the proof. For the sequence p = (p1,...,4,) and a fixed w € my(Bung), set
wj :=w+ g + ...+ ;. Abbreviate

H':=H'(Bung), H*:=®iczH', and H!:=H.(Bun¥).
By definition and Proposition [5.5.3]

vol(“Shtf,n) = > " (—1)"Tr(Frob o L7 | HY). (5.6.9)

By Lemma [5.5.2] we have

vol(“Shtft, ) = ™ Bmm6 Y (1) Tx(Frob ' o T | HY), (5.6.10)

i

where we write

n+é&n’ _ pm+én ne+En),
ry =T, o...ol'y .

By Lemma [5.6.13] the Ran filtration on H* is preserved by FZ‘*{"I. By Proposition |5.6.17] Grfl"z*'&"/
preserves the augmentation filtration on Grf H*. Hence the trace (5.6.10) can be calculated on its asso-
ciated graded Gr;ug(}rf H*. Again by Proposition [5.6.17} the action of FZ"‘@’/ on this double associated
graded is (in terms of the Atiyah—Bott description) the composition of the endomorphisms

[(dﬁj}*l (n3) + dy, (1))id + (idar, (x) © V1 )ief] (5.6.11)

for j = 1,...,r. By Assumption V has a basis consisting of homogeneous elements that are
simultaneous generalized eigenvectors for the operators {VZJJ }1<j<r- We can thus choose a decomposition

into lines
n
v=PL,
=1

such that IL; C Va4, (so as Frob-module L; & Q,(—d;)), and L; is spanned by a generalized eigenvector
vy with eigenvalues €;(n;, p;) for VZ?, forall j=1,---,r.
In the Atiyah-Bott description (5.1.1) of H*, we have

H*(Bun%) 2 Sym™ (He (X) ® V), 2 Sym” (H.(X) ® (@le]Ll)>+ (5.6.12)
~ (@sym'(H.(X) ®Ll)>+. (5.6.13)
=1

In particular, abbreviating

Sym™Ne (Hy (X) @ V) = (Syle (Ho(X) ®L1) ® ... ® Sym™ (Ho (X) ® }Ln)) R

each »-graded piece of (5.6.12)) splits as

SmVH.(X) o V), = @ symoM(H (X)) @ V),
Ni+..+N,=N
The endomorphism idy, (x) ® ij] preserves each summand Sym®Vt»Nn (Ho(X) ® V), and acts on it

with generalized eigenvalues 3, Nie;(n;, ;). Thus the contribution of Sym™ " (He(X) @ V)4 to

the trace ([5.6.10]) is

T

g B T (d;;-;—l(nj) +d, () + > Noeu(n, uj))Tr(Frobfl, Sym™ N (Hy (X) @ V)L ). (5.6.14)
j=1 =1

Form the multivariate generating series

Alty, ... ty) = Z Tr(Frob™! | Sym™Nn (Hy (X) @ V) )t .. N,
Ni,...,No>0
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Note that for ¢t = ¢=*, we have (—logq)~10; = td;. Then the sum of (5.6.14) over all (Ny,---,N,)
becomes

r
qdimBunG H Dj A(q_sl, . ,q_s")|51:.»-:sn:0-

Therefore, it suffices to show that

Mg, .,q7") = L g(515- -, 80)-
Both sides factor over each variable, reducing this to a one variable statement:
d) d;>1
To(Evob™" | Sym® (Ha(X) 91L),) = { X0 T A=
Ck(s+1) d=1

‘We now consider two cases, based on whether d; > 1.
(1) If d; > 1, then (Ho(X) ®@ L)+ = Ho(X) ® Ly 2 He(X)(—d;). So we have
det(1 — tFrob™" | Hy(X) ®L;)  det(l — g~ %tFrob™ " | Hy (X))
(1—g )1 —g ) — (1—g Ut)(1—q 4+t

The action of Frob™! on H;(X) is adjoint to the action of Frob on H*(X). Hence (5.6.15) can be
rewritten as

At) = (5.6.15)

det(1 — g~ %tFrob | H'(X))
(1 =g t)(1 — q=t1e)
and upon setting ¢t = ¢—° we obtain (x (s + d;), as desired.
(2) If d; = 1, then we exclude the summand Ha(X,L;) from (He(X) ® I;)4. This implies that the
denominator in should be only (1 — ¢~%t), and since d; = 1 this effectively means we
multiply the entire expression by (1 — t). Upon setting ¢ = ¢—*, we therefore obtain A(¢™*) =
(% (s+1), as desired.

This finally completes the proof of Theorem [5.6.9 O

(5.6.16)

5.7. An example. Let G = GL, and pif := (1,0,...,0), p* := (0,0,...,—1) € X,(T). Then dim G/P,;s =
dimG/P,, =n—1. We identify R = Q[z1,...,2,] and W = S, acting by permutation of the ;. Then
W, = Sp—1 is the subgroup fixing x1, and W, = 5,,_; is the subgroup fixing z,,.

5.7.1. Hecke correspondences. The Hecke stack Hk’éti is the moduli stack of upper modifications of rank
n vector bundles of colength 1, in the terminology of [FFYZ24, Definition 6.5]. This means that for a

commutative k-algebra R, Hkéﬁ (R) parametrizes x € X (R) along with an injective map
Ey — &1 (5.7.1)
where &y, & are rank n vector bundles on X and & /&y is a line bundle over the graph of z in Xg.
The Hecke stack Hkéb is defined similarly except that is replaced by
o & (5.7.2)
with cokernel a line bundle over the graph of x in Xg.
The connected components of Bung are indexed by d € Z. Concretely, BunG is the component of
Bung parametrizing bundles of degree d. For ? € {g,b}, de’é is the open-closed component of Hk”

where deg Fy = d. Let hg, hy : Hkl, — Bung be the maps recording Fy and Fi, respectively. Then we
have a correspondence

THKL,

2N
Bun? Bung,
G

where the sign is +1 if g = pf and —1 if p = .
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5.7.2. Tautological bundles. Under the map Hkgjj — G/P,; 2 P! from (5.1.4), the pullback of O(—1)
is the “tautological line bundle” P* on Hk‘(‘;ti whose fiber along an R-point (5.7.1) is ker(Fol, — Filz)-
Similarly, under the map Hk’éb — G/P,, = P""!, the pullback of O(—1) is the tautological line bundle
P° whose fiber along an R-point (5.7.2)) is (Fo/F1).

By our conventions (cf. §2.3), these are arranged so that under the map R"» — H*(Hk},) induced
by the canonical parabolic reduction, c;(P*) agrees with the image of x; € RWr of u = uf, while ¢ (”Pb)
agrees with the image of —z,, if = p1’.

5.7.3. Operators. For p € {uf, i}, we write

R e
bop=np -1 p=up

For a rank n vector bundle £ on X, we define the map
Fi : H*(Bun%') — H*(Bun)
0 5 how (30 U ¢, (pi EM* @ PIHY).
where the source degree is d + 1 if g = p? and d — 1 if g = .
5.7.4. Arithmetic volume. Consider a sequence of modifications of type u = (u1,--- , ), where each

wi € {ut, u”} with exactly half of each type (so in particular » must be even).
Fix a sequence of rank n vector bundles &£1,...,&, on X. Consider the composition

IS :=T{ ool 0Tl : H (Bung) — H*(Bung)

and its compactly supported version

FE_FS

&
[1r] © I

£
ol Rk

] © . H(Bunf,) — H(Bun,).

We write
vol(?Sht#, H cn (P& @ PH)) = Tr(cf‘i o Frob | H (Bung,))

for the corresponding arithmetic Volume. Its value will be formulated in terms of the L-functions
n
Lx c(s) = %xc(s,s,...,8) = H(j;ds—&—i), (5.7.3)

and
L}G(s) =ZLxc(s,5..., s)=(01—-q¢"°)Lxa(s). (5.7.4)
For 1 < j <, let D; := deg&;. We define coefficients bf}, ..., b" by writing the following product as
a polynomial in NV:
TTd = Lol =+ = 15| = 151D + 15 IN) = BENT 4 b N™=2 e b (5.7.5)
j=1
Each b is itself a polynomial in d and Dy, ..., D,.

Theorem 5.7.5. For any d € Z, we have

vol(“Shtts, [ en(pi€; @ PI31)) = g7~ 3" b (— log g) <dd8>

j=1 i=0

Lx c(s)-

s=0

Proof. As discussed in Example Assumption is automatically satisfied because of the choice
of group G = GL,,. Hence we may apply Theorem [5.6.9|in order to calculate the left side. The first step
is to rewrite the Ff’; in terms of the FZ“‘f"l from :
We have
en(p5 € @ PWL) = ¢ (P 4 p(e1(E]))er (P11 € H (HK(Y ). (5.7.6)
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Recall that canonical parabolic reduction induces a map H*(BF,,) = RWri — H* (Hk?/). As explained

in the definition of /" is arranged so that ¢; (P[#]) agrees with the image of z; € R™*s if ;] = ¢
and with the image of —z,, if [y;] =b.
Let us consider first the case [p;] = . We may then rewrite (5.7.6)) as

cn(PXE; @ 77[“1']) =z} — Djfx’f_l
We thus have n; = 27 and 773' = —Djx’ffl. To apply Theorem we need to calculate the constants
ds; (n), du; (n}), and the eigenweights €;(n;, 1)

e Using (5.4.6) for i = 1, we find that d%(n) = (—1)n=1elX) = (—1)n=14, since Bun¥, parametrizes
bundles of degree w.
e Since x; corresponds to O(—1) on G/Py = P~ (cf. , we see that

du(n') = =D, oy = (=1)"D;.
G/P,
e We have ¢;(n, u*) = ¢; (27, u*) = (=1)"~! by Proposition
The operator I‘ij is applied to the component Bung for wj :=d — || — ... — |1 |. Hence for [p;] =4,

the differential operator (5.6.3) corresponding to I“S

n

0 = (~1)" " (w; — D — (log )™ Zas,) - (wj — 1151D; + g (- log ) D0, )

i=1
Next we consider the case [p;] =b. In this case, ) becomes
ca(Px€; ® PIl) = (—xn)" — Djé(—ay)" 1

We thus have 17; = (—z,)" and 1; = —D;(—x,)""". We calculate the relevant constants.

e Repeating the proof of (5.4.6) with z; replaced by z,, we find that dj (z};) = e[lx] = w. Hence

i ((=2n)") = (=1)"w.
e Since —z,, corresponds to O(—1) on G/Py = P! (cf. §2.3), we see that
du(n') = =D, (—2n)" " = (=1)"D;.
G/P,

e Repeating the proof of Pr0p051t10n-w1th x1 replaced by —x,,, we have ¢;(n, ¢i°) = €;((—x,)", 1) =
(=1)""'. (Another way to see this is from perspective of §6] Then €;(€,p) is invariant un-
der the W = S, action on u. Also, we claim that replacing u by —u leaves the elgenwelghts

unchanged. Indeed, we have R_, = (— 1)P »R,, and the integrand changes from tu“ +18 to
(=) P10 = (~1)Prt, " 9,).
Hence we have in this case that
n
o =(=1)" (wj +Dj — (—logq)” Zasl) = ( wj — |15 D;j + || (= log g) ™ Z%)
i=1
Observing that dim Bung = n?(g — 1), Theorem [5.6.9 m says that
vol(?Sht#,, H cn(PjEF @ PH))
=1
A H (w5 = Iy Dy - Il loga) ™ D206, ) Lo os)|

i=1
Examining (5.7.5| 7 this expands as

n

g™ oy Z by (—logq)~" ( > 3sj)i$§,a(81, Sy 8n)
i=0

Jj=1

S§1=89=+-=8, =0
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The result then follows from the elementary observation that for a smooth function of the form f(s1,...,s,) =
[Tj=1 fi(s;), we have

(Zasj)if(sl, ) = D f(ss - 8). (5.7.7)
J=1

This completes the proof. O

6. SOME CALCULATIONS OF EIGENWEIGHTS

In order to apply Theorem in examples, we need to explicate the differential operators 9; from
. In practice, the constants appearing there are straightforward to calculate except for the eigen-
weights €;(n, p).

In this section, we will work out the eigenweights in more examples. The natural 7 of interest arise in
the following way (up to sign). Let € R}” be a Casimir element corresponding to a fixed nondegenerate
W-invariant quadratic form on X, (7T")q. The associated bilinear form gives an isomorphism

LQ - X*(T)Q :> X*(T)Q
Let t, == 0,2 € R;}V‘L, which is easily seen to be equal to vo(u) € X*(T)q. We consider n := t,?”“ €
R;/I(/B 1y This defines WZ € End(V) as in 3. Note that the example of was of this form, up to
sign normalizations.

Now let us explain for what families we are able to calculate the eigenweights.

e Let G = GL,. The minuscule coweights are (1™,0"~™) for 1 < m < n. For m = 1, we calculated
the eigenweights in Proposition We treat m = 2 below in Proposition where both
the answer and proof are substantially more complicated than the case m = 1.

e For G = SOg,, 11, there is a unique minuscule coweight, represented by p = (1,0™~1), and we
compute the eigenweights.

e For G = PSOy,,, there are three minuscule coweights. The standard coweight (corresponding to
the standard representation of SOs,,) is represented by p = (1,0""1), and we will calculate the
corresponding eigenweights. There are also two spin coweights, corresponding to the two spin
representations of Spin,,,.

e For exceptional groups, since there are only finitely many cases, the eigenweights may be found
by a finite algorithm, although we have not carried it out.

The determination of the remaining minuscule coweights in Type A, as well as the spin coweights in
Types C and D, proved more challenging. Eventually, a solution was found by an Al agent coded by the
first author; it will be explained in the separate paper [Fen26].

6.1. Special orthogonal groups. We assume p # 2. Let G be the split special orthogonal group SO(V)
where dim, V = n and B is the non-degenerate symmetric bilinear pairing on V.

6.1.1. Cohomology of BG. Suppose that n = 2m+1 is odd. Using the isotropic basis v1, V2, , Um, Vo, V—m, "=+ ,V_1
such that B(v;,vj) = d;,—;, we get an identification X*(T") = Z™ on which W = (Z/2)™ % S,,, acts by
permuting and changing signs of coordinates. We have an isomorphism

H*(BG) = 64[1’1, T 7xm](Z/2)m><Sm = 64[652)7 652)7 e 7652)]

Here x; has cohomological degree 2, and 61(2) e HY (BG) is the i-th elementary symmetric polynomial in
x%v e 7x?n‘

Next suppose that n = 2m is even. Using an isotropic basis vy, ,Upm, U_m, -+ ,v_1 of V, we get
an isomorphism X*(7T") = Z™. The Weyl group W C (Z/2)™ x S, is the kernel of the homomorphism
X : (Z/2)"™ x Sy, — Z/2 that is trivial on Sy, and nontrivial on each copy of Z/2; it acts by permutation

and change of sign on the coordinates. We have an isomorphism
H*(BG) = Q,lz1,- - ,zm]" = Qg[e?), eéZ), . ,65721)_1,Pf] (6.1.1)

where Pf = xx5---x,, is the Pfaffian. Note that Pf> = z3-..22, is the m-th elementary symmetric

. 2) .
polynomial egn) in %, 22,
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Remark 6.1.2. The class Pf for BG depends on the choice of the particular Lagrangian Span{vy, - , v, }
in V. The space of Lagrangians has two connected components; a choice of a Lagrangian lying in the
other component changes Pf to — Pf.

We take the Casimir element Q := 3" 22 € R

6.1.3. Odd orthogonal case. Let u = (1,0,...,0) € Z™

o ). Then we have 0, = 0, and t, =
0,() =21. As D, =dimG/P, =2m — 1, we have n = ti

(T
x3m,

X,
Lemma 6.1.4. Suppose n =2m + 1 is odd. For n=z3™ and p= (1,0,...,0), we have
VZ(@Z@)) = —4e§2) foralli=1,2,...,m

In particular, the eigenweights are all equal to —4.

Proof. Let €2 be the ith elementary symmetric polynomial in z3, ..., 22 . Then 81165 ) = 2:c . We
want to calculate
2 m 2
Vi) = [ asme?),
G/P,

We will use Lemma In this case, the equivariant Chern class of (the tangent bundle of) G/P, is

m

Ry, = —o1 [ [ (25— a1) (=2 — 21) = (=)™ [ [ (2 — 21).
j=2

Jj=2

Hence Lemma [5.4.4] says that

" 22m+15(2)
203 HE, = 2(—1)™ w R 6.1.2
[, 2t =20 > lamnee (612)

weW /W, j:2( J
I2mé\(_2)
wEW W, Hj:Z(xl - xj)

The inner sum is the same expression calculated in except replacing z; by 2 and also allowing
substitutions x; — £, so that the answer is doubled compared to §5.4.5] Hence we conclude that

@)y _ m(_1ym=1,(2) _ 4.2
Vile;”) =4(=1)"(=1)"" ;" = —de;”,

2

as desired. O

6.1.5. Even orthogonal case. Let p = (1,0,---,0) € Z™ = X,(T). Again we have 9, = 0,, and t, = z;.
As N =dim G/P, = 2m — 2, we have n = tim—l = 2™ 1,

Lemma 6.1.6. Suppose n = 2m is even. Forn = x%m Yand p = (1,0,...,0), we have

() _ 4.2 S
Vie;”) = de; foralli=1,2,...,m

In particular, using homogeneous generators 6§ ), 652), ce g) 1, Pf for RV the eigenweights are
4,4,...,4,2.
Proof. First we analyze the Pfaffian. A basis for R"V» over R is given by 1,1, .. x%m 2 and Pf =

Zg...Tm,. Since G/P, is embedded as a guadric hypersurface under the line bundle corresponding to
(—1), the map [, p RWr — RW extracts twice the coefficient of (—x1)?™~2 in this basis. Hence
"

vz<Pf) = / lm 18w1 (.’1,‘11'2 m) = / x%mf2 Pf =2Pf.
G/P, G/P,

Let €§2) be the ith elementary symmetric polynomial in x3,..., 22 . Then 893161(2) = 2x1’é§2_)1. We want

to calculate
Vi) = [ e,
G/P,
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We will use Lemma In this case, the equivariant Chern class of (the tangent bundle of) G/P, is

R, = [[(@; — 21)(—z; — 21) = [[ (2} - 22).
=2 =2

Hence Lemma, says that

mal2
/ 2202me(? =2 S ow x%—gg—)l .
G/P, " Hj:Q('T% - x?)

weW/W,

The inner sum is the same expression calculated in §5.4.5] except replacing z; by x? and also allowing
substitutions x; — £z, so that the answer is doubled compared to §5.4.5] Hence we conclude that

)y _ 4.2
VZ(@Z- ) =de;”,
as desired [ O

6.2. General linear groups: a case of non-minimal modification. So far we have only computed
eigenweights for “minimal” modification types p, where the discrepancy between the bundles being mod-
ified is as small as possible. Beyond this case, the eigenweights quickly get very complicated.

We will illustrate this for G = GL,,, where the minuscule coweights are of the form p = (1™,0"™)
for 1 < m < n. We will calculate the corresponding eigenweights for m = 2, so we assume n > 3. We

take the Casimir element QO = 13" | 22, so ¢, = 0,(Q) = z1 + x2. Then n = ti(n_QHl.

Proposition 6.2.1. For G=GL,, (n >3), u=(1,1,0,---,0) and n as above, we have
1/2n—-2 2n —3 2n —3 2n —3
(n,p) = — - 2 - 2.1
(. 1) n(n—l) (n—i>+ (n—i—l) (n—i—2> (62.1)
for1<i<n.

After we first obtained the calculation , we contributed it to an internal benchmark at Google
DeepMind, where it was eventually solved by Gemini Deep Think (IMO Gold Version). After comparing
the two solutions, we actually preferred Gemini’s argument and will present it (with our own edits)
instead of our original one.

6.2.2. Change of basis. Recall that the power sums in {z1,...,z,} are py = E?Zl xf Abbreviate I for

the augmentation ideal of RW .
Lemma 6.2.3. Modulo I?, the following identities hold for k > 1:
(1) pr = (=1)* ke (mod I?)
(2) pr = khy, (mod I?)
Proof. (1) We start with Newton’s identity:
k
ker = > (1) ex—ipi = ex—1p1 — ex—ap2 + -+ + (—=1)* " eopi.
i=1
Consider the terms modulo I?. For any term ey_;p; with s < k, both e,_; and p; are in the ideal I.
Therefore, their product lies in I2. This means all terms except the last one vanish modulo I2. Hence
we have
kep = (—1)"legpr,  (mod I?) = (=1)*"'p, (mod I?).
(2) The argument is analogous, using another of Newton’s identities:
k

khy = Z hip—ipi = hg—1p1 + hr—ap2 + - -+ + hopr.
i=1

10Ag a sanity check, note that Pf? = eg). Since V, is a derivation, we have
V7 (Pf?) = 2Pf V] (Pf) = 4 Pf2.

which is consistent with the fact that Vﬂ(eg)) = 465,21).
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]

Thus, in the quotient space V = I/I?, the power sum and elementary polynomial bases are related by
a simple scalar multiple. The advantage of working with the p; is that their partial derivatives enjoy a
simple recursive formula:

_ (9 O NN~ i i1, i1
Oupi = (axl + 8:@) ;xj =i(x] 4y ).

6.2.4. Expression in terms of Divided Differences. We prepare to apply Lemmam For = (1,1,0,...,0),
we have

m# = H(:EZ — 1‘1)(,@2 — LL‘Q).

i>2
Therefore, Lemma says that for f € R« we have

= wa,b(f)
/G/PM I= 19;@ izas(Ta — i) (@5 — 24) (6.2.2)

where w, is the permutation exchanging (z1,x2) <> (%4, %) and fixing the other x;. Let A(z) :=
[Tro,(z — @), so that A'(z,) = [T za(za — zx). Then we can rewrite

1 (xa - xb)(xb - za) (xa - xb)Q

[igap(ta =)@ —a) Az A(w)  Alwa)A(20)

Substituting this into (6.2.2]), and then applying it to f; = n-0up; = (21 +22)? 3 (2 2, we get:

. ZTo + x)27 3 xg’l + it ZTo — Tp)?
2 A () A ()
By symmetry, we can rewrite this as a sum over ordered pairs a # b:
n xifl (fa + $b)2n73(1'a o xb)Q
Vi(pi) = —i a . (6.2.3)
W= aeg \ & A
We will now invoke the theory of divided differences. For a polynomial f(z), the divided difference
flz1,...,xy,] is determined recursively by f[z;] = f(x;) and
TpalyvoyTs] — flTr, oo ms_
f[xr,...,xs]:f[ +1 il 1y
Ts — Ty
For example, flz1] = f(z1) and f[z1,z2] = % We may view the divided difference as a rational

function in 1, ..., x,, or as a number if specific values z1,...,z, € Q are chosen. Generally we adopt
the former perspective, but the second will occasionally be useful for proofs; we will make clear which
perspective is being taken.

Lemma 6.2.5. Let f € Z[z]. Then we have an identity of rational functions in Q(z1,...,xy),
- =)
flz, - mn] = Z X (z,)

J=1

Proof. This being an identity of rational functions over an infinite integral domain Z, with denominators
being products of factors (x; —x;), it suffices to prove the statement for all specializations of (z1,...,zy)
to any n-tuple of pairwise distinct elements in Z. So we fix any such specialization and treat the divided
difference in Q for the proof.
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Then another interpretation of the divided difference f|x1,...,2,] € Q is as the leading coefficient of
the unique degree n — 1 polynomial F'(z) that passes through (x1, f(z1)),..., (Zn, f(zn)). In fact, the
divided differences can also be characterized in terms of the “Newton expansion” of F(z) as

n m—1
= Z flz, - s m) H (z —xi),
m=1 =1

which implies the preceding characterization. By the Lagrange interpolation formula, we also have

Z#J— #
Zf @ —w) Zf o)Ay

From this expression, it is clear that the leading coefficient of F'(z) is
z”: f ;)
= Alz))

so this equals f[z1,...,x,], as desired. O

Lemma 6.2.6. Let Pj(z) = z’/. Then we have
Pjlzy,...,zp] = hj_ny1(21,...,20) € L[z, . .. ,:En][H(x,« — xs)_l],
r<s
where hj_pni1(x1,...,Ty) is the complete homogeneous polynomial in 1, ..., 2, of degree j—n-+1 (which

is 0 by definition if j —n+1<0).

Proof. Consider the generating function

Z(:) hi(@y,. et = [[ 7——= i xkt (6.2.4)
iz

k:l

Lemma, implies that
n j
T
Pj[xl,...,xn]: L

— g — )

Consider another generating function.

L 1 !
Pilzy,... z,)t) = '
2 Bilas.. 2l ;Hk#(mwwwl*m

3>0
We claim that the RHS is the partial fraction decomposition of "1 ]—L 1 Toat Indeed, upon multiplying
by Hi:l( x;t) to clear denominators, we are comparing two polynomials of degree < n — 1 in ¢, which
when evaluated at each ¢ = 1/z; gives 1/2]'~'. The claim is proved, so we deduce that
GO |
) yn—1
;Opj [Z1,..., 2]t =t 1;[1 TR (6.2.5)

and then the Lemma follows by comparing coefficients of the two generating functions (6.2.4]) and (6.2.5| -

For 1 <a <n,let Qu(z) := (x4 + 2)?" (2, — 2)?. By Lemma we have

o
Qultn,. . 2m ZQ ).
Since Q. (z,) = 0, we can omit the summand with b = a, and we are then left with the identity
(fﬂa + xb)2n73(xa _ xb)z
a yeeeydn] = . 2.
Qaler,yaal = > A () (6:26)

b#a



ARITHMETIC VOLUMES OF MODULI STACKS OF SHTUKAS 49

Substituting this back into (| , we find that

Vipi) =

A, Qazl,..., nl- (6.2.7)

Define integers K}, by the identity Q(t) = (1 + t)2"_3(1 —1)2 =3, Kit*. Comparing the definitions
of Q(t) and Q.(z), we see that

ZK xk 21k (6.2.8)

By linearity of the formation of divided dlfference, we have

Qalz1, ... xy) = Zka’;(zznflfk[xl, cey]) = Z Kra¥h,
k k
where we invoked Lemma in the last equality. Substituting this back into (6.2.7)) gives
n z 1 1+k
i) = 13 i (St ) = s wns (D2

_iZKkhn—khi—Hc—n; (6.2.9)
k

1

where in the last step we applied Lemma to the inner sum.

6.2.7. Reduction modulo I?. We now consider (6.2.9) modulo /2. Since h; € I for j > 1, a product of
the form hghy lies in 12 unless a = 0 or b = 0. With hy = 1, the sum simplifies to:

ZKkhn khz-i-k n =K h0h1+n n"’Kn zh (n—1) hO— (K +Kn z)hz (mOd 12)-
k

Putting this into , we have found that
_ 2
Vil(pi) = —i(Kp + K, —i)hi  (mod I?).
Using the relation h; = p;/i (mod I?) from Lemma we can simplify this to
- pi
Vi(pi) = —i(K, + Kn,i)7 = (K, + K,_)p; (mod I?).
This shows that €;(n, ) = —(K,, + K,—;).

6.2.8. Ezxplication of coefficients. Now we match this up with the statement of Proposition The
coefficients K; come from Q(t) = (1 +¢)?"~3(1 — ¢)2. By the binomial formula, we have

2n — 2n — 2n —
Ko () () ().
) 1 —1 1 — 2
For ¢ = n, this specializes to
Iy, — _ _ _
K, = n3_22n3+2n3:_32n 2.
n n—1 n—2 n\n—1
Hence we have

1/2n—-2 2n —3 2n —3 2n—3
=—(Kp+Kyn)=— - . -2 . . :
(K + ) n(n—l) ((n—z) (n—z—1>+(n—z—2>)
This completes the proof of Proposition [6.2.1} O

7. ARITHMETIC VOLUME OF SHTUKAS FOR NON-SPLIT GROUPS

In this section, we generalize the results of on arithmetic volume to non-split reductive group
schemes over X.
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7.1. Group schemes. We define the class of reductive group schemes that we will consider. Let v :
X’ — X be a finite étale Galois cover with Galois group I'. Let ¢ € H?(X’)(1) be Poincaré dual to a
point in each connected component of X’ H

Let G be a split connected reductive group over k together with a split maximal torus Ty and a Borel
subgroup By containing Tj. Suppose we are given an injective homomorphism

T:'— Aut(GO, Bo,TQ).
Let G be the connected reductive group scheme over X defined as
G = (RQSX//X(GQ X X/))F

where T" acts diagonally on G (via 7) and on X’. In other words, G is the descent of the constant group
Go x X' to X using 7 as the descent datum.

Remark 7.1.1. Our setup covers all quasisplit reductive groups over X. For the purpose of calculating
arithmetic volumes, this essentially already captures the full generality of everywhere reductive group
schemes over X; let us explain why. If G’ is a pure inner twist of GG, then as already observed in
Bung is canonically isomorphic to Bungs. Therefore, there is no additional generality gained
by considering pure inner twists. As explained in every reductive G — X is an inner twist of a
quasisplit G — X. In particular, if G is adjoint, then inner twists are automatically pure inner twists.
In general, G is isogenous to an adjoint group times a torus, which is quasisplit, and one can reduce the
volume computation from the quasisplit case.

7.2. The moduli stack of G-bundles. For G — X as in let Bung be the moduli stack of
G-bundles on X. Its set of geometric connected components is denoted mo(Bung). We will define a
I-invariant uniformization

X (To) — mo(Bung)

A result of Heinloth [Heil0, Theorem 2| identifies mo(Bung) with the I'-coinvariants mo(Bung, ., )r.
For each A € X, (Tp), choose any geometric connected component X| C X/E’ which induces a surjection
Xy (To) — mo(Bung, x;). The target is a direct summand of mo(Bung, ,), and we further project it to
the I'-coinvariants. The resulting map

X4 (Tp) — mo(Bung)

is T-invariant, and is independent of the choice of the geometric connected component of X’ (for different
choices will be equalized after passing to I'-coinvariants, because I' permutes geometric components of
X' transitively). We again denote this map by

A=A S Fo(Bung).
7.2.1. Atiyah—Bott formula. We explicate the Atiyah—Bott formula in this case in a manner parallel to
§4.2.3

The universal Go-bundle over X’ x Bung is classified by a map
ev, : X' x Bung — BGo,

which then induces a map
H.(X') ® R}'® — H*(Bun%).

This map is invariant under the diagonal action of I on H,(X’) and Ry, hence factors through the
coinvariants

evl,r ¢ (H(X') ® Ry®)r — H*(Bung). (7.2.1)
For f € R}" and z € H,(X'), we denote
(f*)r =ev, r(z® f) € H'(Bung).

HWe want to allow X’ to be geometrically disconnected to allow nonsplitness coming from k.
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Remark 7.2.2. In general, for a local system L on X, we may form its homology
H.(X,L).

If v*LL becomes a geometrically constant local system, i.e., it is pulled back from a local system Lg on
Spec k with a I'-action, then we have a canonical isomorphism

(Ho(X') @ Lo)r = Ho(X,L).
Remark applies in particular to L = R", so that can be viewed as a map
ev/, : Ho(X,R"Y) — H*(Buny).
Passing to associated graded induces the isomorphism
H.o(X,V) — Gr,,,H* (Bung)

which then induces the isomorphism of bigraded algebras from Theorem [4.2.§

AB* : Sym% (Ho(X;V)y) — G2 H*(Bung). (7.2.2)
£

aug

7.3. Hecke correspondences. For a dominantlﬂ coweight p € X, (Tp), we define a Hecke correspondence

Px/

HK/, X'

2N

Bung Bung

as follows. For a scheme S/F,, Hk{,(S) is the groupoid of (2, Fo, F1, ) where

e ' € X'(S), with image under v denoted = € X(5).
e F; are G-bundles on X x S, which pull back to Go-bundles F] over X’ x S.

o a: Fo|lxxs-r, — Fi|xxs_r, is an isomorphism of G-torsors, such that its pullback to X’ x S:
’.o ~
o ]:O‘X’XS—ugl(l"T,) - ‘7:1|X’><S—y§1(1“1.)
has relative position p along I';r C yglI’w. Here vg = v X idg : X' x § — X x S. Note that

vg'Te = [[ Ty € X' xS
yel
is the union of graphs of I'-conjugates of z’. The relative position requirement along I',: then
implies that the relative position of o’ along v(z') is automatically v(u) := 7(v)(u), with notation
as in
For a connected component Bung, let “Hk{, C HkY, be the preimage of Bung under ho. Then “HkY,
is a correspondence

Px’

X/

“HKk?,
N
Bung, Bun“c";/
where w’ = w + . We have a canonical isomorphism
Yk : “HKE 5 “’szf;(“)

sending (2, Fo, F1, a) to (y(z'), Fo, F1, ).

2Dominant with respect to By as in
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7.3.1. Canonical parabolic reduction. As in the split case, the pullback of the universal Go-bundle (px x
ho)* F' on “HkY, has a canonical P,-reduction classified by the map

evy, : “Hkg, — BP,.
These fit into a canonical commutative diagram
“Hk: —“ > BP, (7.3.1)
iVHk 7(v)
wHk’Y(H) V) BP
G > (k)

We get embeddings

€y Yk © ev‘;’&:) =ev, or(y)": R~ — H*(“HKY,) (7.3.2)
7.4. Arithmetic volume of moduli of shtukas. Let y = (u1, -+, u-) be a sequence of dominant

coweights of T}, such that

fiy + -+ 7, = 0 € mo(Bung). (7.4.1)
As in we define the iterated version of the Hecke stack Hk?, defined in and define Shtl, by
the Cartesian square . Note that the legs of points of Sht?, are now in X’. We still denote by
p; : “Shtfy, — X’ map recording the ith leg for 1 <7 <.

7.4.1. Definition of arithmetic volume. Let D, = (2p,p;) = dimGo/P,,. For each 1 < j < r, fix
n; € R™ui of degree 2(Dy, +1) and 75 € R"ui of degree 2D, .

Define CFZ'Z.JFE " as in 3. (recall that & € H?(X')(1) is the fundamental class of the covering curve).
For n = (n +&n},...,ny +&7y), define

L= Tt o o T HY (Bung) — HE(Bung).
The target component w agrees with the source component w by the assumption (|7.4.1]).

Definition 7.4.2. Let CFZ+5/"/ be as in f. Let = (p1,...,pr) and p = (m + &, ..., +E'n;).
The arithmetic volume of “Shty, with respect to 7 is the graded trace

vol(“Shtg;, n) := Tr(.['}} o Frob | H(Bung)) (7.4.2)

Remark 7.4.3. In addition to the classes of the form evjn;, we could pull back classes using the

Vo (1)

evaluation maps ev, ., : Shty, — Hk/, RLLN Hk’é(”) —— BP,(, for any v € I'. However, because of
the diagram 7 one can rewrite such classes as pullbacks via ev; again. Thus, as long as we are
concerned with linear combinations of terms pulled back by ev; ., the form considered in does not
restrict the generality.

Remark 7.4.4. The convergence of the trace in the definition of vol(*Shtf,, ) can be proved in a similar
way as Proposition We omit the proof here.

7.4.5. Gross motive. We follow the notation of §7.1] The constructions in the split case can be applied
to G together with its split maximal torus Ty and Weyl group Wy to give Ry, RKV °and V' := Gr;ugRgV o
etc.

Since G is quasisplit as a group scheme over X, we have its abstract Cartan 7" as a torus over X.
The abstract Weyl group W acting on T is now a finite group scheme over X. We can then form
R =Sym(X*(T)g,(—1)), RW and V = Gr;ugRW, all as local systems over X, in the same way as in the
split case §4.1.8

For example, we view V' as a geometrically constant local system on X’. It carries a I'-action induced
from 7, which can be viewed as a I'-equivariant structure on the constant local system V' on X’. Then
V is the descent of V/ to X. The generic stalk of V(1) is the Q,-realization of the Gross motive Mg, as
a Gal(F*/F)-module.
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7.4.6. L-function. Let E be a local system on X. The L-function of E is defined to be
Lx(s,E) = [ ] det(1 — ¢~*Frob|H' (X, E))-)""
i€z
This is consistent with the usual definition of the L-function attached E as a Gal(#°/F)-module.
We will apply this to the graded local system E = V* dual to V, but with a slight normalization.
Recall that V* has a negative grading @4(Vaq)*[2d]. Let H<?(X, V*) be the negative degree part of the

cohomology. This removes exactly the summand H? (X, (Vy)*), which is zero if Z(G) does not contain a
nontrivial split torus. Let

Li (s, V*) = [ det(1 — g~*Frob|H'(X, V*))=V"".
i<0
The normalization in the definition of E removes the pole of Lx (s, V*) at s = 0.
Example 7.4.7. For a local system E on X, we have Lx(s,E(1)) = Lx(s+ 1,E). Hence if V =
D, Qi(—d;)[—2d;], then V* = P Qe(d;)[2d;] and Lx (s, V*) =[], (x(s + d;). In particular, if V arises

from a split group G/X as in then Lx (s, V*) agrees with the L-function Lx ¢(s) from (5.7.3), and
L% (s, V™) agrees with the normalized L% ;(s) from (5.7.4).

7.4.8. Local operators. Recall the operator 7};7 on V' from For an Atiyah—Bott generator f* €
H. (X', V') as in §7.2.1] consider the map
. r
Dy CHL (X, V) = H (X, V)
~7 17 * —1
7o (V) e Ho (X, V)T
~el’

It clearly factors through the coinvariants H. (X', V')r = H.(X,V). Composing ﬁ)zjj with the natural
map from invariants to coinvariants H, (X', V/)!' — H, (X', V/)r, we obtain an endomorphism

D} € End®" (Hso(X, V).

It preserves the homological grading and the grading on V. Taking the adjoint, we obtain graded en-
domorphisms of H*(X,V*), and in particular endomorphisms of H<O(X, V*). We still denote these
endomorphisms by D7 .

Assumption 7.4.9. We assume that the operators DZ’] pairwise commute for j =1,...,7.

Remark 7.4.10. Note that Assumption is satisfied if the W’J pairwise commute. This in turn is
satisfied for many examples, as discussed In Example [5.6.2]

7.4.11. The volume formula. We will now introduce a multivariate version of L*(s, V*), taking into ac-
count the eigenvalues of the operators D}’ on H<(X,V*). We decompose

H<(X, V") = @ H(X,V*)[¢] (7.4.3)
Q)
where for € = (e1,--- ,€.), H(X, V*)[e] is the simultaneous generalized eigenspaces under D, with

generalized eigenvalue €;, for 1 < j <r. Let §= (s.), with one variable for each € € QZ with a nontrivial

summand in (7.4.3)). Let
L5 (5. V") == [[ ] det(1 — ¢~*Frob|H (X, V*)[e)) D"
€ <0
For the sequence p = (p1, ..., ) and a fixed w € mo(Bung), set wj :==w + 7y +... + ;. For 1 <j <,
consider the first order differential operator
0; = di = (my) + dy, () — (log ) ™" > €05 -
666;
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Theorem 7.4.12. Let p = (p1,--- , f4r) be a sequence of minuscule dominant coweights of Gy satisfying
(TAd). Forj=1,...,r, let n; € H*Pw*?(BL,,,) and i} € H*P#i (BL,,) satisfying Assumption -
Form = (m +&n5, ..., nr + &), we have

T
vol(“Shtt, ) = ¢dim Bune ( I1 aj) LGV
=1 =

7.5. Proof of Theorem [7.4.12] The proof of Theorem [7.4.12] follows the same strategy as in the split
case. We first need the following generalization of Proposition to the quasisplit case. Recall that in

3. specifically (7.3.2]), we defined a map R(‘;V”“‘) — H*(“HKY).

Proposition 7.5.1. Let ¢’ be the genus of X'. For f € Ry/° and z € Hp; | (X"), we have

{( — )5 er e (02, 0), 12 =2,

otherwise.

hi((f)r) = ho((f*)r Z’Y PD(2)ey (0y(u) f) +

el
Proof. We need a slight extension of Theorem [3.2.1} the modification between Go-bundles Fy and F; on

S is along a disjoint union of divisors D = [[,.; D;, and it has type A; along D;. Then the same proof
of Theorem shows that for f € Rgv °, we have

FE) — 1) = Yo [ 3 @80 (Filpoen ) Urp | (7.5.1)

iel n>1

Here again vp, = ¢1(O(D;)) (D;)(1) is the Chern class of the normal bundle of D;.
We apply this to the two pullbacks of the universal bundle F; = (gx/ x h;)*F"V, i = 0,1, on
S := X' x “HK%,. The modification is along the divisor

D=X'"xx*“Hkt, - X' xx X' = HAW
yel’

where A, = {(y2’,2')[2" € X'} C X" x X" is the graph of v € I'. Hence D =[] . D, where D, is the
preimage of A, in X’ x x “Hk{,. We identify D, with “HkY, using the projection ppy : S — “HkY{,. Each
D, is the graph of vy o px/ : “HkY, — X'. Let

i Dy = wHKs, DD e g
be the inclusion of D.. The modification type of Fo --» Fi along D, is (), giving rise to a P,)-

reduction of Fi|p(y x+) classified by the map

D, & “HKE 0 e e, gp

Then (7.5.1]) implies
* * . 1 n —
(axr x h1)*f = (qx: X ho)" f = ZM!(Z LCAMEIR ngl)-
vel  n>1
The same calculation as in the proof of Proposition [5.5.8] gives
; 1 an U N Al- ) 1— (¢ ! (92
Iy Z ( f) YD, —[ 7] ev( 'y(u)f)""( 9)(5 ®§)ev( ’y('u,)f)'

n'
n>1

Note that [A,] = (1 x 7)*[Ax/]. Extract Kiinneth components by pairing with z € H,(X’), we get the
desired formula. O
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7.5.2. Completion of the proof. Passing from H’(Bung) to H*(Bung) via Poincaré duality, we may rewrite
the arithmetic volume as

vol(“Shtt,, n) = gmBume Ty (Flrob_1 o H I‘Zé.+§ " Sym(H>O(X, V*)))
j=1

We use the Atiyah-Bott formula to identify H*(Bung;) for the different components w; appearing as

75 +€'n;
J

the source/target of ',/ . Then we compute the eigenvalues of each I‘Zﬁf "for j=1,...,r. Todo

this, we define the Ran filtration on H*(Bung) as in §5.5.9L and show that it is preserved by I‘Zﬂ.+§ i

Using Proposition we find that the action of FZ"’f T on the doubly associated graded

Gr%  GriH*(Buny) = Sym™ (Hso(X,V))

aug

is the sum of the scalar operator dj’ ' (n;) + d,,(n}) defined in the same way as in §5.6.4, plus the
derivation whose action on [f*]r € Hso(X,V) is D
The rest of the proof is the same as in §5.6.18] for the split case. O

7.6. Example: unitary groups. We spell out the statement of Theorem [7.4.12]in the case of non-split
unitary groups of the type occurring in [FYZ24l [FYZ25]. Indeed, an original motivation of the present
work was to address a singular version of the Arithmetic Siegel-Weil formula.

Let v: X’ — X be a finite étale double cover. Let Buny,) be as in [FYZ24] §6.1], so that Buny,(S)

is the groupoid of rank n vector bundles F on X’ x S plus a Hermitian structure h: F = o* F*.
Let Hkb(n) be the Hecke stack of modifications of colength 1 in the sense of [FYZ24l Definition 6.5].

For a commutative k-algebra R, Hkb(n)(R) is the groupoid of
{2’ € X'(R),Fo D> Fi )5 C F1 | Fo, F1 € Buny(n)(R)} (7.6.1)

such that ]:0/]:{’/2 (resp. ]-'1/.7-'1b/2) is a line bundle along the graph of 2’ (resp. o(z’)). In the notation

of 7.4 we have
b
Hkyy(,) = HK{; ., for p =(0,0,...,—1).
Let ho, hy : Hkllj(n) — Buny,) be the maps recording Fo and J1 respectively. Let px : Hk%(n) — X' be

the map recording the support of Fo/ .7-"1b /2 Then we have a correspondence

Hky )
N
Bunyy) Bunyy)
7.6.1. Tautological bundles. Canonical parabolic reduction gives a map Hkb(n) — G/]DMb =~ Pn—1, The

pullback of O(—1) is the “tautological line bundle” P whose fiber along an R-point (7.6.1) is (Fo/F} /2)*.

Remark 7.6.2. This normalization is chosen to match with [FYZ24, [FHM25| which takes the “tauto-
logical bundle” to be F1/]:1b/2, which is isomorphic to ]—"f/Q/]-"O where ]:{1/2 = o*(]—"lb/2)*. This is in turn
dual to .7:0/.7:'1’/2.

7.6.3. Moduli of shtukas. As in [FYZ25] §2 let Hkﬁ(n) be the iterated fibered product of Hkb(n) over
Buny ), parametrizing

(513/1, . ,’I;”,J_'.o - F1 - ... - F & Frob*fo)

L3but note that we are using different conventions on the similitude factor.
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and let Sht{;(,,) be the fibered product

J{ J{(h();hr)

BunU(n) (M)BUHU(M X BunU(n)

7.6.4. The L-function. In this case, the L-function Lx(s,E) specializes to

LX,U(n) (8) = H L(S + i, XTX’/X)

i=1
where x x//x is the quadratic character corresponding to X’. The multivariable version is

n

Lxum)(51,---,80) = H L(s; + i,xg(,/x).

i=1
7.6.5. Arithmetic Volume. Let £ be a rank n vector bundle on X’. We define
J%: H(Bung) — Hi (Bung)
0 — h1 (RO U cn(px E" @ P))
analogously to §5.7.3] We define .I'¢ = (.I')°". Finally, we define the arithmetic volume
vol(Sht (s H cn(PiE* @ P)) := Tr(.I'¢ o Frob, H (Bung))
i=1
where the trace is taken in the graded sense.

Theorem 7.6.6. Let £ be a rank n vector bundle on X' of degree D. If r is even, then we have

1(Sh H (pr&* ® P)) i ( d )
vol(Sht{my, | | en(PIEF ® —92 ~ (=
Un) palen P (logg)r \ ds

Szo(q_DSLX,U(n) (2s)).

Remark 7.6.7. In the case n = 1, Theorem recovers [FYZ25, Theorem 10.2] for £ = wy'.
Proof. There are two connected components Buny,) = Bunﬁ%n) (W Bun%l(n), inducing a decomposition

We will show more precisely that

r n(g-1) / g\
vol(“Shtfy, [[en(pie* @ P)) = L—— ( )
=1

— —Dsp, 25)).
(logq)r ds (q X7U(n)( S))

s=0

for each w € {wp, w1 }.
As discussed in Example [5.6.2] Assumption [7.4.9] is automatically satisfied. Hence we may apply
Theorem [.4.12] in order to calculate the left side.
We compute (e.g., by the splitting principle)
(P € @ P) = er(P)" + pxrer(EF)er (P)" 1

_ w
For the pullback map Q,[z1,...,%,]% %5 = Ry ** — H*(HkY) induced by canonical parabolic induc-
tion, our conventions are arranged so that ¢;(P) agrees with the image of —x,, (cf. §5.7.2)). Hence we
have

(P EF @P) = (—xp)" — DE(—x,)" = (=1)" (2™ + D¢ 27 1).
Hence we find that [I'{ = CI‘Zb for n = (—2,)" and ' = —D(—x,)"!. To apply Theorem we need

to calculate the constants d, (n), d,» ('), and €;(n, u).
. . w X
e Using (5.4.6) for i = 1, we find that d, (n) = —e[l l=o.
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e In this situation, d#b( ") was already computed in the proof of Theorem There we saw that
4 (1) = = Jasp, (=20~ D = (<1)"D.
e We have v*U(n) = GL,, and R;"® = Qlei,...,e,]. The eigenweights of ﬁZb were already

computed in the proof of Theorem [5.7.5] where we saw that they were all equal to (—1)"~1.
We need to compute the eigenvalues of DZ»- The generator of I' & Z/27Z takes e; —

(—1)%e;. Write H*(X') = H*(X")+) @ H*(X')(=1) for the eigenspace decomposition under T'.
We have V' = @, Vi, where I' acts on Vi, by the ith power of the sign character. Hence
H. (X', (V))5) ) = H,(X")(=1D"(i), on which the operator Zver('y*f)flz acts as multiplication
by 2. Therefore the eigenvalues of ]D)"b are all equal to (—1)""12, and
H<O(X; V)| @ H<O(X")+D (4 @ H<°(X") =V (i)[2i].
i even i odd

Hence we conclude that
2; = (—1)""Y(=D +2(log q)~ Zasl

Since r is even, we may ignore the sign when composing r such operators. Observing that dim Bung =
n%(g — 1), Theorem says that

vol(“Sht{yy, [ [ en(p;€* @ P))

j=1
2 r n

— gD (—D 2(log q) ! a,)g* ,

q jl;[l + 2(log q) ; s X,U(n)(Sh ;5n) T,

This agrees with the claimed formula by (5.7.7]).

8. THE PHANTOM TAUTOLOGICAL RING

As in the study of other well-known moduli spaces, it is natural to consider the subring of the co-
homology ring of Sht{, generated by tautological classes. In this section, we construct a ring CZ by
generators and relations that maps to H*(Shtf,), with image consisting of tautological classes. We call
C¥ the “phantom tautological ring" for Shtf,, because it maps to H*(Sht/,) but the map is generally not
injective. We also interpret the volume calculation in Section as a linear functional on CF,.

8.1. The phantom tautological ring. We assume until §8.5] that G is split and semisimple. We keep

the setup as in §5.2.1]

Recall the following maps from Shtf,: for 0 < i < r the map
h; : Sht{, — Bung
records F;; for 1 < ¢ < r the map
pi : Shtl, —» X
records the ith leg. For the modification at the ith leg F;_; --+ F; of type u;, F;—1 carries a canonical
reduction to P,, at x;. This gives map
ev; : Shtg — Hké — BP,,.

Pulling back along p; and ev; gives a ring homomorphism
p:Cl = QH*(X) @ RWe) — H(HK,) — H*(Shtf,). (8.1.1)
i=1
Abusing notation, we will use the notation p both for the pullback to H*(Hk{,), and the pullback to
H*(Shtf,). If we equip C%& with the Frobenius action induced from each tensor factor, p is Frobenius
equivariant.
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Definition 8.1.1. For each w € m(Bung), the tautological ring for “Shtl, is the image of the composition
Ct 2y H*(Sht!) — H*(“Sht!).

Remark 8.1.2. We do not include pullbacks of classes from Bung in the source of the map p. A
posteriori, we show in Corollary that the image of p contains all classes pulled back from Bung via
h; forall0 <¢ <.

We will show that this map factors through a much smaller quotient ring of the left side.
Notation: below, we abbreviate ¢ for the Frobenius pullback endomorphism on the cohomology of
stacks over IF,.

8.1.3. Classes on X x X. Let Ax C X x X be the diagonal. For any integer d # 0,1 we define the
following classes in H*(X x X)

2y = (1 ® id) Ax] = <id ® 1) A,

qd¢—1 -1 qd—1¢ -1
The equality of the two expressions follows from the fact that ¢ and g¢~! are adjoint under the Poincaré
duality pairing on H*(X).
Let {(j}1<j<24 be a basis for Hl(X ) consisting of eigenvectors under ¢ with eigenvalues «;, and let
{¢’} be the basis of H'(X) such that Jx Gi¢7 = 6;;. In terms of these bases we have Ax = 1® & —
Z?il ¢i¢7 + € ®1, so we can rewrite 24 as

2g
Ea=(¢"-1)"e+) (1—ajg" NG+ -1) el

j=1

Lemma 8.1.4. For any integer d # 0,1 we have

At
AXE = g (@)
Proof. We have
* = _ e, = . 1 ;
AYEq = ¢ XXX[AX] Eq=¢ XXX[AX] <qd¢—1 7 ®1d> [Ax]

= Tr((¢"¢~" — 1) H"(X))¢

Thus it suffices to show the equality of rational functions in ¢°

T Jogx(s) = los(a) (g6~ — 1) H' (X))

Now note (x(s) = det(1 — ¢g~%¢|H*(X))~! (alternating product of determinant of graded pieces). Thus
it suffices to show that for any finite-dimensional graded vector space V' = @V, over C and a graded
automorphism ¢ of V', we have an equality in C(¢®)

d —5 S 4 — —

< logdet(1 — g~ ¢|V) = log(g)Tr((a"6 ™" — 1)~ V). (8.1.2)
Both sides are additive in (V, ¢) in short exact sequences, therefore we reduce to the case dimV = 1.
Changing the parity of grading results in a negative sign on both sides, so we may assume V = V4. In
this case, ¢ acts on V through a scalar o € C*. The equality (8.1.2)) becomes

log(q)

d
“og(l — ag™%) = —=2M
og(l —aq™?) o lgp T

ds

which is a direct calculation.
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8.1.5. An ideal in 5’5 In the ring 55 from (8.1.1), for ¢ € H*(X), let [(]; be the class ¢ put at the ith
factor of H*(X). Similarly, for 1 <i < ¢ <r and E € H*(X x X) we have [Z]; ;, put at the ith and i'th
factors. For f € RWui let [f]; be f put at the factor RWni.

Let Ig C 55 be the ideal generated by the following elements for varying homogeneous f € RW of
degree 2d > 2 and i =1,2,--- ,r

)
" Tog(g)Cx (d)

T

S ([Ed]i,iw[am,f]i/+1‘9[511-®[5L-/-[azi,f1i/)

Di(f) = [f] (€] - [0 fi (8.1.3)

i'=i+1 ¢ -1
7—1 1 .
+ 3 (Bdes ufle + e w6l 02,11 )

i'=1

Note that the above element is an eigenvector under Frobenius with eigenvalue ¢?. In particular, IY, is
stable under Frobenius.

Definition 8.1.6. The phantom tautological ring for Shtl, is the quotient ring
Ce = Ce/14
equipped with the action of Frob.

To write D;(f) in more manageable way, we introduce the following element in 55, for f € R

1
2
We have introduced the notation [—]; ; for 1 <i <4’ <r. For i = ¢/, define [—];; to be the composition

[ s (X % X) 25 1 (x) 2 o

8i(f) = [Ou: fli + Sex(TX)l0, i = [0y, fli + (1 = 9)[€Li[07, fi-

Using this notation and Lemma [8.1.4] we have

L (d
[Edlii = [A%Eali = —logi;()(cx)@[f]i-
Using these notations, we can rewrite D;(f) as
r i—1
Di(f)=[fli — Z[Ed]i,i’(si’(f) + Z[El—d]i’,iéi’(f)~ (8.1.4)
=i i'=1

Theorem 8.1.7. The homomorphism (8.1.1) factors through the phantom tautological quotient CF,
p: Cf — H"(Shtf). (8.1.5)

Restricting to each component of Shtl,, we get a ring homomorphism from C% to the tautological ring
of “Shtf,.

Remark 8.1.8. We will see from Proposition that as a module over H*(X") (but not as a ring), C4
is isomorphic to @;_, (H*(X x G/P,,)). The map p is an analog of the same-named map for Hermitian

locally symmetric spaces in ([1.1.3)).

Remark 8.1.9. The map p is not injective: as we will see from Corollary [8:3:3] the top non-vanishing
degree of C% is in degree 2r+2 %", dim G/P,, = 2dim Sht/,. However, since Sht{, is not proper, the top
degree cohomology vanishes. However, we have reasons to believe that C, is the “correct” tautological
ring for Shtf,, supplying phantom cohomology classes that become zero in Sht?, due to non-properness.
This point of view can be used to give a meaning to the arithmetic volume calculation — see §8.4] and

B4
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Corollary 8.1.10. Let i), be a geometric generic point of X". The restriction of the homomorphism p
to the geometric generic fiber Sht! 7 vanishes on [f]; for all f € RW and 1 <i<r.
In particular, p induces a homomorphism py

. ® H*(G/P,,) — H*(Shtf, 5 ). (8.1.6)

Proof. The restriction to a geometric generic point of every term other than [f]; in the relation (8.1.3))
obviously vanishes. O

8.2. Proof of Theorem We need to check that elements of the form (8.1.3)) are sent to zero
under (8.1.1). Now we will abuse the notation to denote by d;(f) its image in H*(Shtf), i.e

1) = v} (@ 1) + ot (ea(TX))ev; (32, ).
For 1 <i <4’ <r, we also use [—]; + to denote the pullback along (p;, pi) : Shty, — X x X
[~ s HY (X x X) — H*(Shtt).
Thus [Z];,» € H*(Shtf,) is the image of [Z];; € Cg under p. For i =4/, [—];; = pf A% ().
Thus we need to check for f € R" of degree 2d > 2 and 1 <i <r that

i—1

evi f =Y [Ealiidir(f) = D [Er-daliridi (f)- (8.2.1)

i'=i i'=1
8.2.1. The case i = 1. We first check (8.2.1)) for ¢ = 1, in which case it reads
evif =Y [Ealribi(f). (8.2.2)

=1
We use the same notation h;,p; and ev; to denote the counterparts of h;, p; and ev; as maps from

Hk/.. Recall that for F, € HkY,, ev;(F,) is the canonical P,,-reduction of F;_. This gives a commutative
diagram for1<i<r

HKY, — > BP,,

(piahil)l i

X x Bung —~—= BG
The right vertical map is induced by the inclusion P,, < G. Therefore for f € R"W = H*(BG), we have

(pis hi—1)"ev" f =evi f.
By Proposition we have for any f € R, z e Hy(X) and 1 <i <7

hi(f*) = hi_1(f*) = piPD(2)ev; (O, f) + (L — 9) {2, E)pi& - evi (95, f) = piPD(2) - 6i(f).
Adding these up fori =1,--- ,r we get

hE(f?) Zp*PD (f). (8.2.3)
Now pulling back to Sht?, and using that h, = Frobgun, © ho, we get
(¢ = 1)(ho(f7)) = ho(e( Zp*PD (f)- (8.2.4)

Therefore

RE(f?) = sz PD(z) - 6;(f). (8.2.5)
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Using that ¢ acts on &;(f) by ¢¢~! we get
h(f7) =Y pi ((¢"'6 = 1)7'PD(2)) - 6i(f).
i=1

Choose a basis {z;} of H,(X) with dual basis {¢’} of H*(X), we get

T

evif =Y _ni(f)=>_[d @@ 'e—1)""PD(z)| &i(f) (8.2.6)
Y i=1 Y 1,

Observe that
1

1o —1

Zcﬂ’ ® (¢% 1 —1)7'PD(z;) = <id® )[AX} ==,

Thus (8.2.6]) implies (8.2.2)).

8.2.2. Partial Frobenius and general i. To deduce the general case from i = 1 case, we consider partial
Frobenius on Shtf. Let u = (p2, -, ftr, 1) be obtained from p by a cyclic permutation. We have the
partial Frobenius map

% : Sht’, — Sht,

sending (21, , &y, Fo,- -, Fr = "Fg) to (za,- -+, zp, Frob(ay), Fi, -+, Fpy Fre1 = "F1). We introduce
the following notation: for i > r we define p; = py—,, and

pir = Frobx o p;—, : Shtf, — X,
hi' = FI‘Ob (e} hi'*’f‘ . Shtg — ]31111G7
ev,y = Froboevy_, : Shté — BPIH"

Using these notations we can define d;/(f) and [—]; ;» when i’ > r. Therefore, for r < ¢’ < i+ r, we have

6 (f) = ¢(6ir—(f)), [a®@Bliw = [0(B) @ alir—ri, @, € H'(X). (8.2.7)
From the definition it is easy to see equalities/canonical isomorphisms
Pi © m = Pi+1, hz 9 m = hi+1, ev; o ‘13 = eViy1. (828)

Thus fori <r < <i+r

Six1(f) =B 0:i(f),  [—litrire1 =B [io- (8.2.9)
Applying partial Frobenius 3* to (i — 1) times, using (8.2.9), we get for any i > 1
ri—1
evif =Y [Ealiwdi(f). (8.2.10)

=i

Using (8.2.7) we rewrite the terms involving ¢’ > r using ¢’ — r, at the cost of an extra ¢, we get for
r<i <i+4r

- : 1 ¢ 'o .
[Eali,idi(f) = {(ld ® qd_1¢—1)AX] » o (f) = |:(qd_1¢—1 ®id)Ax il_ri(si/—r(f)
1 . =
= {(1 ] ® ld)AX} o .51'/—7‘(]0) = —[E1-d)ir—ri0i—r(f)-
Plugging into (8.2.10) we get (8.2.1)). This finishes the proof of Theorem a

Corollary 8.2.3. The image of the ring homomorphism (8.1.1)) contains the images of the pullback maps
hy : H*(Bung) — H*(Sht%) for 0 <i <r.
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Proof. For i = 0 the statement follows from ({8.2.5). For general i, applying B* to both sides of ([8.2.5)
for i times, we get
i+
Ri(f) = Y pi ((@" e = 1)7'PD()) - 8 (f)-
i =it1
Using (8 we rewrite the terms involving i’ > r using i — r, and get

T d—1
wr = 3 i (gt SN+ 0 (2P0 ) 0

=i+l i'=1
The right side is visibly in the image of (8.1.1)). O
8.3. Structure of the phantom tautological ring. We show that C, is a flat deformation of ®_,H*(G/P,,)

over the Artinian ring H*(X"). We will equip Cf, with a volume form that is compatible with our ad-hoc
definition of fShtd and show that C/, satisfies Poincaré duality under the volume form.

Proposition 8.3.1. The phantom tautological ring Ct is a free module over H*(X"), with a canonical
Frob® -equivariant isomorphism

Cl/H>O(X7) - Cls = @1 H' (G/P,,). (8.3.1)
Proof. We first check (8:3.1)). The relations in I% modulo H”°(X") become [f]; = 0 for all 1 < i < r and
fe Rf. Therefore we get a canonical isomorphism

CL/H”Y(XT) - Ch =2 @]_ RV /(RY) 2 @]_ H*(G/P,,). (8.3.2)

Now we show that Cf is free over H*(X"). By Lemma 8.3.2 below, if we choose a set of homogeneous
generators fi,--- , f, for RV then I}, is generated by

{Di(fi)h<icri<j<n: (8.3.3)

We claim that the collection of elements ( - ) form a regular sequence in 55 in any order. Indeed,
the Krull dimension of 6’5 is nr and there are nr elements in . The ideal they generate is 17,
and the quotient C% = C%/I% is Artinian because it is finite over the Artinian ring H*(X") by (8:3:2).
Therefore form a regular sequence in C%.

Let P,(V) denote the Hilbert polynomial of a graded vector space V and P,(Y) denote the Poincaré

polynomial of H*(Y") for a stack Y. Let 2d; be the degree of f;. Since is a regular sequence in C’G,
by using the Koszul complex we see that the Hilbert polynomial of Cg is

P,(CH) = P,(CY) H — 2"
j=1

Using that P,(BG) = [[}_,(1 - t24)=1 we can write

P(Ch) = [ [ (P(BP.)PL(X)P(BG) ™).

i=1

Since H*(BP,,) is free over H*(BG), we have P,(BP,,)/P;(BG) = P,(G/P,,), hence

=[[P(x xG/P,,).
i=1
In particular, taking t = 1 we get the total dimension

dim C%4 = dim H*(X") [ [ dim H*(G/P,.,). (8.3.4)
i=1
By (8.3.2) and Nakayama’s lemma, C%, is a H*(X")-module generated by at most [[,_, dim H*(G/P,,,) ele-
ments. In view of the dimension equality (8.3.4), C% has to be free over H*(X") with rank [[;_, dim H*(G/P,,).
O
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Below are technical lemmas needed in the proof of Proposition Recall the elements D;(f) (for

feRrRWY and 1 <i<r) fromor-.
Lemma 8.3.2. For any two homogeneous elements f,g € RV, and 1 < i < r, we have
Di(fg) € (Di(f), -+, D), Di(9), - . Dilg)) € Chi

where the right side means the ideal generated by the listed elements in ég

Proof. Let If 4, be the ideal generated by {D1(f),---,Dr(f),D1(9),---,Dr(g)} in 5’5 We first prove
the statement for i = 1. To show D1 (fg) € Iy 4, we need to show

T

[fali = [Barelr.idi(fg) mod Iy, (8.3.5)
i=1
Note that
0i(fg) = 6:(f)lgli + [f1idi(g) + [cr (T X)]:0:(f)0i(g). (8.3.6)

Let d and e be the degrees of f and g. Using (8.3.6)), (8.3.5) is equivalent to

[fhlgh =D [Earelri Gi(£)lghi + [1i6:(g) + [er(TX)):6:(£)di(9))  mod Iy

i=1

Now we use the definition of D;(f) to replace [f]; above by expressions involving D;(f) and d;/ (f), it
suffices to show

Il
.[—.
U
+
®
e
=
—~~
~
~
It
&,
S
S
~—

|
o
iy

|
o
%
S

+ Y Bareui | D_[Edliwdi () = D [Er-dliidi (f) ] 6i(9)

i=1 >4 <1
+ Z[Ed+e]1,i[cl(TX)}i(si(f)éi(g) mod Iy g.

Comparing coeflicients of 6;(f)d:(g) on both sides, it reduces to showing

[Ed+e]l i[Ee]v‘ it — [Bdyel1,ir[B1- d]i i’ 1<
[Ed]l,i[Ee]l,i/ = _[‘—‘dJre]l z[ul e}z i ['—*dJre] /[E ]z/i 7> 71./ (837)
[~d+e]1,z ([\—*e]z i [ud]z 7 [ ( )] ) 1= il.
d—

Land y = ¢°!, the identity can be

(1 ® cbxl* 1> AL (1 ® ¢y17 1) NI (8.3.8)

1 ox
o (o g ehe (G o) e

Expand both sides in geometric series in = and y, the coefficient of z%y® on the left side is

(1® ¢a)[A]1,i(1 & ¢b)[A]1,z’/ =(1®¢*x ¢b)[A]17i7i/. (8.3.9)

Let us prove the above identity in the case 1 < i’. Write x = ¢
written as
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Here we use that [Al]y ;[Al]1, is the class of the small diagonal in X x X x X (the 1,4, -factors), which
we denote by [A]y,; . The coefficient of 2%y” on the right side of (8.3.8) is
(1 ® qbqsb)[A]l,il ((ba_b ® 1)[A]i;’i, a > b (8 3 10)
(1®q¢"¢")[ALLi(1® ¢ ")[Aliy a<b. -

When a > b, we have
(10¢°0") Al (0" @ D)[Alii = ¢"(10¢")[Al1i (¢* P @1)[A];r = (10¢")[Al1i(¢°*©1)(¢®¢)"[Alii-
Here we use that (¢ ® ¢)[A];+ = ¢[A];ir = q[A];,i+, because [A] is a divisor class. Therefore

(1®q°¢") Al (6" @ D[Alir = (1@ ¢")[A]1i (6% ® ¢")[Alir = (1® ¢ ® ¢°) A1,

which is equal to (8.3.9)). Here we use that ¢ is a ring endomorphism of H*(X). This shows that (8.3.10)
and (8.3.9) are equal when a > b. The proof of their equality when a < b is similar. Thus we have verified

the ¢ < i’ case of (8.3.7).
The case i > i’ of (8.3.7) is proved similarly.

Finally let us prove the i = i’ case of 8.3.2). When ¢ = 1 = 7' both sides are zero. We therefore
assume 7 = ¢’ > 1. Then the equality (8.3.7) becomes

(1 ® ¢x1— 1) (Al (1 ® ¢y1_ 1) (Al = (1 ® qd):c;—l) (Al Tr (dml— - ¢y1_ - 1‘H*(X)> an

(8.3.11)
Since ¢ and g¢~! are adjoint under the Poincaré duality pairing on H*(X), we have
gy—1) 7" gy -1 o
Therefore the left side of (8.3.11)) is
1 1 1 1
1 A ——— 1) AL, =T : ’H X 5
(19 57 e (=g 1) e = (g om0 ) o
We also have
1 1
(16 =) 18l = o
Therefore (8.3.11)) is equivalent to the equality
1 1 1 1 1
T . = T 1]. 8.3.12
r(qu—l ¢x—1> qry 1 r(¢x—1+¢y—1+) (8:312)

where Tr means alternating trace on H*(X). Again we may change ﬁ on the right side above by its

adjoint ﬁ, and (8.3.12) follows from the equality of endomorphisms of H*(X) before taking trace

1 11 S N
g ly—1 ¢r—1 quy—1\¢z—1 gop~ly—1 '

This finishes the proof of the lemma for ¢ = 1.

Now consider the case of general i. Let p/ = (ua, pi3, -« -, ftr, 1) (so that p) = p;41, with the subscripts
understood mod 7). We define a partial Frobenius

B CL — CY (8.3.13)

that maps o ® e ® e ® o to ¢(ar) ® oq ® . e ® ap_1, Where (073 (S H*(X X G/P/"IL) It iS easy to
check that Dy(f) =B*(D1(f)) € 6‘5, where D1 (f) is viewed as an element of 5’5/ We have proved that
Dl(fg) € I},g = (Dl(f)7 e aDT(f)le(g)v e aDT(g)) C Cg . Applylng m*a we see that

Dy(fg) =B Di(fg) € B1}, =1I;, C Ch

Repeating this argument we see that D;(fg) € Iy, for all ¢ = 2,--- | r. This finishes the proof of the
lemma. |
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Corollary 8.3.3. Recall that D,, = dim G/P,,, and write N := dim Sht{, = Y., (D,, +1). Then the
top non-vanishing degree of Ch is 2N, and dim(C},)on = 1. There is a canonical isomorphism
@ (X) @ H*Pr(G/Py,)) 5 (CE)an (8.3.14)
i=1
sending @(£ @ 1)) (where ) € H*Pw: (G/P,,)) to the image of (£ ®1;) € 6’5 for any lifting 77, € RWwi
of ;.

8.4. The volume functional. We consider two linear functionals on (C%)an-.

8.4.1. By the description of the top degree component of C¥ in (8.3.14), it carries a standard linear
functional given by pairing with the fundamental class of [];_,(X x G/P,,)

T

s  (Cllaw = QUE(X) 9 B (G/P,,)) = Qul~N)
[l (XXG/Puy) i=1

This is an isomorphism.

8.4.2. Pick an embedding ¢ : Q, = C. By the convergence result proved in Proposition m it makes
sense to define a C-valued linear map

vol(“Shtf, =) : (CH)oy — C (8.4.1)
0+ Tr (¢~ o TH) [H"(Bung)). (8.4.2)

Later in Proposition we will show that vol(“Sht/,, —) takes values in Q, and is independent of the
choice of ¢.
We will first prove:

Proposition 8.4.3. The linear functional vol(¥Shtf, —) on (CL)an factors through the quotient (Ch)an -
The proof will be given after some preparations.

Lemma 8.4.4. Let V = @7V, and W = ®neczW, be two graded C-vector spaces such that dim Vi,
and dim W, are finite for all n and zero for allmn < 0. Let A:V — W be a linear map of degree d, and
B:W =V be a linear map of degree —d, where d € 7.

(1) The series ), Tr(BA|V,) is absolutely convergent if and only if the series ) Tr(AB|W,) is
absolutely convergent.
(2) When the condition in part (1) is satisfied, we have

S CD)MTHBA,) = (=1 S (—1) Te(AB[W, ).
Proof. For any n € Z we have maps Aly, : V, = Wy, 4 and Blw, ., : Wniq — Vi. Therefore
Tr(BA|V,,) = Tr(AB|W,t4)-
The rest of the statements follow easily. O
Let v := (u2, -+ , ). Note that
HKY, = HKY X gy HKY (8.4.3)
Let hY : Hkg — Bung (1 < i < r) be the projections; let hf*, A" : Hk/Y' — Bung be the two projections.
The fiber product in (8.4.3) uses hf" and hY.
Suppose 0; € H*(Hk{') and ¢ € H"(Hk¢;). We denote by 616’ € H*(Hk{,) the cup product of the
pullbacks of #; and 6’ to Hk, via the two projections from HkY, using (8.4.3)).
Let ,U/ = (M27u37 o ’,Ur’,ul) and W' = w +H1 We have
HKY = HKY, X pun; HK (8.4.4)
using the maps hY : Hk; — Bung and by’ : Hk?)' — Bung. Similarly we view 6’6, as a cohomology class
on Hk‘é[ via the cup product of the pullbacks along the projections in (8.4.4).
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Lemma 8.4.5. Let 6, € H*(Hk{') and 0’ € H*(Hk{,) be homogeneous elements so that 610" has degree
2N. Then we have
_ . w . — 0’6 * w

Tr(¢~ ' o TP [H* (Bung)) = (—1)11gPm 1 Tx(¢ ™" o IV, [H* (Bung)).
Proof. Below all traces mean traces of endomorphisms of H*(Bung). Observe that lee/ =T o re,
therefore by the absolute convergence of trace proved in Proposition [5.5.3] together with Lemma [8:4:4]

Tr(¢p~ ' o D40y = Ty(p~ o D90 0 T7) = (—1)1 0 Tr(TY 0 7! 0 TEOW),
On the other hand, the same reasoning gives

Tr(¢~ ' o Fﬁ/,gl) =Tr(¢ toT? o Fﬁll) =Tr(T? o Fﬁll o h).

Thus it suffices to show
p o Figel) = qu"'lFle 0¢ ! € End(H*(Bung)).
Equivalently, we need to show
190 0 ¢ = gPrtlgorf . (8.4.5)
Writing the two projections hjh*, hi* : Hk!' — Bung simply as hg and hi, we have for any o € H*(Bun{
oM G G
P30 0 ¢(a) = how (R ($()) U G(61)) = houd(hia U by).
On the other hand,
¢ oT% (a) = pho.(hja Ub:).
Therefore (8.4.5) follows from the identity
howt = qM™ 0 pho, : H* (ALY ) — H*(Bung)

where both sides are adjoint to hij¢ = ¢hy with respect to Poincaré duality. Here we use the fact that
hg is a smooth projective fiber bundle of relative dimension D,,, + 1. O

Recall the map P~ : 55/ — ég from (8.3.13). We have the following corollary of Lemma

Corollary 8.4.6. For any 0 € (55)2]\/, we have
vol(“Shtt, B*6) = gPx Tvol(* Sht': | ).

Remark 8.4.7. Formally, the above formula is consistent with the fact that the partial Frobenius 3 :
“Sht!, — «'Sht/, has degree ¢Pm 1.

8.4.8. Proof of Proposition m We need to show that, for any f € R%, 0 e (ég)zN_Qd and 1 <i <,
the (graded) trace vanishes,

Tr(¢ " o DRV H* (Bung)) = 0. (8.4.6)
We first prove (8.4.6) in the case i = 1. For z € H,|(X), write

N(f7) = h(@(f*) = %) = D pPD(2)di(f).
i=1
By the deduction from to (8:2.6), D;(f) belongs to the ideal in H*(“Hk{,) generated by ~1(f*)
for all z, therefore it suffices to show that for any ¢’ € H2N*2d+|z|(“}Hk‘é)7 we have
Tr(¢~' o DU |H* (Bung)) = 0. (8.4.7)
View “HKZ, as a self-correspondence of Bung with the maps Fr o hg and h,:
H = “HKZ,

Bung Bung
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Then ¢! o I‘Z is the composition

61 oY H*(Bung) —5 H* (M) 2% H* (1) "0 H* (Bun).
From this we see that ¢! o I‘a/h;(fz) is the composition
o
- US rit2d—|z| o=ty w
H’(Bung) — H’ *I(Bung) —— H’(Bung), (8.4.8)
and ¢! o Fﬁsw(fz))a’ is the composition
. ¢*1ol"z/ '72d+\ ‘ w Ufz . w
H’ (Bung) H’ *I(Bung) —— H’(Bung). (8.4.9)

The two maps in (8.4.8) and (8.4.9) differ only by the order of composition. By Lemma and the
absolute convergence of trace proved in Proposition we have

TI'(QZS71 ° Fz/h;(fz)) _ (*1)|Z|TI'(¢71 o FZS(¢(JCZ))9/)’
or
Tr(dfl ° FEﬁS(‘ﬁ(fz))—hi(fz))e/) =0. (8410)
By the identity (8.2.3)) that holds in H*(Hk,), we have

ho(o(f7)) = he(f7) = (7).

Therefore (8.4.10) implies (8.4.7). This proves (8.4.6]) in the case 8 = D(f)#'.
Now we prove (8.4.6) by induction on i. The case ¢ = 1 has been proved. Suppose ¢ > 1 and (8.4.6)

holds for D;_1(f)0. It is straightforward to check that D;(f)0 = B*(D;_1(f)¢’), where ¢ € 6’5 is
characterized by B*0’ = 6. By Corollary [8.4.6] we have

vol(“Shtf, D;(f)8) = vol(“Shty,, B*(D;—1(f)0")) = qD“lﬂvol(“’,Sht‘él,Di_l(f)ﬂ’) =0.

This finishes the induction step and the proof is complete.
(Il
The following result is the analogue of Hirzebruch proportionality (see diagram (1.1.4))) for the moduli
stack of shtukas. Proposition justifies also denoting by vol(“Shtf,, —) the linear functional on the

quotient (CL)an of (55)2]\;
Proposition 8.4.9. As linear functionals on (Cf)an, we have
vol(“8htt =) = ™2 [ ex(d) - [ )
o IT_, (XXG/P,,)

Proof. Applying Theoremmto the integrand ®7_, (£E@7)) € @}_, (H*(X)@H*Pi (G/P,,)) = (C4)2n,
we get

vol(“Sht, ®7_, (£ ® nj)) = g™ Pre (H// 772) Zx,6(0,0,---,0).
i=1 G PM

Note here Assumption is trivially satisfied because all n; are zero. Now Zx (0,0,---,0)
[T, ¢x(d;) by definition. The claim follows.

Ol

Remark 8.4.10. From this Proposition, using the defining relations for C%, one should in principle be
able to recover Theorem m However, the intricacy of the multiplicative structure of the ring C% seems
to make this approach difficult to implement.
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8.4.11. Poincaré duality on C¥,. Using the volume functional, we can define a bilinear pairing on elements
of C¥ of complementary degrees:

(= =) (CH)i x (C&)an—i = Qu(—=N)
defined as
(o, B) = vol(“Shtls, af).
By Proposition vol(“Shtf,, —) is independent of the choice of w.

The next Proposition says that the phantom tautological ring restores Poincaré duality that is missing
on “Sht?, due to non-properness.

Proposition 8.4.12. The pairing (—, —) is perfect. In particular, Cf, has the structure of a Frobenius
algebra.

Proof. Let o, € H*(X") be of complementary degree; let 8, 8" € ®_H*(G/P,,) be of complementary

degree. Let 8, be arbitrary liftings of 3 and ' to CL, viewing H*(G/P,,) as a quotient of CZ by
(8-3.1]). Then from the construction of the pairing on C¥, we have

(a®B,a’ @B = (a,d')x (8, 816/ (8.4.11)
Here (—, —)y means the Poincaré duality pairing on the smooth projective variety Y. Now let a run over
a basis {a;} of H*(X") and let o’ run over the dual basis {a‘} under the pairing (—, —) x~; similarly let

8 run over a basis {8;} of H*([[(G/P,,)) and let 5’ run over the dual basis {37}. Take arbitrary liftings
B; and B7 in C%,. The freeness assertion in Proposition implies that both {o; ® 38,} and {a’ ® 37}
are bases for Cf; (8.4.11]) shows that they are dual bases under (—, —). In particular, the pairing (—, —)
is perfect. O

8.5. The reductive case. Here we extend the results on the phantom tautological ring to the case
where G is split reductive over k. We otherwise keep the same setup as in The ring Cf. is defined
in exactly the same way as in (8.1.1)). For the ideal I, we make the following modification. Let

=t (id@ 1) (Ax]—£®1) € H¥(X x X),

p—1
1
ES = <ld® q_1¢—1> ([Ax] -1 ®§) S H2(X X X)
For any f € R of degree 2, viewed as an element in X*(7)W | the definition of &;(f) boils down to

Q,
6i(f) = (i, ) € Q-
Define

D) = [ = S pors DE s + S ey PIERTos — (w4 s+ i1, £)[Elss when deg(f) =2

i'=i i'=1
Here (w, f) makes sense because w is well-defined up to the coroot lattice, on which (—, f) vanishes.

We then let I/, be the ideal of C¥ generated by Dj(f) for all f € R, 1 <i <r, and by D;(f) for all
homogeneous f € RV of degree > 2 and 1 <i < r. Finally, define C/, = C4/IL.

Example 8.5.1. Consider the case G = Gy,. In this case, Cg, = H*(X"). The map p : C¢; — H*(“Shtg, )
is identified with the pullback by the leg map “’Shtfém — X7. Note that in this case p is injective, and
its image is exactly the Pic% (k)-invariant part of H* (“Shtg ).

All previous results in this section hold for split reductive groups G with the above definition of C¥,.
The proofs are mostly the same, except that an extra calculation is needed alongside Lemma [8:3.2]

Lemma 8.5.2. Recall that v is admissible in the sense that py + - - + p, lies in the coroot lattice. Let
feERY andge R_‘f’ be homogeneous, and 1 <1 <.

(1) If deg(g) > 2, then Di(fg) € (Di(f),---, Di(f), Da(g),-- . Dr(g)) C C&.
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(2) If deg(g) = 2, then Dy(fg) € (Di(f),---,D:(f). Di(g), - . Di(g))  CL.

Proof. Using partial Frobenius it suffices to prove the statements for ¢ = 1. Denote the ideals in question
by Iy 4. We prove only part (1), and the proof of part (2) is similar. Let deg(g) = 2e. Expanding [f]1[g]1
and [fg]1 modulo I 4 as in the proof of Lemma [8.3.2) we write

[Fllgl = [Fgl = > (a5 = bia) (i, £)0i(9) + Y cilw, £)di(g) mod I, (8.5.1)
iyi'=1 i=1
Here
a;y = [EihilEeh,
Eer1]1ilBeliir — [Eerrhrw [Blier + [Beta]ro [, @ <4
v = ~[Bett]rilEr-elii + [Eer1]ro [Eili i> i
[Eer11i([Beliyi + [ET]iy + [er (TX)]a), i=i
i = [Eelléh — [Ees]riléls
Direct calculation shows ¢; = 0. It remains to calculate aj;, — b} ;. As in the proof of Lemma we let

y = q°"'. Let a;; denote the left side of (8.3.7)), and b; ;» denote the right side of (8.3.7), both viewed as

elements in Q,(z,y) ® H*(X?). We also introduce the two-variable version of a;; and by, by replacing
=% with (1 ® ﬁ) ([A] —€®1), =% with (1 ® TT{H) ([A] = 1®€), and S, with (1 ® mﬁ) Al
We still denote these by aj,;, and b} ,;,. To calculate a;,, —bj,, we calculate the differences a;; —a
and bi,i’ —bF., and find

2,1

E3
1,1

1 1 1
v—al, = (1 1. (1 N — .
o —aie = (100 )t (10 10 ) Whe = oy el
1
by —biy = ————=[h[¢v.
S T TRV
In the proof of Lemma we showed that a; ;; = b; 4+, therefore
1 1 —qy
aii — by = - Ehlgli = &1 [€]ir-
= = (=1~ e =) B8 = Gy
In particular, af ; — b;;/ is independent of i (and equal to ﬁ[{“]l[ﬂi/ if we plug in = 1). Plugging
into (8.5.1), using that (>, u;, f) = 0, we conclude that [f]1[g]: = [fg]: modulo I 4. O

Corollary 8.5.3. Let o : G — G’ be a surjection whose kernel is central. Let = (u1,--- , ) be an
admissible sequence of minuscule coweights of G, also viewed as an admissible sequence of minuscule
coweights of G'. Then ¢ induces an isomorphism C¥, = C%,.

Proof. Both C% and C¥, are free over H*(X") by the reductive version of Proposition It therefore
suffices to check that ¢ induces an isomorphism C%, /H”°(X")CE, = CL/H”°(X")C%. However both
sides are canonically identified with @H"(G’'/P},,) = ®H"(G/P,,) again by Proposition m O

9. THE COLMEZ CONJECTURE OVER FUNCTION FIELDS

In this section, we consider a function field analog of the Colmez conjecture [Col93|. Let 7 : X = Y
be a finite étale covering. For simplicity, we assume that it is Galois with Galois group . Consider a
map

o= (01,09,...,0.): X = X"
sending € X to (0;(x))i_;, where 0 € " = ¥ x --- x ¥ is an r-tuple. We restrict Sht?, to the locus
using the above map associated to o € X":

Shty, , := Sht X xr » X. (9.0.1)
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In other words, all the legs are conjugate relative to X — Y. Let p: Sht‘é,a — X be the leg map (the
second projection of (9.0.1])). Pulling back along p and ev; gives a ring homomorphism

po: Cl , =H"(X)® QR — H*(Sht, ). (9.0.2)
i=1
Let
Cg‘,a = Cg ®H*(X7‘) H*(X)
where H*(X) is viewed as a H*(X")-algebra via ¢*. Then p induces a canonical homomorphism
po : Cg o, — H*(Shtg, ).

9.1. The one leg case. Let G be split semisimple. Write £ for the class 1 ® £ € C’g)a. Note that inside
C’g,o, for any f € R" of degree 2d > 4, Theorem implies that

[f}z = E & Z Ci, i’ (d)[(?,h, f]i’- (9.1.1)
i'=1
Here the constants ¢; i/ (d) are defined using
L o0) E >
ciin(d)€ = (03,0v) < Lol (9.1.2)
—(04,04)*B1_q, i <i.
In particular, since €2 = 0, we see that for any two f,g € R+W and 1 <1i,7" <,
[flilgls =0 € Cq . (9.1.3)

We have a canonical isomorphism between the top degree of Cy, , and H*(X)® (®;:1 H?Pwi (G P,, )),

hence a canonical linear form | Xx[1G/P,. 1 C¥, . that is nonzero only on the top degree. We define
Hg ’

n
vol(“Shtt, . ) i= g™ P [] ¢x(dy) [ () Cl, = Q.
i Xx[]1G/P,,
Remark 9.1.1. To see the structure of Cg’g more clearly, we focus on its even part (C’g’g)even, which
is a free Q,[¢]/(£?)-module with mod ¢ reduction A% := @I_ H*(G/P,,).

We can form the quotient B, of ®r_; RWr: by imposing the relations (9.1.3]). Then Bl is a square
zero extension of Af, that fits into an exact sequence

0—>@V®Ag—>Bg—>A‘é—>0.
i=1
For f € V we denote by [f]; € Bl the element f®1 in the ith direct summand of the first term of the above
sequence. Thus (C’C‘;ﬁ)e"e“ can be identified with the pushout of B along the Af.-linear homomorphism
D, V® AL — £® AL sending [f]; to €@ D5, ¢iir(d)[0,, fli, if f € RV is homogeneous of degree
2d.
Remark 9.1.2. Let d > D,,,. Since RW»: /(RY) = H*(G/P,,) has top degree 2D,,,, the homogeneous

piece RZ‘;‘” lies in the ideal (RKV) C RWri. Using that R"wi is a free R" -module, we have a canonical
isomorphism

(RYW RWe) /(RY R 2 22V @ H* (G/ P, ).
In particular for d > D,,, there is a canonical map

T Ryg C (RYRYe) = (RY RWei) /(RY RWei )2 2V @ HY(G/ Py, ).

Lemma 9.1.3. Letn; € @ RWri be homogeneous of degree 2n; for1 <i <r andn = n1@102®- - -®n, € 55
Assume Y. n; =1+ D,,.

1) If two or more i satisfy n; > D,,., then n has zero image in C* .
i n G,o
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(2) If two or more i satisfy n; < D,,, then n has zero image in C’g’g.

(3) If there is a unique 1 < i < r such that n; > D,,, and there is a unique 1 < ' < r such that
ny < Dy, then we write mp, (n;) € VRH"(G/P,,) in the form f,, @nj+--- where fy, € Vo,, _ap,.
andn, € H2Pws (G/P,,), and the terms in - - - involve only non-top degrees of H*Pws (G/P,,). Then
in Cg, , we have

1= cii(ni = Dp )E @0y @ (O, o, mir) @ (®j21,075) € CE o
(4) If there is a unique 1 < i < r such that n; > D,,, and all other i’ satisfies ny = D, (so
that n; = D, + 1), then we write m,,(n;) € V® H*(G/P,,) in the form Z?Zl fi® nl(j) using a
homogeneous basis {f;} (of degree d;) of V, where ni(j) € H*(G/P,,). Then

N=£2Y ciid)Oufi n) @ (@igimi) € CL .
j=1

Proof. (1) Since R"w: /(RY) = H*(G/P,,) has top degree 2D,,,, and element 1; € R"»: of degree > 2D,,,
lies in the ideal (R_Y_V), hence its image in nga is divisible by £. Since £2 = 0, if two 1; has degree > 2D,,,,
the image of 7 in Cf, , is zero.

(2)(3)(4) By (1) we may assume there is a unique ¢ such that n; > D,,,. Write 7, (7;) € V®OH"(G/P,,)
as ) f; ® ngj) using a homogeneous basis {f;} (of degree d;) of V. Using the relation for [f;]; in
Ct 5, we have

n T
n=E@Y Y cip(d)n @ [, fili ® (@irpimin) € CG - (9.1.4)
j=1i'=1
We analyze the summand according as ¢ =4’ or ¢ # 7'.
e Suppose the summand corresponding to ¢ = ¢’ is nonzero in C%, . Now 2?21 ci,,-(dj)ngj) ®0,, f; €
RWui has degree n;—1. If n;—1 > D,,,, then this element lies in the ideal (RY") hence its image in
C’éﬁ is divisible by &, making the right side of (9.1.4)) zero. Therefore we must have n; = D,,, +1.
In this case >, nir = >,z Dy, - By part (1), 1 is zero in Cf;, , unless ny = D,,,, for all &' # i.
This is exactly the situation described in part (4). To show part (4), we only need to check that
the i’ # ¢ summands on the right of (9.1.4) vanish in Cf, ,. Indeed, for i’ # i, the i’ factor of
that summand has degree d; — 1+ D, > D, (d; > 1 since G is assumed to be semisimple).
This proves part (4).
o If for some ¢’ # i and some j, the summand ¢; ; (dj)m(]) ® [0y, filir @ (®inximir) is nonzero in
Cg’a, then the same degree analysis above forces that 771@ )
d; = n; — Dy, 0y has degree ny = D,,,, —d; + 1, and all other n;» have degree D
exactly the situation described in part (3).

has degree D,,,, f; thus has degree
- This is
When two or more ¢ has n; < D,,, we are in neither the situation of (3) nor (4), and the above analysis
shows that 7 is zero in Cf, . O

9.2. The case G = PGL,,. We now apply the above lemma to a particular example. Let G = PGL,,.
For R it is more convenient to identify it with the R for SL,, i.e., R = Qg[z1, -+ ,x,]/(x1 + - + xp)
with W = S,, acting by permuting variables. Let fo,---, f, € R" be images of elementary symmetric
polynomials in RW.

We consider the case where each p; is either puy = (1,0,---,0) or u— = (0,0,---,0,—1). Note that
G/P,, is isomorphic to P"~1. Let t; € R;V“" = HZ(G/P,,) be 1/n of the G-equivariant Chern class of
Opn-1(n). When p; = py, G/P,, classifies lines, and ¢; = —z (as x1 is the Chern class of O(—1)); when
W = p—, G/P,, classifies hyperplanes, and ¢; = x,,. We have fG/PHv t?_l =1.

Note that dim Sht¢, , = (n — 1)r + 1. Let 1

n=(t+t+-+t,) I el
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Proposition 9.2.1. The volume Vol(‘“’Shté’wn) is equal to q("z—l)(g—l)CXQ) -+ Cx(n) multiplied by the
sum of the following quantities:

S, ")

i=1 j=2

n R -1 1
B Z Z(_l)ﬂ/(“ Vi (4) - m - )+ :
’ n+j—-—1,n—j3n—-1--,n-1

1<i£i/ <r j=2
Here

’ L if i # par

Proof. Expand 1 in monomials ¢]* ® --- ® " with total degree (n — 1)r + 1. By Lemma this
monomial has nonzero image in C’gﬁ only in the following cases:

e There is exactly one i such that n; = n, and the rest ¢’ satisfies n;; = n — 1. When p; = py we
have

= —(al 2 e ).
The right side may be considered as the image of ¢t in V® H*(G/P,,). By Lemma 4), we

havd™

@@t =ti(t )" =E® Y i(G)[ -0, fi -t )i ® (@i gty ) € Cl .
j=2

We have 0y, f; ~t?7j = Oy fj ~t?7j = cj_l(Qn_l)t:»%j e H* 2(P" 1), where Q,_; =
O"/O(~1) is the universal quotient bundle. The relation ¢(Qn-1)(1 —t;) = 1 in H*(P"})
implies ¢j_1(Qn-1) = tf_l for 2 < j < n. Therefore 0, f; -t} 7 =71 € H*" (P 1). We

conclude that when p; = py
@t ==Y () et et eCh . (9.2.1)
j=2

When p; = p— we have
tf = —fot? 724 fat7 P 4+ (1) S
Similar calculation gives the same formula as (9.2.1).
e There is exactly one ¢ such that n; > n, and exactly one i’ such that ny < n — 1, and the

rest of n;» are equal to n — 1. Note that n; —n +ny = n— 1. When pu; = puy we have
T, (81) = — fri—np1tl ™' + lower powers of ¢; € V@ H*(P"!). Lemma 3) implies

@@t = —cii(ni —n 4+ 1)E® [Ou,, fri—nt1 -t;i/}i/ ® (@i“;ﬁi/t?/_l) € Cé,a'

When pir = py we have 9, fn,—ns1 " = 0py frimnt1 L' = Cpien(Quo1)ty" = t?ﬁl. Thus
when p; = gy = py we have

@@t == —n+ 1)t @ @tr T e Ch .

When Wi = H_ We have 8/;7 fm:—n-i-l . t?,il = —8% fni_n"l‘l . t?,i, = *Cni—n(Sn—l)tZi, where
Sp—1 = ker(O™ — O(1)) is the universal hyperplane bundle over P"~. The relation ¢(S,_1)(1+
ti) =1¢€ H* (P 1) implies ¢y, —n(Sp—1) = (—1)™ "¢} ~™. Thus in this case 9, fr,—nt1 -ty =

(—=1)m—n*+12 =1 Thus when p; = py and p; = p— we have
M et = (71)”i*”ci7i/(ni —n+1¢® t?_l QR ® t77}71 e Cgﬂ.

14The astute reader may notice a subtle issue here: since we identified RW with H*(BSLy,) rather than H*(BPGLy,),
py = (1,0,---,0) € Z"/A(Z) should be identified with the rational coweight (”Tfl, f%, e ,7%) of SLyp, hence 9, f =

"T—lamf — %8962)” — = %axnf. However, because 0, , f = 0z, f mod (R:’_V) and we only care about the image of 9, f;
in H*(G/Py,;) for the this calculation, we may replace d, f with 9z, f in the calculation.
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Similar calculations show: when pu; = p— and py = py
@t = (=) epni —n+ DERTT @0t e Ch .
When p; = p— and py = p—
@@t == —n+ 1)@ty @ etr e Ch,

Summarizing the contribution of all monomials, we get that the image of  in C, _ is (@t} '@ - -@t7 !
multiplied by the constants in the statement of the proposition. This completes the proof.
a

9.2.2. Connection to Artin L-values. We now rewrite the result in Proposition [9.2.1] in terms of special
values of Artin L-functions. For an irreducible representation p of ¥, we have an Artin L-function defined

by
—s * —s i —1)t+t
Ly,p(s) = det(1 — ¢ *¢[H* (Y, L,)) = [ [ det(1 — g *g|H'(Y,L,)) """,
where L, is the local system on Y corresponding to p.

We first relate the constants (9.1.2) to such L-values. We have the following generalization of Lemma
BI4

Lemma 9.2.3. Letox : X — X x X be the gmp}E| For any integer d # 0,1 we have

Ly, (d
o4 = — pr lmgyzi/j()£EH2(X)

where the sum runs over all irreducible representations p of ¥, and x,v denotes the character of pY, the
dual representation to p.

Proof. We have

i = ¢ lox(0lEi=¢ [ lox(0] (g o) ]

XxX XxX
= Tr(o*(¢%¢ — 1) HH*(X))E.

Here we note that o and ¢ commute as endomorphisms of H*(X).
Decompose the local system 7,.Q, on Y, as representations of ¥,

W*Qﬁ = @Pv X L,,

p

where the sum runs over all irreducible representations p of ¥. Accordingly, we have

H*(X) = @ p” RH*(Y,L,)

as ¥ X (¢)-modules. We then have
Tr(o* (g%~ = )7HHY(X)) = pr (g%~ = D7 (Y. Ly))

Ly ,(d)
- ZXP log zyp(d)

as desired.

1575 be clear, we mean ox (z) = (z, o (z)).
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Definition 9.2.4. We define the logarithmic Artin L-function associated to a class function ¢ on 3. Let
po=> » @pXp be any class function, where a, € Q, and p are irreducible representations of . Then we

define
Ly () (s)
“Yp\°/
Ly ,(s) Zap L (s)

9.2.5. Colmei’s Conjecture. We have an involution on Q,[X] induced by the inversion on ¥: for any
element ¢ € Q,[Y], define ¢V (g) = ¢(g~ ). Define the convolution of two functions

(p*x¢")(9) ::/Ew(gh’l)cp’(h)dh.

Here the Haar measure on X is chosen such that vol(X) = 1.
For j € Z, we define

+1 i = pe,

;= Zsign(ﬂi)jai € Qu[X],  where sign(u;) = {—1 Hi = [
. f B

In particular, ®; depends only on the parity of j, and if j is even, we have

(I)j = = ioi.
i=1

For any ¢ € Q,[¥], let ¢ be the projection to the space of class functions on . In terms of the
characters we have

O = (0 X0 ) Xp-

p
Here the pairing (¢, ¢') is bilinear and we have (x,, x,v) = 1.

Theorem 9.2.6. The volume vol(“Shtpqy, 1) is equal to gdimBunecr, T8, Cx(d) multiplied by

31 (PR ) R CRVRIY S AP ) |- et

j=2
P Z ( (n—=1)r+1 ) L/Y,(q>]-*q>JV)n(j)
n+j—lLn—jn—1--,n—1/)logqLya,y):(j)

_ gy — DI Z( (n—Lr+1 )<<<I> < Y)(1) — /]S,

n+j—1,n—j3n—-1..- n—-1

Remark 9.2.7. In the number field case, Colmez conjecture [Col93| relates the stable Faltings height
of an abelian variety with CM by the ring of integers of a CM field to the special value at s = 1 (or
equivalently at s = 0 by functional equation) of the logarithmic Artin L-function attached to a class
function arising from the corresponding CM type. The recipe of the class function in Colmez conjecture
(cf. [Col98| §2] for a more explicit formula involving ® x ®V) is completely analogous to the one above,
except that here we have the special value at s = j > 2.

Proof. We apply Lemma [9.2.3] to get

. Ly ,(5)
cii(j) = - prv(l)m.

p

We note that, by the factorization (x(s) =[], Ly, ,(s)dime,

O )
2 WL = Gl
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Similarly, we have

cir(j) = ZXP log( )Ly, (7)

when i’ > 4, and

Ly (1—3)
P
pr ) @ vyl 7)

when i < 1.
By the functional equation
Ly ,(s)e(p,1/2)q* P9y =D dime — 1, (1 —s)
we have the following relation between logarithmic derivatives of Ly ,(s) at d and 1 — d, by
VD) Ly -d)
log(q)Ly,p(d) * log(q)Ly,,v (1 —d)
We may rewrite the case i/ < i as

I,6)
i D) = = 2 X (o o) g 7 — G =2 2 xp (o) i,

—(2gy — 2)dim p.

Then the displayed expression in Proposition 1|is the sum

”<( (n—1r+1 >_< (n—1)r+1 >) ¢ (9)
a ; nan_177n_1 n—i—j—Ln—],n—l,,n—l loquX(])

n

(n—1r+1 j o
_ )97 (i)
jz_:2<n+j—1,n—j,n—1,-~- n—1 ZlquLyp pr 7i foi)(=1)

(i,2")

= (n—1r+1 o
- Z<n+j—1n—jn_1... n—1>z > X (o o) (=17 dim p,

Jj=2 P (4,i"),i>1

Now we note that .
Z Xpv (o] Loi)(— l)J”(“) = |2[*(®; * @;/,va>

(i,i")

Z Z va(ai—/lo_i)(il)ju(i,i’)dimp _ Z Z va(Ui—/lgi)(fl)ju(i,i')xp(l)

P (i,4),5>1 P (i,i),i>4

= |3 Z (=1)7v ()

> ,0;=0,

ZI(Z[(2; + @5)(1) = 7)/2.

and

These identities together complete the proof.
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