MODULARITY OF HIGHER THETA SERIES I:
COHOMOLOGY OF THE GENERIC FIBER

TONY FENG, ZHIWEI YUN, AND WEI ZHANG

ABSTRACT. In a previous paper we constructed higher theta series for unitary groups over function fields,
and conjectured their modularity properties. Here we prove the generic modularity of the ¢-adic realization
of higher theta series in cohomology. The proof debuts a new type of Fourier transform, occurring on
the Borel-Moore homology of moduli spaces for shtuka-type objects, that we call the arithmetic Fourier
transform. Another novelty in the argument is a sheaf-cycle correspondence extending the classical sheaf-
function correspondence, which facilitates the deployment of sheaf-theoretic methods to analyze algebraic
cycles. Although the modularity property is a statement within classical algebraic geometry, the proof relies
on derived algebraic geometry, especially a nascent theory of derived Fourier analysis on derived vector
bundles, which we develop.
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1. INTRODUCTION

The modularity of theta series has a long and storied history, beginning with Poisson, who famously
applied Poisson summation to prove the modularity of Jacobi’s theta seriesEl From the modern perspective
of automorphic forms, theta series can be constructed much more generally, for all reductive groups fitting
into dual reductive pairs, and essentially the same Poisson summation argument generalizes to prove their
modularity. So, to make a long story short, the modularity of theta series can ultimately be seen as a
relatively simple (by modern standards) consequence of Fourier duality.

Kudla introduced an analogue of theta series in arithmetic geometry, called arithmetic theta series. These
objects are again constructed as Fourier series, but with coefficients being algebraic cycles rather than
numbers. They are also conjectured to be modular, but that turns out to be much more difficult to prove

IThe proof of the modularity appears in Jacobi’s paper [Jac28], where he credits it to Poisson; cf. [Edw01], p.15, footnote f].
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(and even to formulate, in the ideal generality). For example, the modularity of arithmetic theta series of
divisors on (the integral models of ) unitary Shimura varieties was proved only recently, in [BHK™ 20|, and has
interesting applications such as to the proof of the “Arithmetic Fundamental Lemma” [Zha21]. For another
example, the modularity of arithmetic theta series on (the integral models of) orthogonal Shimura varieties
was proved even more recently, in [HMP20] (for divisors) and [HM22], and has interesting applications such
as to the study of exceptional jumps of Picard ranks of K3 surfaces over number fields [SSTT22].

As these examples illustrate, the modularity of arithmetic theta series has so far only been accessible
through the codimension one (i.e., divisor) case; the reason for this is immediately clear from the proof
strategy, which will be recalled below. In particular, it has so far been inaccessible in situations with no
arithmetic theta series of codimension oneEl, such as unitary groups with signature (p, ¢) where both p,q > 1.
Moreover, this modularity has important and far-ranging consequences for other problems in arithmetic
geometry.

In the papers [FYZ21a| and [FYZ21D], the authors investigated theta series and arithmetic theta series
over function fields, and discovered in that context that the story extends further: for each r > 0, there are
higher theta series Z" that specialize to classical theta functions when r = 0, and arithmetic theta series
when r = 1. The adjective “higher” refers to the fact, established in [FYZ21a)], that these higher arithmetic
theta series are related to higher derivatives of Siegel-Eisenstein series, a generalization of the Siegel-Weil
and arithmetic Siegel-Weil formulas.

The main objective of [FYZ21D] was the construction of higher theta series, and the precise formulation
of a Modularity Conjecture asserting their modularity property. The construction is itself a substantial task,
because certain so-called “singular” Fourier coefficients comprising the Fourier series are especially subtle
and complicated (the authors did not know how to define the singular Fourier coefficients at the time of
writing [FYZ21a]). In particular, we emphasize that the singular Fourier coefficients appear to be more
complicated in the function field setting than their counterparts over number fields (see the discussion in
, at least from the perspective of classical algebraic geometry. A new insight of [FYZ21b], however, was
that all Fourier coefficients — singular or not — have a uniform and concise description in terms of derived
algebraic geometry; we refer to the Introduction of loc. cit. for more discussion of these issues. As was
anticipated there, this phenomenon extends to the more traditional number field context of arithmetic theta
series: Madapusi has recently found an interpretation of the virtual fundamental classes of special cycles on
Shimura varieties in terms of derived algebraic geometry [Mad23].

In the present paper, we prove the modularity of the higher theta series for all r, after realization in ¢-adic
cohomology and restriction to the “generic fiber” (whose technical meaning will be explained below in .
Notably, the argument is completely uniform in all parameters, including both r and the codimension of the
cycles, unlike what one has in the number field setting. We also believe that it will apply with little change
for symplectic-orthogonal dual pairs, as well as unitary groups with different “signatures”, although for
comprehensibility we have not written it in the maximum generality here. The proof employs an arithmetic
incarnation of Fourier duality, which can be seen as a natural generalization to algebraic cycles of the Fourier-
analytic argument for the modularity of the classical theta series (i.e., the case r = 0). In particular, our
proof is completely different from existing proofs of modularity for arithmetic theta series.

1.1. Formulation of the results. We turn next to a precise formulation of our results. Let X’ — X be
an étale double cover of smooth projective curves over a finite field Fy of characteristic p > 2. Fix integers
n>m>1,and r > 0.
We recall the following definitions from [FYZ21D, §4.5]:
e Let Bungy-(2m) be the moduli stack of triples (G, 91, h) where G is a vector bundle of rank 2m over
X', M is a line bundle over X, and h is a skew-Hermitian isomorphism h : G = 6*GY @ v*M =
o*G* Qur(wx @ M).
e Let Bunp be the moduli stack of quadruples (G, M, h, &) where (G,9M, h) € Bungy(2m), and € C G
is a Lagrangian sub-bundle (of rank m).
e Let Shtgy(,) be the moduli stack of rank n similitude Hermitian shtukas.

2H0wever, Kudla proved in [Kud21l, Theorem 1.1] that the Beilinson-Bloch Conjecture can be used to deduce the modularity
of the generating series for compact orthogonal Shimura varieties (on the generic fiber) even in signatures that do not admit
special divisors. The argument relies on particular features of the Hodge diamond of orthogonal Shimura varieties, and does
not apply for unitary Shimura varieties.



In [FYZ21b, §4], we constructed the higher theta series
zZ Bunp (k) = Chy(n—m)(Shtgy )

The value of Z7, on a tuple (G, 9, h, £) is defined as a Fourier series, with Fourier coefficients [ZE(a)] where
the Fourier parameter a is a Hermitian map & — ¢*&Y ® v*(M).

The map Bunlgm (k) — Bungy(2m)(k), given by forgetting the Lagrangian sub-bundle £ C G, is surjective,
and [FYZ21bl Modularity Conjecture 4.15] predicts that an descends through this map to induce a function
Zy,  Bungyam) (k) — Ch,.(n_m)(Shth(n)), as in the diagram below.

Bunp (k)

BunGU(Qm)(k) ””” > Ch7(n m)(ShtGU(n))

In other words, the Modularity Conjecture says that the function FZVJ;“ which a priori depends on (G, 9, h, &),
is actually independent of the Lagrangian sub-bundle £ C G.
Next we proceed to describe the main theorem of this paper. For ¢ # p, there is an f-adic realization map

Chr(nfm) (Shth(n)) H2r(n m) (Shth(n))

where HBM(Y) denotes the the f-adic Borel-Moore homology of a space Y =+ Spec k, i.e., HBM(Y) :=
H2(Y;7'Qy Spec k(—1%)). We denote by |Z7’ |¢ the composition of the ¢-adic realization map Wlth the higher
theta series, which is a function

|Z3 e Bunp (k) = HEN, ) (ShtGp -

2r(n—m

We consider a modification of \FZVM ¢ according to the following structures:
e The stack Sht(,, is locally of finite type, and admits a presentation as an inductive limit of finite

type open substacks ShtGU( ) where p is a Harder-Narasimhan polygon for GU(n). Hence we have
restriction maps

HEY, ) (Shtger ) = HEN, m)(ShtTGU(n))
for every p.

e The stack Sht(,) admits a “leg map” Shtgy(,,) — (X')". Let n = Spec F” — X’ be the generic
point. Let n" = Spec (F’ ®f --- @ F') — (X’)". Note that n” contains the generic point of (X')"
but it also contains many more points such as the generic point of the diagonal X’. Hence we have
a restriction map

H2r(n m) (ShtrGU(n)) - H2r(n m) (ShtrGU(n) X(X’)”?T)-

Our main result is that the function |27, |, is modular after composing with the restriction maps of the bullet
points above:

Theorem 1.1.1. The composition

|Z e

Bunﬁm (kj) H27‘(n m) (ShtTGU(n)) — lim H2T(n m) (Shthl(tn) X(XI)T”]T)

u
descends through Bung (k) — Bungu(am)(k). In other words, its value on (G, h,E) € Bunp (k) is
independent of the Lagmngwn sub-bundle € C G.

Remark 1.1.2. Theorem implies the modularity of |Z" |, restricted to the generic point of (X')"
(hence also the geometric generic fiber of (X’)"), but it contains more information. For example, it also
implies the modularity of |Z7, |, restricted to the generic point of the diagonal A(X’) < (X')" (i.e., all legs

coincide), whose geometry is quite different from the generic fiber over (X')".

Remark 1.1.3. We emphasize that Theorem [1.1.1| can be formulated completely within classical algebraic
geometry, while its proof will draw upon the theory of derived algebraic geometry.
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1.2. Comparison to number fields. As hinted earlier, the case r = 0 of Theorem is classical, while
the case r = 1 of Theorem [1.1.1]is parallel to the modularity of arithmetic theta series on the generic fiber
of Shimura varieties. Therefore it is natural to compare Theorem to analogous results for arithmetic
theta series on the generic fiber, which we refer to as “generic modularity”.

One analogous result to (the » = 1 case of) Theorem is the landmark work of Kudla-Millson
[KM90], establishing modularity in Betti cohomology of Shimura varieties, which was a vast generalization
of a theorem of Hirzebruch-Zagier [HZ76]. (Note however that this amounts to modularity in the geometric
generic fiber, which is weaker than modularity in the generic fiber.) This will be discussed further below.
For the analogous problem on orthogonal Shimura varieties, a similar result is the work of Borcherds [Bor99]
which established the generic modularity in the Chow group for the codimension 1 case. Using Borcherds’
work, the third author’s thesis [Zha09] proved the generic modularity in arbitrary codimensions conditionally
upon a convergence hypothesis. Finally, this convergence hypothesis was established by Bruinier-Westerholt-
Raum [BWRI5], completing the proof of the generic modularity in arbitrary codimensions (in the orthogonal
case). Of course, these achievements built upon work of many other people, whom we have not mentioned.

Naturally, our initial attempts to prove the Modularity Conjecture started by looking to the proofs of the
above results for inspiration. However, we did not find a way to adapt any of their ideas to the function field
case, for reasons that we will briefly explain.

1.2.1. The work of Kudla-Millson. As mentioned above, the modularity of arithmetic theta series in the
Betti cohomology of the geometric generic fiber was obtained by Kudla-Millson [KM90]. Roughly speaking,
they imitate the proof of modularity for theta functions, but replacing functions by differential forms on
the complex points of the relevant Shimura varieties, which are then uniformized by complex hermitian
domains. Unfortunately for us, this argument relies fundamentally on features that do not exist in positive
characteristic, such as:

e An “analytic description” of cohomology classes in terms of automorphic forms, coming from de
Rham theory.
e The control of Betti cohomology of locally symmetric spaces provided by (g, K)-cohomology.

By contrast, we have no analogous “uniformization” of Sht(,,), we cannot represent their f-adic cohomology
classes by concrete objects close to automorphic functions, and their cohomology groups are comparatively
very complicated (e.g., infinite dimensional).

We remark that although the statement of our Theorem is formally analogous in the r = 1 case
to the results of Kudla-Millson on geometric modularity in cohomology, the actual arguments seem to have
nothing in common. In particular, the reason we restrict to the generic fiber has nothing to do with the
previous paragraph; for us the point is that we need to add level structure along certain points on the curve
(that we have no control over), and the level-structure cover is generically finite but may fail to be finite
when these points coincide with the legs. If the cover were proper over the whole curve, then we would be
able to execute our argument over the whole curve. Also, we prove modularity in absolute cohomology, i.e.,
without having to pass to the geometric generic fiber.

1.2.2. The work of Borcherds, etc. Except in low rank cases that can be analyzed explicitly, all other ap-
proaches to modularity of arithmetic theta series are based on the method of Borcherds [Bor99]. A summary
of this method can be found in (for example) [BHK™20, §1.2]. Roughly speaking, it proceeds by using
Borcherds products to lift weakly holomorphic modular forms to meromorphic forms on the unitary Shimura
variety. The divisor of each such form provides a relation in the Chow group of the Shimura variety. Apply-
ing this to the entire space of weakly holomorphic modular forms, of the correct weight and level, leads to a
host of such relations, which comprise the content of modularity, by Borcherds’ modularity criterion.

Unfortunately for us, no analogue of Borcherds lifting exists in positive characteristic.

Moreover, one might say that the strategy above relies implicitly on the fact that the zero-th Fourier
coefficient of the generating series has a simple form: it is the negative of the first Chern class of the line
bundle of modular forms w. It is for this reason that constructing modular forms, i.e., sections of w, produces
the right relations. In general, one expects roughly that the singular Fourier coefficients of arithmetic theta
series to be a power of this Chern class times a cycle that “looks like” a non-singular Fourier coefficient (see
[Kud04] for more precise formulations).

By contrast, in [FYZ21b] we proposed a construction of the singular Fourier coefficients for higher theta
series over function fields, which turned out to be much more complicated. For example, the constant term



Z£(0) of the higher arithmetic theta series has a decomposition into infinitely many (if m > 1) open-closed
pieces, indexed by sub-bundles &L C £. The piece labeled by the sub-bundle K = 0 is what we call the
“least degenerate stratum”, while the piece labeled by K = £ dominates the whole moduli space of shtukas.
Correspondingly, the virtual fundamental class [Z(0)] is an infinite sumﬂ of the form

T

[ZE(0)] = > ((H Crop(P o K ®€i)> n [ZEVOK(O)O : (1.2.1)
Kcce \ \i=1

The notation is explained in [EYZ21bl §4]; we do not explain it here as we only want to refer to coarse

aspects of its form.

e The summand indexed by K = & contributes the top Chern class of a vector bundle, which is
analogous to the Hodge bundle w™! in the number-field case.

e The summand indexed by K = 0 (which we think of as the “least degenerate” piece) contributes a
virtual class defined by certain, somewhat complicated, derived intersections of cycles.

e The intermediate terms, indexed by non-zero proper sub-bundles K C &£, contribute some mixture
of the above extremes: they are a Chern class times the virtual fundamental class of the “least
degenerate” piece from a lower-dimensional situation.

From this perspective, what happens over number fields is that only one summand from appears
(namely, the one corresponding to the “most degenerate stratum”), because the other pieces are precluded
by considerations at the archimedean place.

In summary, the vastly more complicated form of , as compared to the number field case, makes it
difficult to imagine proving modularity by explicitly constructing all the necessary relations.

1.3. New ingredients. Having explained why the pre-existing approaches to modularity do not seem ap-
plicable in our setting, we now proceed to describe the novel ingredients featuring into our proof of Theorem

CT1

1.3.1. Derived fundamental classes. The elementary but complicated definitions of the virtual fundamental
cycles [ZE(a)], such as in (1.2.1)), are too unwieldy for us to work with effectively. A key point is to find a
more conceptual description, which is uniform in the Fourier parameter a.

An insight of [FYZ21D] is that the virtual fundamental classes admit an alternative description: they are
the “naive” fundamental classes from a more sophisticated perspective. Namely, recall that the higher theta
series is defined as a Fourier series, with Fourier coefficients [Z}(a)] where a is the Fourier parameter. Here
Z¢(a) is a certain space which is finite over Sht/(,), but often of the “wrong” dimension, so the associated
cycle class [ZZ(a)] must be constructed as a wvirtual fundamental class. However, it was discovered in
[EYZ21b] that “repeating” the definition of ZZ(a) in the natural way within derived algebraic geometry
produces a derived stack 2 which is quasi-smooth of the “correct” dimension. As explained in [Khal9], a
quasi-smooth derived stack . has an intrinsic notion of fundamental class [.#], which can be interpreted
as a “virtual fundamental class” on its classical truncation. The classical truncation of 27 (a) is ZZ(a), and
we calculated that [2¢ (a)] coincides with the elementary but complicated construction of the virtual class
[ZE(a)]; thus for example the “naive” notion of fundamental class of the derived stack [Z¢(0)] agrees with

the unwieldy formula (1.2.1)).

1.3.2. Arithmetic Fourier transform. As mentioned at the beginning, the modularity of classical theta series
is based on the Fourier transform. In order to prove Theorem [1.1.1} we introduce an arithmetic Fourier
transform over HPM(Shtg;(,.y), which specializes to a relative version of the usual Fourier transform over
finite fields when r = 0.

The construction of the arithmetic Fourier transform is formally analogous to that of the usual Fourier
transform. We consider a level structure cover “Shty, " — Sht¢(,), which is an Fg-vector space in stacks
over Shtgy (). (The main reason for working on the generic fiber is that the geometry of the level structure
cover is relatively simple over the generic fiber.) Therefore, it has a dual cover ¢ Sht% 7 — ShtTGU(n), and an
evaluation map
ev
— F,.

T ks
ShtV X ShtEU(n) Shtv

<

Gw)’ only finitely

3This is a well-defined cycle because Sht, ) is of infinite type. On any quasi-compact open substack Sht

many of these summands are supported.
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For a nontrivial additive character i of F,, the arithmetic Fourier transform
arith r r
FT: HPM (Shty, ) — HPM(Shtf)

is defined in terms of the diagram

Shty, XShtZ, ) Sht% —~ = Fy
pry pry
Sht}, Sht?,

by sending a € HPM(Shty,) to pry(ev* ¢ - pri a) € HPM(Shtf).

Recall that the Modularity Conjecture can be phrased as independence of the higher theta series Z7, on
the Lagrangian sub-bundle £ C G. In other words, its content is that for two different choices of Lagrangian
sub-bundles &;,& C G, one has N B

ZT (G, M b, &) = Z7 (G, M, h, E). (1.3.1)
In the case of the classical theta series » = 0, one can prove this relation as follows. Assuming for simplicity
that & and & are transverse Lagrangian sub-bundles, one can factor the special “cycles” through a level
cover Sht), — Shth(n) (adding level structure along a subset depending on &;, &), which is an Fg-vector
space over Sht%U(n) equipped with a self-duality. One can show that the Fourier transform of the special
“cycle” 3, [22 (a1)] for &1, which is really just a function on the discrete set | Sht?, |, is essentially equal to
the special cycle [222 (a2)] for &. The theta functions for &, & are obtained by pairing the respective
special cycles with a Gaussian, so then the equality for r = 0 follows from the Plancherel formula
(i.e., unitarity of the finite Fourier transform) and the Fourier self-duality of Gaussians.

We can formulate a generalization of this statement for higher r: the special cycles », [Z¢ (a1)] and
>0, |28, (a2)] factor through a certain self-dual level cover Shty, — Shtgy(,,), and:

The arithmetic Fourier transform FT*™ of the special cycle > a, | 2¢, (a1)] should be

1.3.2
essentially equal to the special cycle »_, [Z¢ (a2)]. ( )

However, for » > 0 it is much less clear how one would prove such a statement, and this requires another
innovation that we describe next.

Remark 1.3.1. The arithmetic transform does not depend on features specific to the function field context,
such as the possibility of “multiple legs” or the existence of categorifications, so it makes sense even for
Shimura varieties as in the traditional context of arithmetic theta series. It is therefore enticing to wonder
how much of our strategy can be ported over to number fields. One new puzzle that arises when trying to
do this is that the Archimedean place must be incorporated somehow (even when working on the generic
fiber).

1.3.3. The sheaf-cycle correspondence. Grothendieck’s sheaf-function correspondence associates to an f-adic
sheaf on a variety over a finite field F, a function on its Fg-points. This allows to bring the tools of sheaf
theory to bear on of functions, and its utility is by now well-documented in myriad applications.

In fact, Grothendieck’s formalism [SGATT] can also be applied to produce higher dimensional cohomology
classes from sheaves, although we are not aware of any instance until now where this observation has been
used. In order to prove a statement like (|1.3.2]), we extend Grothendieck’s formalism to a framework that
we call a sheaf-cycle correspondence, in order to bring the tools of sheaf theory to bear on the analysis of
algebraic cycles.

To hint at what this entails, we recall that in the sheaf-function correspondence, one begins with an
endomorphism of a sheaf, and then extracts a function by taking the trace of the endomorphism. In the
sheaf-cycle correspondence, one begins with a derived endomorphism of a sheaf (i.e., a higher Ext class) and
then extracts, by a generalization of the “trace” operation, a cycle class in cohomology. (By working with
motivic sheaves, one can refine the trace to produce a class in the Chow group, but that is not considered
in the present paper).

As usual, in practice it is useful to consider generalizations with complexes instead of sheaves, and corre-
spondences instead of maps. Thus, in its general form, the sheaf-cycle correspondence applies a “trace” to
extract a cycle class from a cohomological correspondence, which is a certain map of complexes.
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To prove the precise statement underlying , we realize the virtual fundamental classes 3, [Z¢ (a1)]
and >_, [Z¢,(a2)] as arising by the sheaf-cycle correspondence from cohomological correspondences ¢y and
¢yL, respectively. Then, we prove that a sheaf-theoretic Fourier transform essentially takes ¢y to cpyo.
Finally, from this sheaf-theoretic statement we extract by taking the trace.

The above strategy uses essentially the additional flexibility afforded by sheaves (as opposed to cycles).
Cohomological correspondences are maps of sheaves, and to show that the relevant two maps agree involves
intricately dissecting them into pieces, Fourier transforming some of the pieces, etc. and then reassembling
at the end.

Remark 1.3.2. The classical sheaf-function correspondence includes a compatibility with pushforward
and pullback operations; in particular, the pullback compatibility is obvious there. For the sheaf-cycle
correspondence, there is a form of pullback compatibility but it is much subtler, and seems to require
derived geometry even to formulate (a reflection of the fact that pullback of algebraic cycles is a subtle
operation, which is most robustly understood through derived geometry). Perhaps this is a reason why the
sheaf-cycle correspondence has taken relatively long to materialize into applications.

1.3.4. Derived Fourier analysis. Via the sheaf-cycle correspondence, the duality ultimately comes out
of a new apparatus that we call derived Fourier analysis. This involves a generalization of Deligne-Laumon’s
theory of f-adic Fourier transform, which takes place on vector bundles, to a context that we call “derived
vector bundles”, which are spaces built out of perfect complexes, generalizing how vector bundles are built
from locally free coherent sheaves.

An example of a derived vector bundle is the derived fibered product of a morphism of classical vector
bundles E’ — E with the zero section of E. Derived vector bundles also include certain types of classical
stacks as well. Derived vector bundles have duals, and this duality interchanges the “classical stacky” and
“derived” directions of derived vector bundles. In particular, the dual of a classical stack can have non-trivial
derived structure, and vice versa.

We can give a brief hint as to the role of derived vector bundles. For 7 = 0, the special cycle ), Z¢ (a1)
is a counting function on the set of (Hermitian) vector bundles F over X, which sends F to the number of
maps # Homx (&1, F). For r > 0, we want to let F vary in moduli, but the vector spaces Homx (£, F) do not
assemble into a vector bundle as F varies, for example because their dimensions jump discontinuously with
F. However, the “derived vector spaces” RHomx (€1, F) do (informally speaking) assemble into a derived
vector bundle, which is locally of the form described in the first sentence of the preceding paragraph.

In particular, the previously discussed cohomological correspondences ¢y and ¢y live on derived vector
bundles of the above sort, and are defined using the notion of relative fundamental class for a quasi-smooth
map of derived schemes. We therefore develop the theory of ¢-adic Fourier transform on derived vector
bundles in order to compute with them. It turns out that there are several new technical challenges in the
derived setting, which would be interesting for further study.

Remark 1.3.3. The primordial forms of derived Fourier analysis were discovered through computations in
[EW], and the theory we develop here will be also be applied in loc. cit. (along with other ingredients)
in order to categorify the Rankin-Selberg unfolding method for automorphic periods. Some of our results
on the derived Fourier transform were inspired by work-in-progress of Adeel Khan investigating a derived
Fourier transform for homogeneous sheaves.

1.4. Organization of the paper. We provide some commentary on the organization of the paper.

In the next section of the paper, §| we explain a proof of modularity in the special case r = 0, as a
template/toy model for the general case. Very roughly speaking, this proof will be geometrized from functions
to sheaves, and then Theorem will be extracted from the sheaf-theoretical level by an appropriate trace
operation (which depends on r). The proof for r = 0 is in and then in we give an overview of the
strategy for the general case, which relies on a setup that we call the “transverse Lagrangian ansatz”. As
the implementation of the strategy is quite long and involved, we recommend referring back to this overview
repeatedly for guidance. In particular, we defer a discussion of the organization of some individual sections
of this paper to

Part I, consisting of §3]— §5] is devoted to the formalism of cohomological correspondences their interaction
with algebraic cycles through the sheaf-cycle correspondence.

The notion of a cohomological correspondence, and the operation of extracting an algebraic cycle as
the trace of a cohomological correspondence, are explained in §4.I] The majority of Part I is devoted to



8 TONY FENG, ZHIWEI YUN, AND WEI ZHANG

constructing the functoriality operations for cohomological correspondences, and establishing their com-
patibility with the formation of the trace. This story is much subtler than its analogue for the classical
sheaf-function correspondence; in particular, derived geometry already arises naturally and crucially in the
basic formulations.

Part II, consisting of §6|— develops Fourier analysis in two new contexts.

In we generalize the Deligne-Laumon Fourier transform for f-adic sheaves to a derived setting. We
recall the notion of derived vector bundles, which are built out of a perfect complex of coherent sheaves in
a manner generalizing how vector bundles are built from locally free coherent sheaves. Then we define the
derived Fourier transform and state its basic properties, with the proofs deferred to Appendix [A] Actually,
we are only able to establish one of these properties under a technical assumption of “global presentability”,
which appears to be an artefact of the proof. This is good enough for our purposes but it would be more
satisfactory to remove it, which seems an interesting problem.

Then {7] studies the interaction of the derived Fourier transform with cohomological correspondences
between derived vector bundles. Next §8] introduces the arithmetic Fourier transform, establishes its basic
properties, and relates it to the derived Fourier transform through the sheaf-cycle correspondence.

Part III, consisting of §9| and assembles the preceding ingredients to complete the proof Theorem
We postpone an overview of the contents of this Part to
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1.6. Notation. Throughout the paper, let k = F, be a finite field.

1.6.1. Notation related to spaces. In a previous article [EYZ21Db], we took care to use calligraphic fonts like
Z, M for classical stacks and script fonts like 2, .# for derived stacks. Starting in this paper, we will always
work with derived stacks over k by default (although many of them happen to have the property of being
classical, i.e., the natural map from the classical truncation is an isomorphism), and we do not use script
fonts for derived objects. Hence when we say “Cartesian square” we mean what might be called “derived
Cartesian square” (sometimes we keep the adjective “derived” for emphasis), unless noted otherwise. In
particular, the notation departs from that of [FYZ21h].

1.6.2. Notation related to {-adic sheaves. Let Y be a derived Artin stack locally of finite type over k. Then
tautologically the classical truncation Y,; of Y is a higher Artin stack in the sense of [LZ17D, §5.4] (this notion
goes back to Toén). We let D(Y,) := D(Y.;Q,)a be the bounded derived category of constructible étale
sheaves on Y,; as constructed in [[LZ17al §1]. This is the bounded subcategory of a homotopy category of a
certain stable oo-category D(Ye; Q,), constructed in loc. cit., but we shall only need the six functors and their
properties at the level of homotopy categories; for our purposes we prefer the framework of [LZ17bl [LZ174]
because of their generality in handling higher Artin stacks.

Let f be a map of higher Artin stacks. In [LZI7al §1.3] one finds the construction of f* and f, for
general f, the construction of f; and f' for locally finite type f, and the construction of — ®y — and RHom.
One also finds there ([LZI7al Theorem 1.3.9 and Theorem 1.3.10]) the Kiinneth formula, the base change
isomorphism, the projection formula, and other “usual” properties of the six functors when f is locally of
finite type.

Since Y; — Y induces an isomorphism of étale sites by definition, we may set D(Y') := D(Y,;). For a map
f:Y1 — Y5 of derived Artin stacks, we define f*, f, to be the corresponding functor on classical truncations;
if f is locally finite type then we define f' and fi to be the corresponding functor on classical truncations.
In this way we may bootstrap all of [LZ17bl [LZ17a] to the setting of derived Artin stacks.

Remark 1.6.1. It may seem at first that consideration of derived structure is totally irrelevant to the cate-
gories of Z-adic sheaves. However this is not the case, as derived structures will be used to construct certain



natural transformations of functors between such categories, namely the “Gysin natural transformations”
associated to quasi-smooth morphisms f. This is analogous to how the Chow group of a derived stack is
the same as that of its classical truncation, but the derived structure is still useful to construct a virtual
fundamental class within the Chow group.

For a separated morphism f: X — Y of derived Artin stacks (meaning in particular that f is representable
in derived schemes), we let can(f) be the natural transformation f; — f. of functors D(X) — D(Y). If f is
proper, then f; = f, and can(f) is the identity transformation.

For a quasi-smooth morphism f: X — Y of derived Artin stacks, we let d(f) be the virtual dimension
of f (i.e., Euler characteristic of its tangent complex), which we view as a locally constant function on the
source. If f: E — S is a derived vector bundle in the sense of then we call d(f) the virtual rank of
E, and denote it by rank(E).

For a locally finite type morphism f: X — Y of derived Artin stacks, we denote by Dx/y = f'Quy
the relative dualizing sheaf. If f is smooth of relative dimension d, then f' = f*[2d](d). We denote by
Dx,y(—): D(X) — D(X)°P the relative Verdier duality functor, which is represented by the object Dx/y.
For Y = Spec k, we abbreviate Dy := Dx/y.

For any ¢-adic complex K € D(Y'), we denote by K := K[2¢](¢) the indicated shift and Tate twist.

1.6.3. Notation related to coherent sheaves. We let Perf(Y") be the triangulated category of perfect complexes
on Y, i.e., the full subcategory of the derived category of quasicoherent sheaves on Y spanned by objects
locally quasi-isomorphic to finite complexes of finite rank vector bundles.

For a torsion coherent sheaf @ on a curve X’ we let D¢ be its scheme-theoretic support, viewed as a
divisor on X', and |Q| C X’ its set-theoretic support.

In [FYZ21Dh] we distinguished between the notion of a GL(n)-torsor F and the associated vector bundle
V(F), because we wanted to consider maps of the associated vector bundles that are not isomorphisms (and
so do not come from maps of torsors). However, this would be too much of a notational burden in the present
paper, so we use the same notation for F and its associated vector bundle, trusting that context will make
the usage clear.

2. TRANSVERSE LAGRANGIANS ANSATZ

In this section, we will explain a proof of modularity of the higher theta series in the special case r = 0,
as a toy model for the more general argument. In particular, the argument motivates the introduction of
certain auxiliary spaces.

To give a more precise overview of this section:

(1) In we review the formulation of the Modularity Conjecture, which says that a certain construc-
tion of higher theta series Z{n, which a priori depends on a choice of a Lagrangian sub-bundle in a
Hermitian bundle, is in fact independent of that choice.

(2) In we reduce to the Modularity Conjecture for Z:l to a slightly weaker independence statement,
namely that the values of Zﬁ;l on two tranverse Lagrangians coincide.

(3) In we prove this independence statement in the case » = 0. This involves finite Fourier analysis
on various auxiliary vector spaces.

(4) In §2.4] we outline the proof of the general case, indicating in particular the ansatz of spaces and
maps that will be used to generalize the modularity argument from r = 0 to arbitrary r.

2.1. The modularity conjecture for higher theta series. Recall from [FYZ21bl §4.5] that Bungy ()
parametrizes triples (F, £, h), where F is a vector bundle on X’ of rank n, £ is a line bundle on X, and
h:F 5 o*FY @uv*eis an L-twisted Hermitian structure (i.e., o*hY = h).

Recall from [FYZ21b, §4.6] that Bungy - (2,,) parametrizes triples (G, 91, h), where G is a vector bundle

on X' of rank 2m, 9 is a line bundle on X, and A : G = ¢*GY ® v*M is an M-twisted skew-Hermitian
structure (i.e., c*hY = —h). Alternatively, we can think of h as an Ox-bilinear perfect pairing

()G XG>V (Mwx) (2.1.1)

satisfying (0*3,0*a), = —o*(a, B)p, for local sections o and 8 of G respectively.
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Let Bunﬁm be the moduli stack of quadruples (G, M, h, E) where (G, M, h) € Bungy-(2m), and € C G is

a Lagrangian sub-bundle (i.e., £ has rank m and the composition £ C G LN o*GYV UM — o*EV @ M is
zero). In [FYZ21D| §4.6], we defined for each r > 0 and m < n a higher theta series

Z:n : Bunﬁm (k) — Chr(n—m) (Shth(n))

We briefly recall the definition of Z{n Let £ = wx ® M. Let Shty(,) o be the moduli stack of rank n
Hermitian shtukas Fo = ((2:), (F:), (fi), ¢ : Fr = TFo) on X’ with 7 legs and similitude line bundle £. For
a vector bundle £ on X’ of rank m, we have the special cycle Zg¢ ¢ parametrizing a point F, of Sht{,(n)yg,
and maps t; : £ — F; (0 < i < r) compatible with the shtuka structure on F,. For details we refer to
[EYZ21b, §2.3]. For a Hermitian map a : & — 0*&Y ® v*L, let Z{ ¢(a) be the open-closed substack of
Z¢ ¢ consisting of (Fs,t,) such that the Hermitian form on F, induces the Hermitian map a on & via t,.
Let ¢ : Z¢ o(a) — Shty(,) ¢ C Shtgy(,) be the map forgetting to, which is known to be finite [FYZ21al
Proposition 7.5] and unramified.

In [FYZ21D) Definition 4.8] we have defined a virtual fundamental class [Zg ¢(a)] € Chy(n—m)(Zg o(a)).
Pushing forward along (, we get Chow classes

C* [Zg,}:(a)] € Chr(nfm) (Shtg(n),il)-

The value of Z7, on (G,9M, h, ) (recall M = wyx' ® £), which we henceforth abbreviate as (G, €), is defined
as

Z3n(G,€) = X(det £)gn(Ieafmaea £den )2 N " (g e, a)) ([ ZE o (a)). (2.1.2)
a€Ag ¢ (k)
Here
x : Picx: (k) — Q, is a character whose restriction to Picx (k) is 5", where 1 : Picx (k) — {#1} is
the character corresponding to the double cover X'/X.

Y :Fg— QZ is a nontrivial character.

e the summation of a runs over the set Ag ¢(k) of all Hermitian maps a : £ — 0*€Y ® v*£, including
the singular ones.

Let & = G/€. The pairing (-, ) in induces a perfect pairing £ x c*£’ — v*£. This identifies
&' with 0*€* @ v*£. We thus have a short exact sequence

0 & g o QUL ——0

giving an extension class eg ¢ € Ext'(c*£* @ v* L, ).
e The pairing (—, —) is the Serre duality pairing between Ext!(¢*£*®@v*£, £) and Hom(E, 0*EY @v*L).
As explained after [FYZ21b, Conjecture 4.15], the modularity of an can be formulated as the assertion
that Z;, is actually independent of the choice of Lagrangian sub-bundle £.

2.2. Reduction to the case of transverse Lagrangians. We first argue that it suffices to show that
whenever £,& C G are two transverse Lagrangians in G € Bungy - (2m)(k), meaning that their intersection
in the vector bundle G is the 0-section, then we have

Z0(G,&1) = Z0,(G.&).

Note that the condition that &,& are transverse is equivalent to their intersection being zero on the
(geometric) generic fiber of X’.

Lemma 2.2.1. Let F'/F be an extension of fields of characteristic not equal to 2 and V be a finite-
dimensional F'/F-Hermitian space. Let Ly, Lo be two Lagrangian subspaces of V. Then there exists a
Lagrangian subspace L C 'V such that

IhNL=LyNL=0.

Proof. Let I := Ly N Lo, an isotropic subspace of V. Then (using that the characteristic of F' is not 2) we
may find an orthogonal decomposition V' 2 (I & I*) @ V' as Hermitian spaces, such that:

e [* is Lagrangian in I @ I* and the Hermitian form on V induces a polarization I — I*.
o [y =1I® L] and Ly = I ® L), with each L} being Lagrangian in V’.
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We will take L to be of the form I* & L', where L’ is a Lagrangian in V' transverse to both L} and L}. To
see that such L’ exists, note that the Lagrangian polarization V' = L} & L/, induces an identification of L}
with (L})*. Choosing any basis of L] induces a dual basis for L), and a corresponding decomposition of V'
into a direct sum of 2-dimensional Hermitian spaces. This reduces to the case dimp/ (V') = 2. In this case,
we may arrange [ € L)} and ly € L, whose non-zero pairing under the Hermitian form lies in (F’)7=~1
Then 1 + 5 generates a Lagrangian subspace of V’ which is transverse to both L} and Lj.

With this choice of L, it is clear that L is tranverse to both L; and Lo. ([l

Corollary 2.2.2. Suppose that for any G € Bungy - (2m)(k) and any two transverse Lagrangian sub-bundles
&1,E C G, we have

Z0(G,&1) = Z0,(G, &).

Then an is modular.

Proof. The meaning of modularity is that Z7,(G,&) = Z7,(G,&,) for any two (not necessarily transverse)
Lagrangian sub-bundles £;,& C G. By Lemma [2.2.1] we can link any two Lagrangian sub-bundles by a
Lagrangian sub-bundle which is transverse to both. O

Therefore, in order to establish Theorem [1.1.1} we are reduced to proving:

Theorem 2.2.3. For any G € Bungy-(2m)(k) and any two transverse Lagrangian sub-bundles £1,E> C G,
we have

125G, E0)|e = 1Z3,(G, E2)|e € Im HENL ) (Shtgh ) X xryemy).
n

The formulation in [FYZ21D)] involves a similitude line bundle £ on X’. For sanity of notation, we will
present the proof only in the case where £ is trivial, so that it may be omitted entirely. The argument can
be adapted to include £ in a completely straightforward manner. Accordingly, we assume henceforth that
the similitude line bundle 9 for G is w;(l, i.e., the Hermitian form on G is an isomorphism G = 0*G*.

2.3. The case r = 0. The proof of Theorem [2.:2.3] will be long and complex. Some of the complications
are caused by technical issues that are not present for r = 0. Therefore, we will illustrate the argument for
r = 0, which can serve as a simplified model for the general case.

2.3.1. By definition [FYZ21b, Definition 4.13], the higher theta series for r = 0 is a function on Bung,,) (F),
whose value on F € Buny(,,)(F,) is given by

Z?n(g7gl)]__ — x(det gl>qn(deg81—degwx)/2 Z 1/)(<€g,£17a>)#3g1 (a)]__
a€Ag (k)

= x(det &;)grtieerdem )2 N ((eg g, alt)))
teHom(&1,F)

where a(t) € Hom(&;,0*EY) is the composition

t h *tY
& > F 5 o*FY T otgy.

We find it more psychologically convenient to rewrite the index of summation as Hom(F*, £5) = Hom(&;, F).
Similarly, the value of Z9 (G, &) at F is

Z9(G. &) F = x(det E)qmIesE2mdeswx)/2 N (g g, alt))).
teHom(E2,F)
‘We will show that
Z0(G,60)F = Z,(G,&)F, VF € Buny()(F,), (23.1)

whenever £ and &, are transversal Lagrangians in G.
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2.3.2. Preliminaries. We begin with some preliminaries that are not specific to » = 0. Recall that we assume
the similitude line bundle £ is trivial, so that for (G, h) € Bungy-(2m), h gives a perfect pairing

(v )n:Gxo"G— Ox. (2.3.2)
Let &1, &5 be Lagrangian sub-bundles of G. Each inclusion & — G induces a short exact sequence
0—=& — (G5 0°G") = 0" — 0. (2.3.3)

Here we are using the form (-, -); to induce a perfect pairing &; x 0*(G/&;) — Ox/, which in turn induces
an isomorphism G/&; = o*EF.
Another way to formulate the transversality of &1, &, is as follows. If £ NE; vanishes, then the composition
b12 : 51 — g *)0'*5;
has full rank generically, and therefore has torsion cokernel. Conversely, if the composite map £ — &5 has
torsion cokernel, then & N & vanishes. We can think of 015 as given by the pairing
51 X 0'*52 — OX/ (234)

obtained by restricting (-, ) from (2.3.2). Similarly we have ba; : €5 — 0*&5.
Since we are assuming that &1, & are transverse, we may define torsion sheaves Q1 and @5 to fit into the
short exact sequences

0— & 22 6% — Qa — 0, (2.3.5)
0— & 25 0" — Q1 — 0. (2.3.6)

Let F' be the Zariski constant sheaf on X’ with stalks F’. For a torsion sheaf 7, 7* is defined to be
Hom(T,E'/Ox:). Taking the linear dual (composed with o*) of (2.3.5)), we get a short exact sequence
o*by.
0— & —20"Ef = a"Q5 — 0. (2.3.7)

Since (-, )y is skew-Hermitian, and bio and by; can be interpreted as the restrictions of (-, ), to & X 0*&
and & x 0*&; respectively, we have

O'*b\l/Q = —b21. (238)
Comparing ([2.3.6) and (2.3.7]), we get an isomorphism
Pra: Q1 = 0" Q3 (2.3.9)

compatible with the quotient maps ¢*£f — @1 and ¢*&; — o*@Q3 in (2.3.6) and (2.3.7).
Now switching the roles of £ and &, the same considerations give an isomorphism

Ba1: Q2 = o Q) (2.3.10)
compatible with the quotient maps 6*&5 — Q2 in and 0*&5 — 0*Q)7 obtained by dualizing .
Lemma 2.3.1. The maps P12 and Bo1 satisfy
0" By = —Par. (2.3.11)

Proof. Let G¥ = 0*&5 @ 0*&;; then G is naturally a subsheaf of G* of the same rank. The form (-, -); extends
to a rational skew-Hermitian pairing

()G x 0" Gt > F (2.3.12)
This restricts to pairings:
o x Ef — F' (2.3.13)
ot e x E — F (2.3.14)
which induce pairings
Va1 1 Q2 X 0°Q1 — F'/Ox, (2.3.15)
M2: Q1 x0*Q2 = F'/Oxr. (2.3.16)

Unwinding the definitions, we see that 815 is induced from 715 and 821 is induced from ~91. Since (-, ) is
skew-Hermitian, we see that for local sections sy of @1 and sy of 0*Q4, we have

Y12(51, 82) = —0"y21(0" 52,07 51) (2.3.17)
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This implies the desired equality for 812 and Ba1. O

2.3.3. Self-duality of Q. Recall from the proof of Lemma that G* = 0*& @ 0*& contains G as a
subsheaf of the same rank. Introduce the torsion sheaf Q:

Q:=G"/G=(c"E ®a*&])/G. (2.3.18)

Consider the commutative diagram of coherent sheaves on X',

& — 2 0E —— s Qo

NN N
/\/ d

&y S SN e —— 2

(2.3.19)

To explain the maps in this diagram:

e The diagonal arrows in and out of G are as in (2.3.3)).
e The horizontal sequences are short exact by definition.
e The maps i, and iy are the inclusions as a summand by the definition of G, and ¢ is induced from

i.
Lemma 2.3.2. Maintaining our assumption that the Lagrangians £1,E5 C G are transverse, then both
Q1 — Q and 1y : Q2 — Q are isomorphisms.

Proof. The maps connecting the first and second rows of give a map of short exact sequences. By
definition G* is the pushout of G along b1s (and also along bo1), so the cokernels of the hook arrows & — G
and 0*&; — G* are both identified with ¢*&;, hence we conclude that ¢ is an isomorphism. The same
argument applied to the second and third rows of shows that ¢; is an isomorphism. |

Therefore, composing the isomorphisms in Lemma [2:3.2] with either 812 or B21, we get isomorphisms
B12 (Lgl)

Q —> Q1 — 0" Q5 AN A% (2.3.20)
-1
L0 2, Py grgr T e, (2.3.21)
Lemma 2.3.3. Both his and hoy give Hermitian structures to @, and
hi2 = —ha;. (2.3.22)
Proof. Let
c12:Q x0"Q — F'/Ox (2.3.23)
be the pairing induced by hi2. Similarly define co1. Then for local sections s and s” of @, we have
cra(s, 8') = ma(ey ' (5), 0% (15 (5))), (2.3.24)
c21(5,8") = v21 (15 1 (5), * (17 (). (2.3.25)
The equality h1o = —hoy is equivalent to ¢12 = —co1, which is equivalent to
M2 (5), 0% (131 () + 7215 (5), 0™ (17 (7)) = 0. (2.3.26)
Note G - Q, ® Q2. The rational pairing (2.3.12)) induces a pairing
7:(Q1®Q2) X (67Q1 ®*Q2) = F'/Ox/ (2.3.27)

whose restriction to Q; x o*Q is zero, and whose restriction to Q1 X c*Q2 (resp. Q2 X 0*Q1) is Y12 (resp.

y21). Now the image G of G in Q1 ® Qs is isotropic under the above palrlng, and both projections G — Q; are
isomorphisms. Therefore G is the graph of a unique isomorphism ¢ : Q; = Q2. The fact that G is isotropic
implies that for local sections s1, s} of Q1, we have y(s1 + ¢(s1),0%s] +*(p(s}))) =0, i.e.,

Ma(s1,070(s1)) + 721((s1),07s1) = 0. (2.3.28)

Note that Q = (Q1 ® Q2)/G, hence

tyton=—p: Q1> Q. (2.3.29)
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We can rewrite as
(1,0 (15 V1 (1)) + 21 (13 a (50), 0 ) = 0, (2.3.30)
which confirms (letting s = ¢1(s1), 8" = t1(s})). This finishes the proof. O
2.3.4. Self-duality of Hom(F*,0*Q). Let
V := Hom(F,c"Q). (2.3.31)
The torsion sheaf Hom(F*,0*Q) = F ® o*Q carries a wxs ® F'/Ox:-valued Hermitian form that is the
tensor product of hx on F and o*ci2 on ¢*Q:
hr ® cia : Hom(F*,0*Q) x o*Hom(F*,0*Q) — wx' @ F' /Ox: = wp: Jwx:. (2.3.32)

Here, wpr = wx’ ®o,, F' is the sheaf of rational differentials on X’. Taking global sections and applying
the residue map, this gives a perfect symmetric Fg-bilinear pairing

(==)12: VXV = Fg, (2.3.33)
which induces a quadratic form
qi12: V - Fq.

Concretely, for s : F* — ¢*@Q, we have the composition
hi2 U*Q* sV
giving an element in Ext'(F ® wys,F). Then qia(s) is the image of this element under the trace map
Ext' (F@wys, F) » H (X', wx/) = F,.

Similarly, using ha; on 0*@Q) instead of hj2, we obtain a perfect symmetric Fg-bilinear pairing (-,—)5; on
Hom(F*,0*@) and a quadratic form ¢s;. By Lemma we have

qi12 = —q21. (2.3.35)
Lemma 2.3.4. Fort € Hom(&1, F), let s € V = Hom(F*,0*Q) be the composition

_ hr *
Fouwy o Fr s Q

F] (2.3.34)

F e Lot I o0
Then we have
(eg.ei,a(t)) = —a21(s). (2.3.36)
Proof. Let m; : 0*& — @; be the projection. Let e; € Extl(Q2,51) be the class of the top row of .
Since the map G — 0*&f has a section over the subsheaf £ — 0*&7, eg ¢, is the image of e; under the map

Ext'(Qs, &) = Ext' (Q1, 1) — Ext!(c* &S, &) (2.3.37)

induced by the projection 7 : 0*&f — Q1 and the isomorphism Lglbl : Q1 = Q2. In other words, eg ¢, is
the composition

—1

T €1

a*Ef Q1 —>Q—>Q &1] (2.3.38)
Recall we have a commutative diagram of short exact sequences
0— =& M2 org; ™ o, 0 (2.3.39)

lﬁm
—o* by

21
0——& ——= 0" ——0*"QF ——0

This implies that e; : Q2 — &1[1] can be written as a composition

B21 —a*ny

Q2 — 0*Q; 5 &1[1]. (2.3.40)
Using this and (2.3.38)), we can rewrite eg ¢, as the composition

—1 v
B21 —o"my

Q1 2> Q —25Q, Qi &[] (2.3.41)

USY

o*&f
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Using the definition of hoy in ([2.3.21), we see this is the composition

L1 h21 —o*(11m1)Y

o* & Q o*Q* &1(1] (2.3.42)
Therefore (eg ¢, ,a(t)) is the trace of
Fowgl M i T grgr T gt e T T oyt pyg (2.3.43)
Using the definition of s, we can rewrite as
Fouwgl s o T g 12 grr = (2.3.44)
which is —q21(s) by comparing with . This proves the lemma. |

Remark 2.3.5. Combining Lemma [2.3.4] with (2.3.35), we see that

(eg.e:,alt)) = qua(s). (2.3.45)

Switching the roles of £ and & in Lemma [2.3.4] we have the following formula. Let ¢ € Hom(&y, F), let
s € Hom(F*,0*Q) be the composition

F e o ot Qe L 070
Then we have
(eg.e,,a(t)) = da1(s). (2.3.46)
2.3.5. Rewriting the theta series. Denote by
f: Hom(F*, &) — Hom(F*,0"Q) =V
the map induced by the quotient o*(110m1) : £f — 0*Q1 = 0*Q. Using (2.3.45)), we may rewrite Esn(g, &) F

as

Z0(G.E0)F = x(det&)gndersrdeswx)/2 N y((eg e, a(t)))
tEHOm(gl,]:)

X(det £)" 5812 3 (o () (flgomeree))(s)  (2347)
seV

Here Lijom(F+,¢5) is the constant function with value 1 on the set Hom(F*, £7), so that for s € V, (filgom(F~ 1)) (5)
is the number of maps & — F lying in the fiber over s. For functions 1, p2 on V', we denote

(1, p2lv = 3 @1(v)ps(v)

veV

so that (2.3.47)) becomes
Z5.(G.&1)F = x(det &) 4B E1 =B 2(q% U filytom(Fe £)) V- (2.3.48)

2.3.6. More dualities. Applying ¢* to the bottom row of (2.3.19)), and using ¢1 to identify @ with @, we
get a short exact sequence

0—=0"8 — & —0"Q—0 (2.3.49)
which induces a 5-term exact sequence
Hom(F*,0*&y) —— Hom(F*, &) —— V —— Ext'(F*, 0*&) —— Ext'(F*, &), (2.3.50)
From the top row of we get another short exact sequence
0—=0"& =& —0"Q—0 (2.3.51)

which induces a 5-term exact sequence

Hom(F*,0*&,) —— Hom(F*, &) —— V —— Ext!(F*,0°&) —— Ext'(F*, &). (2.3.52)
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Serre duality exhibits certain dualities between the terms of (2.3.52) and ([2.3.50f), as indicated in the
diagram below:

Hom(F*,0*&7) P Hom(F*, &) —— V. —— Ext!(F*, *52) — Ext!(F*, &)

(2.3.53)

Hom(F*, o
where the dotted arrows connect spaces that are dual. For example, the bottom left term Hom(]—' *0%E) =
Hom(c*&f, F) is dual (via Serre duality) to

h
Ext'(F, 0" @ wxr) = Ext'(c*FY,0"Ef @ wxs) = Ext! (F*, &),
which is the top right term. The self-duality of the middle term V has been explained in §2.3.4]

Lemma 2.3.6. Under either the pairing (—,—)12 or (—,—)21 on V and the Serre duality pairings, the
sequence of maps in the first row of (2.3.53)) is dual to the sequence of maps in the second row, up to sign.

Proof. This follows from applying RHom(F*, —) to the diagram (2.3.39)). |
2.3.7. Fourier transform over finite fields. Next we consider the finite Fourier transform on Hom(F*,o*Q).

First we will have to set up our normalizations.
Temporarily in this section, we let V' denote a vector space of dimension r over the finite field k = F,

and V the dual vector space over k. Recall v is a nontrivial additive character of k. We define the Fourier
transform of a function ¢ on V by the formula

FTv(p)(v Z (v ), eV,
veV

This definition is compatible under the sheaf-function correspondence with the sheaf-theoretic Fourier trans-
form to be defined in §6] With this normalization, we have the following properties of the Fourier transform:

e (Involutivity) FTy o FTy (@) = ¢"[—1]"p, where [~1].¢(v) = o(—v).
e (Plancherel formula)
¢" Y p1(v)ea(v) = Y FTv([=1]"¢1) (@) FTy (2) (). (2.3.54)
veV veV
e (Gaussians) Suppose we have an isomorphism h: V =3 1% satisfying 1 = h. This induces a quadratic
form q: V. — F, given by q(v) = (v,h(v)) and a quadratic form q: V — F, given by q(v) =
(h=1(?),?). Then we have

FTv(q"6) = (~1)"G(V; 0)(~ §2)" v, (2.3.55)

where G(V, q) is the Gauss sum
) =Y (). (2.3.56)

veV
o Let f: V' — V be a linear map between vector spaces of ranks 7' and r respectively. This induces
a morphism f V = V' of dual spaces. Then we have

FTy(fig') = (1) [*FTy/(¢) (2.3.57)
for all functions ¢’ on V', and
FTv(f*¢) = (~1)" "¢" " i FTy (p) (23.58)

for all functions ¢ on V.

Example 2.3.7. Let 1 be the constant function on V with value 1 and dy be the delta function on V
with value 1 at the origin. If dimy (V) = r then we have

FTI(Ly) = (—1)'q"8p

and

FT(6v) = (—1) Ly
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2.3.8. The Gauss sum. For a non-degenerate quadratic space (V,qy) over F,, the normalized Gauss sum
(with respect to the fixed additive character ¢ on F,) is defined as

YViav) =g V2N " (qv (v)). (2.3.59)
veV
(Here g~ dim V/2 means the positive square root of ¢~ 4™ V') We have the following well-known facts:

(1) v(V,qv) is a fourth root of unity in Q,.
(2) The function (V,qy) — v(V,qy) is additive, hence induces a homomorphism from the Witt group

72 Witt(Fg) = 14(Qyp).

(3) For the hyperbolic plane H, := F2 and q4 (z,y) = xy, we have v(H,q4) = 1. From this one deduces
that if the quadratic form qy is split (i.e., there exists a Lagrangian subspace), then v(V, qy) = 1.

(4) For H_ := Fp and q_(z) = Nmpqz/pq(x), we have y(H_,q_) = —1. From this one deduces
that if V' is a F j2-vector space with a nondegenerate F ;2 /F ,-Hermitian form (—, —), and qy(x) =
Nqu2 /¥, (7, ), then v(V,qy) = (—1)dlqu2 v,

(5) Let k' be a finite extension of Fy, and (V’,qy/) be a quadratic space over k’. On one hand, we
can define the normalized Gauss sum 7 (V', qy/) using the additive character ¢, = 1 o Try /p, -
On the other hand, we can view V' as a vector space over F, equipped with the quadratic form
9, = Tryryp, oqv. Then we have v (V' qv/) =~v(V'.q,,,).

Now we are back to the convention that V = Hom(F*,c*Q). We want to compute v(V, q12). Define the
divisor D¢y on X' to be the ) , d.sa’ where d, is the length of @ at z’. Since @ carries a Hermitian form,
we have d,s = dy(,), therefore Dég = v*Dg for a unique divisor Dg on X.

Lemma 2.3.8. We have
Y(Hom(F*,0"Q), q12) = y(Hom(F*,0°Q),921) = nrr/r(Dg)".

Proof. Decompose @) = ©Q, where @, is the summand supported over a place z € |X|. Then (V,q12) :=
(Hom(F*,0*Q), q12) is the orthogonal direct sum of quadratic spaces (V,q,) where V,, = Hom(F*,c*Q.)
and qi2,; = qi2|v,. By observation above, it suffices to consider the case @ = @, for some z € | X]|.

If = splits into 2’ and 2” = o(2’) in X', then we can write @, = Q. ® Q. according the support,
and V = V,y @ V» (where V,y = Hom(F*,Q,/) and V,» = Hom(F*, Q. )) so that V,» and V.~ are both
isotropic. By observation above, v(V,q12) = 1 in this case. On the other hand np//F(DQ) = 1, hence
nrp(Dg)" = 1.

Now we consider the case z is inert in X', and let 2’ be the unique place above x. By observation , we
may rename the base fields, and thereby assume k(x) = F, and k(2') = Fg2. Recall the quadratic form q;2
on V comes from a F,2/F, Hermitian form (—,—) on V by taking q12(v) = (v,v). By observation (), we
have

dimg , V
Y(Viqi2) = (=1) "o .

Note that diqu2 V' = nd where d is the multiplicity of Dg. Therefore
Y(V,q12) = (*Und = UF//F(DQ)H-

The same argument works for 27 in place of 5. O

2.3.9. Conclusion of the argument. We return to the notation V = Hom(F*,c*Q). At the end of §2.3.5 we
expressed

Z%.(G,&1) 7 = x(det & )gndes&r—deswx)/2(gx o), filtom(F=.e:))v- (2.3.60)
By the Plancherel formula (2.3.54)), we have
* 1 *
<CI121/)>f!]1Hom(]-'*,5f)>V = Wq—l]* FT(qmw)’FT(f!]lHom(J-‘*,Sl*))>V-

So we turn to analyze FT(qi,%) and FT(fiLgom(#+ ex)). Below, we abbreviate hom(A, B) := dimg, Hom(A4, B)
and ext!(A, B) := dimp, Ext' (4, B).
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e By (2.3.55)), we have

1 FT(a50) = ()™ VGV, a12) - (—58)°%.

As was explained in §2.3.8] especially Lemma we have
G(V,q12) = ¢"™V2y(V, q12) = npr (Do) g™ V2.
On the other hand, if we use 12 to identify V with 17, then g12 = qi2. By (2.3.35)), we have

—(12 = 21 Therefore, under this identification, we have

(1. FT(q32¢) = (=)™ Vs o (D) g™ V72 - (iqm)*w. (2.3.61)

e To analyze the Fourier transform of filpom(r+ ex), we have a long exact sequence

0 — Hom(F*,0*&) — Hom(F*, &) L Hom(F*,0*Q) % Ext!(F*, 0" &) (2.3.62)
coming from the applying RHom(F*, —) to the short exact sequence 0*€s — & — ¢*@Q. From this
we get

Fltom(F=e) = "™ 78 g 61 (7 o) (2.3.63)
By (2.3.58), the Fourier transform on V' = Hom(F*,0*Q) sends g* g1 (7= o+g,) 1O

. . —ex 1 * g o~
(—1)dimV gdimV=ext! (F0 €G] b i e ey (2.3.64)

. . 1% %o\
_ (71)d1m qulmvfext (F*,o SZ)QIJ]-Hom(]-'*,EZ*) (2365)

where the last equality uses the duality between the upper left and lower right corners of the diagram (2.3.53)),
and Lemma 2.3.6
Putting these equations together and collecting factors yields:

Z’S’L(g? 51)]: = X(det gl)qn(deg £1=degwx)/2 <qx1{2wa f! ]lHom(]:* ,Ef)>V

1. .
= x(det gl)nF’/F(DQ)nq?«Zqﬂ) Y, G ltom(F+ e5))V (2.3.66)

FT(g*(sExtl(]—'*,o*Ez))

where the exponent of ¢ is
1
7= g(degé’l —degwx) + x(F®0"&) + 5 dim V. (2.3.67)

We want to show that this agrees with

Z5.(G, &) 5 = x(det &;)gdee Eamdeswx)/2(qx o) G, Ltom(F=,e5))V

so we separately compare the sign and the exponent of g.

First, we claim that

1’\ * ~ * ~
<(1q21) T/Jag!:ﬂ-Hom(}'*,Sg‘ﬁV = <q21w»gllHom(J~'*,£§)>V‘ (2368)

Indeed, the factor 1/4 = (1/2)* can be eliminated on the left side since §ilgom(#+,5) is invariant under the
scaling action of F;* on Hom(F*,Q").

Next we compare the exponents of g. We expand ([2.3.67)) as

1 1 1
7= i(n deg & —ndegwx) +ndeg(E2) + mdeg(F) — imndegwx/ + 3 dim V. (2.3.69)

From ([2.3.49)) we have —deg&; = deg & = deg&s + deg Q. Also dimV = ndeg Q. Substituting these into
(2.3.69)) and simplifying yields
degwx

1
7= i(ndegé'g —ndegwx) +mdeg F —mn 5 (2.3.70)

Now, F =5 o*F" implies that deg F = %, so (2.3.70) equals §(ndeg& —ndegwx), as desired.
Next we compare the signs. From the top row of (2.3.19) we have

x(det &1)x(v*Dg) = x(det 0™ &3). (2.3.71)
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Since x o v* = 0", we have x(v*Dq) = np/r(Dq)", and we may rewrite (2.3.71)) as
x(det E1)npr/r(Do)" = x(det 0*E5) = x(det o*E) L. (2.3.72)
Finally, we note that
x(det £2)x(det 0*E2) = x(v* Nmdet &) = n(Nmdet &))" =1,

so that (2.3.72)) agrees with x(det &), as desired.
O

2.4. Outline of the proof of Theorem We now give a brief summary of the proof of Theorem
It is a generalization of the r = 0 case in but the steps are of course much more complicated.
We also take the opportunity to indicate, in more detail than in the Introduction, the role of the individual
sections of this paper in this strategy.

Choose transverse Lagrangians £1,& — G. Let @ be as above. We want to show that

Z0(G,&1) = Z0,(G, &)

(1) We will realize the cycle [Z ], whose summands comprise the Fourier coefficients of Zr (G, &), as
the trace of a cohomological correspondencﬁ “cy”, where U is a derived vector bundle over Bung(,,)
geometrizing the Fg-vector space Hom(F*, £F) which appeared in

Similarly, we will realize the cycle [ZEQ], whose summands comprise the Fourier coefficients of

Z:n(g,&), as the trace of a cohomological correspondence “c;;.”, where U~ is a derived vector
bundle over Bung(,,) geometrizing the vector space Hom(F*, £5) which appeared in
The spaces U and U+ are defined in the cohomological correspondences ¢y and ¢y are
defined in and the computation of the traces is performed in based on general results
established in §4.7
(2) We will construct maps f: U — V and f+: U+ — XA/, where V' is a vector bundle over Buny ()
geometrizing the F,-vector space Hom(F*, ()) which appeared in This occurs in
(3) We will construct certain vector bundles W and W+, geometrizing the F-vector spaces Ext' (F*, 0*E>)
and Ext'(F*,0*&), respectively, which appeared in In addition we will construct maps
g:V — W and g*: V — W+ such that g geometrizes the “g” from , and g+ plays the
analogous role with & and & interchanged. This all occurs in
(4) We will prove that a certain pushforward cohomological correspondence “f; ¢iy” agrees with a pullback
cohomological correspondence “g* c¢yr”, geometrizing the identity . We note that while the
identity is trivial, its geometrization is highly non-obvious, and occupies the entirety of
(5) We will prove that the sheaf-theoretic Fourier transform of cohomological correspondences (intro-
duced in takes the cohomological correspondence “g* ¢y7” to the cohomological correspondence
“f- ey (up to shift and twist), geometrizing . This occurs in based on general results
established in {7
At this point the situation is summarized by the following diagram, in which the dotted arrows
connect dual vector bundles.

2] B o U Ut s -0 [25,]
Lo e
freu V< - y V fitepe
J{g gt=F
K’ g
w wt

(6) Forming traces of fi ¢y and fit ¢;y1 produces Borel-Moore homology classes of special cycles, gener-
alizing the filgom(r-.ex) and gilpom(F- ;) in Therefore, the pairing of ’IYSht(f; cy) with an
appropriate Gaussian produces the higher theta series an(g, &1), while the pairing of TrSht(fH- L)
with an appropriate Gaussian produces the higher theta series Z:n(g, &s). This is detailed in

4These notions will be reviewed later, in
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J'lHom(F~£7) < > 91 ltom(F- £5)
r=0/§ r:O/g
pSht r 1 grithmetic Fourier transfor r
frey - s > [25] 2 Himete transiorsy [Z¢,] ST T fi-eps
Z:n(g,sl) — <[Z§1],Gaussian> ([Zgz],Gaussiam — Z:n(g,&)

(7) We introduce in §8| an arithmetic Fourier transform on Borel-Moore homology classes, generalizing
the finite Fourier transform from The previous steps imply that the arithmetic Fourier
transform sends the special cycle [Z{ ] for & to the special cycle [Z{ ] for & (up to signs and
powers of ¢), generalizing the observation that the finite Fourier transform sends filgom(z, er) to
§!]1Hom(p’55) (up to signs and powers of ¢) from Noting again that the Gaussian q*t is
essentially self-dual, we conclude that

([Z¢,], Gaussian) = ([Zg, ], Gaussian)

using a version of the Plancherel formula (2.3.54]) for the arithmetic Fourier transform. This is
carried out in §10.3]

Part 1. Generalities on cohomological correspondences
3. BASE CHANGE TRANSFORMATIONS

The purpose of this section is to establish situations in which we can push forward or pull back coho-
mological correspondences (to be recalled in the next section). This is important for functoriality in the
sheaf-cycle correspondence.

We will start with a commutative square

’

A2 B
f,l lf (3.0.1)
c—2-D
We will investigate various situations in which we have base change maps between various combinations of
pull/push functors in this diagram, and the compatibilities between them.

Remark 3.0.1. Recall that restriction induces an equivalence of étale sites of a derived stack and its classical
truncation. Therefore, one might ask why we discuss derived stacks at all in this section, since all categories
and functors are determined by the underlying classical stack. The answer is that when discussing pullbacks
(in we will need to invoke the relative fundamental class of a quasi-smooth morphism, which is a derived
notion.

3.1. Pushable and pullable squares. Let B =C x p B (derived fiber product) such that the square
(3.0.1) decomposes into a derived Cartesian square and two triangles

A g (3.1.1)
ELB
f/
i f
c—2~D

sothat ¢ =goaand f' = foa.

Definition 3.1.1. The outer square in (3.1.1) is called
e pushable, if a is proper.
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e pullable, if a is quasi-smooth. In this case, we call the relative dimension d(a) the defect of the
pullable square (A, B, C, D).

Note that the notion of a pushable or pullable is invariant under flipping the square about the diagonal
connecting A and D.

Example 3.1.2. Here are some examples of pushable squares:

(1) A square whose reduced classical truncation is Cartesian.

(2) A square where f and f’ are proper.

(3) A square where ¢’ is proper and and g is separated and representable in derived schemes.
The pushability of (2) is implied by the pushability of (3) using the flipping symmetry, but we highlight it
to make contact with previous constructions in the literature (see Example below). Some special cases
of the above examples are observed in [Var07, §1.1.6].

Example 3.1.3. Here are some examples of pullable squares:

(1) A square whose reduced classical truncation is Cartesian.
(2) A square where f and f’ are smooth.
(3) A square where ¢’ is quasi-smooth and g is smooth.

Indeed, in the last case, g : B — B is also smooth since g is, hence a is quasi-smooth since ¢’ = goa is
quasi-smooth.

The pullability of (2) is implied by that of (3) using the flipping symmetry, but we highlight it because it
will be of special importance. Some special cases of the above examples are observed in [GV20l §A.2].

Remark 3.1.4. After releasing the first draft of this paper, we learned that the notion of pushability and
its significance for pushing forward cohomological correspondences had already been identified in work of
Lu-Zheng, [LZ22] Construction 2.10]. We are not aware that the notion of pullability, which is most useful
in the context of derived geometry, has previously been identified.

3.2. Push-pull. Referring to the diagram (3.1.1)), there are always base change natural transformations

g fe = fLlg')" (3.2.1)
and
filg) =4 fi (3.2.2)
by adjunction. If the outer square in is pushable, i.e., the map a is proper, then we have a natural
transformation
G hHS T > flawa G = fiaa G = fl(g)* (3.2.3)
Here and below we always label the proper base change isomorphism by ¢. The second map above is the

unit map Id — a.a*, and the next step uses a; = a, because a is proper.
We often denote such natural transformations coming from a pushable square by V:

g h > flg). (3.2.4)

Example 3.2.1. In special cases, the map (3.2.3) has been observed before with a slightly different descrip-
tion. In particular, if f and f’ are proper then f, = fi and f, = f/, and Varshavsky [Var07, §1.1.6] observes
that the base change map

g fe— fild) (3.2.5)
therefore gives another natural transformation g*fi — f/(¢’)*. Since we will use some of Varshavsky’s

results concerning his natural transformation, we spell out for completeness why this natural transformation
coincides with (3.2.3)). Under these assumptions (3.2.3) is adjoint to the composite map

‘Ag,* unit(a)

unit(g) ~ ra r * sk *
fo = [+9+9" = gu [+ gxfra.a®g" = g*fi(g/>

which since ¢’ = g o a coincides with

f*

unit (g’
(g)

f:(9)(g)" = g:filg")"
which is adjoint to (3.2.5).
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3.2.1. Compositions. Suppose we have a commutative diagram

A

@

b

f

—
-

C (3.2.6)

I

—
>

B!

E 9

Lemma 3.2.2 (2 out of 3 for pushable squares). Consider the commutative diagram (3.2.6)).

(1) If both the upper square and the lower square are pushable, then the outer square formed by (A, B, E, F)
s also pushable.

(2) Suppose g and g' are separated. If the outer square is pushable, then the upper square is also pushable
(recall that all maps are assumed to be separated).

Proof. Introduce the base changes D=E X D,El =D Xp B E xp B and B=C xpB=Cxg él.
We have a commutative diagram

B (3.2.7)

D D
E F
where all squares are Cartesian.

In situation (1), both a and ¢ are proper, hence b is proper (being a base change of ¢), therefore bo a is
proper, i.e., the outer square is pushable.

In situation (2), we know that b o a is proper. Since g is separated, g is separated. Since g’ = goc is
separated, c is separated. Hence b is separated, and b o a proper implies a is proper. (]

H

Assume both the upper square and the lower square are pushable. Then the outer square formed by
(A, B, E, F) is also pushable by the above lemma. In this case, we have two maps g*(ho f) — (h'o f")i(g")*:
one given by (3.2.3]) for the outer pushable square, the other as the composition

g hfr = hi(g) fr = b fi(g")"

where both arrows are (3.2.3) applied to the upper and the lower squares. The next result says that these
two maps are the same.

Proposition 3.2.3. Assume that both the upper square and the lower square in (3.2.6) are pushable. Then
the following diagram is commutative

o hufi =L m(g) £ gy (3.2.8)

iy

. ("o f)i(g")"

Proof. Consider the diagram (3.2.7)), in which a,b and ¢ are proper.
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Consider the diagram of natural transformations

g*h1f1 ° ?ng*f! “ E!C*C*g*f! —_— h{c*ﬁ*ﬁ (3.2.9)
\
<o <& <&
T fugf ——— hicc* fug; =— hic* f1g;
u * o o
B fuab.b* G === e ib*§; === h{ fib*;

Tlgﬂ;b*a*a*b*ﬁf — %gc!fga*a*b*ﬁ’{ — h!’ﬁa*a*b*ﬁi‘

Here the arrows labelled by ¢ are the proper base change isomorphisms, and the arrows labelled by u are
the unit maps Id — a,a*,Id — b,.0* and Id — c.c*. Starting from the upper left corner, going along the top
and then down to reach the lower right corner is the top row of (3.2.8). On the other hand, going along the
diagonal first, then down and then right gives the bottom row 0. Therefore it suffices to show that
each square and triangle in is commutative. These are almost all clear except possibly the square
labelled *. To show * commutes, we refer to the Cartesian square

B—» B (3.2.10)
C——D
and would like to show that
f11 C*C*fl! (3.2.11)
ook
[N ——

is commutative. Note that b and ¢ are proper. To check this, it suffices to check on the geometric stalks.
Therefore we may reduce to the case where D is a geometric point, in which case both compositions are
identified with the map RT'.(By, —) — RT'.(B1,—) ® RT'(C) given by z — z ® 1. O

The following variant of Proposition will also be needed later.

Proposition 3.2.4. Suppose we have two pushable squares

A2 M. ¢ (3.2.12)

Fl

D—F —>

Then:

(1) The outer square is also pushable.
(2) The following diagram is commutative

g*h*f! £> g*f!/(h/)* Lh/))* f!//(g/)*(h/)* (3213)
(hog)fi g fl'(Wog)

Proof. Part (1) is the same as Lemma 1). Part (2) follows from a similar argument as in the proof of

Proposition [3.2.3]

O
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3.3. Push-push. Suppose the square (3.0.1) is Cartesian. Then we have a base change map

figh = g fi. (3.3.1)

To construct this, we construct the adjoint map ¢*fig, — f/. Then we have the proper base change
isomorphism g*fi = f/(g')*, so composing with the counit of the ((¢')*,g.) adjunction gives a sequence of
natural transformations
* < *
9 fige = H(9) 9. — fi-
Lemma 3.3.1. Consider the commutative square (3.0.1)). Suppose it is Cartesian and the maps g,g are
separated and locally of finite type.

(1) The following diagram commutes:

figp =——= g f!

can(g/)l lcan(g)

13.3.1)
Nge = g f}

*

(2) The following diagram commutes:

B31)
f’g/ - g*f!/

%

canml lcan(f’)

f*g; E— g*f;

Proof. Since g is separated and locally finite type, we may compactify ¢ into the composition of an open
embedding followed by a proper map. The statement is obvious when g is proper, so we reduce to the case
where g (hence also ¢’) is an open embedding. It suffices to check that the adjoint diagram

g fig —— f]
Can(g’)l Hld (3.3.2)
g hge =—=FH
commutes. By definition, the adjoint of the base change map ¢ is the composition
g gl = (9 gl — f-
But since ¢’ is an open embedding, (¢')*g is the identity functor. Hence, after applying the isomorphism
g h S f1(g")* to both of the left terms (3.3.2)), the upper right path through (3.3.2) is the identity natural

transformation f{ 1, f{. Similarly, since (¢')*g¢., is also the identity functor, the lower left path through

(3-3-2)) also evidently the identity natural transformation f/ 1d, f{. The map can(g’'): (¢')*gi — (¢')*g, is
the identity natural transformation, so the diagram commutes.
(2) Similar to (1). O

Now, suppose that (3.0.1) is pushable. Then natural transformation (3.2.3)) induces by adjunction a map

fige = g fi. (3.3.3)
Unravelling the construction, it is the composition
fig. = fig.a. = g*f!a* = g*f!a! — g« fl. (3.34)

Here, the map ¢ is (3.3.1)).
The natural transformation (3.3.3)) has similar compositional properties to (3.2.3)).
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Proposition 3.3.2. Assuming both the upper square and the lower square in (3.2.6) are pushable. Then the
following diagram commutes:

hfig! T gl fl — s gty (3.3.5)
(ho g . g+l o f')
Proof. Similar to the proof of Proposition [3.2.3 O

3.4. Recollections on relative fundamental classes. We review some properties of relative fundamental
classes.

Let f: Y — Z be a quasi-smooth map of derived stacks, of relative dimension d(f). Then one has a
relative fundamental class (also called “Gysin map”)

["Qez 1, F'Quz(-di). (3.4.1)

In fact, (3.4.1) induces a natural transformation f* — f'(—a(f)). To see this, we note that there is a base
change natural transformation for K1, Ke € D(Z)

Fry) @ f1(Ka) = F1(Kr @ Ks) (3.4.2)
arising from the Cartesian square

y 2y w7

lf lld xf

7 -2, 7x27

Taking Ko = Qq,z in (3.4.2)), the relative fundamental class induces

FHK) = f5(K1) @ f*(K2) (K1) @ f(Ka) (=) F K1 @ Ka) (=) = f1(K1)(—air).

The base change property of relative fundamental classes [Khal9, Theorem 3.13] says that for a derived
Cartesian square of derived Artin stacks

vz

y 7

with f (hence also f’) quasi-smooth of relative dimension d(f) = d(f’), the base change homomorphism
(s")*f* — (f")'s* fits into a commutative diagram

(&) fr ——— (s
lm l[f’} (3.4.3)

(") fr—acp)y —== (f)'s*(—ds))

and dually, the diagram below commutes

lm b 7 (3.4.4)
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3.5. Pull-pull. Suppose the square is Cartesian. Then we have a base change transformation
(f)g = (d)f (3.5.1)

To construct this, we construct the adjoint map g' — f/(¢’)'f*. We start with the proper base change
natural isomorphism, ¢'f, — f(g’)". Then we compose this with the unit of the (f*, f.)-adjunction:

nit(f)
g === g L FU)
Now suppose only that (3.0.1)) is pullable, i.e., the map a in (3.1.1) is quasi-smooth. Then we have a
natural transformation

o~

(g =a Fog <% a g D @G caw) = (9) S a). (3.5.2)
Here the map ¢ is induced from the proper base change isomorphism as in . We have also used the
natural transformation
[a] : a* — a'(~d(a))
induced by the derived fundamental class of the quasi-smooth map a.

3.5.1. Gysin natural transformation. We often denote such a natural transformation induced by a pullable
square by A,

(f)g" = (9] -0 (3.5.3)
where § = d(a) is the defect of the pullable square.

Remark 3.5.1. If (3.0.1)) is pullable, the map (3.5.2)) then induces the following maps by adjunction

gil(f)" = frg(-9). (3.5.4)

This resembles the pull-push map (3.2.3)) (with the square flipped), but the arrow is in the opposite direction
and there is a shift and twist.

Example 3.5.2. If f is smooth and f’ is quasi-smooth, then the square (3.0.1)) is pullable with defect
d(f) —d(f"). In this case, the base change map (3.5.2) can be alternatively described as the composition
* fl ~ L ’
(178 L (1) carn = () i 2 (6 a-airy (3.55)
where the last isomorphism is induced from the inverse of the isomorphism [f] : f* = f'(-d(s)) since f is

smooth. The agreement of the composition above and (3.5.2)) can be proved by a similar argument to that
of Example

3.5.2. Compositions. The setup is the same as in §3.2.]]

Lemma 3.5.3. Consider the commutative diagram .

(1) If both the upper square and the lower square are pullable, then the outer square formed by (A, B, E, F)
is also pullable.

(2) If Supp, Slow and douy denote the defects of the upper, lower and outer squares respectively, then

50ut = 6upp + 6low~ (356)

Proof. (1) Consider the commutative diagram (3.2.7), in which all squares are Cartesian. Both a and c are
quasi-smooth, hence b is also quasi-smooth. It follows that bo a is quasi-smooth, i.e., the outer square is also
pullable.

(2) The defect equality follows from the fact that dypp = d(a), diow = d(c) = d(b) and by = d(boa). O

Proposition 3.5.4. Suppose in the commutative diagram (3.2.6) both the upper and the lower squares are
pullable. Let dupp, dlow and douy denote the defects of the upper, lower and outer squares respectively. Then
the following diagram is commutative

(f/)*(h/)*g! s (f’)*(g/)!h*F&low) AR (g//)!f*h* St —Bupp) (3.5.7)

/of/)*g! A

( // ot
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Proof. Consider the diagram (3.2.9)). Let §': B — B be the pullback of ¢’. Consider the diagram of natural

transformations
(f) () g == (/) eivg
<

(fl)*c*g!h* [C] (f/)*cl’g'!h*<_6low> — a*f*c!glh*<_6low>

H Iy

a*b* frhtg! b frght —— O B TR (o) ——— T QB G R (—buu)

I+ [ J I

VG == DGR s VG i) ——— T @GS o)

(3.5.8)
Tracing along the top and right edges gives the top and right path of (3.5.7]), while tracing along the left
and bottom edges of (3.5.8)) gives the bottom and left path of (3.5.7), using that [b] o [a] = [boa]. Therefore,
it suffices to verify that all the rectangles of (3.5.8) commute. For the rectangle on the left, this is because
the proper base change natural isomorphisms are compatible for compositions of Cartesian squares. For the
middle rectangle, the commutativity is an instance of (3.4.3). For the two rectangles in the bottom row, the
commutativity is obvious.

O

Proposition 3.5.5. Suppose we have two pullable squares

/ ’

A-2sp-l.( (3.5.9)

Fl

D——sF——=F

(1) The outer square is also pullable. Moreover, if we let §; and &, be the defects of the left and right
square, then the defect of the outer square dous = dp + 0.
(2) The following diagram is commutative

AR 1 (g")'a
=

(f")g'ht —=— (") (f) I (g")'(h (3.5.10)

f// hog A h’og

Proof. (1) is the same as Lemma [3.5.3] The proof of (2) is similar to the proof of Proposition O

4. THE SHEAF-CYCLE CORRESPONDENCE

As explained in the Introduction, an important part of our strategy is the realization of our cycle classes of
interest as “traces” (in a suitable sense) of cohomological correspondences. Furthermore, we will need notions
of pushforward/pullback of cohomological correspondences, and we will need to know in some situations
that they interact well with the notion of pushforward/pullback of cycles. We will explain this yoga in this
section; it constitutes a framework that we call the “sheaf-cycle correspondence”, extending the classical
sheaf-function correspondence.

In §4.1] we recall the notion of a cohomological correspondence, and definition of the trace of a cohomo-
logical correspondence. In §4.2] we explain a variant of this construction, incorporating a Frobenius twist,
that applies over finite fields. The early parts of this section are similar to material already appearing in
[SGATT] and [Var07, §1], but we need much more generality than is handled there.

In and §4.4] we will review some situations in which cohomological correspondences can be pushed
forward or pulled back; this uses the material of In §4.5] we explain some situations in which this
pushforward or pullback functoriality is compatible with the formation of traces, with proofs given in §4.6]
In §4.7] we apply the theory to compute the trace for certain types of cohomological correspondences that
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will come up later. Finally, in we introduce a dual notion of cohomological correspondence, which plays
a role in later analysis of the interaction with Fourier transform.

4.1. The trace of a cohomological correspondence.

4.1.1. Basic definitions. Let Yy and Y, be derived Artin stacks. A correspondence between Yy and Y7 is a

diagram of derived Artin stacks
>N

Yo Y1
Let Ky € D(Yp), K1 € D(Y1). A cohomological correspondence from Ko to K1 supported on C is a map
Ko = ¢ Ky
in D(C). Let
Corre (Ko, K1) := Home (i Ko, ¢y K1) (4.1.1)
denote the vector space of cohomological correspondence from Ky to Ky supported on C.

4.1.2. Fized points of a self-correspondence. Now suppose that we have a fixed isomorphism Yy = Y7, which
we will sometimes use to identify Yy with Y7; however, it will also be convenient to distinguish them at times.
Let A: Yy — Yy x Y7 be the diagonal embedding. Define Fix(C') as the fibered product

Fix(C) —2°—

la’ lc (412)
Yo —2 5 Vo x VY,
where ¢ = (cg, ¢1).

4.1.3. Trace of a cohomological self-correspondence. Let K € D(Yy). Then, following [Var(T7, §1.2]E| we will
define a trace map

Tr: Corre (K, K(-i)) — HEM (Fix(C)) := H™*(Fix(C), Dpix(c)(—1))-
Observation 4.1.1. Recall that one has the following isomorphisms:
(1) For any Ko € D(Yp), K1 € D(Y1), an isomorphism [Var07, §0.3]
RHome(ciKo, 1 K1) = ¢ RHomy, v, (pri Ko, pry K1) € D(C).
(2) For any Ky € D(Yp), K1 € D(Y1), an isomorphism [Var07, §0.4]
RHomy,xv, (prf Ko, pry K1) = D(Ko) K K1 € D(Yy x Y7).

Definition 4.1.2. Let ¢ € Corrg (K, K(-i)). We will define its trace Tr(c) € HSM(Fix(C)). By Observation
1), we have

RHome (e, ¢ Ki—iy) = ¢ RHomy, v, (pry K, pry K(—). (4.1.3)
Then Observation [{.1.1|(2) gives an isomorphism
' RHomy, xy, (pry K, pri Ki—iy) = ¢/ (D(K) K K(-4)). (4.1.4)

The evaluation map D(K) ® K(-i) — Dy, (-i) induces by adjunction a map
D(K) X K(—iy = A Dy, (—i).
Composing this with (4.1.3]) and (4.1.4) gives a map

RHome (e, ¢t K(—iy) — ¢! A Dy, (—i). (4.1.5)

Finally, using proper base change, we have isomorphisms
¢ A Dy, (-i) = N, (/) Dy, (~i) = A, Dpix(c)(—i)- (4.1.6)
We may regard ¢ as a global section of RHome(ciKC,ci(—iy). Then Tr(c) € HO(C, Al Dpigcy(—i)) =

HEBM(Fix(C)) is defined as its image under the composition of (4.1.5) and (4.1.6).

5Tochnically7 Varshavsky does not consider the variant with the shifted Tate twist (—i).
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Remark 4.1.3. It may not be clear why Definition [4.1.2]is similar to the usual notion of “trace”. The linear
algebraic notion of trace has a natural generalization to symmetric monoidal categories, and it is possible to
view the construction above as a special case of this general “categorical trace”, at least when ¢ = 0. For a
development along these lines, see [LZ22].

4.1.4. Shift and twist. Let ¢ € Corre(Ko, K1). For m,n € Z, the same map ¢ : ¢5iCo — ¢} K1 induces a map
coKolm](n) — ¢ K1[m](n)
which we denote by Tj)(n) ¢. Then ¢ — T, () ¢ defines an isomorphism
Timj(n) : Corrg (Ko, K1) 5 Corre (Ko[m](n), Ki[m](n)).
When Yy = Y; and Ky = Kg(—i), we have
Tr(Tpny(n) ©) = (—1)™ Tr(c) € HEM (Fix(C)).

4.2. Fix vs Sht. We will be working with correspondences of objects over the finite field k. Therefore,
our objects will have a Frobenius endomorphism Frob, which in terms of the functor points is the absolute

Frobenius Frob, on the test scheme. We will use this to twist the preceding construction by Frobenius.
For a correspondence

Y «2— 05y
over k, we will let Sht(C) (or sometimes Shty ) be the derived fibered product

Sht(C) —— C
l fem) (4.2.1)
y 1My ey
This derived fibered product can be also be presented with the derived Cartesian square
Sht(C) —— C

l l(Frob ocp,c1) (422)

Yy —2 Ly xY

which is the “fixed point Cartesian square” for the correspondence datum

y o) Ly (4.2.3)

where C(M) := C but with the left map twisted by Frob. In other words, we have a canonical identification
Sht(C) = Fix(C™). (4.2.4)

Given a cohomological correspondence ¢: ciKo — ¢;K1 on C, with K; € D(Y), plus the canonical Weil
structure Frob™ Ky = Ky (because Y is defined over k = F;), we have a cohomological correspondence
¢ (Frobocy)*Ky — ¢ K. In this way we obtain a linear isomorphism

Corrg (Ko, K1) = Corraay (Ko, K1)
sending ¢ to ¢, If Ky = Ko(—i), then we define
T () = Tr(e) € HyM (Fix(C™)) = HRM(Sht(C))
using the notion of trace in for the cohomological correspondence ¢! supported on C.

Lemma 4.2.1. The tangent complex Ty (c)/r, 15 the restriction of Tc,. In particular, if ¢1 is quasi-smooth,
then Sht(C) is quasi-smooth (over Spec F), of virtual dimension equal to d(c1).

Proof. The tangent complex of Sht(C) over F is the fibered product

Tsuicyr, — Toyr,lsnic)

J{ J{d(Frob 0cp,c1)

A
Ty/r,lsntc) —— Ty/r,lsnec) ® Ty/w, lsne(o)
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Since Frob induces the zero map of tangent complexes, this fibered product simplifies to T, |sne(c). Since
by assumption ¢; is quasi-smooth, this shows that Sht(C') — Spec F, is quasi-smooth. ]

Assume that ¢; is quasi-smooth, so that [¢;] € HS)| (C/Y) exists. Then Sht(C) is quasi-smooth (over
Spec F,), so the derived fundamental class [Sht(C)] € HE%Cl)(Sht(C)) exists.

On the other hand, regarding [c;] as a map ¢;Qey — c Qv (—d(c1)), we have a cohomological correspon-
dence

coQey = Quy =c1Quy Lo, A Qry (~d(e)),
whose composition we call ¢y, and regard as an element of Corra(Qe,y, Qe y (—d(c1))). We equip Qg,y with
the natural Weil structure Frob* Qry = Quy. Then we have TrZ([cy]) € HE%CI)(Sht(C’)). It is natural to
ask when it will be true that
Trg (cy) = [Sht(C)] € HE),,, (Sht(C)). (4.2.5)

We will see below in that follows from Proposition whenever Y is smooth. We expect that
proving in more generality will be important for integral modularity statements.

4.2.1. Shift and twist. For ¢ € Corrg (Ko, Ko(—i)) and m,n € Z, the shifted and twisted cohomological
correspondence Tip,j,) ¢ € Corrg(Ko[m](n), Ko[m](n)(-i)) is defined in When Yy = Y] and K =
Ko(—i), we have

e (T ©) = (—1)™g " Tr5"(c) € HEM(Sht(C)). (4.2.6)

This is because the canonical Weil structure Frob* (Ko[m](n)) = Ko[m](n) of Ko[m](n) is ¢~™ times the Weil
structure induced from that of KCo[m].

4.3. Pushforward functoriality for cohomological correspondences. Suppose we have a commutative
diagram of correspondences

Yo D v (4.3.1)

We assume that all morphisms are separated and representable in derived schemes.

Definition 4.3.1. The diagram of correspondences (4.3.1)) is called left pushable if the square with vertices
(C, Yy, D, Zy) is pushable in the sense of Definition In other words, letting Dy = D X z, Yo, the natural
map ¢o = (f, o) : C — Dy is proper.

When (4.3.1) is left pushable, for any cohomological correspondence ¢k 5 K1, we shall construct a
“pushforward correspondence” fi(c) : df foKo — d} f11K1, yielding a linear map

fi: Corre (Ko, K1) = Corrp (forKo, f11K1). (4.3.2)
Given c;Kg 5 A Ky, we get a map
fesko 29 néky. (4.3.3)
Recall from that there is always a base change morphism
Ay — d fuk,. (4.3.4)
Since the left square of is pushable, gives a base change morphism
dg for ko — ficgKo. (4.3.5)

Precomposing (4.3.3]) with (4.3.5) and post-composing it with (4.3.4)), we get natural maps

a2 forko fiesKo Fel Ky d fuky

whose composition is a cohomological correspondence from foKo to f11/C; that we denote by fi(c).
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4.4. Pullback functoriality for cohomological correspondences. Consider the diagram of correspon-

dences in (4.3.1)).

Definition 4.4.1. The diagram of correspondences (4.3.1) is called right pullable if the square with vertices
(C,Y1,D, Z7) is pullable in the sense of Definition other words, letting 51 = D Xz, Y1, the natural
map ¢1 = (f,c1) : C — D, is quasi-smooth.

In this case, we define the defect d; of the map of correspondences f : C' = D to be the defect of the
square (C,Y1, D, Zy), i.e., the relative dimension of ¢;: C' — D xvy, Z;.

When (4.3.1)) is left pushable, for any cohomological correspondence diKo 5 d' K, we shall construct a
“pullback correspondence” f*(c) : ¢ fiKo — ¢} fiK1(~d;), yielding a linear map

£ Corrp (Ko, K1) = Corre(fi Ko, f1K1(=65)). (4.4.1)
Given djKo 5 d\ K1, we get a map
Fraskco 2 prdikc. (4.4.2)
We have an obvious identification
FrdiKo = 5 fiKo. (4.4.3)
Since the right square of is pullable, we get a base change morphism (cf.
FrdiKy = ¢ fi=sp). (4.4.4)

Precomposing (4.4.2]) with (4.4.3) and post-composing it with (4.4.4]), we get natural maps
o EZ3) L. . Ez) . EZ9) .
cfiko By prasi, B2, ik, & FK(-8)

whose composition is a cohomological correspondence between fi/KCo and f7/C1(—s;) that we denote by f*(c).

4.5. Functoriality for the trace. Now we examine some situations in which pushforwards or pullbacks of
cohomological correspondences are compatible with the formation of trace.
Assume that in (4.3.1]) we have fixed identifications

YO = Yi, ZO = Z] and fo = fl (451)

so that Fix(C) and Fix(D) are defined.

4.5.1. Proper pushforward. Assume the maps fy and f are proper. Then is left pushable (cf. Example
, and the pushforward f; on cohomological correspondences is defined. Moreover, the induced map
Fix(f): Fix(C) — Fix(D) is proper, so that we have a map Fix(f),: HSM(Fix(C)) — HEM(Fix(D)).

In this situation, we have the following compatibility between f; and the formation of trace, which gen-
eralizes [Var07, Proposition 1.2.5]and |[LZ22| Corollary 2.22].

Proposition 4.5.1. With notation as in (4.3.1) and (4.5.1), assume that fo, f, f1 are all proper and let
¢ € Corre (K, K(—iy). Then we have

Te(fi ¢) = Fix(f), Te(c) € HBM (Fix(D)).

Proof. The proof of Corollary [LZ22, Corollary 2.22] goes through verbatim in this slightly more general
setting. m

Remark 4.5.2. Varshavsky’s proof of [Var07, Proposition 1.2.5] does not generalize immediately to stacks
(since he requires the existence of compactifications for all total spaces), but the proof of Lu-Zheng applies
as is (cf. [LZ22] Remark 2.24]).
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4.5.2. Smooth pullback. Assume that the map f1 (hence also fp) is smooth, and f is quasi-smooth. Then

(4.3.1) is right pullable (cf. Example [3.1.3) of defect § = d(f) — d(f1), hence the map f* on cohomological
correspondences is defined.
On the other hand, we consider the map between fixed points.

Lemma 4.5.3. Under the above assumptions, the map Fix(f) : Fix(C') — Fix(D) is quasi-smooth of dimen-
sion 6 =d(f) —d(f1).

Proof. Define E = Fix(D) xp C. Then Fix(f) factors as
Fix(f) : Fix(C) % E 2 Fix(D).
We get an exact triangle of quasi-coherent sheaves on Fix(C') by taking cotangent complexes:
a"Lg = Lix(s) — La- (4.5.2)

From the derived Cartesian square

we get that Lg = v*L;. Denote both Yy and Y7 by Y, and Zy and Z; by Z. From the derived Cartesian
square

Fix(C) @ F

.

Yy — v,y

we conclude that L, = j*La, , = j*Ly,[1]. Combining these observations with (4.5.2)), we get an exact
triangle

a*y*Lf — LFix(f) — j*Lfl[l}. (453)

Since fo = f1: Y — Z is smooth, we see that a*y*Ly, [1] is a perfect complex in degrees > —1. Since f is
quasi-smooth, we see that j*Ly is a perfect complex in degrees > —1. By , we conclude that Lpiy(s)
is a perfect complex in degrees > —1, i.e., Fix(f) is quasi-smooth. The relative dimension calculation of
Fix(f) also follows from the exact triangle (4.5.3]). O

By Lemma the pullback map on Borel-Moore homology
Fix(f)*: HyM (Fix(D)) — Hy; o5 (Fix(C))
is defined. It is induced from the map

. % Fix(f .
Fix(f)*Drix(D) LLEAIN Fix(f)' Dyix(p) (-0 = Drix(c)(~6) (4.5.4)

by taking global sections.

Proposition 4.5.4. With notation as in (4.3.1) and (4.5.1)), assume that f1 is smooth and f is quasi-smooth.
Let § = d(f) — d(f1). Let 0 € Corrp(K, K(—3)). Then we have

Te(f*2) = Fix(f)" Tr(0) € HE}p5(Fix(C)).

The proof of Proposition is long, and will be given over the course of the next subsection.

4.6. Proof of Proposition We begin with some preliminary technical observations.
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4.6.1. Another construction of the trace of a cohomological correspondence. Let notation be as in We
fix an identification Yy 2 Y; =: Y.

The following alternative formulation of the trace will be useful. By Observation we may interpret
a cohomological correspondence ¢: c5iC — ¢} K(—i) as an element of H=%(C, c!(Dy(IC) & K)(—1)). We have
a map

H*(C, ¢ (Dy (K) R K)) — H*(Fix(C), (A')*¢'(Dy (K) K IC)) (4.6.1)
Then the base change transformation (A’)*¢' 2 (¢/)'A* for the Cartesian square induces a map
HE (Fix(C), (A)" ¢ (Dy (K) K ) % H (Fix(C), (¢)'A* (Dy (K) K K)). (4.6.2)
Applying the trace map A*(Dy (K) X K) =2 Dy (K) ® K — Dy, we get a map
H2(Fix(C), (¢)'A*(Dy (K) K K)(—i)) — H % (Fix(C), (¢)'Dy(—i)) (4.6.3)

H™%(Fix(C), Drix(cy (i) = Hy (Fix(C)).
Lemma 4.6.1. The map Tr: Corre (K, K(—i)) = H™2(C, ¢ (Dy(K) B K)(—i)) — HEM(Fix(C)) coincides

with the composition of the maps (4.6.1)), (4.6.2)), and (4.6.3)).

Proof. In the proof we denote all pull-pull base change transformations (3.5.1]) induced by Cartesian squares
with the symbol o.
Comparing the definitions, the Lemma amounts to the commutativity of the diagram

¢ unit(A/ )A/ (A/)*c! © A;(Cl)!A*
H ‘ (4.6.4)
p unit(A) * o 1IN A K
c — cAAT —— A (d)A
By definition, the morphism (A’)*¢' 2 (¢/)'A* is the composition
(A/)*C! unit(A) (A) A A* (A/) A, 'A* counit(A’) !A*.
Therefore, the top row of (4.6.4)) fits into a commutative diagram
é unit(A") A;(A/)*CI o A; (Cl)!A*
‘ lunit(A) counit(A')T (465)
o MHAJunA) AT (AR AN AL(A)FALC AT
Similarly we have a commutative diagram
AN ——— 2 AL()A*
J{unit(A/) J{unit(Al) (466)

AL(ANY AN —2— (AN (A)* (AL A*

Putting together (4.6.5) and (4.6.6)), we get a commutative diagram

SR COREN AL(AY ¢ ——2 5 AL() A

lunit(A) counit(A/)T
LAY EAAT — AL (A) AL A

Tunit(A’) unit(A')T
¢ A UAAT e (ALY ()'AT

unit(A’)ounit(A)
c —

whose upper and lower rows agree with those in (4.6.4). It remains to verify that the vertical composition on
the right column, counit(A’)ounit(A’), is the identity map. But this is one of the axioms of an adjunction. [
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4.6.2. Alternative description of pullback cohomological correspondence. Recall the setup of Proposition [4.5.4}
suppose we are given commutative diagram of derived Artin stacks

Vo +2C 25 Vv,

R
Zo <; D 4) Zl
such that f; is smooth and f is quasi-smooth with d(f) — d(f1) = 6. We suppose a fixed identification of
foZ Yo — %2y with fll Y, — Z;.
Since f; is smooth and f is quasi-smooth, we may use Example [3.5.2] to give an alternative description of
the pullback map f* on cohomological correspondences: given d : Ko — d}K; (where K; € D(Z;)), f*0 is
the composition

[f]

1]
cafiko = frdiko 1% prdiicy L Ky —ay = & FCy i) =

C1 JiK1(-
By Observation [4.1.1] we have
Corrp (Ko, K1) = HY(D,d'(Dg,(Ko) BK1)), (4.6.7)
Corre(f§Ko, fiK1(-8)) = HYC,c' Dy, (fiKo) B fiK1(-))).

Consider the commutative square

C D

[ b

Yo x v, 22N 70w 7,

Since fo x f1 is smooth and f is quasi-smooth, this square is pullable (cf. Example [3.1.3). The base change
map (cf. §3.5) in this situation is defined and reads

Frd' = M(fo X 1) a0+ +d()).

Using the identifications ( and (| -7 the map f* : Corrp(Ko, K1) — Corra(fiKo, f1K1(-6)) is
induced by the following map upon taking H:

f*d‘(DICO X KCq) 2 c'(f{;DICO X f1 1) (—d(f)+d(fo)+d(f1)) (4.6.9)

[fo]
= (D(fK0) B fiKr)i—d(h)+d(fo)+a(r)) = ¢/ (D(f5Ko) B f{K1)(~o).
4.6.3. Consider the commutative diagram
Fix(C) Y ~c— . p (4.6.10)

T
Ay fox fi

Y0—>YYOXY1*>ZOXZ1

The left square is derived Cartesian and the right is pullable. Therefore by Lemma [3.5.3] the outer square
is also pullable. By Proposition the pull-pull base change map for the outer square is the composition
of the base change maps for the two inner squares

Sk ek VA, * * *
ivf d = zyc!(fo X 1) (=6+d(fo)) M T v A (fo X f1)" (=s+d(fo))- (4.6.11)

On the other hand, consider the commutative diagram

Fix A
Fix(C) Y pix(p) 2~ D (4.6.12)
J{jy ljz ld
YO fo ZO 2z Z() X Zl
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where the right square is derived Cartesian and the left square is pullable, since fy is smooth and Fix(f)
is quasi-smooth by Lemma Again by Proposition the pull-pull base change map for the outer
square is the composition of the base change maps for the two inner squares

1 Fix(f)*o AN,

Fix(f)*i%d' Fix(f) iy Al =25 jy fa Ay (=6+d(fo)) = iy folAl (~6). (4.6.13)
Since the outer squares of both diagrams (4.6.10) and (4.6.12)) are the same, Proposition implies
that both (4.6.11)) and (4.6.13]) give the base change map for the same square. We thus get a commutative

diagram

ita Y . o(foxfi)™ .
Y i (fo X f1)*(—o+d(fo)) — s G A (fo X 1) (—6+d(fo)) (4.6.14)

Fix(f)"o : * * LA . * A K
Fix(f)*jy A% £ Gy FE A (—6+d(fo))

i fed

Fix(f d

4.6.4. Completion of the proof. Now we may complete the proof of Proposition
Consider applying (4.6.11)) to an element of the form D(Ko) X K1 € D(Zy x Z1): we get a map

G d (D) BE) = e (feD(Ko) B f1 K1) (—+d(0) (4.6.15)
=y AL (fiD(Ko) B fTK1)(~s+d(fo) (4.6.16)
>y (D(f5Ko) ® fiKi(-9)). (4.6.17)

Here we use fiDqd(fo)) = foD = Dff. As we have observed in for a cohomological correspondence
2 € Corrp(Ko, K1), viewed as a global section of d'(D(Ko) X K1), f*0 is the image of 9 under the map on

H° induced by the base change map ([£.6.9), which is the first step in (£.6.15)).
Suppose now K1 = Ko(—i) (and recall that fo = f1). Then we may compose ({4.6.11) with the map

Try, : Dy, (f5Ko) ® (ffKo(-i-8)) — Dy, (-i—5) to get a sequence of maps

e e (@615 . % % Tr . ~ .
i f*d (DKo R Ko(—i) == 53 (Dy, (foKo) @ (fiKot=i-8)) — ji Dy, (—i-8) = Dpig(c) (—i—8). (4.6.18)

Then by Lemma and the preceding paragraph, the image of i} f*0 under (4.6.18) is Tr(f*?) €
H2Bil\£25(FiX(C))~
Next consider applying (4.6.13]) to D(KCo) X K1 € D(Zy x Z1): we get a map
Fix(f)*i%d (D(Ko) ® K1) — Fix(f)*jz(D(Ko) B K1) — jy fo(D(Ko) @ K1) (-8). (4.6.19)

Suppose now K3 = Kg(—i). Then we may compose (4.6.13) with the map Trz,: D(Ko) ®o(-i) = Dz, (-3
to get a commutative diagram

Fix(f)*i3d (D(Ko) B Ko(—i)) — Fix(f)*j% (DKo B Ko(—i)) — ji- fo(D(Ko) @ Ko(—i—6))  (4.6.20)
J{FiX(f)*j!z Trz, J{jéffé Trz,

Fix(f)*j; Dz, (~i) 34 fiD g, (—i—6)

@5.4)

Fix(f)*Drix(D) (i) Fix(C)(—i—3)-
Again we view the cohomological correspondence d € Corrp (Ko, Ko(—i)) as a global section of d'(D(Ky) X
Ko(-i)). By Lemma the image of this global section under i} Trz, is Tr(d) € HEZM(Fix(D)). Since the
bottom map induces Fix( f)* on Borel-Moore homology, we get that the image of Fix(f)*i%9 in the lower
right corner of (| is Fix(f)* T ( ) € H2H_25(Fix(C)).

Finally, the commutat1v1ty of establishes that (| agrees with the upper-left to lower-right
composition of (4.6.20)), so then Tr(f*D) = Fix(f)* Tr(0) € H21+25(F1X(O))7 as desired. O
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4.7. Derived fundamental class as a trace. Let notation be as in and set Y :=Y, =Y;.
Proposition 4.7.1. Assume that Y is smooth and ¢y is quasi-smooth. Then we have
Tr(cy) = [Fix(C)] € Hy)(., ) (Fix(C)).

Remark 4.7.2. This result almost appears as [Ols15, Theorem 1.7], but we need more generality than is
treated there. We will see that the proof is almost a trivial application of Proposition |4.5.4

Proof. Consider the map of correspondences

R 4

lﬂo J/ﬂ- l’ﬁl

pt ¢—— pt —— pt
On the bottom row we have the trivial correspondence ¢y = Id € Corrpi(Qe, Q¢). By assumption m; is
smooth and ¢; is quasi-smooth, so 7 is quasi-smooth, hence the diagram is right pullable, and it is immediate
from the definitions that

T ept = ¢y € Corre(Qey, Qry (—d(e1))).

Then Proposition implies that

Tr(m™ ept) = Fix(m)" Tr(ept) = Fix(m)*[pt] = [Fix(C)] € HQB%CI)(FiX(C)).
d
Corollary 4.7.3. In the setup Of suppose Y is smooth over Fy and c; is quasi-smooth. Then we have
e (ey ) = [Sht(C)] € HEM., (She(C)).

4.8. Cohomological co-correspondences. Later when we study how cohomological correspondences in-
teract with Fourier duality, we will naturally encounter variants of the above constructions in terms of what
we call co-correspondences and cohomological co-correspondences.

4.8.1. Definitions. A co-correspondence between derived Artin stacks Yy and Y7 is a diagramﬁ

Yo Y,
NS
C/

We define a cohomological co-correspondence from Ky € D(Yp) to K1 € D(Y1) to be an element of Home (¢}, Ko, ¢4, K1 ).
Let

(4.8.1)

CoCorre: (Ko, K1) := Homer (¢],Ko, ¢, K1). (4.8.2)
To see the relation between cohomological correspondences and co-correspondences, suppose we have a
Cartesian square

Cb
Yo Y;
ct

Then for Ky € D(Yy) and Ky € D(Y1), there is a canonical isomorphism of vector spaces
ve : Corre (Ko, K1) = CoCorrex (Ko, K1) (4.8.4)
given by adjunctions and proper base change

Homgs (¢5Ko, ¢;K1) & Homy, (cniegKo, K1) 2 Homy, ((cg)*¢11/Co, K1) & Homes (¢],Ko, ¢, K1)

(4.8.3)

bwe deliberately denote the map Yo — C’ by ¢}. This is not a typo. This will be justified in the situation when we can
complete the diagram into one of the form (4.8.3)), in which we follow the convention that the names of arrows at opposite sides
of a square differ by a prime.
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4.8.2. Pushforward and pullback of cohomological co-correspondences. We have dual notions of pushability
and pullability for co-correspondences. Consider a morphism of co-correspondences, i.e., a commutative

diagram
Yo
Cl CO
0 C’

Z,

RN

D/

Y (4.8.5)

|
1

Z

Definition 4.8.1. The diagram of co-correspondences (4.8.5) is called left pullable, if the square with vertices
(Yo, C', Zy, D') is pullable in the sense of Definition We define the defect 04/ to be the defect of the
square (Yy, C', Zy, D').

Similarly, @ is called right pushable, if the square with vertices (Y1,C’, Z1, D) is pushable in the
sense of Definition B.1.11

When (4.8.5) is left pullable, we have a pullback map of cohomological co-correspondences (where K; €
D(Z;))

(f')* : CoCorrp (Ko, K1) = CoCorre (fi Ko, fiKi(=5,1)) (4.8.6)
defined as follows. For ¢ : d},K1 — df,, Ko, we define (f')*(¢) as the composition

Efiko 2 (F) dot—s, T2 Py dl K =6,y — e fEKCL(~8,0) (4.8.7)

where the first map is the natural transformation (3.5.4)).
When (4.8.5)) is right pushable, we have a pushforward map of cohomological co-correspondences (where
K; € D(Y;))

11 : CoCorrer (Ko, K1) = CoCorrpr (forKo, f11K1) (4.8.8)
defined as follows. For ¢ : ¢},Ko — ¢, K1, we define f/(¢’) as the composition
dlllfOIICO = !/CINICO —>f!(C) f!/C()*ICI — d6*f1!/C1 (4.8.9)

where the last map is the push-push natural transformation (3.3.3).

4.8.3. Compatibility. Suppose we are given a commutative diagram

c’ (4.8.10)
Yy Y
fb
C/l C/
Ct
fo f1
Db
e N\
Z A
d, d
Dt

where the top and bottom diamonds are derived Cartesian. We view f° : C* — D’ as a map of correspon-
dences, and f*: C* — DF as a map of co-correspondences.

Proposition 4.8.2. In the above situation,
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(1) If f* is left pullable, then f° is right pullable, and dps = dpv. In this case, we have a commutative
diagram for any KCo € D(Zy) and K1 € D(Zy)

CoCorrp: (Ko, K1) ® Corr p» (Ko, K1) (4.8.11)

J/(f”)* l(fb)*

CoCorres (f§ Ko, f{K1(=6,4)) —— Corres (Ko, f1K1(-6,4))

(2) If f* is right pushable, then f° is left pushable. In this case, we have a commutative diagram for any
Ko € D(Yy) and K1 € D(Y7)

COCOI‘I‘Cn (IC(), ’Cl) L COI‘I‘Cb (IC(), ’Cl) (4812)

J{f}‘ lfﬁ

CoCorr py: (forKo, f11K1) —=— Corr ps ( forko, fuk1)

Proof. (1) Using that the top diamond in is derived Cartesian, the fact that the square (Yy, C¥, Zy, D¥)
is pullable implies that the square (C’b,Yl,ZO,Dﬁ) is pullable with the same defect. Using that the bot-
tom diamond is derived Cartesian, we have Y; Xz D" 5y x pt Zy, from which we see that the square
(C*,Y1,D", Z1) is pullable with the same defect as (C”, Y1, Zo, D¥).

We prove the commutativity of the diagram . Let ¢ : d},Ko — df,,. K1 be an element in CoCorr p: (Ko, K1).
Consider the following diagram

() ("¢,
encyfi Ko ——= (c)*ehuf5 Ko (ch)*(f5) diyKot—s,8)—— {ch)" (f8) dp. K (-5, (4.8.13)

Ad* ff ¢! \L

en(f°) 5o —= fidudiKo—6,,) ——= f7 (dy)*d} Kot—s,) JIK1(=6,)

The right vertical map comes from the identity (ch)*(f*)* = f;(dj)* by adjunction. The map ¢ : (dj)*d},Ko —
K1 that appears on the bottom row is obtained from ¢’ by adjunction.
In the above diagram, the two ways of getting from c11cjf5Ko to fiKi(-s,), by going right and down,

(co)™a

and by going down and right, are obtained from vo(f*)*(¢') and (f*)*yp(c’) by adjunction respectively.
Therefore it suffices to show that the above diagram is commutative. The equality in the middle divides the
diagram into two parts. The right square is tautologically commutative. The top and bottom rows of the
left part both give base change maps for the square (C°, Y, Zg, D¥)

cn(fooco)* =culdoo f7)* — (dyo fr) dyi=s,) = (f* o) dyyi—o,4) (4.8.14)
by decomposing it in two different ways

2y sy (4.8.15)
Col lc() fbl lfl
Y, —2s ¢t Dz
fOl lf" dot ldé
d d
Zy —= D! Lo —— D!

The two base change maps agree by Proposition [3.2.3
(2) The proof is similar. We omit it as the statement is not used in the sequel. |

5. BASE CHANGE FOR COHOMOLOGICAL CORRESPONDENCES

In this section we formulate and prove the Base Change Theorem for cohomological correspondences

(Theorem [5.1.3)). This will be used in Step (4) of the outline in
5.1. The setup.
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5.1.1. Correspondences. Suppose we are given a commutative diagram of derived Artin stacks

Uo Cu Ur (5.1.1)
b| 1
Vo Cv Vi
™0 ™ ™1
9o g 91
So Cs S1
0 1
Wo = Cw a Wy
satisfying the following conditions:
(1) The middle vertical parallelogram
Cy (5.1.2)
X
Cv
g
Cs
Cw
is derived Cartesian.
(2) The three squares in the following diagram are pushable
Up<~—2 Oy (5.1.3)
o
g0
ho
So <~— Cs
K \

Wo<~—2 — Cw
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(3) The three squares in the following diagram are pullable

ai

Cy Uq (5.1.4)
\fl
Cv W
g g1
Cg 7'“—> S
Cw 4 Wh

Moreover, the right square (Uy, V1,51, W1) above has defect zero.

We view Cg as a correspondence between Sy and S7, and similarly for Cy, Cy and Cyy.

5.1.2. Push and pull of cohomological correspondences. Let IC; € D(S;) for i =0, 1. Let 5 € Correg (Ko, K1).
Consider the back face of the diagram (5.1.1)), viewed as a map of correspondences 7 : Cyy — Clg:

Uy <—=— Cy —2> U (5.1.5)

\Lﬂo \Lﬂ l‘lﬁ
So <M Cs N Sy
By assumption, this map of correspondences is right pullable. Therefore, by §4.4] the map

7 : Correy (Ko, K1) = Correy, (1Ko, 71 K1(=6x)) (5.1.6)

is defined (where the defect ¢, is defined in Definition 4.3.1]).
Consider the top face of the diagram (5.1.1)), viewed as a map of correspondences f : Cy — Cy:

Up<—=—Cpy —2> 14 (5.1.7)
ifo lf lfl

bg by
Vo<=—Cy ——=W

By assumption, this map of correspondences is left pushable. Therefore, by §4.3] the map

fi: Correy, (1Ko, 71 K1(=6x)) — Correy, (formg Ko, f1imi K1(=64)) (5.1.8)
is defined.
The composition of the two maps give an element
fim*(s) € Correy, (forms Ko, fumi Ki(=6x)). (5.1.9)

Similarly, the bottom face of the diagram ([5.1.1))

ho h1

So Cs Sy (5.1.10)

izo iz izl
Wy <—=— Cy ——= W,

is left pushable and the front face

bo b1

Vo Cy Vi (5.1.11)

N

Cco Cc1
Wo<=——Cw —=W;
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is right pullable. Therefore the cohomological correspondence
g*z(s) € Correy, (95 201K0, 95 211K1 (=58,)) (5.1.12)
is defined.

5.1.3. Matching source and target. We will now formulate a Base Change Theorem for cohomological cor-
respondences, which is the main result of this section. The Base Change Theorem asserts that, referring to
the diagram , for any s € Corrg, (Ko, K1), the cohomological correspondences fim*(s) and ¢g*zi(s) on
Cy “agree”. To make sense of it, we need to relate the source and targets of the respective cohomological
correspondences.

By assumption, the square (U, Vg, So, W) in (5.1.1)) is pushable. We get a base change map

gozor 2 forrs : D(Sp) — D(Vp). (5.1.13)
By assumption, the square (Uy, V4, S1, W1) in (5.1.1) is pullable with defect zero. We get a pull-pull map

Tzl S flgt  D(Wy) — D(Uy). (5.1.14)
By adjunction (cf. Remark , it gives a base change map

fl!ﬂ'r — gTZlI : D(Sl) — D(Vl) (5115)

Lemma 5.1.1. We have an equality of defects (Definition 0r = 0y.

Proof. By Lemma both defects are equal to the defect of the pullable square (Cy, Vi, Cs, W7), using
that both (Cy,Cv,Cs,Cw) and (Uy, Vi, 51, W1) have defect zero. O

Example 5.1.2. A special case (which will be our case of interest) is when both (Uy, Vo, So, Wy) and
(Uy,V1,51,Wq) are derived Cartesian. In this case, the sources and targets of fim*(s) and g*z(s) are
matched by the proper base change isomorphisms

fomgKo = 5200, fumiKi(=62) = giz0kKi(—3,). (5.1.16)

Theorem 5.1.3 (Base Change Theorem for cohomological correspondences). Under the assumptions in
§5.1.1], for any s € Corrcy (Ko, K1), the following diagram is commutative

952010 %gi‘zngleég) (5.1.17)
i5.1.13 T5.1.15
fim™(s)

formg Ko

Here we use Lemma 511l to match the twists.
In particular, when both (Uy, Vi, So, Wo) and (Uy, V1, S1, Wh) are derived Cartesian, we have an equality
of cohomological correspondences on Cy

fumiKi(=6.)

fim*(s) = g 21(s) (5.1.18)
under the isomorphisms ((5.1.16)).

Remark 5.1.4. In application to the modularity theorem, we are interested in the special case where
both (Uy, Vo, So, Wo) and (U, V1, S1, Wh) are derived Cartesian, h; is quasi-smooth, Ko = Qg5,, K1 =
Qu.s, (~d(h1)), and the map s : hiKo = Q.05 — hiK1 = hiQu.s, (—d(h)) is given by the relative fundamental
class [hq].

5.2. Proof of Theorem Unravelling the constructions of g*z(s) and fim*(s), they appear as the
top and bottom rows of the following diagram

g*v g* 28 | | Az |
b 90201 K0 == g cgz0:Ko —— g* 21hg Ko —— g*21h1 K1 ——— g*c;200K1 ———— b1 g7 211K1(-5,)

lb;v lohg Tohll b’lAT
Tk fin

* * o *, % fin
bo formg Ko — fragmgKo

= fimr*hyKo T2 fmthi Ky —2> fial Ky () —— B frm Ky (—6.)
(5.2.1)
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Here, the arrows marked by V are the base change maps obtained from a pushable square as in the
arrows marked by A are the base change maps obtained from a pullable square as in and the arrows
marked by ¢ are the proper base change isomorphisms, which are special cases of both Vv and A. The
unmarked arrows are the tautological base change maps from commutative squares.

To prove the theorem, we need to check that all three rectangles in commute. The middle square
is clearly commutative. Below we check separately that the left and right sleeves commute.

5.2.1. Left sleeve. We need to show that the diagram of natural transformations

g'v
b3 95 z00 =———= g*cizor ——= g* 21h§ (5.2.2)
lbgv lvhg
b*f * V’TTS f *, % f *h*
0Jo!Tg — J1GgTg 1T o

is commutative. Here we have replaced the ¢ with the V in the right vertical arrow because the proper base
change isomorphism g*z = fir* is a special case of the V map from a pushable square.
Let

ag :=mgoag =hgom:Cy — Sy, (5.2.3)
ﬁo ‘= (gop©° bo =Cp0og: CV — Wo. (524)

The left cube in the diagram ([5.1.1]) provides two decompositions of the commutative square
Oy —L >0y (5.2.5)

- )
So —2= W,

The first is
Cy —L oy
Jao Jbo
Uy —1L° v, (5.2.6)
[
Sp —2— Wy

in which both the upper and lower squares are pushable. By Proposition [3.2.3] the natural transformation
v for the square (|5.2.5) agrees with the composition

* *

B 201 === bisgis 201 ——> b forml, —> fradmi == fial . (5.2.7)

This is the lower composition of the diagram ([5.2.2]).
The second decomposition of ([5.2.5) is

cr —L oy
b
Cs —2 5 Cw (5.2.8)
J{ho J
Sy —2— W,

in which both the upper and lower squares are pushable. By Proposition [3.2:3] again, the natural transfor-
mation V for the square ([5.2.5)) agrees with the composition

*

g'v 0
—— gchen gt ahy — firhy

55 zo! = fieg). (5.2.9)

This is the upper composition of the diagram (5.2.2)). Therefore both compositions in (5.2.2)) computes the
same base change map V : 8fzor — fiag;. This proves that (5.2.2) is commutative.
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5.2.2. Right sleeve. We need to show that the diagram of natural transformations

g 2hl —— g*c} 2z A b gF211(—6,) (5.2.10)

TAh’l b’lAT

fim*hy BRI fray T (=6, —— bl LTl (—6)

is commutative. Here we have replaced the ¢ with the A in the left vertical arrow because the proper base
change isomorphism fim* = g*z is a special case of the A map from a pullable square.
Let

o = fl o aq :blof:CU _>V17 (5211)
1:=z10h1 =1 OZZCS—>W1. (5212)
The right cube in the diagram (5.1.1)) provides two decompositions of the commutative square

Cy ——Cg (5.2.13)
lal lﬁl
Vi ——= W,

The first is
CU L> CS

ol
Uy —5s S, (5.2.14)
f1 z1
oo

in which both the upper and lower squares are pullable. By Proposition the natural transformation A
for the square (|5.2.13|) agrees with the composition

! !

Az ay
T hi2) — aiwi 2l (-5, —— a} figi (- al gl (s, (5.2.15)

"8,
The second decomposition of ([5.2.13)) is

CU%CS

ks
Cy —2 COw (5.2.16)
bk
V1 L W1

in which both the upper and lower squares are pullable. By Proposition [3.5.4] again, the natural transfor-
mation A for the square ([5.2.13)) agrees with the composition

A('!
w*ﬁll 77*2'0'1 — flg*c ' —— f b1g1 allg?f(—ég) (5.2.17)

Combining the two expressions of A: 78] — a}gi(-s,) = ol gt (-s,), we get a commutative diagram

T* 2} L flg*ch _re ' gt(=s,) (5.2.18)

! ! A

xpl 1o s ) “
Thi 2y — al w2l (—a) ——= al flgt(-ox)
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Compare ([5.2.18) with (5.2.10). Starting in both diagrams from the lower left corner, going upward then
turning right to arrive at the upper right corner, we see the two maps

Thiz = b1t (-6, (5.2.19)
ATRY — blglzn(-s,), (5.2.20)

are related by adjunctions (fi, f') and (z11,2}). Similarly, starting in both diagrams from the lower left
corner, going right and then turning upward to arrive at the upper right corner, we get two maps of the
above shape that are again related by adjunctions. Since @ is commutative, we conclude that
is also commutative. This completes the proof of Theorem [5.1.3] O

Part 2. Generalities on Fourier transform
6. DERIVED FOURIER ANALYSIS

In this section we introduce a package of results that constitute what we call “derived Fourier analysis”,
because it occurs on generalization of vector bundles that we call derived vector bundles. These are the “total
spaces” of perfect complexes, generalizing how vector bundles are the “total spaces” of locally free coherent
sheaves. Then we generalize the Deligne-Laumon Fourier transform for /-adic sheaves from vector bundles to
derived vector bundles; we call this the derived Fourier transform. This theory of “derived Fourier analysis”
is needed to lift the function-theoretic Fourier analysis in the proof for » = 0 to the level of sheaves. We
establish several properties of the derived Fourier transform generalizing familiar ones, deferring most of the
proofs to Appendix [A]

6.1. Derived Fourier transform. Let S be a derived Artin stack, and E — S a vector bundle.

For E the linear dual of E, we have the tautological evaluation pairing ev: E xg £ — Al

Let ¢: F; — Q, be a non-trivial additive character and £, be the corresponding Artin-Schreier sheaf on
Al

The Deligne-Laumon Fourier transform is the functor

FTY: D(E) — D(E)
given by (following [Lau87, Définition 1.2.1.1] in our normalizations)
K = pryy(pro K @ ev™ Ly)[r]

where r := rank(F) is the rank of E, and the maps are as in the diagram

EXSELAl
2N
E E

We will extend the Deligne-Laumon Fourier transform to certain “derived linear spaces” that we call
derived vector bundles, generalizing vector bundles.

6.1.1. Derived vector bundles. Let S be a derived Artin stack. There is a functor Totg from the category
Perf(S) of perfect complexes on S to the category of derived stacks over S, which extends the usual con-
struction of a vector bundle from a locally free coherent sheaf. As far as we know, the construction is due
to Toén and is documented in [Toeldl p.200-201] (and essentially goes back at least to [Toe06]); however, be
warned that Toén’s convention differs from ours: what he calls Totg(E) is what we would call Totg(E*). (The
construction of Totg also appears in [Khal9)], who agrees with Toén’s convention and therefore disagrees with
ours.)

The elegant definition from [Toel4] p. 201] explains that as a functor from (derived) S-schemes to anima,
Tots(€) sends u: T' — S to Mapgcon(r) (O, u*€), taking into account the reversal of convention as mentioned
above. Here Mapqcon(r) invokes the enrichment of QCoh(7") over anima.

We will spell out the meaning of this definition in perhaps more familiar terms. We start by explicating
Tots(€) in the special case where £ € Perf(S) has tor-amplitude in (—oo,0] (sometimes referred to as &
being connective). Then Totg(E) represents the functor given by (derived) global sections, which at the
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level of O-cells assigns to a derived affine test scheme T'— S the sections RT'(T, E|r) viewed as an animated
abelian group.

Next we explain how to generalize the construction of the preceding paragraph to general £ € Perf(S). It
is immediate from the definition that the construction £ — Totg(E), defined so far on connective &, preserves
limits (if they exist as connective complexes), hence sends exact triangles &, — € — &3 to derived Cartesian
squares

TOts(gl) — TOtS(gQ)

l l

Totg (0) —— Totg (53)

Note that Totg(0) = S; we call the map Totgs(0) — Totg(E) the zero-section. We extend the construction
of Totg(—) to all £ € Perf(S) by this condition. Concretely, Tots(E[—1]) is the derived self—intersectiorﬂ of
the zero-section of Totg(E),

Tots(€£[~1]) —— Tots(0)

l l

Tots(0) ——— Totg (&)

and for a general £ € Perf(S) there exists some d such that £[d] is connective; then Totg(E) is obtained from
Totg(E[d]) by iterating the procedure of forming derived self-intersection of the zero-section d times.

Example 6.1.1. Suppose £ has tor-amplitude in [0, 00) (sometimes referred to as € being co-connective).
Then £* has tor-amplitude in (—oco, 0], and in particular is an animated Og-module. The forgetful functor
from animated Og-algebras to animated Og-modules has a left adjoint, the derived symmetric algebra functor
Symy (see for example [Lurl9l §25.2.2]). Then Totg(€) is the relative spectrum of Symg(E*).

For £ € Perf(S), we will call E := Totg(€) the derived vector bundle associated to E. The virtual rank of
E, still denoted rank(FE), is the locally constant function on S given by s — x(&s), the Euler characteristic
of the fiber of £ at a geometric point s. In general, for perfect complexes denoted with calligraphic
letters such as £,&’, etc., the corresponding roman letters such as E,E’, etc. denote their
associated total spaces.

The map 0 — £ equips E with a zero-section

zg: S — E.

We caution that zg is not necessarily a closed embedding — it is a closed embedding exactly when E comes
from a perfect complex £ with tor-amplitude in [0, 00).
Also, the map £ — 0 equips F with a projection

mg: B — S.

We caution g is not necessarily representable in derived schemes — it is representable exactly when E comes
from a perfect complex £ with tor-amplitude in [0, c0).

Remark 6.1.2. If the perfect complex £ has tor-amplitude in (—o0,0], then the morphism E — S is
represented by stacks which are classical in the sense of being isomorphic to their classical truncations. If £
has tor-amplitude in [0, c0) then the morphism F — S is represented by derived schemes. Therefore, duality
of derived vector bundles interchanges “stackiness” with “derivedness”.

6.1.2. The C-adic Fourier transform for derived vector bundles. Let S be a derived Artin stack, £ € Perf(S).
For £* € Perf(S) the linear dual of £, we have a tautological evaluation pairing £ x £* — Og. Setting
E :=Totg(€) and E := Totg(E*), this induces on total spaces a map

ev: Exg E — AL
The Fourier transform

FT%: D(E) — D(E)

7Although we call this an “intersection”, the zero-section will typically not be a closed embedding.
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is defined as

K = pry (pro (K) @ ev™ Ly)[r]
where r := rank(F) is the virtual rank of F — S (which is constant on each connected component of S, so
the shift [r] makes sense over each connected component of S), and the maps are as in the diagram

EXSELAl
2N
E E

This extends the Deligne-Laumon Fourier transform for ¢-adic sheaves for vector bundles, which corre-
sponds to the case where £ is a locally free coherent sheaf (concentrated in degree 0). When the additive
character v is understood, we will simply omit it from the notation.

6.2. Properties of the derived Fourier transform. We now tabulate some basic properties of the derived
Fourier transform. Below we let r be the virtual rank of £ — S. The non-trivial proofs are all found
in Appendix [A] Below we use the adjective “canonical” to describe an isomorphism whose construction
does not depend on any auxiliary choices; we emphasize this because the proofs require considering, at
intermediate stages, natural isomorphisms that a priori depend on auxiliary choices (but are ultimately seen
to be independent of such choices a posteriori).

6.2.1. Fourier transform of Gaussians. Suppose hg: E —» Eisa symmetric isomorphism. This induces:
e a quadratic form ¢: E — A given by q(e) := (e, hg(e)), and
e a quadratic form §: E — Al given by ¢(&) := (h;* (@), e).

Then one has a canonical isomorphism

2]"FTE(q"Ly) = (—0)" Ly ® (TpTmg " Ly[r]).

The proof is the same as for classical vector bundles, which is found in [Lau87, Proposition 1.2.3.3].

6.2.2. Base change. Let h: S — S. For a derived vector bundle E — S, let E — E be its base change along
h. So we have derived Cartesian squares

E,E E LR
Lo
S-S S_t,g

~

Then there are canonical natural isomorphisms of functors D(E) — D(E)

FT 5 o(hE)" = (hF)* o FTg (6.2.1)

FT;o(h?) = (hP) o FTp (6.2.2)
and canonical natural isomorphisms of functors D(E) — D(E)

FTgo(h?) = (hP), 0 FT (6.2.3)

FTgo(h®). = (hF). o FT . (6.2.4)

The isomorphisms ((6.2.1) and (6.2.3]) follow directly from proper base change. The other natural isomor-
phisms will be constructed in §A:3.4]

6.2.3. Involutivity. There is a canonical natural isomorphism FTzoFTg = [-1]*(—7) of functors D(E) —
D(FE), where [—1] is multiplication by —1 on E.

Remark 6.2.1. The construction of this natural isomorphism appears to be signficantly more involved than
in the situation of the Deligne-Laumon Fourier transform, and occupies much of Appendix [A]
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6.2.4. Functoriality. Let f: B/ — E be a linear map of derived vector bundles having virtual ranks r’, r
respectively. This induces a morphism f: £ — E’ of dual derived bundles. Then we have canonical natural
isomorphisms of functors D(E’) — D(E):

(1) F*oFTp 2 FTg ofilr’ — 7],

(2) f‘ oFTg 2 FTgofir—1r(r—1"),
and canonical natural isomorphisms of functors D(E) — D(E'):

(3) FTgrof* fio FTglr—'](r—1r"),

(4) FT g Of! >~ f,o FTE[T‘/ — ’I”].
We record for convenience that in the Fourier dual coordinates, the previous two isomorphisms become
natural isomorphisms of functors D(E’) — D(E):

(5) FTg of* = f oFTg[r' —r](r' — 1),
(6) F »\PfﬁﬁoFT@vfrﬂ
Moreover, we shall see in §A.2.6| that by construction, the natural isomorphisms above intertwine the ad-

junction (f!,f‘) with the adJunctlon (f* f*) (up to shift and twist), and the adjunction (f*, f.) with the
adjunction (fi, f ) (up to shift and twist). In particular, FTg sends the unit and counit

Id — f'fi hft—1d

to the unit and the counitﬁ
FTg — ff*FTg [ f«FTg — FTg

under the above identifications, and similarly for the other adjunction.

Definition 6.2.2 (The delta-sheaf). For a derived vector bundle E — S, recall that zg: S — E is the
zero-section, which may not be a closed embedding. We define 0g := 251 Qy,s.

Example 6.2.3 (Delta-constant duality). Suppose F — S is a derived vector bundle of rank r. Then
natural transformation gives an isomorphism

FTp(0p) = Q, 5lr]
and natural transformation gives an isomorphism
FT5Q, 5 = 0p[-r](-7).

6.2.5. Verdier duality. Letting D (resp. Dg) denote the Verdier duality functor on £ (resp. E), there is
a canonical isomorphism naturally in K € D(E)

D (FT}(K) = Ty (D (K)(0).
6.2.6. Convolutions. For Ko, Ky € D(FE), we write
Ko % K1 = +1(pry Ko @ pri K1)
where maps are as in the diagram

ExsE —5 F

T

For r = rank(FE), there is a canonical natural isomorphism
FTE(’CO * ]Cl) = FTE(ICo) X FTE(’Cl)[—T]
which is constructed formally from the functorialities of §6.2.4

8In some normalizations of the involutivity isomorphism, a sign would appear here. We have set up our formalism so that
no sign issues intervene here.
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6.2.7. Plancherel formula. There is a canonical natural isomorphism
WE!(FTE(K:l) ® FTE(ICQ)) = FE}(Kl 24 [—1]*K2)(—’F).

This is obtained by writing the LHS as 7z A* FT g (pr§ (ko) X pri(K1)) and then applying the functorialities
of §6.2.4] plus proper base change.

6.3. Proper base change. We will need the compatibility of the Fourier transform with proper base change,
at least under a “global presentation” hypothesis.

6.3.1. Globally presented derived vector bundles. We introduce the following definition for technical reasons:

Definition 6.3.1. A perfect complex £ € Perf(S) is globally presented if it is quasi-isomorphic to a bounded
complex of vector bundles on S,

EX(.. =&t ).

By definition of Perf(S) such a presentation exists Zariski-locally on S, but we are asking for its existence
globally.

We say that the associated derived vector bundle E = Totg(E) is globally presented if £ is globally
presented.

We say that a map f: £/ — E of derived vector bundles lying over h: S’ — S is globally presented if there
exist global presentations £¢ for E and (£°) for E’ and f is induced by a map of complexes (£°)" — h*E®.

More generally, we say that a diagram of derived vector bundles is globally presented if there exist global
presentations for all derived vector bundles such that all maps between derived vector bundles are induced
by maps of these presentations.

Example 6.3.2. Any diagram of classical vector bundles is globally presented.

The role of the notion of global presentation is the following. Certain proofs (deferred to Appendix |Al
towards the results already mentioned in this section rely on the notion of global presentation at interme-
diate stages. Furthermore, in the statement of Proposition below, we impose a global presentation
assumption. Various results in later sections depend on Proposition and will therefore also require a
global presentation assumption. We expect that this assumption is not actually necessary, but it provides a
“shortcut” for the proof, ultimately because a globally presented map can be factored into the composition
of a closed embedding and a smooth map (Lemma .

6.3.2. Compatibility with proper base change. Consider a Cartesian square of globally presented derived

vector bundles, along with the dual Cartesian square
B
g’/ \f’/‘ /
A D

N A

Then proper base change gives natural isomorphisms

and

\
/

g h= () and  Gf = (f)G (6.3.1)
Let d =d(f),0 := d(g). According to there are natural isomorphisms
G FT4 = FTpg*fild+6)(6) and (F)*G FT4 = FTp f{(g')*[d + 8](5). (6.3.2)

Proposition 6.3.3. Assume that f and g are globally presented (in particular, A,C,D are globally pre-
sented). Then the diagram

Gf*FTy —=— FTp g* fild+ 0]()

JN JN (6.3.3)

(F)*G FTa — FTp f/(g')*[d + 6](5)
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commutes, where the identifications are as in (6.3.1) and (6.3.2).

This innocuous-looking statement turns out to be rather involved to prove, so the proof will be deferred
to §A| (see Proposition [A.4.3). As discussed above, we believe that the technical assumption that f, g are
globally presented is an artefact of the proof.

6.4. Fourier transform of the Gysin map. Let f: E' — F be a quasi-smooth morphism of derived vector
bundles over S, which is equivalent to cone(E’ — &) being locally represented by a complex of vector bundles
in degrees < 0. Then f has a relative fundamental class [f], which induces a Gysin natural transformation
f* = fld(), as explained in Dualizing, this is equivalent to the condition that the dual map
f: E—Tis separated (or equivalently in this case, representable by derived schemes), and therefore has a
“forget supports” natural transformation can(f): f. — ﬁ

Example 6.4.1. If E and F’ are classical vector bundles over S, then the map f is automatically LCI (and
therefore quasi-smooth). Indeed, the graph of f provides a factorization

E S ExsE 2 E
which is a composition of a regular embedding and a smooth morphism.

We need the following identification of the Fourier transform of the Gysin map. After some inquiries,
we found that this statement was unknown to experts even in the case where f is a map of classical vector
bundles, hence automatically LCI by Example

Proposition 6.4.2. Let f: E' — E be a globally presented quasi-smooth map of derived vector bundles and
let f: E — E' be the dual map to f: E' — E. Then the diagram of functors D(E) — D(E")

AFTE —D L FET,
lN l’“ (6.4.1)
FTp fA(H)d(f) —L FTo f—d(f)]
commutes.

Remark 6.4.3. The significance of Proposition is to describe the derived (relative) fundamental class
[f] in terms of classical geometry in the Fourier dual space.

The proof of Proposition [6.4.2] is rather lengthy. We will begin with several reductions.

6.4.1. Reduction to smooth derived vector bundles. We begin by reducing Proposition [6.4.2] to the case where
E and E’ are both smooth (but still potentially stacky) over S.

Lemma 6.4.4. We can find F,F’ with tor-amplitude in (—o00,0] and a quasi-smooth map g: F' — F fitting
into a derived Cartesian square

E I F

| s (6.4.2)

E-hr,F

Proof. We have by assumption that f is represented by a map of complexes of vector bundles

L (&)t ( 0

. gym
J lfm_l me (6.4.3)
. gm

L &Ml 0

We induct on the statement: as long as m > 1 and f is quasi-smooth, any such diagram is up to homotopy
equivalence pulled back from one in which both rows are complexes of vector bundles which vanish in degrees
at least m (in both rows).
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To prove this, we will replace (|6 via homotopy equivalences by a map of complexes for which f,, = Id,
for then

g —— (&)<m

is a pullback square, where (...)<™ refers to the naive truncation, and we may take g: /' — F to be
fem: (E)<™ — £<™. Indeed, the assumption that f is quasi-smooth implies that it induces an isomorphism
on H=? and a surjection on H!, so by the assumption that m > 1 the map £™ ! @ (&)™ —= d+fm EM i
surjective. We may replace (£/)™~! <, (&Y™ by Emt e (E)m! Mod, em—1 g (&)™, and replace the

diagram (6.4.3) by

) em=1¢ (g/)m—l Id @d! em=1g (gl)m 0

J J{Id +fm—1 ld—&-fm

S Emt d em 0

Then we may replace the part £m~! 4, gm by its pullback along the surjection f,,: (/)™ — £™. The map
in degree m is now the identity map, as desired. O

Lemma 6.4.5. If Proposition holds for the map g: F' — F in the right column of (6.4.2)), then it
holds for the map f: E' — E.

Proof. By the base change property for relative fundamental classes [Khal9, Theorem 3.13], we have h*[g] =
[f], meaning that the following diagram commutes:

.
W g Qur D b g Qup(—d(a))
H ‘

" Qe r EIIN [ R*Qup(—d(p)

We are granted that FTp/([g]) = can(g). Then applying FT g to this commutative diagram, using
we have that

FTp([f]) = FTe:(h[g]) = FTr:([g]) = B can(g) = can()
where the last equality used Lemma (note that both maps g and fare separated and locally of finite
type). O

Hence we have reduced the proof of Proposition to the case where E/ and E are smooth over S, and
in the rest of the argument we will assume this to be the case.

6.4.2. Equivalence of formulations. Recall from Example [6.2.3] that for r := rank(E), we have FT(Qq.g) =
dp[—7](—=7). Therefore, a special case of Proposition [6.4.2]is the following Lemma.

Lemma 6.4.6. The relative fundamental class f*Q g ﬂ) 'Qu.r(—d(f)) is sent by FTw to

Fog ")) <D, Foig [r)(—r).
However, the converse is also true, at least under the given assumptions.

Lemma 6.4.7. Let E', E be derived vector bundles smooth over S, and f: E' — E a quasi-smooth and
globally presented. If Lemma[6.4.6 holds for f, then Proposition[6.4.3 holds for f.

Proof. Indeed, let K € D(E). Then f*K — f'K(-d(s)) is the composition

Id®f]

K=K Qe — K& fQur-dn) = f(K2Qug)-d) = [ Kdp) (6.4.4)
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where we recall that the second arrow is the base change map for the Cartesian square

g 8 g R

b b

E-2,ExE

Note that a global presentation for f induces a global presentation for this diagram.
Let us factor (6.4.4)) into two halves:
1d ®

['K=["K® [ Qur e, K® f'Qeu(-d(n) (6.4.5)
and
F K@ f'Qup-dn) = f'(K® Que)-df) = fK=d). (6.4.6)
Abbreviate K := FTg(K). By hypothesis, the first half (6.4.5) is sent (up to shift and twist by r — /) by
FTE/ to
f-l@ = f.l@ * ﬁ(SE 1dx can(/) ﬁ’/c\ * ﬁﬁ@,.
Applying Proposition we see that the second half (6.4.6) is sent (up to shift and twist by » — ') by
FTE/ to
FK* fd5 5 f(Kxd5) = f.K
where the arrow comes from base change for the Cartesian square
ExE—4 FE
lld X f f
Ex B I B
which has a global presentation induced by that of f.
TQ complete the proof, we need to show that the above composition agrees with the “forget supports” map
for f. This follows from the compatibility statement in Lemma that the following diagram commutes:

H |

AR x6z) UL F(Rwsy)

where the top horizontal isomorphism is justified by the chain of identifications (using that z5 and zg, are
closed embeddings because &, are connective by assumption)

Jios = Fz5Qus = 25,Qus = 25, Qus = foz5,Qus = [205. (6.4.7)

Indeed, tracing the diagram along the left and bottom gives can(f), while tracing along the top and right
gives (up to shift and twist by  — r') the natural transformation FT g/ ([f]). This concludes the proof. O

6.4.3. Proposition[6.4.3 We now complete the proof of Proposition by establishing Lemma By
Lemma, and Lemma, we may assume that E’, E are smooth over S. Then the map f is LCI,
hence f!Q&E(—d(f)) is isomorphic to f*Qur = Q¢ . Note that the space HOHlE/(f*Q&E,f!Qg,E(—d(f»)
then identifies with HO(E’; Q,) = H°(S; Q).

Similarly we see ﬁ&@ > ip = ﬁé@ and HomE,(flég,,ﬁég,) ~ HO(E’; Q) = H(S; Q). Of course, this
also follows formally from the previous paragraph, since FT g is an equivalence of categories.

By examining each connected component at a time, we reduce to the case where S is connected. Then
HY(S; Q) = Qy, so the two maps in question differ by some scalar. We want to verify that this scalar is 1;
it suffices to check this after pulling back to a single point of S, since Fourier transform is compatible with
pullback on the base. Thus we reduce to the case where S is a point.

For f', the six-functor formalism is developed (cf. [Ver67]) so that for a smooth morphism f, the shriek
pullback f'is equal to f*(d(f)). Hence if f: E' — E is surjective, then the Gysin map is the identity map,
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and since f is a closed embedding the forget supports map fx — f* is the identity as well. So Proposition
[6.42is evident in this case.

By factoring f: E' — E as the composition of a linear smooth map and a linear closed embedding (cf.
Lemma , we may assume that f is a closed embedding (since the statement of Proposition
is compatible with compositions). Since S is a point, f necessarily has a splitting 7: £ — E’, which is
necessarily smooth. Then since 7o f = Id, we have

QZE’—fﬂ'QlE’—>f7TQ€E’( d(r)) —>f7TQ£E'<dTr) Q-
Since 7 is smooth, [r] is the identity map. The composition [r o f] = [Id] is also the identity map, so
we deduce that with respect to the identifications f*ﬂIQg,E/(—d(n)) = Qg r and f!ﬂ'!Qg,El(—d(ﬂ)) = QuE

induced by the equalities in the equation above, [f] is the identity map.
Similarly, we have

can(zp) > can(),

0% = fi25,Qus — 2% fizp,Qus —% fozp, Qus =
Since zg is a closed embedding by the hypothesm that £ is connective, can(zE) is the 1dent1ty map. The
composition in the above diagram is can( f o zg), which is also the identity map because f ozp = zp, is also

a closed embedding. Therefore, can(f) is also the identity map.
]

7. FOURIER ANALYSIS OF COHOMOLOGICAL CORRESPONDENCES

In this section we study how derived Fourier transform interacts with cohomological correspondences.
This provides the main content towards Step (5) of the outline

7.1. Fourier transform of cohomological correspondences. In we defined the notion of cohomo-
logical co-correspondence. These arise naturally as the Fourier transforms of cohomological correspondences,
as we now explain.

7.1.1. Owver the same base. Suppose we have a Cartesian square of derived vector bundles over a base S,

Eo / \ E, (7.1.1)
N A

The collection of dual derived bundles forms a Cartesian square of vector bundles over S:

/\
\/

We may apply to see that the cohomological correspondence pjKoy — pi K, is taken by FTo» to a

cohomological co-correspondence on C”
Por FT 5, (Ko)[=d(po)](—d(po)) — P1« FTg, (K1)[d(p1)]-
This may be converted as in (4.8.4)) to a cohomological correspondence on Ct

G FTr,(Ko) = @1 FTg, (KK1)[d(po) + d(p1)](d(po))

which we call FT s (¢). The construction ¢ — FT ¢ (c) defines an isomorphism of vector spaces

FTCb COI‘I"Cb (]Co, ’Cl) 5 COIT (FTEO (IC()) FTE1 (]Cl)[ (po) + d(pl)](d(po))) (712)
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7.1.2. Varying the base. In §7.1.1] we explained that cohomological correspondences on certain correspon-
dences of derived vector bundles over a base S could be Fourier transformed to a dual correspondence.

We will define the Fourier transform of a cohomological correspondence in a slightly more general situation,
where the base of the derived vector bundles is also permitted to change. Suppose we are given a map of
correspondence

c’ (7.1.3)

where Ey, C* and E, are derived vector bundles on Sy, C's and S; respectively. Assume the maps py and p;
are linear. B

Let Ey and E; be the pullbacks of Fy and E; to Cg via h;. We can canonically extend the correspondence
Ey &~ ¢ 24 By into a commutative diagram

Here C* is defined to be the pushout of the correspondence of vector bundles Eg &2 Foooo Py El, so that C*
is also a derived vector bundle over C'g, and the inner diamond is derived Cartesian. When we view C’ as a
correspondence between Ey and E7, we denote it by C”: when we view it as a correspondence between EO
and El, we denote it by C’.

Taking dual derived vector bundles we get a diagram

Again, when we view C? as a correspondence between EO and El, we denote it by Ct.
For K; € D(E;), i = 0,1, we define an isomorphism of vector spaces

FTes : Corres (Ko, K1) = Corrg, (FT g, (Ko), FT g, (K1)[d@0)+d@)](d(Fo))) (7.1.4)
as the composition of isomorphisms
Correy (Ko, K1) = Corrg, ((h§)* Ko, (REY'KY)
FT s,

(
—<  Corrz, n(FT (7)) Ko), FT 5, ((hf) K1) d(B0) +d(31))(d(o))
(

= Corrg((hg BV BT gy (Ko), (hP) BT, (K ) o)+ (d50)))
= Corr; ;(FT g, (Ko), FTE, (K1)ld(@0)+d(51))(d(F0)))-
Here we have used §6.2.2]in the second to last isomorphism.
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7.2. Functoriality. We state and prove functorial properties of the Fourier transform of cohomological
correspondences constructed in and more generally in §7.1.2)

7.2.1. Functoriality over the same base. Suppose we have a commutative diagram

=
7 N
Q Q
=

(7.2.1)

Iy

of derived vector bundles over S, where the top and bottom diamonds are derived Cartesian and all maps

are linear.

The dual diagram to (7.2.1)) is

Dt
@ 4o
F, B
7
qo - a1
Db
7 7 (7.2.2)
Ct
2 7 Po
B E,
Po . p1
CI?

Lemma 7.2.1. In the above setup, the following are equivalent:

(1) The map of correspondences f° : C* — D’ is left pushable;
(2) The map of co-correspondences f* : Cji — Dﬁ is right pushable;

(8) The map of co-correspondences fb Db - C’b is left pullable;
(4) The map of correspondences fﬁ Dt — C”j is right pullable.
Moreover, when (3) and (4) hold, we have d7 = 67

Proof. Using that the bottom diamond in (7.2.1]) is derived Cartesian, we see that the following diagram is
derived Cartesian

b
C* = Fy xp, D (7.2.3)

’
pli lpﬁ(q’l a1

E1 2> Ct xpi Fy
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Now (1) <= ¢ is a closed embedding of derived vector bundles <= e; is a closed embedding of derived

vector bundles (by the above derived Cartesian diagram) <= (2). This proves (1) <= (2). The same
argument shows (3) <= (4) and that 65 = 0.

It remains to show that (1) <= (3). Let &, F;,C’,--- be perfect complexes over S whose total spaces
are F;, F;,C?,---. We name the maps between these perfect complexes by the same name of the induced
map between their total spaces. Let P be the derived fiber of the linear map (po, Vi E C" = Ey x o D’ over

the zero section Og; let @ be the derived fiber of (o, fo) FO — Db xa EO over the zero section Og.
Note that P is the total space of the perfect complex P over S that is obtained by taking the total complex
of the double complex
¢ 2ol g g pr S, 1 (7.2.4)

Here C” is placed in the original degrees, and the other terms are shifted accordingly. Then (1) is equivalent
to

(1’) P is locally represented by a complex of vector bundles in degrees > 1.
Similarly, @ is the total space of the perfect complex Q over S that is obtained by taking the total complex
of the double complex
Fy LSO o gy g S0, b, (7.2.5)
Here Fy is placed in the original degrees, and the other terms are shifted accordingly. Then (3) is equivalent
to
(3’) Q is locally represented by a complex of vector bundles in degrees < 1.
Observe that Q is quasi-isomorphic to P*[—2]. Therefore (1’) <= (3’). This proves (1) <= (3).
|

Assume that f° : C® — D" is left pushable. Then for K; € D(E;) (i = 0,1), the pushforward map
(f*)1 : Corres (Ko, K1) = Corr ps (forKo, f11K1) (7.2.6)

is defined. By Lemma the map of correspondences fﬂ . Df - Ctis right pullable. Hence for £; € D(E;)
(i =0,1), the pullback map

(F4)* : Corrg (Lo, L1) — Corr 5 (Fs Lo, fi L1(~6,)) (7.2.7)
is defined.
On the other hand, applying Fourier transform to foiKo and f11K1, we have by
FTr, (forko) = f5 FT, (Ko)[=d(fo)l,  FTr, (fuka) = J7 FTp, (K1)[=d(f1)]. (7.2.8)

Lemma 7.2.2. We have
(1) b5 = d(po) — d(qo)-
(2) d(p1) — d(q1) + d(f1) = d(po) — d(qo) + d(fo)-
Proof. (1) The proof of Lemma shows that 5?3 is equal to the relative dimension of C* — Ey x g, D°,

which is d(po) — d(qo)-
(2) Both sides are equal to d(f*). O

Proposition 7.2.3. Assume that diagram (7.2.1) is globally presented.
(1) Suppose the map of correspondences f° : C* — DP is left pushable. Let K; € D(E;) fori=0,1. Then
the following diagram commutes

FT
Corres (Ko, K1) < Corrg; ;(FT g, (Ko), FTE, (K1)ld(po)+d(p1)](d(po)))

l(fb)s J{(ﬂ)*

T FT
Corr ps (forko, fuiky) — 2 Corrg, (f T, (Ko), i FT g, (K1) ld(ao)+d(an) +d(fo)—d(£1)](dla0))
(7.2.9)
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Here we use Lemma to match the differences of the twists that appear in the right vertical map with
(=03), which is the correct twist for (fH*.

(2) Suppose the map of correspondences f°:C" — D" is right pullable. Let K; € D(F;) fori=0,1. Then
the following diagram commutes

FT
Corr py (Ko, K1) o Corr 5, (FTr, (Ko), FTr, (K1)ld(a0)+d(a))(d(a0)))

l(fb)* l(f“ N

T FT
Corres (Ko, fiKC1) —— 202 —€ sy Corr g (for FTR, (Ko), fut FTp, (K1) d(go)+d(an)] (d(0))

Proof. (1) Below, to shorten notation, we write K= FTg, (K;). By definition, FT» is the composition of
two isomorphisms
FTes : Corres (Ko, K1) —< COCOHA(’CmKl[d(po)-i-d(pl)](d(m))) i Corrg; (Ko, K1 [d(po) +d(p)] (d(p0)))-
(7.2.10)
Similar remarks apply to FTp,. Therefore it suffices to prove the commutativity of the following two
diagrams separately

FT,

Corres (Ko, K1) < CoCorrg; (Ko, K1 ld(po)+d(p)](d(po))) (7.2.11)
(") i(?”)*
Corr ps (for Ko, fuiK1) Hason® CoCorr; (F3 Ko, Fr K tdwh) +a(wh) +d(fo)—d(£0))(d(h)))
and
CoCorr; (Ko, Kp) —&—~ CorrA(ICo, K1) (7.2.12)

i(?”)* i(f“)*

CoCorrA(folCo,fl IC1) e CorrA(fOICo,fl ICl)

Here the pullback map of co-correspondences (fb)* is defined in The commutativity of the diagram

(7.2.12) is proved in Proposition [4.8.2
It remains to show that (7.2.11)) is commutative. Since the statement does not involve C* and DF, we will

omit the superscript b from the notations and denote C*, D* by C and D. For ¢ € Corrg(Ko, K1), denoting
K; =FTg, (K;), we have to show the commutativity of the outer square of the diagram

FT(fi¢)

T(g§ forKo) ——= FT( fip;Ko) T(fip} K1) FT(q} f1:K1) (7.2.13)

14 4 14
Gofg Ko[?)(7) —2> F*Boiko[7](?) Fouka[?(?) — @ frKa[?1(?)

Here the arrows marked by V and A are the base change maps attached to the pushable square (C, Ey, D, Fp)
and the pullable square (ﬁo, ZA), EO, 5) The unmarked arrows are induced by the natural transformation
firy — ¢} fu attached to the square (C, Ey, D, F}) and the natural transformation f*@* — a\l*fl* attached
to the dual square. The vertical isomorphisms are from We have omitted the shifts and twists in the
bottom row.

The middle square above is commutative by the naturality of the isomorphisms in The right square
is commutative: write fip} — ¢} f1 as the composition

Ay 5 AP A= A S gl (7.2.14)

Therefore it suffices to note that FT transforms the unit map Id — f] f11 (resp. counit map fif' — Id) to
the unit map Id — f. f* (resp. the counit map f*f. — Id), as explained in 3.

l

FFFT(c)
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It remains to show that the left square in (7.2.13) commutes. Let C% = E, X g, D, with the induced map
c:C — C" The square (C, Ey, D, Fy) can be decomposed as the composition of two squares of derived
vector bundles over .S

Ey<2—C (7.2.15)

l

E0<;Ch

J ]

Fp<2 D
where ¢ is proper by assumption, and the bottom square is derived Cartesian by definition. Note that the
assumptions guarantee that ((7.2.15)) is globally presented. Using the compatibility of the base change maps
with composition of squares proved in Proposition [3.2.3] and Proposition [3.5.4] we reduce to showing the
commutativity of the left square in ([7.2.13|) separately for the two squares in 17.2.15}, i.e., for two special
cases:

(1) The square (C, Ey, D, Fy) is derived Cartesian (hence so is its dual square).
(2) The map fo =1Id : Ey — Fy = Fjy is the identity map, and f is proper (i.e., a closed embedding of
derived vector bundles; dually f is smooth).
The first case follows from Proposition (proved in Proposition [A.4.3]), which applies because ([7.2.15)) is

globally presented. In the second case, we reduce to showing that the outer square in the following diagram
is commutative

FTqp —2 S FTf, f*qt =———FT fupt <~ FT fip} (7.2.16)

14 l ¢ 14

_ A oo _
PP FT (7)) =<<— F*Dor FT 2(2)(d(P)

Qo FT 717) 2% 7' fiGo FT [2)(7) ——

Here ? = —d(qo). (The global presentability assumption is used here to produce the first and second vertical
maps, since go is not assumed to be smooth or a closed embedding.) Now the left and middle squares
commutes because FT takes the unit to unit. The right square commutes by Proposition [6.4.2

(2) An analogous argument can be applied. Alternatively, (2) follows from (1) using the near-involutivity
of FT. |

7.2.2. Functoriality over varying bases. We next extend the preceding discussion to the situation where the
base space may vary. Consider a diagram of maps of correspondences

c’ (7.2.17)
AN
Ey D’ E
AN
Fy Cy F
P
So Sl

where E; and F; are derived vector bundles over S; (for i = 0,1), and C* and D" are derived vector bundles
over Cg. All maps between derived vector bundles are assumed to be linear.

Let E; — C’S, F; —> Cs and fZ E; — F, be the base changes of E;, F; and f; along hi: Cs — S;. Using
the discussion in § we can canonically extend the upper part of the diagram (|7 into a commutative



58 TONY FENG, ZHIWEI YUN, AND WEI ZHANG

diagram

(7.2.18)

where the squares labeled by ¢ are derived Cartesian.
Since the leftmost parallelogram is derived Cartesian, the square (C”, Ey, D°, Fy) is pushable if and only

if the square (CN'b,EO, 5", ﬁo) is pushable. In other words, the morphism f° : C* — D’ of correspondences
is left pushable if and only if the morphism f* : C® — D" of correspondences is left pushable. When any of
these equivalent conditions holds, we have a pushforward map

f i Corres (Ko, K1) — Corr ps (forKo, f11KC1). (7.2.19)

7.2.3. The dual diagram to (|7.2.18) is:

(7.2.20)

Since the rightmost parallelogram is derived Cartesian, the square (b\ﬁ, ﬁl, 6'\71 , El) is pullable if and only if
the square (D, Fy,Ct, Ey) is pullable. In other words, the morphism I Di = Ot of correspondences is

right pullable if and only if the morphism f* : Df — C* of correspondences is right pullable. When any of
these equivalent conditions holds, we have a pullback map

(F4)* : Corrg (Lo, L£1) — Corr g (f5 Lo, Fi L1(=5)). (7.2.21)

Moreover, by Lemma f? is left pushable if and only if fAﬁ is right pullable.
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Proposition 7.2.4. Assume the diagram (7.2.20)) is globally presented.
(1) Suppose the map of correspondences f° : C° — D" is left pushable. Let K; € D(E;) fori=0,1. Then
the following diagram commutes:

FT
Correw (Ko, K1) <’ Corr 1 (FT g, (Ko), FTE, (K1)ld(@0)+d(51)(d(50)))

(') l(ﬂ)*
Tiacson FTp,
Corr ps (forKo, f11K1) S

Corr; (J3 FT, (Ko), f1 FT g, (K1) d@o)+d(@)+d(fo)—d(f)] (d(@)))

(7.2.22)
Here we use Lemma to match the differences of the twists that appear in the right vertical map with

(=0), which is the correct twist for (fH)*.
(2) Suppose the map of correspondences f°:C" — D" is right pullable. Let K; € D(F;) fori=0,1. Then
the following diagram commutes

FT,
Corr ps (Ko, K1) ’ Corr 53 (FTr, (Ko), FT r, (K1)1d(@0)+d(@))(d(@)) )

J(fb)* J(ﬂ N

T FT
Corren (Ko, fi K1) —— 2502y Corrg (for FT R, (Ko), fut FT g, (K1) (@) +d(@)) (@)

Proof. (1) Let Ko = (hE)*Ko and Ky = (h¥)'Ky. Using the definition of FT and FTp, from §7.1.2L we
decompose the square ([7.2.22]) into three squares

Corres (Ko, K1) Corrg, (Ko, K1) (7.2.23)
(") im

Corr s ( forKo, f11K1) —= Corr s, ( forKo, f11K1)

~ o~ FT ~ ~ ~
Corrg, (Ko, K1) < Corr (FT(Ko), FT(K1)d@o)+d(71)](@(F0)))

l(ﬁ’)z i(ﬁ)*

7= 7oy Tavol FTs =k =8 Fas >IN _
Corr g, (forKo, f11K1) Corr= ((fo)" FT(Ko), (f1)* FT(K1)(d(@)+d(@)+d(fo) ~d(1))(d(0)))
(7.2.24)

and

corra(FT(/EO),FT(;a))—N>corr . (FT(Ko), FT(K1)) (7.2.25)

i(ﬁ)* i(f“)*

Corr = ((Jo)* FT(Ra), (J1)* FT(Ky)) = Corr 5, (5 FT(Ko), fi FT(K:))

The commutativity of (7.2.24) is proved in Proposition
Let us prove the commutativity of ([7.2.23)). After unraveling definitions, the non-obvious part is to show

the commutativity of the following diagram of functors D(Ey) — D(D")

v(hg)"

T (hE)* for —5 5 Fon () 2 o () (7.2.26)

* v *
q5 for f!bpo
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This follows from Proposition applied to the two squares

E

5o ~ h
2 Ey—"sF, (7.2.27)
lf“ l)?o lfo

~ F

q ~ h
Db40>F040>F0

Let us prove the commutativity of ([7.2.25)). After unraveling definitions, the non-obvious part is to show
the commutativity of the following diagram of functors D(Ey) — D(D")

Fve St B A0 S B s @) 5By,
(F9* @) (h)' —= (@) (f1)* (A7) —= (qp)' (h{)' (f1) (7.2.28)
(F9)* (v’ : (ab)' (F1)"
This follows from Proposition applied to the two squares
~ @ = rf A
DI 2 F —= I (7.2.29)

P b

= o~

éﬂLﬁl—kﬁl

(2) The proof is similar. Alternatively, it follows from (1) using the near-involutivity of FT.

8. ARITHMETIC FOURIER TRANSFORM

In this section we introduce an “arithmetic” variant of the Fourier transform, which will be used to do
Fourier analysis on the Borel-Moore homology of moduli spaces for shtuka-type objects.

Sht}, —— Hk},

l(bmbr)
(Frobld) 7

v

When specialized to r = 0, the arithmetic Fourier transform recovers the finite Fourier transforms used in
§2.3] to prove modularity for r = 0.

8.1. The general setup. Let T be a derived Artin stack and Y — T be an étale locally free F;-vector

space bundle of finite rank. In particular, Y — T is representable (in schemes) and finite étale. Let YT
be the dual F,-vector space, i.e., at the level of étale sheaves over 1" we have

?HOqu (Y,E,).

Note that ¥ V.
Then we have an “evaluation” map

ev:YxT}?e&,
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where F, is the set F; viewed as a discrete scheme. Consider the diagram

Definition 8.1.1. Let ¢ be a nontrivial additive character of F,. Let d be the rank of ¥ as an Fy-vector
space over T. We define the arithmetic Fourier transform (with respect to 1) to be the map

FTYY HEM(Y) — HEM(Y)
given by
a = (1) pryy(pry(e) - ev* ).
Here, we used that HZM(—) is a module over H(—; Q,), or in other words, we can multiply Borel-Moore

homology classes by locally constant functions. More generally, H2M(—) is a module over H?*(—; Qq(x)).
Similarly, we define the arithmetic Fourier transform (on cohomology) to be the map
FTYY . HY(Y; Qry) — H*(Y; Quy)
given by
a s (=1)%pry, (pry(a) - ev* ).
When 1 is understood, we will suppress it from the notation, writing FT*ith — parith.v

8.2. Basic properties. We establish some basic properties of the arithmetic Fourier transform, parallel to
those of the usual finite Fourier transform (§2.3.7).

Lemma 8.2.1 (Plancherel property). Let o € HEM(Y) and B € H¥ (Y Q,5(4)). Then
m(ar - FTY(B2)) = m(FT*" (an) - B2) € HyM, (7).
Proof. We have

m(ay - FT™(8y)) = (=1

(=1)%m(ay - proy(pr; B - ev* 1))

= (=1)%m proy(prg e - pri B - ev* ¢))

= (1) pryy (prg o - pri B - ev* ¢h)

= (=) (pry, (pry v - ev* ) - Bo)

= m(FT () - Ba).

U

Next we examine compatibility of the arithmetic Fourier transform with base change. Let p: T/ — T
be a proper map. Let Y/ — T’ the pullback of Y — T and Y’ — T” the pullback of Y — T. So we have
Cartesian squares

vV 5 Y V' — Y
T 5T T % T

The properness of ¢ ensures the existence of maps ¢;: HEM(Y') — HEM(Y) and ¢: HBM(Y ) — HEM(?)

Lemma 8.2.2. Let ¢: T' — T be proper and maintain the above notation. Then we have Frarith

@ o FT™ g5 maps HEM(Y') — HEM(?)

ngl =

Proof. The pushforward ¢ satisfies base change against: smooth pullback, proper pushforward, and tensor-
ing with H(—, Q,), and FT** is a composition of such operations. |
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Now suppose that ¢: 7" — T is quasi-smooth. Let Y’ — T’ the pullback of Y — T and Y’ — T’ the
pullback of Y — T. The quasi-smoothness of ¢ ensures the existence of maps *: HEM(Y) — HBM = (Y”)

. Iy #+2d ()
and ¢*: HEM(Y) — H}ﬂ/[zd(@) (Y").

Lemma 8.2.3. Let p: T" — T be quasi-smooth and maintain the above notation. Then we have FT* ™ op* =
©* o FT™™ 45 maps HBM(Y) — Hf}gd(w (Y").

Proof. The pullback ¢* satisfies base change against: smooth pullback, proper pushforward, and tensoring
with H*(—, Q¢), and FT2h i 4 composition of such operations. a

Lemma 8.2.4 (Involutivity). We have FT?{ith o FTH — ¢d[—1)*, where [—1] is multiplication by —1 on
Y using its F g -vector space structure over T'.

Proof. First suppose that it Y — T is a split étale Fg-vector space over T, i.e., there exists a (finite-
dimensional) F,-vector space Yy such that Y = Yy x 7. In this case, HBM(Y) = HBM(T") ®q, Q¢[Yo] and the
arithmetic Fourier transform simplifies to the identity on HEM(T) tensored with the usual Fourier transform
on Qg[Yp]. Therefore, the identity follows as for the usual finite Fourier transform (§2.3.7).

Now, since Y — T is finite étale, it is split by some finite étale pullback ¢: T" — T. Letting Y’ — T’ be
the pullback of Y — T along ¢, the previous paragraph shows that

FT%" o FTYM = ¢4[—1]". (8.2.1)
According to Lemma m and Lemma , FT%;,ith op* = p*o FTI;L/rith and FTHM op* = o* o T 50
composing (8.2.1)) with ¢* shows that
SO* FT?’;ith OFT?/I‘ith — w*qd[_l]*.
Now apply 1. Since ¢y o ¢* is multiplication by deg ¢ (which is invertible), we get the desired equation. [

Let ¢: Y — Y be an F -lincar map of F-vector spaces over T. In particular, ¢ is finite étale, so that
we have maps

" HPM(Y) — BPM(Y),
o HPM(Y') — HPM(Y).
Let @: Y — Y’ be the dual map. As @ is also finite étale, we have maps
3 HEM(PY) o HEM(D),
P HPM(Y) — HPM(Y).
Proposition 8.2.5 (Functoriality for linear maps). Keep the above notation. Let d,d’ be the ranks of Y, Y’
as F g -vector spaces over T'. Then we have the following identities.
(1) FTH o = (—1)4=4'3* o FT 45 maps HBM(Y’) — HBM(Y).
(2) FTE opx = (—1)% ~dgd =435 o FTHM g5 maps HBM(Y) — HBM(Y7).
Proof. First suppose that it Y — T is a split étale F-vector space over T, i.e., there exists a (finite-
dimensional) F,-vector space Yy such that Y = Yy x T. In this case, HBM(Y) = HBM(T) ®q, Q/[Ys] and the
arithmetic Fourier transform simplifies to the identity on HEM(T") tensored with the usual Fourier transform
on Q[Yp]. Therefore, the identity follows as for the usual finite Fourier transform (§2.3.7).

In the general case, Y (therefore also 17) is split by some finite étale base change 7" — T'. Then the proof
reduces to that in the split case, as in the proof of Lemma [8.2.4] a

8.3. Compatibility with sheaf-theoretic Fourier transform. Let S be a derived stack and p: £ — S
be a vector bundle (note that we deliberately do not allow more general derived vector bundles here). Suppose
¢=(cp,c1) : C = S xS is a correspondence and we are given an isomorphism of vector bundles over C

L:cyE ~E. (8.3.1)
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Let Cg be the total space of cjE and of c] E, identified via ¢. Let e; : Cg ~ ¢; E — E be the projection, for
i =0,1. Then we get a correspondence e = (eg,e1) : Cg — E X FE that fits into a commutative diagram

E<~——Cg——F (8.3.2)

such that both squares are Cartesian.

The above data induces a correspondence € : Cp — ExE by passing to the dual vector bundles. Let
D: E — S and pg:Cp— C be the projections.

Let K € D%(E) and ¢ : ef K — et K(-n) be a cohomological correspondence. Applying Fourier transforms,
using that Fourier transform commutes with arbitrary * and ! base change (, ¢ induces a cohomological
correspondence of FTg(K) as the composition:

FTcp(c)

FTc,(c): eg FTp(K) ~ FTo, (egK) —=—5 FTe, (e K(—n)) ~ & FT(K)(-n). (8.3.3)

Consider the map ¢(!) = (Frobg ocg,¢1) : € — S x S. This makes C' into a self-correspondence of S in a
different way, which we denote by C''). Similarly, we define C](;) (a self-correspondence of E) and Cg) (a

self-correspondence of E). Recall notation
Sht(C) = Fix(C™),  Sht(Cg) = Fix(Cy), Sht(Cp) = Fix(CL)). (8.3.4)
Lemma 8.3.1. The projections
7 : Sht(Cg) — Sht(C), 7 :Sht(Cg) — Sht(C) (8.3.5)
are relative Fy-vector spaces over Sht(C) that are dual to each other.

Proof. Evident. O

Let K € D(E). Then K is equipped with a canonical Weil structure Frob K ~ K. A cohomological
correspondence ¢ : ef K — e} K(—n) induces a cohomological correspondence ¢ supported on Cg):

¢ - e Frobl K ~ ef K 5 e K(-n). (8.3.6)
Taking trace we get
Tr(cM) € HEM(Sht ). (8.3.7)
Similarly, we have the cohomological correspondence FT¢,,(¢)(!) of FT(K) supported on Cg), and its trace
T (FT, (6)) = Te(FTc, (V) € HEY (Sht(Cp)). (8.3.8)
Theorem 8.3.2. In the above situation, we have
T (T, (¢)) = FTER,  (T5(¢)) € HEM(Sht(Cp)). (8.3.9)
Proof. Tt is easy to see that
FTo, (¢W) =FTe, (o)W, (8.3.10)

Therefore we need to show

Tr(FTco, (¢V)) = FTEN 6, (Tr(c™M)). (8.3.11)
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Consider the following diagram of correspondences (correspondences are written horizontally and morphisms
between correspondences are written vertically)

Frob oeq e

E cl E (8.3.12)
pPTy PrlT pry
~Frob od, d ~
ExgFE OCSiSE%ExSE
pro \Lprz pro
~  Frobogeg (1) el =
E o E

Note that all squares are étale topologically Cartesian. The Fourier transform FT(c(l)) is the composition
of three operations

T(cM) = proy(ty (pri (). (8.3.13)
Here, for a cohomological correspondence d : d§F — dy F(—n), t,»(0) means the cohomological correspondence

tp(@) tdy(F@ev* Ly) ~ diF @ & Ly 22 @ Fiony @ &Ly ~ d\ (F @ ev* L) (~ (8.3.14)

whereev:ExsE%Ga and ev : C
On the other hand, let

pri™ : Sht(Cp. ) = Sht(Cr) Xsne(c) Sht(Cg) — Sht(Cr)

ExsB = = CEg xc Cp — Gq are the tautological evaluation pairings.

" Sht(Ch . 5) = Sht(Cr) Xsu(cy Sht(Cg) — Sht(Cj)

be the projections to the two factors (the maps are finite étale). Then FT** is the composition pritt omy o
prytt " where m, means multiplying the Borel-Moore classes on Sht(C) Xsht(c) Sht(Cz) by the function
evSht* ) where evStt : Sht(Cg) Xsht(c) Sht(Cp) — Fy is the evaluation pairing.
By Proposition m Tr(pri(cM)) = priP* Tr(c(M). It is also clear that taking trace intertwines ¢, and
my. Hence
Tr(ty pri(cD)) = my prit® (Tr(cW)). (8.3.15)

Let F=pri K®@ev* Ly € D(E xg E), and 0 = t,, pri(c) : djF — dyF(-n) be the cohomological correspon-
dence of F supported on C' ExsB- It remains to show

Tr(pry (0)) = pr3f* Tr(d@). (8.3.16)

This follows by applying Lemma “ 3 below to the map of correspondences pr, : C ExsB Cp (viewing

E x5 E as a vector bundle over E). O

Lemma 8.3.3. Consider the situation (8.3.2). Let K € D(E) and ¢ be a cohomological correspondence
¢:eplC — e K(=n). Let pS'* : Sht(Cg) — Sht(C) be the induced map on fized points of C](;) and C) | which
is a relative Fg-vector space (in particular a finite morphism). Then

Tr(per(c)) = piht Tr(¢M) € HEM(Sht(C)). (8.3.17)

Proof. Consider the projective bundle E = P(E @ O) — S that contains E as an open substack. Similarly
let Oz = P(chE @ O) = P(c; E & O) — C be the pullback projective bundle over C, via either ¢y or ¢;.
Then (7 is a self-correspondence of E with a proper map to C:

E<2 - 2>F (8.3.18)



65

Let Ew = E — E be the divisor at infinity, which is isomorphic to P(E). Similarly define Cp_ = C% — Cg,
which is a self-correspondence of F.,. We define C(El) and C’](Elo)o by composing the first projections by the
Frobenius. For the fixed points, we have an open and closed decomposition

Sht(Cg) = Sht(Cg) [ [ Sht(Ck.,). (8.3.19)

Fiberwise over Sht(C), this decomposition takes the form PN (F,) ~ FY [[PN~!(F,), where N is the rank
of E.

Let j : E < E and jc : Cg < Cg be the open inclusions. The map of correspondences

E+2 Cp 25 F

e b
E«2 0z 25 E

has both squares Cartesian, so it is left pushable. Therefore we have the pushforward cohomological corre-
spondence

¢ = jore € Corroy (71K, ji(—n)). (8.3.20)

Since p and P, are proper, we have by Proposition {4.5.1
Tr(per(¢M)) = Te(perjer(€)) = Tr(pe (e)) = o™ Te(e) (8.3.21)

where p : Sht(C) — Sht(C) is the obvious map. On the other hand, since jc is an open embedding, we
have by Proposition that Tr(E(l))\Sht(cE) = Tr(c™) € HYM(Sht(CE)), therefore

P (Tr(c™)) = pi™ (Tr(@M)|sne(cm))- (8.3.22)
It remains to show that
Pt Te(e) = p™(Te(e™)Isne(cs))» (8.3.23)

which would follow from the vanishing
Tr(E)sni(op ) = 0 € HEM(Sht(Cr..)). (8.3.24)

It is clear that E is invariant under the correspondence Cg because Efl (FEs) = Cgoo which maps to Foo
by €p. Therefore F is also invariant under C(El). More importantly, C(El) is contracting near E, in the sense
of Varshavsky [Var(7, Definition 2.1.1(b)]. Indeed, let Zo, be the defining ideal of E inside E. Then both
€T and eiZ,, are the defining ideal of C_ inside Cg. Therefore, Frob™(efZo.) = (€§Zx0)? = (e1Zo0)Y,
proving the contractibility of C(El) near F..

Now we can apply [Var(Q7, Theorem 2.1.3]E| to the correspondence O(El ), the closed substack Z = E,, C E,
and each connected component 3 of = Sht(Cg_ ) as an open-closed substack of the fixed point locus of
C(El). Since C(El) is contracting near F.,, we conclude that the S-part of the trace

Tr(eV)]5 = T(e]5 )]s € HEM(B). (8.3.25)

Here ¢V|5_ is the restriction of the cohomological correspondence V) as defined in [VarQ7, 1.5.6(a)], which

is a cohomological correspondence of (jiK)|g., = 0. Therefore the right side above is zero, hence Trg (E(l)) =0
for any connected component of Sht(Cg_ ). This proves (8.3.24) and finishes the proof of the lemma. O

9Varshavsky’s proof is written in the setting of schemes (and without the shift by n). However, his proof goes through
verbatim (even with a shift by n) for (higher) Artin stacks once one knows the compatibility of specialization and trace in the
setting of (higher) Artin stacks, which is established in [LZ22] §3].
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Part 3. Modularity
9. MODULARITY FOR COHOMOLOGICAL CORRESPONDENCES

In this section we carry out Steps (2), (3), and (5) of the proof outline from

First, in we set up the derived vector bundles U, V, and W that were promised in Steps (2) and (3)
of the outline in and the Hecke correspondences for them. Switching the role of & and &, in §9.2] we
define the derived vector bundles UL, 17, W+, etc. which were promised in Step (1) of the outline. The main
result of this section is Theorem showing that the Fourier transform on HK}, of the cohomological
correspondence ficy agrees (up to shift and twist) with the parallel cohomological construction obtained
by interchanging & and &. The proof of Theorem [9.4.1] uses the general results proved in §5] and We
regard Theorem [9.4.1] as an incarnation of modularity at the level of cohomological correspondences — the
modularity of the higher theta series will be extracted from it by taking a trace in the sense of the sheaf-cycle
correspondence — which explains the title of the section.

9.1. The stacks U,V,W and their Hecke correspondences. We begin by defining various spaces of
interest.
Suppose we are given a short exact sequence of coherent sheaves on X':

050" —E -QL—0 (9.1.1)

where &1, &y are vector bundles and @ is torsion.

9.1.1. Definition of U,V and W. Below we denote S for a Harder-Narasimhan truncation Bunlgjéln). (The

reason for this truncation is to guarantee global presentability; see ) We define several derived vector
bundles over S. Let Fypniv be the universal Hermitian bundle over X’ x S. Let R be any animated F ,-algebra.

o Define U := RHom(F};,, &) to be the perfect complex on S whose pullback to an R-point F € S(R)
is naturally in R isomorphic to RHomy, (F*, & @ R) regarded as an animated R-module. Let
U := Totg(U) be the associated derived vector bundle over S.

o Define V := RHom(F};,, @1) to be the perfect complex on S whose pullback to an R-point F € S(R)
is naturally in R isomorphic to RHomy, (F * Q1 ® R) regarded as an animated R-module. Let

V := Totg(V) be the associated derived vector bundle over S. Since Extﬁ(%(}—*, Q1@ R)=0as Q,
is torsion, V is in fact a locally free coherent sheaf (concentrated in degree 0) on S so that V — S
is actually a classical vector bundle. This fact is not important for this section, although it plays a
role in later sections.

e Define W := RHom(F} ;,,0*E2[1]) to be the perfect complex on S whose pullback to an R-point

F € S(R) is naturally in R isomorphic to RHomx, (F*,0"&[1] ® R) regarded as an animated
R-module. Let W := Totg(W) be the associated derived vector bundle over S.

From (9.1.1)) we get an exact triangle of sheaves on X’,

EF = Q1 — 051 (9.1.2)
which induces the exact triangle in Perf(.5),
Uu—-v—-Ww. (9.1.3)
Forming total spaces, this is equivalent to the derived Cartesian square of derived vector bundles over S:

U—V

l l (9.1.4)

S 2 W
where z : S — W denotes the zero section.

Remark 9.1.1. By [FYZ21bl §5.7], U is isomorphic to the derived pullback of the derived Hitchin stack
“AMGL(my U m) — Bungrmy X Bung,” from [FYZ21b] §5] along the map {&€; } xS — Bungr,m) X Bung ).
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9.1.2. Hecke stacks. Recall the Hecke stack Hky(,,) from [FYZ21b, §5.4]. The R-points of Hky(, are dia-

grams

F /2 . F, /2

/ \ / \ (9.1.5)

where each F; € Buny(,)(R), and each }"1’ /2 is a rank n vector bundle on Xy, satisfying some conditions
(for example, the maps are injective). We shall abbreviate such diagrams as (Fx) € Hkyy(,,)(R). There are
maps
h;: Hk;](n) — Bung,, i=0,...,r (9.1.6)
projecting to the datum of F;, as well as pr: Hk}}(n) — (X’)" projecting to the “legs” (r-tuple of points on
X' at which the dashed maps have poles).
We define the open substack Hky C Hkg, as

HEKG := hg Y(S)NhTH(S)N...nh7H(S).
Therefore the maps ([9.1.6]) restrict to give
hiZHkg—)S, 1 =0,...,7

We will at some points find it convenient to distinguish the different copies of S, so we will also sometimes
use S; to denote a copy of S and write h;: Hkg — S;.

9.1.3. Hecke stacks for U,V and W. Given a diagram (F,) € Hk(R), define F2 to be the perfect complex
on Xy in degrees 0 and 1

(Fi @ @F _4p9) > (F10...0F1),
where the map sends (s1/2,- -+, 5,-1/2) t0 (5172 =832, , Sp_3/2 — Sy—1/2) (using the solid arrows in (9.1.5)
to identify ]-"ib_1 /2 88 subsheaves of F;_; and F;). Note that F2 may have non-trivial cohomology sheaf in

both degrees 0 and 1.
Define F2* to be the Oxj%—linear dual of F2, i.e., the cone of the dual morphism (in degrees —1 and 0)

(Fr@. . @F 1) = (Fa) @@ (Fr_y0)")

Note that F2* is a coherent sheaf on X 1> concentrated in degree 0 which may not be locally free.
We have a natural map of perfect complexes on Xf

pii Fo = Fi, i=0,1,---,r

that is the composition of the projection to .7-"1&.’71/2 and the natural inclusion .7-'1.[1/2 — F; when ¢ > 0,

and the composition of the projection to ‘Fz‘b+1/2

constructions give the same map up to explicit chain homotopy when 0 < ¢ < r. Dualizing p; we get a map
of coherent sheaves (in degree 0) on X7,

and the natural inclusion .7-?“/2 — F; when ¢ < r. Both

pr o Ff = F (9.1.7)
As F, varies in HkY, the construction F, ~— F5* gives a coherent sheaf ]'—K;knv,o over X' x Hkj.
We now construct various spaces over Hk.
e Define Uy, := RHom(}'ﬁ;ivﬁ.,Ef) to be the perfect complex on Hkg whose pullback to an R-point
(Fx) € Hkg(R) is naturally in R isomorphic to RHomy/ (F2*, &5 @ R) regarded as an animated
R-module. Let Hk?] := Totpkr, (Up,.) be the associated derived vector bundle over Hk.

e Define Vlb{k = RHom(]—"ﬁfﬂv,.,@l) to be the perfect complex on S whose pullback to an R-point

(Fx) € Hkg(R) is naturally in R isomorphic to RHomx, (F2*,Q1 @ R) regarded as an animated
R-module. Let Hk}, = Totpcr, (Vi) be the associated derived vector bundle over HkY.
e Define Wy, := RHom(fﬁfliV7.,a*€2[1])) to be the perfect complex on Hkg whose pullback to an

R-point (F,) € Hkg(R) is naturally in R isomorphic to RHom (Fo*,0%E[1] ® R) regarded as an
animated R-module. Let Hk}; := Totpr, (W) be the associated derived vector bundle over Hk.




68 TONY FENG, ZHIWEI YUN, AND WEI ZHANG

From (9.1.2)), we get an exact triangle of perfect complexes on Hky,
Utne — Vine = Wi (9.1.8)

At the level of total spaces, this induces maps Hk?J ER Hki{/ EN Hk'{,v fitting into a derived Cartesian square
of derived vector bundles over HkY:

HK,, — HK,

iﬂ lg (9.1.9)

HKL, —— HK},

Remark 9.1.2. By [FYZ21b, §5.7], Hk}; is isomorphic to the derived pullback of the derived Hecke stack

from [FYZ21bl §5], “Hk" — Bungr,m) X Hkf,(,,,” along the map {&; } xHk's — Bungr,m) X Hkj (-
AGL(m) U (n) (m) U(n) S (m) U(n)

9.1.4. Geometric properties. For each ¢ =0,1,...,r, let
e U; — HK% be the pullback of U — S along h;: Hks — S.
e V; — HK% be the pullback of V — S along h;: Hk% — S.
o W; — HK% be the pullback of W — S along h;: Hk — S.
Let _ - e
WY cU; — U, hY:Vi—=V, WV W, =W, (9.1.10)
The maps induce natural maps of perfect complexes on Hky
Ul — WU, Vi = RiV, Wiy — hiW.

At the level of total spaces, these induce maps of derived vector bundles over Hk for i = 0,...,7:
Composing these maps with h;, we get maps for i = 0,--- ,r
a; : HKS, — Ui, b - HKY, — Vi, ¢ : HK — Wi (9.1.12)

Lemma 9.1.3. We have the following properties of the morphisms in (9.1.11]).
(1) Each morphism a; is a quasi-smooth closed embedding.

(2) Each morphism b; is quasi-smooth and separated (in particular, representable in derived schemes).
(8) Each morphism ¢; is a smooth vector bundle.

Proof. In all cases, the quasi-smoothness follows from the fact that the maps are induced by the dual of
(9.1.7). Indeed, for (F,) € Hk(R), write

T; := coker(F; — ]-',b*),
a torsion sheaf on X7}, (in degree 0). Then the relative tangent complex of a; at any R-point of Hk?J over

(Fy) is RHom(T;, & ® R). Let T univ be the universal version of T; over X’ x Hkg, and form the perfect
complex RHom(T; yniv, &) on Hkg. Then the relative tangent complex of @; is the pullback from HkY of

RHom(7; univ, £7), which is represented by a locally free coherent sheaf in degree 1. This implies that a; is
a closed embeddingv. N
The analysis of b; is similar, except that its tangent complex is the pullback of RHom(T; yniv, @1), which

is locally represented by a complex of locally free coherent sheaves in degrees [0, 1].

The analysis of ¢; is similar, except that its tangent complex is the pullback of RHom(7} univ, 0*E2[1]),
which is locally represented by a locally free coherent sheaf in degree 0, which implies that ¢; is a smooth
vector bundle. O

By the argument of [FYZ2la, Lemma 6.9], each map h;: Hkly — S is smooth. Since the maps h} in
(19.1.10]) are all base changed from h;, we get the following Corollary.
Corollary 9.1.4. We have the following properties of the morphisms in (9.1.12)).

(1) Fach morphism a; is quasi-smooth.
(2) Each morphism b; is quasi-smooth and representable in derived schemes.
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(8) Each morphism ¢; is smooth.

Corollary 9.1.5. The diagram

Uy 2 HK}, o U,
b b -
Vo Hky, V;
™o ™ Ty
go g gr
So - HKY, - S,
Wo © HK,, o W,

satisfies the conditions in §5.1.1 Here, z; and z are the inclusions of zero sections, and m; and 7 are the
natural projections.

Proof. We first check all maps in the above diagram are representable in derived schemes (this is abbreviated
“schematic” below) and separated.

e The horizontal maps. The maps h; are separated and schematic. By Lemma the maps Zii,gi
and ¢; are separated and schematic. Therefore the same is true for a; = hZU oa;,b; = hZV ob; and
C; = hl/V e} Ei.

e The maps f;, f and z;,z. Since W; is a classical (i.e., isomorphic to its classical truncation) vector
bundle stack over S;, z; is separated and schematic. The same is true for z. By the Cartesian
diagrams (9.1.4) and (9.1.9), we see that f; and f are also separated and schematic.

e The maps m;, 7 and g;,g. The map g; is given by the linear map ¥V — W of perfect complexes on S
whose cone is U[1]. To show g; and m; are separated and schematic, it suffices to observe that U is
concentrated in degrees > 0. Similarly, the fact that Uﬂk is concentrated in degrees > 0 implies that
g and 7 are schematic and separated.

The vertical squares (Uy, Vo, So, Wo), (Hk%},Hkt{/,Hkg,Hk'{/V) and (U, V., S,,W,.) are derived Cartesian
by (9.1.4) and (9.1.9). It remains to check the pushability and pullability of various squares, which will all
be seen to be cases of Example or Example [3.1.3

(1) The square (HkbU, Uy, Hk?,, Vo) is pushable. For this it suffices to base change all relevant spaces to
Hk’s and show instead that

Up <2 HI,
\Lfo lf
Vo <2 HK,

is pushable. This follows from the fact that o is proper (Lemma [9.1.3(1)) and by is separated.
(2) The square (HK%, So, Hk},, W) is pushable. After base change to Hk%, it suffices to show that

Hk; —— Hk}

|5 |

Wo < HK,

is pushable. This follows from the fact that Idmkr, is proper and Cp is separated.
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(3) The square (Hk},, U,, HKY, S,) is pullable. It suffices to check that

HK), —~— U,

-

HK; —— Hk}

is pullable. This follows from the fact that @, is quasi-smooth and (Lemma 1)) and Id smooth.
(4) The square (sz,, V.., Hkyy,, W,.) is pullable. It suffices to check that

HEK, >V,

L

HKS, ——> W,

is pullable. This follows from the fact that ¢, is smooth (Lemma [9.1.3(3)) and b, is quasi-smooth
(Lemma 2)).

O
Lemma 9.1.6. Fori=0,...,r, we have d(@;) + d(¢;) = d(b;).
Proof. We have
d(a;) = rank(Upy,) — rank(U)
d(b;) = rank(Vyy,.) — rank(V)
d(&) = rank(Wh,.) — rank(W).
By (9.1.3) and (9.1.8), we get the result.
O

9.2. The stacks U J‘,‘A/, W+ and their Hecke correspondences. Dualizing the sequence (9.1.1) and
applying ¢*, we get a short exact sequence

050" —E - Qa—0 (9.2.1)
where Qy = a*@f = U*Extl(él, Ox/).

9.2.1. Definition of U™+, V and WL. We apply the same constructions in to get derived vector bundles

UL,V and W+ over S = Bungt‘n) that fit into a derived Cartesian square

vt —— v/
l (9.2.2)
g Wkt
To spell out the details, for any animated F,-algebra R,

e Define U+ := RHom(F*,,,&;) to be the perfect complex on S whose pullback to an R-point F €
S(R) is naturally in R isomorphic to RHomx, (F*, €5 ® R) regarded as an animated R-module. Its
associated vector bundle is denoted U LS.

e Define V' := RHom(F,;,, @2) to be the perfect complex on S whose pullback to an R-point F €

S(R) is naturally in R isomorphic to RHom x/ (F*, @2 ®R) regarded as an animated R-module. Since

Extﬁq2 (F*, Q2 ® R) =0 as Q> is torsion, V' is in fact a locally free coherent sheaf (concentrated in

degree 0) on S. Its associated vector bundle is denoted V' — S.
e Define Wt := RHom(F* , ,0*&1[1])) to be the perfect complex on S whose pullback to an R-point

univ’

F € S(R) is naturally in R isomorphic to RHomx, (F*,0*&1[1] ® R) regarded as an animated
R-module. Its associated vector bundle is denoted W+ — S.
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Lemma 9.2.1. As vector bundles over S, Serre duality identifies V' with the dual vector bundle V of V.
Under this identification, UL is identified with W and W is identified with U and the derived fiber sequence
1s identified with the dual fiber square to

I

[N 4

)<;<>

Proof. First we produce the identification V/ 2 V. For any (F,) € Hk’(R), we have RHom y, (F*, Q1®R) =
RHoth(@’{ [-1] ® R, F) as perfect complexes over R. By relative Serre duality, the latter is R-dual to
RHomx., (F, @"{ ®o,, wx' @ R). Using the Hermitian form hx: F = o*FY, we have

RHOHIX;?(.F, @T ®(QX, wxr R) = 1%HOHI‘X;%(O'*J:\/,@1K ®OX' wxr Q R)
=~ RHomy, (F*,0*Q} ® R) = RHomy, (F*,Q2 ® R).
(Note that all RHom appearing above are in fact concentrated in degree 0, hence identified with their

respective Hom’s.) This shows that RHomx, (F*, Q1 ® R) is R-dual to RHom y/ (F*, Q2 ® R).
Under the above identifications, the exact triangle

RHom(F;

univ»

&;) — RHom(Fy, Q1) — RHom(Fl,,, 0" Ea[1])
is dual to the exact triangle

RHom(F;,

univ»

&3) — RHom(F; iy, QQ) — RHom(F}

univ?

o*&1[1]).
On total spaces, this says that U — V — W is dual to U+ — V/ — W,

From now on, we will identify V'’ with 1 using Lemma

9.2.2. More Hecke stacks. We let Hk},. — Hkg7 and Hk};,. — HKY%, be the derived vector bundles on Hk%
defined similarly to Hkb — Hkg, and HkW — HKkG, respectlvely, but mterchanglng & and &. We let
Hkb — Hk be the vector bundle defined similarly to HkV — Hky, but replacing Q1 with Qg
leen a diagram (F,) € Hks(R), define Fq ! to be the cokernel of the injective map of coherent sheaves on
Xr
F! = coker (.7:&1’/2 O F 1> F0®.. @ ]-",«) ,

where the map sends (s1/2, -+ ,5,-1/2) to (=51/2,51/2 — 83/2," " ,S8r—3/2 — Sr—1/2,5r—1/2) (using the solid
arrows in (9.1.5)) to identify Hll /2 88 subsheaves of F;,_; and F;). Hence F& is a coherent sheaf on X R

concentrated in degree 0. Let F&* be the (’)X;%—linear dual of ]:ii, ie., FE is the perfect complex on Xf in
degrees 0 and 1,

(Fs @ 0 F) > (B @...0(Fp)).

Note that the cohomology sheaves of Fi may be nontrivial in both degrees 0 and 1.
Comparing with the definition of FJ given in §9.1.3] we have an exact triangle in Perf(HkY):

Fo— (Fo® Fr) = Fi = F1] (9.2.3)
We now construct the f-version of the the Hecke stacks over Hky.
o Define a perfect complexes Z/lﬁ[k, Vﬁlk and Wf{k on HkY similarly to Up,, Vi, and Wy, respectively,
replacing FJ* with FE. Let Hkgj := Totmy, (Uﬁlk), Hkg/ := Totmy, (Vﬁlk) and Hk%,v = Totmx, (Wﬁlk)
be the associated derived vector bundles over HkY.

e Switching the roles of & and & and replacing @1 by @27 we define analogously the derived vector

bundles Hk?, Hkt‘L/ and Hk!,, over Hk.
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9.2.3. The exact triangle (9 induces three exact triangles in Perf(HkY):
Uby, — hiU @ WU — Ul — Uz [1]
Vi = hgV @ b2V = Vi = Vi [1]

Wi = hiW @ hXW — Wi — Wi (1],

which induce three (derived) Cartesian squares of derived vector bundles over HkY:
b b b
Hk;; Hky, Hky;
NG N N
Vo v Wo
N4 N A N4
HI/, H! Hi,

Uo (9.2.4)

Analogously, switching the roles of £ and &, and using the @2 instead of @1, the exact triangle (9.2.3))
induces three (derived) Cartesian squares of derived vector bundles over Hk:

\Q/
<X

HK, b

V \ N y e

= wi

(E’\ / /,6’ <~’\ @)*
HIG, HK?

Vo
HE!
(9.2.5)

Lemma 9.2.2. Let Hk?],Hk?/ and Hki{,v be the dual derived bundles to Hk?],Hki{/ and Hki{,‘, over Hkg
Then we have identifications

(1) HK!,, = Hk and HK}, . =1 HK, .

(2) HE = Hk and HE?, 2 HK},.
(3) Hkﬂw o Hk and HK}y, . = Hkjj

Moreover, under these identifications, the first (resp. second, resp. third) derived Cartesian square in (9.2.5)
is the dual to the third (resp. second, resp. first) derived Cartesian square in (9.2.4). In particular, we have

~

50 :’B;w Er :’567 E; :’507 56 :,57“

Proof. Similar to Lemma [9.2.1 (]

1O0Note Hk'{, has a different meaning from Hk%.
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9.2.4. Summary. Starting from (9.1.1)), we defined a collection of spaces and maps as in the diagram below:

Here:

e The maps in the columns come from exact triangles of perfect complexes.

e The three diamonds in the middle are derived Cartesian.

e The four parallelograms on the left and right sides are derived Cartesian.

(9.2.6)
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Starting from ((9.2.1)), we defined a collection of spaces and maps as in the diagram below:

HK}, .

(9.2.7)

Again:
e The maps in the columns come from exact triangles of perfect complexes.

e The three diamonds in the middle are derived Cartesian.
e The four parallelograms on the left and right sides are derived Cartesian.

Furthermore, (9.2.7)) is the dual to the diagram (9.2.6). The duality exchanges U with W+, V with 17,
and W with U=, and exchanges b and f superscripts. Sample examples of dual morphisms in (9.2.6) and
(19.2.7) are colored with the same color.

9.3. Global presentability. We will want to apply the derived Fourier theory of §6]and §7]to the ensemble
of spaces and maps in In order to justify this we need to check that all the derived vector bundles are
globally presented, and all the maps are globally presented. The reason for Harder-Narasimhan truncation
(in this section) is to guarantee these properties.

The following observations are useful to perform this check.

(1) If T is a torsion coherent sheaf on X', then the perfect complex RHom(F*

ivs 1) on Bungé‘n) is a
vector bundle.
(2) Given p and any coherent sheaf & on X' for any divisor D on X’ with deg D sufficiently large

(depending on p and &), RHom(F? . ,E(D)) is a vector bundle.

univ?

Now, from the exact triangle in Perf(X’),
& —E(D) — E|p(D)
we get an exact triangle of complexes in Perf (Bunéé‘n)),

m(‘riniv7

€) — RHom(F;

univ’

£(D)) — RHom(F iy, €[p(D))- (9.3.1)
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By the observations above, the second and third terms in are vector bundles, so this presents
RHom/(F} .., €) as a 2-term complex of vector bundles. Since the derived vector bundles U;, W;, V;, ('72-, Wi, ‘72
appearing in are all instances of this construction, they are all globally presented.

Furthermore, if £ — £’ is a map of coherent sheaves on X', then for any divisor D on X’ with deg D

sufficiently large (depending on p, &, E’) the diagram

RHom(F,;,,€) —— RHom(F[,;,, £(D)) —— RHom(F[,;, €[n(D))

| l l

RHom(F}.,,E") —— RHom(F; ;.. &' (D)) —— RHom(F}

univ’ univ’ univ?’

&'p(D))

gives a global presentation for RHom(F; ;. ,€) — RHom(F ;,,€’) as a map of complexes of vector bundles.
A similar trick gives a global presentation for all the commutative quadrilaterals involving the U, V;, W; and
S; are globally presented.

Since the universal perfect complex .7-',b used to construct Z/Ilb{k, VI"{k, Wlb{k is assembled out of the pullbacks
of the Fyuniv from the various projections to Bun%é‘n), all the maps between Hk%, Hk?/,Hk?;V and Hkj are
also globally presented (this implicitly includes the statement that the individual derived vector bundles are
globally presented). The same applies to all the variants of these spaces and maps considered in

We have now verified that the diagrams in (9.2.6) and (9.2.7)) are globally presented, so that we may apply

the results of {7 to them.

9.4. Comparison of cohomological correspondences. We refer to the diagram (9.2.6) and its Fourier
dual, diagram (9.2.7).

By Corollary the relative fundamental class of the quasi-smooth map a, defines a cohomological
correspondence

¢ = [ar] € Corrgy (Qe.vy, Quu, (~d(ar)))-

Similarly, the relative fundamental class of a;- defines a cohomological correspondence

o = [a;] € CorerzL (Qruss Qrust (—d@h))).
By Corollary [0.1.7] the pushforward of cohomological correspondences along the morphism of correspon-
dences f : Hk% — Hk?/ is defined, giving

filev) € Corrgye (f0Qeuy, fr1Qeu, (~d(ar))).

Similarly,

fir(epsr) € Corer% (fol!Qe,UOLa Qe (—d(at))
is defined.

Recall the notion of Fourier transform of cohomological correspondences from We have

FTye (filev)) € Corer% (FTv, (f0Qe,u5), FTv,. (fr1Qe,u,. ) [d®o)+d(®)](d(bo)) (—d(ar))). (9.4.1)

—

Here we use that Hkg, = Hk?; (see Lemma [9.2.2). Note that d(by) = d(b,), therefore

[d(bo) + d(b,)](d(bg))(—d(ar)) = (d(b.)—d(ar))-
Hence (9.4.1) simplifies to
FTye (filer)) € Corryy. (FTv, (f0rQeu,), FTv, (fr1Qeu, ) (dE,)—d(ar)). (9.4.2)

Since U+ is the orthogonal complement of U relative to V' (in the derived sense), by §6.2.4] and Example
we have canonical isomorphisms for ¢ = 0, r:
FTv, (faQeu,) = fir Qe lrank(V))(— rank(t0)).

Note the shift and twist on the right side is the same for 7 = 0 and i = r. Therefore FTy; (fi(cyy)) can also
be viewed as an element in

Corrgye (forQuuy » fir Quu s (d(by)~d(ar))-
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On the other hand, by Lemma m ¢, is dual to (@j)*, which has the same relative dimension as ag .
Therefore, by Lemma we have

d(by) - d(@,) = (@) = —d(dg) = —d(@>).
Therefore
d(by) — d(a,) = d(b,) — d(@) — d(h,) = —d(@;) — d(h,) = ~d(a;").
We can therefore view FTHk?/(fg(cU)) as an element in Corrys (fd!_QZ’UOL, TQe L (—da}))).
v e
The main result of this section is the following theorem.

Theorem 9.4.1. Under the above notations, we have
Tla(fo)+d(ro))(d(mo)) F e, (fi(ew)) = fit (v
as elements of CorerbA (fd[Q(7U&, #Qg’UvﬂL(—d(ari»).
Proof. Let s € Corrpyr, (Qr,s, Qr,5(—d(h))) be given by the relative fundamental class of h,
s =[] h5Qes = hyQus(=d(hn)-
Recall the maps of correspondences
m:Hk, — Hkg, 7t Hky. — HKg, 2t HKG - Hkjyo, gt Hkb — Hkypo
The theorem follows from a sequence of equalities of cohomological correspondences
Tiatso)+atrol(amo) Tt 0) © Tiatgo) atmoyiatron FTOA 'W*S)
2 (gt Fre) D gy ats ity s Y e

We explain the reason for each equality:
(1),(5) follow from the equalities
s =cy, (71)'s =y
which will be proved in Lemma|9.4.2
(2) involves two applications of Proposition namely
Tacso FTofi = (g HY* o FT, T(a(mo))(d(mo)) FT o™ = 2t oFT.

We used here that g+ : HkTi — HK? | is the dual of the map of co-correspondences f : Hk'zj — Hki/,

wL
as summarized in the diagrams ([-2.6) and (9.2.7). Meanwhile, 7 is dual to 2 in fact, the diagram

Uo /Hkb \ U,
UO/ \Hkg ﬂ \Ur
WU HKG Wu Hkg\ﬂkg ’”
R W




s

is dual to the diagram

HkT/HkT\HkTS
SO/ \Hkr \ST
HAL]
N TN

(3) is the trivial equality s = FTHkr (s).
(4) follows from Theorem and Lemma“ Note that we have verified in Corollary [0.1.5] that the
hypotheses of Theorem [5.1.3 - 3] hold in this situation.

]

Lemma 9.4.2. We have n*s = ¢y € Corer?} (Qe.uos Qru,. (—d(ar))).

Proof. Unravelling the definition, we need to show that the composition

“[hr]

™
Qé,Hk';] -

is equal to the relative fundamental class [a.]. Here A is the pull-pull base change map attached to the
pullable (outer) square

W Qus, (~d(he)) = a-mF Qus, (—d(ar))

Qr

A . s

HK), — > U, — > U, (9.4.3)
Hky —— S,
By construction, A is the composition of two steps
T Qu.s, (~d(h,)) = rTrh Qe s, (~d(h)) = @ (hY) 77 Qus, (~d(h.)

1, a.(hY )'W:Qe,s,,,<—d<ar)—d<hr>> = a\ 7 Qus, (—d(ar)).

As explained in on the level of global sections the map ¢ (adjoint to proper base change for the derived
Cartesian square in (9.4.3))) sends the relative fundamental class of h, to the relative fundamental class of
hY. Post-composing with [a,], we get [a,]. O

10. PROOF OF THE GENERIC MODULARITY THEOREM

In this section we carry out Steps (6) and (7) of the proof outline from thus completing the proof of
Theorem [2.2.3]
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10.1. Transverse Lagrangians. Let G € Bungy - (2,,,)(k). For notational simplicity, we assume the simil-

itude line bundle of G is trivial, therefore the skew-Hermitian form hg : G = 0*G*. Let 51,52 — G be
two transverse Lagrangian sub-bundles. The Modularity Conjecture asserts the equality of elements in

Ch(7z—m)7-(Sht6(n))6[
Zr(G,8) = Z5(G, &).

Our goal is to show that they have the same image in Hg(l\f m) T(ShtU(n) X (xyr (X' = T)";Qy), for any given
Harder-Narasimhan polygon u for Bung(,,) and a finite set of closed points 17" depending only on &; and &,.
This will establish Theorem 2.2.31

We reproduce the diagram (2.3.19) with &; replaced by g’l

51 4) 0'*82 —_— QQ

N, N
/\/ 4

& SN 0*51 —

0 (10.1.1)

Here b15 is the composition

E =G5 oG = o*E;.
The map bo; is defined similarly, and the three rows are short exact. In particular, the maps ¢; and o are
isomorphisms of torsion sheaves on X’. As in §2.3.3] the duality between Q1 and Qs equip @ with two
Hermitian structures his: Q — 0*~Q* and hoy: Q = 0*Q*, related by hip = —ho1.

For each i € {1,2} let & < &; be a sub-sheaf with cokernel a torsion coherent sheaf 7; on X’. Let
T = RHom(7;, Ox/)[1] be its dual torsion sheaf on X’. Therefore, &; is the saturation of & in G, and in
the diagram below

~ U
LS g o+ & L2

& 0*E; (10.1.2)

Q
the arrows are labeled by their cokernels.

10.1.1. Assumptions on Ty and Tz. Fix a Harder-Narasimhan polygon y for Bung (), and write S = Bungé‘n)
for the corresponding open substack of Bung ).
We make the following assumptions:
(1) The supports |Q|, |T1],|T2| are disjoint after mapping to X.
(2) For all F € S(k) = Bun<( )(k) we have for i =1,2

Exty (F*, &) =0. (10.1.3)
Note that by the dualities in (2.3.53]), (10.1.3) is equivalent to
Homx_(F*,0%&;) =0 (10.1.4)

for all F € Bun;é )(E) and i = 1,2.

Remark 10.1.1. Given any p, the conditions (10.1.3)), can be arranged by taking & = &(—D;)
for sufficiently large divisors D, Do whose supports over X are disjoint from each other and from |@Q|. By
taking D; to be a sufficiently large multiple of a single closed point, we may even arrange that the support
|T7| is a single closed point of X’.

Let
O =Q el &, (10.1.5)
Q=" Qoo LT (10.1.6)
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From (|10.1.2) and the disjointness assumption in §10.1.1} we have short exact sequences
0—=0"& — & — @1 — 0, (10.1.7)
00" —E - Qy—0 (10.1.8)

Remark 10.1.2. The torsion coherent sheaves 71, 7> are auxiliary objects introduced for purely technical
reasons (to ensure that certain spaces are smooth, and that certain maps are closed embeddings). They do
not appear in §2.3] but are necessary when r > 0 in the argument as currently construed.

10.1.2. Moduli spaces. For i € {0,r} we define U;, ﬁi, Vi,‘N/i, Wi,wi, etc. as in
The vanishing assumption ((10.1.3]) implies that U,V and W are all classical vector bundles over S, and
we have a short exact sequence of classical vector bundles over S

0-U—-V->W-=0. (10.1.9)
Similarly, we have a short exact sequence of classical vector bundles over S
05UV oWt oo (10.1.10)
10.1.3. Open locus. We denote
X° = X—v(QIUITi|UITz]) = X —v(|Q:]) = X = v(|Q2]); (10.1.11)
X*° = v i(X°). (10.1.12)
For a stack ) over X°, we denote
Yo=Y xx (X°). (10.1.13)

In particular, Hkg® C Hk§ denotes the open substack where the legs are all disjoint from |C~21| U |C§2|
On (X°)", the structure of Hky, is simpler.

Lemma 10.1.3. For any 0 < ¢ < r, the restriction Ef Hk?}o — IN/Z.O of bi and the restriction ZQO : ‘7;’ — Hk%}o
of b; are isomorphisms.

Proof. Let (F,) € Hkg°(R). The projection b : Hk?, — V;, when base changed over F, : Spec R — HKY, is
induced by the injective map p; : F — F2* in . The cokernel of p¥ is a torsion sheaf supported set-
theoretically on the union of the legs of F,, which by assumption are disjoint from @1. Therefore p; restricts
to an isomorphism in an open neighborhood of |Q1] x Spec R € X 2, and hence induces an isomorphism of
R-modules

RHomy, (F2*, Q1 ® R) = RHomy, (F,Q1  R)

This being true for any R-point F, of Hk¢®, we conclude that b0 Hk?}o — V° is an isomorphism.
The argument for b° is similar. O

Corollary 10.1.4. The projection map Shty° — Shtg® = Shtggn’;’o is a relative finite-dimensional Fg-vector
space. Hence the theory of the arithmetic Fourier transform (§8) applies to it.

10.2. Calculation of traces. Recall from Remark that the spaces U; from §5| can be viewed as the
derived fiber of the derived Hitchin stack .#4, m, from [FYZ21D] §5] over {€1} x S — Bungrm) X Bungy(y,),

where Hy = GL(m)" and Hy = U(n). Similarly, we explained in Remark that Hk}, was an open
substack of the derived fiber of the derived Hecke stack Hk',, .~ from [FYZ2IDl §5] over {£1} x § —

Bung,m) X Bung(y,). Therefore, the derived fibered product

Sht;, —— Hk),

Lo e

Id,Frob
Uy L2E% 10 5 1,

is equipped with an open embedding in Shtf,/,Hl o and in particular is of virtual dimension d(a,). We then

have two natural cycles in HE{%@T) (Shty;):
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(1) The intrinsic derived fundamental class [Shty;] € HB _y(Shty;), which agrees with the restriction
of the intrinsic derived fundamental class [Sht//lyl,Hz] 6 sz(a (Sht’s,, ) along the étale map
Shty; — Sht;/lyl,gz'

(2) The trace of the cohomological correspondence ¢, denoted Tr®"(cy) € HB (ShtU) see
Here, Tr5" is calculated using the Weil structure on ¢y coming from the canomcal identification
Frob* Qv = Qeu-

We assemble the earlier results to calculate the trace of our cohomological correspondences. For any
space ? over k, we equip Q7 with the natural Weil structure Frob® Qg7 = Q. This equips all of our
cohomological correspondences with a Weil structure.

The assumptions imply that the maps U; — S and U- — S are smooth, hence U; and U are
smooth. Then by Proposition [4.7.1] we have

Tr*" (cy) = [Shtp,] € HE), ) (Shtg). (10.2.1)

In particular, Shty; is the open substack of Sht)y, , so it is quasi-smooth and [Shty] is the restriction of
[Sht)yq. ], which was called [Zg | in [FYZ21a).
Similarly, we have
Tr*" (1) = [Shty.] € HE), 1y (Shtg;), (10.2.2)

where Shty; . is defined by the derived Cartesian square

ShtT(‘JJ_ e HkbUJ_

(aé,aL)
UL (Id,Frob) U UL

Next, the assumptions ((10.1.4) imply that the maps f;: U; — V;, f: Hk?J — Hk?/, Ut — 171', and
fre Hk?p — Hk% are all closed embeddings, in particular proper. Therefore, by Proposition , we have

TS (i er) = Sht(f): T (cor) Sht(/f):[Shty] € HEM (She}), (10.2.3)

where we write Sht(f) := Fix(f(*)): Sht};, — Sht}, for the map induced by taking fixed points of the twisted
cohomological correspondence CS), and similarly for other cohomological correspondences. We similarly have

TS (fi e ) = Sh(f4) TES™ (e ) Sht(f*)[Shtfy. ] € HEN, 1 (Shet). (10.2.4)

Recall from Corollary [10.1.4] that Shty}° — Shti¢® is a relative Fg-vector space. We now relate the cycle
classes ([10.2.3)) and (10.2.4) under the arithmetic Fourier transform on Shty;* as defined in

Theorem 10.2.1. We have

FTg e (Sht(f)F [Shty”]) = (—1)47/S 0 qd 7). She( f4)P[Shty; ] € Hpl,, ) (ShtT).

Here Sht(f)° : Shty;” — Shty;° is the restriction of Sht(f), and similarly for Sht(f+)°.

Remark 10.2.2. A priori, Sht(f+)?[Sht;;? ] lies in H
so the statement makes sense.

zd(al)(Sht(/O) We note that d(a,) = d(a;}) = (n—m)r,

Proof. We apply Theorem [8.3.2| with E =V, Cg = Hk?}o and ¢ = (fi ¢)|ge.0- Then Theorem [8.3.2| tells us
14
that

FTzi:t (T (i ev)lsuge ) = (T Py, (frco)) lsuere € HEX, ) (SBEZ0). (10.2.5)
By Theorem [9.4.1] we have
FTye, (frcv) = Teawys)—d(o—awysy (F)reue
Putting this into ((10.2.5)) and then taking the trace, using (4.2.6)), (10.2.3) and (10.2.4)), yields the result. O
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10.2.1. Test functions. We introduce some notation for functions on Shty and Shty. The decompositions
Q1 =Q"®T®0c*Tz and Q2 :=0*Q & c*T1 & 75" induce the following.
e A decomposition
VavO g vl xgv@),
where V() — S is the vector bundle associated to RHom(F* ;. ,Q*), V() — S is the vector bundle

associated to RHom(F? ., 71"), and V(2 — S is the vector bundle associated to RHom(F?;,,*T2).
e A decomposition

where V() — § is the vector bundle associated to RHom(]-"[l"an7 *Q), V) — S is the vector bundle
associated to RHom (F* ;.,0*T1), and V(2 — S is the vector bundle associated to RHom( eivs T2 )-
As the notation suggests, V() — § is the dual bundle to V() — §. As in the Hermitian

structures hqs and hoy on Q induce two isomorphisms V(0 2 V(O)7 which are the negatlves of each
other.
e A decomposition

b~ b b b
HkV = Hkv(g) XHkg Hkv(1) XHkg X Hkv(z)

where Hk?,(o) is the vector bundle associated to RHom(bel;‘]iv7., Q*), etc.

e A decomposition
HK% = Hk% ) g Hi o) X Hi

where Hki(o) is the vector bundle associated to RHom(F2

llIlIV o ’

v
0*@), etc. The Hermitian structures

h12 and hg; on @ induce two isomorphisms Hkv(o) _ Hkv((,)7 which are the negatives of each other.

By Lemma m we see that Hkb % — Hkg® is the dual bundle to HK’:° v — Hkg®.
e A decomposition
Shty, = Sht;(o) X Shty Shtz/(l) XSht? Sht’,“/(z)
where Shty,;, is defined by the derived fibered product

g b
Sht;/(i) E— Hkv(i)
l(b‘“,b“))

0 (Id,Frob) V V(z

174C
e A decomposition
Sht% = Sht%(o) X Shtz, Sht%(l) X Sht? Sht%(z)
where Shtf, ;) is defined by the derived fibered product

b
Shtf,, —— Hk%,,
J{ J{(a(l)’a(‘m)
) UdFrob) 56y o ()

We note that Sht?lO is dual to Shty(; as Fg-vector spaces over Shtg° in the sense of The

Hermitian structureb h1s and ho; on () induce two isomorphisms ShtV<o> =~ Shth which are the
negatives of each other.

We denote qi2: Shty, ) — Fy and q21: Shty,) — F the two quadratic forms induced by hio and haq,

respectively. Namely, qi2 is the composition

V@)

(Id,h12)

2 1 Shty, ) —— Shty,0) Xsher, Shtf ) — Fy, (10.2.6)

and similarly for qo;. They satisfy q12 = —qo1-

e We let q751 be the pullback of ¢ to Shty, ) via qi2, and similarly for gs;. Abusing notation, we will
also use the same notation qj,% to denote its pullback to Sht{, and to Sht;l/’o. The meaning will be
clear from context.
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o We let 5Sht“(’ be the indicator function of the zero-section of the relative F,-vector space Sht(,, —

ShtTS’O. Abusing notation, we will also use this same notation to denote its pullback to Shty;’

o We let ]lsm“?.) be the constant function of Sht()7, with value 1. Abusing notation, we will also use
o

this same notation to denote its pullback to ShtV .

o We let (qiat - dgpe ey ILShtCEE)) denote the product of the above functions, viewed as a locally

constant function on ShtT‘}o.
e We use similar notation on Sht:?’o

Lemma 10.2.3. Let d be the rank of Sht:/’fi) as an F4-vector space over Shtg’o. Then we have the following
identities.

ari (3)
FTShtt (5Shﬂ N )) = (=1)"" g o (10.2.7)
v G
ari (i) 4(3)

FTShtt”b"’_ (Lgpgre ) = (*Ud qd dgnere (10.2.8)

v () v () o)

ari (0) % % * (0) n

FTShtt (CI121/J) (=D (172 a3 (1" - ¢ ey p(Dg) (10.2.9)

where we recall that Dg € Dlv(X) denotes the divisor of Q.

Proof. As in the proof of Lemma we can reduce to the case where Shtv(o) — Shtg° is split, and then
to the usual finite Fourier transform, wh1ch we handled in §2:37] O

Corollary 10.2.4. Let d = d© +d® +d®? be the rank of Shty° as an F,-vector space over Shtg°. Then
we have

ari (2) 4 1 4(0) n -
FT (q751) - 5ShtT?1) Tgper (2))2(—1)dqd 2 e e (D)™ - ([L/2] afa[— 1] - ]IShtT?l) 5Shtr?2>)
as functions on Shtr/’
Proof. Multiply the equations (10.2.9), (10.2.8)), (10.2.7)) together. O

10.2.2. Higher theta series. Here we relate [Sht;;°] and [Sht;" ] to the special cycles [22°] and [22°], and
1 2

then to the higher theta series associated to é~’1 and 52.
Recall that for ¢ € {1,2} we had exact sequences of coherent sheaves on X',

&E—E T (10.2.10)
This induces an exact triangle in Perf(R) for any F € Buny(,)(R),
RHomy, (£, F) — RHomx, (&;, F) — RHomy, (77, F[1)). (10.2.11)

By linear duality we have RHom y, (7;, F[1]) & RHomy, (F*,7;"). Since 7;" is a torsion sheaf, RHomx, (F*,7;*)
is equivalent to a locally free coherent sheaf (concentrated in degree 0). Let N7, be the total space of
RHom(7;, Funiv([1]) = RHom(F} ., 7;"), a vector bundle over Bung(y,).
Below we refer to the notation of [EYZ21Dbl §5]: we will use the pair (Hy, Hz) = (GL(m)’,U(n)). For

i€ {1,2}, we let

e Mg, be the derived fiber of the Hitchin stack My, g, from [FYZ21b, Definition 5.14] over &; €

Bung, (k), and
. HkMg be the derived fiber of the derived Hitchin stack HkTMHl,Hz over &; € Bung, (k).

We define Mz and Hk), M, similarly.
Then the exact trlangle (10.2.11)) corresponds at the level of total spaces to a derived Cartesian square

i

l i (10.2.12)

Mg —— Me,



Let Hk),_ be the total space of RHom(7;, F

univ,e

[1]) on Hkyy(,y. The exact triangle

RHom(E;, Foyiyo) — RHom(E;, Fiyiy o) — RHom (77, Fopiy o[1])

corresponds at the level of total spaces to a derived Cartesian square

Hk), — Hk},

i

| |

Consider the commutative diagram

ij\/lg (ho,hy) Mgi % Mgi (Id,Frob) ,/\/lgi
S Y RNV VAP (.t N2

T T T

Hkp () (Roshr) Bung () X Bung ) (Id,Frob) Bung ()
By (10.2.12)) and (|10.2.13)), the derived fibered product of the columns of (10.2.14)) is
r (ho,h+) (Id,Frob)
Hk = ./\/lgZ X Mgl — Mgl

and the derived fibered product of the rows of (10.2.14) is
Shtly, = Zg,

|

Sht},

I
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(10.2.13)

(10.2.14)

(10.2.15)

(10.2.16)

In turn, the derived fibered products of (10.2.15)) and (10.2.16)) are canonically identified by the same proof

as for [YZ17, Lemma A.9]. This shows:
Corollary 10.2.5. The commutative square

s T
L ——— Z,

| !

Shtg () —— Shtj,.
is derived Cartesian.

To compare with earlier objects:

* Restricting Sht), — Shty;(, along the open embedding Shty < Shty;(,,) recovers Shty ) — Shty,

i.e., we have a derived Cartesian square

Sht{, oy <> Sht},.

| |

Sht'y —= Shtjy

(10.2.17)

Restricting Shtj., ~— Shty(,) along the open embedding Shty < Shty(,,) recovers Shtp,, — Shti.
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e Restricting Zz — Shty;(,) along the open embedding Shty < Shty;(,,) recovers Sht;; — Shty, and
restricting Zg, — Shtyy(,) along the open embedding Shtls < Shty;(,,) recovers Sht;;. — Shtg. In
other words, we have derived Cartesian squares

Shty, <" 27 Shty,, —2— Z%

J l J l (10.2.18)

Sht'y <% Shtyy Sht'y <= Shty(,,)

Abbreviate Zgg” for Zg_ XShe, Sht's. We have derived Cartesian squares

ZLEH —— Shy ZLSH s Shtg
1

l J l l (10.2.19)
Shtg (—>0 Sht"{/(l) ShtS ? Shtv(z)

By Corollary |10.1. 4|7 Sht(),) — Shtg® is finite étale, so the zero section Shtg® 2 Sht()7,) is open-closed,
which by (10.2.19)) implies that ng“’ = Zgl‘SthO < Shty;° is also open-closed; similarly for Z;;"’ —
Shty;? .

Corollary 10.2.6. (1) Viewing 55}1“"?1) € HO(Shty°; Qr) and Sht(f)?[Shty;°] € HE), | (Shty®), we have
\%4

Sht(f)y [Sht;] - 5Sht;fl) = [ng“’o] H3(a, ) (Shty”).

(2) Viewing dgpro € HO(Sht%:%; Qg) and Sht(f+)7[Sht;;] € HEM | (Shty)?), we have
v(2) v : O 2d(a;-) 1%
Sht ()7 [Shty; ] '5Shtg§2) = [ng“’o] € sz(ar)(Sht30)~
Lemma 10.2.7. For i = 1,2, let Az be the Hitchin base as in [EYZ21D, §3.3]. For a € Ag (k), let
2251 (a) = 2% (a) Xsny,,, Shtl”.
(1) We have an equality in Hg%a )(Sht:/’o):
Sht(f)7 [Shep°] - (4529 - Ospere, - Lswrs, ) = D $llegers ) Sho(f)P[Z5="°(a)].

v(1) v(2) 1
acAz (k)

(2) We have an equality in H?%a (Sht’lo):

Sht(F)FISB2 ) - (0510 Lz, -Oswzey ) = 30 (e ep00)) Shi(FH)F 1254 (o).
G.E.AgQ(k)

Proof. (1) By Corollary [10.2.6) we have

Sht(f)7[Shty;°] - (Lgpyr: e

. r,o . 7,0 = & <H7
Oshire,, ]IShtv’(z)) > shi(f [Zz="(a)].
ac Az, (k)
Then observe that by (2.3.45), the function qj,1 on Shty, coincides with the one sending (Fy,t) € Shty, (R)
to 1/J(<€g,€1aa(t)>)-
(2) Similar, using (2.3.46)). |

10.3. Conclusion of the proof of Theorem Let d,d®, for i € {0,1,2}, be as in §10.2.1 Note
that d® is also the rank of V(¥ as a vector bundle over S.

By Lemma we have
Z3 (81, Dl = xX(det E1)q" 48 S =) 2 St (£ [ShTC) Aht - dgpere, -~ Lsnrs, ) (10:3.1)
and
71, (B2, )l = x((det &)q" eS8 2 Skt (FL)01Sh ] 05100 Tguer, < Osre, ) (1032)
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By the Plancherel formula of Lemma and the near-involutivity of FT*h of Lemma we have
(Sht(f)7[Shty;°), a7a® + dgnere - Tgnere ) (10.3.3)

v(1) v(2)
- Lgpgreo )>
v

1 ri o 7,0 ri *
= ¥<FTghtth’ (Sht(f)7[Shty; ]),FTShETSO (a129 - Ogpgre %)

v’ v
Then we use Theorem [10.2.1f and Corollary [10.2.4] to rewrite the right side of ({10.3.3)) as
1 (2) 1400 n
@qdw/&(*l)dw/s)*d“")(*qud 2 e p(Dg) (10.3.4)
(Sht(f )7 [Shty; L], [1/2) 7o [=1]" ¢ - Lgpere  dsnere, )-

v v(2)

Since q12 = —qo21, we have qj,[—1]* = g¢3;. Eliminating the [1/2]* does not affect the expression since
Sht(f*)7[Shty;2] is invariant under the scaling F) action on Shty;°. Then clearly (10.3.4) agrees with
(110.3.2) up to sign and integral power of q. Therefore, it remains to check the sign and the exponent of q.

The exponent of ¢ in (10.3.4)) is
1 1
—d+d(U/S) +d? + 5d<0> = —dM —dO 1 aW/s) + 5d<0>. (10.3.5)
Recall that d) := rank(RHom(F*, 77*)). By the exact triangle of perfect complexes over S

RHom(F* ., &) — RHom(F, &) — RHom(F 0, 1)

univ?

£r)) and rank(RHom(F*

univ’

we have —d") = — rank(RHom (F*

univ’

Putting all this into ((10.3.5) simplifies the exponent of ¢ to

&7)) + rank(RHom(F;

univ’

&r)) = dU/S).

~ 1
rank(RHom (F* 5{‘))—d(0)+§d(°). (10.3.6)

univ>

By the exact triangle
RHom(F" ., 0"E) — RHom(F?,,, &) — RHom(F? ., Q%)

u

we have

rank(RHom (F* ., &) = rank(RHom(F

univ» univ>

Putting (10.3.7) into (10.3.5), noting that rank(RHom(F? ., ,Q*)) = d®, the exponent of ¢ in (10.3.4)

simplifies to

0*&,)) + rank(RHom(F? ., Q%)) (10.3.7)

univ>

~ 1
rank(RHom (F} i, 07&2)) + Ed(o). (10.3.8)

In §2.3.9) we exactly showed that

n(deg & — degwy)/2 + rank(RHom (F*

univ>

~ 1 ~
0°&)) + §d(0) =n(deg&; — degwx)/2,
which after comparing ((10.3.1)), (10.3.2]) shows that the exponents match! Hence we have established that
Z3,(61.9) = £2;,(62,9).
Finally, we match the signs. We found above that

an(gl,g”sm? = x(det £)npryp(Dg)" (—1) 40/ SFdlo) (—1)dg? (10.3.9)
(Sht(f*)?[Shty;7 ], 45,9 - Lsnere ) - 5Shtg§’2)>
while
Z(E2,G)[sneye = x(det &5)q" (Sht(f*)7[Shty;L], a5 - Lsnire,, ‘5Sht3§2) ), (10.3.10)

the exponent “?” having been established to be the same in both expressions. Next, we note that d(U/S) —
d(fo) = d(V/S) = d, hence d(U/S) + d(fo) + d = 0 (mod 2). Furthermore, in §2.3.9| we calculated that
x(det &1)npr p(Dg)" = x(det &). Therefore, (10.3.9) and (10.3.10) are equal. O
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APPENDIX A. DERIVED FOURIER ANALYSIS: PROOFS

This appendix justifies assertions made in §6| about the derived Fourier transform.

We remind the reader of the notational conventions introduced in regarding derived
vector bundles: for perfect complexes denoted with calligraphic letters such as £, £’, etc., the corresponding
Roman letters such as F, E’, etc. denote their associated total spaces.

A.1. Preliminaries. We record here some general facts about functors on sheaf categories induced by
kernel sheaves. In particular, we introduce a configuration that we call a “butterfly”, which induces natural
transformations between such functors.

A.1.1. Correspondences. We begin with some preliminaries on correspondences. Given a correspondence
c
>N
S T

Q¢ :=cuchy: D(S) — D(T).
Consider the fibered product of correspondences

we associate the functor

CXTD

N
Sy \Ty Y:U

Then by proper base change, we have a natural isomorphism of functors

(ﬁCXTDg(I)Doq)C D(S) *)D(U) (A].l)
More generally, for any K € D(C), we have a functor
Sox: en(ey (=) ® K): D(S) — D(T) (A.1.2)

using K as the kernel sheaf. The functor considered in the previous paragraph corresponds to the special
case I = Qg c. By proper base change, we have a natural isomorphism of functors D(S) — D(T)

Pox = Psxrex (A.1.3)

where ¢ = (¢, 1) : C — S x T
What is a general mechanism to construct natural transformations between such functors? For this we
introduce the notion of a “butterfly”, which is essentially a correspondence between correspondences.

A.1.2. About butterflies. Suppose we have a commutative diagram of derived stacks

(A.1.4)

S T
where u is proper, v is quasi-smooth, and all morphisms are separated. We will refer to such a diagram
as a butterfly (we codify this notion because many butterflies will come up). We also let pry: F — S and
prk: F — T be the obvious maps. We will construct a natural transformation
x K *
Op = pr¥ pri* = @y (—d(v)) = pra pri* (—aw) (A.L5)

of functors D(S) — D(T), as the composition of the following maps.
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(1) The unit for (u*, u,) induces
prE prE* — pr¥ w,u* prE*
(2) Since u; = u, because w is proper, we have identifications
pry usu” prg” = pryu” pr§* = pryy pri” = prij v prg” .

(3) Since v is quasi-smooth, its relative fundamental class induces (as explained in §3.4) a natural
transformation [v]: v* — v'(—d(v)), which gives a natural transformation

prih v pri* — prl v (—ae)) pri.
(4) The counit for (v;,v') gives a natural transformation
prify o' (—d(w)) pr§™ — priy pré* (—d()).

Remark A.1.1. Let pr¥ = (prf,pr%) : E — S x T, and similarly define prf and prf’. A butterfly of the
form (A.1.4)) can be viewed as a correspondence F' between E and H over S x T

F (A.1.6)
PN
E H
SxT
The fundamental class of v gives a cohomological correspondence
¢y € Corrp(Qu, g, Qe (—d))). (A.1.7)

The assumption that u is proper implies that the map of correspondences (pr¥, prf’, pr) : (E «+ F — H) —
(SxT=8x%xT=SxT) is left pushable. Therefore

pr{ : Corrr(Qem, Qo rr(—dw)) —  Corrgxr(pr Qe,z, pri’ Qo m(—d(v))) (A.1.8
= Homgx7(prf Qu,i,pri’ Qo m(—d(v))) (A.1.9

—

is defined. In particular we get a map
prf ¢y prf Qep — pri Qo (—d(w)) (A.1.10)
which induces a natural transformation
P = Pour P Qe 7 PoxT o Qo (—d(w)) = PH(=d®). (A.1.11)
Unwinding the definitions we see that this construction recovers the map % in (A.1.5).

Next we establish some compatibilities between natural transformations induced by different butterflies.

A.1.3. Butterfly and pushforward. Consider the butterfly (A.1.4]). Suppose we are given a map f: S’ — S.
Then the construction in gives a natural transformation

Spfy X @y fii-aww)) (A.1.12)

of functors D(S") — D(T).
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On the other hand, we have another natural transformation of the same form coming from another
butterfly. Consider the diagram where supscript ’ means pullback along f.

T

This is also a butterfly (v’ is proper and v’ is quasi-smooth) and therefore gives another natural transforma-
tion

*/
P — Oy (—d(w)) = Py (—d(v)) (A.l.lg)
of functors D(S’) — D(T).
The Cartesian squares
E’ H

S/ Prg/ E/ S/ Prg, H/
A A
S—F S+«——H

Prg Prg

induce proper base change identifications of functors D(S") — D(T)

dp = Dpfi, (A.1.14)
Dy = By fr. (A.1.15)

Lemma A.1.2. With respect to the identifications (A.1.14]) and (A.1.15)), the two natural transformations
(A.1.12) and (A.1.13) agree.

Proof. Consider the diagram below, where all parallelograms are Cartesian.
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This yields a diagram of natural transformations

E..E 01 E (E__E E orE
Prpm prs* fi— PIp f! Prg/ * Prp Prg. *
J{unit(u')
’ ’
unit(u) unit(u) pr% (ul)* (u/)* prg/ -
o1 ’ o2 !
pr% U™ prg* fi— pr% u*u*f,E prg, —_— PY% U*f!F(u/)* Prg’ .

pr:‘?; prg* N = pr% f!F prg/l*
pri v pri* f, L N pr&, vo* fHf prg'* S BN pri o fF (V)" prIS{,l*
] & 1%

pré v pri* fi—dw)) —2 pri o' {7 pri (—aw)) <—— prd o fF ) prE* (—aw)

counit(v) counit(v) pI‘II;I! f!Hv!/(U/)I pr{g{//* (—d(v))
J{counit(v’)
prdfy prif* fi—aw) —— pr#y fH pri’* (i) =———= prfl pr¥’* (—dw)

The natural transformation (A.1.12) is the composition along the left column, while the natural transfor-
mation (A.1.13]) is the composition along the right column. All the arrows labeled by ¢7 are isomorphisms,

(1) g is induced by the base change natural isomorphism for the Cartesian square

S’ «—— F

|

S +— F

(2) ©1 is induced by the base change natural isomorphism for the Cartesian square

S +—— F

|

S+——F

(3) o9 is induced by the base change natural isomorphism for the Cartesian square

E «—— I’

|

E+—F

(4) <3 is induced by the base change natural isomorphism for the Cartesian square

H/ Fl

|

H+—F
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(5) ¢4 is induced by the base change natural isomorphism for the Cartesian square
S/ H/

S +—H

It remains to show that the above diagram is commutative. The only non-obvious squares to check are the
two wide rectangles in the middle. Their commutativity follows from the observation that the two diagrams

S ¢+— F +——— F'
D
S+—FE+—F

and
S — H +——— F'

L

S+—H+—F

give two decompositions of the same Cartesian square
S +—— F'

S «+——F

so that the composition of their base change natural isomorphisms agree. |

A.1.4. Butterfly and pullback. Next suppose we are given g: 7' — T. Then the construction in §A.1.2| gives
a natural transformation

* * x 9Kk * * *
g =g pr% prg g—)g Qy(—dv)y =g pr% prg (—d(v)) (A.1.16)

of functors D(S) — D(T").
On the other hand, we have another natural transformation of the same form coming from another
butterfly. Consider the diagram where superscript ’ means pullback along g,

F/

This is also a butterfly (v’ is proper and v’ is quasi-smooth) and therefore gives another natural transforma-
tion
*/
P — Dy (—d(w)) = Py (—d(v)) (A117)
of functors D(S) — D(T").
The Cartesian squares
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induce proper base change identifications of functors D(S’) — D(T)
@E/ = g*(pE, (Allg)

Lemma A.1.3. With respect to the identifications (A.1.18]) and (A.1.19)), the two natural transformations
(A.1.16) and (A.1.17) agree.

Proof. The proof is analogous to that for Lemma[A1.2] considering instead the diagram below, all of whose
parallelograms are Cartesian.

O

A.2. Functorialities. The running notational conventions are now restored: E, E’ are derived vector bun-
dles over the base S. Let f: E/ — E be a map of derived vector bundles over a derived stack S. Let r be
the rank of E and r’ be the rank of E’. We begin by establishing some of the easier functorialities for the
derived Fourier transform.

A2.1. FT fi versus j?* FT.

Lemma A.2.1. We have a natural isomorphism of functors D(E') — D(E)

FTgofilr' —r] = f* oFTg .
Proof. The proof is the same as for classical vector bundles, cf. [Lau87, Théoreme 1.2.2.4]. (In fact the same
proof works if we replace Ly by any £ € D(A').) O

A2.2. FT f* versus ﬁFT special cases. Assume that f: E' — E is either a closed embedding or is smooth.
We explicate that since f is a map of derived vector bundles, f is a closed embedding if and only if T'; has
tor-amplitude in [1,00), and f is smooth if and only if T has tor-amplitude in (—oo,0]. In particular, f is
a closed embedding if and only if fis smooth.

Therefore, if f is a closed embedding then the diagram

£’ ><5E

fy de)f

EXSE E/XSE/

(prg.ev) _]?opr1

(foprg,ev)
E x A E'

is a butterfly. Composing its natural transformation % with the functor D(E) — D(E x A') given by
K +— KX Ly, it induces a natural transformation

FTg of* < fioFTglr —'](r — ). (A.2.1)
Lemma A.2.2. If f is a closed embedding, then the natural transformation (A.2.1)) is an isomorphism.
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Proof. Examining the definition of (A.2.1)), and using that fis smooth, it suffices to check that the natural
map

fipry(pro K @ ev* Ly) — fipry uau® (pro K ®@ ev* Ly)
is an isomorphism for all K € D(FE).

Let U := E\ E' and j: U xg E — E xg E be the open complement of u = f x Id. Then it suffices to
check that fipry jij*(pry K @ ev* L) = 0.

For this we can localize over stalks of the base S and thus assume that S'is a geometric point. Let C be the
cone of f; then C is the (derived) fiber of f. The fiber of f, pry, over y € E'is E x (C+y) so by proper base
change the stalk of f; prqy Jij* (prg K @ ev* Ly) at y has cohomology groups H (U x (C+y), pri K @ev* Ly),
which we want to show vanish. By the projection formula, it suffices to show that for the first projection
map pry: U x (C'+y) — U, we have pry ev* Ly, = 0. Indeed, by definition any geometric point u € U has
non-zero image in C, so ev* Ly pry () is a non-trivial character sheaf, so its cohomology vanishes. O

If f is smooth, then f: E — E'is a closed embedding and the diagram

E/XSE

E/XSE/ EXSE

(foprg,ev) Fopry

(pro,ev)

E x Al
is a butterfly, so it induces a natural transformation

FTg of* = fioFTglr —'](r — ). (A.2.2)
A similar argument as for Lemma [A72:2] shows that

Lemma A.2.3. If f is smooth, then the natural transformation s an isomorphism.
A.2.3. The right adjoint of FT. Let 'FT%: D(E) — D(E) be the functor K s pry, (ev* Ly @ pry(K))[—r],
where maps are as in the diagram

ExgE —<3 Al
N
E E

By the compatibility of right adjoints with composition, ’ FTéw : D(E) — D(F) is the right adjoint of FT%.
When 4 is understood we abbreviate ' FT z :=' FT%.
Taking the right adjoint of Lemma (and interchanging ¢ with —) gives a natural isomorphism

fHo('FTp)[r — = ('FTg) o fu. (A.2.3)
This can also be proved directly by a similar argument as for Lemma [A721]
We are especially interested in the case where f is a closed embedding (and dually f is smooth), in which

case we can replace ]?* with fu and f' with f*((r)) above.
Taking the right adjoint of (A.2.1)) and (A.2.2)) (and interchanging ¢ with —) gives a natural isomorphism

feo (FTg)r—r'|(r—r') = (’FTE)of! (A.2.4)
if f is smooth or a closed embedding. Alternatively, this isomorphism can be proved directly using analogous

constructions to those in §A.1.2]and §A.2.9]

We are especially interested in the case where ]?is smooth (and dually f is a closed embedding), in which
case we can replace f' with f*((5)) and f. with fi above.
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A.2.4. Involutivity. The key to the functoriality properties of the derived Fourier transform is the (near)
involutivity property. This appears to be significantly more subtle to establish than in the situation for
classical vector bundles. It will be done later in §A3]

Lemma A.2.4. Let E be a derived vector bundle over S of rank r. Recall 0 denotes 21Qq s wherez : S = E
is the zero section. Then any isomorphism

ap:0p = FTE(QLE)[T](T) (A.2.5)
determines an isomorphism of functors
FT;0FTg = [—1]*(-7). (A.2.6)
Proof. Unravelling the definition of FTz oFTg and using proper base change, we see that it is the endo-
functor of D(E) given by the kernel sheaf pryy (evor +evia)*Ly[2r] € D(E x E), where

® pry, : B xg E xg ' — E xg E is the projection to the first and third factors, and
o evo) tevip: B xs B xg E — Al is given by (1,y,2) — (z + 2,y).
On the other hand, [-1]* : D(E) — D(E) is given by the kernel sheaf A; Qg g, where A™ : E - E xg E

is the anti-diagonal. To give an isomorphism (A.2.6)), it therefore suffices to give an isomorphism of kernel
sheaves

pr02!(evo1 + evlg)*ﬁw [27"] = Ang)E(—T). (A.2.7)
If welet a: E xg E — E be the addition map, then proper base change for the Cartesian square

EXSEXsE(M)EXSE

J{Proz J{PTE

ExgE 2 E
supplies an isomorphism
Prooi(evor +evia) Ly[2r] = a” prg ev” Ly[2r] (A.2.8)
Also, proper base change for the Cartesian square
EFE——=8S (A.2.9)
b
ExgE——FE
supplies an isomorphism
A;Q&E = a*éE. (A.2.10)

Now, an isomorphism ag: dg(—7) = prg ev* Ly [2r] induces an isomorphism a*0g(—r) = a* prg ev* Ly [2r].

Combining this with (A.2.8)) and (A.2.10)), we get an isomorphism (A.2.7). Since the canonicity of (A.2.7)
O

will be a recurring theme, we note that it only depended on ap.

Definition A.2.5. Let E — S be a derived vector bundle of virtual rank r. An involutivity datum on E a
pair of natural isomorphisms

ne: FT50FTg = [-1]*(—r) and ng: FTpoFTz = [—1]*(—r)
such that the composition

FTgong' npoFTE
— =By —~£ 5

FTE FTEOFTEOFTE[—H*(T) FTE

is multiplication by (—1)".

Remark A.2.6. We will later equip every derived vector bundle with a canonical involutivity datum, but
the construction is rather circuitous; for example, it will involve first constructing involutivity data that (a
priori seem to) depend on auxiliary choices.
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A.2.5. Self-adjointness. In 3 we defined ' FTg, and we explained that ’FTE/’ was the right adjoint to
FTY.

Lemma A.2.7. Let E — S be a derived vector bundle of virtual rank r. Any involutivity datum (ng,nz)
on E induces natural isomorphisms

FTE l) (,FTE)(fT).
and

FTz = ('FTz)(—r).

Proof. The given data of ng and nz show that FT}@(T) and FT g/} are inverses, and in particular adjoints.

Since ' FTg was by definition the right adjoint of FT;ﬁw (1), this induces the natural isomorphism FTz —
('FTg)(—r); the other isomorphism is obtained similarly. O

Example A.2.8 (Compatibility with Verdier duality). Let £ — S be a derived vector bundle of rank r and
D (resp. Dg) denote the Verdier duality functor on E (resp. E). We have

D;oFTY = ('FT,Y) o Dp.
By Lemma an involutivity datum for E equips FTg and FT 5 with natural isomorphisms
Dy o FTY = FT,Y oDp(K)(r).

A.2.6. More functoriality. Let f: E' — FE be a morphism of derived vector bundles over S. Assume that
E, E’ are equipped with involutivity data. We may then produce the remaining natural isomorphisms claimed
in

Recall that we always had the natural isomorphism

-~

FTgofilr' —r] = f*oFTg (A.2.11)
without any assumptions. Taking right adjoints in (A.2.11f), applying Lemma and relabeling terms
gives

froFTg = FTgof.r—r](r—1").
Pre-composing (A.2.11)) with FT 5, and post-composing with FTz, applying (—1)"**%Fpz: [-1]*(—r) &
FT;oFTg and ng,: FTg oFTp, — [—1]*(—r’), and re-labeling terms, gives the isomorphism

FTp of* = fioFTg[r — '](r — '), (A.2.12)
Taking right adjoints in (A.2.12)), applying Lemma and relabeling terms gives
FTg of = f, o FTg[r —r].

A.3. Involutivity. We will construct a canonical involutivity datum for any derived vector bundle £ — S.
According to Lemma [A72774] it suffices to produce isomorphisms

ag: 6p 2FTH(Q, 5)lrl(r), and ag:dp =FTE(Qr)r](r).

A.3.1. The case where S is a point. Suppose S is a point (i.e., the spectrum of a field). We will produce
canonical ag; the dual argument produces ag. This analysis will be used later to prove involutivity in
general, and may be illuminating in any case.

Since S is a point, £ is quasi-isomorphic to a formal complex @, £[—i], with vanishing differentials.
By the compatibility of FT with exterior tensor products (namely, that Fourier transform on a product of
bundles takes an exterior tensor product of complexes to the exterior tensor product of the Fourier transforms
of each factor), it suffices to a treat the case where & = £[—i], so we assume this to be the case.

If i = 0, then aj is the classical one of Laumon implicit in the proof of [Lau87, Théoreme 1.2.2.1]. We

will therefore focus on the case i # 0.
e If i > 0, then E has classical truncation S. Therefore, 7% induces an equivalence D(S) = D(E),
whose inverse is its right adjoint mg.. We then have 7} = 7: D(S) = D(E) and 7g. =

mg: D(E) — D(S). Since g o zg = Idg, we deduce zg. = 75, 25 = TE«, 281 = Zp«, and

1 %
ZE—ZE.
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o If i < 0, then F is the i-fold iterated classifying stack of a product of copies of G,. Since G,
is a connected unipotent group scheme, 7% induces an equivalence D(S) — D(E), whose inverse

~

is therefore mg,. Since mg is smooth of rank r, we have 7T!E = mp(r) and g = TE.(-r). Since
Tg o zp = ldg, we deduce that zg, = 7}, 25 = Tgs, Z'E = zp(-r), and zgp = ZE.(r).
Below we will always use mj; to identify D(S) = D(E) and 7% to identify D(S) = D(E). We will therefore
view FTg as an endofunctor of D(5).

e If i > 0, then under the above identifications FTg is simply the endofunctor [r] of D(S), so
FTg(Qer) identifies with Qg s[r] € D(S). On the other hand, 5 = 25 Qs identifies with
Q¢,s(r) € D(S). Thus we obtain ag.

o If i < 0, then under the above identifications FT g is the endofunctor [—r](—r) of D(S), so FTg(Qe k)
identifies with Qg s[—7](—7) € D(S). On the other hand, §5z = 25 Qs identifies with Q5. We
take the oz to be (—1)" times the obvious isomorphism.

A.3.2. Bootstrapping from vector bundles. Suppose £ € Perf(S) admits a global presentation by a finite
complex of vector bundles on S, say of the form

s eV et

We will use the following device to bootstrap from the theory for classical vector bundles, where the
theory was established by Laumon [Lau87]. Consider the “stupid truncations”

EN =0 =&t 5 )
and
ESV= (..t 5 &Y
and let E=° E<% be the associated derived vector bundles. Then we have a pullback (and pushout) square
in Perf(S)
520 EO
E — £SO

which induces a derived Cartesian square of total spaces

EZ0 P, o
l”' lp (A.3.1)
E —'— B0

Note that E® — S is a classical vector bundle, while E<° — S is smooth (and represented by classical
stacks), and EZ° — S is separated (and representable in derived schemes). Here i is a closed embedding, so
iy = iy: D(E) — D(EZY) is fully faithful and similarly for i’. Also, p is smooth with acyclic geometric fibers,
so p*: D(EZ%) < D(E") is fully faithful and similarly for p’. Hence we have a fully faithful embedding

p*iy: D(E) < D(EY). (A.3.2)

A.3.3. Global presentations. We now establish involutivity for derived vector bundles E that admit a global
presentation. Note that, by the definition of a perfect complex, any derived vector bundles admits a global
presentation locally on the base S.

Lemma A.3.1. Suppose E is a derived vector bundle.
(1) Any global presentation E® of E induces an involutivity datum on E.
(2) If S is a point, then the involutivity datum from (1) is naturally isomorphic to that from §A.3.1]

Proof. (1) As in (A.3.2) we have a fully faithful embedding p*i,: D(E) — D(E"). We produce a natural

isomorphism
p*il FTE e} FTE = p*z:[—l]*(—r)
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By construction the maps p;i\ are smooth and the maps 4,p are closed embeddings, so that we may apply
the functorialities in to produce a sequence of natural isomorphisms:

P FTFTy 2 p* FT = i FTp(?)[?) 2 FT 5 pii* FTR(7)[7)

= FT 5 pi FT <o i(?)[?) 2 FT 5 FT g, p*in(?)[7)

where the shifts and twists are suppressed. Now using the canonical involutivity datum ngo: FT = FTg, =

[—1]*(—ro) for o := rank(E)), and the full faithfulness of p*i,, this reflects to an isomorphism ng: FTzFTg =
[=1]*(—r). The natural isomorphism 75 is obtained by the same argument on the dual bundle. The sign
condition for ng, ng reduces to that for ng,, U which is classical.

(2) By construction, the compatibility reduces to Lemma below.
(Il

Lemma A.3.2. Let f: E' — E a map of derived vector bundles.
(1) Suppose f is a closed embedding. Then the diagram

AFTE FTp ——2—— f[-1]*(—r)
FTE J?* FTE[T/ _ 7.] (7“' _ 7‘) (A-3~3)

FTg FTp filr —1') ——— A[=1]" (=)

commutes.
(2) Suppose f is smooth. Then the diagram

FPRTFTp ——2—— f[=1]"(~r)

lm

FT; fiFTplr — 1] (A.3.4)

lw

FTg FTp f*r' —rl(r' —r) == f*[-1]*(=)
commutes.

Proof. The two situations are similar so we just prove (1). The two paths are each given by an isomorphism
of the respective kernel sheaves with the constant sheaf on the graph of f in E' xg E. Hence they differ
by a scalar in HO(S, Qr,5). We can compute this scalar locally, thus reducing to S = pt by base change.
Then E and B’ factor as a product of derived vector bundles concentrated in degree i, so we may reduce
to the case where they are each in degree i. If ¢ # 0, then the Lemma follows from tracing through the
explicit descriptions in §A.3.1l We henceforth focus on the case where i = 0, so F and E’ are classical vector
bundles. Observe that we can compute the scalar in question on any non-zero object; we will take the object
0p+. This reduces to the case where B/ = 0.
The isomorphism ng: FTzFTg = [—1]*(—r) is the map induced by the butterfly

ExE

N .
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using the Artin-Schreier sheaf on A'. According to §A.1.3| the bottom row of (A.3.3) is then given by the
butterfly obtained by pulling back along f: 0 — E:

0x E

i E E/ \ ; (A.3.6)

OxAlME

Tracing through 5. we find that the isomorphism FTzFTg fi = fi[—1]*(—r) given by going around
the left and top of (A.3.3)) is also given by a butterfly:

EXO
x FE 0 x

B 0 (A.3.7)
- /&} .
By inspection, this agrees with the butterfly (A.3.6]). O

A.3.4. Base change. Consider the setup of where we perform a base change h : S — 5. We will prove
the isomorphisms (6.2.1)), (6.2.3)), (6.2.4) and (6.2.2) without any assumptions. (At an intermediate stage
the proof invokes Lemma and the proof is used subsequently to construct the canonical involutivity
datum for general derived vector bundles, which explains why it appears here.)

The isomorphisms @ and follow directly from proper base change.

Now consider (@ . Consider the commutative diagram

E ><§ E (A.3.8)
Bty Jf Bty
h
E ExsE E
E E
We have a natural transformation ~
FTpoh? — hE oFT3 (A.3.9)

as the composition (for any K € D(E))

pry(pr hEK @ ev* L) s pryy (RuBighe ® ev* L) 2 pryy I (Bigk @ 6v° L) 2 hE by, (Frik @ 67 Ly).

(A.3.10)

Here (1) is the natural transformation prf hf — lNL*ﬁrS coming from the left parallelogram in , and

(2) is the natural transformation prl!iNL* — hEZpry, obtained by adjunction from the proper base change

isomorphism attached to the right parallelogram in . To check is an isomorphism, one can

work Zariski locally over S, hence reducing to the case where E admits a global presentation. In this case,

using Lemma we may replace FT with 'FT in (up to a twist), which then is visibly an

isomorphism by proper base change.

Now consider . We have a natural transformation

FTzo(h?) = (hF) o FTp (A.3.11)
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as the composition (for any K € D(E))

~ ~ x ~ x Do~ /7 * ~ % ~ = 7! * * 2 EN! * *

pry, (prg (hE) K @& Ly) @, pryy (b pri K6V Ly) = pry b (pri K@ev* L) @, (hE) pry,(pri K @ev* Ly).
(A.3.12)

Here (1) is the natural transformation pry(h®)' — h'pr} obtained by adjunction from the proper base

change isomorphism attached to the left parallelogram in (A.3.8), and (2) is the natural transformation

pryh! — (hﬁ)! pry, coming from the right parallelogram in (A.3.8). The proof that (A.3.11]) is an isomorphism
is similar to that of (A.3.9).

A.3.5. Involutivity in general. Finally we can produce the promised canonical involutivity datum for a general
derived vector bundle.
Let £ — S be a derived vector bundle of rank r. Since 05 := 21Q¢ g, producing a map

ag :6p = FT5(Q, 5)[r](r). (A.3.13)

is equivalent to producing the adjoint map
oy Qus — 2 FT5(Q, p)lr](r). (A.3.14)
Lemma A.3.3. If the map 18 an isomorphism, then the adjoint map is an isomorphism.

Proof. The map o/ is the composition

Qus — 2'21Qus LTINS FT(Q, z)lr](r).

Since ap is an isomorphism by assumption, it suffices to see that the unit map Id — z'z is an isomorphism.
Equipping F with the natural G,,-action (by scaling), we will apply the “stacky contraction principle” of
Drinfeld-Gaitsgory [DG15, Theorem C.5.3], which says that for 7: E — S, m is right adjoint to 2. (For the
application of the theorem, note that linear maps between derived vector bundles are always safe, and that
the proof written for D-modules applies just as well to ¢-adic sheaves with the usual cosmetic adjustments.)

Hence the unit map Id — z'z is identified with the unit map Id — mz 2 Idg, and is then obviously a
natural isomorphism. |

Lemma A.3.4. Let E be a derived vector bundle over S of rank r. Then there is a canonical (i.e., inde-
pendent of auziliary choices) isomorphism

ag 1 0p 2FT5(Q, 5)[r](r). (A.3.15)
Proof. We will first construction a canonical isomorphism
oy i Qus = 2 FT5(Q, )[r](r). (A.3.16)

Let K € D(S) denote the right side. We claim that K is a sheaf concentrated in degree 0, and Zariski-
locally isomorphic to the constant sheaf Qg s. The claim can be checked Zariski-locally, so to prove it we
may assume that E has a global presentation. Then Lemma equips F with an involutivity datum
(which a priori depends on the choice of presentation), so applies and then Example gives an
isomorphism

ag: 0 — FT5(Q, z)[r](r).

Then by Lemma the adjoint map Qs — z' FT5(Q, 5)[r](r) is an isomorphism. This establishes the
claim. 7

We now return to the case of general E. In the proof of the claim, we saw that Zariski-locally on S
we have global presentations of £, which induce local trivializations of K. By Lemma 2), these local
trivializations of IC agree on the stalk at any point of S. Since the claim implies in particular that K is
a local system on S, the local trivializations therefore glue to give an isomorphism Qg ¢ = K. (Note that
we are gluing in the abelian category of local systems on S; it was crucial to first establish that I lies in
this subcategory in order to be able to glue.) Furthermore, Lemma 2) shows that the resulting o/ is
independent of any and all choices of local trivializations.

The canonical isomorphism o/, then induces by adjunction a canonical map

ag 0 = FT5(Q, 5)r](r). (A.3.17)
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We claim that ag is an isomorphism. This claim can be checked after base changing to a point of S. Hence
we may assume that F admits a global presentation, and then by its construction, the map ap agrees with
the map induced by the map ép — FT5(Q, 5)[r](r) produced by the involutivity datum of Lemma
and Example [6.2.3] which is an isomorphism. This finishes the proof. []

Now we have established that all derived vector bundles have canonical involutivity data (not depending
for example on global presentations). Henceforth we implicitly equip all derived vector bundles with said
canonical involutivity data.

A 4. Fourier transform and proper base change. In this subsection we prove Proposition The
notational conventions of the subsection are now reset. We maintain the notation and setup of §6.3.2}

Lemma A.4.1. Let f: E' — E be a globally presented map of derived vector bundles. Then [ admits a
factorization

ELSELE
such that i is a closed embedding and p is smooth.
Proof. Let K := Totg(K) be the derived kernel of f. By the hypothesis, K admits a global presentation
K= K'oK =K -

(for example, we can take for K® the usual cone construction of f shifted by 1). Then we have an exact
triangle for naive truncations

K2t — K — k=0,
We take & := cone(K= — &’), which then has a factorization
& — € = cone(K — &) 2 &, (A.4.1)

Note that the last isomorphism is in Perf(S) and we do not claim that it is represented by a map of the
given presentations. Regardless, (A.4.1) induces a diagram of total spaces

ELSELE

whose composition is f, whose first map has derived kernel Tots(X=1) hence is a closed embedding, and
whose second map has derived kernel Tots (K<) hence is smooth. g

A.4.1. Formulation of the main statement. We expand the formulation of the compatibility ([6.3.3]). Consider
a Cartesian square of derived vector bundles:

Agl/B%D
N

where all maps are linear. Set d := d(f), § := d(g). Using §6.2.4| and proper base change, we have a hexagon

~

of functors D(A) — D(D):

(A4.2)

FT g*fild + 6](8) +=— FT f{(¢')*[d + 8](6) — (f")* FTo(g')*[6](5)
ﬁ ﬁ (A.4.3)
G FT fild] «—~—— Gf*FT ——=— (f))*g/FT

Lemma A.4.2. Assume that each of f,g is either smooth or a closed embedding. Then diagram (|A.4.3)
commutes.

Proposition A.4.3. Assume that f and g are globally presented. Then diagram (A.4.3) commutes.
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Remark A.4.4. We emphasize that Lemma has a weaker hypothesis than Proposition in
particular, it does mot require maps f, g to be globally presented. This is important because when reducing
Proposition [A:4.3]to Lemma[A4:2] we may not be able to guarantee that intermediate diagrams are globally
presented compatibly with the original global presentation of . Fortunately, because of the weaker
hypothesis, there is no need to arrange such compatibility.

Proof of Proposition[A7.3, assuming Lemma[A.4.2 By Lemma we may factor fas A 5> A & C
where i is a closed embedding and p is smooth. This induces a factorization of the diagram (A.4.2)) into a

sequence of two Cartesian squares

(A.4.4)

We now apply Lemma to the two inner Cartesian squares. Lemma is compatible with com-
positions of Cartesian squares, so the commutativity of the analogous hexagons to (A.4.3) for the two inner

squares of (A.4.4]) implies the commutativity of (A.4.3]). O

It remains to prove Lemma[A.4:2] We make some initial reductions. We claim that the result is immediate
if f is a closed embedding, or if ¢ is smooth. Indeed:

e If f is a closed embedding then ]?is smooth and we may replace f by f. everywhere in .
Applying adjunctions and Proposition the commutativity of is then equivalent to the
commutativity of

unit(g’)

FT f. FT fig.(9')*
-~ unit(g’) =
FrET(dd) ™ Fg'g FTld)(d)
which in turn follows from the fact that FT preserves the unit of an adjunction, which is incorporated
into our construction (§6.2.4)).

e If g is smooth then g is a closed embedding and we may replace gy by g. everywhere in (A.4.3), and
a similar argument applies.

We may and do henceforth assume that f is smooth and g is a closed embedding.
A.4.2. More general statement. In fact, we can formulate a more general statement. The transform FT is
defined with respect to £, on Al via pull-push in the diagram
AxA' «— AxgA—> A
More generally, define the functor Conv: D(Ax A) — D(A) as pry,(pry, ev)* (see for the diagram
Ax Al (M)AXSA\L A.

Composing Conv with the functor D(A) — D(A x A') given by external product with the Artin-Schreier
sheaf L, recovers FTY, up to shift.
We will construct a hexagon

-~

Conv g* fi(s) +—— Conv f/(g')*(5) —— (f')* Conv(g’)*(s)

T T (A.4.5)

G Conv fi «—~—— Gif* Conv —— > (]?’)*fj,’ Conv



101

that recovers in the above manner; note however that in general the vertical arrows are not isomor-
phisms. The top left and bottom right vertical arrows are the natural isomorphisms induced by proper base
change. The other arrows are explained in §A.4.3| and §A.4.4] below.

We are still assuming that g, ¢’ are closed embeddings (so g, ¢’ are smooth) and f, f’ are smooth (so . F
are closed embeddings).

A.4.3. For any f: A — C, we will define a natural isomorphism f* Conv = Conv f; of functors D(A) —
D(C). (We do not need the smoothness of f here.) This supplies the bottom left and top right horizontal

arrows of (A.4.5)).

e The functor f* Conv is given by the correspondence

AXS

\ /-

E/

Ax Al C

e The functor Conv f; is given by the correspondence

AXSé
Ax Al CxgC
(pr(:y y‘d (pr‘y \
Ax Al C x Al c

These correspondences between A x A' and C visibly agree.
A.4.4. For any smooth ¢': B — A, we will define a natural transformation g Conv — Conv(g')* of functors

D(A x A') — D(B). (We will use the smoothness of ¢’ here.) This supplies the vertical arrows of (A.4.5).

e The functor Conv(g’)* is given by the correspondence

B x
(Proy

/Em

B x Al BxsB
QV \ (pry pry
Ax Al B x Al B
o The functor gj Conv is given by the diagram
AXxg
A

A
(Pro‘y

Ax Al

A

o)
)
g

)
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To compare these, we consider the diagram

BXSA\

g/y w?}’

AXSA\ BXS§

Ax Al B

where the maps are as above. This is a butterfly thanks to the assumption that ¢’ is a closed embedding (so
¢’ is smooth), and therefore gives a natural transformation

g/ Conv *, Conv(g')*(—d@)) = Conv(g')*(s).

A.4.5. Returning to the hexagon (A.4.5)), the top row of natural isomorphisms all come from the correspon-
dence

BXSE

(9',evo(ld Xf/)/ pry

Ax Al

)

via as seen in the diagrams below:
. (fA’)* Conv(g')* is induced via §A.1.1| by the fibered product of correspondences

S~
A><A1/ \BxAl/ \‘é/ \f)

e Conv f/(¢')* is induced via §A.1.1| by the fibered product of correspondences

)
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e Conv g* fi is induced via by the fibered product of correspondences

BXSﬁ
B x Al D xgD
/ X’) /
Ax Al D x Al
/ X) /
Ax Al C x A! D

On the other hand, the bottom row of natural isomorphisms in the hexagon all come from the correspon-
dence

AXSG

(Id,ev o(Id y X

Ax Al D

via as seen in the diagrams below:

. (]?’)*(ﬁ’ )1 Conv is induced via by the fibered product of correspondences

Ax Al

o~

91(f)* Conv is induced via 3. by the fibered product of correspondences

N
/\/

Ax Al
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e g Conv fi is induced via by the fibered product of correspondences

AXSé
AxgC CxgC
Ax Al CxgC C
Ax Al C x Al c D

Since FT is (up to shift) the restriction of Conv to a particular subcategory, Proposition is implied
by the following.

Proposition A.4.5. Hezagon (A.4.5) commutes.

Proof. By the proceeding discussion, the natural transformation

g1 Conv fi — Conv g™ f1(5)
is the pre-composition of the natural transformation gy Conv X, Conv g™ (d(g)) coming from the butterfly

DX56

- N

sta DXSﬁ

C x Al

)

with f;. Computing the pullback of this butterfly along f gives the diagram

Bxsé
L
AxgC DxgC B xgsD
C’xsa
Ax Al
C x Al D
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and Lemma identifies the resulting natural transformation with the one from the upper butterfly

BXSa

- N

AXS@ BXSE (A46)

o)

Ax Al
On the other hand, the natural transformation
(J")*g, Conv — (f')* Conv(g')* )
is the composition of (]?')* with the natural transformation g¢’, Conv *, Conv(g')*(s) coming from the
butterfly
B xg A

QIV w.&’

AXSA\ BXSB

&)

Ax Al

Computing the pullback of this butterfly along f’ gives the diagram

BXSé
AXSa BXSA\ BXSE

I \1\

and Lemma identifies the resulting natural transformation with the one from the upper butterfly

<T>b>

&)

Ax Al

Bxs(j“

N

Axsa Bxsﬁ

A D
which is visibly the same butterfly as (A.4.6]). O
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