
MODULARITY OF HIGHER THETA SERIES III:

PROOF OF THE MODULARITY CONJECTURE
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Abstract. We prove the Modularity Conjecture for higher theta series on moduli stacks of Hermitian
shtukas. For general linear shtukas, we establish a more refined phenomenon that we call supermodu-

larity. As a key input, we prove the Trace Conjecture for Hitchin stacks of low corank, realizing virtual

fundamental classes of special cycles as categorical traces.
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1. Introduction

1.1. The main theorem. Let k = Fq be a finite field of characteristic p > 2, let X be a smooth, proper,
geometrically connected curve over k, and let ν : X ′ → X be an étale double cover. In [FYZ25], the
authors constructed higher theta series attached to this data. More precisely, for every rank n ≥ 1, every

corank m ∈ [1, n], and every r = 0, 1, . . ., the higher theta series Z̃n,rm is a certain Fourier series with
coefficients in CHr(n−m)(Sht

r
U(n)), the Chow group of r(n−m)-dimensional cycle classes on the moduli

stack ShtrU(n) of rank n Hermitian shtukas with r legs.

When r = 0, Z̃n,rm specializes to the classical theta functions. When r = 1, the construction may
be viewed as a function field analogue of arithmetic theta series in the sense of Kudla [Kud04]. The
adjective “higher” refers to the phenomena established in [FYZ24, FHM25] that for general r, the higher
theta series are connected to the rth derivatives of automorphic L-functions. While the r = 0 and r = 1
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cases of this story have parallels over number fields, the existence of a story for higher derivatives is a
distinctive feature of the function field setting.

Classical theta series and arithmetic theta series enjoy more symmetries than are evident in their
definition. This is formulated precisely as modularity of the theta series: they descend to automorphic
functions. For arithmetic theta series, the strongest formulations of modularity are still conjectural in
most cases (and even the formulations may depend on conjectural ingredients). The main result of the
earlier work [FYZ25] was the formulation of an analogous Modularity Conjecture for higher theta series.

A priori, Z̃n,rm is a function on pairs (G, E) where G is a rank 2m skew-Hermitian bundle on X ′ and E ⊂ G
is a Lagrangian subbundle. The Modularity Conjecture predicts that Z̃n,rm is independent of the choice
of E ⊂ G, and our main result is a proof of this conjecture.

Theorem 1.1.1. The Modularity Conjecture [FYZ25, Conjecture 4.15] holds true.

While this result is formulated for unitary groups and “signature (1, n − 1)”, the method of proof is
very general and we expect it to work uniformly for all dual reductive pairs; see Zeff’s thesis [Zef25] for
initial steps toward such a general formalism.

1.2. Prior work. We may contextualize the Modularity Conjecture of [FYZ25] in terms of the analogous
problem of modularity of arithmetic theta series, laid out in Kudla’s MSRI article [Kud04]. It is useful
to arrange the expectations of [Kud04] into a hierarchy of successively stronger modularity statements,
summarized in Table 1.

Tier Number fields Function fields

Generic-fiber
cohomology

Kudla–Millson [KM90]. Unitary groups [FYZ23].

Generic-fiber Chow
groups

Orthogonal Shimura varieties:
Borcherds in codimension one
[Bor99] (Yuan–Zhang–Zhang
[YZZ09] over totally real fields), in
general Zhang [Zha09],
Bruinier–Westerholt-Raum
[BWR15].

Unitary groups [FK24].

Integral/arithmetic
Chow groups

Unitary divisor case [BHK+20];
Orthogonal Shimura varieties
[HM25].

Unitary groups (this paper).

Table 1. Three tiers of modularity problems for (arithmetic) theta series and their prior progress.

(1) Modularity in (Betti) cohomology of the generic fiber was established for arithmetic theta series
in the work of Kudla–Millson [KM90]. The work [FYZ23] established modularity of higher theta
series in the ℓ-adic cohomology of the generic fiber, for unitary groups. Work in progress of
Xu–Zeff will generalize this to more groups.

(2) Modularity in the Chow group of the generic fiber is subtler. For orthogonal Shimura varieties,
this problem was raised by Kudla in [Kud97, Kud04]. Borcherds proved the divisor case over
Q using Borcherds products [Bor99] and Yuan–Zhang–Zhang [YZZ09] proved the divisor case
over any totally real number field; Zhang proved the higher-codimension case conditionally on
a convergence assertion [Zha09]; and Bruinier–Westerholt-Raum supplied the convergence, com-
pleting the proof of Kudla’s conjecture for orthogonal Shimura varieties [BWR15, BR25]. Pollack
has given an alternative proof of the automatic convergence theorem [Pol24]; Raum has recently
proved the analog in the unitary case over a general totally real number field in [Rau26]. There
are also conditional extensions, assuming Beilinson–Bloch type conjectures, in work of Kudla and
Maeda [Kud21, Mae21]. In related compactified or integral settings, Chow-valued modularity
has been proved for divisors on unitary Shimura varieties by Bruinier–Howard–Kudla–Rapoport–
Yang [BHK+20] and for special zero-cycles on toroidal compactifications by Bruinier–Rosu–Zemel
[BRZ24]. In the function field setting, the corresponding generic-fiber Chow result for unitary
groups was proved in [FK24].
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(3) Modularity in the arithmetic Chow group of an integral model is the strongest form envisioned in
the Kudla program. In the number field setting, it requires not only integral extensions of the
special cycles, but also Green currents. Kudla–Rapoport constructed the basic unitary special
cycles for nonsingular coefficients [KR11, KR14]; see also the book of Kudla–Rapoport–Yang
for low-dimensional cases [KRY06]. The divisor case for unitary Shimura varieties was proved
in [BHK+20]. For integral models of orthogonal Shimura varieties, Howard–Madapusi proved
Chow-valued modularity, though not Arakelov Chow-valued modularity [HM25]. In the higher
codimension case, a detailed construction of the generating series valued in the arithmetic Chow
group of an integral model of unitary Shimura varieties can be found in [Che24a, §3] and [Che24b,
§3]; the modularity of these generating series is still conjectural. For function fields, [FYZ25]
proposes the formulation of the Modularity Conjecture in this strength, and this paper provides
the proof.

Despite the resemblances of the statements, the proofs of modularity (outside the case r = 0) are
completely different in the number field and function field settings. We refer to the Introductions of
[FYZ23] and [FK24] for discussion and comparison. Our proof of Theorem 1.1.1 can be regarded as an
improvement on the strategy of [FYZ23, FK24], and will be discussed further in §1.5.

1.3. Supermodularity for general linear groups. When the double cover is split, X ′ = X ⊔ X,
the unitary groups become general linear groups, and we prove a more refined phenomenon that we call
supermodularity.

To formulate it, we first recall that [FYZ25] already extended the Modularity Conjecture to general

linear groups. In the unitary case, we may view the higher theta series Z̃n,rm as a function on BunPm(Fq),
where Pm is the Siegel parabolic subgroup of a rank 2m unitary group. In the general linear case, the
Modularity Conjecture admits parabolic refinements as formulated in [FYZ25, §4.9]. Fix a decomposition
m = m1 +m2, and let P(m1,m2) ⊂ GL(m) be the corresponding standard parabolic (with the convention

that P(m,0) = P(0,m) = GL(m)). We can define a higher theta series Z̃µm1,m2
(where µ is a sequence of

signs ±1 recording the leg types; see §2.1) on BunP(m1,m2)
(Fq), so that it depends a priori on a rank m

bundle G, a rank m1 subbundle E1 ⊂ G, and the resulting extension class. The Modularity Conjecture
for general linear groups [FYZ25, Conjecture 4.24] asserts that the value depends on the subbundle E1
only through G, i.e. that Z̃µm1,m2

descends to Bunm(Fq).
Supermodularity expresses an even stronger modularity property of the higher theta series: it is es-

sentially independent even of the parabolic P(m1,m2). Since in the extreme case (m1,m2) = (m, 0) the
higher theta series visibly reduces to the special cycle class [ZµG,0] attached to G alone, supermodularity

expresses all the Z̃µm1,m2
directly in terms of [ZµG,0]. The precise result is formulated in Theorem 10.1.1.

Supermodularity is a phenomenon special to general linear groups, and therefore has no precedent for
Shimura varieties over number fields. We nonetheless expect it to have a manifestation over p-adic local
fields.

1.4. Applications. We list various applications (some potential, some already realized) of Theorem
1.1.1, for which the earlier generic modularity results of [FYZ23, FK24] are not sufficient.

• (Arithmetic theta lifting) In Kudla’s program, the modularity of (arithmetic) theta series is needed
for (arithmetic) theta lifting. In [FHM25], Theorem 1.1.1 is used to construct a higher theta
lifting, and to prove an incarnation of a higher arithmetic inner product formula. Specifically,
[FHM25, Corollary 1.2.1] is conditional on Theorem 1.1.1.

• (Arithmetic intersection theory) Modularity of arithmetic theta series was a key input to the
results of [SSTT22], which established exceptional jumps of Picard ranks of K3 surfaces over
number fields, using arithmetic intersection theory. Ruofan Jiang and Wenqing Wei are pursuing
arithmetic intersection problems that rely on Theorem 1.1.1. In order to control the intersection
theory, it is crucial to have the full integral modularity.

• (Local modularity) Yet another direction of application is towards local problems on special cycles.
For this, it is again necessary to have modularity that holds integrally (not just over the generic
fiber). Zhang [Zha21] applied modularity of arithmetic theta series to prove the Arithmetic
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Figure 1. Cartoon of the proof of the Modularity Conjecture. By studying the r = 0
specimen (Poisson), we sequence the “genetic pattern of modularity”. We promote this
to a sheaf-theoretic level using (motivic) derived Fourier analysis, and then extract the
modularity of all higher theta series via the sheaf-cycle correspondence.

Fundamental Lemma (AFL), and one can hope for similar applications of Theorem 1.1.1 towards
a higher AFL over function fields.

1.5. On the proof. At a high level, the proof is illustrated in Figure 1. The philosophy is to find
the “right” proof of modularity for the classical theta series (r = 0). Such a proof can be seen as an
incarnation of the Poisson summation argument. It should then be promoted to the sheaf-theoretic level
via the classical sheaf-function correspondence. We then apply an elaboration of that correspondence,
called the sheaf-cycle correspondence in [FYZ23], to extract modularity of higher theta series.

Carrying out this strategy requires much foundational technology developed in [FYZ23] and [FK24],
including the derived algebraic geometry approach to virtual fundamental classes of special cycles, the
(motivic) derived Fourier transform to promote finite Fourier analysis to the sheaf-theoretic level, and the
(motivic) sheaf-cycle correspondence to extract Chow cycles via categorical traces. These are described
in more detail in the Introductions of [FYZ23, FK24]. We focus on explaining the novelties of the present
paper, which allow us to prove the full Modularity Conjecture.

1.5.1. The Trace Conjecture. The Trace Conjecture of [FH25, Conjecture 9.4.2] is a fundamental formula
that unites three different constructions of virtual fundamental classes for special cycles:

• the classical explicit approach present in [FYZ24, FYZ25] and all classical works in the Kudla
program,
• the derived algebraic geometry approach introduced in [FYZ25] (with Shimura variety counterpart
appearing in [Mad22]), and
• the (categorical) trace approach introduced in [FYZ23, FK24].

Each of these approaches possesses unique advantages, and all of them are exploited in an essential way
here for the proof of the Modularity Conjecture.
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A key new input in this paper is a proof of the Trace Conjecture in the low-corank range m ≤ n/3
(Theorem 4.1.3). We use this to prove the Modularity Conjecture in the same range, and then deduce
modularity for all coranks m ≤ n by an embedding trick. Both the proof of the Trace Conjecture in low
corank and the embedding trick are insensitive to the group-theoretic setup, and should apply with little
change to orthogonal and symplectic dual pairs once the relevant statements are formulated.

The previous generic modularity results implicitly used that the Trace Conjecture is easy to prove after
restricting away from a point of X ′, by adding level structure to “resolve” the Hitchin stacks. In fact,
at several junctures the earlier works [FYZ23, FK24] use this trick of adding level structure away from
the legs to kill geometric difficulties. This trick is not available if one wants to prove the full Modularity
Conjecture, where the legs are unrestricted.

Roughly speaking, [FYZ25] gave an elementary computation of the virtual fundamental classes of
special cycles, expressing them as a linear combination of terms that are products of a “core” fundamental
class and a Chern class (representing excess intersection). Part of the proof of the Trace Conjecture in
the low corank range is a new dimension estimate of the “core” part (Theorem 3.1.1), showing that their
dimensions do not exceed their “expected dimensions” when m ≤ n/3. This principle was not anticipated
in the analogous theory for Shimura varieties when the corank m exceeds 1, and may be impactful for
understanding the geometry of the special cycles appearing there.

1.5.2. The trace formula for Hitchin stacks. Another source of progress comes from an improved under-
standing of the sheaf-cycle correspondence in the geometric situations appearing in this problem. The
sheaf-cycle correspondence can be viewed as a “higher” trace operation producing Chow-valued traces.
However, functoriality of the formation of trace requires “nice” geometric properties. This is already vis-
ible for the usual sheaf-function correspondence, where, for example, the Grothendieck–Lefschetz trace
formula requires properness assumptions in general, which are not satisfied by the Hitchin stacks that
govern the special cycles. Yet in §7 we establish a certain “trace formula” which does apply to these
Hitchin stacks.

1.5.3. Fourier duality. Let us also mention a major departure of the Fourier duality argument in this
paper from earlier works. In [FYZ23] and [FK24], it was necessary to add level structure along an
uncontrolled finite subset of X. For example, this was necessary in order to define the arithmetic Fourier
transform in [FYZ23, FK24]. Adding such level structure is useful for “taming” the derived aspect of the
geometry, but forces one to restrict to the generic locus. In order to avoid such a restriction, we develop
a new Fourier duality approach that interfaces well with derived geometry, and in particular bypasses the
arithmetic Fourier transform altogether. A more substantive description of how our approach improves
on the one in [FYZ23] is given in §8.2, after the necessary notation has been introduced.

1.6. AI Usage. The proof of Theorem 3.1.1 was found with assistance from GPT 5.5 Pro. Specifically,
GPT 5.5 Pro was prompted with the statement of the theorem and produced essentially the same line
of argument documented here, although the authors wrote their own proofs for some of the intermediate
steps instead of using (or indeed, reading) GPT’s argument. No other results here were found with AI
assistance. The paper was proofread and revised with assistance from AI tools including Codex, Claude
Code, Refine.ink, and Gemini via Google’s Paper Assistant Tool (PAT). The figures and tables were
produced by Codex.

1.7. Acknowledgments. T.F. was supported by the NSF (grants DMS-2302520 and DMS-2441922), the
Simons Foundation, and the Alfred P. Sloan Foundation. Z.Y. was supported by the Simons Foundation.
W.Z. was supported by the NSF (grant DMS-2401548) and the Simons Foundation.

2. Notation

Notation is as in [FK24] and [FYZ23].
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2.1. Main protagonists. Let k = Fq be a finite field of characteristic p > 2, let X be a smooth,
projective, geometrically connected curve over k of genus g, and let ν : X ′ → X be an étale double cover,
possibly split, with involution σ.

For a non-negative integer n, we denote by Bunn the moduli stack of rank n vector bundles on X. For
a non-negative integer r and µ = (µ1, . . . , µr) a sequence with µi ∈ {±1} and

∑
µi = 0, we denote by

Shtµn the moduli stack of rank n shtukas on X with simple modifications dictated by µ, defined in [YZ17,
§5.1].

Fix a non-trivial additive character ψ0 : Fp → Q
×
, and write

ψ := ψ0 ◦ TrFq/Fp
: Fq → Q

×
.

2.2. Derived Artin stacks. Unless noted otherwise, we always work in the category of derived Artin
stacks. Hence when we say “Cartesian square” we mean what might be called “derived Cartesian square”
(sometimes we keep the adjective “derived” for emphasis).

For a derived Artin stack A, we denote by Acl its classical truncation.
By definition, a map of derived Artin stacks is a closed embedding or proper if the induced map of

classical truncations has this property. For example, the inclusion of the classical truncation Acl ↪→ A is
a closed embedding.

We say a map of derived Artin stacks is schematic if it is representable in derived schemes.

2.3. Cotangent complexes. For a map f : A→ B of derived Artin stacks, we denote by Lf := LA/B ∈
Perf(A) the relative cotangent complex.

Let f : A→ B be a map of derived Artin stacks that is locally finitely presented on classical truncations.
The map f is étale if the relative cotangent complex Lf vanishes (i.e., is isomorphic to 0 ∈ Perf(A)). The
map f is smooth (resp. quasi-smooth) if the relative cotangent complex Lf is perfect of tor-amplitude
[0,∞) (resp. [−1,∞)). We use cohomological indexing for these tor-amplitude intervals; thus vector
bundles lie in degree 0, and the positive degrees record the stacky directions of an Artin stack.

Note that unlike properness, these properties cannot in general be detected on classical truncations.
Moreover, while a smooth map is also smooth on classical truncations, quasi-smoothness is typically
destroyed by classical truncation. Informally speaking, the ubiquity of quasi-smoothness1 (in contrast to
its classical counterpart, the property of being a local complete intersection) underpins the significance
of derived algebraic geometry in our work.

When Lf is perfect, we write d(f) for its virtual rank (or Euler characteristic), and call it the relative
dimension of f . This integer is locally constant on A; for disconnected sources, all Chow degrees, shifts,
and Tate twists involving d(f) are read componentwise.

2.4. Derived motives. For a derived Artin stack A, we write Dmot(A;Q) for the derived category of
motives on A with Q-coefficients in the sense of [FK24, §3.1], and Dmot,gm(A;Q) ⊂ Dmot(A;Q) for the
full subcategory of geometric motives in the sense of [FK24, §3.3].

We denote the monoidal unit of Dmot(A;Q) by QA.
We use cohomological indexing. For K ∈ Dmot(A;Q) and i ∈ Z, we write K[i] for the cohomological

shift, K(i) for Tate twist, and K⟨i⟩ := K[2i](i) ∈ Dmot(A;Q) for the indicated shift and Tate twist.

2.5. Chow groups. Let A be a derived Artin stack. We define the Chow cohomology groups of A (with
Q-coefficients) by

CHi(A) := H2i(A;QA(i)) ∼= H0(A;QA⟨i⟩), for i ∈ Z.

Now suppose that A is locally of finite type over a field F, and let π : A→ Spec (F) be the structural
morphism. We define the Chow groups of A (with Q-coefficients) by

CHi(A) := H−2i(A;π!QSpec (F)(−i))
∼= H0(A;π!QSpec (F)⟨−i⟩), for i ∈ Z

This definition agrees with the classical definition of Chow groups with Q-coefficients under assumptions
that A is “reasonable”: see the discussion of [FK24, §3.5]. If A is a derived Artin stack, then by the

1This is sometimes called the “Hidden smoothness philosophy”, and was anticipated by Deligne, Drinfeld, and

Kontsevich.
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derived invariance of Dmot(A;Q), the inclusion of the classical truncation Acl ↪→ A induces isomorphisms
CHi(Acl) ∼= CHi(A).

More generally, for a morphism f : A→ B of derived Artin stacks over a field F that is locally of finite
type, we define the relative Chow groups of f to be

CHi(A/B) := H−2i(A; f !QB(−i)) ∼= H0(A; f !QB⟨−i⟩), for i ∈ Z.

For the identity morphism of A, these definitions give a canonical identification

CHi(A/A) ∼= CH−i(A).

Functorial properties.

• The Chow groups are covariantly functorial with respect to proper morphisms. That is, if f : A→
B is a proper morphism of derived Artin stacks, then we have pushforward maps

f! : CHi(A)→ CHi(B) (2.5.1)

and more generally f! : CHi(A/C)→ CHi(B/C) if f is defined over some C.
• Let f : A→ B be a quasi-smooth map of derived Artin stacks, of relative dimension d(f). There
are (virtual) Gysin pullback maps

f∗ : CHi(B)→ CHi+d(f)(A), (2.5.2)

and more generally f∗ : CHi(B/C)→ CHi+d(f)(A/C) if B is defined over C. These are functorial
and satisfy a base change formula with respect to proper pushforwards.

The maps (2.5.2) are induced by a natural transformation

[f ] : f∗ → f !⟨−d(f)⟩ (2.5.3)

called the relative fundamental class (or Gysin natural transformation), constructed in [Kha19, §3]. It
satisfies various natural compatibilities detailed in [Kha19, §3.2] or [FYZ23, §3.4].

Example 2.5.1 (Derived fundamental classes). In particular, one has a relative (virtual) fundamental
class

[A/B] ∈ CHd(f)(A/B) (2.5.4)

defined as the Gysin pullback of the unit in CH0(B/B) ∼= CH0(B). Equivalently, it is determined by the
morphism

QA
∼= f∗QB

gysf−−−→ f !QB⟨−d(f)⟩ (2.5.5)

obtained by evaluating the Gysin transformation (2.5.3) on QB . When B = pt := Spec F, we abbreviate
[A] := [A/B] and call it the (derived) fundamental class of A.

2.6. Derived vector bundles. Let A be a derived Artin stack.
Given a perfect complex E on A, we denote by Tot(E) the derived stack of sections of E , as in [FYZ23,

§6.1.1]. We refer to Tot(E) as the derived vector bundle associated with E . In terms of the functor
of points, Tot(E) is the derived stack over A sending an A-scheme u : T → A to the mapping space
MapQCoh(T )(OT , u∗E).

Throughout we use calligraphic letters such as E for perfect complexes, and Roman letters such as E
for the corresponding total spaces.

We denote by E∗ the dual perfect complex to E . When E is a perfect complex on X×A (or on X ′×A,
with ωX′ in place of ωX), we denote by E∨ := E∗⊗ωX the Serre dual perfect complex, with ωX implicitly

pulled back from X. We will denote the dual derived vector bundle to E = Tot(E) by Ê = Tot(E∗).

Part 1. The Trace Conjecture

3. Dimension bounds on special cycles in low corank

In this section we prove a key dimension bound on the “injective part” of the special cycles defined in
[FYZ25], in low corank. This will be a key input to the proof of the Trace Conjecture in low corank.
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3.1. Setup and statement. Let k = Fq have odd characteristic, let X be a smooth proper geometrically
connected curve over k, and let ν : X ′ → X be an étale quadratic cover with involution σ. Throughout
Part I, the cover X ′ → X is assumed connected; the split case is treated separately in Theorem 12.2.1 of
Part 4. Fix integers 1 ≤ m ≤ n, an integer r ≥ 0, and a rank-m vector bundle E on X ′.

3.1.1. Hermitian bundles. We recall the definitions needed in this section. For a vector bundle F on
X ′ × S, write F∨ := HomX′×S(F , ωX′ ⊠ OS). A rank n Hermitian, or unitary, bundle is a pair (F , h)
where F is a rank n vector bundle on X ′×S and h : F ∼−→ σ∗F∨ satisfies σ∗h∨ = h; see [FYZ24, Definition
6.1]. The stack of such bundles is denoted BunU(n).

3.1.2. Hecke correspondences. The Hecke stack HkrU(n) is the stack of r successive unitary modifications

from [FYZ24, Definition 6.3]. Its S-points consist of legs x′1, . . . , x
′
r ∈ X ′(S), Hermitian bundles (Fi, hi)

for 0 ≤ i ≤ r, and isomorphisms

fi : Fi−1|X′×S−(Γx′
i
∪Γσx′

i
)

∼−→ Fi|X′×S−(Γx′
i
∪Γσx′

i
) (1 ≤ i ≤ r) (3.1.1)

compatible with the Hermitian structures. The modification fi is required to be lower of length 1 at x′i
and upper of length 1 at σ(x′i) in the terminology of [FYZ24, Definition 6.5]: equivalently, there is an
intermediate vector bundle F ♭i−1/2 with injections F ♭i−1/2 ↪→ Fi−1 and F ♭i−1/2 ↪→ Fi whose cokernels are

line bundles supported on the graphs of x′i and σ(x
′
i), respectively.

3.1.3. Hermitian shtukas. The stack of rank n Hermitian shtukas is defined as in [FYZ24, Definition 6.6]
by the Cartesian square

ShtrU(n) HkrU(n)

BunU(n) BunU(n)×BunU(n) .

(pr0,prr)

(Id,Frob)

(3.1.2)

We abbreviate an S-point of ShtrU(n) as

(F0, h0) 99K (F1, h1) 99K · · · 99K (Fr, hr)
φ−→ (Frob∗S F0,Frob

∗
S h0). (3.1.3)

3.1.4. Special cycles. The special cycle ZrE is defined in [FYZ24, Definition 7.1]. Its S-points are points
of ShtrU(n)(S) together with maps

E ⊠OS E ⊠OS · · · E ⊠OS Frob∗S(E ⊠OS)

F0 F1 · · · Fr Frob∗S F0.

t0 t1 tr

∼

Frob∗
S t0

f1 fr φ

(3.1.4)

such that φ identifies tr with Frob∗S t0, and for each 1 ≤ i ≤ r the maps ti−1 and ti agree under the
generic isomorphism fi in (3.1.1). For this compatibility, the composite maps

at : E ⊠OS
ti−→ Fi

hi−→ σ∗F∨
i

σ∗t∨i−−−→ σ∗E∨ ⊠OS , (3.1.5)

are independent of i, and invariant under FrobS . This implies that they must lie in the set AE(k) of
Hermitian maps E → σ∗E∨. This induces an open-closed decomposition

ZrE =
∐

a∈AE(k)

ZrE(a).

Finally, Zr,◦E ⊂ ZrE denotes the open substack where the maps in (3.1.4) are injective after pullback
to every geometric fiber of the test scheme. In the notation of [FYZ24, Definition 7.4], it restricts on
the coefficient-a summand to ZrE(a)◦. The virtual class [Zr,◦E ] is defined in [FYZ25, Definition 4.4], with
an equivalent quotient formulation in [FYZ25, Definition 4.5], but the present section only uses the
underlying geometric locus Zr,◦E .

The main result of this section is the following theorem.
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Theorem 3.1.1. If m ≤ n/3, then for all E and r we have

dimZr,◦E ≤ (n−m)r. (3.1.6)

3.2. The saturation stratification.

Definition 3.2.1. For a geometric point (E ,F•, t•) of Zr,◦E , for each i = 0, . . . , r let

Pi := SatFi(ti(E)) be the saturation of ti(E) in Fi. (3.2.1)

Then Pi ⊂ Fi is a rank-m subbundle, and Fi/Pi is locally free.

Lemma 3.2.2. Let X ′ be a smooth projective curve over a field k. Let K/k be a field extension. Let
T be a reduced finite-type K-scheme. Let E and F be vector bundles of ranks m and n, respectively, on
X ′
T := X ′ ×k T , and let

t : E −→ F
be a morphism which is injective after pullback to all geometric points of T . Then there is a finite locally
closed stratification

T =

N∐
α=1

Tα

such that after pullback to each Tα, the fiberwise saturation of t(E|Tα
) in F|Tα

is represented by a rank-m
subbundle Pα ⊂ F|Tα with locally free quotient. Moreover, Pα/t(E|Tα) is finite flat over Tα.

Tα Tβ Tγ

T

X ′
T

Pα Pβ Pγ

t(E)

subbundles on the pieces X′
Tα

, X′
Tβ

, X′
Tγ

stratification T =
∐
Tα

Figure 2. Schematic picture of Lemma 3.2.2. After stratifying the base T , the fiberwise
saturation of t(E) in F is represented over each stratum Tα by a rank-m subbundle
Pα ⊂ F|X′

Tα
.

Proof. By Noetherian induction, it suffices to produce a non-empty open subset U ⊂ T and a rank m
saturated sub-bundle PU ⊂ F|U such that

(i) t(E|U ) ⊂ PU ⊂ F|U ,
(ii) After pullback to any geometric point of U , PU is the saturation of t(E|U ).
(iii) PU/t(E|U ) is finite flat over U .

Step 1. Choose a generic point η of an irreducible component of T . The saturation of t(E|η) in F|η is a
rank m sub-bundle that we denote Pη. Choose an open neighborhood U of η contained in that irreducible
component. Since X ′

η is a smooth curve and the quotient Fη/Pη is torsion-free on X ′
η, it is locally free

of rank n−m. Spreading out the exact sequence

0→ Pη → Fη → (Fη/Pη)→ 0

and shrinking U if necessary, we obtain a rank-m subbundle PU ⊂ F|U such that F|U/PU is locally free.
We next argue that it is possible to shrink U to arrange that t(E|U ) ⊂ PU . The composite map

E|U → F|U/PU vanishes at η. The support of its image is therefore a closed subset of X ′
U missing the
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fiber over η. By properness of X ′, the image of this closed subset in U is a closed subset missing η.
Therefore, after replacing U by an open subset, still containing η, we may assume that E|U → F|U/PU
vanishes, so PU contains t(E|U ).

Step 2. Consider the quotient QU := PU/t(E|U ). Its support is closed in X ′
U , hence is proper over U .

Since Pη/tη(Eη) has finite support on X ′
η, after shrinking U to a further open subset containing η, we

may further assume that QU has support which is finite over U .
We claim that PU represents the fiberwise saturated image over any geometric point u → U . Since

FU/PU and PU are locally free, (FU/PU )u ∼= Fu/Pu is torsion-free on the smooth curve X ′
u. Since QU

is finite over U , Qu = (PU/t(E|U ))u ∼= (Pu/tu(Eu)) has finite support on X ′
u, hence is torsion. Therefore

Pu/tu(Eu) is precisely the torsion subsheaf of Fu/tu(Eu), so Pu is the saturation of tu(Eu).
Step 3. We have an exact sequence

0→ PU/t(E|U )→ (F|U )/t(E|U )→ (F|U )/PU → 0.

Thanks to the assumption that the map E|U → F|U is injective after restriction to all geometric points
of U , [Sta20, Tag 00ME] applies to show that (F|U/t(E|U )) is flat over U . The right-hand term is locally
free on X ′

U , hence flat over U . Therefore PU/t(E|U ) is flat over U . Since its support is finite over U by
Step 2, PU/t(E|U ) is finite flat over U , as required. □

3.3. Framed Hitchin stacks. Fix 1 ≤ m ≤ n. Let N be the stack over k whose R-points for a
commutative k-algebra R form the groupoid of triples (P,F , h), where:

• (F , h) is a rank n Hermitian bundle on X ′
R, and

• P ⊂ F is a rank m sub-bundle such that F/P is locally free over X ′
R.

This is a framed version of the Hitchin stack recalled in Subsection 4.1.
Let HkrN be the Hecke stack with R-points the groupoid of F• ∈ HkrU(n)(R) together with saturated

sub-bundles Pi ⊂ Fi such that the isomorphisms

Fi|X′
R\(Γx′

i
∪Γσx′

i
)
∼= Fi−1|X′

R\(Γx′
i
∪Γσx′

i
)

identify

Pi|X′
R\(Γx′

i
∪Γσx′

i
) = Pi−1|X′

R\(Γx′
i
∪Γσx′

i
).

For 0 ≤ i ≤ r, let pri : HkrN → N be the map recording (Pi,Fi, hi). Let prlegs : HkrN → (X ′)r be the
map recording the legs.

Proposition 3.3.1. Over N×X ′, let x be the universal point of X ′ and set y := σ(x). Over the universal
projective bundle P(Funiv

x ) ∼= P((Funiv
y )∨) → N × X ′ let L ⊂ Funiv

x be the universal line; equivalently,

the same point determines the universal hyperplane H = L⊥ ⊂ Funiv
y , where orthogonal complements are

taken with respect to the Hermitian fiber pairing. On each ambient projective bundle in the table, L and
H denote the pullbacks of these universal objects. Define the four relative parameter spaces over N ×X ′

as follows:

type ambient projective bundle parameter space
0 P((Funiv

y /Puniv
y )∨) H⊥ ̸⊂ Puniv

x

+ P(Funiv,∨
y ) H ̸⊃ Puniv

y , H⊥ ̸⊂ Puniv
x

− P(Puniv
x ) L ⊂ (Puniv

y )⊥

± P(Puniv
x ) L ̸⊂ (Puniv

y )⊥

In types 0,−,±, the ambient projective bundle already enforces one of the closed fiber conditions, so the
parameter-space column records the remaining condition. Note that the loci in type 0,+,± are open in
their ambient projective bundles, while the type − locus is closed.

Then there is a stratification of Hk1N into loci ? Hk1N with ? ∈ {0,+,−,±} such that the morphism

(pr1, prX′) : ? Hk1N −→ N ×X ′,

where prX′ records the leg, realizes the stratum ? Hk1N as the corresponding parameter space.
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Proof. To complete (P,F , h, x) ∈ N ×X ′(R) to a point of Hk1N (R), we need to construct the diagram

F ′ F ♭ F

P ′ P

where F ′ is related to F by a lower modification of F along y, followed by the Hermitian-dual upper
modification at x. Let H ⊂ Fy be the hyperplane defining the lower modification, so that

F ♭ = ker(F → Fy/H), F ′ = F ♭ + I−1
x L.

Here (P,F) = (P1,F1) is the one-step Hecke modification of F ′ = F0, the leg recorded by prX′ is x, and
we are parameterizing the possible initial bundles in terms of the terminal fiber data. Then F ′ carries
the Hermitian structure induced by h.

Given (P,F , h, x) and H, or equivalently L = H⊥, at most one saturated rank-m subbundle P ′ ⊂ F ′

agrees with P away from Γx∪Γy. If P ′ and P ′′ both do, then P ′′ → F ′ → F ′/P ′ vanishes off the relative
Cartier divisor Γx ∪ Γy. Thus P ′′ ⊂ P ′, and symmetry gives equality.

To classify the modification at geometric points, assume for the moment that R is a field. The
Hermitian structure gives the perfect pairing

⟨ , ⟩x,y : Fx ×Fy −→ ωX′ |y. (3.3.1)

A hyperplane H ⊂ Fy determines the lower modification at y, and the orthogonal line H⊥ ⊂ Fx
determines its Hermitian-dual upper modification at x. Thus P and P ′ agree away from x and y, and at
each of these points the change has length zero or one. At y we have

F ♭ = ker(F ↠ Fy/H).

while the generic identification of F ′ with F ♭ gives

F ′ = F ♭ + I−1
x H⊥

where Ix is the ideal sheaf of the graph of x. The two conditions H ⊃ Py and H⊥ ⊂ Px therefore
determine the modification type, with the precise fiber changes recorded in (3.3.2).

fiber condition sub-bundle modification
H ⊃ Py P ′

y = Py
H ̸⊃ Py lengthy(P/P ′) = 1
H⊥ ̸⊂ Px P ′

x = Px
H⊥ ⊂ Px lengthx(P ′/P) = 1.

(3.3.2)

The four combinations give the following modification types.

x y

P

P ′lengthx(P ′/P) = 1

lengthy(P/P ′) = 1

Figure 3. Cartoon of a modification between P and P ′. The bump at x indicates
lengthx(P ′/P) = 1, while the dip at y indicates lengthy(P/P ′) = 1.
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type condition at y condition at x sub-bundle modification

0 H ⊃ Py H⊥ ̸⊂ Px x y

+ H ̸⊃ Py H⊥ ̸⊂ Px x y

− H ⊃ Py H⊥ ⊂ Px
x y

± H ̸⊃ Py H⊥ ⊂ Px
x y

These are illustrated in Figure 4.
For an arbitrary test ring R, take ? ∈ {0,+,−,±} and let P and H = L⊥ satisfy the corresponding

parameter-space conditions. Define P ′ by the following formula:

type P ′

0 P
+ ker(P → Fy/H)
− P + I−1

x L
± ker(P → Fy/H) + I−1

x L.

Each formula gives a saturated rank-m subbundle P ′ ⊂ F ′ with locally free quotient F ′/P ′.
At every geometric point, exactly one of these four types occurs, and the corresponding formula recovers

P ′. Hence the substacks ? Hk1N stratify Hk1N . Their geometry is read from the defining fiber conditions
as follows.

• In type 0, H is a hyperplane in Fy containing Py and such that H⊥ ̸⊂ Px. Imposing the first
condition gives the projective bundle of hyperplanes in Fy containing Py, namely P((Fy/Py)∨),
and the second condition is open.
• In type +, H is a hyperplane in Fy satisfying the two open conditions H ̸⊃ Py and H⊥ ̸⊂ Px.
• To understand the type − and ± spaces, it is more convenient to choose L first. It must lie in
the projective bundle of lines in Px, namely P(Px). Then the type − parameter space is cut out
by the closed condition L ⊂ P⊥

y , while the type ± parameter space is its open complement.

This completes the proof. □

Definition 3.3.2. Let τ : {1, . . . , r} → {0,+,−,±} be a labeling of the modifications by the four possible
types. Equivalently, we may think of τ as a tuple (I0, I+, I−, I±) forming a partition of {1, . . . , r}, with
I? designating the indices of type ?.

We define τ HkrN to be the locally closed stratum of HkrN where the modifications in I? lie in the
stratum of type ? ∈ {0,+,−,±}.

Corollary 3.3.3. Let τ = (I0, I+, I−, I±) be a partition of {1, . . . , r}. For every geometric point

w ∈ τ HkrN

there exist a scheme U , a smooth morphism

q : U −→ τ HkrN

whose image contains w, a locally closed immersion

U ↪→ U,

and a smooth morphism

U −→ N × (X ′)r

extending (prr, prlegs) ◦ q, of relative dimension Dτ + e, where

Dτ :=

r∑
i=1

dτ(i) = (n−m− 1)|I0|+ (n− 1)|I+|+ (m− 1)|I−|+ (m− 1)|I±|, (3.3.3)
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0

y x

−

y x

+

y x

±

y x

Figure 4. Cartoon of the four possible modification types. The grey rectangles depict
the fibers of Fi at x and y. The blue line depicts the fibers of P at x and y. The red
line over y depicts H and the red line over x depicts H⊥.

and e is the relative dimension of q on the chosen component of U .

Proof. The result is trivial if r = 0, so we henceforth assume that r ≥ 1.
For 1 ≤ a ≤ r, let C[a,r] denote the stratum of chains

(Pa−1,Fa−1) 99K · · · 99K (Pr,Fr)

whose i-th modification has type τ(i). We prove, by descending induction on a, the following statement
in smooth charts: after pullback to a smooth scheme chart U → C[a,r] of relative dimension e, every point

of U has a neighborhood locally closed in a scheme smooth over N × (X ′)r−a+1 of relative dimension∑r
i=a dτ(i) + e, via the last projection prr times the legs xa, . . . , xr. This is the assertion of the corollary

when a = 1.
For each type ? ∈ {0,+,−,±}, write

B? −→ N ×X ′

for the ambient projective bundle appearing in Proposition 3.3.1. Its relative dimension is

d0 = n−m− 1, d+ = n− 1, d− = d± = m− 1.

The base case a = r is Proposition 3.3.1: the one-step stratum becomes, after pullback to a smooth
scheme chart of N ×X ′, locally closed in the corresponding ambient projective bundle Bτ(r). The chart
dimension contributes the additional e.

Suppose the assertion has been proved for C[a+1,r]. Fix a point in C[a,r], and choose a point of a

smooth scheme chart U → C[a+1,r] above its image, together with a locally closed immersion U ↪→ U ,

where U is smooth over N × (X ′)r−a of relative dimension
∑r
i=a+1 dτ(i) + e. Put

Ũ := C[a,r] ×C[a+1,r]
U.

The morphism Ũ → C[a,r] is smooth of relative dimension e. The map pra : C[a+1,r] → N pulls the
one-step ambient projective bundle Bτ(a) back to a projective bundle

Q −→ U ×X ′

of relative dimension dτ(a). By base change from Proposition 3.3.1, Ũ is locally closed in Q.
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Choose a Zariski open neighborhood V ⊂ U × X ′ of the chosen point on which Q is trivial. Since
U ↪→ U is locally closed, after shrinking around its image we may write V = V ∩ (U × X ′) for an

open V ⊂ U ×X ′. The trivialization identifies Q|V with Pdτ(a)

V , so Ũ |V is locally closed in Pdτ(a)

V
. This

projective-space bundle is smooth over N × (X ′)r−a+1 of relative dimension

dτ(a) +

r∑
i=a+1

dτ(i) + e.

Thus Ũ |V → C[a,r] and its embedding in Pdτ(a)

V
provide the required chart to prove the induction step. □

3.4. Framed shtukas. We define the stack of framed shtukas ShtrN as the fibered product

ShtrN HkrN

N N ×N

(pr0,prr)

(Id,Frob)

(3.4.1)

For τ : {1, . . . , r} → {0,+,−,±} we define τ Sht
r
N as the fibered product

τ Sht
r
N τ HkrN

N N ×N

(pr0,prr)

(Id,Frob)

(3.4.2)

As τ varies over all such maps the τ HkrN form a locally closed stratification of HkrN , hence the τ Sht
r
N

form a locally closed stratification of ShtrN .

Lemma 3.4.1. Let τ = (I0, I+, I−, I±). If τ Sht
r
N is non-empty, then |I+| = |I−|.

Proof. Suppose τ Sht
r
N has a geometric point (x•,P•,F•). Then Pr ∼= (IdX′ ×Frobk̄)

∗P0, so their total
degrees on X ′ agree. On the other hand, we have

degP0 − degPr = |I−| − |I+|.

Here Frobk̄ is the q-Frobenius of the geometric test point in (3.4.1). Therefore, if τ Sht
r
N is non-empty

then we must have |I−| = |I+|. □

The following lemma generalizes [FYZ24, Lemma 9.3] slightly: the smooth envelope is allowed to
contain U only as a locally closed subscheme, and we include an auxiliary T -factor.

Lemma 3.4.2. Fix an algebraic closure k of k. For an k-scheme Z, write Z(1) := Z ×Spec k,Frobq
Spec k

for its q-Frobenius twist and Frob : Z → Z(1) for the relative q-Frobenius. Let W,Z, T be finite-type
schemes over k, and let

(h0, h1, hT ) :W −→ Z × Z(1) × T
be a morphism. Suppose that every point w ∈W has an open neighborhood U ⊂W for which there exist
a finite-type scheme U , a locally closed immersion j : U ↪→ U , and a smooth morphism

h = (h1, hT ) : U −→ Z(1) × T

of relative dimension d, such that h ◦ j = (h1, hT )|U . Define V by the Cartesian square

V W

Z Z × Z(1).

(h0,h1)

(Id,Frob)

(3.4.3)

Then every fiber of V → T has dimension at most d.
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Proof. Fix a geometric point v ∈ Vt, with image w ∈ W and t ∈ T . It is enough to prove dimv Vt ≤ d.
Choose U ↪→ U at w as in the hypothesis and replace W by U . We may then work with one smooth
morphism

W −→ Z(1) × T

with W locally closed in W . Base change to the geometric point Spec Ω → T and replace k by Ω, so

that T = Spec Ω. Choose an affine neighborhood Z ′ of h0(w), and replace W by h
−1

1 ((Z ′)(1)) and W

by h−1
0 (Z ′) ∩ h−1

1 ((Z ′)(1)). The point w remains because h1(w) = Frob(h0(w)). The Frobenius graph is
closed on this affine piece. Write the affine open as

Z = Spec R, R = Ω[x1, . . . , xl]/I.

Then

Z(1) = Spec R(1), R(1) ∼= Ω[ξ1, . . . , ξl]/I
(1),

where ξi = 1 ⊗ xi and Frob#(ξi) = xqi . After shrinking around w, we may assume that W is affine and

W ⊂W is closed. The standard local form of the smooth morphism h1 :W → Z(1) of relative dimension
d then gives

W = Spec
Ω[ξ1, . . . , ξl, y1, . . . , ys+d]∆

(I(1)(ξ), r1, . . . , rs)

for some element ∆, with

J := det

(
∂ra
∂yb

)
1≤a,b≤s

invertible on W .
Let f̄i = h∗0xi ∈ Γ(W,OW ). Because W is closed in W , we may choose lifts

fi ∈ Ω[ξ1, . . . , ξl, y1, . . . , ys+d]∆

of the functions f̄i. Set

gi := ξi − fqi , 1 ≤ i ≤ l.

By (3.4.3), the equations ξi = f̄qi cut out V on W . Hence, on this affine neighborhood, V is a closed
subscheme of

Uamb := Spec
Ω[ξ1, . . . , ξl, y1, . . . , ys+d]∆

(g1, . . . , gl, r1, . . . , rs)
.

Apart from the leading term ξi, each gi depends on the variables through qth powers. In characteristic
p, therefore,

∂gi
∂ξj

= δij ,
∂gi
∂yb

= 0.

Thus the Jacobian matrix for the equations g1, . . . , gl, r1, . . . , rs, using the column order

ξ1, . . . , ξl ; y1, . . . , ys ; ys+1, . . . , ys+d,

has the block form (
Idl 0 0

∗
(
∂ra
∂yb

)
1≤a,b≤s

∗

)
.

The matrix has rank l+ s, so Uamb is smooth of dimension (l+ s+ d)− (l+ s) = d. Since V is locally a
closed subscheme of Uamb, this gives dimv Vt ≤ d and proves the lemma.

□

Corollary 3.4.3 (Stratum bound). Let τ = (I0, I+, I−, I±). Then we have

dim (τ Sht
r
N ) ≤ (n−m)|I0|+ n|I+|+m|I−|+m|I±|. (3.4.4)



16 TONY FENG, ZHIWEI YUN, AND WEI ZHANG

Proof. Let Dτ be the integer defined in (3.3.3), and let T := (X ′)r. We first show that every geometric
fiber of τ Sht

r
N −→ T has dimension at most Dτ .

We may base change to k. The assertion is local on T . Given a geometric point of T , choose a closed
point v ∈ |X| whose inverse image in X ′ is disjoint from all of its coordinates, and replace T by the open
neighborhood

Tv := (X ′ \ ν−1(v))r.

As v varies, these opens cover T .
It is also enough to work on finite-type truncations. Choose a Frobenius-stable truncation datum

µ, consisting of a Harder–Narasimhan bound for the Fi’s together with a lower bound for the locally
constant integers degPi, and restrict to the locus on which all the framed bundles

(Pi,Fi), 0 ≤ i ≤ r,

are bounded by µ. As µ varies, these loci exhaust τ Sht
r
N .

Impose a sufficiently deep level structure at v, as in [FYZ24, proof of Proposition 9.1(2)]. Denote
the resulting finite-type scheme covering the corresponding truncation of N by Z, and denote the corre-
sponding level Hecke stratum by W . Since the legs lie in Tv, the level structure transports through every
modification, and we obtain morphisms

h0 :W −→ Z, hr :W −→ Z(1), hT :W −→ Tv.

Let V be defined by the Cartesian square

V W

Z Z × Z(1).

(h0,hr)

(Id,Frob)

Corollary 3.3.3 implies that every point of W has an open neighborhood locally closed in a finite-type
scheme smooth over Z(1)×Tv of relative dimension Dτ . Lemma 3.4.2 therefore shows that every fiber of
V −→ Tv has dimension at most Dτ .

Forgetting the compatible level structure does not change fiber dimensions. It follows that every
geometric fiber of the map τ Sht

r
N −→ T has dimension at most Dτ .

Since dimT = r, we conclude that

dim(τ Sht
r
N ) ≤ Dτ + r = (n−m)|I0|+ n|I+|+m|I−|+m|I±|,

as claimed. □

3.4.1. Special cycles. We prove Theorem 3.1.1. Since the coefficient map lands in the finite discrete set
AE(k), the injective locus Zr,◦E is the finite disjoint union of the open-and-closed substacks ZrE(a)◦. It
suffices to prove that if m ≤ n/3, then (ZrE(a)◦)red is exhausted by finite type open substacks with
dimension ≤ r(n−m). We may thus impose a Harder–Narasimhan truncation and pass to a finite type
open substack. Then we may apply Lemma 3.2.2 to the restriction of the universal family {t• : E ↪→ F•}
(on a finite cover by a scheme) to obtain finitely many reduced locally closed strata where the saturation
P• ⊂ F• exists.

On each such reduced stratum, the saturations are compatible with the chain of modifications, thanks
to the compatibility condition between each pair ti−1 and ti. Thus the universal data on the stratum
define a morphism to HkrN , and the shtuka condition upgrades it to a morphism to ShtrN . We now
refine by pulling back the locally closed stratification {τ HkrN }τ ; on each refined stratum the type τ(i) ∈
{0,+,−,±} is constant for every leg. It suffices to show that each such refined stratum has dimension
≤ r(n−m).

Pick any such stratum S, and let τ = (I0, I+, I−, I±) be its type. Then we obtain a map S → τ Sht
r
N .

Lemma 3.4.4. The map

S → τ Sht
r
N (3.4.5)

is quasi-finite.
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Proof. Consider the composition
S → τ Sht

r
N → ShtrU(n) .

The composition S → ShtrU(n) is obtained from the coefficient-a injective-locus map ZrE(a)◦ → ShtrU(n)

by restricting to a locally closed stratum. Since that map is quasi-finite by [FYZ24, Proposition 7.5], the
composition S → ShtrU(n) is quasi-finite. Because this composition factors through the map (3.4.5), every

fiber of (3.4.5) is contained in a fiber of S → ShtrU(n). Hence (3.4.5) is quasi-finite. □

Completion of the proof of Theorem 3.1.1. Thanks to Lemma 3.4.4, and after pulling back along smooth
charts of the target so that quasi-finite maps do not increase dimension, it suffices to show that if τ Sht

r
N

is non-empty, then dim(τ Sht
r
N ) ≤ r(n−m). Let τ = (I0, I+, I−, I±) and

u := |I+| = |I−|, b := |I±|
where the equality |I+| = |I−| is Lemma 3.4.1.

Corollary 3.4.3 gives
dim(τ Sht

r
N ) ≤ (n−m)|I0|+ (n+m)u+mb. (3.4.6)

Since r = |I0|+ 2u+ b, we have

(n−m)r −
(
(n−m)|I0|+ (n+m)u+mb

)
= (n−m)(|I0|+ 2u+ b)− (n−m)|I0| − (n+m)u−mb
= (n− 3m)u+ (n− 2m)b.

The integers u and b are nonnegative. The hypothesis 3m ≤ n gives n − 3m ≥ 0, and it also gives
n− 2m = (n− 3m) +m ≥ 0. Hence the difference displayed here is nonnegative, so

(n−m)|I0|+ (n+m)u+mb ≤ (n−m)r.

Together with (3.4.6), this proves dim(τ Sht
r
N ) ≤ (n−m)r. □

4. Proof of the Trace Conjecture in low corank

In [FK24, §4–6], the motivic sheaf-cycle correspondence is developed, refining the ℓ-adic version devel-
oped in [FYZ23, §3–5]. We use the notation and terminology of [FK24], including:

• The notion of cohomological correspondences between motivic sheaves.
• The notion of pushable/pullable squares and pushable/pullable maps of correspondences.
• The definition of trace of a self-cohomological correspondence between geometric motivic sheaves.
• The shtuka-twisted trace.

The purpose of this section is to prove the low-corank form of the Trace Conjecture, Theorem 4.1.3,
which realizes the derived fundamental classes of special cycles as the shtuka-twisted traces of certain
cohomological correspondences. Notably, we expect that the argument will generalize well to other
settings, such as orthosymplectic groups.

4.1. Formulation of the Trace Conjecture. Let M := MH1,H2
be a derived Hitchin stack as in

[FYZ25, Definition 5.23]. Here BH1 is a smooth m-framed gerbe over X and BH2 is a smooth n-framed
gerbe of unitary type over X. Let HkrM be the derived Hecke stack for M as defined in [FYZ25, §5.6].
Then we have a correspondence

M HkrM Mh0 hr

Lemma 4.1.1. The map hr : HkrM →M is quasi-smooth.

Proof. By [FYZ25, Proposition 5.35],M is the derived vector bundle over BunH1 ×BunH2 associated to
a certain perfect complex K, and HkrM is the derived vector bundle over BunH1

×HkrH2
associated to a

certain perfect complex K♭. Let M̃ := TotBunH1
×Hkr

H2
(h∗rK) be the base change ofM to BunH1 ×HkrH2

.

Since the map HkrH2
→ BunH2 is smooth by [FYZ25, Lemma 2.6], the map M̃ → M is smooth. Hence

it suffices to show that the map HkrM → M̃ is quasi-smooth. This follows from the observation that
the cone of K♭ → h∗rK is represented by a locally free sheaf, since it arises as the relative cohomology of
X ′ with coefficients in a torsion coherent sheaf, as explained in the proof of [FYZ23, Lemma 9.1.3(1)].
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Equivalently, HkrM → M̃ is the derived base change of the zero section of the vector bundle associated
to this cone, so it is quasi-smooth. □

Consequently, the map of correspondences

M HkrM M

pt pt pt

h0 hr

is right pullable, so the pullback Corrpt(Qpt,Qpt) → CorrHkr
M
(QM,QM⟨−d(hr)⟩) exists. We define

cM ∈ CorrHkr
M
(QM,QM⟨−d(hr)⟩) to be the pullback of the identity cohomological correspondence cpt ∈

Corrpt(Qpt,Qpt). More explicitly, cM is the composition

h∗0QM
∼= QHkr

M
∼= h∗rQM

gyshr−−−→ h!rQM⟨−d(hr)⟩.

In the Hermitian special-cycle applications, after restricting over a fixed E ∈ BunH1
(Fq), the virtual

relative dimension is

d(hr) = r(n−m).

Conjecture 4.1.2 (The Trace Conjecture for Hitchin spaces, [FH25, §9.4]). For any r ≥ 0, and for any
m ∈ [1, n], we have

TrSht(cM) = [ShtrM] ∈ CHd(hr)(Sht
r
M). (4.1.1)

Theorem 4.1.3 (Trace Conjecture in low corank). For any r ≥ 0 and for m ≤ n/3, (4.1.1) holds true.

4.2. Localized version. We formulate an equivalent version of Conjecture 4.1.2 which is localized over
a point of BunH1

. The stackM comes equipped with maps to BunH1
, such that

HkrM
hi−→M→ BunH1 is independent of i ∈ {0, . . . , r}. (4.2.1)

Let E ∈ BunH1
(Fq), letME be the derived fiber ofM over E , and let HkrME

be the derived fiber of HkrM
over E .

By Lemma 4.1.1, the base changed map hr : HkrME
→ME is quasi-smooth, so we can define

cME ∈ CorrHkr
ME

(QME
,QME

⟨−d(hr)⟩)

to be the pullback of the identity correspondence in Corrpt(Qpt,Qpt).

Theorem 4.2.1. For any r ≥ 0, and for m ≤ n/3, we have

TrSht(cME ) = [ZrE ] ∈ CHd(hr)(Z
r
E). (4.2.2)

Lemma 4.2.2. For all 1 ≤ m ≤ n, the identity (4.1.1) is equivalent to the collection of identities (4.2.2)
for all E ∈ BunH1

(Fq).

Proof. Note that ShtrM is fibered over the fixed-point stack of BunH1
. For E ∈ BunH1

(Fq), put E :=
[{E}/Aut(E)] and let ΓE := Aut(E)(Fq). The corresponding open-and-closed summand of ShtrM is

ZrE := [ZrE/ΓE ],

where the quotient is by the finite group of Frobenius-fixed automorphisms of E . This gives the decom-
position

[ShtrM] =
∑

E∈BunH1
(Fq)

[ZrE ] ∈ CHd(hr)(Sht
r
M). (4.2.3)

The sum is understood componentwise over these open-and-closed summands, equivalently after passing
to finite-type truncations.

Consider the locally closed embedding E ↪→ BunH1
. We write ME := [ME/Aut(E)] for the stack-

theoretic quotient by the full automorphism group scheme of E , and let cME
be the induced pullback of
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cM. By (4.2.1), HkrM stabilizes (cf. [FK24, Definition 7.2.1]) ME , so its Frobenius twist is contracting
nearME (cf. [FK24, Example 7.2.2]). Hence [FK24, Theorem 7.5.1] implies that

TrSht(cM)|Zr
E
= TrSht(cME

) ∈ CHd(hr)(Z
r
E). (4.2.4)

Let qE : ZrE → ZrE be the natural finite étale ΓE -torsor. The smooth Aut(E)-torsorME →ME induces

a Cartesian map of correspondence data by (4.2.1), and its map on shtuka fixed points is qE . Compatibility
of trace with smooth pullbacks, [FK24, Proposition 6.2.2], gives

q∗E Tr
Sht(cME

) = TrSht(cME ) ∈ CHd(hr)(Z
r
E). (4.2.5)

Moreover q∗E [ZrE ] = [ZrE ], and with Q-coefficients the transfer identity qE,!q
∗
E = |ΓE | id makes q∗E injective.

Hence

TrSht(cME
) = [ZrE ] ⇐⇒ TrSht(cME ) = [ZrE ]. (4.2.6)

If (4.1.1) holds, then we obtain (4.2.2) by restricting to ZrE and then pulling back along qE , using

(4.2.4) and (4.2.5) to compute the restrictions. Conversely, if (4.2.2) holds for every E ∈ BunH1(Fq),
then (4.2.6) gives the desired equality on every open-and-closed summand ZrE ; summing these identities

by (4.2.3) gives (4.1.1).
□

Henceforth we will focus on proving Theorem 4.2.1. (In any case, this is the version that we will
actually use later.)

Remark 4.2.3. The split-cover refinement needed for general linear supermodularity is stated separately
as Theorem 12.2.1 in Part 4.

4.3. The injective locus. Recall thatME parametrizes an H2-bundle F along with a map t : E → F .
LetM◦

E ⊂ME be the locus where the map t is injective (as a map of coherent sheaves) after restriction
to all geometric points of the test scheme. This is the fiber over {E} of [FYZ25, Definition 3.4]. This is
an open subset preserved by the correspondence HkrME

, in the sense that the restriction gives a map of
correspondences

M◦
E HkrM◦

E
M◦

E

ME HkrME
ME

h0 hr

h0 hr

with both squares Cartesian, hence pushable and pullable. In particular, we have the pullback cohomo-
logical correspondence cM◦

E
∈ CorrHkr

M◦
E
(QM◦

E
,QM◦

E
⟨−d(hr)⟩) of cME .

Proposition 4.3.1. For m ≤ n/3, we have

TrSht(cM◦
E
) = [Zr,◦E ] ∈ CHr(n−m)(Zr,◦E ). (4.3.1)

Proof. We can write Zr,◦E as the increasing union of Harder–Narasimhan truncations Zr,◦,≤νE . Here, for
any of the fibersM⋆ below, the bounded Hecke correspondence means

Hkr,≤νM⋆
:=

r⋂
i=0

h−1
i (M≤ν

⋆ ),

and Zr,≤ν⋆ is its shtuka fixed-point stack. Thus cM≤ν
⋆

denotes the open restriction of cM⋆
to this bounded

correspondence; a single Hecke modification need not preserve an HN bound, but these bounded open
correspondences exhaust as ν varies. The argument below uses the identification

CHr(n−m)(Zr,◦E ) = lim←−
ν

CHr(n−m)(Zr,◦,≤νE ), (4.3.2)

so it suffices to show (4.3.1) after pullback to every Harder–Narasimhan truncation.
Fix the HN truncation ν. We first choose a closed point x0 ∈ |X| as follows. By Theorem 3.1.1,

dimZr,◦,≤νE ≤ r(n − m), and the finite-type truncation has finitely many irreducible components of
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dimension r(n − m). For each such component and each leg projection to X ′, either the projection is
dominant or its image is a single point of X ′. Therefore, there is a finite subset B ⊂ |X ′| of points
that can occur as the image of a non-dominant leg projection from an r(n−m)-dimensional component.
Choose x0 such that ν−1(x0) ∩B = ∅; choosing x0 on X makes every divisor D = dx0 and ν∗D defined

over Fq and σ-invariant. Given this x0, we may choose d≫ 0 so that for Ẽ := E(−ν∗D),M≤ν
Ẽ

is smooth,

cf. [FYZ23, §10.1.1], so then [FK24, Corollary 6.4.1] applies to the bounded correspondence above to
yield

TrSht(cM≤ν

Ẽ
) = [Zr,≤ν

Ẽ
] ∈ CH∗(Zr,≤νẼ

).

Then compatibility of trace with open restrictions, the open-embedding case of [FK24, Proposition 6.2.2],
implies that

TrSht(cM≤ν,◦
Ẽ

) = [Zr,◦,≤ν
Ẽ

] ∈ CH∗(Zr,◦,≤νẼ
).

Let X ′
0 := X ′ \ν−1(x0). We observe thatM◦

E →M◦
Ẽ
is a closed embedding stabilized by HkrM◦

Ẽ
|(X′

0)
r .

Indeed, over (X ′
0)
r the modifications are isomorphisms near ν∗D, so extension of the maps from Ẽ to

E across ν∗D is a closed condition at every point of the chain. Hence c
(1)

M≤ν,◦
Ẽ

|(X′
0)

r is contracting near

M◦,≤ν
E by [FK24, Example 7.2.2]. Furthermore, the derived vector-bundle description of the Hecke stacks

identifies HkrM◦
E
|(X′

0)
r with the derived pullback of HkrM◦

Ẽ
|(X′

0)
r alongM◦

E ↪→M◦
Ẽ
, and Gysin base change

for this derived Cartesian square identifies c
(1)

M≤ν,◦
E
|(X′

0)
r with the restriction of c

(1)

M≤ν,◦
Ẽ

|(X′
0)

r in the sense

of [FK24, Construction 7.2.3]. Hence [FK24, Theorem 7.5.1] applies to yield

TrSht(cM◦,≤ν
E
|(X′

0)
r ) = [Zr,◦,≤νE |(X′

0)
r ] ∈ CHr(n−m)(Zr,◦,≤νE |(X′

0)
r ). (4.3.3)

The choice of x0 above ensures that no r(n−m)-dimensional component is contained in the boundary

∂Z := Zr,◦,≤νE \
(
Zr,◦,≤νE |(X′

0)
r

)
.

Thus, we have dim ∂Z < r(n−m) and hence CHr(n−m)(∂Z) = 0. By the excision sequence, this implies
that the restriction map

CHr(n−m)(Zr,◦,≤νE )→ CHr(n−m)(Zr,◦,≤νE |(X′
0)

r )

is an isomorphism. Therefore, the desired equality (4.3.1) can be checked after restriction to Zr,◦,≤νE |(X′
0)

r .
After such restriction, it becomes (4.3.3), so we are done. □

4.4. Twisting by Chow cohomology. Let C be a derived Artin stack. We use the Chow cohomology
groups CHi(C) defined in §2.5. Note that the ith Chern class of a vector bundle is valued in CHi(C).

Suppose L ∈ Dmot(C;Q) is dualizable, and c ∈ HomC(L,L⟨i⟩). Then we may form the trace of c as
an element of Chow cohomology, Tr(c) ∈ CHi(C).

Example 4.4.1. Note that if L is ⊗-invertible, then we have

c ∈ HomC(L,L⟨i⟩) ∼= HomC(L⊗ L∨, L⊗ L∨⟨i⟩) ∼= HomC(QC ,QC ⟨i⟩) = CHi(C).

In this case, Tr(c) agrees with the image of c in CHi(C).

A cohomological correspondence c ∈ CorrC(K0,K1⟨−d⟩) can be twisted by c ∈ HomC(L,L⟨i⟩) to obtain
c⊗c ∈ CorrC(K0⊗L, (K1⊗L)⟨−d+i⟩). Recall also that Chow groups form a module over Chow cohomology.

Lemma 4.4.2. Let A ← C → A be a correspondence of derived Artin stacks, and let ρC : Fix(C) → C
be the natural map. Let K ∈ Dmot,gm(A;Q) and c ∈ CorrC(K,K⟨j⟩) for any j ∈ Z. Let c ∈ CHi(C) =

HomC(QC ,QC ⟨i⟩), viewed as an endomorphism of the unit object on C. Then we have

TrC(c⊗c) = TrC(c) ∩ ρ∗Cc ∈ CH∗(Fix(C)).

Proof. Clear from the definition. □

Example 4.4.3. Taking L = QC in Example 4.4.1, and applying Lemma 4.4.2, we learn that cohomo-
logical correspondences can be tensored with Chow cohomology, and that formation of trace is linear over
such twisting.
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4.5. Degeneracy stratification. For each saturated subbundle K ⊂ E , there is a closed substack defined
by the condition that t : E → F kills K, equivalently where t factors through E/K. Inside it, letME [K]
be the open substack where the induced map E/K → F is injective as a map of coherent sheaves after
restriction to every geometric point of the test scheme, as forM◦

E above. This closed substack is stable
under HkrM.

Thus, for each K we have a map of correspondences

ME [K] HkrME [K] ME [K]

ME HkrME
ME

(4.5.1)

where both squares are Cartesian. Notice that we have obvious mapsM◦
E/K →ME [K] and HkrM◦

E/K
→

HkrME [K], which are each isomorphisms on classical truncations. We will use nil-invariance for motivic
Chow groups and cohomological correspondences to identify the corresponding groups for these derived
stacks with the same classical truncation. The commutative square

HkrM◦
E/K

M◦
E/K

HkrME
ME

(4.5.2)

is not Cartesian (unless K = 0), but it is Cartesian on classical truncations: on classical points, ti(K) is
generically zero and hence is zero as a subsheaf of the vector bundle Fi. Furthermore, both horizontal
maps are quasi-smooth, by Lemma 4.1.1.

Lemma 4.5.1. The commutative square (4.5.2) is an excess intersection square in the sense of [Kha19,
Proposition 3.15], with excess bundle VrK of [FYZ25, §5.8.1].

Proof. We have already observed that the horizontal maps in (4.5.2) are quasi-smooth and the square
is Cartesian on classical truncations. Let f : HkrM◦

E/K
→ HkrME

be the left vertical map in (4.5.2). It

remains to identify the (derived) fiber of the map

THkr
M◦

E/K
/M◦

E/K
→ f∗THkr

ME
/ME (4.5.3)

with VrK[−2]. Consider the commutative diagram

HkrM◦
E/K

HkrME
HkrH2

M◦
E/K ME BunH2

This induces a commutative diagram of perfect complexes on HkrM◦
E/K

,

THkr
M◦

E/K
/Hkr

H2
f∗THkr

ME
/Hkr

H2

TM◦
E/K/BunH2

f∗TME/BunH2

(4.5.4)

The derived fibers along the columns of (4.5.4) differ from the two terms in (4.5.3) by the same smooth
summand pulled back from THkr

H2
/BunH2

. The comparison is the identity on this common summand,

so the derived fiber of (4.5.3) is obtained by cancelling it and then interchanging the order of forming
derived fibers in (4.5.4): first taking the derived fibers along the rows, and then the derived fiber along
the column.



22 TONY FENG, ZHIWEI YUN, AND WEI ZHANG

Referring to the notation of [FYZ25, §5.8], [FYZ25, Proposition 5.35] implies that HkrME
→ HkrH2

is

the derived vector bundle associated to RHomX′(E ,F ♭⋆), andME → BunH2 is the derived vector bundle

associated to RHomX′(E ,F), and similarly for E replaced by E/K. Hence the derived fibers along the

rows of (4.5.4) are

RHomX′(K,F ♭⋆)[−1]

RHomX′(K,F)[−1]

and then forming the derived fiber along the column gives VrK[−2], as desired.
□

Corollary 4.5.2. We have

cME [K] = cM◦
E/K
⊗crank(K)r(VrK) ∈ CorrHkr

ME [K]
(QME [K],QME [K]⟨−d(hr)⟩).

Proof. We can factor the diagram (4.5.2) through the right half of (4.5.1), obtaining a commutative
square

HkrM◦
E/K

M◦
E/K

HkrME [K] ME [K]

(4.5.5)

in which the vertical maps are isomorphisms on classical truncations. Since (4.5.2) factors through the
derived Cartesian right square of (4.5.1), Lemma 4.5.1 shows that (4.5.5) is also an excess intersection
square, with excess bundle VrK. Then the excess intersection formula [FYZ25, §6.1.12] applies to yield

[HkrME [K] /ME [K]] = crank(K)r(VrK)[HkrM◦
E/K

/M◦
E/K] ∈ CHd(hr)(HkrM◦

E/K
/M◦

E/K).

Under the isomorphism

CorrHkr
ME [K]

(QME [K],QME [K]⟨−d(hr)⟩) ∼= CHd(hr)(HkrME [K] /ME [K])

which is compatible with Gysin base change along the derived Cartesian squares above, the cohomological
correspondence cME [K] maps to [HkrME [K] /ME [K]]. Under the nil-invariance identification with the top

row, the correspondence cM◦
E/K
⊗crank(K)r(VrK) maps to crank(K)r(VrK) ∩ [HkrM◦

E/K
/M◦

E/K]. The excess

formula identifies these two classes, completing the proof. □

Remark 4.5.3. The natural map M◦
E/K → ME [K] is an isomorphism on classical truncations: an

injective map E/K → F is the same thing as a map E → F with kernel exactly K. Thus on classical
truncations we have ShtrME [K]

∼= Zr,◦E/K. This is the identification used in Proposition 4.5.4.

Proposition 4.5.4. Assume that rank(E/K) ≤ n/3. Let ρK be the natural map from Zr,◦E/K to HkrM◦
E/K

.

Then we have

TrSht(cME [K]) = ρ∗Kcrank(K)r(VrK) ∩ [Zr,◦E/K] ∈ CH∗(Zr,◦E/K).

Proof. By Corollary 4.5.2 and then Lemma 4.4.2, we have

TrSht(cME [K]) = TrSht(cM◦
E/K
⊗crank(K)r(VrK)) = TrSht(cM◦

E/K
) ∩ ρ∗Kcrank(K)r(VrK) ∈ CH∗(Zr,◦E/K).

If E/K = 0, thenM◦
E/K = BunH2

and Zr,◦E/K = ShtrH2
. The corresponding cohomological correspondence

is the canonical Hecke correspondence, so [FK24, Corollary 6.4.1] gives TrSht(cM◦
E/K

) = [Zr,◦E/K]. Hence

assume that rank(E/K) > 0. Then we may apply Proposition 4.3.1, which identifies

TrSht(cM◦
E/K

) = [Zr,◦E/K] ∈ CH∗(Zr,◦E/K).

□
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4.6. Completion of the proof. LetM≥d ⊂ME be the closed substack where rank(ker(t : E → F)) ≥ d
and let M≤d ⊂ ME be the open substack where rank(ker(t : E → F)) ≤ d. These are the usual
determinantal rank loci for the map t on geometric fibers. They intersect in the locally closed substack
Md ↪→ME .

Furthermore, j :Md ↪→M≥d is an open embedding, while i :M≥d+1 ↪→M≥d is a closed embedding,
and both are stable under HkrME

: along a Hecke chain the kernels ker(ti) ⊂ E have the same generic
fiber, hence the same saturation and the same rank. Thus the pullbacks i∗ and j∗ exist on cohomological
correspondences.

Denote by ShtrMd
and ShtrM≥d+1

the corresponding moduli stacks of shtukas. By [FK24, Proposition

7.5.4], the maps ShtrMd
→ ShtrME

= ZrE are open-closed for all d.
For any stable locally closed substack N ⊂ ME (in this subsection, N will be one of Md, M≥d,

M≥d+1, or ME [K]), write HkrN for the derived preimage of N under the right leg hr of HkrME
; by

stability, the left leg factors through N . We write cN for the pullback of cME to HkrN .
For d < m, decomposeM≥d =Md ⊔M≥d+1 and compute in CH∗(Sht

r
M≥d

) as follows.

TrSht(cM≥d
)
(1)
= TrSht(j!j

∗ cM≥d
) + TrSht(i∗i

∗ cM≥d
)

(2)
= TrSht(j! cMd

) + TrSht(i∗ cM≥d+1
)

(3)
= Sht(j)!(Tr

Sht(j! cMd
)|ShtrMd

) + Sht(i)!(Tr
Sht(j! cMd

)|ShtrM≥d+1
)

+ Sht(j)!(Tr
Sht(i∗ cM≥d+1

)|ShtrMd
) + Sht(i)!(Tr

Sht(cM≥d+1
)|ShtrM≥d+1

). (4.6.1)

The three numbered equalities are justified as follows.

(1) Equality (1) is trace additivity; the proof of [Jin24, Lemma 5.2.7] applies verbatim. Both legs of
the Frobenius-twisted correspondence preserve the two strata, so j!, j

∗, i∗, i
∗ act on the restricted

correspondences.
(2) Equality (2) uses the derived Cartesian restriction squares

HkrMd
Md

HkrM≥d
M≥d

j

HkrM≥d+1
M≥d+1

HkrM≥d
M≥d

i

which are Cartesian by the derived-preimage convention for HkrN and identify j∗ cM≥d
= cMd

and i∗ cM≥d
= cM≥d+1

.

(3) Equality (3) uses compatibility of TrSht with proper pushforward [FK24, Proposition 6.2.1]; both
Sht(j) and Sht(i) are open-and-closed embeddings. It also uses the decomposition

ShtrM≥d
= ShtrMd

∐
ShtrM≥d+1

.

Let Subd(E) be the locally finite type union of the open loci in the Quot schemes of E that parametrize
rank-d saturated subbundles. Taking the common saturated kernel of the maps ti defines a morphism
κ : ShtrMd

→ Subd(E). The Hecke modifications identify the kernels, while the shtuka condition identifies
the final kernel with the Frobenius pullback of the initial one. Hence κ factors through the Frobenius-
fixed stack, which is the constant discrete groupoid Subd(E)(Fq) by [FYZ25, Lemma 6.14]. On each
HN-bounded open only finitely many finite-type Quot loci occur, and each has finitely many Fq-points.
Their inverse images therefore form the locally finite open-and-closed decomposition

ShtrMd
=

∐
K⊂⊂E, Fq-rational

rank(K)=d

ShtrME [K] . (4.6.2)

The four terms in the last line of (4.6.1) simplify as follows.

• The third summand vanishes because TrSht(i∗ cM≥d+1
) = Sht(i)! Tr

Sht(cM≥d+1
) is supported on

the disjoint open-and-closed summand ShtrM≥d+1
.
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• For the first summand, compatibility of trace with pullback along open embeddings gives

TrSht(j! cMd
)|ShtrMd

= TrSht(j∗j! cMd
) = TrSht(cMd

).

The decomposition (4.6.2) then gives

TrSht(cMd
) =

∑
K⊂⊂E, Fq-rational

rank(K)=d

(iK)!i
∗
K TrSht(cMd

) (4.6.3)

where iK is the (open and closed) inclusion of ShtrME [K] into ShtrMd
.

The correspondence HkrMd
stabilizesME [K]. In this Cartesian setting, the restriction of [FK24,

Construction 7.2.3] agrees with the pullback defining cME [K]. Hence [FK24, Example 7.2.2] and
[FK24, Theorem 7.5.1] give

i∗K TrSht(cMd
) = TrSht(cME [K]).

Proposition 4.5.4 identifies this class as

TrSht(cME [K]) =: αK = ρ∗Kcrank(K)r(VrK) ∩ [Zr,◦E/K].

Substituting these observations into (4.6.3) gives

TrSht(cMd
) =

∑
K⊂⊂E, Fq-rational

rank(K)=d

(iK)!αK.

• Since HkrM≥d
stabilizes M≥d+1, (HkrM≥d

)(1) is contracting near M≥d+1 by [FK24, Example

7.2.2], and then [FK24, Theorem 7.5.1] shows that

TrSht(j! cMd
)|ShtrM≥d+1

= 0.

Write iK,≥d := Sht(j) ◦ iK : ShtrME [K] → ShtrM≥d
. Equation (4.6.1) therefore becomes

TrSht(cM≥d
) =

 ∑
K⊂⊂E, Fq-rational

rank(K)=d

(iK,≥d)!αK

+ (Sht(i)! Tr
Sht(cM≥d+1

)|ShtrM≥d+1
) (4.6.4)

When d = m, we haveM≥m =Mm andM≥m+1 = ∅, so (4.6.4) holds without its second summand.
The identities for 0 ≤ d ≤ m telescope after pushing each class αK to CH∗(ZrE) along the open-closed
map

ιK : Zr,◦E/K
∼= ShtrME [K] −→ ZrE ,

we obtain

TrSht(cME ) =
∑

K⊂⊂E
K Fq-rational

(ιK)!αK,

which agrees with [ZrE ] by [FYZ25, Theorem 6.6]. This concludes the proof of Theorem 4.2.1. □

Part 2. General tools

5. Motivic derived Fourier transform

In this section we develop a refined version of the homogeneous motivic Fourier transform introduced
in [FK24]. Our version can be applied to inhomogeneous sheaves, and agrees with the homogeneous
version of loc. cit. on homogeneous motivic sheaves. There are two reasons we need this generalization:

• We will need to apply the Fourier transform to inhomogeneous motivic sheaves.
• We will use the fact that the refined Fourier transform is given by a kernel which behaves like a
“local system” (is trivial after a finite étale cover), which is not true of the homogeneous Fourier
transform.
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5.1. Motivic Artin–Schreier sheaves. Let p = charFq. We recall the additive-character convention

fixed in the Notation section: ψ0 : Fp → Q
×
is the character used to split the p-Artin–Schreier cover, and

ψ = ψ0 ◦ TrFq/Fp
is the resulting character of Fq. Let

f : A1
Fq
−→ A1

Fq
, u 7−→ up − u, (5.1.1)

be the Artin–Schreier morphism. It is a finite étale Fp-torsor. With respect to this action, set

eψ0
:=

1

p

∑
a∈Fp

ψ0(a)
−1[a] ∈ Q[Fp]. (5.1.2)

This is the primitive idempotent projecting to the ψ0-isotypic summand. The motivic Artin–Schreier
sheaf attached to ψ0 is

ASψ0
:= eψ0

(
f!QA1

Fq

)
∈ Dmot(A

1
Fq

;Q). (5.1.3)

Lemma 5.1.1. Let m : A1
Fq
×A1

Fq
→ A1

Fq
denote the addition map. Then there is a canonical isomor-

phism
m∗ ASψ0

∼−→ pr∗1 ASψ0
⊗ pr∗2 ASψ0

. (5.1.4)

Together with the canonical trivialization at the zero section, this makes ASψ0
into a character sheaf on

the additive group Ga.

Proof. Let us temporarily denote the Artin–Schreier cover as f : Ã1 → A1. Since f is finite étale,
f! = f∗, and f!QÃ1

Fq

carries the regular action of the deck group Fp. (We fix once and for all the

pullback convention for this action: a ∈ Fp acts via σ∗
a, where σa(u) = u+ a is the deck transformation.

With this convention the image of the eψ0-summand under any ℓ-adic realization is the Artin–Schreier
local system with trace function x 7→ ψ0(x).) The addition map m : A1

Fq
×A1

Fq
→ A1

Fq
lifts to a map

m̃ : Ã1
Fq
× Ã1

Fq
→ Ã1

Fq
, because

(u+ v)p − (u+ v) = (up − u) + (vp − v).
This covering map is equivariant for the addition homomorphism Fp×Fp → Fp of deck groups. The fiber
of this homomorphism is the anti-diagonal {(a,−a)}, on which the character ψ0⊠ψ0 is trivial. Therefore
the (ψ0⊠ψ0)-isotypic summand of pr∗1 f!QÃ1⊗pr∗2 f!QÃ1 descends canonically to the ψ0-isotypic summand

of m∗f!QÃ1 .

The addition map (a, b) 7→ a+ b of Fp-groups induces a map Q[Fp]⊗Q Q[Fp]→ Q[Fp] carrying

eψ0
⊠ eψ0

7−→ eψ0
.

This gives the isomorphism (5.1.4). The associativity and unit compatibilities follow from the associativity
and unit of addition on the Artin–Schreier torsor, together with the canonical trivialization of the torsor
over 0. □

For an Fq-stack S, let ASψ,S denote the pullback of ASψ0 to A1
S . The construction of (5.1.4) is

compatible with arbitrary base change in S. Under any ℓ-adic realization with compatible coefficients,
the image of ASψ,S is the usual Artin–Schreier local system whose trace function is x 7→ ψ(x).

5.2. Motivic derived Fourier transform. The notion of derived vector bundles is recalled in [FYZ23,

§6.1]. Let E → S be a derived vector bundle over a derived Artin stack S over Fq, and let Ê → S be its
dual. Write

⟨ , ⟩E : Ê ×S E −→ A1
S (5.2.1)

for the evaluation morphism, and let prÊ and prE denote the two projections from Ê ×S E. Let d(E/S)
be the virtual relative dimension of E → S. It is locally constant on S; whenever S is disconnected, all
shifts and Tate twists involving d(E/S) are understood componentwise. The motivic Fourier transform

associated with ψ is the Q-linear functor Dmot(E;Q)→ Dmot(Ê;Q) given by

FTψE(K) := prÊ,!
(
pr∗E K ⊗ ⟨ , ⟩∗E ASψ,S

)
[d(E/S)]. (5.2.2)

This is the motivic analogue of the Fourier–Deligne transform. The shift in (5.2.2) is the Deligne–Laumon
normalization. We use FT for this derived motivic Fourier transform throughout.
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5.3. Formal properties of the motivic Fourier transform. We now record the motivic derived
analogues of the formal derived Fourier analysis used below. The proofs of all statements in this subsection
are deferred to the forthcoming work of Tong Zhou [Zho]. They are formulated for the motivic categories
Dmot((−);Q) and for the Artin–Schreier kernel ASψ,S fixed above. The motivic six-operation formalism

for Dmot((−);Q) on derived Artin stacks is the one recalled in [FK24, §3.1], ultimately based on Khan’s
extension of motivic homotopy theory and its six operations to derived Artin stacks [Kha19, Appendix

A]. In the rest of this section we write FTE = FTψE , unless the additive character must be displayed.

Theorem 5.3.1 (Formal properties). Let E → S be a derived vector bundle over a derived Artin stack

over Fq, let Ê → S be its dual, and put d = d(E/S). The functor FTE of (5.2.2) satisfies the following
canonical compatibilities.

(1) For any morphism h : S̃ → S, write Ẽ = E ×S S̃, and let hE : Ẽ → E and hÊ :
̂̃
E → Ê be the

induced maps. There are canonical natural isomorphisms

FTẼ ◦(h
E)∗

∼−→ (hÊ)∗ ◦ FTE , FTẼ ◦(h
E)!

∼−→ (hÊ)! ◦ FTE , (5.3.1)

and

FTE ◦hE!
∼−→ hÊ! ◦ FTẼ , FTE ◦hE∗

∼−→ hÊ∗ ◦ FTẼ . (5.3.2)

(2) There is a canonical involutivity isomorphism

FTψ
Ê
◦FTψE

∼−→ [−1]∗E(−d), (5.3.3)

where [−1]E : E → E denotes fiberwise multiplication by −1.
(3) Let f : E′ → E be a linear map of derived vector bundles over S, and let f̂ : Ê → Ê′ be its dual.

Put d′ = d(E′/S). There are canonical natural isomorphisms

f̂∗ ◦ FTE′
∼−→ FTE ◦f![d′−d], f̂ ! ◦ FTE′

∼−→ FTE ◦f∗[d−d′](d−d′),

FTE′ ◦f∗ ∼−→ f̂! ◦ FTE [d−d′](d−d′), FTE′ ◦f ! ∼−→ f̂∗ ◦ FTE [d′−d].
(5.3.4)

These isomorphisms intertwine the adjunctions (f!, f
!) and (f̂∗, f̂∗), and the adjunctions (f∗, f∗)

and (f̂!, f̂
!), with the shifts and Tate twists displayed in (5.3.4).

(4) If zE : S → E and zÊ : S → Ê are the zero sections, set δE := zE!QS and δÊ := zÊ!QS. Then

FTE(δE)
∼−→ QÊ [d], FTE(QE)

∼−→ δÊ [−d](−d). (5.3.5)

(5) For K0,K1 ∈ Dmot(E;Q), with convolution taken along the additive group structure on E/S,
there are canonical natural isomorphisms

FTE(K0 ⋆K1)
∼−→ FTE(K0)⊗ FTE(K1)[−d], (5.3.6)

and

FTE(K0 ⊗K1)
∼−→ FTE(K0) ⋆ FTE(K1)[d](d), (5.3.7)

where the convolution on the right side of (5.3.7) is taken on Ê/S.

(6) Let DE and DÊ denote Verdier duality on E and Ê. There is a canonical natural isomorphism

DÊ

(
FTψE(K)

) ∼−→ FTψ
−1

E

(
DE(K)

)
(d). (5.3.8)

(7) For K1,K2 ∈ Dmot(E;Q), there is a canonical Plancherel isomorphism

πÊ!

(
FTE(K1)⊗ FTE(K2)

) ∼−→ πE!

(
K1 ⊗ [−1]∗EK2

)
(−d). (5.3.9)
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Proposition 5.3.2 (Compatibility with proper base change). Consider a Cartesian square of globally
presented derived vector bundles over a common base, together with its Fourier-dual Cartesian square,

B

A D

C

g′ f ′

f g

Ĉ

Â D̂

B̂.

f̂ ĝ

ĝ′ f̂ ′

(5.3.10)

Put df = d(f) and dg = d(g). Then the diagram of functors Dmot(A;Q)→ Dmot(D̂;Q)

ĝ!f̂
∗ FTA FTD g∗f![df+dg ](dg)

(f̂ ′)∗ĝ′! FTA FTD f ′! (g
′)∗[df+dg](dg)

∼

∼ ∼

∼

(5.3.11)

commutes. Here the right vertical arrow is the Beck–Chevalley equivalence g∗f! ≃ f ′! (g
′)∗ for the first

square in (5.3.10), after applying FTD and the displayed shifts and twists. The left vertical arrow is

the Beck–Chevalley equivalence ĝ!f̂
∗ ≃ (f̂ ′)∗ĝ′! for the Fourier-dual square. The horizontal arrows are

the Fourier functoriality isomorphisms of (5.3.4), and the vertical arrows are the proper base-change
isomorphisms for (5.3.10) and its Fourier-dual square.

Proposition 5.3.3 (Fourier transform of the Gysin map). Let f : E′ → E be a globally presented quasi-

smooth linear map of derived vector bundles over S, and let f̂ : Ê → Ê′ be its dual. The quasi-smoothness

of f implies that f̂ is separated and representable in derived schemes, by [FYZ23, Lemma 6.1.5], so that the

forget-supports transformation can(f̂) : f̂! → f̂∗ is defined. Then the motivic derived Fourier transform

carries the Gysin transformation for f to the forget-supports transformation for f̂ . Equivalently, the

diagram of functors Dmot(E;Q)→ Dmot(Ê
′;Q)

f̂! FTE f̂∗ FTE

FTE′ f∗[d(f)](d(f)) FTE′ f ![−d(f)]

can(f̂)

∼ ∼

[f ]

(5.3.12)

commutes, where [f ] denotes the natural transformation induced by the relative fundamental class of f ,

and can(f̂) : f̂! → f̂∗ is the forget-supports map.

5.4. Self-duality of Gaussians. Recall our standing assumption that p ̸= 2. Throughout this subsec-

tion we write FTE for FTψE .

Construction 5.4.1 (Induced Gaussian kernels). Let E → S be a vector bundle of virtual relative
dimension d(E/S), and let

hE : E
∼−→ Ê

be a symmetric self-duality; that is, under the canonical biduality identification E ∼= ̂̂
E, one has h∨E = hE .

Define

βhE
: E

(hE ,Id)−−−−−→ Ê ×S E
⟨ , ⟩E−−−→ A1

S . (5.4.1)

The symmetry of hE implies the following identity of morphisms E ×S E → A1
S :

βhE
(e1 + e2)− βhE

(e1)− βhE
(e2) = 2⟨hE(e1), e2⟩E . (5.4.2)
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Thus βhE
is the quadratic function associated with the symmetric bilinear form defined by hE , with the

normalization responsible for the multiplication-by-2 map [2]Ê in (5.4.5). The self-duality also determines
the dual quadratic function

β∨
hE

: Ê
(Id,h−1

E )
−−−−−→ Ê ×S E

⟨ , ⟩E−−−→ A1
S . (5.4.3)

One has h∗Eβ
∨
hE

= βhE
. We set

βFT
hE

:= −β∨
hE

: Ê −→ A1
S

and call this the Fourier-dual quadratic function. Define the associated Gaussian objects by

GhE
:= β∗

hE
ASψ,S ∈ Dmot(E;Q), G FT

hE
:= (βFT

hE
)∗ ASψ,S ∈ Dmot(Ê;Q). (5.4.4)

Via hE , the positive-dual Gaussian (β∨
hE

)∗ ASψ,S on Ê identifies canonically with GhE
on E. On the

other hand, h∗Eβ
FT
hE

= −βhE
, so upon using hE to identify Ê with E, the Fourier-dual Gaussian is

(−βhE
)∗ ASψ,S , which need not be isomorphic to GhE

. The superscript FT records this sign.

Lemma 5.4.2 (Fourier transform of Gaussian sheaves). With the notation of Construction 5.4.1, there
is a canonical isomorphism

[2]∗
Ê
FTE(GhE

)
∼−→ G FT

hE
⊗ π∗

Ê

(
πE!GhE

[d(E/S)]
)
, (5.4.5)

where [2]Ê : Ê → Ê is fiberwise multiplication by 2, and πE : E → S and πÊ : Ê → S are the structure
morphisms.

Proof. Consider the Cartesian square

Ê ×S E Ê ×S E

Ê Ê

[2]Ê×IdE

prÊ prÊ

[2]Ê

(5.4.6)

Base change for the square (5.4.6), together with the definition (5.2.2) and the equality prE ◦([2]Ê×IdE) =
prE , gives a canonical identification

[2]∗
Ê
FTE(GhE

) ∼= prÊ,!

(
pr∗E GhE

⊗
(〈
[2]Ê ◦ prÊ , prE

〉
E

)∗
ASψ,S

)
[d(E/S)]. (5.4.7)

Let

τhE
: Ê ×S E −→ Ê ×S E, (η, e) 7−→

(
η, e+ h−1

E (η)
)

(5.4.8)

be translation in the E-coordinate by h−1
E (η). It is an automorphism over Ê. The polarization identity

(5.4.2) implies the following identity of morphisms Ê ×S E → A1
S :

βhE
◦ prE +

〈
[2]Ê ◦ prÊ , prE

〉
E
= βhE

◦ prE ◦τhE
− β∨

hE
◦ prÊ . (5.4.9)

Indeed, for (η, e) ∈ Ê ×S E and v = h−1
E (η), the right hand side of (5.4.9) is βhE

(e + v) − βhE
(v) =

βhE
(e) + 2⟨hE(e), v⟩E , which equals βhE

(e) + ⟨2η, e⟩E by symmetry of hE . Applying the Artin–Schreier
additivity isomorphism (5.1.4) to (5.4.9) yields a canonical isomorphism

pr∗E GhE
⊗
(〈
[2]Ê ◦ prÊ , prE

〉
E

)∗
ASψ,S ∼= τ∗hE

pr∗E GhE
⊗ pr∗

Ê
G FT
hE

. (5.4.10)

Substituting (5.4.10) into (5.4.7) and applying the projection formula for prÊ gives

[2]∗
Ê
FTE(GhE

) ∼= G FT
hE
⊗ prÊ,!

(
τ∗hE

pr∗E GhE

)
[d(E/S)]. (5.4.11)

Because τhE
is an automorphism over Ê, the canonical isomorphism τhE ,!τ

∗
hE

∼= Id gives

prÊ,!
(
τ∗hE

pr∗E GhE

) ∼= prÊ,! pr
∗
E GhE

. (5.4.12)
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Finally, base change for the Cartesian square

Ê ×S E E

Ê S

prE

prÊ πE

πÊ

identifies

prÊ,! pr
∗
E GhE

∼= π∗
Ê
πE!GhE

. (5.4.13)

Combining (5.4.11), (5.4.12), and (5.4.13) gives

[2]∗
Ê
FTE(GhE

) ∼= G FT
hE
⊗ π∗

Ê

(
πE!GhE

[d(E/S)]
)
,

which is the desired isomorphism (5.4.5). □

Lemma 5.4.3 (Invertibility of the relative Gauss cohomology). Maintain the notation of Construction
5.4.1, and assume in addition that E → S is a vector bundle in the classical sense (i.e., the total space
of a locally free sheaf). Set

G(E, hE) := πE!GhE
[d(E/S)] ∈ Dmot(S;Q). (5.4.14)

Then G(E, hE) is tensor-invertible. More precisely, there is a canonical isomorphism

G(E, hE)⊗G(E,−hE)(d(E/S))
∼−→ QS . (5.4.15)

Proof. Apply Lemma 5.4.2 to hE and to −hE . Since p ̸= 2, the map [2]Ê is an automorphism over S,
and Lemma 5.4.2 gives

[2]∗
Ê
FTE(GhE

) ∼= G FT
hE
⊗ π∗

Ê
G(E, hE), [2]∗

Ê
FTE(G−hE

) ∼= G FT
−hE
⊗ π∗

Ê
G(E,−hE).

Here βFT
−hE

= −β∨
−hE

= β∨
hE

= −βFT
hE

, so G FT
hE
⊗ G FT

−hE

∼= QÊ canonically. (Under the identification

hE : E ∼= Ê these Fourier-dual Gaussians are G−hE
and GhE

, respectively, though we will not need this.)
Use the Plancherel isomorphism in (5.3.9) with K1 = GhE

and K2 = G−hE
. Because β−hE

◦[−1]E = β−hE
,

one has [−1]∗EG−hE
= G−hE

, and the tensor product GhE
⊗ G−hE

is canonically QE . Thus the right side
of Plancherel is

πE!QE(−d(E/S)).

The left side, using the two displayed Fourier-transform identifications (after inserting [2]∗
Ê
, which does

not change πÊ! since [2]Ê is an automorphism over S), is

G(E, hE)⊗G(E,−hE)⊗ πÊ!QÊ .

Since E is a vector bundle in the classical sense, of rank d(E/S), we have

πE!QE
∼= πÊ!QÊ

∼= QS [−2d(E/S)](−d(E/S)).

Cancelling this common factor leaves the canonical isomorphism

G(E, hE)⊗G(E,−hE)(d(E/S)) ∼= QS ,

which is (5.4.15). □

Lemma 5.4.4. Assume the hypotheses of Lemma 5.4.3 and that d = d(E/S) is constant. Then there
are tensor-invertible objects gd ∈ Dmot(Spec Fq;Q) and ε(E, hE) ∈ Dmot(S;Q) such that

• There is a finite étale surjection u : S′ → S such that u∗ε(E, hE) ∼= QS′ ;
• There is an isomorphism

G(E, hE) ∼= gd|S ⊗ ε(E, hE).
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Proof. The case d = 0 is immediate. Suppose d > 0, and set

qd(x1, . . . , xd) := x21 + · · ·+ x2d, gd := πd!q
∗
d ASψ0

[d], πd : A
d
Fq
→ Spec Fq.

Lemma 5.4.3 shows that gd is tensor-invertible. Define

ε(E, hE) := G(E, hE)⊗ (gd|S)
−1
.

Let

πP : P := IsomS

(
(OdS , qd), (E, βhE

)
)
−→ S.

Because p ̸= 2, the quadratic form βhE
is étale-locally isometric to qd; hence P is an Od = Aut(qd)-torsor.

The universal isometry over P induces

π∗
PG(E, hE)

∼−→ gd|P ,

and therefore π∗
P ε(E, hE)

∼= QP .
Under P ×S P ∼= P × Od, the discrepancy between the two pullbacks of this trivialization is the

coordinate-change action of Od on the compactly supported cohomology defining gd. Since gd is tensor-
invertible, this action gives a class in AutDmot(Od;Q)(QOd

) ∼= H0(Od,QOd
)×. Its restriction to SOd is

constant because SOd is connected, and its value at the identity is 1. Hence ε(E, hE) is trivialized by the
finite étale cover P/SOd → S. □

6. Cohomological correspondences

The notion of cohomological correspondence is reviewed in [FYZ23, §4.1.1]. Here we develop some
supplementary technical material about cohomological correspondences that will be needed later.

6.1. Tensoring cohomological correspondences. There is an operation of tensoring a cohomological

correspondence with a map, defined formally as follows. Here A0
a0←− C♭

a1−→ A1 is a correspondence of
derived Artin stacks, and Ki,Li ∈ Dmot(Ai;Q). Consider a cohomological correspondence

a∗0K0
c−→ a!1K1 ∈ CorrC♭(K0,K1).

Suppose we also have a map

u : a∗0L0
∼−→ a∗1L1.

Definition 6.1.1. The tensor product c⊗u ∈ CorrC♭(K0 ⊗ L0,K1 ⊗ L1) is the composite

a∗0(K0 ⊗ L0) = a∗0K0 ⊗ a∗0L0
c⊗u−−−→ a!1K1 ⊗ a∗1L1

⋄−→ a!1(K1 ⊗ L1).

Here the arrow ⋄ is the base change natural transformation f !(−) ⊗ f∗(−) → f !(− ⊗ −), applied with
f = a1. For a morphism f : A → B, this is the Beck–Chevalley morphism called the “pull-pull” base
change transformation ⋄ in [FYZ23, §3.5], obtained as the mate of the proper base change isomorphism
for the Cartesian square

A A×B

B B ×B

(IdA,f)

f f×IdB

∆B

(6.1.1)

We are particularly interested in the case K0 = K1 and L0 = L1.

6.2. Compositions. We will use compositions of ordinary and cohomological correspondences. Some of
this material appears in [FHM25, §8].
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6.2.1. Composing correspondences. Two correspondences are composable if the codomain of one is the
domain of the other:

C01 C12

A0 A1 A2.

a0 a1 c1 c2 (6.2.1)

In this case, let C02 be the fibered product

C02

C01 C12

A0 A1 A2.

pr01 pr12

a0 a1 c1 c2

(6.2.2)

The composite correspondence is

A0 C02 A2,
p0 p2

p0 = a0 pr01, p2 = c2 pr12 . (6.2.3)

We will apply this to a 1-legged Hecke correspondence of the form

Y Hk1Y Y.
h0 h1

For r ≥ 1, the r-fold composition of such a correspondence is

HkrY = Hk1Y ×h1,Y,h0 Hk1Y ×h1,Y,h0 · · · ×h1,Y,h0 Hk1Y︸ ︷︷ ︸
r factors

, Y HkrY Y.
h0 hr (6.2.4)

For r = 0, we use the convention Hk0Y = Y .

6.2.2. Composing cohomological correspondences. Next we explain how to compose cohomological corre-
spondences.

Definition 6.2.1. Let
c01 : a

∗
0K0 −→ a!1K1, c12 : c

∗
1K1 −→ c!2K2

be cohomological correspondences on (6.2.1). Their composite c12 ◦ c01 ∈ CorrC02
(K0,K2) is defined to

be the morphism on C02

p∗0K0 = pr∗01 a
∗
0K0

pr∗01 c01−−−−−→ pr∗01 a
!
1K1

⋄−→ pr!12 c
∗
1K1

pr!12 c12−−−−−→ pr!12 c
!
2K2 = p!2K2,

(6.2.5)

where ⋄ is the pull-pull Beck–Chevalley transformation of [FYZ23, §3.5] for the pullback square in (6.2.2).

Composition of cohomological correspondences is compatible with tensoring, in the following sense.

Lemma 6.2.2. With the notation of Definition 6.2.1, suppose we are given u01 : a
∗
0L0

∼−→ a∗1L1 and

u12 : c
∗
1L1

∼−→ c∗2L2. Let u02 : p
∗
0L0

∼−→ p∗2L2 be the composite

p∗0L0 = pr∗01 a
∗
0L0

pr∗01 u01−−−−−→ pr∗01 a
∗
1L1 = pr∗12 c

∗
1L1

pr∗12 u12−−−−−→ pr∗12 c
∗
2L2 = p∗2L2. (6.2.6)

Then we have

(c12⊗u12) ◦ (c01⊗u01) = (c12 ◦ c01)⊗ u02 ∈ CorrC02
(K0 ⊗ L0,K2 ⊗ L2). (6.2.7)

Proof. After pulling Definition 6.1.1 back to C02, the tensoring square for c01 is

pr∗01 a
∗
0(K0 ⊗ L0) pr∗01

(
a!1K1 ⊗ a∗1L1

)
pr∗01 a

∗
0K0 ⊗ pr∗01 a

∗
0L0 pr∗01 a

!
1(K1 ⊗ L1)

pr∗01 c01 ⊗ pr∗01 u01

⋄

pr∗01(c01 ⊗u01)
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Compatibility of tensoring with the pull-pull map in (6.2.5) amounts to the commutativity of

pr∗01 a
!
1K1 ⊗ pr∗01 a

∗
1L1 pr∗01 a

!
1(K1 ⊗ L1)

pr!12 c
∗
1K1 ⊗ pr∗12 c

∗
1L1 pr!12 c

∗
1(K1 ⊗ L1)

pr∗01 ⋄⊗,a1

⋄pp⊗Id ⋄pp

⋄⊗,pr12

Here ⋄pp is the pull-pull map for (6.2.2), and ⋄⊗,f is the tensoring Beck–Chevalley map f !(−)⊗ f∗(−)→
f !(−⊗−). The morphism ⋄pp⊗Id uses the identity pr∗01 a

∗
1L1 = pr∗12 c

∗
1L1. Applying pr!12 to the tensoring

square for c12 gives

pr!12 c
∗
1K1 ⊗ pr∗12 c

∗
1L1 pr!12 c

!
2K2 ⊗ pr∗12 c

∗
2L2

pr!12 c
∗
1(K1 ⊗ L1) pr!12 c

!
2(K2 ⊗ L2)

pr!12 c12 ⊗ pr∗12 u12

⋄⊗,pr12 ⋄⊗

pr!12(c12 ⊗u12)

The morphism ⋄⊗ is the composite of the tensoring map for pr12 with pr!12 applied to the tensoring
map for c2. The tensoring squares for c01 and c12 commute by definition and naturality. In the square
involving ⋄pp, the two paths correspond to the two decompositions of the Cartesian rectangle obtained
by concatenating the graph square of a1 with (6.2.2). Compatibility of base-change transformations with
concatenation shows that they agree, as in [FYZ23, §§3.4–3.5] and (for the motivic setting) [FK24, §4.2].
Consequently, the same composite is expressed either as (c12⊗u12) ◦ (c01⊗u01) or, after forming c12 ◦ c01
and u02 as in (6.2.6), as (c12 ◦ c01)⊗ u02. This proves (6.2.7). □

6.3. Cohomological co-correspondences. Let

C♭

A0 A1

C♯

a0 a1

a′1 a′0

(6.3.1)

be a commutative diagram of derived Artin stacks which is Cartesian on the underlying reduced stacks.
(This weaker condition suffices for the proper base-change step a1!a

∗
0
∼= (a′0)

∗a′1! in the construction

of (6.3.2), by topological invariance of Dmot((−);Q), cf. [FK24, Remark 4.2.4]: the comparison map
from C♭ to the derived fiber product A0 ×C♯ A1 induces an equivalence of motivic categories, under
which the exchange isomorphism for the honest Cartesian square transports to this diamond.) For
K0 ∈ Dmot(A0;Q) and K1 ∈ Dmot(A1;Q), this Cartesian diamond gives the standard correspondence/co-
correspondence conversion (cf. [FYZ23, 4.8.1])

γC : CorrC♭(K0,K1)
∼−→ CoCorrC♯(K0,K1). (6.3.2)

It is the isomorphism obtained from adjunctions and proper base change:

HomC♭(a∗0K0, a
!
1K1) ∼= HomA1(a1!a

∗
0K0,K1)

∼= HomA1
((a′0)

∗a′1!K0,K1)

∼= HomC♯(a′1!K0, a
′
0∗K1).

We write γ−1
C for the inverse operation, converting a cohomological co-correspondence on C♯ into the

corresponding cohomological correspondence on C♭.



PROOF OF THE MODULARITY CONJECTURE FOR HIGHER THETA SERIES 33

6.4. Fourier transform of cohomological correspondences. In this subsection all Fourier trans-

forms are the motivic derived Fourier transforms of Section 5; we write FTE = FTψE . The statements
below are the motivic analogues of the cohomological-correspondence Fourier analysis in [FYZ23, §7].
We do not repeat the proofs: the arguments of [FYZ23, §7] carry over verbatim with motivic sheaves,
using the formalism of Section 5.

We first treat correspondences of derived vector bundles over a fixed base. Assume that

C♭

A0 A1

C♯

a0 a1

a′1 a′0

(6.4.1)

is a Cartesian diagram of derived vector bundles over a common base S. Its dual diagram is

Ĉ♯

Â0 Â1

Ĉ♭.

â′1 â′0

â0 â1

(6.4.2)

For Ki ∈ Dmot(Ai;Q), put K̂i := FTAi(Ki). The Fourier transform of a cohomological correspondence

first gives a co-correspondence on Ĉ♭:

FT′
C♭ : CorrC♭(K0,K1)

∼−→ CoCorr
Ĉ♭

(
K̂0, K̂1[d(a0)+d(a1)](d(a0))

)
. (6.4.3)

Applying the correspondence/co-correspondence conversion γ−1

Ĉ
for the dual Cartesian diamond (6.4.2)

gives the same-base Fourier transform of cohomological correspondences

FTC♭ := γ−1

Ĉ
◦ FT′

C♭ : CorrC♭(K0,K1)
∼−→ Corr

Ĉ♯

(
K̂0, K̂1[d(a0)+d(a1)](d(a0))

)
. (6.4.4)

We also need the varying-base form. Suppose that

A0 C♭ A1

S0 SC S1

p0 p1

h0 h1

is a map of correspondences in which Ai → Si and C
♭ → SC are derived vector bundles, and p0, p1 are

linear. Let Ãi := Ai ×Si,hi
SC , and let p̃i : C

♭ → Ãi be the induced maps. Let C♯ be the pushout of

Ã0
p̃0←− C♭ p̃1−→ Ã1 in derived vector bundles over SC ; then the diamond

C♭

Ã0 Ã1

C♯

p̃0 p̃1

(6.4.5)

is Cartesian. Let hÂi :
̂̃
Ai → Âi be the base-change maps on the dual derived vector bundles. The

varying-base motivic derived Fourier transform is the canonical isomorphism

FTC♭ : CorrC♭(K0,K1)
∼−→ Corr

Ĉ♯

(
(hÂ0 )

∗ FTA0(K0), (h
Â
1 )

! FTA1(K1)[d(p̃0)+d(p̃1)](d(p̃0))
)
. (6.4.6)
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Following [FYZ23, §7], this isomorphism is defined as the composite of the following three steps. First,
one uses the identification

CorrC♭(K0,K1) = CorrC♭

(
(hA0 )

∗K0, (h
A
1 )

!K1

)
of correspondence groups over SC , where h

A
i : Ãi → Ai denote the projections. Second, one applies the

same-base transform (6.4.4) for the diamond (6.4.5). Third, one uses the base-change compatibilities

FTÃi
◦(hAi )∗ ∼= (hÂi )

∗ ◦ FTAi
and FTÃi

◦(hAi )! ∼= (hÂi )
! ◦ FTAi

, up to the indicated shifts and twists, of

Theorem 5.3.1(1). When the base-change maps hÂi are clear from context, we suppress them from the
notation, as in the diagrams of Proposition 6.4.1 and its proof.

Proposition 6.4.1 (Push-pull compatibility). Consider a morphism of varying-base linear correspon-
dences

A0 C♭ A1

B0 D♭ B1

f0

p0 p1

f♭
f1

q0 q1

over the same base correspondence S0
h0←− SC

h1−→ S1. Let p̃i and q̃i denote the correspondence maps after
base change to SC , and let C♯, D♯ be the pushouts used in (6.4.5). The morphism of spans induces a map

f ♯ : C♯ → D♯. We denote its dual by f̂ ♯ : D̂♯ → Ĉ♯, and similarly write f̂i : B̂i → Âi for the dual of fi.
Assume the induced diagram and its Fourier-dual diagram are globally presented.

If f ♭ is left pushable, then for Ki ∈ Dmot(Ai;Q) the diagram

CorrC♭(K0,K1)
FT

C♭
//

f♭
!

��

Corr
Ĉ♯

(
FTA0

K0,FTA1
K1[d(p̃0)+d(p̃1)](d(p̃0))

)
(f̂♯)∗

��

CorrD♭(f0!K0, f1!K1)
T[d(f0)] FTD♭

// Corr
D̂♯

(
(f̂0)

∗ FTA0 K0, (f̂1)
∗ FTA1 K1[d(q̃0)+d(q̃1)+d(f0)−d(f1)](d(q̃0))

)
(6.4.7)

commutes. If f ♭ is right pullable, then, setting δf♭ := d(p̃1)− d(q̃1) = d(f ♭)− d(f1) for the defect of the
right square (recall that the pullback of cohomological correspondences along a right pullable map carries
the twist ⟨−δ

f♭ ⟩, cf. [FYZ23, §4.4]), for Ki ∈ Dmot(Bi;Q) the diagram

CorrD♭(K0,K1) Corr
D̂♯

(
FTB0

K0,FTB1
K1[d(q̃0)+d(q̃1)](d(q̃0))

)

CorrC♭(f∗0K0, f
∗
1K1⟨−δf♭ ⟩) Corr

Ĉ♯

(
(f̂0)! FTB0 K0, (f̂1)! FTB1 K1[d(q̃0)+d(q̃1)](d(q̃0))

)
FT

D♭

(f♭)∗ (f̂♯)!

T[d(f0)](d(f0)) FTC♭

(6.4.8)
commutes.

Next we investigate compatibility with compositions. Assume that the two correspondences in (6.2.1)
are the upper halves of globally presented Cartesian diamonds of derived vector bundles

C♭01

A0 A1

C♯01

a0 a1

a′1 a′0

C♭12

A1 A2

C♯12.

c1 c2

c′2 c′1

(6.4.9)

Here C♭01 = C01 and C♭12 = C12. Let C
♭
02 = C♭01 ×A1

C♭12, and let C♯02 be the lower term of the Cartesian

diamond for the composite correspondence; equivalently, in global perfect-complex presentations, C♯02 is
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the pushout of C♯01 ← A1 → C♯12. Thus the Fourier-dual correspondence is

Â0 Ĉ♯02
∼= Ĉ♯01 ×Â1

Ĉ♯12 Â2. (6.4.10)

Write K̂i = FTAi
(Ki), and set

σ01 = d(a0) + d(a1), τ01 = d(a0),

σ12 = d(c1) + d(c2), τ12 = d(c1),

σ02 = d(p0) + d(p2), τ02 = d(p0).

Base change and additivity of virtual relative dimension give σ02 = σ01+σ12 and τ02 = τ01+τ12. For ij =
01, 12, 02, let FTC♭

ij
denote the shifted-and-twisted Fourier transform of cohomological correspondences

of (6.4.4), so that

FTC♭
ij
(cij) ∈ Corr

Ĉ♯
ij

(
K̂i, K̂j [σij ](τij)

)
.

When a shift and twist are applied to a cohomological correspondence, they are applied to both its source
and target.

Lemma 6.4.2. In the globally presented setup (6.4.9), Fourier transform is compatible with composition
of cohomological correspondences. More precisely,

FTC♭
02
(c12 ◦ c01) =

(
FTC♭

12
(c12)[σ01](τ01)

)
◦ FTC♭

01
(c01) ∈ Corr

Ĉ♯
02

(
K̂0, K̂2[σ02](τ02)

)
. (6.4.11)

Proof. By Definition 6.2.1, the composition c12 ◦ c01 is obtained by pulling c01 and c12 to C♭02 = C♭01 ×A1

C♭12, inserting the pull-pull Beck–Chevalley transformation for the Cartesian square (6.2.2), and then
composing. The two diamonds in (6.4.9) identify the Fourier-dual lower term of the composite with the

fiber product Ĉ♯01 ×Â1
Ĉ♯12, as displayed in (6.4.10).

The only non-formal input is the compatibility of this Beck–Chevalley transformation with Fourier
transform. Applying Proposition 5.3.2 to the Cartesian square (6.2.2), viewed through the two Cartesian
diamonds in (6.4.9), shows that the Fourier transform of the pull-pull map used in the definition of c12 ◦ c01
is the pull-pull Beck–Chevalley map for the dual Cartesian square in (6.4.10). The correspondence/co-
correspondence conversions γ−1

Ĉ
are defined by adjunction and proper base change, so they are compatible

with this identified Beck–Chevalley map.
After this identification, expanding the definition of FTC♭

ij
in (6.4.4) gives (6.4.11). The source and

target twists agree because base change in (6.4.9) gives σ02 = σ01+σ12 and τ02 = τ01+τ12; this is exactly
the additional [σ01](τ01) applied to FTC♭

12
(c12) in (6.4.11). □

6.5. Tensor-convolution duality. Given a commutative group stack A/S with addition operation
+: A×S A→ A, we can define the convolution of K,L ∈ Dmot(A;Q) as

K ⋆ L := +!(K ⊠S L) ∈ Dmot(A;Q).

We next define the Fourier-dual operation to tensoring. Assume now that the diagram (6.3.1) is
of commutative group stacks and homomorphisms over a common base S. Consider a cohomological
co-correspondence

a′1!K0
c−→ a′0∗K1 ∈ CoCorrC♯(K0,K1). (6.5.1)

Suppose we are given an isomorphism

v : a′1!L0
∼−→ a′0!L1.

Definition 6.5.1. We define the convolution c ⋆v ∈ CoCorrC♯(K0 ⋆ L0,K1 ⋆ L1) to be the composite

a′1!(K0 ⋆ L0) ∼= (a′1!K0) ⋆ (a
′
1!L0)

c ⋆v−−→ (a′0∗K1) ⋆ (a
′
0!L1)→ a′0∗(K1 ⋆ L1). (6.5.2)

Here the first isomorphism is the canonical convolution compatibility for the homomorphism a′1. The
last map is the Beck–Chevalley morphism, called the “push-push” base change natural transformation ⋄
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in [FYZ23, §3.3], obtained as the mate of the proper base change isomorphism for the Cartesian square

A×S A A

B ×S A B

+

f×Id f

+

with f = a′0, where the bottom + is the action map (b, a) 7→ b + f(a). This form of the square places
the ∗-pushforward on the first factor, matching the middle term of (6.5.2); it is the Fourier-dual of the
tensoring square (6.1.1).

Lemma 6.5.2. Below, for K ∈ Dmot(A;Q) we abbreviate K̂ := FTA(K).
Assume that the diagrams (6.4.1) and (6.1.1) with f = a1 are globally presented in the sense of [FYZ23,

§6.3.1] (so that motivic Fourier transform is compatible with proper base change, by Proposition 5.3.2).
Put ri := d(Ai/S) and δi := d(ai) for i = 0, 1.

Let

a∗0K0
c−→ a!1K1 ∈ CorrC♭(K0,K1), u : a∗0L0

∼−→ a∗1L1.

Denote their Fourier transforms2 by

ĉ := FT′
C♭(c) ∈ CoCorr

Ĉ♭

(
K̂0, K̂1[δ0+δ1](δ0)

)
,

û : â0!L̂0
∼−→ â1!L̂1[δ0−δ1](δ0−δ1),

where âi : Âi → Ĉ♭ denotes the map dual to ai. Under the Fourier-dual tensor/convolution identification

FTAi(Ki ⊗ Li) ∼= K̂i ⋆ L̂i[ri](ri)

from (5.3.7), we have

T[−r0](−r0) FT
′
C♭(c⊗u) = ĉ ⋆ û ∈ CoCorr

Ĉ♭

(
K̂0 ⋆ L̂0, K̂1 ⋆ L̂1[2δ0](2δ0−δ1)

)
.

Proof. By definition, c⊗u is given by the composition

c⊗u : a∗0(K0 ⊗ L0)→ a!1K1 ⊗ a∗1L1
⋄−→ a!1(K1 ⊗ L1), (6.5.3)

where ⋄ is the Beck–Chevalley transformation mated to proper base change for the Cartesian diagram
(6.1.1). After applying FT′

C♭ , using the preceding tensor/convolution identification, and then applying
the shift-twist operator T[−r0](−r0), the first arrow in (6.5.3) becomes

(â0!K̂0) ⋆ (â0!L̂0)→ (â1∗K̂1[δ0+δ1](δ0)) ⋆ (â1!L̂1[δ0−δ1](δ0−δ1)).

This is the first arrow in the definition (6.5.2) of ĉ ⋆ û, applied to the dual diamond (6.4.2) under the

dictionary a′1 = â0, a
′
0 = â1, C

♯ = Ĉ♭.
The Fourier transform of the second arrow in (6.5.3) is the Beck–Chevalley transformation mated to

proper base change for the dual Cartesian diagram. Since we have assumed that the relevant diagrams are
globally presented, Proposition 5.3.2 implies that the motivic Fourier transform carries the proper base
change isomorphism for a Cartesian square to the proper base change isomorphism for the Fourier-dual
square. This implies that the motivic Fourier transform of the second arrow in (6.5.3) is the second arrow
in the definition (6.5.2) of ĉ ⋆ û, completing the proof. □

7. A trace formula for the sheaf-cycle correspondence

In this section we prove a technical result establishing compatibility of pushforwards with formation
of traces for certain nonproper maps, the proper case being in [FK24].

2See (6.4.3) and (6.4.4) for the motivic derived Fourier transform of cohomological correspondences.
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7.1. Formulation. Let

S S♭ S
h0 h1

be a correspondence of derived Artin stacks locally of finite type over Fq. Let E on S and E♭ on S♭ be
coconnective perfect complexes, that is, perfect complexes of tor-amplitude in [0,∞) in our cohomological
indexing. Recall from [FYZ23, §6.1] that Tot(E) is the functor T 7→ MapQCoh(T )(OT , u∗E), and set

E := TotS(E) and E♭ := TotS♭(E♭). By [FYZ23, Lemma 6.1.5], these are relative affine derived schemes
over their bases. They are classical affine schemes when the complexes are locally free in degree 0; in
general, their classical truncations are the associated abelian cones. Their zero sections are therefore
closed embeddings.

For each i ∈ {0, 1}, suppose we are given a map E♭ → h∗i E whose derived fiber has tor-amplitude in
[1,∞). By [FYZ23, Lemma 6.1.5], the induced map of total spaces E♭ → h∗iE is then a closed embedding
of derived vector bundles. This implies that the map of correspondences

E E♭ E

S S♭ S

f0

a0 a1

f♭ f1

h0 h1

(7.1.1)

is pushable, since its left comparison map is the closed embedding E♭ ↪→ h∗0E. Consequently

f! : CorrE♭(K0,K1)→ CorrS♭(f0!K0, f1!K1)

is defined.
The coefficient-object pushforwards below are along schematic maps locally of finite type and therefore

preserve geometricity (cf. [FK24, §3.3]). The required compatibility is the following.

Proposition 7.1.1. Assume the setup above, and let c ∈ CorrE♭(K,K⟨−i⟩) with K ∈ Dmot,gm(E;Q).

Then the induced map Sht(f) : Sht(E♭)→ Sht(S♭) is proper, and we have

TrSht(f!(c)) = Sht(f)! Tr
Sht(c) ∈ CHi(Sht(S

♭)).

Traces are formed using the natural Weil structures (cf. [FK24, §6.4.3]).

Remark 7.1.2. This does not fall under the general compatibility results of [FK24, §6.2], the point
being that the vertical maps in (7.1.1) are not proper. Proposition 7.1.1 can be thought of as a (relative)
version of the Grothendieck–Lefschetz trace formula for certain types of non-proper spaces.

7.2. Proof of Proposition 7.1.1. The strategy is to compactify the map, and show that the boundary
does not contribute to the trace.

7.2.1. Projective completions. The relevant projective completion is the following.

Lemma 7.2.1. Let T be a derived Artin stack locally of finite type over Fq, let F be a coconnective
perfect complex on T , and let F := TotT (F). Define

P(F ⊕O) :=
(
TotT (F ⊕O)∖ zF⊕O

)
/Gm,

where zF⊕O denotes the zero section (a closed embedding, by coconnectivity) and Gm acts by fiberwise
scaling. We likewise write zF for the zero section of F . Here and below, expressions such as F ⊕O inside
P(−) abbreviate the corresponding total space TotT (F ⊕O). Then:

(1) The classical truncation of P(F ⊕O) is the projectivized abelian cone Proj Tcl
Sym(Q⊕O), where

Q := H0(F∗) is coherent. In particular P(F ⊕O)→ T is proper.
(2) There is a stratification

P(F ⊕O) = F ⊔ P(F ),
where F ↪→ P(F ⊕O) is the open locus on which the O-coordinate is invertible, and the boundary
P(F ) := (TotT (F) ∖ zF )/Gm is the derived vanishing locus of the canonical section of O(1)
defined by the O-coordinate.
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Proof. (1) Classical truncation commutes with passage to open substacks, which are determined by their
underlying sets, and with quotients by smooth group actions. Thus the classical truncation of P(F ⊕O)
is the quotient of Spec Tcl

Sym(Q⊕O) minus its vertex by fiberwise scaling, namely Proj Tcl
Sym(Q⊕O).

Since F is perfect, Q is coherent, and this relative Proj is proper over Tcl. Properness is detected on
classical truncations, so P(F ⊕O)→ T is proper.

(2) The projection F⊕O → O gives a Gm-equivariant fiberwise-linear map TotT (F⊕O)→ A1
T , hence

a section of O(1) on the quotient. Its derived fiber over zA1
T
: T → A1

T is TotT (F), so its derived vanishing

locus is (TotT (F)∖ zF )/Gm = P(F ). On the complement, the O-coordinate is invertible; rescaling it to
1 trivializes the Gm-torsor and identifies this open with F . □

Set E := P(E ⊕ O) and E♭ := P(E♭ ⊕ O). By Lemma 7.2.1, these are proper over their bases, with

open interiors ȷE : E ↪→ E and ȷ♭ : E♭ ↪→ E♭ and boundaries P(E) and P(E♭).
The maps (E♭ → h∗i E)⊕ IdO induce closed embeddings E♭ → h∗iE. Since each has the form (linear)⊕

IdO, it preserves the interior and boundary strata. Let ai : E♭ → E be the composite with the projection.
The canonical section of O(1) cutting out P(E) ⊂ E pulls back under ai to the corresponding section on

E♭; hence

a−1
i (P(E)) = P(E♭)

as an equality of derived vanishing loci. Thus the boundary is stabilized scheme-theoretically, as required
in [FK24, Definition 7.2.1].

On the complementary opens, a−1
i (E) = E♭ as derived open substacks. Hence (7.1.1) extends to the

compactified map

E E♭ E

S S♭ S

f0

a0 a1

f
♭

f1

h0 h1

(7.2.1)

All vertical maps in (7.2.1) are proper, and its comparison maps E♭ → h∗iE are closed embeddings; the

map is therefore proper and pushable. The boundary strata form a correspondence P(E)
a0←− P(E♭) a1−→

P(E), which is the restriction of (7.2.1) in the sense of [FK24, Construction 7.2.3]. The open inclusions
define a map of correspondences ȷ from the top row of (7.1.1) to that of (7.2.1). Its squares are derived
Cartesian, being preimages of open substacks, so ȷ is pushable. Since (7.1.1) is the composite of ȷ with
(7.2.1), compatibility with composition of pushable maps (cf. [FYZ23, §3.2, especially Proposition 3.2.3])
gives

f! c = f ! (ȷ! c). (7.2.2)

7.2.2. Decomposition of the shtuka stacks. Both legs of (7.2.1) preserve the stratification E = P(E) ⊔
E. Since the boundary is stabilized scheme-theoretically, the Frobenius twist of the compactified self-
correspondence is contracting near P(E) by [FK24, Example 7.2.2]. It follows from [FK24, Proposition

7.5.4] that Sht(P(E♭))→ Sht(E♭) is an open-closed embedding on reduced substacks. Its complement is
Sht(E♭): the underlying point of any shtuka lies in exactly one of the two strata, each stable under both
legs. Thus

Sht(E♭) = Sht(E♭) ⊔ Sht(P(E♭)) (7.2.3)

on reduced substacks. Let ȷ and ı denote the maps of correspondences

E E♭ E

E E♭ E

ȷ0

a0 a1

ȷ♭ ȷ1

a0 a1

P(E) P(E♭) P(E)

E E♭ E

ı0 ı♭ ı1

a0 a1

given by the interior and boundary inclusions; in particular ȷ0 = ȷ1 = ȷE , and ı0 = ı1 is the inclusion
P(E) ↪→ E. Write Sht(ȷ) and Sht(ı) for the two open-closed embeddings. Furthermore, the morphism

Sht(f) : Sht(E♭)→ Sht(S♭)
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is proper by [FK24, Proposition 6.2.1] applied to the Frobenius twist of (7.2.1). Hence Sht(f) = Sht(f) ◦
Sht(ȷ) is proper, being the composition of an open-closed embedding with a proper map; in particular
Sht(f)! is defined on Chow groups, as asserted in Proposition 7.1.1.

7.2.3. Conclusion. By (7.2.2) and the compatibility of the trace with proper pushforward, [FK24, Propo-
sition 6.2.1], applied to the proper map of correspondences (7.2.1), we have

TrSht(f! c) = TrSht
(
f !(ȷ! c)

)
= Sht(f)! Tr

Sht(ȷ! c). (7.2.4)

It remains to show that

TrSht(ȷ! c) = Sht(ȷ)! Tr
Sht(c) ∈ CHi(Sht(E♭)). (7.2.5)

By the open-closed decomposition (7.2.3), it suffices to compare the restrictions to its two components.
On Sht(E♭), the open case of [FK24, Proposition 6.2.2] identifies the restriction of the left side with

TrSht(ȷ∗ȷ! c) = TrSht(c), which is also the restriction of the right side. On Sht(P(E♭)), the Frobenius twist
is contracting near the boundary, and the restriction of ȷ! c to the boundary correspondence in the sense
of [FK24, Construction 7.2.3] has coefficient object ı∗0 ȷE!K = 0. Hence [FK24, Corollary 7.5.7] implies

that the restriction of TrSht(ȷ! c) vanishes, while the right side vanishes there for reasons of support. This
proves (7.2.5).

Combining (7.2.4) and (7.2.5) with the equality Sht(f)! Sht(ȷ)! = Sht(f)! completes the proof. □

Part 3. The Modularity Conjecture

8. The genetic pattern of modularity

In this section we establish certain sheaf-theoretic results which can be viewed as the “genetics of
modularity” from Figure 1. The results here are essentially agnostic about the ground field.

8.1. The bestiary of derived vector bundles. Let G ∈ BunGU−(2m)(k). Let E1, E2 ⊂ G be transverse
Lagrangians in the sense of [FYZ23, §2]. As discussed in [FYZ23, §2, §9.1], the transversality assumption
implies that we have short exact sequences

0→ σ∗E2 → E∗1 → Q1 → 0,

0→ σ∗E1 → E∗2 → Q2 → 0
(8.1.1)

where Q1 and Q2
∼= σ∗Q∗

1 := σ∗Ext1X′(Q1,OX′) are torsion coherent sheaves on X ′.3

Fix a Harder–Narasimhan truncation µ for BunU(n) and write S = Bun≤µU(n). We let HkrS be the

corresponding Harder–Narasimhan truncation of the Hecke stack [FYZ23, §9.1.2]. This fits into a corre-
spondence diagram

S
h0←− HkrS

hr−→ S.

From this setup we constructed a constellation of moduli spaces in [FYZ23, §9.1,§9.2], and we will use
the same notation here.

(1) For i ∈ {0, r}: we have derived vector bundles Ui, Vi,Wi over S; and their respective dual derived

vector bundles W⊥
i = Ûi, V

′
i = V̂i, U

⊥
i = Ŵi.

(2) For i ∈ {0, r}: pulling back Ui, Vi,Wi to HkrS via hi gives derived vector bundles Ũi, Ṽi, W̃i.

Similarly, we have W̃⊥
i , Ṽ

′
i , Ũ

⊥
i .

(3) The Hecke stacks

Hk♭U ,Hk♯U ,Hk♭V ,Hk♯V ,Hk♭W ,Hk♯W ,

which are derived vector bundles over HkrS ; and their respective dual derived vector bundles

Hk♯
W⊥ ,Hk

♭
W⊥ ,Hk♯

V̂
,Hk♭

V̂
,Hk♯

U⊥ ,Hk♭U⊥ .

We briefly recall the definitions of these objects.

3Our Qi agrees with the Q̃i of [FYZ23, §9.1], i.e. with σ∗ applied to the Qi of [FYZ23, §2].
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8.1.1. U, V,W and their duals. Let Funiv denote the universal Hermitian bundle on X ′×S. The six base
vector bundles are the total spaces of the following perfect complexes on S:

U = RHom(F∗
univ, E∗1 ), V = RHom(F∗

univ, Q1), W = RHom(F∗
univ, σ

∗E2[1]),

U⊥ = RHom(F∗
univ, E∗2 ), V ′ = RHom(F∗

univ, Q2), W⊥ = RHom(F∗
univ, σ

∗E1[1]).

Then U = TotS(U), V = TotS(V), W = TotS(W), and similarly for the perpendicular collection. For

i = 0, r we write Ui, Vi,Wi for the corresponding copies over the ith copy Si of S, and we write Ũi, Ṽi, W̃i

for their pullbacks along hi : HkrS → Si. The exact sequences (8.1.1) induce exact triangles in Perf(S),

U → V → W, U⊥ → V ′ →W⊥. (8.1.2)

Passing to total spaces, this induces the following pair of derived Cartesian squares over S:

U V

S W

f

πU g

zW

U⊥ V̂

S W⊥

ĝ

ẑW f̂

π̂U

(8.1.3)

Here zW and π̂U = zW⊥ denote the zero sections, while ẑW is the structure morphism U⊥ → S. (The
notation reflects Fourier duality: the dual of the projection πU is the zero section π̂U , and the dual of
the zero section zW is the projection ẑW .) From (8.1.3) we have corresponding derived Cartesian squares

(Ui, Vi, Si,Wi) and (U⊥
i , V̂i, Si,W

⊥
i ) for i = 0, r. Here V̂i denotes the Serre-dual vector bundle to Vi;

relative Serre duality identifies TotS(V ′) with V̂ , identifies U⊥ with Ŵ , and identifies W⊥ with Û .

8.1.2. Hecke correspondences. We next recall the Hecke versions. Over HkrS there are two universal
complexes on X ′×HkrS . For an R-point (F⋆) ∈ HkrS(R), the complex F ♭• on X ′

R is the two-term complex
in degrees 0 and 1 (

F ♭1/2 ⊕ · · · ⊕ F
♭
r−1/2

)
−→ (F1 ⊕ · · · ⊕ Fr−1) ,

where the differential maps (s1/2, . . . , sr−1/2) to (s1/2 − s3/2, . . . , sr−3/2 − sr−1/2). The sheaf F ♯• fits into
the exact triangle

F ♭• → F0 ⊕Fr → F ♯•. (8.1.4)

The map F ♭• → F0⊕Fr has components induced by the inclusions F ♭1/2 ⊂ F0 and F ♭r−1/2 ⊂ Fr, with the

sign conventions of [FYZ23, §9.2]. However, when r = 0, these are interpreted according to the following
convention: Hk0S = S with the identity correspondence, F ♭• := F0 (for r = 0 the displayed two-term

complex would be the zero complex), and (8.1.4) is defined to be the split triangle F0
(1,1)−−−→ F0⊕F0 → F0,

so that F ♯• = F0.
Replacing F∗

univ in the definitions of U ,V,W by (F ♭•)∗ gives perfect complexes U ♭Hk,V♭Hk,W♭
Hk on HkrS ,

and hence derived vector bundles Hk♭U ,Hk♭V ,Hk♭W . Replacing (F ♭•)∗ by (F ♯•)∗ gives Hk♯U ,Hk♯V ,Hk♯W .

Applying the same construction to the second exact sequence in (8.1.1) gives Hk
♭/♯

U⊥ , Hk
♭/♯

V̂
, and Hk

♭/♯

W⊥ .

These fit into derived Cartesian squares

Hk♭U Hk♭V

HkrS Hk♭W

f

π g

z
Hk♭

W

Hk♭U⊥ Hk♭
V̂

HkrS Hk♭W⊥

ĝ

ẑ f̂

π̂

(8.1.5)

The analogous ♯-squares are obtained from the same construction using (F ♯•)∗. (In the second square of

(8.1.5), the maps with (̂) are the Fourier duals of the corresponding ♯-maps; for instance ĝ = ĝ♯ under

the identification Ĥk♯W = Hk♭U⊥ .)
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For i ∈ {0, r}, write hUi , hVi , hWi , hU
⊥

i , hV̂i , h
W⊥

i for the corresponding base-change projections to the
bundles. We use the maps

ai := hUi ◦ ãi, bi := hVi ◦ b̃i, ci := hWi ◦ c̃i,

a⊥i := hU
⊥

i ◦ ã⊥i , βi := hV̂i ◦ β̃i, c⊥i := hW
⊥

i ◦ c̃⊥i .

The exact triangle (8.1.4) induces three derived Cartesian squares of derived vector bundles over HkrS :

Hk♭U

Ũ0 Ũr

Hk♯U

ã0 ãr

ã′r ã′0

Hk♭V

Ṽ0 Ṽr

Hk♯V

b̃0 b̃r

b̃′r b̃′0

Hk♭W

W̃0 W̃r

Hk♯W

c̃0 c̃r

c̃′r c̃′0

(8.1.6)

Switching the roles of E1 (resp. Q1) and E2 (resp. Q2), the exact triangle (8.1.4) induces three (derived)
Cartesian squares of derived vector bundles over HkrS :

Hk♭U⊥

Ũ⊥
0 Ũ⊥

r

Hk♯
U⊥

ã⊥0 ã⊥r

(ã′r)
⊥ (ã′0)

⊥

Hk♭
V̂

̂̃
V 0

̂̃
V r

Hk♯
V̂

β̃0 β̃r

β̃′
r β̃′

0

Hk♭W⊥

W̃⊥
0 W̃⊥

r

Hk♯
W⊥

c̃⊥0 c̃⊥r

(c̃′r)
⊥ (c̃′0)

⊥

(8.1.7)
The construction is summarized by the following pair of diagrams:

Hk♭U

Ũ0 Ũr

U0 Hk♯U Ur

Hk♭V

Ṽ0 Ṽr

V0 Hk♯V Vr

Hk♭W

W̃0 W̃r

W0 Hk♯W Wr

ã0 ãr

f
hU
0

f̃0

ã′r ã′0

f̃r

hU
r

f0 f♯ fr
b̃0 b̃r

g

g̃0

b̃′r

hV
0

b̃′0

g̃r

hV
r

g0 g♯ gr
c̃0 c̃r

c̃′r

hW
0

c̃′0

hW
r

Hk♭U⊥

Ũ⊥
0 Ũ⊥

r

U⊥
0 Hk♯

U⊥ U⊥
r

Hk♭
V̂

̂̃
V 0

̂̃
V r

V̂0 Hk♯
V̂

V̂r

Hk♭W⊥

W̃⊥
0 W̃⊥

r

W⊥
0 Hk♯

W⊥ W⊥
r

ã⊥0 ã⊥r

f⊥hU⊥
0

f̃⊥
0

(ã′r)
⊥ (ã′0)

⊥

f̃⊥
r

hU⊥
r

f⊥
0 (f♯)⊥ f⊥

r
β̃0 β̃r

g⊥
hV̂
0

g̃⊥0

β̃′
r β̃′

0

g̃⊥r

hV̂
r

g⊥0 (g♯)⊥ g⊥r
c̃⊥0 c̃⊥r

hW⊥
0

(c̃′r)
⊥ (c̃′0)

⊥

hW⊥
r

(8.1.8)
In each diagram:
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• The maps in the columns are base changes (along the maps hi, where appropriate) of the mor-
phisms in the derived zero-fiber squares (8.1.3) and (8.1.5).
• The three diamonds in the middle are derived Cartesian.
• The four parallelograms on the left and right sides are derived Cartesian.

The diagram on the right is dual to the diagram on the left. The duality exchanges U with W⊥, V with

V̂ , andW with U⊥, and exchanges ♭ and ♯ superscripts. Examples of dual morphisms are colored with the
same color. By [FYZ23, §9.3], each of these diagrams is globally presented, so that the global-presentation
formalism applies to them.

U

V

W

W⊥

V̂

U⊥

FT

Figure 5. Cartoon of the dual pair of diagrams in (8.1.8). Fourier duality reverses the

towers by exchanging U with W⊥, V with V̂ , and W with U⊥.

8.2. Departure from [FYZ23]. The bestiary setup in §8.1 is identical to the one from [FYZ23, §9.1–9.2].
At this point, our proof will diverge in a crucial way from [FYZ23]. Let us indicate the shape of this
departure, leaving some precise definitions for later.

The Trace Conjecture implies that

TrSht(cU ) = [ZrE1
], TrSht(cU⊥) = [ZrE2

].

Therefore, where the quadratic function β is defined in §8.4, the trace

TrSht
(
π!(cU ⊗β∗ ASψ,S)

)
is essentially (i.e., up to signs and powers of q) the higher theta series Z̃n,rm (G, E1), while the trace

TrSht
(
π⊥
! (cU⊥ ⊗(−β)∗ ASψ,S)

)
is essentially Z̃n,rm (G, E2).

The strategy of [FYZ23] is to relate cU ⊗β∗ ASψ,S with cU⊥ ⊗(−β)∗ ASψ,S by pushing them both
forward to the correspondence

V0 ← Hk♭V → Vr (8.2.1)

and comparing them there. This comparison turns out to be ultimately a manifestation of the Plancherel
formula.

However, this strategy has a key defect: in order to effect an actual comparison in CH∗(Sht
r
S), we

would have to push forward from (8.2.1) to

S ← HkrS → S. (8.2.2)

It turns out that the map from (8.2.1) to (8.2.2) is not pushable, so this is not possible. This is due

to a certain “wildness” of the geometry of Hk♭V when the legs meet the support of the torsion sheaf Q1

defining V . On the complement of this locus, the map is in fact pushable, which is why this approach
can work there. However, as the transverse pair (E1, E2) varies, the support of the torsion sheaf Q1 varies
uncontrollably, so one is left only with automorphy over the generic fiber.

The key new insight here is that the relation between cU ⊗β∗ ASψ,S and cU⊥ ⊗(−β)∗ ASψ,S is already
baked into their genetics: they are both pulled back from a pair of essentially self-dual cohomological
correspondences on (8.2.1). From this starting point, the desired comparison can be effected by Fourier
duality, without trying to push forward to (8.2.1).
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8.3. Geometric properties. We establish some needed geometric properties of the maps in (8.1.8).
We use the terminology of pushable and pullable squares [FYZ23, §3.1 and §4.2]. A commutative

square induces a comparison map α to the fibered product

A B

C ×D B

C D

(8.3.1)

and we say that it is pushable if the (dashed) comparison map is proper, and pullable if it is quasi-smooth.
We say that a map of correspondences

A0 C A1

B0 D B1

f0

c0 c1

f f1

d0 d1

(8.3.2)

is pushable if the left square is pushable, and pullable if the right square is pullable. Following [FYZ23,
§3.1], we call the virtual relative dimension of the comparison map of a pullable square its defect. Pullback
of cohomological correspondences along a pullable map of correspondences carries a twist by the defect,
which we track at each use.

Lemma 8.3.1. (1) The maps of correspondences

U0 Hk♭U Ur

V0 Hk♭V Vr

f0

ar

f

a0

fr

b0 br

U⊥
0 Hk♭U⊥ U⊥

r

V̂0 Hk♭
V̂

V̂r

f⊥
0

a⊥r

f⊥

a⊥0

f⊥
r

β0 βr

are pullable.
(2) The maps of correspondences

U0 Hk♭U Ur

S0 HkrS Sr

π0

ar

π

a0

πr

h0 hr

U⊥
0 Hk♭U⊥ U⊥

r

S0 HkrS Sr

π⊥
0

a⊥r

π⊥

a⊥0

π⊥
r

h0 hr

are pushable.
(3) The maps of correspondences

V0 Hk♭V Vr

W0 Hk♭W Wr

g0

br

g

b0

gr

c0 cr

V̂0 Hk♭
V̂

V̂r

W⊥
0 Hk♭W⊥ W⊥

r

g⊥0

βr

g⊥

β0

g⊥r

c⊥0 c⊥r

are pushable.
(4) The maps of correspondences

S0 HkrS Sr

W0 Hk♭W Wr

zW0

hr

z
Hk♭

W

h0

zWr

c0 cr

S0 HkrS Sr

W⊥
0 Hk♭W⊥ W⊥

r

z
W⊥

0

hr

z
Hk♭

W⊥

h0

z
W⊥

r

c⊥0 c⊥r
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are pullable.

Proof. (4) We focus first on the left map of correspondences. By definition, we need to show pullability

of the right square, in other words the map from HkrS to the fibered product of Hk♭W and Sr over Wr is
quasi-smooth. The canonical base-change isomorphism

Hk♭W ×WrSr
∼= Hk♭W ×W̃r

HkrS

identifies its comparison map with the comparison map of the diagram

HkrS HkrS

Hk♭W W̃r

Id

z
Hk♭

W
z
W̃r

c̃r

(8.3.3)

It therefore suffices to show that (8.3.3) is right pullable. The morphism c̃r : Hk♭W → W̃r is smooth (a
vector bundle projection) by [FYZ23, Lemma 9.1.3(3)], while IdHkr

S
is smooth. Hence (8.3.3) is pullable

by [FYZ23, Example 3.1.3]. The same argument applies to the other map of correspondences, finishing
the proof of (4).

We next deduce (1) from (4). By symmetry it suffices to handle the left map of correspondences. We
similarly reduce to pullability of the diagram

Hk♭U Ũr

Hk♭V Ṽr.

ãr

f f̃r

b̃r

(8.3.4)

We have derived Cartesian squares

Hk♭U HkrS

Hk♭V Hk♭W

π

f z
Hk♭

W

g

Ũr HkrS

Ṽr W̃r.

f̃r
z
W̃r

g̃r

(8.3.5)

The first square in (8.3.5) identifies Hk♭U with Hk♭V ×Hk♭
W
HkrS , and the second identifies Ũr with Ṽr ×W̃r

HkrS . Hence the comparison map of (8.3.4) is the derived base change of the comparison map of (8.3.3),
and quasi-smoothness is stable under derived base change.

(3) follows from (1) by duality: the first map of correspondences in (1) is dual to the second map in
(3), and the second map in (1) is dual to the first map in (3). Indeed, dualization exchanges the ♭- and
♯-vertices. It also exchanges pullability and pushability by [FYZ23, Lemma 7.2.1] in its varying-base form
(see the end of [FYZ23, §7.2]).

(2) is deduced from (3) by base change, similarly to how (1) was deduced from (4). Indeed, for the left

square in (2), the comparison map ã0 : Hk♭U → Ũ0 is the top horizontal arrow in the Cartesian square

Hk♭U Ũ0

Hk♭V Hk♭W ×W0
V0.

ã0

f (8.3.6)

The lower horizontal arrow in (8.3.6) is the left-square comparison map for (3), so ã0 is its derived base
change along zHk♭

W
. We conclude using that properness is stable under derived base change. □
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In the proof of Lemma 8.3.1, we showed that the map of correspondences

Ũ0 Hk♭U Ũr

Ṽ0 Hk♭V Ṽr

ã0 ãr

b̃0 b̃r

is pullable.

Lemma 8.3.2. The map of correspondences

Ṽ0 Hk♭V Ṽr

HkrS HkrS HkrS

b̃0 b̃r

Id Id

is pullable. Consequently, the map of correspondences

Ũ0 Hk♭U Ũr

HkrS HkrS HkrS

ã0 ãr

Id Id

is pullable. The same statements hold after replacing Ũi (resp. Ṽi) with Ui (resp. Vi) and the bottom left
(resp. bottom right) HkrS with S.

Proof. The last sentence follows immediately from the definition of pullability, as in the proof of Lemma
8.3.1.

The second assertion follows from stability of pullable maps under composition (two-out-of-three for
pullable squares, [FYZ23, §3.1]). We now focus on proving the first statement. This amounts to showing
that the square

Hk♭V Ṽr

HkrS HkrS

b̃r

Id

is pullable, which is equivalent to b̃r being quasi-smooth. This holds by [FYZ23, Lemma 9.1.3(2)].
□

Lemma 8.3.3. For each i, the maps

b̃i : Hk♭V −→ Ṽi

of (8.1.8) are quasi-smooth of virtual relative dimension 0.

Proof. The quasi-smoothness is [FYZ23, Lemma 9.1.3(2)]. For the relative dimension, recall that over

an R-point (F⋆) of HkrS , the map b̃i is induced by the map F∗
i −→ F ♭∗• . Write F ♭univ,• for the universal

complex whose pullback at (F⋆) is F ♭•, and define the universal perfect complex

Ti,univ := cofib
(
h∗iF∗

univ −→ F ♭∗univ,•
)

in Perf(X ′ ×HkrS),

and let Ti be its pullback to X ′
R. At a classical R-point of HkrS , Ti is a torsion sheaf supported at the legs.

The relative tangent complex of b̃i is the pullback from HkrS of RHom(Ti,univ, Q1). The virtual relative

dimension may be checked at geometric points. There Riemann–Roch gives χEul(X
′,RHom(Ti, Q1)) = 0,

because both Ti and Q1 are torsion. □

Lemma 8.3.4. Assume r = 1. For i = 0, r, the maps

b̃i : Hk♭V −→ Ṽi

are LCI morphisms of virtual relative dimension 0.
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Proof. When r = 1, the complex F ♭• in (8.1.4) is the vector bundle F ♭1/2 placed in degree 0. Thus

(F ♭•)∗ = (F ♭1/2)
∗ is also a vector bundle. Since Q1 is torsion, the relative Hom complexes

RHom
(
(F ♭•)∗, Q1

)
and RHom(F∗

i , Q1)

on Hk1S are represented by locally free coherent sheaves in degree 0. Hence Hk♭V and Ṽi are ordinary

vector bundles over Hk1S , and b̃i is a morphism of vector bundles over Hk1S . A map of vector bundles
over the same base is always LCI, since it can be factored as the composition of a regular embedding
into its graph, followed by a smooth projection. Both bundles here are locally free of the same rank
n · length(Q1), so the virtual relative dimension is 0, consistent with Lemma 8.3.3. □

8.4. Gaussians. Abbreviate S̃ := HkrS , V
♭ := Hk♭V and V ♯ := Hk♯V .

For i = 0, r, let π̃i : Ṽi → S̃ be the projection to the base of the derived vector bundle, and let

hVi : Ṽi → Vi ∼= V be the base change of hi : S̃ → S.

We have a derived Cartesian diagram of vector bundles over S̃.

V ♭

Ṽ0 Ṽr

V ♯.

b̃0 b̃r

b̃′r b̃′0

(8.4.1)

Following [FYZ23, §2], the torsion sheaf Q1 carries a canonical Hermitian structure. In the notation

of loc. cit. one has Q1 = σ∗Q, and the pullback of the Hermitian structure h12 : Q
∼−→ σ∗Q∗ is

σ∗h12 : Q1 = σ∗Q
∼−→ Q∗ ∼= σ∗Q∗

1, Q∗ := Ext1X′(Q,OX′).

We continue to denote this transported form on Q1 by h12. (There are two natural choices h12 and
h21, related by h12 = −h21 [FYZ23, §2]; we fix the normalization h12 throughout, following [FYZ23].)
Tensoring h12 with the Hermitian structure of Funiv and applying relative Serre duality along X ′×S → S
produces a symmetric self-duality

hV : V
∼−−→ V̂ ,

whose associated quadratic function on Fq-points is the quadratic form q12 of [FYZ23, §2].
We single out the features that we will use.

• The symmetric self-duality hV : V
∼−→ V̂ pulls back to symmetric self-dualities

hV,i : Ṽi
∼−→ ̂̃
Vi

over S̃, for i = 0, r.

• There is an identification V ♭
∼−→ V̂ ♯. Thus, the diagram (8.4.1) is self-dual.

• With respect to these identifications, b̃′r is the dual morphism to b̃0, and b̃
′
0 is the dual morphism to

b̃r. (These three assertions are established in [FYZ23, §9.1–9.2], transported along the self-duality
hV defined above.)

• The diagram (8.4.1), the tensoring square (6.1.1) with f = b̃r, and their Fourier-dual diagrams
are globally presented in the sense of [FYZ23, Definition 6.3.1].

• The morphism b̃r is quasi-smooth of virtual relative dimension 0 by Lemma 8.3.3, and b̃′0 is

separated, so that the relative derived fundamental class [̃br] : b̃
∗
r → b̃!r and the forget-supports

map can(̃b′0) : b̃
′
0! → b̃′0∗ are defined.

Write d(V/S) for the virtual relative dimension of V → S, equivalently of either π̃i : Ṽi → S̃.
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8.4.1. Gaussian sheaves. Let ASψ0
∈ Dmot(A

1
Fq

;Q) be the motivic Artin–Schreier sheaf of (5.1.3), and

let ASψ,S and ASψ,S̃ denote its pullbacks to A1
S and A1

S̃
. Applying Construction 5.4.1 to hV gives

β := βhV
: V −→ A1

S , β∨ := β∨
hV

: V̂ −→ A1
S , βFT := βFT

hV
: V̂ −→ A1

S .

Set

Gβ := β∗ ASψ,S ∈ Dmot(V ;Q), G−β := (−β)∗ ASψ,S ∈ Dmot(V ;Q).

For i = 0, r, let

βi := (hVi )
∗β : Ṽi −→ A1

S̃
.

Equivalently, βi is the quadratic function induced by the pulled-back self-duality hV,i. Let β∨
i and βFT

i

denote the corresponding dual and Fourier-dual quadratic functions supplied by Construction 5.4.1.

Lemma 8.4.1. We have

β0 ◦ b̃0 = βr ◦ b̃r as morphisms V ♭ → A1
S̃
. (8.4.2)

Proof. Indeed, writing ι♭ : V
♭ ∼= V̂ ♯ for the identification above and ι♯ : V

♯ ∼= V̂ ♭ for its dual, the duality
assertions give ̂̃

b0 ◦ hV,0 = ι♯ ◦ b̃′r and
̂̃
br ◦ hV,r = ι♯ ◦ b̃′0.

Hence

β0(̃b0x) = ⟨ι♯ b̃′r b̃0 x, x⟩, and βr (̃brx) = ⟨ι♯ b̃′0 b̃r x, x⟩,

which agree by the commutativity of the diagram (8.4.1). □

Define

Gβ,i := β∗
i ASψ,S̃ ∈ Dmot(Ṽi;Q), G−β,i := (−βi)∗ ASψ,S̃ ∈ Dmot(Ṽi;Q). (8.4.3)

The equality h∗V,iβ
∨
i = βi identifies the positive-dual Gaussian with Gβ,i, while h∗V,iβ

FT
i = −βi, so the

transported Fourier-dual Gaussian is G−β,i.

8.4.2. Cohomological correspondences. Pulling ASψ,S̃ back along (8.4.2) gives

uβ : b̃
∗
0Gβ,0

∼−→ b̃∗rGβ,r. (8.4.4)

Applying the same construction to (−β0) ◦ b̃0 = (−βr) ◦ b̃r gives

u−β : b̃
∗
0G−β,0

∼−→ b̃∗rG−β,r. (8.4.5)

By Lemma 8.3.2, we may define a cohomological correspondence cṼ ∈ CorrV ♭(QṼ0
,QṼr

) as the pullback

of the identity cohomological correspondence on S̃. Concretely, cṼ is given explicitly by the composition

cṼ : b̃∗0QṼ0

∼= b̃∗rQṼr

[̃br]−−→ b̃!rQṼr
. (8.4.6)

Tensoring (8.4.6) with (8.4.4) gives

cṼ ⊗uβ ∈ CorrV ♭

(
Gβ,0,Gβ,r

)
, (8.4.7)

and tensoring with (8.4.5) gives

cṼ ⊗u−β ∈ CorrV ♭

(
G−β,0,G−β,r

)
.

Both tensor products are in the sense of Definition 6.1.1.
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8.4.3. Fourier transform of Gaussians. Let π : V → S be the structure morphism. Set

GQ := π!Gβ [d(V/S)] ∈ Dmot(S;Q), GQ,i := h∗iGQ ∈ Dmot(S̃;Q) (0 ≤ i ≤ r). (8.4.8)

By the definition of V in §8.1, it is the derived vector bundle associated to the perfect complex V =
RHom(F∗

univ, Q1). Since F∗
univ is locally free and Q1 is a fixed torsion sheaf on X ′, this is a locally free

sheaf in degree 0, so V is a vector bundle in the classical sense. Hence Lemma 5.4.3 implies that GQ, and
with it each GQ,i, is tensor-invertible.

Base change for Ṽi = V ×S,hi
S̃, followed by Lemma 5.4.2, gives a canonical isomorphism

[2]∗
Ṽi
h∗V,i FTṼi

(Gβ,i)
∼−→ G−β,i ⊗ π̃∗

iGQ,i. (8.4.9)

The scalar automorphism [2] acts on Ṽ0, Ṽr, V
♭, and V ♯. We write [2]∗V for the induced scalar pullback

on the corresponding sheaves, correspondences, and co-correspondences.
We define a normalized Fourier transform of cohomological correspondences

[2]∗V T[−d(V/S)](−d(V/S)) FTV ♭ : CorrV ♭(Gβ,0,Gβ,r)

−→ CorrV ♭

(
(G−β,0 ⊗ π̃∗

0GQ,0)[−d(V/S)](−d(V/S)),

(G−β,r ⊗ π̃∗
rGQ,r)[−d(V/S)](−d(V/S))

)
,

(8.4.10)

the composite of the Fourier transform (6.4.4) for (8.4.1) (whose legs have virtual relative dimension 0

by Lemma 8.3.3, so that no shift or twist appears), the identification V ♭ ∼= V̂ ♯, (8.4.9), and the displayed
common shift and Tate twist.

Lemma 8.4.2. Assume r = 1. For each sign ϵ = ±1, with u+β := uβ, the morphism

[̃br]ϵβ : b̃
∗
rGϵβ,r −→ b̃!rGϵβ,r

obtained from the relative derived fundamental class [̃br] is an isomorphism. Consequently, after applying

the isomorphisms uϵβ : b̃
∗
0Gϵβ,0

∼−→ b̃∗rGϵβ,r, there are canonical identifications

CorrV ♭(Gϵβ,0,Gϵβ,r) = HomV ♭ (̃b∗0Gϵβ,0, b̃
!
rGϵβ,r)

∼= EndV ♭ (̃b∗0Gϵβ,0)
∼= H0(V ♭,QV ♭). (8.4.11)

Proof. By Lemma 8.3.3, the morphism b̃r is quasi-smooth of virtual relative dimension 0. Thus the

relative derived fundamental class has the form [̃br] : b̃
∗
r → b̃!r without any additional shift or Tate twist.

Let pϵ,r : Ṽϵ,r → Ṽr be the finite étale Artin–Schreier cover obtained by pulling back (5.1.1) along the

composite of ϵβr : Ṽr → A1
S̃
with the projection A1

S̃
→ A1

Fq
, with ϵ = ±1. Then Gϵβ,r = eψ0

pϵ,r!QṼϵ,r

where eψ0
is the idempotent of Q[Fp] defined in (5.1.2). Form the Cartesian square

Ṽ ♭ϵ Ṽϵ,r

V ♭ Ṽr.

b̃r,ϵ

qϵ pϵ,r

b̃r

Since pϵ,r is finite étale, proper base change gives isomorphisms

b̃∗rGϵβ,r
∼= eψ0 qϵ!QṼ ♭

ϵ
, b̃!rGϵβ,r

∼= eψ0 qϵ!b̃
!
r,ϵQṼϵ,r

.

By Lemma 8.3.4, the map b̃r,ϵ is a classical LCI morphism of virtual relative dimension 0. Absolute

purity for rational Beilinson motives [CD19, Theorem 14.4.1] implies that b̃!r,ϵQṼϵ,r

∼= QṼ ♭
ϵ
, and then that

b̃!rGϵβ,r
∼= b̃∗rGϵβ,r

∼= b̃∗0Gϵβ,0. Since b̃
∗
0Gϵβ,0 is ⊗-invertible, the result follows. □
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Lemma 8.4.3. Let
X◦ := X − ν(|Q1| ∪ |Q2|),

Hk1,◦S := Hk1S ×XX◦,

V ♭,◦ := V ♭ ×Hk1
S
Hk1,◦S ,

V ♯,◦ := V ♯ ×Hk1
S
Hk1,◦S .

For i = 0, 1, let Ṽi := V ×S,hi
Hk1S, and let b̃i : V

♭ → Ṽi be the map over Hk1S. Let b̃′i denote the analogous
map on the Fourier-dual diamond. Then the restrictions

b̃◦i : V
♭,◦ ∼−→ Ṽ ◦

i , b̃′i
◦ : Ṽ ◦

i
∼−→ V ♯,◦

are isomorphisms.

Proof. We prove the assertion for b̃◦i ; the proof for b̃′i
◦ is identical, applied to the map (F ♯•)∗ → F∗

i

obtained by dualizing (8.1.4), whose cokernel is again torsion supported on Γx′ ∪ Γσx′ . Over an R-point

(F⋆) of Hk1,◦S , the map b̃i is induced by the morphism

p∗i : F∗
i −→ F ♭∗•

from the one-leg local model. The cokernel of p∗i is a torsion sheaf supported set-theoretically on Γx′∪Γσx′ ,
where x′ denotes the leg of (F⋆): for i = 0 the support lies on Γx′ , and for i = 1 on Γσx′ . Since the fiber

product defining Hk1,◦S is taken over X, the image of the leg in X lies in X◦, so both x′ and σ(x′) are
disjoint from |Q1|∪|Q2| (note that this set is σ-stable, since Q2

∼= σ∗Q∗
1). Therefore p

∗
i is an isomorphism

in an open neighborhood of |Q1| × Spec R ⊂ X ′
R, and hence induces an isomorphism

RHomX′
R
(F ♭∗• , Q1 ⊗R)

∼−→ RHomX′
R
(F∗

i , Q1 ⊗R).

This identification is functorial in R, so it identifies the corresponding total spaces over Hk1,◦S . □

Definition 8.4.4. On V ♭,◦, Lemma 8.4.3 and (8.4.2) give an isometry

b̃◦1 ◦ (̃b◦0)−1 : (Ṽ ◦
0 , β0|Ṽ ◦

0
)

∼−→ (Ṽ ◦
1 , β1|Ṽ ◦

1
)

We denote by

ξ◦ : b̃∗0π̃
∗
0GQ,0

∣∣∣
V ♭,◦

∼−→ b̃∗1π̃
∗
1GQ,1

∣∣∣
V ♭,◦

(8.4.12)

the induced transport isomorphism of relative Gauss factors in Dmot(V
♭,◦;Q).

Proposition 8.4.5. (1) Assume r = 1. There is a unique isomorphism ξ1 : b̃
∗
0π̃

∗
0GQ,0

∼−→ b̃∗1π̃
∗
1GQ,1

in Dmot(V
♭;Q) whose restriction to V ♭,◦ is ξ◦. Moreover, with respect to the normalized map

(8.4.10), we have

[2]∗V
(
T[−d(V/S)](−d(V/S)) FTV ♭(cṼ ⊗uβ)

)
= (cṼ ⊗u−β)⊗ ξ1[−d(V/S)](−d(V/S)) (8.4.13)

∈ CorrV ♭

(
(G−β,0 ⊗ π̃∗

0GQ,0)[−d(V/S)](−d(V/S)), (G−β,1 ⊗ π̃∗
1GQ,1)[−d(V/S)](−d(V/S))

)
,

the tensor operation being that of Definition 6.1.1; here ξ1[−d(V/S)](−d(V/S)) denotes the common
shift and Tate twist of ξ1.

(2) For general r, the identity (8.4.13) holds with ξ1 replaced by the isomorphism ξr : b̃
∗
0π̃

∗
0GQ,0

∼−→
b̃∗r π̃

∗
rGQ,r defined as the composite of the pullbacks of ξ1 along the factorization of (Ṽ0 ← V ♭ → Ṽr)

into one-leg correspondences (and ξ0 := Id), as depicted in (8.4.14).

V ♭1/2 V ♭3/2 · · · V ♭r−1/2

Ṽ0 Ṽ1 Ṽ2 Ṽr−1 Ṽr.

b̃
(1)
0 b̃

(1)
1 b̃

(2)
1 b̃

(2)
2

b̃
(r)
r−1 b̃(r)r (8.4.14)
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Proof. If r = 0, both sides are the identity correspondence by the zero-leg convention, and ξ0 = Id, so
the assertion is immediate. Hence assume r > 0.

First we will reduce to the case r = 1. For each 1 ≤ i ≤ r, let ρi : S̃ → Hk1S be the map recording the
i-th one-step modification, and pull the one-leg identity back along ρi. This gives the correspondence

Ṽi−1 ← V ♭i−1/2 → Ṽi

It is globally presented over the common base S̃, being the base change of the globally presented one-leg
diamond. By (8.4.14), these correspondences compose to V ♭. Base change and functoriality of relative
fundamental classes [Kha19, Theorems 3.12–3.13], together with Definition 6.2.1, identify cṼ with the
corresponding composite of the one-leg cohomological correspondences. Lemma 6.2.2 gives the analogous
composite after tensoring by the uβ , while Lemma 6.4.2 identifies its normalized Fourier transform with
the composite of the one-leg normalized Fourier transforms. The target Gauss factor in the i-th identity
is the source factor in the (i+1)-st, and their composite is the isomorphism ξr from the statement of the
proposition. Thus the one-leg identity implies the identity for general r.

Assume r = 1. By Lemma 5.4.3, each GQ,i is tensor-invertible; set

L :=
(
b̃∗0π̃

∗
0GQ,0

)−1 ⊗ b̃∗1π̃∗
1GQ,1 ∈ Dmot(V

♭;Q).

The object L is tensor-invertible. Tensor the identifications of Lemma 8.4.2 for ϵ = −1 with b̃∗i π̃
∗
iGQ,i

and apply the common shift and Tate twist in (8.4.10). This identifies the target group of (8.4.10) with
H0(V ♭,L), sending s to (cṼ ⊗u−β) ⊗ s[−d(V/S)](−d(V/S)); here cṼ ⊗u−β corresponds to 1 under (8.4.11).

There is therefore a unique s ∈ H0(V ♭,L) such that

[2]∗V
(
T[−d(V/S)](−d(V/S)) FTV ♭(cṼ ⊗uβ)

)
= (cṼ ⊗u−β)⊗ s[−d(V/S)](−d(V/S)).

We must show that s is an isomorphism restricting on V ♭,◦ to transport along the isometries of Lemma

8.4.3. Let π♭ : V ♭ → S̃ = Hk1S be the structure morphism; then π♭ = π̃i ◦ b̃i for i = 0, 1. Lemma 5.4.4,
applied to (V, hV ), gives

GQ ∼= gd(V/S)
∣∣
S
⊗ εQ,

where εQ is tensor-invertible and becomes trivial after a finite étale base change. Cancelling the constant
Gauss factors in the definition of L gives

L ∼= (π♭)∗
(
h∗0ε

−1
Q ⊗ h

∗
1εQ

)
.

The right-hand side is likewise trivial after a finite étale base change. Moreover, V ♭,◦ is dense in every
connected component, since each component of Hk1S dominates X through the smooth leg map and hence

meets the dense open Hk1,◦S . It follows that restriction to V ♭,◦ is injective on H0(−,L).
On V ♭,◦, the maps b̃◦i identify the correspondence with the graph of an isometry of quadratic bundles.

Naturality of (8.4.9) then identifies the restriction of the left side with (cṼ ⊗u−β)|V ♭,◦ tensored with the
tautological transport isomorphism ξ◦. Thus s|V ♭,◦ = ξ◦. This is an isomorphism, and the finite étale
local triviality used above implies that s is an isomorphism. Taking ξ1 := s completes the proof. □

8.4.4. The fundamental identity. We now pass from the S̃-relative correspondence Ṽ0 ← V ♭ → Ṽr to the
varying-base correspondence

V0 ←− V ♭ −→ Vr.

Recall that

bi := hVi ◦ b̃i : V ♭ −→ Vi (i = 0, r).

The maps hi : S̃ → S are smooth, schematic, and separated by [FYZ24, Lemma 6.9]; hence their base

changes hVi : Ṽi → Vi are smooth of virtual relative dimension d(hi). By Lemma 8.3.3, the maps b̃i
are quasi-smooth of virtual relative dimension 0. Thus bi = hVi ◦ b̃i is quasi-smooth of virtual relative
dimension d(hi).
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For K0 ∈ Dmot(V0;Q) and Kr ∈ Dmot(Vr;Q), we use the following cohomological correspondence
group with varying base:

CorrV ♭(K0,Kr) := HomV ♭(b∗0K0, b
!
rKr)

= HomV ♭

(
b̃∗0(h

V
0 )

∗K0, b̃
!
r(h

V
r )

!Kr
)
.

(8.4.15)

The equality β ◦ b0 = β ◦ br, viewed as an equality of morphisms V ♭ → A1
Fq

, induces an isomorphism

uβ : b
∗
0Gβ

∼−→ b∗rGβ , (8.4.16)

and similarly (−β) ◦ b0 = (−β) ◦ br induces u−β .

We define cV ∈ CorrV ♭(QV0
,QVr

⟨−d(hr)⟩) to be the pullback of the identity correspondence on pt.
Concretely, it is the composition

cV : b∗0QV0
∼= b∗rQVr

[br]−−→ b!rQVr
⟨−d(hr)⟩ (8.4.17)

where [br] is the relative fundamental class attached to the quasi-smooth map br. We compare it with
cṼ through (8.4.15). Since hVr is the base change of the smooth map hr, relative purity for hVr gives

[hVr ] : (h
V
r )

∗QVr

∼−→ (hVr )
!QVr

⟨−d(hr)⟩. (8.4.18)

Compositional compatibility of relative derived fundamental classes (cf. [Kha19, §3.2]) identifies [br] with
the composite of b̃∗r([h

V
r ]) followed by [̃br]; note that for the smooth map hVr the fundamental class

coincides with the purity isomorphism (8.4.18). Tensoring (8.4.17) with (8.4.16) gives a cohomological
correspondence

cV ⊗uβ ∈ CorrV ♭

(
Gβ ,Gβ⟨−d(hr)⟩

)
. (8.4.19)

Similarly, tensoring with u−β gives

cV ⊗u−β ∈ CorrV ♭

(
G−β ,G−β⟨−d(hr)⟩

)
. (8.4.20)

Let FTV ♭ denote, in this varying-base formulation, the Fourier transform of (6.4.6). After applying
the Gaussian isomorphism of Lemma 5.4.2, the normalized varying-base Fourier transform is

[2]∗V T[−d(V/S)](−d(V/S)) FTV ♭ : CorrV ♭

(
Gβ ,Gβ⟨−d(hr)⟩

)
−→ CorrV ♭

(
(G−β ⊗ π∗GQ)[−d(V/S)](−d(V/S)),

(G−β ⊗ π∗GQ)[−d(V/S)](−d(V/S))⟨−d(hr)⟩

)
. (8.4.21)

Under (8.4.15), the target group in (8.4.21) becomes the target group of (8.4.10); in the notation of
(8.4.3), this is the pair of identifications

(hV0 )
∗((G−β ⊗ π∗GQ)[−d(V/S)](−d(V/S))

)
=
(
G−β,0 ⊗ π̃∗

0GQ,0
)
[−d(V/S)](−d(V/S)),

(hVr )
!
(
(G−β ⊗ π∗GQ)[−d(V/S)](−d(V/S))⟨−d(hr)⟩

) ∼= (G−β,r ⊗ π̃∗
rGQ,r

)
[−d(V/S)](−d(V/S)).

The second identification is obtained by tensoring (8.4.18) with (hVr )
∗(G−β⊗π∗GQ)[−d(V/S)](−d(V/S)); the

twist ⟨−d(hr)⟩ cancels the purity shift and Tate twist in (hVr )
!.

Proposition 8.4.6 (Varying-base Gaussian correspondence). With respect to the normalized varying-
base map (8.4.21), one has

[2]∗V
(
T[−d(V/S)](−d(V/S)) FTV ♭(cV ⊗uβ)

)
= (cV ⊗u−β)⊗ ξr [−d(V/S)](−d(V/S)) (8.4.22)

∈ CorrV ♭

(
(G−β ⊗ π∗GQ)[−d(V/S)](−d(V/S)), (G−β ⊗ π∗GQ)[−d(V/S)](−d(V/S))⟨−d(hr)⟩

)
, (8.4.23)

where ξr is the isomorphism of Proposition 8.4.5, viewed through (8.4.15) (note that b∗i π
∗GQ = b̃∗i π̃

∗
iGQ,i).

Proof. By definition of the varying-base correspondence group (8.4.15) and the varying-base Fourier
transform (6.4.6), it suffices to check (8.4.22) after applying (8.4.15). Under this identification, cV ⊗uβ
becomes cṼ ⊗uβ : the class [br] becomes [̃br] by the composition and purity discussion preceding (8.4.19),

and (hVr )
!(Gβ⟨−d(hr)⟩) ∼= Gβ,r. The same purity cancellation identifies cV ⊗u−β with cṼ ⊗u−β , and the

Gauss factors correspond via GQ,i = h∗iGQ, matching the shifted target groups.
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By the definition of the varying-base transform (6.4.6), the normalized varying-base map (8.4.21)
corresponds, under (8.4.15), to (8.4.10). Therefore the image of (8.4.22) under (8.4.15) is precisely the
identity of Proposition 8.4.5, with the same ξr. Since (8.4.15) is an isomorphism, the varying-base identity
follows. □

9. Proof of the Modularity Conjecture

In this section we complete the proof of the Modularity Conjecture of [FYZ25]. We first recall its
formulation. A point of BunGU−(2m) is a triple (G,M, h), where G is a rank 2m vector bundle on X ′, M
is a line bundle on X, and

h : G ∼−→ σ∗G∨ ⊗ ν∗M = σ∗G∗ ⊗ ν∗(ωX ⊗M)

is skew-Hermitian. Put L := ωX⊗M. Let BunP̃m
be the stack of quadruples (G,M, h, E), with (G,M, h) ∈

BunGU−(2m) and E ⊂ G a Lagrangian sub-bundle. Forgetting E defines a surjective map

BunP̃m
(Fq) ↠ BunGU−(2m)(Fq). (9.0.1)

With the normalization of [FYZ25, §4.6], the higher theta series is the function

Z̃n,rm : BunP̃m
(Fq) −→ CHr(n−m)(Sht

r
GU(n)), (9.0.2)

whose value at (G,M, h, E) is

Z̃n,rm (G, E) = χ(det E) qn(deg E−degL−degωX)/2
∑

a∈AE,L(Fq)

ψ(⟨eG,E , a⟩) [ZrE,L(a)] (9.0.3)

with the notation explained as follows:

• χ : PicX′(k)→ Q
×

is a character satisfying χ ◦ ν∗ = ηn on PicX(k), where η : PicX(k)→ {±1}
is the character corresponding to the double cover X ′/X. We also write ηF ′/F = η.

• ψ : Fq → Q
×

is a nontrivial character.
• AE,L(Fq) is the set of Hermitian maps a : E → σ∗E∨ ⊗ ν∗L.
• eG,E ∈ Ext1(σ∗E∗ ⊗ ν∗L, E) is the extension class for the short exact sequence

0 −→ E −→ G −→ σ∗E∗ ⊗ ν∗L −→ 0, (9.0.4)

and ⟨eG,E , a⟩ is the Serre duality pairing.

Conjecture 9.0.1 (The Modularity Conjecture). The function Z̃n,rm descends along (9.0.1); in other

words, Z̃n,rm (G, E) is independent of the choice of Lagrangian E ⊂ G.

To keep the notation manageable, we write out the proof below only in the case of the trivial-similitude
fiber L = OX . The same ideas apply straightforwardly to the general case. On this fiber M = ω−1

X ,

the skew-Hermitian form is an isomorphism G ∼= σ∗G∗. We write BuntrivGU−(2m) and BunPm for the

corresponding fibers of BunGU−(2m) and BunP̃m
, and we write ShtrU(n) = ShtrU(n),OX

. We likewise

abbreviate AE := AE,OX
and ZrE(a) := ZrE,OX

(a).

9.1. Modularity in low corank. We first prove the Modularity Conjecture in the range m ≤ n/3,
where we have established the Trace Conjecture in Theorem 4.1.3.

Theorem 9.1.1 (Modularity in low corank). Assume m ≤ n/3. Then for every G ∈ BuntrivGU−(2m)(Fq)
and every pair of Lagrangian sub-bundles E1, E2 ⊂ G,

Z̃n,rm (G, E1) = Z̃n,rm (G, E2) ∈ CHr(n−m)(Sht
r
U(n)). (9.1.1)

Proof of Theorem 9.1.1.
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9.1.1. Reductions. Let S = Bun≤µU(n) be a Harder–Narasimhan truncation and let ShtrS ⊂ ShtrU(n) be the

induced open substack. We have

CHr(n−m)(Sht
r
U(n)) = lim←−

µ

CHr(n−m)(Sht
r
S). (9.1.2)

Thus it is enough to prove (9.1.1) after restriction to every CHr(n−m)(Sht
r
S). The transverse reduction of

[FYZ23, §2.2] says that, in a fixed fiber of pm, the equivalence relation generated by transverse pairs of
Lagrangians is the full relation. Thus we may assume that E1, E2 ⊂ G are transverse. We will prove that

Z̃n,rm (G, E1)
∣∣
S
= Z̃n,rm (G, E2)

∣∣
S
. (9.1.3)

Now the formulations and results of §8 apply, and we maintain the notation from there.

9.1.2. Preparations. To summarize the setup, we have short exact sequences

0 −→ σ∗E2 −→ E∗1 −→ Q1 −→ 0, 0 −→ σ∗E1 −→ E∗2 −→ Q2 −→ 0, (9.1.4)

where Q2
∼= σ∗Q∗

1 and Q∗
1 = Ext1X′(Q1,OX′). Let DQ be the effective divisor on X, counted with

lengths, whose pullback to X ′ is the scheme-theoretic support divisor of Q1, equivalently of Q2. Thus

det(Q1) ∼= ν∗OX(DQ). In what follows U, V,W,U⊥, V̂ ,W⊥, their Hecke correspondences, and the maps
f, π, f⊥, π⊥ are as in (8.1.2), (8.1.3), (8.1.5), and (8.1.8). Abbreviate d := d(V/S).

The skew-Hermitian form on G induces two opposite Hermitian forms on the common torsion quotient,
as in [FYZ23, §2.3]:

h12, h21 : Q1
∼−→ σ∗Q∗

1, h21 = −h12. (9.1.5)

(In particular div(Q1) is σ-invariant, which justifies the existence of the divisor DQ on X introduced
above.) Let β = β12 : V → A1

S be the quadratic function attached to h12, and let −β = β21 be the
quadratic function attached to h21. We write Gβ = β∗ ASψ,S and G−β = (−β)∗ ASψ,S .

Lemma 9.1.2. The relative Gauss cohomology of (8.4.8), equivalently

GQ := πV !Gβ [d] ∈ Dmot(S;Q) (9.1.6)

has constant Frobenius trace function on S(Fq), which for every s ∈ S(Fq) is equal to

Tr(Frob,GQ)(s) = (−1)dqd/2ηF ′/F (DQ)
n. (9.1.7)

More generally, for every finite extension Fqk and every s ∈ S(Fqk), one has

Tr(Frobkq ,GQ)(s) = (−1)dqkd/2ηF ′
k/Fk

(DQ,k)
n =

(
(−1)dqd/2ηF ′/F (DQ)

n
)k

where the subscript k indicates base change to Fqk .

Proof. The statement is pointwise, so fix s ∈ S(Fqk); to lighten notation take k = 1. The formation of
πV !Gβ commutes with the base change along s→ S, and since Q1 is torsion, the fiber Vs = Hom(F∗

s , Q1)
is a finite-dimensional Fq-quadratic space with quadratic form q12. By the Grothendieck–Lefschetz trace
formula,

Tr(Frob, πV !Gβ)(s) =
∑

v∈Vs(Fq)

ψ(βs(v)), (9.1.8)

the Gauss sum of (Vs, q12). The computation of [FYZ23, Lemma 2.3.8] gives∑
v∈Vs(Fq)

ψ(βs(v)) = qd/2ηF ′/F (DQ)
n,

independently of the Hermitian bundle Fs. For general k with the additive character ψk := ψ ◦TrF
qk
/Fq

,

the same placewise calculation over Xk gives∑
v∈Vs(Fqk

)

ψk(βs(v)) = qkd/2ηF ′
k/Fk

(DQ,k)
n. (9.1.9)

Moreover, ηF ′
k/Fk

(DQ,k) = ηF ′/F (DQ)
k. Finally, the shift [d] in (9.1.6) contributes the sign (−1)d. Here

d = ndegX′(ν∗DQ) = 2ndegDQ is even, so this sign is 1. Together with (9.1.9), this proves the result. □
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Let π♭ : V ♭ → Hk1S be the projection. This is a vector bundle in the classical sense by the proof of
Lemma 8.3.4. Therefore (π♭)∗ is fully faithful (by homotopy invariance), and via the identifications

(π♭)∗h∗iGQ = b∗i π
∗GQ = b̃∗i π̃

∗
iGQ,i,

the isomorphism ξ1 of Proposition 8.4.5 descends uniquely to an isomorphism

ξ̄1 : h
∗
0GQ

∼−→ h∗1GQ.

For 0 ≤ i ≤ r, let hi : HkrS → Si record the i-th intermediate bundle, where each Si is a copy of S. For
1 ≤ i ≤ r, let ρi : HkrS → Hk1S record the i-th modification. Then ρ∗i ξ̄1 is an isomorphism from h∗i−1GQ
to h∗iGQ. For general r, let

ξ̄r := ρ∗r ξ̄1 ◦ · · · ◦ ρ∗1ξ̄1 : h∗0GQ
∼−→ h∗rGQ (9.1.10)

and set ξ̄0 = Id. The one-leg factorization is displayed schematically as

Hk1S Hk1S · · · Hk1S

S0 S1 S2 Sr−1 Sr,

h0 h1 h0 h1 h0 h1 (9.1.11)

where the i-th copy of Hk1S is the correspondence from Si−1 to Si, pulled back to HkrS along ρi. Thus

the pullback of ξ̄r along Hk♭V → HkrS is the isomorphism ξr of Proposition 8.4.5.

Corollary 9.1.3. The trace of (GQ, ξ̄r) twisted by Frobenius is the constant class

TrSht(GQ, ξ̄r) = (−1)dqd/2ηF ′/F (DQ)
n · 1ShtrS

in H0(ShtrS ,Q), where 1ShtrS denotes the unit section.

Proof. By Lemma 5.4.3, applied as in the paragraph following (8.4.8), the object GQ is tensor-invertible.

Hence the trace is given by an element of H0(ShtrS ,Q), i.e. a locally constant function. It is enough to
compute this locally constant function on a nonempty open substack of each connected component.

Let Shtr,◦S ⊂ ShtrS be the locus where all legs avoid ν−1(DQ). If r = 0, this is all of Sht0S . If r > 0, let
C be a connected component of ShtrS . By [FYZ24, §6], the leg map ShtrU(n) → (X ′)r is smooth, hence

open; therefore the image of C is a nonempty open subset of a connected component of (X ′)r. Since
(X ′ \ ν−1(DQ))

r is dense in every connected component of (X ′)r, the component C meets Shtr,◦S .
Over Shtr,◦S , all bundle modifications in the shtuka restrict to isomorphisms on a neighborhood of

ν−1(DQ). Thus the restriction of ξ̄r is the r-fold composition of the tautological isomorphism (8.4.12). Fix
a geometric point y of Shtr,◦S . Let τy be the isometry from F0|ν−1(DQ) to Fr|ν−1(DQ) obtained by composing

the Hecke modifications, and let φy : Fr
∼−→ Frob∗q F0 be the identification in the definition of shtuka.

The composite (φy|ν−1(DQ)) ◦ τy is the Frobenius-semilinear isometry that supplies descent on the finite

quadratic space Vy = Hom(F∗
0 , Q1). By the definition of ξ◦ in (8.4.12) and of ξ̄r, the Frobenius-twisted

endomorphism of the Gauss cohomology at y is precisely the transport induced by this semilinear isometry.
The twisted Grothendieck–Lefschetz formula identifies its trace with the Gauss sum on the fixed subspace,
which is the descended finite Hermitian quadratic space over Fq. The computation of [FYZ23, Lemma

2.3.8], applied to that descended space, gives qd/2ηF ′/F (DQ)
n, and the shift [d] contributes (−1)d. □

9.1.3. Sheaf-cycle correspondence. Recall the cohomological correspondence cV from (8.4.17). On the
Fourier-dual row, write

cV̂ ∈ CorrHk♭
V̂

(
QV̂0

,QV̂r
⟨−d(hr)⟩

)
for the analogous pullback of the identity correspondence, defined using the quasi-smooth map βr :

Hk♭
V̂
→ V̂r. Under the self-duality identifications used in Proposition 8.4.6, cV identifies with cV̂ . The

pullback cohomological correspondences cU = f∗ cV and cU⊥ = (f⊥)∗ cV̂ exist by Lemma 8.3.1. We also
use the Gaussian pullback isomorphisms uβ and u−β defined in and immediately after (8.4.16): uβ is
induced by the equality β ◦ b0 = β ◦ br, and u−β is induced by the equality (−β) ◦ b0 = (−β) ◦ br.
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Lemma 9.1.4. In CHr(n−m)(Sht
r
S), one has

Sht(π)! Tr
Sht(cU ⊗f∗uβ)

= q−d+d(U/S)+d/2ηF ′/F (DQ)
n Sht(π⊥)! Tr

Sht
(
cU⊥ ⊗(f⊥)∗u−β

)
.

(9.1.12)

Proof. Under the self-duality identifications used in Proposition 8.4.6, the right hand side of (8.4.22) is

the correspondence cV̂ ⊗u−β on the Fourier-dual Hk♭
V̂
-row in (8.1.8). By definition of cU and cU⊥ , and

by compatibility of pullback with tensoring (the pullable analogue of Lemma 6.2.2, proved by the same
concatenation-of-base-change argument), we have

f∗(cV ⊗uβ) = cU ⊗f∗uβ , (f⊥)∗(cV̂ ⊗u−β) = cU⊥ ⊗(f⊥)∗u−β . (9.1.13)

We next compare the pushed correspondences on the base correspondence S
h0←− HkrS

hr−→ S. Apply the
Base Change Theorem for cohomological correspondences, [FK24, Theorem 4.4.2], to the square of maps
of correspondences induced by the first square in (8.1.5). The corresponding arrows for its top, right, left,
and bottom maps are, respectively, f , g, π, and zHk♭

W
. Parts (1)–(4) of Lemma 8.3.1 say respectively that

f is pullable, π is pushable, g is pushable, and zHk♭
W

is pullable. The corresponding commutative squares

are the base changes of the derived Cartesian square (8.1.3), hence are themselves Cartesian. Thus the
hypotheses of the Base Change Theorem hold, and it gives the canonical identification

π!f
∗(cV ⊗uβ) ∼= z ∗

Hk♭
W
g!(cV ⊗uβ), (9.1.14)

where zHk♭
W
: HkrS → Hk♭W denotes the zero section in (8.1.5).

We now apply the motivic derived Fourier transform to (9.1.14). On the S-row the Fourier transform is
the identity, since S is the zero derived vector bundle over itself. The required hypotheses are precisely the
global-presentation hypotheses asserted for both diagrams after (8.1.8) in §8.1. First, the left-pushable
part of Proposition 6.4.1, applied to the map with vertical arrow g, gives

T[d(g0)] FTHk♭
W
(g!(cV ⊗uβ)) ∼= (f⊥)∗ FTHk♭

V
(cV ⊗uβ). (9.1.15)

Here the Fourier-dual map has vertical arrow f⊥ = ĝ♯, denoted ĝ in the second diagram of (8.1.5).

Second, the right-pullable part of Proposition 6.4.1, applied to the zero-section map zHk♭
W
: HkrS → Hk♭W ,

gives

FTHkr
S

(
z ∗
Hk♭

W
g!(cV ⊗uβ)

)
∼= π⊥

! T[−d(zW,0)](−d(zW,0)) FTHk♭
W
(g!(cV ⊗uβ)) . (9.1.16)

The Fourier-dual of the zero section zW : S →W is the projection U⊥ = Ŵ → S, hence the pushforward
in (9.1.16) is π⊥

! . Here zW,0 : S →W0 denotes the zero section over the first copy of S. Combining (9.1.14),
(9.1.15), and (9.1.16), and then using Proposition 8.4.6, gives the following identity of cohomological
correspondences on HkrS :

π!f
∗(cV ⊗uβ) ∼=

(
π⊥
! (f

⊥)∗(cV̂ ⊗u−β)
)
⊗ (GQ, ξ̄r)[d−2d(U/S)](d−d(U/S)). (9.1.17)

Here ξ̄r is as in (9.1.10), and ⊗(GQ, ξ̄r) is the tensor operation of Definition 6.1.1 with this datum. The
shift and Tate twist in (9.1.17) are obtained by combining the following contributions:

operation shift and twist
normalized FT (8.4.21) [d](d)

g-functoriality (9.1.15) T[−d(g0)]
zero-section functoriality (9.1.16) T[−d(zW,0)](−d(zW,0))

common normalization on the Gauss factor [−d](−d)

total after rank additivity [d−2d(U/S)](d−d(U/S)).

The extra row records that the normalized Gaussian Fourier identity carries the factor GQ[−d](−d), while
(9.1.17) is written as a twist by GQ together with the displayed common shift and Tate twist. Finally,
the scalar multiplication [2]∗V appearing in (8.4.21) commutes with all linear maps in (8.1.3) and (8.1.5),
and becomes the identity on S.

Taking Frobenius traces in (9.1.17), and using Corollary 9.1.3 for the Gauss twist, gives

TrSht(π!f
∗(cV ⊗uβ)) = (−1)dq−d+d(U/S) Tr(Frob,GQ) TrSht

(
π⊥
! (f

⊥)∗(cV̂ ⊗u−β)
)
. (9.1.18)
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It remains to commute the pushforwards past the formation of the trace, using Proposition 7.1.1.
The maps of correspondences in question satisfy its hypotheses. Indeed, F ♭• has tor-amplitude [0, 1], so
its dual has amplitude [−1, 0]; applying relative RHom into the fixed vector bundles and then relative
cohomology on the curve produces coconnective perfect complexes. The same calculation applies to the
Fourier-dual row. The comparison maps ãi and ã

⊥
i are closed embeddings of derived vector bundles by

[FYZ23, Lemma 9.1.3(1)]; equivalently, the fibers of the defining maps of perfect complexes have tor-
amplitude [1,∞) by [FYZ23, Lemma 6.1.5]. Finally, ASψ is a direct summand of the pushforward of
the unit along the finite étale Artin–Schreier cover (5.1.1); hence it is geometric, and so are its Gaussian
pullbacks and their tensor products with the unit coefficient objects. Thus Proposition 7.1.1 applies and
gives

TrSht(π!f
∗(cV ⊗uβ)) = Sht(π)! Tr

Sht(cU ⊗f∗uβ) ,

TrSht
(
π⊥
! (f

⊥)∗(cV̂ ⊗u−β)
)
= Sht(π⊥)! Tr

Sht
(
cU⊥ ⊗(f⊥)∗u−β

)
.

(9.1.19)

Thus (9.1.18) and (9.1.19) imply

Sht(π)! Tr
Sht(cU ⊗f∗uβ)

= (−1)dq−d+d(U/S) Tr(Frob,GQ) Sht(π⊥)! Tr
Sht
(
cU⊥ ⊗(f⊥)∗u−β

)
.

(9.1.20)

Finally, substituting the relative Gauss-sum calculation (9.1.7), namely

Tr(Frob,GQ) = (−1)dqd/2ηF ′/F (DQ)
n,

into (9.1.20) gives (9.1.12), with scalar

(−1)dq−d+d(U/S) · (−1)dqd/2ηF ′/F (DQ)
n = q−d+d(U/S)+d/2ηF ′/F (DQ)

n.

□

9.1.4. Calculation of the trace.

Lemma 9.1.5. The two pushed trace classes satisfy

Z̃n,rm (G, E1)
∣∣
S
= χ(det E1)qn(deg E1−degωX)/2 Sht(π)! Tr

Sht(cU ⊗f∗uβ) ,

Z̃n,rm (G, E2)
∣∣
S
= χ(det E2)qn(deg E2−degωX)/2 Sht(π⊥)! Tr

Sht
(
cU⊥ ⊗(f⊥)∗u−β

)
.

(9.1.21)

Proof. Since Artin–Schreier sheaves are tensor-invertible, Example 4.4.1 and Lemma 4.4.2 yield

TrSht(cU ⊗f∗uβ) = TrSht(cU ) ∩ TrSht(f∗uβ),

TrSht
(
cU⊥ ⊗(f⊥)∗u−β

)
= TrSht(cU⊥) ∩ TrSht((f⊥)∗u−β).

Here TrSht(f∗uβ) ∈ CH0(Sht(Hk♭U )) denotes the locally constant trace function obtained by restricting

f∗uβ to that fixed-point stack and composing with Frobenius. Analogously, TrSht((f⊥)∗u−β) lies in

CH0(Sht(Hk♭U⊥)).
We identify the two pushed trace classes with the two unnormalized theta sums. LetMEi,S → AEi be

the Hitchin stack over S for the Lagrangian Ei. The moduli descriptions of the two U -rows give canonical
identifications

Sht(Hk♭U )
∼= ZrE1

|S , Sht(Hk♭U⊥) ∼= ZrE2
|S .

Under these identifications, cU and cU⊥ are, respectively, the restrictions over S of the canonical Hitchin
cohomological correspondences cME1

and cME2
. The fixed-point Hitchin base is (using [FYZ25, Lemma

6.14])

AEi
×(Id,Frob),AEi

×AEi
,∆ AEi

∼=
∐

a∈AEi
(Fq)

Spec Fq. (9.1.22)

The low-corank Trace Conjecture, Theorem 4.2.1, applies because m ≤ n/3. Restricted to the open-
and-closed summand indexed by a in (9.1.22), it identifies the unweighted trace class with the derived

fundamental class of ZrEi
(a)|S . (Here we use that TrSht commutes with restriction to open substacks, by

[FK24, Proposition 6.2.2].) The extension-class calculation of [FYZ23, §2.3 and Lemma 10.2.7] identifies
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the trace of f∗uβ on the a-summand for E1 with ψ(⟨eG,E1
, a⟩), and identifies the trace of (f⊥)∗u−β on

the a-summand for E2 with ψ(⟨eG,E2
, a⟩). Thus

Sht(π)! Tr
Sht(cU ⊗f∗uβ) =

∑
a∈AE1

(Fq)

ψ(⟨eG,E1 , a⟩)[ZrE1
(a)]

∣∣
S
, (9.1.23)

and

Sht(π⊥)! Tr
Sht
(
cU⊥ ⊗(f⊥)∗u−β

)
=

∑
a∈AE2

(Fq)

ψ(⟨eG,E2
, a⟩)[ZrE2

(a)]
∣∣
S
. (9.1.24)

Comparing (9.1.23) and (9.1.24) with the trivial-similitude specialization of (9.0.3) gives (9.1.21). □

Combining Lemma 9.1.5 with Lemma 9.1.4 gives

Z̃n,rm (G, E1)
∣∣
S
= q−d+d(U/S)+d/2+

n(deg E1−deg ωX )

2 −n(deg E2−deg ωX )

2

· ηF ′/F (DQ)
nχ(det E1)χ(det E2)−1 Z̃n,rm (G, E2)

∣∣
S
.

(9.1.25)

9.1.5. Completion of the proof of Theorem 9.1.1. It remains to show that the scalar factor in (9.1.25),
namely

q−d+d(U/S)+d/2+
n(deg E1−deg ωX )

2 −n(deg E2−deg ωX )

2 ηF ′/F (DQ)
nχ(det E1)χ(det E2)−1

is equal to 1.
Applying RHom(F∗

univ,−) to the first exact sequence in (9.1.4) gives an exact triangle

RHom(F∗
univ, σ

∗E2) −→ RHom(F∗
univ, E∗1 ) −→ RHom(F∗

univ, Q1).

The total spaces of the middle and right terms are U and V , respectively, and d = d(V/S). Hence
additivity of virtual ranks gives, on each connected component of S,

−d+ d(U/S) +
d

2
= χEul(X

′,Funiv ⊗ σ∗E2) +
1

2
χEul(X

′,Funiv ⊗Q1). (9.1.26)

For a geometric point F of S, the Hermitian condition F ∼= σ∗F∨, with F∨ = Hom(F , ωX′), implies

degF =
n

2
degωX′ = ndegωX .

Riemann–Roch on X ′ therefore gives

χEul(X
′,F ⊗ σ∗E2) = n deg E2.

Since Q1 is torsion,

χEul(X
′,F ⊗Q1) = n degQ1.

The first exact sequence in (9.1.4) gives degQ1 = −deg E1 − deg E2. Substituting these two Euler
characteristic computations into (9.1.26) gives

−d+ d(U/S) +
d

2
=
n(deg E2 − deg E1)

2
. (9.1.27)

Consequently the total exponent of q in (9.1.25) is

n(deg E2 − deg E1)
2

+
n(deg E1 − degωX)

2
− n(deg E2 − degωX)

2
= 0.

It remains to identify the character factor. Taking determinants in the first exact sequence of (9.1.4)
gives

det(E∗1 ) ∼= det(σ∗E2)⊗ det(Q1).

By the definition of DQ, the determinant of the torsion sheaf Q1 is ν∗OX(DQ). Equivalently,

det E1 ⊗ ν∗OX(DQ) ∼= σ∗(det E∗2 ). (9.1.28)

The character χ restricts to η nF ′/F on ν∗ PicX(Fq). Moreover χ(σ∗L) = χ(L)−1 for every L ∈ PicX′(Fq),

because σ∗L⊗ L = ν∗ Nm(L) and ηF ′/F is trivial on norms. Applying χ to (9.1.28) gives

χ(det E1)ηF ′/F (DQ)
n = χ(det E2). (9.1.29)
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Equation (9.1.27) makes the q-power in (9.1.25) equal to 1, and (9.1.29) does the same for the character
and Gauss factor. Hence the scalar is 1, proving Theorem 9.1.1. □

9.2. The embedding trick. We now pass from Theorem 9.1.1 to the full Modularity Conjecture using a
version of the “embedding trick” for theta series. A similar idea has appeared before, for instance, in the
work of Yuan–Zhang–Zhang [YZZ09], Kudla [Kud21], and Howard–Madapusi [HM25] on modularity of
theta series on orthogonal Shimura varieties. This will involve considering Hermitian shtukas of varying
ranks, so we introduce some temporary notation that makes the rank explicit. We write

Z̃N,rm (G, E) ∈ CHr(N−m)(Sht
r
U(N))

for the higher theta series of Hermitian rank N and corank m. For each N , the theta series is normalized
using an admissible character

χN : PicX′(k) −→ Q
×

whose restriction along ν∗ : PicX(k) → PicX′(k) is ηNF ′/F . Note that this condition implies χN (σ∗L) =

χN (L)−1, since σ∗L⊗ L = ν∗ Nm(L) and ηNF ′/F (Nm(L)) = 1.

Lemma 9.2.1. The direct-sum morphism

addN1,N2
: Sht0U(N1)× ShtrU(N2) −→ ShtrU(N1+N2) (9.2.1)

is LCI, so that the pullback add∗N1,N2
exists on Chow groups, via the Gysin pullback (2.5.2). Let N1, N2 ≥

m, and suppose

χN1+N2
= χN1

χN2
. (9.2.2)

Then for every (G, E) ∈ BunPm
(k) one has

add∗N1,N2

(
Z̃N1+N2,r
m (G, E)

)
= Z̃N1,0

m (G, E)⊠ Z̃N2,r
m (G, E). (9.2.3)

Proof. The source and target of addN1,N2 are smooth: ShtrU(N) is smooth by [FYZ24, §6], while Sht0U(N1)

is the discrete groupoid BunU(N1)(Fq). Hence addN1,N2
is LCI. By [FYZ24, Lemma 6.9(2)], ShtrU(N) has

pure dimension rN , including the r leg parameters, whereas Sht0U(N1) has dimension 0. Thus

d(addN1,N2
) = rN2 − r(N1 +N2) = −rN1.

Consequently its Gysin pullback carries CHr(N1+N2−m) to CHr(N1+N2−m)−rN1
= CHr(N2−m), which is

precisely the degree of the product class on the right side of (9.2.3). For target rank N , let ZN,rE (a) ⊂
ShtrU(N) denote the special cycle of Hermitian parameter a ∈ AE(k). Functoriality in the unitary variable

[FYZ25, Proposition 7.5] gives, for every a,

add∗N1,N2
[ZN1+N2,r

E (a)] =
∑

a1+a2=a

[ZN1,0
E (a1)]⊠ [ZN2,r

E (a2)] (9.2.4)

in CH∗(Sht
0
U(N1)× ShtrU(N2)). In more detail, apply [FYZ25, Proposition 7.5] to B(U(N1) × U(N2)) →

BU(N1 + N2), restrict to the open-closed component Sht0U(N1)× ShtrU(N2) on which all legs modify the

second factor, and pull back along pt → BAut(E) as in [FYZ25, Example 7.6]. The source decomposes
by the two Hermitian parameters, whose sum is the target parameter. At an R-point (t1, t2), this is the
identity4

a(t1 ⊕ t2) = σ∗(t1 ⊕ t2)∨ ◦ hF1⊕F2
◦ (t1 ⊕ t2) = a(t1) + a(t2), (9.2.5)

4The isomorphism of derived stacks in [FYZ25, Proposition 7.5] gives (9.2.4) before taking fundamental classes.
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because hF1⊕F2
= hF1

⊕ hF2
is block diagonal. Additivity of the Artin–Schreier character and (9.2.4)

now give the unnormalized factorization

add∗N1,N2

(∑
a

ψ(⟨eG,E , a⟩)[ZN1+N2,r
E (a)]

)
=
∑
a1,a2

ψ(⟨eG,E , a1 + a2⟩)[ZN1,0
E (a1)]⊠ [ZN2,r

E (a2)]

=

(∑
a1

ψ(⟨eG,E , a1⟩)[ZN1,0
E (a1)]

)
⊠

(∑
a2

ψ(⟨eG,E , a2⟩)[ZN2,r
E (a2)]

)
.

The character identity (9.2.2) likewise gives

χN1+N2(det E) q(N1+N2)(deg E−degωX)/2 =

2∏
i=1

χNi(det E) qNi(deg E−degωX)/2.

Together, these two factorizations prove (9.2.3). □

Throughout the rest of this subsection, we use the identification of CH0(Sht
0
U(N)) with the space

of Q-valued functions on the groupoid BunU(N)(Fq), as in [FYZ25, §4] and [FYZ23, §2.3]; under this

identification, [Z0
E(a)](F) = #{t : E → F | a(t) = a}, with no automorphism weighting.

Lemma 9.2.2. Fix m ≤ n and (G, E) ∈ BunPm
(k). There is a point F0 ∈ Sht0U(2n)(k) such that

Z̃2n,0
m (G, E)(F0) ̸= 0.

Proof. Choose a rank n vector bundle H on X ′ defined over Fq, for instance O⊕n
X′ . For

F0 = H⊕ σ∗H∨

we have σ∗F∨
0 ≃ σ∗H∨ ⊕ H, and the isomorphism F0

∼−→ σ∗F∨
0 exchanging the two summands is

Hermitian. Thus F0 defines a k-point of BunU(2n), hence a point F0 ∈ Sht0U(2n)(k). Then

Z̃2n,0
m (G, E)(F0) = χ2n(det E)qn(deg E−degωX)

∑
t∈HomX′ (E,F0)

ψ
(
⟨eG,E , a(t)⟩

)
, (9.2.6)

where a(t) = σ∗t∨◦hF0
◦t is the Hermitian parameter induced by t. The prefactor in (9.2.6) is nonzero, and

the function t 7→ ⟨eG,E , a(t)⟩ is a homogeneous quadratic form on the finite k-vector space HomX′(E ,F0).
Hence (9.2.6) is nonzero. □

Theorem 9.2.3 (The Modularity Conjecture). For all m ≤ n and all r ≥ 0, the map

Z̃n,rm : BunPm
(k) −→ CHr(n−m)(Sht

r
U(n))

descends to BuntrivGU−(2m)(k). Equivalently, if G is a trivial-similitude skew-Hermitian bundle of rank 2m
and E1, E2 ⊂ G are Lagrangian subbundles, then

Z̃n,rm (G, E1) = Z̃n,rm (G, E2)
in CHr(n−m)(Sht

r
U(n)).

Proof. Fix the rank n character χn. For the auxiliary ranks set

χ2n = 1, χ3n = χn.

These choices are admissible because η2nF ′/F = 1 and η3nF ′/F = ηnF ′/F , and they satisfy χ3n = χ2nχn.

Let G be a trivial-similitude skew-Hermitian bundle of rank 2m, and let E1, E2 ⊂ G be Lagrangian
subbundles. Since m ≤ n = (3n)/3, Theorem 9.1.1 applies to give

Z̃3n,r
m (G, E1) = Z̃3n,r

m (G, E2) ∈ CHr(3n−m)(Sht
r
U(3n)). (9.2.7)

Pulling (9.2.7) back along

add2n,n : Sht0U(2n)× ShtrU(n) −→ ShtrU(3n)
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gives, by Lemma 9.2.1,

Z̃2n,0
m (G, E1)⊠ Z̃n,rm (G, E1) = Z̃2n,0

m (G, E2)⊠ Z̃n,rm (G, E2). (9.2.8)

The r = 0 case of [FYZ25, Conjecture 4.15] is the classical automorphy of the theta series for the

dual pair (GU−(2m), GU(2n)), and is proved in [FYZ23, §§2.2–2.3]. Therefore we have Z̃2n,0
m (G, E1) =

Z̃2n,0
m (G, E2). Putting this into (9.2.8) yields

Z̃2n,0
m (G, E1)⊠

(
Z̃n,rm (G, E1)− Z̃n,rm (G, E2)

)
= 0. (9.2.9)

2n n 2n n=

3n 3n

2n n 2n n=

F0 F0n n=

Figure 6. Cartoon for the embedding-and-cancellation step following (9.2.9). Pullback
from rank 3n splits into a rank 2n factor and a rank n factor; evaluation at F0 makes
the common rank 2n factor nonzero, so the rank n factors agree.

By Lemma 9.2.2, there is a point F0 ∈ Sht0U(2n)(k) with

Z̃2n,0
m (G, E1)(F0) ̸= 0. (9.2.10)

Pulling (9.2.9) back along {F0} × ShtrU(n) → Sht0U(2n)× ShtrU(n) gives

Z̃2n,0
m (G, E1)(F0)

(
Z̃n,rm (G, E1)− Z̃n,rm (G, E2)

)
= 0 in CHr(n−m)(Sht

r
U(n)).

Since the scalar Z̃2n,0
m (G, E1)(F0) is nonzero, we conclude that

Z̃n,rm (G, E1) = Z̃n,rm (G, E2) in CHr(n−m)(Sht
r
U(n)).

This proves the theorem. □

Part 4. Supermodularity for general linear groups

10. Supermodularity

10.1. Formulation of supermodularity. We begin by formulating supermodularity. Fix integers m ≤
n and a decomposition m = m1+m2 with m1,m2 ≥ 0. Let P(m1,m2) ⊂ GL(m) be the standard parabolic
subgroup with Levi quotient GL(m1) × GL(m2), with the convention GL(0) = {e}. Thus a point of
BunP(m1,m2)

(Fq) is a rank m vector bundle G on X together with a rank m1 subbundle E1 ⊂ G whose

quotient has the form E∗2 for a rank m2 vector bundle E2. Equivalently, (E1,G) determines a short exact
sequence

0 −→ E1 −→ G −→ E∗2 −→ 0, (10.1.1)

and we denote its extension class by eG ∈ Ext1(E∗2 , E1).
Let µ = (µ1, . . . , µr) be a sequence with µi ∈ {±1} and

∑
i µi = 0. For a pair (E1, E2) as in (10.1.1),

the special cycle of [FYZ25, §4] gives a class

[ZµE1,E2
] ∈ CH r

2 (2n−m)(Sht
µ
n).
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The cycle is naturally decomposed over the Hitchin base Hom(E1, E∨2 ), where E∨2 = E∗2 ⊗ ωX :

[ZµE1,E2
] =

∑
a∈Hom(E1,E∨

2 )

[ZµE1,E2
(a)]. (10.1.2)

For a non-trivial additive character ψ : Fq → Q
×
, the associated higher theta series is

Z̃ψ,µm1,m2
: BunP(m1,m2)

(Fq) −→ CH r
2 (2n−m)(Sht

µ
n), (10.1.3)

whose value at (E1,G) is

Z̃ψ,µm1,m2
(E1,G) = qn deg E2

∑
a∈Hom(E1,E∨

2 )

ψ(⟨eG , a⟩)[ZµE1,E2
(a)]. (10.1.4)

Here ⟨eG , a⟩ ∈ Fq is the Serre duality pairing between eG and a. When m2 = 0, the set Hom(E1, E∨2 ) has
a single element and (10.1.4) reduces to [ZµG,0]. The notation in Theorem 10.1.1 suppresses ψ; Lemma

12.1.1 below proves that the value in (10.1.4) is independent of the chosen non-trivial character in the
general linear case.

The Modularity Conjecture for general linear groups [FYZ25, Conjecture 4.24] asserts that (10.1.3)
descends from BunP(m1,m2)

(Fq) to Bunm(Fq), i.e. that (10.1.4) depends on the subbundle E1 ⊂ G only
through G. Supermodularity is the stronger assertion that the higher theta series is also essentially
independent of the parabolic.

Theorem 10.1.1 (Supermodularity). For a cycle [Z] ∈ CH∗(Sht
µ
n) we write

[Z]( :=
∑
d∈Z

q−m2d+m2n(g−1)[Z]d,

where [Z]d is the projection to the component of Shtµn on which the initial vector bundle has degree d. The
sum is understood componentwise with respect to this open-and-closed degree decomposition: equivalently,
[Z]( is the class whose restriction to the degree-d component is q−m2d+m2n(g−1)[Z]d. Then we have

Z̃µm1,m2
(E1,G) = [ZµG,0]

( =
∑
d∈Z

q−m2d+m2n(g−1)[ZµG,0]d. (10.1.5)

10.2. Proof of Theorem 10.1.1 for r = 0. In this subsection we prove Theorem 10.1.1 in the special
case r = 0, as a toy model for the general case. In this case, all the geometry becomes trivial and the
result is classical. However, it is delicate to formulate a proof that generalizes to r > 0, and we have not
found our particular argument elsewhere in the literature.

For a rank n vector bundle F on X, the r = 0 theta function is

Z̃0
m(E1,G)F := qn(deg E2)

∑
t1∈Hom(E1,F)
t2∈Hom(E2,F∨)

ψ(⟨eG , a(t1, t2)⟩). (10.2.1)

We write the theta function (10.2.1) as follows. Serre duality gives a pairing

ev : Hom(E1,F)×Hom(F , E1 ⊗ ωX [1])→ Fq.

Let f : Hom(F , E∨2 )→ Ext1(F , E1 ⊗ ωX) be the boundary map in the long exact sequence

. . .→ Hom(F , E∨2 )
f−→ Ext1(F , E1 ⊗ ωX)

g−→ Ext1(F ,G ⊗ ωX)→ . . . (10.2.2)

For u ∈ Hom(F , E∨2 ), corresponding to t2 ∈ Hom(E2,F∨), set

a(t1, t2) := u ◦ t1 ∈ Hom(E1, E∨2 ).

With the standard connecting-homomorphism convention, f(u) is the pullback of the extension

0→ E1 ⊗ ωX → G ⊗ ωX → E∨2 → 0

along u. Hence

ev(t1, f(u)) = TrE1

(
f(u) ◦ t1

)
= TrE∗

2

(
(u ◦ t1) ◦ eG

)
= ⟨eG , a(t1, t2)⟩.
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Noting that Hom(E2,F∨) ∼= Hom(F , E∨2 ), the theta function (10.2.1) can be reformulated as

Z̃0
m(E1,G)F = qn(deg E2)

∑
t1∈Hom(E1,F)

s1∈Ext1(F,E1⊗ωX)

ψ(ev(t1, s1))(f!1Hom(F,E∨
2 ))(s1), (10.2.3)

where 1 is the indicator function. Set
ϕ := f!1Hom(F,E∨

2 ).

Consider the commutative diagram below:

Hom(E1,F)×Hom(F , E∨2 )

Hom(G,F) Hom(F , E∨2 )

Hom(E1,F)× Ext1(F , E1 ⊗ ωX)

Hom(E1,F) Ext1(F , E1 ⊗ ωX)

{F}

Ext1(E∗2 ,F) Ext1(F ,G ⊗ ωX)

Id×f

pr2

ĝ f

pr2pr1

π

π1

f̂

π2

g

(10.2.4)

Here ĝ and f̂ are the Serre-dual maps of g and f , respectively; the left column is the linear dual of the
right column under Serre duality. In these terms, we have

Z̃0
m(E1,G)F = qn(deg E2)π!(ev

∗ ψ · pr∗2 ϕ). (10.2.5)

With the finite Fourier transform FT normalized as in [FYZ23, §2.3.7], we have5

pr1!(ev
∗ ψ · pr∗2 ϕ) = (−1)hom(E1,F) FT(ϕ).

We may thus rewrite (10.2.5) as

Z̃0
m(E1,G)F = qn(deg E2)(−1)hom(E1,F)π1! FT(ϕ). (10.2.6)

Now, by exactness of (10.2.2), we have

ϕ = qdimker(f)g∗δExt1(F,G⊗ωX), (10.2.7)

where δ is the delta function with value 1 at 0 ∈ Ext1(F ,G ⊗ ωX). Therefore, using the functoriality of
FT as in [FYZ23, (2.3.58) and Example 2.3.7], we have

FT(ϕ) = qdimker(f) FT(g∗δExt1(F,G⊗ωX))

= qdimker(f)+ext1(F,E1⊗ωX)−ext1(F,G⊗ωX)(−1)ext
1(F,E1⊗ωX)ĝ!1Hom(G,F).

Combining this with (10.2.6), and using hom(E1,F) = ext1(F , E1 ⊗ ωX) to simplify signs, we obtain

Z̃0
m(E1,G)F = qn deg E2+dimker(f)+ext1(F,E1⊗ωX)−ext1(F,G⊗ωX)π1!ĝ!1Hom(G,F). (10.2.8)

By the long exact sequence (10.2.2), we have

dimker(f) = hom(F ,G ⊗ ωX)− hom(F , E1 ⊗ ωX).

Therefore, the exponent of q in (10.2.8) can be rewritten as

n deg E2+χEul(X,RHom(F ,G⊗ωX))−χEul(X,RHom(F , E1⊗ωX)) = n deg E2+χEul(X,RHom(F , E∨2 )).

5We write hom(. . .) := dimHom(. . .) and ext(. . .) := dimExt(. . .), etc.
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By Riemann–Roch,

χEul(X,RHom(F , E∨2 )) = −m2 degF − n deg E2 +m2n(g − 1),

so the total exponent is −m2 degF +m2n(g − 1). We find that

Z̃0
m(E1,G)F = q−m2 degF+m2n(g−1)π1!ĝ!1Hom(G,F). (10.2.9)

Since π1!ĝ!1Hom(G,F) = #Hom(G,F) = [Z0
G,0]F , and the prefactor is the shear factor of Theorem 10.1.1

on the component d = degF , this confirms Theorem 10.1.1 in the case r = 0. In particular, this visibly
depends on the choice of sub-bundle E1 ⊂ G only through its rank. □

10.3. Outline for general r. For m ≤ n/3, the proof of Theorem 10.1.1 follows the same pattern as
the case r = 0. Its four ingredients are these.

(1) Derived vector bundles U → V →W over Bunn geometrize the sequence

Hom(F , E∨2 )→ Ext1(F , E1 ⊗ ωX)→ Ext1(F ,G ⊗ ωX)

in the right column of (10.2.4).

The bundles U ′ = Ŵ , V ′ = V̂ , and W ′ = Û form a second sequence U ′ → V ′ → W ′

geometrizing

Hom(G,F)→ Hom(E1,F)→ Ext1(E∗2 ,F)

in the left column of (10.2.4).
(2) The six Hecke correspondences HkµU ,HkµV ,HkµW and HkµU ′ ,HkµV ′ ,HkµW ′ are derived vector bundles

over Hkµn.

(3) The cycle [ZµE1,E2
], whose components over the Hitchin base are the Fourier coefficients of Z̃µm1,m2

(E1,G),
is the trace of a cohomological correspondence cU on HkµU ; the cycle [ZµG,0] is the trace of a cor-

respondence cU ′ on HkµU ′ . The first calculation uses Theorem 12.2.1 under the separate bounds
m1,m2 ≤ n/3 and does not require m1 +m2 ≤ n/3. The second applies it to (m, 0) and uses
m = m1 +m2 ≤ n/3. This lifts supermodularity to the correspondence level. The dotted arrows
in the diagram are Fourier dualities.

[ZµE1,E2
] cU U U ′ = Ŵ cU ′ [ZµG,0]

f! cU V V ′ = V̂ f ′! cU ′

W W ′ = Û

TrSht

f f ′=ĝ

TrSht

g g′=f̂

(4) The derived Fourier transform identifies f! cU with f ′! cU ′ up to the explicit shift and twist. Push-
forward to HkµS , followed by the trace formula of §7, gives Theorem 10.1.1 for m ≤ n/3; here
S ⊂ Bunn is the Harder–Narasimhan truncation of §11.1.1.

For arbitrarym, apply the low-corank identity at target rank 3n, pull it back along Sht02n× Shtµn → Shtµ3n,
and cancel the nonzero zero-leg factor.

11. The genetic pattern of supermodularity

In this section we prove the sheaf-theoretic results that can be regarded as the “genetics of supermod-
ularity” in the sense of Figure 1. Again, this section is essentially agnostic of the ground field.
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11.1. The bestiary of derived vector bundles. We suppose a short exact sequence of vector bundles
on X,

0→ E1 → G → E∗2 → 0 (11.1.1)

where rankG = m, rank E1 = m1, and rank E2 = m2. The constructions and arguments below apply
uniformly for all m1,m2 ≥ 0; for instance, when m1 = 0 one has V = S, and the Fourier transform along
V is the identity. (The case m2 = 0 is in any case tautological, cf. the proof of Theorem 12.3.3.)

Below we will construct the collection of spaces promised in §10.3. Note that the spaces are very
different from those with the same notation defined in [FYZ23] and [FK24].

11.1.1. Definition of U, V and W . Below we write S for a Harder–Narasimhan truncation Bun≤νn . (The
reason for this truncation is to guarantee global presentability in the sense of [FYZ23, §6.3.1].) We define
several derived vector bundles over S. Let Funiv be the universal vector bundle over X × S. Let R be
any animated Fq-algebra.

• Define U := RHom(Funiv, E∨2 ) to be the perfect complex on S whose pullback to an R-point

F ∈ S(R) is naturally in R isomorphic to RHomXR
(F , E∨2 ⊗R) regarded as a derived R-module.

Let U := TotS(U) be the associated derived vector bundle over S.
• Define V := RHom(Funiv, E1 ⊗ ωX [1]) to be the perfect complex on S whose pullback to an R-

point F ∈ S(R) is naturally in R isomorphic to RHomXR
(F , E1⊗ωX⊗R[1]) regarded as a derived

R-module. Let V := TotS(V) be the associated derived vector bundle over S.
• Define W := RHom(Funiv,G ⊗ ωX [1]) to be the perfect complex on S whose pullback to an R-

point F ∈ S(R) is naturally in R isomorphic to RHomXR
(F ,G⊗ωX ⊗R[1]) regarded as a derived

R-module. Let W := TotS(W) be the associated derived vector bundle over S.

The short exact sequence (11.1.1) induces an exact triangle U → V → W in Perf(S), which geometri-
cally is equivalent to the derived Cartesian square of total spaces over S:

U V

S W

f

π g

zW

(11.1.2)

where zW is the zero section.

11.1.2. Hecke stacks. Let µ = (µ1, µ2, . . . , µr) be a sequence such that µi ∈ {±1} for each i and
∑
i µi = 0.

Then one has the Hecke stack Hkµn, whose R-points are diagrams

F0 F1 . . . Fr−1 Frx1 x2 xr
(11.1.3)

where each xi ∈ X(R) and each Fi ∈ Bunn(R), and the dashed arrow Fi−1 99K Fi is an elementary
modification along the graph of xi, which is upper of length 1 if µi = +1 and lower of length 1 if µi = −1,
in the sense of [YZ17, Definition 5.1]. We shall abbreviate such diagrams as (F⋆) ∈ Hkµn(R).

Given (F⋆), we define for each i = 1, . . . , r,

F ♭i−1/2 := Fi−1 ∩ Fi and F ♯i−1/2 := Fi−1 + Fi
inside the common meromorphic bundle determined by the modification. This fits into an obvious
pullback square

F ♭i−1/2

Fi−1 Fi

F ♯i−1/2

(11.1.4)

There are maps
hi : Hkµn → Bunn, i = 0, . . . , r (11.1.5)
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projecting to the datum of Fi, as well as pr : Hkµn → Xr projecting to the data of (x1, . . . , xr).
We define the open substack HkµS ⊂ Hkµn as

HkµS := h−1
0 (S) ∩ h−1

1 (S) ∩ . . . ∩ h−1
r (S).

Therefore the maps (11.1.5) restrict to give

hi : HkµS → S, i = 0, . . . , r. (11.1.6)

Given a diagram (F⋆) ∈ HkµS(R), define F ♭• to be the object of Perf(XR) represented by the two-term
complex in cohomological degrees 0 and 1

(F ♭1/2 ⊕ . . .⊕F
♭
r−1/2)→ (F1 ⊕ . . .⊕Fr−1),

where the map sends (s1/2, · · · , sr−1/2) to (s1/2 − s3/2, · · · , sr−3/2 − sr−1/2), with reference to the com-
mutative diagram (11.1.4). This object need not be quasi-isomorphic to a coherent sheaf.

Define F ♯• to be the object represented by the two-term complex in cohomological degrees −1 and 0

(F1 ⊕ . . .⊕Fr−1)→ (F ♯1/2 ⊕ . . .⊕F
♯
r−1/2)

where the map sends (s1, . . . , sr−1) to (s1, s1−s2, . . . , sr−2−sr−1,−sr−1). As in the bestiary construction
of [FYZ23, §9.1], this object is quasi-isomorphic to a coherent sheaf on XR, which may not be locally
free; we view it as a perfect complex concentrated in degree 0.

We have a natural map of perfect complexes on XR

p♭i : F ♭• → Fi, i = 0, 1, · · · , r (11.1.7)

that is the composition of the projection to F ♭i−1/2 and the natural inclusion F ♭i−1/2 ↪→ Fi when i > 0,

and the composition of the projection to F ♭i+1/2 and the natural inclusion F ♭i+1/2 ↪→ Fi when i < r.

(Both constructions give the same map up to explicit chain homotopy when 0 < i < r.) Similarly, we
have a natural map

p♯i : Fi → F
♯
•, i = 0, . . . , r (11.1.8)

As F⋆ varies in HkµS , the construction F⋆ 7→ F ♭• gives a universal perfect complex F ♭univ,• over X×HkµS ,

and similarly F⋆ 7→ F ♯• gives a universal coherent sheaf F ♯univ,• over X×HkµS , viewed as a perfect complex

concentrated in degree 0. These fit into an exact triangle in Perf(X ×HkµS),

F ♭univ,• → h∗0Funiv ⊕ h∗rFuniv → F ♯univ,• (11.1.9)

in which the first map has components (p♭0, p
♭
r) and the second is the difference p♯0 − p♯r.

When r = 0, we use the zero-leg convention: HkµS = S, the Hecke correspondence is the identity
correspondence, and

F ♭• := F0 =: F ♯•.
Both correspondence maps are the identity, and the triangle (11.1.9) is defined to be the split triangle

F0
(1,1)−−−→ F0 ⊕F0

(1,−1)−−−−→ F0.

11.1.3. Hecke stacks for U, V and W . We now define several perfect complexes on HkµS , using similar
notation as in §11.1.1, so the explanations will be abbreviated.

• Define UµHk := RHom(F ♯univ,•, E∨2 ). Let HkµU := TotHkµ
S
(UµHk) be the associated derived vector

bundle over HkµS .

• Define VµHk := RHom(F ♯univ,•, E1 ⊗ ωX [1]). Let HkµV := TotHkµ
S
(VµHk) be the associated derived

vector bundle over HkµS .

• Define Wµ
Hk := RHom(F ♯univ,•,G ⊗ ωX [1]). Let HkµW := TotHkµ

S
(Wµ

Hk) be the associated derived

vector bundle over HkµS .
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From (11.1.1), we get an exact triangle UµHk → V
µ
Hk →W

µ
Hk of perfect complexes on HkµS , which geomet-

rically is equivalent to the derived Cartesian square of derived vector bundles over HkµS :

HkµU HkµV

HkµS HkµW

f

π g

z

(11.1.10)

where z is the zero section.

11.1.4. Definition of U ′, V ′,W ′. We define further perfect complexes on S, using the same notational
pattern as in §11.1.1.

• Define U ′ := RHom(G,Funiv). Let U ′ := TotS(U ′) be its associated derived vector bundle over
S.
• Define V ′ := RHom(E1,Funiv). Let V ′ := TotS(V ′) be its associated derived vector bundle over
S.
• Define W ′ := RHom(E∗2 ,Funiv[1]). Let W ′ := TotS(W ′) be its associated derived vector bundle
over S.

From (11.1.1), we have a derived Cartesian square

U ′ V ′

S W ′

f ′

π′ g′

zW ′

(11.1.11)

where zW ′ is the zero section.

11.1.5. Hecke stacks for U ′, V ′,W ′. We now define several perfect complexes on HkµS which will be used
to construct the Hecke stacks for U ′, V ′,W ′.

• Define (U ′)µHk := RHom(G,F ♭univ,•). Let HkµU ′ := TotHkµ
S
((U ′)µHk) be the associated derived vector

bundle over HkµS .

• Define (V ′)µHk := RHom(E1,F ♭univ,•). Let HkµV ′ := TotHkµ
S
((V ′)µHk) be the associated derived

vector bundle over HkµS .

• Define (W ′)µHk := RHom(E∗2 ,F ♭univ,•[1]). Let HkµW ′ := TotHkµ
S
((W ′)µHk) be the associated derived

vector bundle over HkµS .

From (11.1.1), we get an exact triangle (U ′)µHk → (V ′)µHk → (W ′)µHk of perfect complexes on HkµS , which
geometrically is equivalent to the derived Cartesian square of derived vector bundles over HkµS :

HkµU ′ HkµV ′

HkµS HkµW ′

f ′

π′ g′

z′

(11.1.12)

where z′ is the zero section.

11.2. Dualities. We record the dualities that relate U, V,W and their Hecke stacks with U ′, V ′,W ′ and
their Hecke stacks.

11.2.1. Dual bundles.

Lemma 11.2.1. As derived vector bundles over S, Serre duality identifies V ′ with the dual V̂ of V , U ′

with the dual Ŵ of W , and W ′ with the dual Û of U . Under this identification, the derived fiber square
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(11.1.11) is identified with the dual fiber square to (11.1.2)

Ŵ V̂

S Û

ĝ

f̂

zÛ

Proof. Immediate from the definitions and Serre duality (applied on XR for all animated Fq-algebras
R). □

11.2.2. Hecke stacks. Let Ĥk
µ

E be the dual derived bundle to HkµE .
For each i ∈ {0, r}, let Si be the corresponding copy of S. For E ∈ {U, V,W,U ′, V ′,W ′}, write Ei for

the corresponding copy over Si, and let Ẽi → HkµS be the pullback of Ei → Si along hi : HkµS → Si. The
base change maps are denoted

hEi : Ẽi → Ei. (11.2.1)

For i ∈ {0, r}, the map HkµE → Ẽi dualizes to
̂̃
Ei → Ĥk

µ

E .

Lemma 11.2.2. Under the identification of U ′
i

f ′
i−→ V ′

i

g′i−→W ′
i with Ŵi

ĝi−→ V̂i
f̂i−→ Ûi from Lemma 11.2.1,

the six diagrams in (11.2.2) and (11.2.3) are derived Cartesian.

HkµU

Ũ0 Ũr

Ĥk
µ

W ′

ã0 ãr

̂̃c′0 ̂̃c′r

HkµV

Ṽ0 Ṽr

Ĥk
µ

V ′

b̃0 b̃r

̂̃
b′0

̂̃
b′r

HkµW

W̃0 W̃r

Ĥk
µ

U ′

c̃0 c̃r

̂̃a′0 ̂̃a′r
(11.2.2)

HkµU ′

Ũ ′
0 Ũ ′

r

Ĥk
µ

W

ã′0 ã′r

̂̃c0 ̂̃cr

HkµV ′

Ṽ ′
0 Ṽ ′

r

Ĥk
µ

V

b̃′0 b̃′r

̂̃
b0

̂̃
br

HkµW ′

W̃ ′
0 W̃ ′

r

Ĥk
µ

U

c̃′0 c̃′r

̂̃a0 ̂̃ar
(11.2.3)

Proof. This follows from Serre duality (applied on XR for all animated Fq-algebras R) and the exact
triangle (11.1.9). □

11.2.3. Summary. For i ∈ {0, r}, the maps (11.1.8) induce the unprimed maps and the maps (11.1.7)
induce the primed maps in

ãi : HkµU → Ũi, ã′i : HkµU ′ → Ũ ′
i ,

b̃i : HkµV → Ṽi, b̃′i : HkµV ′ → Ṽ ′
i ,

c̃i : HkµW → W̃i, c̃′i : HkµW ′ → W̃ ′
i .

(11.2.4)

Composing the maps in (11.2.4) with the corresponding maps hEi of (11.2.1), we obtain

ai := hUi ◦ ãi : HkµU → Ui, a′i := hU
′

i ◦ ã′i : HkµU ′ → U ′
i ,

bi := hVi ◦ b̃i : HkµV → Vi, b′i := hV
′

i ◦ b̃′i : HkµV ′ → V ′
i ,

ci := hWi ◦ c̃i : HkµW →Wi, c′i := hW
′

i ◦ c̃′i : HkµW ′ →W ′
i .

(11.2.5)
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We have a pair of commutative diagrams

HkµU

Ũ0 Ũr

U0 Ĥk
µ

W ′ Ur

HkµV

Ṽ0 Ṽr

V0 Ĥk
µ

V ′ Vr

HkµW

W̃0 W̃r

W0 Ĥk
µ

U ′ Wr

ã0 ãr

f
hU
0

f̃0

̂̃c′0 ̂̃c′r
f̃r

hU
r

f0 ĝ′ fr
b̃0 b̃r

g

g̃0

̂̃
b′0

hV
0 ̂̃

b′r

g̃r

hV
r

g0 f̂ ′ gr
c̃0 c̃r

̂̃a′0
hW
0 ̂̃a′r

hW
r

HkµU ′

Ũ ′
0 Ũ ′

r

U ′
0 Ĥk

µ

W U ′
r

HkµV ′

Ṽ ′
0 Ṽ ′

r

V ′
0 Ĥk

µ

V V ′
r

HkµW ′

W̃ ′
0 W̃ ′

r

W ′
0 Ĥk

µ

U W ′
r

ã′0 ã′r

f ′hU′
0

f̃ ′
0

̂̃c0 ̂̃cr
f̃ ′
r

hU′
r

f ′
0

ĝ f ′
r

b̃′0 b̃′r

g′
hV ′
0

g̃′0

̂̃
b0

̂̃
br

g̃′r

hV ′
r

g′0 f̂ g′r

c̃′0 c̃′r

hW ′
0 ̂̃a0 ̂̃ar

hW ′
r

(11.2.6)
In each diagram:

• The maps in the columns come from exact triangles of perfect complexes.
• The three diamonds in the middle are derived Cartesian.
• The four parallelograms on the left and right sides are derived Cartesian.

The primed diagram in (11.2.6) is dual to the unprimed diagram. The duality exchanges U with W ′, V
with V ′, and W with U ′.

Remark 11.2.3 (Global presentability). By the same considerations as in [FYZ23, §9.3], the diagram
(11.2.6) is globally presented.

11.3. Geometric properties. We establish some needed geometric properties of the maps in (11.2.6).

Lemma 11.3.1. For i ∈ {0, r}, we have the following properties of the morphisms in (11.2.4).

(1) Each of ãi, ã
′
i, and b̃

′
i is a quasi-smooth closed embedding.

(2) Each of b̃i, c̃i, and c̃
′
i is a smooth vector bundle.

Proof. We will first discuss the maps ãi, b̃i, c̃i (without the
′). Let

Ti := cofib(Fi
p♯
i−→ F ♯•).

Let Ti,univ be the universal complex on X ×HkµS ; on the classical truncation it is the torsion error sheaf
supported at the legs. At an R-point over (F⋆), the relative tangent complex of ãi is RHomXR

(Ti, E∨2 ⊗R),
the pullback of RHom(Ti,univ, E∨2 ). As in [FYZ23, Lemma 9.1.3], this complex has tor-amplitude [0, 1],

so [FYZ23, Lemma 6.1.5] makes ãi quasi-smooth. Closedness may be checked on classical truncations;
there the same complex is represented by a vector bundle in degree 1. Thus ãi is a closed embedding.

The analysis of b̃i and c̃i is similar. The relative tangent complexes of b̃i and c̃i are the pullbacks
of RHom(Ti,univ, E1 ⊗ ωX [1]) and RHom(Ti,univ,G ⊗ ωX [1]). Both are locally vector bundles in degree 0;

hence b̃i and c̃i are smooth vector bundles.
For the primed maps, set

Ki := fib(F ♭•
p♭
i−→ Fi)
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be the derived fiber in Perf(XR), and let Qi,univ be the universal cofiber of F ♭univ,• → h∗iFuniv. Then

Ki is the pullback of Qi,univ[−1]. At an R-point, the relative tangent complexes of ã′i, b̃
′
i, and c̃′i are

computed by RHomXR
(G,Ki), RHomXR

(E1,Ki), and RHomXR
(E∗2 ,Ki[1]), respectively. Globally, they

are the pullbacks of RHom(G,Qi,univ)[−1], RHom(E1,Qi,univ)[−1], and RHom(E∗2 ,Qi,univ). The first two

are locally vector bundles in degree 1, and the last in degree 0. Thus ã′i and b̃
′
i are quasi-smooth closed

embeddings, while c̃′i is a smooth vector bundle. □

By the argument of [FYZ24, Lemma 6.9], each map hi : HkµS → S is smooth, schematic, and separated.
Since, for every E ∈ {U, V,W,U ′, V ′,W ′}, the map hEi in (11.2.1) is a base change of hi, we get the
following corollary.

Corollary 11.3.2. For i ∈ {0, r}, we have the following properties of the morphisms in (11.2.5).

(1) Each of ai, a
′
i, b

′
i is quasi-smooth, schematic, and separated.

(2) Each of bi, ci, c
′
i is smooth, schematic, and separated.

Lemma 11.3.3. The commutative diagram

U0

π0

��

f0

  

HkµU
a0oo

ar //

π

��

f

""

Ur

πr

��

fr

  

V0

g0

��

HkµV
b0oo

br //

g

��

Vr

gr

��

S0

z0

  

HkµSh0

oo
hr

//

z

""

Sr
zr

  

W0 HkµW
c0oo

cr // Wr

(11.3.1)

satisfies the conditions in [FK24, §4.4.1]. (Here, zi and z are the inclusions of zero sections, and πi and
π are the natural projections.) The analogous primed diagram, obtained by replacing every object and
map in the list U, V,W, f, g, π, z, ai, bi, ci by its primed counterpart, satisfies the same conditions.

Proof. The schematic and separated properties needed for the horizontal maps in (11.3.1) follow from
Corollary 11.3.2.

The vertical squares (U0, V0, S0,W0), (HkµU ,HkµV ,HkµS ,HkµW ) and (Ur, Vr, Sr,Wr) are derived Cartesian
by (11.1.2) and (11.1.10). In particular, the rightmost square is pullable with defect zero. It remains to
check the pushability or pullability of the remaining squares.

(a) The square (HkµU , U0,HkµV , V0) is pushable. For this it suffices to base change all relevant spaces to
HkµS and show instead that

Ũ0

f̃0
��

HkµU
ã0oo

f

��

Ṽ0 HkµV
b̃0oo

is pushable. As ã0 is a closed embedding and b̃0 is separated by Lemma 11.3.1, the pushability follows
from [FYZ23, Example 3.1.2].
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(b) The square (HkµS , S0,HkµW ,W0) is pushable. After base change to HkµS , it suffices to show that

HkµS

z̃0
��

HkµS

z

��

W̃0 HkµW
c̃0oo

is pushable. As IdHkµ
S
is proper and c̃0 is separated by Lemma 11.3.1, the pushability follows from

[FYZ23, Example 3.1.2].
(c) The square (HkµU , Ur,HkµS , Sr) is pullable. It suffices to check that

HkµU

π

��

ãr // Ũr

π̃r

��

HkµS HkµS

is pullable. As ãr is quasi-smooth (by Lemma 11.3.1) and Id is smooth, this follows from [FYZ23,
Example 3.1.3].

(d) The square (HkµV , Vr,HkµW ,Wr) is pullable. It suffices to check that

HkµV

g

��

b̃r // Ṽr

g̃r
��

HkµW
c̃r // W̃r

is pullable. As c̃r and b̃r are smooth by Lemma 11.3.1, this follows from [FYZ23, Example 3.1.3].

The primed diagram is treated identically, using (11.1.11) and (11.1.12) for the vertical derived Cartesian
squares. The four side squares are checked by the same base-change reductions as in (a)–(d), with Lemma

11.3.1 applied to the primed maps; in the analogue of (d), one uses that b̃′r is quasi-smooth and c̃′r is
smooth. □

12. The proof of supermodularity

Finally, in this section we complete the proof of Theorem 10.1.1 (supermodularity).

12.1. Recollections on higher theta series. The higher theta series

Z̃ψ,µm1,m2
: BunP(m1,m2)

(Fq)→ CH r
2 (2n−m)(Sht

µ
n)

is defined in [FYZ25, §4.8]6. Unlike in [FYZ25], we emphasize here the a priori dependence on the non-
trivial additive character ψ, although we will shortly see that (in this general linear case) it is independent

of the choice of ψ. The value of Z̃ψ,µm1,m2
on a pair (E1,G) ∈ BunP(m1,m2)

(Fq) is

qn deg E2

∑
a∈Hom(E1,E∨

2 )

ψ(⟨eG , a⟩)[ZµE1,E2
(a)]

where eG ∈ Ext1(E∗2 , E1) is the extension class of G, paired with a using Serre duality. When m2 = 0, the
Hom set in the displayed formula has the single element 0, and the formula reduces to [ZµG,0].

Lemma 12.1.1. For any two non-trivial additive characters ψ,ψ′ : Fq → Q
×
, we have

Z̃ψ,µm1,m2
= Z̃ψ

′,µ
m1,m2

. (12.1.1)

6Our E1 and E2 here correspond to E(1) and E(2) of [FYZ25, §4.8].
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Proof. There are two scaling F×
q -actions on ZµE1,E2

: one scaling the map t1 : E1 → Fi, and the other

scaling the map t2 : Fi → E∨2 . The derived fundamental class [ZµE1,E2
] ∈ CH(ZµE1,E2

) is equivariant for

each of these two actions; equivalently, it is pulled back from CH(ZµE1,E2
/(F×

q × F×
q )).

Fix the action scaling t1, and set ψs(x) := ψ(sx) for s ∈ F×
q . If pa : Z

µ
E1,E2

(a)→ Shtµn is the projection,
scaling t1 induces an isomorphism

ρs : ZµE1,E2
(a)

∼−→ ZµE1,E2
(sa), psa ◦ ρs = pa.

Functoriality of derived fundamental classes under ρs therefore gives psa,∗[ZµE1,E2
(sa)] = pa,∗[ZµE1,E2

(a)].

Using the notation of (10.1.4) and reindexing by b = sa, we obtain

Z̃ψs,µ
m1,m2

= qn deg E2

∑
b

ψ(⟨eG , b⟩)[ZµE1,E2
(s−1b)] = Z̃ψ,µm1,m2

.

Every two non-trivial additive characters of Fq are related by ψ′ = ψs for a unique s ∈ F×
q , proving

(12.1.1). □

The stack ShtµS , defined as the fibered product

ShtµS HkµS

S S × SId×Frob

is the open Harder–Narasimhan truncation of Shtµn on which every intermediate bundle Fi lies in S =

Bun≤νn . As ν ranges over all HN polygons, the union of the ShtµS exhausts Shtµn. Therefore, we have

CH∗(Sht
µ
n) = lim←−

ν

CH∗(Sht
µ
S). (12.1.2)

Thus, to prove Theorem 10.1.1, it suffices to prove the restriction of the statement to CH(ShtµS) for all
S. The pullback of ZµE1,E2

to ShtµS is ShtµV ′×SU
, the derived fibered product

ShtµV ′×SU
HkµV ′ ×Hkµ

S
HkµU

V ′ ×S U (V ′ ×S U)× (V ′ ×S U)
Id×Frob

12.2. Supermodularity in low corank. We first prove supermodularity in the low-corank range using
the following refinement of the Trace Conjecture in the split case.

Let X ′ = X(1)
∐
X(2), with the involution exchanging the two components, and identify a Hermitian

bundle with its restriction to X(1). Under this convention, a leg on X(2) gives an upper modification and
has sign µi = +1, whereas a leg on X(1) gives a lower modification and has sign µi = −1.

Theorem 12.2.1 (Trace Conjecture in low corank, split case). Let E = (E1, E2) be a pair of vector bundles
on X of ranks m1,m2, such that 0 ≤ m1 ≤ n/3 and 0 ≤ m2 ≤ n/3. Let ME1,E2

be the corresponding
localized split Hitchin stack. For a sequence µ ∈ {±1}r with

∑
i µi = 0, put

r± := #{i : µi = ±1}, dµ := r+(n−m1) + r−(n−m2) =
r

2
(2n−m1 −m2).

Let cµME1,E2
denote the restriction of the cohomological correspondence cME1,E2

, defined as in §4.2, to the

open-and-closed component of the leg space (X ′)r indexed by µ. Then

TrSht
(
cµME1,E2

)
= [ZµE1,E2

] ∈ CHdµ
(
ZµE1,E2

)
. (12.2.1)

Proof. Fix µ and work on the corresponding open-and-closed component of the leg space (X ′)r. The
split Hitchin stack, its cohomological correspondence, and its kernel decomposition are the split-cover
specializations of the Hermitian constructions used in Theorem 4.2.1. The proof of Theorem 4.2.1 respects
this component and goes through with no essential changes. □
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In the application to Theorem 12.2.2, m = m1 +m2 ≤ n/3. Therefore the split theorem applies both
to (E1, E2) and to (G, 0), whose rank pairs are (m1,m2) and (m, 0), respectively.

Theorem 12.2.2 (Supermodularity in low corank). If m ≤ n/3, we have

Z̃ψ,µm1,m2
(E1,G) = [ZµG,0]

( =
∑
d∈Z

q−m2d+m2n(g−1)[ZµG,0]d ∈ CH r
2 (2n−m)(Sht

µ
n). (12.2.2)

Proof of Theorem 12.2.2. We write d(U/S), d(V/S), d(W/S), etc. for the virtual relative dimensions
of the corresponding derived vector bundles over S. These integers are locally constant on connected
components of S. In formulas involving the degree of the universal bundle, such as (12.2.10), all shifts,
Tate twists, and Chow degrees are read componentwise on the fixed-degree connected component under
consideration.

12.2.1. Theta sheaves. Consider the commutative diagram

V ′ ×S U

U ′ U

V ′ ×S V

V ′ V

S

W ′ W

Id×f

pr2

f ′ f

pr2pr1

πV ′

g′

πV

g

(12.2.3)

Let

LV := ⟨ , ⟩∗V ASψ,S ∈ Dmot(V
′ ×S V ;Q)

be the Artin–Schreier kernel appearing in (5.2.2). We define

ΘE1,E2 = πV ′! pr1!(pr
∗
2 f!QU ⊗ LV ) ∈ Dmot,gm(S;Q),

and

ΘG,0 = πV ′!f
′
! (QU ′) ∈ Dmot,gm(S;Q).

Unwinding the definition of the motivic Fourier transform (5.2.2), we may rewrite

ΘE1,E2
= πV ′! FTV (f!QU )[−d(V/S)]

where FTV is the motivic Fourier transform of (5.2.2).

Construction 12.2.3. We will construct an isomorphism

ΘE1,E2
∼= ΘG,0⟨−d(U/S)⟩ ∈ Dmot,gm(S;Q). (12.2.4)

Note that f!QU
∼= g∗δW by proper base change applied to the (derived) Cartesian square (11.1.2). Then,

using the Fourier Transform functorialities obtained from Theorem 5.3.1 and Lemma 11.2.1, we have

ΘE1,E2 = πV ′! FTV (f!QU )[−d(V/S)]

∼= πV ′! FTV (g
∗δW )[−d(V/S)]

∼= πV ′!ĝ! FTW (δW )⟨−d(V/S)⟩[d(W/S)](d(W/S))

∼= πV ′!f
′
!QU ′ ⟨−d(V/S)+d(W/S)⟩

= ΘG,0⟨−d(U/S)⟩.
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12.2.2. Cohomological correspondences. We define the following cohomological correspondences.

(i) Since hr : HkµS → S is smooth, the map of correspondences

S HkµS S

pt pt pt

h0 hr

is right pullable. We define cS ∈ CorrHkµ
S
(QS ,QS⟨−d(hr)⟩) to be the pullback of the identity corre-

spondence in Corrpt(Qpt,Qpt). More explicitly, it is the composition

h∗0QS
∼= QHkµ

S

∼= h∗rQS

gyshr−−−→ h!rQS⟨−d(hr)⟩.

(ii) As shown in part (c) of the proof of Lemma 11.3.3, the map of correspondences

U HkµU U

S HkµS S

π0

a0

π

ar

πr

h0 hr

is right pullable. We define cU = π∗ cS ∈ CorrHkµ
U
(QU ,QU ⟨−d(ar)⟩). Note that we could also have

defined cU as the pullback from the identity correspondence in Corrpt(Qpt,Qpt). Explicitly, cU is
the composition

a∗0QU
∼= QHkµ

U

∼= a∗rQU

gysar−−−→ a!rQU ⟨−d(ar)⟩.

(iii) The analogous construction to (ii) defines cU ′ ∈ CorrHkµ

U′
(QU ′ ,QU ′ ⟨−d(a′r)⟩).

(iv) As shown in part (b) of the proof of Lemma 11.3.3, the map of correspondences

S HkµS S

W HkµW W

z0

h0 hr

z zr

c0 cr

is left pushable. We define cW = z! cS ∈ CorrHkµ
W
(δW , δW ⟨−d(hr)⟩).

Definition 12.2.4 (Twist and shift of cohomological correspondences). For a cohomological correspon-
dence c ∈ CorrC(K0,K1) and c ∈ Z, we abbreviate

T⟨c⟩ c := T[2c](c) c ∈ CorrC(K0⟨c⟩,K1⟨c⟩)

where the notation is as in [FK24, §6.5].

Proposition 12.2.5. (1) With respect to the isomorphism f!QU
∼= g∗δW coming from proper base change

for the Cartesian square (11.1.2), we have

f! cU = g∗ cW ∈ CorrHkµ
V
(f!QU , f!QU ⟨−d(ar)⟩). (12.2.5)

(2) We have
FT(f! cU ) ∼= T[2d(W/S)−d(V/S)](d(W/S)−d(V/S))f

′
! (cU ′)

∈ CorrHkµ

V ′

(
FTV (f!QU ),FTV (f!QU )⟨−d(a

′
r)⟩
)
.

(12.2.6)

Proof. (1) Thanks to Lemma 11.3.3, we may apply [FK24, Theorem 4.4.2], in the middle isomorphism
below:

f! cU = f!π
∗ cS ∼= g∗z! cS = g∗ cW .

(2) By the global-presentation statement preceding Lemma 11.3.1, Proposition 6.4.1 applies to these
diagrams. Lemma 11.3.3(b), together with Lemmas 11.2.1 and 11.2.2, identifies the dual map with π′ = ẑ
and gives

FT(cW ) = FT(z! cS) ∼= T[d(W/S)](π
′)∗ FT0(cS) = T[d(W/S)](π

′)∗ cS = T[d(W/S)] cU ′ , (12.2.7)
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where the isomorphism is the left-pushable case of Proposition 6.4.1. We used here that FT0(cS) = cS
because the zero derived vector bundle is self-dual.

Lemma 11.3.3(d) gives right pullability for g. The right-pullable case of Proposition 6.4.1, together
with (1), gives

FT(f! cU )
(12.2.5)∼= FT(g∗ cW ) = T[d(W/S)−d(V/S)](d(W/S)−d(V/S))ĝ! FT(cW )

(12.2.7)
= T[2d(W/S)−d(V/S)](d(W/S)−d(V/S))f

′
! (cU ′),

as desired. □

12.2.3. Supermodularity. We will prove (12.2.2) after restriction to CH∗(Sht
µ
S); as explained in §12.1, this

suffices to prove Theorem 12.2.2. We write (. . .)|S for base change of all projections along S ↪→ Bunn:
for Hecke correspondences it means restriction to HkµS =

⋂r
i=0 h

−1
i (S), and for shtuka stacks and Chow

classes it means restriction to ShtµS .
By Lemma 11.3.1, the map of correspondences

V ′
0 HkµV ′ V ′

r

S0 HkµS Sr

πV ′

b′0 b′r

h0 hr

is pushable. It also satisfies the remaining hypotheses of Proposition 7.1.1. Indeed, the complexes
V ′ = RHom(E1,Funiv) and (V ′)µHk = RHom(E1,F ♭univ,•) are coconnective. The correspondence maps

have fiber RHom(E1,Qi,univ)[−1], which has tor-amplitude [1,∞), and Lemma 11.3.1 identifies b̃′i as the

resulting closed embedding of derived vector bundles. The relevant coefficient objects are obtained from
unit objects by pullback, tensor product, and pushforward along schematic maps locally of finite type, so
they are geometric by [FK24, Remark 3.3.2]. Proposition 7.1.1 therefore implies that pushforward along

πV ′ is compatible with formation of TrSht.
Set

nE2
:= qn deg E2 . (12.2.8)

The factor qn deg E2 is the normalizing factor in (10.1.4).
With respect to the identification ΘE1,E2

∼= ΘG,0⟨−d(U/S)⟩ from (12.2.4), Proposition 12.2.5(2), together
with the shift in the definition of ΘE1,E2

, gives an identification

T[−d(V/S)]πV ′! FT(f! cU ) ∼= T⟨−d(U/S)⟩πV ′!f
′
! (cU ′) ∈ CorrHkµ

S
(ΘE1,E2

,ΘE1,E2
⟨−d(a′r)⟩). (12.2.9)

Indeed, Proposition 12.2.5(2) first gives the comparison before normalization:

πV ′! FT(f! cU ) ∼= T[d(V/S)]T⟨−d(U/S)⟩πV ′!f
′
! (cU ′).

Since ΘE1,E2 = πV ′! FTV (f!QU )[−d(V/S)], one must apply the same shift to the cohomological correspon-
dence before viewing it as a correspondence on ΘE1,E2

. Equivalently, the shift calculation is

[−d(V/S)][2d(W/S)−d(V/S)](d(W/S)−d(V/S)) = ⟨−d(U/S)⟩,

using d(U/S) = d(V/S)− d(W/S). Now we invoke the motivic sheaf-cycle correspondence of [FK24, §6].
It is clear from [FK24, Remark 3.3.2] that ΘE1,E2

∼= ΘG,0⟨−d(U/S)⟩ lies in Dmot,gm(S;Q) ⊂ Dmot(S;Q), so
we may form the (shtuka-twisted) trace of (12.2.9) in the sense of [FK24, §5.4].

On the right side of (12.2.9), Theorem 12.2.1, applied to the split framing (G, 0), gives the final equality
in

nE2
TrSht(T⟨−d(U/S)⟩πV ′!f

′
! (cU ′)) nE2

Sht(πV ′f ′)! Tr
Sht(T⟨−d(U/S)⟩ cU ′)

∑
d∈Z q

−m2d+m2n(g−1)[ZµG,0]d|S
Prop 7.1.1 split Trace

(12.2.10)
Here [ZµG,0]d is the projection of [ZµG,0] to the component of Shtµn consisting of shtukas with degree d ∈ Z.

On that component put u = d(U/S). The trace identity of [FK24, §6.5] gives

TrSht(T⟨−u⟩ c) = qu TrSht(c),
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because ⟨−u⟩ = [−2u](−u). The split Trace theorem identifies the untwisted trace of cU ′ with the special-
cycle class, while the calculation from §10.2 gives

d(U/S) = χEul(X,RHom(F , E∨2 )) = −ndeg E2 −m2 degF +m2n(g − 1),

so that nE2
qd(U/S) = q−m2d+m2n(g−1). Finally, the virtual dimension calculation gives d(a′r) =

r
2 (2n−m),

so every term lies in the Chow degree asserted in (12.2.2).
On the left side of (12.2.9), referring to the notation of (12.2.3), we will show that

nE2 Tr
Sht(T[−d(V/S)]πV ′! FT(f! cU )) = Z̃ψ,µm1,m2

(E1,G)|S . (12.2.11)

To begin, we have
TrSht(T[−d(V/S)]πV ′! FT(f! cU )) = TrSht(πV ′! pr1!(pr

∗
2 f! cU ⊗LV ))

(1)
= TrSht(πV ′! pr1!(Id×f)!(pr∗2 cU ⊗(Id×f)∗LV ))
(2)
= Sht(πV ′ pr1(Id×f))! TrSht(pr∗2 cU ⊗(Id×f)∗LV )

where the steps are justified as follows.

(1) This follows from the Base Change Theorem for cohomological correspondences, [FK24, Theorem
4.4.2]. Its hypothese are justified by Lemma 11.3.3.

(2) This follows from Proposition 7.1.1 applied to the composite projection from V ′ ×S U . The
hypotheses of the Proposition are satisfied by Lemma 11.3.1, and (5.1.3).

We claim that

nE2
Sht(πV ′ pr1(Id×f))! TrSht(pr∗2 cU ⊗(Id×f)∗LV ) = Z̃ψ,µm1,m2

(E1,G)|S , (12.2.12)

which would complete the proof of (12.2.11). First, writeM :=ME1,E2
for the localized Hitchin stack of

Theorem 12.2.1, so that V ′ ×S U =M|S . Both pr∗2 cU and cM are obtained by pulling back the identity
correspondence on the point, so pr∗2 cU = cM by transitivity of pullback of cohomological correspondences.
Since m1,m2 ≤ m ≤ n/3, (12.2.1) gives

TrSht(pr∗2 cU ) = TrSht(cM) = [ZµE1,E2
]|S ∈ CH∗(ZµE1,E2

|S). (12.2.13)

The map of correspondences, in which the vertical maps are the composite of the projection to the Hitchin
base Hom(E1, E∨2 ) with the linear functional ⟨eG ,−⟩,

M HkµM M

A1 A1 A1

(12.2.14)

induces after applying the Sht construction a map ZµE1,E2

ev−→ Fq, which in turn induces a decomposition

ZµE1,E2
=
∐
λ∈Fq

(ZµE1,E2
)λ︸ ︷︷ ︸

ev−1(λ)

.

By inspection of the definitions, the map ev coincides with the pairing of eG ∈ Ext1(E∗2 , E1) with the map
from ZµE1,E2

to the Hitchin base Hom(E1, E∨2 ). Therefore, we may rewrite the higher theta series as

Z̃ψ,µm1,m2
(E1,G) = qn deg E2

∑
a∈Hom(E1,E∨

2 )

ψ(⟨eG , a⟩)[ZµE1,E2
(a)] = qn deg E2

∑
λ∈Fq

ψ(λ)[ZµE1,E2
]λ (12.2.15)

where [ZµE1,E2
]λ is the projection of [ZµE1,E2

] to CH∗((ZµE1,E2
)λ)

7 followed by pushforward to Shtµn. After

restricting to S, this pushforward is what was denoted Sht(πV ′ pr1(Id×f))! in (12.2.12), but we suppress
it below for ease of notation.

For λ ∈ Fq ⊂ A1
Fq

, write Mλ, etc. for the derived fiber over λ, and ιλ :Mλ ↪→ M for the tauto-

logical closed embedding. By the commutativity of (12.2.14), the correspondence M ← HkµM → M
stabilizes Mλ in the sense of [FK24, Definition 7.2.1], hence its Frobenius twist is contracting nearMλ

7This projection is the same as the derived fundamental class of (Zµ
E1,E2

)λ.
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[FK24, Example 7.2.2]. Hence [FK24, Construction 7.2.3] applies, to give a restriction of (cohomological)
correspondences

ι∗λ : CorrHkµ
M
(K0,K1)→ CorrHkµ

Mλ
(ι∗λK0, ι

∗
λK1).

By [FK24, Theorem 7.5.1], this restriction is compatible with the formation of TrSht, so that we have

TrSht(ι∗λ cM⊗ι∗λ(Id×f)∗LV ) = Sht(ιλ)
∗ TrSht(cM⊗(Id×f)∗LV ) = ψ(λ)[ZµE1,E2

]λ|S (12.2.16)

Here, the first equality is the compatibility [FK24, Theorem 7.5.1]. For the second equality, note that
ι∗λ(Id×f)∗LV is the constant invertible object with Frobenius trace ψ(λ) (the restriction of the Artin–

Schreier kernel along the constant map λ), so the left side equals ψ(λ) · Sht(ιλ)∗ TrSht(cM), which is
ψ(λ)[ZµE1,E2

]λ|S by (12.2.13) and [FK24, Theorem 7.5.1] applied to cM. Summing (12.2.16) over all
λ ∈ Fq, we find that

TrSht(cM⊗(Id×f)∗LV ) =
∑
λ∈Fq

ψ(λ)[ZµE1,E2
]λ|S ,

which, in combination with (12.2.15) and the normalization (12.2.8), finally establishes (12.2.12), hence
also (12.2.11).

Putting things together, we have found

Z̃ψ,µm1,m2
(E1,G)|S

(12.2.11)
= nE2

TrSht(T[−d(V/S)]πV ′! FT(f! cU ))

(12.2.9)
= nE2 Tr

Sht(T⟨−d(U/S)⟩πV ′!f
′
! (cU ′))

(12.2.10)
=

∑
d∈Z

q−m2d+m2n(g−1)[ZµG,0]d|S

as desired. □

12.3. Embedding and cancellation in all coranks. We now pass from the low-corank supermodular-
ity identity to the full statement by the same embedding-and-cancellation mechanism used in §9.2. Since
the argument compares shtukas of different ranks, we temporarily write the target rank as a superscript:

Z̃N,µm1,m2
(E1,G) ∈ CH∗(Sht

µ
N ), [ZN,µG,0 ] ∈ CH∗(Sht

µ
N ).

For a cycle Z ∈ CH∗(Sht
µ
N ), define

Z(N :=
∑
d∈Z

q−m2d+m2N(g−1)Zd, (12.3.1)

where Zd is the component on which the initial rank N bundle has degree d, and the sum is interpreted
componentwise as in Theorem 10.1.1. Thus(n is the operator denoted( in (10.1.5).

Lemma 12.3.1 (Direct-sum factorization). Let N1, N2 ≥ m. The direct-sum morphism

addµN1,N2
: Sht0N1

× ShtµN2
−→ ShtµN1+N2

(12.3.2)

is LCI (both source and target being smooth Deligne–Mumford stacks, cf. [YZ17, §5]), so that the Gysin
pullback (addµN1,N2

)∗ of (2.5.2) exists on Chow groups. For every (E1,G) ∈ BunP(m1,m2)
(Fq), one has

(addµN1,N2
)∗Z̃N1+N2,µ

m1,m2
(E1,G) = Z̃N1,0

m1,m2
(E1,G)⊠ Z̃N2,µ

m1,m2
(E1,G). (12.3.3)

Moreover, the sheared special cycles attached to (G, 0) satisfy

(addµN1,N2
)∗
[
ZN1+N2,µ

G,0
](N1+N2 =

[
ZN1,0

G,0
](N1 ⊠

[
ZN2,µ

G,0
](N2 . (12.3.4)

Proof. The dimension formula for the smooth stacks in [YZ17, §5] gives dimShtµN = rN and dimSht0N1
=

0. Hence

d(addµN1,N2
) = −rN1.

In particular, the Gysin pullback sends the target degree r
2 (2(N1 +N2)−m) to

r

2
(2(N1 +N2)−m)− rN1 =

r

2
(2N2 −m),
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the degree of either product class in (12.3.3) and (12.3.4). Write ZN,µE1,E2
(a) when the target rank is N .

Functoriality of derived special cycles in the target variable, [FYZ25, Proposition 7.5], and the identity
a(t(1) ⊕ t(2)) = a(t(1)) + a(t(2)) give

(addµN1,N2
)∗[ZN1+N2,µ

E1,E2
(a)] =

∑
a1+a2=a

[ZN1,0
E1,E2

(a1)]⊠ [ZN2,µ
E1,E2

(a2)].

Multiplying by ψ(⟨eG , a⟩), summing over a, and using q(N1+N2) deg E2 = qN1 deg E2qN2 deg E2 proves (12.3.3).
The same derived pullback for (G, 0), decomposed by the degrees of the two summands, gives, for every

d,

(addµN1,N2
)∗[ZN1+N2,µ

G,0 ]d =
∑

d1+d2=d

[ZN1,0
G,0 ]d1 ⊠ [ZN2,µ

G,0 ]d2 .

Equation (12.3.4) follows after summing over d1, d2, since the exponent in (12.3.1) is additive under
(N, d) = (N1 +N2, d1 + d2). □

Lemma 12.3.2. Assume m ≤ n and fix (E1,G) ∈ BunP(m1,m2)
(Fq). Then there is a point F0 ∈ Sht02n(k)

such that
Z̃2n,0
m1,m2

(E1,G)(F0) ̸= 0.

Proof. Note that Sht02n(k) ≃ Bun2n(k) is always non-empty. For any F0 ∈ Bun2n(k), the calculation of
§10.2, applied with target rank 2n, gives

Z̃2n,0
m1,m2

(E1,G)(F0) = q−m2 degF0+2m2n(g−1) #Hom(G,F0) ̸= 0,

as in (10.2.9): the value is a positive integer times a power of q. □

Theorem 12.3.3 (Supermodularity). For all m ≤ n, all decompositions m = m1+m2, all µ with entries
in {±1} and

∑
i µi = 0, and all (E1,G) ∈ BunP(m1,m2)

(Fq), one has

Z̃µm1,m2
(E1,G) =

[
ZµG,0

](
=
∑
d∈Z

q−m2d+m2n(g−1)[ZµG,0]d. (12.3.5)

Proof. If m2 = 0, the identity is tautological from (10.1.4) and (10.1.5). We therefore assume m2 > 0.
Since m ≤ n = (3n)/3, the low-corank supermodularity identity proved in Theorem 12.2.2 gives

Z̃3n,µ
m1,m2

(E1,G) =
[
Z3n,µ

G,0
](3n in CH∗(Sht

µ
3n). (12.3.6)

Pulling (12.3.6) back along addµ2n,n : Sht02n× Shtµn −→ Shtµ3n gives, using Lemma 12.3.1,

Z̃2n,0
m1,m2

(E1,G)⊠ Z̃n,µm1,m2
(E1,G) =

[
Z2n,0

G,0
](2n ⊠

[
Zn,µG,0

](n . (12.3.7)

The r = 0 calculation in §10.2, applied with target rank 2n, gives

Z̃2n,0
m1,m2

(E1,G) =
[
Z2n,0

G,0
](2n .

Substituting this identity into (12.3.7) yields

Z̃2n,0
m1,m2

(E1,G)⊠
(
Z̃n,µm1,m2

(E1,G)−
[
Zn,µG,0

](n

)
= 0 (12.3.8)

in CH∗(Sht
0
2n× Shtµn).

By Lemma 12.3.2, there is a point F0 ∈ Sht02n(k) such that

Z̃2n,0
m1,m2

(E1,G)(F0) ̸= 0. (12.3.9)

Pulling back along {F0} × Shtµn → Sht02n× Shtµn gives

Z̃2n,0
m1,m2

(E1,G)(F0)
(
Z̃n,µm1,m2

(E1,G)−
[
Zn,µG,0

](n

)
= 0.

The scalar in (12.3.9) is nonzero, so

Z̃n,µm1,m2
(E1,G) =

[
Zn,µG,0

](n ,

completing the proof. □
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