HIGHER THETA SERIES FOR UNITARY GROUPS
OVER FUNCTION FIELDS

SERIES THETA SUPERIEURES POUR LES GROUPES UNITAIRES
SUR LES CORPS DE FONCTIONS

TONY FENG, ZHIWEI YUN, AND WEI ZHANG

ABSTRACT. In previous work, we defined certain virtual fundamental classes for special cycles on the moduli
stack of Hermitian shtukas, and related them to the higher derivatives of non-singular Fourier coefficients of
Siegel-Eisenstein series. In the present article, we construct virtual fundamental classes in greater generality,
including those expected to relate to the higher derivatives of singular Fourier coefficients. We assemble
these classes into “higher” theta series, which we conjecture to be modular. Two types of evidence are
presented: structural properties affirming that the cycle classes behave as conjectured under certain natural
operations such as intersection products, and verification of modularity in several special situations. One
innovation underlying these results is a new approach to special cycles in terms of derived algebraic geometry.

Dans des travaux précédents, nous avons défini certaines classes fondamentales virtuelles pour des cycles
spéciaux sur les champs de chtoucas hermitiens, et les avons liées aux dérivées supérieures des coefficients
de Fourier non singuliers des séries de Siegel-Eisenstein. Dans cet article, nous construisons des classes
fondamentales virtuelles dans des contextes plus généraux, y compris celles qui sont censées étre liées aux
dérivées supérieures des coefficients de Fourier singuliers. Nous assemblons ces classes en des séries théta
“supérieures”, et conjecturons que ces séries thétas sont modulaires. Deux types d’indications sont présentés
en faveur de cette conjecture : des propriétés structurelles qui affirment que ces classes de cycles se com-
portent conformément & cette conjecture sous certaines opérations naturelles (par exemple des produits
d’intersection), et la vérification de la modularité dans quelques situations spéciales. Ces résultats s’appuient
sur une nouvelle approche des cycles spéciaux en termes de géométrie algébrique dérivée.
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1. INTRODUCTION

The earliest examples of theta functions were generating series for the number of representations of integers
by quadratic forms. It has been known at least since the work of Jacobi that theta functions enjoy remarkable
symmetry properties, which later became known as modularity, that underlie many of their applications. An
incarnation of theta functions in arithmetic algebraic geometry was discovered by Kudla, who named them
arithmetic theta series. This paper is about modularity in the context of arithmetic theta series.

The earliest examples of arithmetic theta series were constructed by Kudla as generating series with coef-
ficients being cycle classes in the Chow groups of Shimura varieties [Kud04]. Kudla envisioned a conjectural
arithmetic Siegel-Weil formula [Kud97], which would further require extending the special cycles to good in-
tegral models of Shimura varieties. A significant difficulty is the task of defining the appropriate cycle classes
in the arithmetic Chow group indexed by singular Fourier coefficients. For example, for unitary Shimura
varieties Kudla and Rapoport constructed the cycle classes on their integral models indexed by non-singular
Fourier coefficients in [KR11) [KR14], while Li and the third author [LZ22] proved an arithmetic Siegel-Weil
formula for the non-singular Fourier coefficients (see also [LZ] for the orthogonal analog). However, the
definition of the singular terms, and therefore also the full arithmetic theta series, remains open (except in
some lower dimensional case, see [KRY06]).

In [FYZ21] we proposed a function field analogue of this story: we defined special cycles on the moduli
stack of Hermitian shtukas, constructed certain virtual fundamental classes for the cycles indexed by non-
singular Fourier coefficients, and related them to the Taylor expansion of Fourier coefficients of corresponding
Siegel-Eisenstein series. A novel feature of the function field version is that cycle classes can be defined for
each non-negative integer r, and related to the rt" derivative of the Fourier coefficients of Siegel-Eisenstein
series, whereas only the cases r = 0 and r = 1 seem to be witnessed over number fields (at least for the time
being).

In this paper, we will construct virtual fundamental classes in general, going beyond the non-singular
cases considered in [FYZ21], and assemble them into full “higher” arithmetic theta series (so named because
they are related to higher derivatives of Siegel-Eisenstein series). The form of the singular terms exhibits in-
teresting complexities that will be discussed further in We formulate a conjecture about the modularity
of such theta series, and then give evidence for this conjecture.

1.1. The modularity conjecture. We now introduce notation so as to be able to describe our conjecture
and the main results with more precision. Let X be a smooth, proper and geometrically connected curve over
k = F, of characteristic p # 2, and let v: X’ — X be a connected étale double cover, with the non-trivial
automorphism denoted o € Aut(X’'/X). Let F be the function field of X and let F’ be the function field of
X'. In [FYZ21] we defined the moduli stack Shty;,,) parametrizing rank n “Hermitian shtukas” with r legs.
We also defined certain special cycles ZZ(a) indexed by &€, a vector bundle of rank m with 1 < m < n on X',
and a Hermitian map a: & — 0*&Y where £V := Hom(E,wx) is the Serre dual of £. The space of such a
was called A2!(k) in [FYZ21], but is called Ag(k) in this paper. (Everything in [FYZ21] works in a slightly
more general setup allowing a similitude factor, but for simplicity we omit this from our introduction.)

To define the higher theta series, we construct an appropriate virtual fundamental class [Z%(a)] €
Chy (n—m)(Z¢(a)) for every a € Ag(k).

This was done in [FYZ21] when a is non-singular (meaning that a: &€ — ¢*€V is injective as a map of
coherent sheaves) and either rank & = n or £ is a direct sum of line bundles, by taking derived intersections
from the situation where rank & = 1, following the ideas of [KR14] in the number field case. However, even
in the non-singular case, to handle general m and £ we must take a new approach based on Hitchin stacks
(Definition . The dissimilarity to the number field situation comes from the fact that not every vector
bundle on a proper curve splits as a sum of line bundles, while every vector bundle over the ring of integers
of a number field splits as a direct sum of line bundles.

For singular a, the construction of [ZZ(a)] is more complicated. The cycle ZZ(a) admits an open-closed
decomposition according to the possible kernels of the map a, and the contribution from each stratum is
the product of a virtual fundamental class constructed from a Hitchin stack and the top Chern class of a
certain tautological bundle. The construction is completed in Definition It may be a useful guide for
the number field case, where no definition of special cycle classes in the arithmetic Chow group is currently
known, for singular Fourier coeflicients, at the time of this writing.

4
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Having defined [Z(a)] for each a, we then assemble them into higher theta series. More precisely, if
rank £ = m, then we consider the quasi-split unitary group (with respect to the double cover X’/ X) of rank
2m over X, abbreviated U(2m), and the standard Siegel parabolic P,,. (In the main body of the paper,
starting in §9.1f we use the notation H,, for U(2m).) We write down a function on U(2m)(A) valued in
Chr(n—?n)(Sht?[n](n)):

characterized by the following properties:

(1) Z7 is left invariant under P,,(F) and right invariant under K = U(2m)(O);

(2) for any point in P, (F)\Pp(A)/ KNP, (A) ~ P, (F)\U(2m)(A)/K represented by (G, &), where G is
a rank 2m vector bundle on X’ with a skew-Hermitian structure h : G ~ ¢*G* and € is a Lagrangian
sub-bundle of G, we have a “Fourier expansion” (in the sense of [FYZ21l §2.6])

Z3,(G,€) = x(det £)g s E—dswx)/2 Ny ((eg ¢, a))Cu[ZE(a))]. (1.1)
a€ Az (k)

Here we refer to for the undefined notation in the right hand side. We note that, in the special
case £ = (’)g’éf" the trivial bundle of rank m, the set of all such (G, &) is naturally isomorphic to
Ny (F)\Npm(A)/KNN,,(A), where N,, denotes the unipotent radical of P,,. Then Ag (k) is naturally
isomorphic to the Pontryagin dual of N, (F)\N,,(A)/K NN, (A) (depending on the choice of a non-
trivial character ¢g : k — C*). For this £, more closely resembles the expressions for arithmetic
theta series on Shimura varieties, as one finds for example in [Kud04, (5.4)].

Conjecture 1.1 (Modularity conjecture). The function FZVJ;L descends to a function

Z7, - U(2m)(F)\U(2m)(A) — Chy(—m) (Sht{; ),

i.e., ZT, is left U(2m)(F)-invariant.

In other words, the class an(g, &) e Ch,.(n_m)(Sht’[}(n)) should depend only on the Hermitian bundle G
and not on its Lagrangian sub-bundle £.
When r = 0, ChO(ShtOU(n)) is simply the space of Q-valued functions on Bung(,,)(k) and the evaluation

map turns Zﬁl into a two-variable function
U(2m)(A) x U(n)(A) — Q.

In this case, we obtain the classical theta function and the modularity conjecture essentially follows from
the Poisson summation formula.

Remark 1.2. A conjecture can also be formulated in the case X’ = X [[ X. The special cycles then live
on the more familiar moduli stack of GL(n)-shtukas, and we refer to for the details.

1.2. Main results. Our main results give some evidence towards the modularity conjecture.

One type of evidence, considered in Part III, is of numerical nature: we prove modularity of the functions
obtained by intersecting our arithmetic series with classes analogous to what would be called CM (Complex
Multiplication) cycles for unitary Shimura varieties. In particular, this entails proving the modularity of our
arithmetic series for rank 1 unitary groups.

A second type of evidence, studied in Part I, concerns more abstract “coherence properties” of the special
cycles. For example, we prove that the product of special cycle classes in the Chow ring behaves as predicted
in [Kud04]. Perhaps surprisingly, the proofs rely crucially on the methods of derived algebraic geometry, and
in particular on a construction of derived special cycles which yield our virtual fundamental classes. This will
be discussed more in This is a novelty of the singular terms; derived algebraic geometry has not played
a role so far in studying the non-singular terms. It leads us to suspect that derived algebraic geometry may
also prove useful in the more classical Shimura variety context of the Kudla program.
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1.2.1. Linear invariance. We establish compatibility properties of the special cycles under various natural
operations. Here we state an example (Theorem [7.1)), which we call the linear invariance following the
analog in the number field case considered by Howard in [How12].

Theorem 1.3. Given a decomposition E = E @ E @ ... B E;, and a; € Ag,(k), the intersection product

[Z2¢,(a1)] sney, ) [2¢,(a2)] -shey, ) - wsmey, ) (2, (a5)]

\%

coincides with the sum of [ZE(a)] over all a: € — o*&Y satisfying the condition that

the composition & — £ = 0*EY — 0*& is a; for each 1 <i < j. (1.2)

?

Although in principle both sides of the equality may be expressed in terms of elementary constructions,
our proof relies on the derived algebraic geometry interpretation of the special cycle classes and we do not
know a proof without derived methods.

1.2.2. A refinement of the main result of [FYZ21]. The stack Shtg(n) is a disjoint union of two open-closed

substacks and the modularity conjecture predicts that the restriction of the generating series an to each
of them should also be modular. In [FYZ21] we identified the degree of the [ZZ(a)] € Chy(Zf(a)) for
non-singular @ with the 7" central derivative of the (suitably normalized) a*® Fourier coefficient of Siegel-
Eisenstein series. In Theorem[9.5] we refine this result and show that the restriction of [Z} (a)] for non-singular
a to each of the two open-closed substacks has equal degree. The proof turns out to be non-elementary.

1.2.3. The casen =m = 1.
Theorem 1.4. The modularity conjecture holds when n =m = 1.

In this case the higher theta series are valued in the Chow group of proper zero-cycles, and are therefore es-
sentially determined by their degrees. We show that the degrees are given by explicit automorphic functions,
namely higher derivatives of a suitably normalized Eisenstein series. In fact this was already established for
non-singular Fourier coefficients in [FYZ21], so the remaining work is to calculate the singular term, which
turns out to be the Chern class of a certain tautological bundle, and to relate it to the Taylor expansion of
the corresponding L-function. This computation is carried out in Analogous results over number fields
(for r = 1) were established by Kudla-Rapoport-Yang [KRY99).

1.2.4. Intersection with “CM cycles”. For §: Y — X a degree n cover (possibly ramified), we have a “CM
cycle” Shtyy(yy, of dimension 7 and a finite morphism © : Shty; (), — Shty;(,,). We consider the intersection

number of the resulting cycle class ©.[Shty(q), | with the arithmetic theta series Z" _,(g) in codimension r
(i.e. the generating series of corank m = 1 special cycles), for g € U(2)(A).

Theorem 1.5. For any n, the function U(2)(A) > g — <Z};L:1(g), 9*[Sht§](1)y]> € C is left invariant under
UQ2)(F).

In fact, we can identify the intersection number with the r*" derivative of an explicit Eisenstein series.
For the non-singular terms, this could be thought of as proving a higher-derivative, function-field analogue of
[How12]. For the singular terms, it could be thought of as a higher-derivative, function-field analogue of the
proof of the “averaged Colmez conjecture” in [AGHMPIS] (also obtained by a different method in [YZ18§]).

One reason that we are limited to the corank m = 1 case is that, in order to intersect with [ZZ(a)] in
the corank m > 1 case, we need to construct natural proper cycles of higher (than r) dimension on Sht .
Some candidates are given by the analogs of basic loci on unitary Shimura varieties, which may reach nearly
(but nevertheless strictly smaller than) half of the dimension of Sht?](n). If we demand proper cycles that
are surjective to the base X’", then we only know how to construct examples of dimension r but not higher,

see Example [£:20 and Example [£.21]

1.2.5. Geometric properties of special cycles. In we study the geometric properties of the special cycles
ZE(a) in the special case where rank€ = m = 1. We show that if a is non-singular then it is LCI of the
correct dimension, and that the virtual fundamental class [ZZ(a)] coincides with the naive fundamental class.
This fulfills a result promised in [FYZ21, Remark 7.10], and allows us to prove that the general constructions
of cycle classes considered in this paper recovers the more naive definitions studied in [FYZ21].
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1.3. Some remarks on the derived algebro-geometric method. Although we are able to give an
explicit formula for the special cycle classes in Part I using only “classical” algebraic geometry, the key
foundation for the structural results proved in Part II is another interpretation of these classes in terms of
derived algebraic geometry. We emphasize that the formulation of the modularity conjecture itself requires
no input from derived algebraic geometry, while the evidence does.

To summarize, in §5| we define derived enhancements of the special cycles and show (Theorem that
their intrinsic derived fundamental cycles coincide with the virtual classes defined earlier. One advantage
of this approach is that it does not involve separating the non-singular and singular cases, and so gives a
uniform, conceptual derivation of the virtual fundamental classes for special cycles indexed by all Fourier
coefficients. We find this to be compelling philosophical evidence for our definition of the singular terms.

Let us elaborate on the role of derived algebraic geometry. A derived scheme/stack has an underlying
classical scheme/stack which we call its classical truncation, and in this sense the derived object can be
thought of as “enhancing” the classical object with some kind of “derived structure”. For example, a
quasi-smooth (i.e., derived analogue of LCI) derived scheme provides a “perfect obstruction theory”, in the
sense of Behrend-Fantechi, for its classical truncation. Now, the process of classical truncation can lose
good geometric properties; for example, any (arbitrarily singular) finite type affine scheme can arise as
the classical truncation of a derived scheme which is quasi-smooth. The “hidden smoothness” philosophy
of Deligne, Drinfeld, and Kontsevich holds that many naturally occurring singular moduli spaces are the
classical truncations of natural quasi-smooth derived moduli spacesﬂ and this was one of the early motivations
to consider derived algebraic geometry.

In fact, it has been understood since the seminal work of Kudla-Rapoport [KR14] that the special cycles
comprising arithmetic theta series need to be defined in a “derived” way. The physical special cycles are
often not even of the “correct” dimension, and may be quite singular, so instead of considering their naive
fundamental classes one wants to construct virtual fundamental classes. Kudla-Rapoport did this for the
non-singular terms on unitary Shimura varieties, by presenting the cycles as a “derived intersection” of
classical schemes with the correct “expected dimension”. Then the virtual fundamental class was defined as
a refined intersection product in Fulton’s sense. Our construction of the non-singular terms on Hermitian
shtukas also fits this mold.

For singular terms, we do not know of a presentation that may be used to carry out a similar strategy.
What we shall see, however, is that all special cycles (even for singular coefficients) can be promoted to
derived stacks in a natural way, which always have the correct dimension in the derived sense, and are always
quasi-smooth. This gives another example of the “hidden smoothness” philosophy. Moreover, quasi-smooth
derived stacks have an intrinsic notion of fundamental class, which can be viewed as a virtual fundamental
class of the underlying classical stack. This gives an intrinsic construction of a virtual fundamental class to
each special cycle, which is uniform with respect to the Fourier coefficient (whether singular or not).

From this perspective, the reason that cycles indexed by non-singular Fourier coefficients can be defined
more easily is that the derived structure on such cycles can be constructed in an elementary way, by taking
the derived intersection of classical stacks. We do not know of such an elementary construction for singular
coeflicients, nor is it necessary for us. This suggests that derived algebraic geometry may also be relevant
for the classical Kudla program (over number fields), where the cycles indexed by singular coefficients had
previously been defined in a more ad hoc manner. However, the methods we use to construct the derived
special cycles do not have an obvious analogue in the number field situation.

Acknowledgment. We thank Adeel Khan for discussions on derived intersection theory. We thank Chao
Li and Ben Howard for their comments on our draft. TF was supported by an NSF Postdoctoral Fellowship
under grant No. 1902927, as well as the Friends of the Institute for Advanced Study. ZY was supported by a
Packard Fellowship and a Simons Investigator grant. WZ was supported by the NSF grant DMS #1901642
and a Simons Investigator grant.

1.4. Notation. Throughout this paper, k = F is a finite field of odd characteristic p. Let £ # p be a prime.

Let ¥ : k — QZ be a nontrivial character. For a space S over F,, we denote by Frobg the g-th Frobenius
endomorphism of S; and sometimes we omit the subscript S when it is clear from the context.

Tn modern terms, “hidden quasi-smoothness” would be a more accurate name for this philosophy. As far as we know, the
name “quasi-smooth” is due to Lurie.
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1.4.1. Let X denote a smooth, projective, geometrically connected curve over k, of genus gx. Let wx be
the line bundle of 1-forms on X.

Let F = k(X) denote the function field of X. Let |X| be the set of closed points of X. For v € |X|, let
O, be the completed local ring of X at v with fraction field F,, and residue field k,. Let A = Ar denote the
ring of adeles of F, and O = [Toe x| Ov. Let deg(v) = [k, : k], and ¢, = q18) = 4k, Let |- |, : FX — ¢%
be the absolute value such that |w,|, = g, ! for any uniformizer @, of O,. Let |- |r : A} — ¢% be the
absolute value that is | - |, on F*.

1.4.2. Let X’ be another smooth curve over k and let v : X’ — X be a finite étale map of degree 2. We
denote by o the non-trivial automorphism of X’ over X. The case where X’ is geometrically disconnected is
allowed unless stated otherwise; it is usually allowed in Parts 1 and 2 but not in Part 3. Let F’ be the ring
of rational functions on X’, which is either a quadratic extension of F or F x F. We let k' be the ring of
constants in F”, which may be Fy, F2 or F; x F,. The notations wx, |X'|, F},, Ou, ko, Apr, | o |- |75 qor
and deg(v’) (for v' € |X'|) are defined similarly as their counterparts for X. Additionally, for v € | X|, we
use O! to denote the completion of Ox/ along v~!(v), and define F, to be its total ring of fractions.
For a vector bundle F on X§, we denote " F := (Idxs x Frobg)*F for its Frobg-twist.

1.4.3. Notation for cycle classes. For a (derivd) stack Y, Ch()) denotes its rational Chow group in the sense
of [Khal9]. We denote by [V]"#V® € Ch()) the fundamental class of ). Typically we will work with “virtual
fundamental classes” in Ch()’) which do not (at least a priori) coincide with the naive ones, and we shall
denote such by [V] € Ch(Y), although they will in fact depend on some auxiliary construction, such as a
realization of ) as a fibered product or as the classical truncation of a derived stack #'.

1.4.4. Derived notation. In §5| — we adopt some notational conventions that differ from the rest of the
paper. Namely, in those sections we operate within co-categories, so fibered products mean “derived fibered
products”, limits mean “homotopy limits”, etc. unless noted otherwise. We refer to for the precise
explanation of the notation used in those sections.

1.4.5. Some notational departures from [FYZ21]. We emphasize that some notation has changed from our
first paper [FYZ21] regarding Hitchin spaces and Hitchin bases. There we introduced certain Hitchin stacks
M c M?! and Hitchin bases A C A®!, decorated by indices, but in this paper they would be denoted
M° C M and A" C A. This will be explained more precisely when it comes up in the text.

Part 1. Formulation of the conjecture
2. SOME (MORE) SPECIAL CYCLES ON MODULI OF SHTUKAS

In this section we introduce a variant and a generalization of the special cycles defined in [FYZ21]. The
variant, which plays a technical role in later definitions and proofs, is obtained by replacing U(n) with the
general linear group. For the generalization of special cycles, we consider Hermitian shtukas with similitude
line bundles. Later we will formulate the modularity conjecture in this generality.

2.1. Shtukas for GL(n)". We denote GL(n)" := Resx//x GL(n), a group scheme over X. In this subsection
we define stacks Shty,(,,), parametrizing certain special types of shtukas for GL(n)’, and establish their basic
geometric properties. Their role in the study of Hermitian shtukas is of a somewhat technical nature, stem-
ming from the fact that the Hitchin spaces corresponding to GL(n)" have better technical properties. They
appear in an intermediate stage in the construction of cycle classes labeled by singular Fourier coefficients.

We begin by explicating the appropriate notion of bundles and Hecke correspondences. Let Bungy )
be the moduli stack of GL(n)’-bundles on X. By general properties of Weil restriction, there is a canonical
equivalence of groupoids

{GL(n)'-bundles on X x S} = {GL(n)-bundles on X’ x S}.
Hence the datum of a GL(n)-bundle on X x S is equivalent to the datum of a rank n vector bundle on

X’ x S, and Bungr,(,) is simply equivalent to the moduli stack of GL(n)-bundles on X".

Definition 2.1. Let » > 0 be an integer. The Hecke stack HkEL(n), has as S-points the groupoid of the
following data:

(1) z; € X'(S) for i =1,...,r, with graphs denoted I';; C X' x S.
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(2) A sequence of vector bundles Fy, ...,F, of rank n on X' x S.
(3) Isomorphisms f;: Fi_1|x/xs-r,, -r,_, = Filx'xs-r,, -r,,,, for 1 <i <r, which are lower of length
1 at «} and upper of length 1 at oz}, in the terminology of [F'YZ21l, Definition 6.5].

Warning 2.2. The stack Hkgy,(,,), is different from the usual iterated Hecke stack for rank n vector bundles
on X', for example as considered for n = 2 in [YZ17], because we have demanded modifications to occur
over conjugate pairs of points on the curve.

Lemma 2.3. The (Artin) stack Bungy(y) is smooth.
Proof. This follows from the standard obstruction theory argument, cf. [Heil(, Prop. 1]. |
Definition 2.4. Let r > 0 be an integer. We define Sht,(,,)» by the Cartesian diagram

ShteL(n)/ _— HkaL(n)’

l |

BUIIGL(n)/(M;)BUHGL(n)/ X BunGL(n)/
A point of ShtEL(n), will be called a “GL(n)’-shtuka”. (But see Warning )
Concretely, the S-points of ShtE;L(n), are given by the groupoid of the following data:

(1) «f € X'(S) for i =1,...,r, with graphs denoted I',y C X x S.

(2) A sequence of vector bundles Fy,...,F, of rank n on X' x S.

(3) Isomorphisms f;: Fi_1|x/xs-r,, -r,_, = Filx'xs-r,,-r,_,, which are lower of length 1 at xj and

upper of length 1 at oa}. ' ' ' '
(4) An isomorphism of vector bundles ¢: F, =2 7 Fy = (Idxs x Frobg)*Fo.

Warning 2.5. For the same reason as Warning E the stack ShtgL(n), is different from the usual iterated
stack of rank n shtukas on X', for example as considered for n = 2 in [YZI17].

Lemma 2.6. (1) The projection map (prx,pr,) : Hkgy, ) — (X')" X Bungrny recording {;}]_; and F,
is smooth of relative dimension 2r(n —1).

(2) ShtgL(n), s a smooth Deligne-Mumford stack, locally of finite type, and separated, of pure dimension
r(2n —1).
Proof. The proof of (1) is similar to the proof of [EYZ21, Lemma 6.9(1)], except that in the case r = 1 the
upper and lower modifications are independent, so the map HkéL(n), — X' x Bungp,(ny is (étale locally on
target) a P"~1-fibration over a P"~!-fibration.

Part (2) follows from (1) by applying [Lafl8, Lemma 2.13] in the analogous way as in [Lafl8, Proposition
2.11]. O

2.2. Special cycles. We will define some special cycles on ShtaL(n),.
Definition 2.7. Let £ be a rank m vector bundle on X'.

We define the stack ZZ GL(n)’ whose S-points are the groupoid of the following data:

e A GL(n)-shtuka ({z',..., 2.}, {Fo,..., Fr}, {f1,-- -, fr}, ) € ShtGy () (S).
e Maps of coherent sheaves t;: EX Og — F; on X' x S such that the isomorphism ¢: F, = 7F
intertwines ¢, with "¢y, and the maps t;_1,t; are intertwined by the modification f;: F;_1 --+ F; for

each i =1,...,r, i.e. the diagram below commutes.
ENROg EXOg . =——EROs —=— T(EXOg)
[ S
p LN S S, GRS | SN L S A

In the sequel, when writing such diagrams we will usually just omit the “®Og” factor from the notation.
We define Z;GL(W to be the stack quotient [Zz o,/ /(Aut(E)(Fq))].
We define Z;’,(E;L(n), C Z¢ GL(n) to be the open substack where the maps {t;} are all injective over every
geometric point of S (equivalently, any one of {t;} is injective).
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We will call the Z7 Zg’céL(n), (or unions of their irreducible components) special cycles of corank

£,GL(n)"
m (with r legs) on Shtgy, ).

Proposition 2.8. Let £ be any vector bundle of rank m on X'. Then the projection map Z GL(ny
Sht Gy 18 finite.

Proof. This follows from similar argument as for [FYZ21l Proposition 7.5]. (]

2.3. Hermitian shtukas with similitude. In [FYZ21l §6] we worked with Hermitian shtukas based on
the notion of a Hermitian bundle, which there was defined as a vector bundle F with a Hermitian structure
h: F = o*Hom(F,wx).

In this section we consider a more general situation, where the notion of Hermitian structure is expanded
to include maps h: F = o*Hom(F,wx: ® v*£) for any line bundle £ on X. These can be seen as torsors
for a similitude unitary group. Most of the arguments of [FYZ21] already work at this level and generality,
and it encompasses interesting situations not seen in the case £ = Ox; for example, when n is odd and
£ is not a norm from X', the moduli space of shtukas with an odd number of legs is non-empty. The
methods of [EYZ21] then give “Kudla-Rapoport style” identities between odd order Taylor coefficients of
Siegel-Eisenstein series, whose functional equation has sign —1, and special cycles with an odd number of
legs; see §0.3] for the precise statements.

Definition 2.9. Let £ be a line bundle on X.

(1) We define Bung(,,) ¢ analogously to [FYZ21l Definition 6.1] but with the appearances of “F"”
(= Hom(F,wx)) in loc. cit. replaced by Hom(F,wx: ® v*£). Thus the S-points of the moduli
stack Bung () ¢ is the groupoid of pairs (F,h) where F is a rank n vector bundle on Xg, h is an
isomorphism F = o*Hom(F,wy: @ v*L£) satisfying 0*hY = h @ Id,+¢ (which we call an £-twisted
Hermitian structure), and morphisms (F,h) = (F’, k') are isomorphisms F — F’ intertwining h
with A/

Similarly, for an integer r > 0, we define Hky;(,,) o analogously to [FYZ21], Definition 6.3]. It has
S-points the groupoid of the following data:

(a) @ € X'(S) for i =1,...,r, with graphs denoted by I';; C X’ x S.

(b) A sequence of vector bundles F,...,F,. of rank n on X’ x S, each equipped with £-twisted
Hermitian structures hg, ..., hy.

(¢) Isomorphisms f;: fi_1|X/Xs_pw,__pU($,_) = ]:i|X/X5_pwﬁ_pU(wi), for 1 < i < r, compatible with
the h;, which are lower of lengt}f 1 at 1x; and upper of léngth 1at ox} (cf. [FYZ21, Remark 6.4]
for the terminology).

We define Shty;(,,) ¢ analogously to [F'YZ21) Definition 6.6], by the Cartesian diagram

Sht{](n),/ﬂ Hkg](n),ﬁ

l l(pro »Pr.)

BUHU(H)7Q(M)BUHU(,L)7Q X BunU(n),E
where pr; : Hkyy(,) ¢ — Buny(,),¢ records (Fj, ;).
Let & be a rank m vector bundle on X'. We define Zg , analogously to [FYZ21], Definition 7.1].
The S-points of the stack Zg o form the groupoid of the following data:
e An S-point ({z%,..., 2.}, {Fo,.... T}, {f1,- -+, fr}sp) € Shty (o (S5)-
e Maps of coherent sheaves t;: £ X Og — F; on X’ x S such that the isomorphism : F,. = 7 F
intertwines t,. with "tg, and the maps t;_1, t; are intertwined by the modification f;: F;—1 --+ F;

for each ¢ = 1,...,7, i.e. the diagram below commutes.
& E E———7¢
lto ltl l lm l*to
LI R LS R LI S N

We will call the Z¢ o (or their connected components) special cycles of corank m (with r legs),
where we remind that m = rank €.
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For each &, we denote by Aut(€)(F,) its (finite) group of automorphisms as a vector bundle over
X'. We define §2,£ to be the stack quotient [ZF o /(Aut(E)(Fy))].

(2) The L-twisted Hitchin base Ag ¢ parametrizes maps a: & — o*Hom(E, wxs @v*£) such that o*a¥ =
a where a" is the map obtained by dualizing a and then twisting by wxs ® v*£. The open subscheme
Agf): C Ag ¢ parametrizes a whose restriction to all geometric points of the test scheme are injective
as maps of coherent sheaves.

Note when £ = Ox, Ag o(k) is what was denoted A2 (k) in [FYZ21] Definition 7.2]; A%, (k) is
what was denoted Ag (k) in loc. cit.. l

(3) We have a decomposition Z; o = [[,c 4, (1) Z¢,2(a). We define (analogously to [FYZ21} Definition
7.4)) ZM2 C Zg o to be the open substack where the ¢; are injective, and Z0% e C Z¢ o to be the
open substack where the ¢; are non-zero. For a € Ag ¢(k), define Z{ ¢(a)® := Z{ o(a) N Zg5 and
2 o(a)* = Zg o(a) N Zg E, with the intersections formed in Z%.

Let n : A*/F* — {£1} be the quadratic character associated to F’/F by class field theory. Since X'/X
is étale, the character descends to n : Picx (k)/Picx: (k) — {1}, and for £ € Picx (k) we have n(£) =1 if
and only if £ is a norm from X'.

Lemma 2.10. With notation as above, Shty;,,) o is non-empty if and only if (—1)" = n(£)".

Proof. The case n = 1 is established later in Lemma[2.15] Here we shall assume this case and then establish
the general case.

Note that taking determinants induces a map Sh‘uU(77 o — ShtU(1 £9n g1 By the result for then = 1

case, this shows that Shty;(,,) o = 0 if (=1)" # n(£)". It remains to prove that whenever (—1)" = n(£)",
then Shty;(,, ¢ is non-empty.

If n(£) = 1, then Shty (), ¢ is isomorphic to Shty () by twisting, so the result follows from [FYZ21, Lemma
6.7].

Suppose 7(£) = —1. With Shtgy,1), x- defined as in [YZI7, (5.4)], there is a map Sht¢y,1y/x — Shty (o) e
sending Fo -+ ... -+ "F. 2T Fy to Fo @ (0*Fy @v*L) -=» ... ——» F,. @ (c*F v*L) X" (Fo & (6* Fy ®
v*£)). Since Shtgy,qy/x+ is non-empty whenever r is even, we find that Shty; () o is non-empty whenever r
is even. Taking direct sums induces a map

Shtg; () ¢ X Sht{r(,_2) ¢ — Shtfr,) (2.1)

which then inductively shows that Sht{;(,,) o is non-empty whenever r and n are even.
It remains to show that if n(£) = —1 and n is odd, then Sht’(}(l)7£ is non-empty whenever r is odd. Since
we are assuming the n = 1 case, we know that ShtTU(l)x is non-empty for all odd r. Then iterating
shows that Shty;(, ¢ is non-empty for all odd n and r. O

For properties of the objects in Definition whose proofs are the same for general £ as written in the
case £ = Ox in [FYZ21], we will just cite the statements from [FYZ2I]. For example, by the same proofs
as for [FYZ21l Lemma 6.8, Lemma 6.9], we have the following geometric properties.

Lemma 2.11. Let £ be any line bundle on X.

(1) The stack Bung ) ¢ is smooth and equidimensional of dimension n*(gx —1).

(2) The projection map (prx, pr,) : Hkiy(,) o = (X')" x Bunyn), ¢ recording {x;} and (F, hy) is smooth
of relative dimension r(n — 1).

(3) ShtU(n) o 15 a Deligne-Mumford stack locally of finite type. The map ShtU(n o = (X')" is smooth,
separated, equidimensional of relative dimension r(n — 1).

Forgetting the Hermitian structures give maps Buny ()¢ — Bungr,,) and HkU(n) — HkGL( y» which
induce a map over (X’)"
Sht{r(),e = ShtGr, ()

Lemma 2.12. Let £ be any vector bundle of rank m on X'. Then we have
Ze o = Ze qriny Xshey, ), SBtU).e

7,0 ~ T
Zee = 2% JGL(n)" XShtg, Shtyr (), e
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as stacks over Shty () o-
Proof. Immediate from the definitions. O

2.4. The case n = 1. We now undertake a closer analysis of Shty;(,) o for n = 1. We first set up some
notation. Let Prymy = Buny (1), be Nm (M) where Nm : Picx, — Picy is the norm map. When 9t = Ox
we omit the subscript 9. In this case, there are two connected components and we let Prym® denote its
neutral component, and Prym! for the other component (both are defined over k). Explicitly, there is a
map Pic(X’) — Prym taking a line bundle L to L ® o*L~", and Prym" is the image of the components of
Pic(X’) where L has even degree, while Prym' is the image of the components where L has odd degree.
This is explained in [Mum71), p. 186-188].

Recall that Prym® and Prym' are also geometrically connected. Since Prym,y,; is a torsor under Prym,
Prymy, also has two geometric connected components. However, its number of (k-rational) connected com-
ponents depends on 7(N), as explained below.

Lemma 2.13. If n(N) = 1 then Prymy, has two connected components. If n(M) = —1 then Prymg, has one
connected component.

Proof. When n(M) = 1, i.e., 91 is a norm, Prymy; has a k-point hence is a trivial Prym-torsor, therefore
both geometric components of Prym,y, are defined over k. When (M) = —1, Prymy,; has no k-point, which
implies that the two geometric components of Prymg, are permuted by Gal(k/k) (for otherwise a Frobenius
stable geometric component, being a torsor under the connected group Prym®, would contain a k-point by
Lang’s theorem), hence Prymy,; is connected. O

Lemma 2.14. Let (M) € {0,1} be such that n(N) = (—1)Y. Then the Lang map
Lang: Prymg — Prym
FeTFF!

lands in Prym®Y.

Proof. Given My, Ny € Picy (k) such that MNe ® (N1)~! = Nm(') for some N’ € Picy-(k), twisting by
induces an isomorphism Prymgy, = Prymg,,. Hence if N is a norm, then Prymy, = Prymg » in which the
claim is a result of Wirtinger explained in [Mum71], §2].

If 91 is not a norm, by the twisting argument above, it suffices to show the statement for a single choice
of <M. We take M = O(x) for a closed point = € | X| which is inert in X’.

We claim that it suffices to check that the statement for a single geometric point 7 € Prymy,. Indeed,
since Prymy,; is a Prym-torsor, any geometric point of Prymyy, is of the form F® F’ for some F’ € Prym, and
Lang(F ® F') & Lang(F) ® Lang(F”) lies in the same component of Prym as Lang(F) since Lang(Prym) C
Prym°.

To describe a geometric point F € Prymgy, (k), write 2 Xspec £ Spec k = {1, ..., 24} such that Frob(z;) =

Tif1 (mod d), etc. Denoting z’ the point of X' lying above x, we have &' Xgpec 1 Spec k= {2}, ah, ... b}
where Fiob(ac’i) = Ty (mod 2a) 24 0T, = Ty (1o 2a)s €bC. Then F = O(z] + x5 + ... + z7) lies in
Prymy (k), and "F @ F~' = O(z),, — 2}) = O(ox} — &), which lies in the non-neutral component of
Prym. O

Let r be even (resp. odd) if €(M) = 0 (resp. (M) = 1). By unwinding definitions one sees directly that
the diagram below is Cartesian:

Sht7(1),m "> Prymy, (2.2)
P[1,7~]¢:(P17“' Jh)i \LLang
X' AT Prym

Here AJ" : X" — Prym is the map (x1,--- ,z,) = O(3_i_, (0; — 2;)). The map p; : Shty; ;) — X' records
the i-th leg (1 <i <), pyy == (1, ,pr) : Shtyqy = (X')" and p : Shty;(q) — Prymy records Fo.

Lemma 2.15. Shty;(yy ¢ is non-empty if and only if (=1)" = n(£).
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Proof. Combine Lemma and (2.2]). O

Lemma 2.16. Ifr > 0 and Shtg(l),,: s non-empty, then Sht’[}(l)’ﬁ has two geometric connected components.
Under these same assumptions, Shty; (1) o is connected if and only if r is odd.

Proof. Let M= wx ® £. We know that Shty; ;) o # @ if and only if n(9N) = n(£) = (—1)". We assume this
in the following.
First we establish that there are two geometric connected components. Consider the Cartesian square

(2.2). For any e € Irr(Prymy, 1) (a torsor for Z/2Z), let Sht;i e R be the preimage of Prym 7 under p.
We need to show that Sht;i D.oF is connected.
As a Prym" (k)-torsor over X’ET (ct. (2.2)), Sht;]zl) o is given by the homomorphism
T (X2) 2 (PrymE) 22 Prym (k) (2.3)

where the first map is induced by AJ" (where r = r mod 2 € {0,1}), and the second map is given by
the Lang torsor Lang : Prym§; — Prym™ It suffices to show that (2.3) is surjective. Since Prymg; is
geometrically connected, Ap,y, is surjective. It remains to show that AJ} is surjective.

Fixing z = (21, ,2,_1) € X"~ (k) and letting A, = AJ""!(2), we have a commutative diagram
Al . o—1
X —= Plc;/i — Prym% (2.4)
l lmz
I AJ" r
X7 Prym—
Here AJx/ : X’ — Pick, is the Abel-Jacobi map for X', i.(x) = (z,21,- -+, 2z-_1). It induces a commutative
diagram on fundamental groups
, AJX/ ( 1)* 1
m (X)) — ’R’l(PIC %) — 71 (Prymy) (2.5)
l AT, l r
™ (XTT) T (Prymi)

By geometric class field theory, AJxs . : m (X%) — (Pic1 E) is surjective, realizing the latter as the

abelianization of the former. On the other hand, ¢ — 1 : PlC T Prymf is a torsor under PIC 7 which
is connected, it induces a surjection on 7. These then 1mply that the top row of the above dlagram is
surjective. Therefore the bottom row is surjective as well, i.e., AJ, is surjective.

To prove the last assertion in the Lemma, we show that Frob swaps the two geometric connected com-

ponents of Shtr;,) o if and only if 7 is odd. For F € Sht{y(yy ¢(k), "F @ F~" is the tensor product of r line
bundles of the form O(z — o), each of which lies in Prym!, so the tensor product lies in Prym? if and only
if r is even.

]

3. HITCHIN STACKS

In this section we introduce certain stacks which will be used to analyze special cycles, generalizing the
constructions in [FYZ21], §8].

3.1. Moduli of sections of gerbes. In order to encompass the moduli stacks Buny(,,) and Buny(,,) ¢ in a
common framework, it will be advantageous to adopt a more general perspective of moduli stacks of sections
of gerbes.

Example 3.1. Let G be a group scheme over any scheme S. Then the relative classifying stack BG is
equipped with the structure of a gerbe over S, and the groupoid of sections of BG over S is equivalent to
the groupoid over G-torsors over S. In particular, for a group scheme G over the curve X, Bung can be
interpreted as a moduli stack of sections of the gerbe BG over X.
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In particular, for the group scheme GL(n)" = Resx//x (GL(n) x X’) over X, the gerbe B GL(n)’ represents
the following moduli problem: for any k-scheme S, (B GL(n)")(S) is the groupoid of pairs (s, F), where
s:5 — X and F is a rank n vector bundle over S’ = S xx X'.

In the context of this paper, the moduli stack of Hermitian bundles Bung(,,) over X play a more funda-
mental role than the group scheme U(n) itself. Indeed, to recover U(n) from Bung(,) we need to choose a
base point (F, ) € Buny,)(k) and define U(n) to be the group scheme of automorphisms of (F,h). Better
yet, we should consider the gerbe BU(n) over X rather than the group scheme U(n) over X. Then sections
of the gerbe BU(n) are equivalent to U(n)-torsors. This point of view generalizes better to include spaces
like Bungs(,,), ¢, which are not moduli stacks of torsors for a group scheme, but can be seen as moduli stacks
of sections of a gerbe BU(n)e, which will be defined next.

Definition 3.2. Let ¢ be a gerbe over X. We define the stack Bung over k to be
Bung := Sect(X,¥) = Rx/19 . (3.1)
In other words, the S-points of Bung form the groupoid of maps X x S — ¥ over X.

In view of Example we have Bungg = Bung for a group scheme G over X.

3.1.1. Unitary gerbes. Fix a line bundle £ over X. We define the gerbe BU(n)e over X to represent the
following moduli problem: for any scheme S with a map s : S — X, liftings of s to BU(n)e form the
groupoid of Hermitian vector bundles (F,h) over S’ := S x x X’ valued in s*£, i.e., h is an isomorphism
F S otHom(F,vis* (wx @ £)) satisfying h = o*hY (here o5 : 8" — S" and vg : §” — S are induced from o
and v). Forgetting the datum of h defines the standard map BU(n)e — B GL(n)’.

We call BU(n)g¢ the unitary gerbe over X of rank n and similitude line bundle £. With this definition
and Definition we have

Bungy(n), = Buny),e - (3.2)

For most of the paper, the only gerbes that will concern us are BU(n)¢ or B GL(n)’. However, in
and it will be necessary to deal with a more general class of gerbes, which we introduce next.

3.1.2. Gerbes of unitary type. We define a class of gerbes over X that we call gerbes of unitary type over X.

Let Y be another smooth projective curve over k (not assumed to be geometrically connected) and
0 :Y — X be a finite morphism (possibly ramified). Let Irr(Y) be the set of irreducible components of YV
and n : Irr(Y) = Zs¢ be a function. For Y, € Irr(Y') we denote n(Y,) by n,. Let

n= Z N [Yo @ X] (3.3)
Yo €Irr(Y)
where [Y,, : X] is the degree of 0, := 0|y, : Y, — X.
Let £ € Pic(X) and £, = 0% £. Consider the unitary gerbe BU (nq )¢, over Y, with similitude line bundle
£, defined using the double cover Y. =Y, xx X'
We claim there is a canonical map of gerbes over X

[ Rv./xBU(na)e, = BU(n)e. (3.4)
Ya

We describe the map on the level of S-points. For s : S — X, (Ry, /x BU(na)e,)(S) is the groupoid of
Hermitian bundles (Fy, hq) over S’ x x Y, with similitude line bundle the pullback of s*£ to S, := S x x Y.
Given such S-points (Fg,he) for each Y, sends them to the direct sum F = @405 ,Fo (where
05, : So =S" xx Yy — 8" is the projection). The pushforward of h, induces a map

,Sa*hoé : GISQ*‘FOC :> 0‘/5&*0'2«7‘[0771(/—"0“ (WYa Y £)|S/) (35)
The relative dualizing sheaves satisfy wgr /50 = wy, x/|sr 2wy, /x|s. Grothendieck-Serre duality gives

05, Hom(Fo,wsr 1) = Hom(0s_,Fo,Os'). (3.6)
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Therefore the right side of (3.5) is isomorphic to

Ugega*Hom(}"a,wyé/de/ ® 05 (wx @ £)|s) (3.7)
=] age’sa*?-tom(fmw%/sr) ® (wx ® L)|s (3.8)
> ogHom(bs, Fa,Os) @ (wx ® £)|g (3.9)
= ogHom(0s, Fa, Vs (wx @ £)). (3.10)

In other words, 0 ,hq is a Hermitian form on 6§ , F, with similitude line bundle £. Then the direct sum
of 0 ,ha gives a Hermitian form h on F with similitude line bundle £.

Definition 3.3. An n-framed gerbe is a gerbe ¢4 over X together with a map ¥ — B GL(n)’. We say that
an n-framed gerbe is smooth if 4 is smooth. In notation we suppress the map to B GL(n)’ if it is clear from
context.

Let £ € Pic(X). A gerbe &4 over X together with a map i : ¢ — BU(n)e over X is called a gerbe of
unitary type of rank n and similitude line bundle £, if there exists the data 6 : Y — X and n: Irr(Y) — Z+g
as above (satisfying (3.3)) such that (¢, ) is isomorphic to [, Ry, ,xBU(na)e, (product over X) with the
canonical map to BU(n)g¢ defined in . In notation we suppress ¢ if it is clear from context.

The standard map ¢4 — B GL(n)’ is inflated via ¢ from the standard map for BU(n)e. Given i : 4 —
BU(n)g a gerbe of unitary type of rank n (and similitude line bundle £), we say that the standard n-framed
structure is the n-framed gerbe obtained by composing ¢ with the standard map for BU(n)e.

The tautological n-framed gerbe is 4 — B GL(n)'.

3.1.3. Hecke stacks and shtukas for gerbes of unitary type. Let & = [],. Ry, ,xBU(na)e, be a gerbe of
unitary type. We set Y/ :=Y xx X' 2 []Y. with involution oy = Idy xo. We have

Bung 2 [ [ Buny(n,)/v,.c. (3.11)

where Buny(,,,.)/v,,¢, is the moduli of £,-twisted Hermitian bundles of rank n, over Y.
Then we define Hkg, to be the moduli stack with S-points being the groupoid of the following data:
b (yiv U 7y;) € YI(S>T7
e Hermitian bundles (F;, h;)i_,, with each F; a vector bundle on Y’ x S, of rank n, on Y/, and h; is
an £, = 0} £-twisted Hermitian structure on F;, and

e Isomorphisms f;: Fi—1|yxs— T, T = Filyrxs— Py =Tyt for 1 < i < r, which are lower of

01/

length 1 at y, and upper of length 1 at oy..

By recording how many of y; are lying over each component of Y, we have a decomposition

]_[ H HK[ v e (3.12)

r achr(Y)

where 7 runs over the set of functions r : Irr(Y') — Z>¢ such that |r| := )" 74 is equal to r.
We define Shtg, by the Cartesian diagram

Shtj, —— HkJ,

l l(pro »PI,.)

Id,Frob
Bung(*gBung X Bung

Similarly we have
sty = [T II Shtif.ve e, - (3.13)
|r|=r aclrr(Y)

In order to make the notation more uniform, we will denote a gerbe of unitary type by BG — X (even if
it does not arise as the classifying stack of a group scheme G). We will write Hkg, for Hk’; (in the unitary
type case) or if G = GL(n)’.
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3.2. Hitchin stacks. We introduce Hitchin stacks Mg, g, for certain gerbes BH; and BHs, generalizing
the construction in [FYZ21], §8].

There is an equivalence of categories between the groupoid of GL(n)'-torsors over X, and the groupoid of
vector bundles of rank n on X’ (with maps being isomorphisms). If £ is a GL(n)’-torsor, we denote by V(&)
the vector bundle associated by this equivalence. We introduce this notation because we shall frequently
need to talk about maps between vector bundles which are not isomorphisms (and so do not come from
maps of torsors).

Because of Example we will use the notation BH for a gerbe over a base S, and refer to a global
section of BH over S as an “H-torsor over S”, even when the gerbe does not actually come as the classifying
space of a group scheme H. More generally, given an n-framed gerbe BH — B GL(n)" over X, and an
H-torsor £ on X x S, we will denote by V(&) the associated rank n vector bundle on X’ x S.

Definition 3.4. Let BH; be an m-framed gerbe over X and BH; be an n-framed gerbe over X. We define
the “Hitchin-type space” Mpy, g, whose S-points are the groupoid of data:

o &y, an Hy-torsor over X x S.
e Fi,, an Hy-torsor over X x S.
e A map of vector bundles t: V(Ep,) — V(Fu,) over X' x S.

We define M%, y, C Mupu, u, to be the open substack where the map ¢ is injective as a map of coherent
sheaves. Note that the definition is in terms of the gerbes BH;, BH and their maps to B GL(m)’, B GL(n)’,
but in the notation we only put Hy, Hs as a shorthand for BHy, BH» and these maps (this is just notational
shorthand — there may not be an actual group scheme H; from which BH; comes).

Remark 3.5. Let us comment on what generality of gerbes will appear. In all examples of interest, BH; —
B GL(m)" comes from a map of smooth group schemes over X, and BHy will be either a gerbe of unitary
type with the standard map to B GL(n)’, or simply B GL(n)" (with the identity map). The reader may focus
on the cases where the gerbes arise as classifying stacks of smooth group schemes over X, without missing
the main ideas.

Example 3.6. Let BH; — B GL(m)" and BHy = BU(n) — B GL(n)’ be the standard map. In this case,
the stack My, m, (resp. M 4 ) is the Hitchin stack denoted M*!(m,n) (resp. M(m,n)) in [FYZ21].
(Note the notational inconsistency with [F'YZ21]: in this paper we do not use the superscript “all” to indicate
all maps are allowed, and we use the superscript o to indicate the substack where the map ¢ is injective.)

More generally, for £ a line bundle on X we may take BHy = BU(n)g — B GL(n)’ to be the standard
map. We also denote the corresponding Hitchin stack My, m, by My, vn),e- It parametrizes £y, € Bung,,
(F,h) € Buny(y),¢, and a map of vector bundles

t: V(ng) — F

over X’ x S. Its open substack My, o, = My, Un),e is the locus where ¢ is injective as a map of coherent

sheaves (fiberwise over the test scheme S). Henceforth when £ is understood, we may suppress it from the
notation.

Example 3.7. In this paper we shall also be interested in the case Hy = GL(m1)" x ... x GL(m;) where
m =my + ...+ m;, the map BH; — BGL(m)’ is induced by the standard block diagonal inclusion, and
BH; = BU(n)e — BGL(n)" induced by the standard embedding. This comes up, for example, in

3.3. Hitchin base. We construct Hitchin bases for our Hitchin stacks, generalizing [FYZ21), §8.2].
Definition 3.8. Let BH; be an m-framed gerbe over X and fix a line bundle £ on X. The £-twisted Hitchin

base Ap, ¢ is the stack whose S-points are the groupoid of the following data:

e £ an Hi-torsor on X x S.
e a: V(&) = c*Hom(V(E),wx: ®v*L) = 0* V(€)Y @v*L is a map of coherent sheaves on X’ x S such
that o*(a") = a.
We define the non-degenerate locus Aj; ¢ C Ap, ¢ to be the open substack where a is injective fiberwise
over the test scheme S. When £ is understood, we will omit it from the notation in the future.
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Definition 3.9. Let BH; be an m-framed gerbe over X and fix a line bundle £ on X. Take BH, =
BU (n)¢ with the standard n-framed structure. We define the Hitchin fibration f: Mu, g, — Amg, ¢ sending
(€,(F,h),t) to the composition

a: V&) L F L o FYovte T o v(E) @ ute.
We define My, y, = Mu, o,

. ns 3 <
Az, o> note that M7 4, is an open substack of Mg, g, .

Example 3.10. For BH; = B GL(m)" the tautological m-framed gerbe, and £ = Ox, Ay, ¢ (resp. A} o)
coincides with the Hitchin base denoted A*"(m) (resp. A(m)) in [EYZ21), Definition 8.2]. Note the notational
inconsistency with [FYZ21]: in this paper we do not use the superscript “all” to indicate that all maps are
allowed, and we use the superscript o to indicate the substack where the map ¢ must be injective.

3.4. Smoothness of some Hitchin stacks. We will use the description of the tangent complex for the
following general situation. Suppose that G — X is a smooth group scheme acting linearly on a vector
bundle V' — X. Then the relative Lie algebra Lie(G/X) acts on V, and the relative tangent complex for
V/G — X at a point (z,v) (where v € V) is represented by the complex
ay : LieG, —— 'V,
——

~~
deg —1 deg 0 (314)

Y —— Y v

Let x be a field containing k. A k-point of Sect(X,V/G) can be identified with the data of a G-bundle £
over X,; plus a G-equivariant map s: &€ — V lying over the identity map on X,. It is explained in [Ngol0l
§4.14] that the tangent space to Sect(X,V/G) at this k-point is

H(X,, & x9 Lie(G/X) 25 £ x9 V) (3.15)
\ , N——
deg —1 deg0

where the map ay : € x% Lie(G/X) — € x¢V is given by the action of Lie(G/X) on s (so that its fiber over
x € X is identified with (3.14) upon choosing a trivialization of £ at ), and the obstructions to deformation
lie in

H'(X,, & x9 Lie(G/X) 25 £ x9 V). (3.16)
N————— ~—
deg —1 deg0

In particular, Sect(X,V/QG) is smooth at k-points where (3.16)) vanishes.

Proposition 3.11. (1) Let BH; be a smooth m-framed gerbe induced from any homomorphism of smooth
group schemes Hy — GL(m)’ over X, and BHy the tautological n-framed gerbe. Then the stack M m, 1S
smooth.
(2) Let BHy = BGL(m)’ be the tautologoical m-framed gerbe and BHy = BU(n)g. Then the stack
., H, 1S smooth.

Proof. It is immediate from the definitions that Mg, g, is a special case of Sect(X, V/G) where G = Hy X Ha,
and V is the vector bundle of homomorphisms from the standard representation of GL(m)" inflated to H
via the given map H; — GL(m)’, to the standard representation of GL(n)" inflated to Hy similarly.

We will show that the obstruction group to My, m, vanishes at any geometric point of Mg 5 . Consider
a geometric point Spec K — My ., which is identified with the data of an Hi-torsor &, an Ha-torsor F
(here the notation differs slightly from where F denoted the associated vector bundle), and an injective
map of the associated vector bundles ¢t: V() — V(F). Specializing to this situation, the obstruction
group is

H' (X%, € x™ Lie(H, /X) @ F x2 Lie(Hy/ X) 2% Hom(V(E), V(F))). (3.17)
deg —1 deg 0

When BH; = BU(n)¢, Lie(H2/X) is not a priori defined. In this case, V(F) is equipped with an £-twisted
Hermitian form h, and we understand F x 2 Lie(H,/X) as the vector bundle End**(V(F)) (over Xz) of
anti-self-adjoint endomorphisms of V(F), i.e., locally B : V(F) — V(F) such that h(Bz,y) + h(z, By) =0
for z,y € V(F).
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Returning the generality of (1) and (2), the differential “a;” is given by (A4, B) — —tA + Bt, where
A€ & x Lie(H1/X), B € F xH2 Lie(H/X). Since the coherent cohomology of a torsion sheaf on a curve
X vanishes in positive cohomological degrees, it therefore suffices to show that the cokernel of the differential
“a” is torsion, or in other words oy is generically surjective.

Let V (resp. U) be the generic fiber of V(F) (resp. V(£)), a vector space of rank n (resp. m) over
K' =F @k Let K = F ®, . Let T be the generic fiber of . By the assumption that the %-point lies in

#, .m0, 1T 1 U — Vis a K'-linear injective map.

In case (1), the generic fiber of F x 2 Lie(Hy/X) is Endg/ (V). The map Endg/ (V) — Homg (U, V)
given by B — BT is already surjective since T is injective. This shows that «; is generically surjective, and
the obstructions vanish, as desired.

In case (2), we argue as follows. In this case, upon trivializing the generic fiber of wx ® £, V carries a
Hermitian form h : V®g: 0*V — K'. The generic fiber of £ x 1 Lie(H; /X ) is End g/ (U) and the generic fiber
of F xH2Lie(H,/X) can be identified with the K-vector space End%5 (V) of anti-self-adjoint endomorphisms
B :V — V. By the assumption that ®-point lies over the non-degenerate locus A}y < Ag,, T is injective
and h|T(U) is non-degenerate. Therefore we may assume (V,h) = (U, hy) @ (W, hw) is a direct sum of two
non-degenerate Hermitian spaces, and 7" is the inclusion of U in V. We have

Hom(U,U @ W) =2 End(U) @ Hom(U, W),
and
End®*(V) 2 End***(U) @ Hom(U, W) & End®*(W),
where the last isomorphism is given by B — (pry (Blv), prw (Blv), priv (Blw)). Under these identifications,
the generic fiber of a; then takes the form

End(U) ® End®™*(U) @ Hom(U, W) & End®™*(W) — End(U) ® Hom(U, W)
(A,Bl,BQ,Bg) —> (_A+Bl7_BQ)
from which we see that oy is generically surjective.

]

The following variant will be used below in Lemma Following the proof of [FYZ21 Lemma 8.14], we
define an “L-twisted almost-Hermitian bundle with defect at (2’,0(2’))” to be the data of a vector bundle
F? on X' x S equipped with a Hermitian map h: F* < ¢*(F?)¥ ® v*£ with cokernel an invertible sheaf on
the union of the graphs of ' and o(z’). Let M?LILU(H)’): be the Hitchin stack parametrizing 2’ € X', € €

Sect(X, BH;), and £-twisted almost-Hermitian bundle 7> with defect at (2’,0(z’)) and t: V() — F°.
There is a Hitchin fibration Ml}il,U(n), ¢ — Ap, ¢ defined completely analogously to Definition

b
Lemma 3.12. The map /\/111,17U(n)72
scheme Hy/X.

Proof. The proof is similar to that of Proposition The obstruction group for the map M;ﬁ Umy,e X’
b b
at (]: 7.’1:,t) S MHl,U(n),S

Az = X' is smooth if BH; is the classifying stack of a smooth group

Az (R) lying over z € X'(R) is

H' (Xz, & xH1 Lie(H, /X) @ End™*(F’, h) =5 Hom(V(E), F*)) (3.18)

deg —1 deg 0

where End*®(F , h) is the sheaf of endomorphisms of F° compatible with h. As in the proof of Proposition
2)7 it suffices to show that oy is generically surjective when (F b,x,t) lies over the non-singular locus
of A% . This can be checked on the generic fiber, where h is an isomorphism and we may apply the same
argument as in proof of Proposition 2). O

3.5. Hecke stacks for Hitchin stacks.

Definition 3.13 (Hecke stacks for Hitchin spaces). Let BH; be an m-framed gerbe over X and BHy —

B GL(n) be as in Definition Further assume that BH, is of unitary type or B GL(n)’, so that Hkj,

has been defined (cf. §3.1.3{ for the first case, and §2.1| for the second case). For r > 0, we define HkTMHl,H2
P

to be the stack whose S-points are given by the groupoid of the following data:
(1) ({z}, Fo-—» F1 --» ... -—> F.) € Hky, (9).
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(2) € an Hj-torsor on X x S.
(3) Maps t;: V(E) — V(F;), fitting into the commutative diagram below.

V(E) —— V(&) V(E)
V(.Fo) ***** > V(]:'l) ***** > l ***** > V(fr)

(The dashed notation follows [FYZ21, Definition 6.5].) Let pr;: Hk, -
(&, Firti), for 0 < i <.

We define Hk'y, oy C HK, m, 1O be the fibered product of pr, (equivalently, any pr;) with M%; 5 <
My, H,, and pry Hk;\jH T MC})ILHZ to be the restriction of pr;.

ay, M, m, be the map recording

Let (2/,&,Fy --+ F1,to,t1) be an S-point of Hk}\AHl iy By means of the given rational isomorphism
between Fy and Fi, we may form the intersection flb/z = Fo N Fi1, which is an S-point of Bungy,,) . By
definition, the maps to, t; factor through a unique map *: V(€) — ]-'1b/2. The data of (€, ]-'f/2, t) determines
an S-point of My, m,. We define a map pry 5 : Hk}VlHl,Hz — M, 1, by pryjs(2',€,Fo --» Fi,to,t1) =
(&, F7 9 1)-

Lemma 3.14. Let BH; be a smooth m-framed gerbe induced from any homomorphism of smooth group
schemes Hy — GL(m)" over X, and BHs be the tautological n-framed gerbe over X .
(1) The map (pry 9, Prx:) Hk}MHLH2 — My, 1, x X' is smooth and of relative (equi)dimension 2(n—1).
In particular, Hk}\/lo 18 smooth.
Hy,Ha

(2) For any geometric point £ € Hk}\/l?—ll‘H , the local dimension of Hk}‘/‘%{l,Hz at & satisfies
dimg Hk;@ﬂz —dimp,, ey MYy, g, =2n—1—m, i=0,1. (3.19)

Proof. (1) To recover (2, €, Fy --» F1, to, t1) from its image (€, ]—'1/2, ;') under (pry /9, Pry-) is equivalent to
giving the datum of a line in each of the fibers of .7’-"‘1’/2 at " and o (). Hence (pry /o, pry.) is a Pl xpr-l

fiber bundle. In particular it is smooth of relative dimension 2(n — 1).
Now Hk} My is also the preimage of My g under pry/,. The smoothness of HK! My follows by

combining the relatlve smoothness with Proposition [3.11

(2) Let & = (24, &, Fo --+ F1,to,t1) be a geometric point of Hk}\/to s . Comparing the tangent complexes
of M;IMHQ at pr;(§) = (€, Fi, ti) € MYy, u, and at pr1/2(§) (&, flb/2, t) € M, m, given in the proof of
Proposition we see that (for i =0,1)

dlm (&) MHI H> deH/z(f) ;117H2

=degHom(V(E), F;) — deg ’Hom(V(é’),]-'f/Q) =m. (3.20)
On the other hand, by (1) we know that
dimg Hkyge = dimyr, | 6) My, g, +20 - 1. (3.21)

Combining ([3.20) and ( we get (3.19] -

]

When BHy; = BU(n)e, the composition HkTMHLH2 LN My, |,y ER A, ¢ is independent of 7, so that
Hk)y,, ,,, has a well-defined map to Ap, .

Lemma 3.15. Let BH; be the tautological m-framed gerbe and BHo = BU (n)e with the standard n-framed
1 el .
structure. Define HkM‘;;lsz =Hk, |A11‘fsl,£' Then:

(1) The projection map Hk}\/‘?ﬂ,fh — X' is smooth. In particular, Hk}\,t?;lﬁz 18 smooth.

. . 1 . . 1 :
(2) For any geometric point £ € HkM?{sle; the local dimension of Hk/‘/"}fl,Hz at £ satisfies

dimg Hkpgye | — dimpy ) M, g, =n—m, =01 (3.22)
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Proof. (1) We claim that Hk} ~ M ., which is defined in Lemma [3.12} If we admit this then
Mu, Hy Hq,U(n),L2

the assertion follows from the smoothness of Mi‘h,U(n), ol A . X' established in Lemma So it
suffices to establish the claim.

We define a map Hk}\,[Hl’H2 — Mzﬁh,U(n),S' Take (2, Fog --+ JF1) € HklU(n)’,: and set .7-"1’/2 = Fo N Fi.
The generically compatible Hermitian structures on Fy and JFj equip flb /2 with an (£-twisted) almost
Hermitian structure (cf. [FYZ21l, Proof of Lemma 8.14] for the definition of “almost Hermitian”) with defect
at (', o(z)).

Given (F°,h") almost Hermitian with defect at (z’, o(z')), define Fy (resp. F1) as the upper modification
of F* at 2’ (resp. o(z')) inside o*(F°)V ® v*£. It is easy to see that this defines the inverse map.

(2) Let M?IhU(n),E,w’ be the fiber of Mle,U(n),Q over 2’ € X'. Consider a geometric point

€= (E.(Fiyz.h),tiyp: V(E) = Fi )

of M, Ars . By the smoothness established in (1) and Proposition the local dimensions at
Hy,U(n), Lz AH e

¢ and pr;(§) may be computed as the Euler characteristic of the respective tangent complexes. Comparing

the tangent complexes of Mle,U(n),i),:c/ at £ and of MY, y, at pr;(§) = (€, Fi, t;) € MYy} g, using the proof

of Proposition we see that (for ¢ = 0,1)

dim§ ME‘Il,U(n),E,x’ - dimpri(f) Mrf?l,H2
= —deg Endasa(}'lb/z) + deg Hom(V(E), Flb/z) —degHom(V(E), Fi)

where <‘,'ndas£"(]-'1b /2) is the space of anti-self-adjoint morphisms with respect to the Hermitian map h: .7-"1’ /2
o* (.7:1b/2)v ® £. Here we have used deg End®**(F;) = 0.

We have deg Hom(V(E),.Flb/g) — deg Hom(V(£), F;) = —m, as in the proof of Lemma To compute
deg Endasa(}"l’ /2), we reduce to the case where the double cover is split, by base changing along X' — X.

In that case, X’ = X U X and we may assume z’ lies in the first copy of X and its image in X is denoted
by xz. Then the datum of flb/z may be identified with a pair of vector bundles F(V, F®) on X and a

map h: FO — (F®)Y @ £ whose cokernel is flat of length 1 along the graph of z. Then 5ndasa(]-"1b/2)
consists of endomorphisms (B, Bz) of F) B F2) such that for every local section vV € F)(U) and
v € FA(U) on an open subset U C X, we have h(Byv™") = —BY (hv))). Hence any such endomorphism
is determined by its restriction to F(?), giving an injection Sndasa(]:lb/z) — End((FP)V @ £). Let us
abbreviate F(?) := (F@)V @ £, which we remind is a rank n vector bundle on X. The image of the

preceding injection consists of those maps in End(]? (2)) preserving F(I)| viewed as a subsheaf of F (?), hence
the image is equal to the kernel of the composition of arrows below

End(F®@) > Hom(F®, F@ /F1)

l

Hom(FO), F2) /FO)

The sheaf Hom(FM), .7?(2)/}"(1)) is torsion of degree n on X. The long exact sequence for Hom(—, .7?(2)/.7:(1))
shows that the image of the vertical map is the kernel of the surjection

Hom(FO, FOJFV) & gat(FO/FW, F@ /7))
whose codomain is an invertible sheaf along the graph of z. As End(F®) has degree 0, we conclude that

Sndasa(}'lbﬂ) has degree —(n — 1).
(]

3.6. Hitchin shtukas. We now discuss a notion of shtukas for Hitchin-type spaces My, m,.



HIGHER THETA SERIES FOR UNITARY GROUPS OVER FUNCTION FIELDS 19

Definition 3.16 (Shtukas for Hitchin spaces). Let BH; be an m-framed gerbe and BH; an n-framed gerbe
as in Definition For r > 0, we define Shtrj\,lHl,H2 as the fibered product

r

-
ShtMHl,HQ EEm— HkMHl,HQ

l l(Prmprr) (3.23)

(Id,Frob)
MHI;HZ MH17H2 X MH1,H2

We define the open substack Sht)ye ~ C Shtly, , as the fibered product
142 ’

Shtf, — ——— Hiye

Ha Hy,Hg

| Jorame 520

(1d,Frob)
?fl,Hz 2117H2 X M%ﬁ,Hz
Note that Shtrj\,l?qu2 — ShtTMHl,H,L, can be equivalently described as the base change of My, ., — Mu, m,
against any of the projection maps pr;: Sht), oy My, H,.

Example 3.17. Let BH; be the tautological m-framed gerbe and BH; = BU(n)¢ with the standard n-
framed structure. Recall that we defined ?2’ o= [Zg o/ (Aut(E)(Fy))], where Z¢ o was defined in Definition
2.9 Then we have

r _ =T
Shthug,, = ]_[ Zp o
EeBungy,(,,y/ (k)

and for Z; o = [Z25%/(Aut(E)(F,))], we have

Sht’ye = 11 Z¢ e (3.25)

Hy,Hy
E€BUNGy, (1) (k)

When £ = Oy, Hk;ﬁHl,H2 (resp. Hk), ) is the stack denoted by Hk/y((, »y (resp. Hk)gan(p, ) in
[EYZ21] §8], and Shtj/l?{lﬁz (resp. Sht)y, ) is the stack denoted by Sht)y(, ,y (resp. Shtygn(y, ,)) in
[FYZ21], §8].

Example 3.18. Let BH; be the tautological m-framed gerbe and BH> be the tautological n-framed gerbe.
Recall that we defined ?;GL(H)/ = [Z¢ g (ny/(Aut(E)(Fy))], where Z¢ o\, was defined in Deﬁnition
Then we have

r . —r
ShtMH1=H2 - H Z‘S’GL(”)/’
E€Bungy, () (k)

and for ?E’fGL(n), = [Z¢ Gpny /(Aut(E)(Fg))] we have
ShtM?il,Hz == H Z(E:,GL(TL)/' (326)
EeBungy, () (k)

Remark 3.19. Note that if we take H; to be the trivial O-framed gerbe, then Mgy, g, = Bung, =
Sect(X, BHz). Furthermore, if BH> is of unitary type or B GL(n)" then the definition of Hkly,, = (resp.

Sht'v,,, 4, ) above specializes to Hkyy, (resp. Shty,) as defined in
3.7. Cycle classes from Hitchin shtukas.
Definition 3.20. For any stack S over k we define a morphism
oy . ST 5 522 (3.27)

by the formula ¢g(§05 T ag’r‘) = (§Oa 517517 £2a 625 o 7§T—15 f’ra f’ra FI'Ob(go)) When 7 is fixed in the context,
we simply write ®g.
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We rewrite ShtrM% ., as the fiber product
1,42

1
Shtj\/l%bH2 e (HkM%b%)’" X M‘}{hHQ (3.28)
l lms,m:m
1 ‘1’5\4?{111{2 2742
(Mg, ) ———= My, )"

Definition 3.21. Let BH; — B GL(m)’ be induced from any homomorphism of smooth group schemes
H; — GL(m)" over X, and BH, the tautological n-framed gerbe. By Lemma the fundamental class

1 ros . 1 rinaive 1 T
of (HkMizl,GLm)/) is defined, which we denote by [(HkMizl,ch)/) ] € Ch*((HkM;Il,GL(n)’) ). Then
r r . 1 T
we define the cycle class [ShtM%LGL(n)/] € Ch*(ShtM;LGL(n)/) as the the image of [(HkM?zl,ch/) X

M, arny )" under the refined Gysin map along @ : (Mg, qpn) ™ = (M3 qp)> ™2 (which
is defined since M3 oy, is smooth by Proposition —see [YZ17, §A.1.4))

s L r ! 1 r o naive T
[ShtM;;LGL(n),] = @M;ILGL(“),) [(Hkof)Il,GL(n)’) X M, Ly € Ch*(Shthl’GL(n)/). (3:29)
In particular, when BH; — B GL(m)’, the dimension formula in Lemma [3.14]implies that [Sht;vtg{ o )/] €
Chr(Qn—l)—mn(ShtM?{l7GL(n)/ )

Remark 3.22. Definition will be used in the next section to define cycle classes [ZZ(a)]. Even though
we are in some sense more interested in the case BHy = BU(n)¢, for the purpose of constructing cycle classes
corresponding to singular a, it was crucial to take BHy = B GL(n)’ in Definition because Proposition
gives smoothness of the M;I17GL(R), even over the singular part of the Hitchin base. Because we lack
such control when BHs = BU(n)g, we cannot make an analogous definition in that case.

4. FORMULATION OF THE MODULARITY CONJECTURE

Let € be a vector bundle on X’ of rank m, and let £ be a line bundle on X. For any a € A¢ o(k), we
have defined a special cycle Zg ola) = Sht?](n), ¢, cf. Definition The goal of this section is to construct
a virtual fundamental class [Z¢ o(a)] € Chy(n_m)(2¢ ¢(a)) for every a, and formulate a conjecture that a
generating series of such cycle classes is modular. We note that dim Zg ¢(a) can differ significantly from
r(n —m) in general, so we really need a virtual fundamental class.

It turns out that when a is non-singular, [Z .(a)] can be defined directly using Hitchin stacks. For
possibly singular a, we define [Zg ¢(a)] in two steps. First, we define the cycle class on the open-closed
substack Zg ¢(a)° consisting of generically injective maps from £. Next, on the rest of the connected
components of Z¢ 4(a), we reduce to the case of an already-defined cycle class (of smaller corank), and cap
it with an appropriate Chern polynomial coming from tautological bundles over ShtTU(n% o. (Later in 5‘.@
specifically Theorem we will see how this recipe arises from a natural derived enhancement of Z¢ o(a).

In this section, we fix a similitude line bundle £ on X and consider £-twisted Hermitian bundles. When
there is no confusion we will omit £ from the notation, e.g., we write Ag and Zg(a) for Ag ¢ and Z¢ q(a).

In Sections - we will assume that v: X’ — X is a non-split double cover. Then in we
will treat the split case. Although the two cases could in principle be treated uniformly, this would make
the language complicated (the issue is that for X’ = X [[ X, we need to consider vector bundles £ on X’
which have different ranks on the two connected components; this is necessary in order to define the virtual
fundamental class even for a starting £ which has the same rank m on the two components). Furthermore,
in the split case we can formulate more refined conjectures.

4.1. Decomposition according to kernel. Let X CC & be a sub-bundle of £ (the notation £ CC &
means that K is a sub-bundle of £, i.e., the quotient £/K is a vector bundle) and £ = £/K be the quotient
bundle. We define the closed substack ZZ[K] C ZF to parametrize those (€ LN Fi) such that K C ker(¢;).
We define ZZ[K]° C ZZ[K] to be the open substack where ker(t;) = K.
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Each Z¢[K]° is locally closed in ZZ. It is clear that ZZ[K]° for varying K form a partition of ZZ. In
particular,

Zil0] = 255 ZEl0) = 25° (4.1)
ZZIK)° = 22K\ (| 220K7)). (4.2)
KCK!

We will show that ZZ[K]° are in fact open-closed in ZZ.
Lemma 4.1. The substack Z;[K] C Z is open-closed.

Proof. Consider the natural map

T - Zg — Z,TC (43)
by restricting ¢; : € — F; to K. Let 2 : Shty(,) = Z¢[K] < Zf be the locus of zero maps K — F; (for
varying {F;} € Shty;(,,)). Its complement is the union of Zi (a) for non-zero a € Ax(k) and Zi(0)*. Note
that Zj(a) is open-closed, and Z§(0)* is proper over Shty;(,,) by the same proof as for [FYZ21) Proposition
7.5]. Therefore Z§-(0)* — Z;(0) is open-closed and z is open-closed. The inclusion ZZ[K] — ZF is the base
change of z along ri, hence also open-closed. O

Lemma 4.2. The substack Z%[K]° C Zf is open-closed. In particular, Z2° is open-closed in ZL.

Proof. Combine Lemma [4.1| with (4.2)). O
Thus we have a decomposition of Z; in open-closed substacks
Zr = 11 ZLIK]°. (4.4)

sub-bundles KCCE&

Remark 4.3. For a sub-bundle K CC &, there is an identification over Shtf;,,

25 = 25K (4.5)
given by inflating t;: £/K — F; along £ — £/K. Tt restricts to an isomorphism

Z;’/O,C = ZEIK]°. (4.6)

4.2. The cycle class [Zg’o]. Consider M%L(m)/ GL(n)’" which is smooth by Proposition m Form the
stack of Hitchin-shtukas Sht'y (o . In Definition we have defined a cycle class

GL(m)’,GL(n)’

[Sht’y

GL(m)’,GL(n)’

] S Chr(anlfm)(ShtrMo ) (47)

GL(m)’,GL(n)’

Note we have a decomposition

ShtMoGL(m)’,GL(n)’ - H Z&GL(")" (4.8)
SEBunGL(m)/(k)
We define [Z¢ ¢p,n)] € Chy2n—1-m)(Z£¢ cL(n)) to be the projection of [Shth;L(my,cuny] to the summand

indexed by &, and we define [Z¢'(1 /] € Chr(2n—1-m)(Z¢ 1)) to be the pullback of [?2’7‘2;”,,),] via the

finite étale map Z;%L(n), - ZQ,GL(n)h

We have a Cartesian diagram from Lemma [2.12]

T,0 r,0
Ze > ZS,GL(n)’

Sht;](n) Hu ShtaL(n)'

Note that u is a regular local immersion, so that the refined Gysin pullback u' is defined.

Definition 4.4. We define
[Z26°] = W' 12 G ny) € Chrnom) (ZE°). (4.9)
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Here we are using the equality
r(2n — 1 —m) — (dim Shtgy,(,,), — dim Shty;(,,y) = r(n —m) (4.10)
to determine the (virtual) dimension of the resulting cycle.

Definition 4.5. From the Cartesian diagram

Sht'y —— Sht/,
MOGL(m)/,U(n) MOGL(m,)/,GL(n)/

| l

BHDGL(m)/(k) X Sht;](n)/ L) BunGL(m)/(k) X ShtE‘,L(n)’

r o r . . ..
we define [E}:E)M(C)}L('m)/.U(n)] :Tuo [ShtM%L(my,cL(n)/]’ where the RHS was deﬁrfilom Definition Then
we define [Z¢ ] € Chy(,_m)(Z¢ ) to be the projection of [Sht'y,o ] to Z¢ using the decomposition

o GL(m)’,U(n)
of Example This class [Z¢ ] pulls back to the [Z22°] from Definition under the finite étale map
Z0° — Zf’. We introduced it later because it will only be used as an auxiliary device to compare Definition
with another construction of cycle classes.
4.3. Tautological line bundles. For ¢ = 1,--- ,r we have a line bundle ¢; on Hkg(n) whose fiber at
({@}},{Fj, h;}) is the line ‘Fi/]:ib—l/2 (supported at o(z})), where ]?_1/2 = Fi—1 N F;. We use the same
notation ¢; to denote its pullback to Shty;(,). We call them tautological line bundles on Shty; ).
Definition 4.6. Let K C £ be a sub-bundle. In Definition we have defined a cycle class [Z;/O,C] €
Chr(n,ermO)(Zg’/oK), where myg is the rank of K. Using (4.6) we view [Zg’/olc] € Chy(n—m4mo) (ZEK]°) We
define

[Ze[K]°] = (H Crop (P 0 K" @ £3)) N [Z¢)c] € Chy(nm) (ZE[K]°). (4.11)

Here K* := Hom(K, Ox) is the linear dual of K, and recall that p; : Shty;(,,) — X' records the leg ;. The
notation cgop(...) denotes the “top Chern class”.
Remark 4.7. More generally, if BH, is any gerbe of unitary type as in Definition[3.3] then the same formula
defines a tautological bundle ¢; on Sht};,. We may then define an analogous class [Zf y, [K]°]. We will not
have much need for this extra generality, so we prefer to focus on the case BHy = BU(n)g¢ for concreteness.
The general unitary gerbe case is only invoked in Example and
4.4. Virtual fundamental classes for special cycles. Finally we have the definition of the cycle class
[Z¢]-
Definition 4.8 (Definition of special cycle classes).
(1) Under the decomposition ([d.4)), let [ZZ] € Ch,(,—m)(Z5) be the cycle class whose restriction to the
open-closed substack Z¢[K]° is the class [ZE[]°] from Definition for all sub-bundles K of £.
(2) Let a € Ag(k). Define [Z¢(a)] € Chy(y—m)(2£(a)) to be the projection of [Zf] to the summand
Chr(n—m) (Z¢(a)-
Define [Z¢] € Chy(,_m)(Z) analogously. We note that [Z] pulls back to [2] under the finite étale map
ZL — Zg; conversely, under this same map [2%] pushes forward to # Aut(E)(F,) - [Z¢], so the two classes
are essentially interchangeable. Again, {EQ] will only be used as an auxiliary device to compare the virtual
class [Z{] with another construction that will appear later.
Let a € Ag(k). We define substacks of ZZ(a):
ZglKl(a) == Zg[KIN Zg(a),  Z¢[K](a)® := Zg[K]° N Z¢(a). (4.12)

It is clear that ZZ[K](a) is non-empty only when K C ker(a).
The open-closed decomposition (4.4) restricts to an open-closed decomposition of ZZ(a),

ZL(a) = 11 ZL[K](a)°. (4.13)
sub-bundles KC Cker(a)
We define [Z;[K](a)°] € Chy(p—m)(Z¢[K](a)°) to be the restriction of [Z(a)].
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Remark 4.9. Note that a different definition of [Z%(a)°] has already been given in [EYZ21] §7] when a is
non-singular, at least in special cases where £ is a direct sum of line bundles or rank £ = n. We will establish
later (Proposition that the definitions are consistent.

We denote the natural projection from special cycles to Sht;](n) by

Recall from [FYZ21l Proposition 7.5] that ¢ is finite, the map (. on Chow groups is therefore defined. In
particular we have the Chow class

CZE(a)] € Chyg ) (Shitfy (o) (4.15)

for any a € Ag(k).

Recall from the decomposition that for a singular a, ZZ(a) may have infinitely many components
ZE[K](a)° indexed by sub-bundles K C ker(a). The cycle (.[ZZ(a)] is still well-defined because ¢ is finite
on the whole Z¢(a) and not just on each Z /,C(a)o. Although not logically needed, we give an independent

proof of the following fact that assures us that (,[Z%(a)] is a locally finite union of algebraic cycles.

Lemma 4.10. Fiz (£,a) as above. For each sub-bundle K C ker(a), let 3¢ - (@)° C Shty(, be the image
of Zg/,c(ﬁ)o = ZZ[K](a)® under (. Then the collection of closed substacks {BQ/K(E)O}ICcker(a) of Shtyy () is
locally finite.

Proof. For d € Q, let Shtg(gnd) be the open substack of those Hermitian Shtukas F, such that all slopes of Fy
r,<d

(as vector bundles over X') are < d. It suffices to show that the intersection Sty N3e, «(@)° is non-empty
only for finitely many sub-bundles K C ker(a). Now suppose Shtg(gnd) N3e/x (@)° # @, and let £ = £/K. For
any vector bundle V on X’ let pimax (V) and pimin (V) be the maximal and minimal slopes of V. On one hand,
a k-point in Shtg(gnd)iﬂ:'jg /,C(E)O gives an injective map EE — Z-'o, which implies pimax (&) < [Lmjx(fo) <d.
On the other hand, £ being a quotient of £ implies that fimin(E) > fmin(E). Thus all slopes of £ are within
the range [tmin(€), d]. This leaves finitely many possibilities for vector bundles £ over X’ of rank bounded
by the rank of ker(a). O

4.5. Hermitian and skew-Hermitian bundles. In the classical formalism of reductive dual pairs, uni-
tary groups for a Hermitian space and a skew-Hermitian space form a reductive dual pair. Similarly, our
formulation of the modularity conjecture will involve both Hermitian and skew-Hermitian bundles. Points
in the Hitchin base Ag (k) will appear as Fourier parameters for an automorphic form on a unitary group
attached to a skew-Hermitian form. We spell out the distinction between Hermitian and skew-Hermitian
bundles and the duality responsible for the Fourier expansion.

When we assemble the special cycles into a Fourier series, the dual of the Hitchin space Ag(k) will be
the Fourier parameter. For a fixed similitude line bundle £, the Hitchin space Ag¢(k) is a subspace of
Hom(E,0*EY @ v* &), which by Serre duality is dual to Ext!(6*£* @ v* £, £). Elements of this Ext group may
be viewed as bundles with a conjugate dual structure, so in preparation for the formulation of the modularity
conjecture, we spell out the distinction between Hermitian and skew-Hermitian bundles.

4.5.1. Hermitian sheaf. For a vector bundle £ on X’ and a line bundle £ on X, let
Herm(E; L) CviHom(E @ c*E,v*L) 2 v, Hom(E, 0" E* Qv*L)

be the subsheaf (over X) of Hermitian maps, i.e., local sections of Herm(E&; £) are maps a: £ — c*E* Qv*L
such that 0*a¥: € @ o*v*£* — o*E* agrees with a after using the tautological descent datum o*v*(£*) =
v*£* and then twisting by v*£.

Note by definition that
Ag e(k) = HY(X, Herm(&; L) @ wy). (4.16)
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4.5.2. Skew-Hermitian bundles. Now we recall the notion of skew-Hermitian bundles. Let 9 be a line bundle
on X. For a vector bundle G on X', a skew-Hermitian structure (with similitude M) on G is an isomorphism
h:G 5 o"GY @v M = 0*G* ®@ v*(wx @ M) such that o*h": G ® o*(v*M)* — o*GY is identified with
—h upon twisting by v*9t and using descent datum o*v*M = v*M. (Recall that a Hermitian structure is
similar to such i except that we instead ask o*hY = h under the same identifications.) The datum (G, h) is
referred to as a skew-Hermitian bundle on X.

Let Lx:,x be the line bundle on X associated to the double covering v: X’ — X, ie., v,0x: = Ox @
Lx//x. The map Lx//x — v.Ox/ induces an isomorphism ¢: v*Lx,,x = Ox-. Under ¢, the descent datum
o*v*Lxi/x £ v* Ly x is intertwined with multiplication by —1 on Ox:.

Lemma 4.11. There is an equivalence of categories between Hermitian bundles on X with similitude factor
£ and skew-Hermitian bundles on X with similitude factor £& Lx/x -

Proof. Let £ := £®0y Lx//x. Given a Hermitian bundle (G, h), the map
h@¢ ' GRo,, Ox = (0*(V'G)" @ v*L) ®o,, V' Lxr/x

is skew-Hermitian. Obviously § ®o,, Oxs = G, so the functor (G, h) — (G ®0,, Ox/,h ® ¢~1) defines an
equivalence between Hermitian bundles on X with similitude factor £ and skew-Hermitian bundles on X
with similitude factor £ ® Ly /x. O

Now let £ be a line bundle on X. We form the sheaf
Herm(o*E* @v*L; L) CvHom((6*E* @v*L) ® (E* @ o™ v* L), v* L) 2 v, Hom(c*EF @ V™ L, E).
Define
Extfom (078" @ v*L,E) := HY (X, Herm(c*E* @ v*&; £)) C Extk (07E* @ v* L, E). (4.17)
Proposition 4.12. The subspace Exty,, (0*E* @v*L,E) C Extk, (0*E*@v* L, E) is canonically isomorphic
to the group of equivalence classes of extensions
08> G—-0 8" ves0

equipped with a skew-Hermitian structure h on G (with similitude bundle M = w}l ® L), with respect to
which & is Lagrangian, such that h restricts to the tautological pairing

ER(G/E)ZER(EF@V'L) -V L.
Proof. If (G, h) is a skew-Hermitian bundle on X’ with similitude M = wy' ® £, we view h as a pairing
h:G®c*G — v*L.

For a Lagrangian-subbundle £ C G, the datum of (G, h, ) has automorphism sheaf Aut'(G, h, £), whose
local sections consist of local Ox/-linear automorphisms «a: G — G preserving h such that a|¢ = Id. Sending
a to a —Id induces a bijection between such o and Ox-linear maps ¢: ¢*E* @ v*£ — £ such that (in order
to preserve h)

h(pv,w) + h(v, pw) =0 (4.18)
for all local sections v,w of o*&* ® v*£. Using that h(v,pw) = —c*h(pw,v), we may rewrite (4.18)
as h(pv,w) = o*h(pw),v). Then (v,w) — h(pv,w) locally defines a Hermitian form on ¢*&* ® v*£
valued in v*£. This exhibits an isomorphism Aut!(G, h,E) = Herm(o*E* @ v*L;v* L) of sheaves of abelian
groups on X. Hence equivalence classes of (G, h) (for fixed £) as above are classified by elements eg ¢ €
HY(X, Herm(o*E* @ v*L;v* L)), which is Exty,.,, (0*E* @ v*£, E) by definition. O

4.5.3. Duality. Linear duality between Hom(E,0*E* ® v*L) and Hom(o*E* @ v*L,E) restricts a perfect
pairing between vector bundles over X
Herm(E; L) ®p, Herm(o*E* @ v L; L) — Ox.
Serre duality gives a perfect pairing between the k-vector spaces
Ag (k) HY(X, Herm(E; £) @ wx)
and
Extho, (0°€* @ 1° 2, &) B0 HY(X, Herm(o"€* ® v* L £)).
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4.6. The modularity conjecture. Let Bungy - (2,,) be the moduli stack of triples (G,9, h) where G is
a vector bundle of rank 2m over X’ 91 is a line bundle over X, and h is a skew-Hermitian isomorphism
h:G5 oGV @v M =0"G*@v*(wx @M). Let ¢ : Bungy- om) — Picx be the map recording wx @ 9.
Then for any £ € Picx (k), ¢c71(£) = Bung;- 5, o asin

A priori Bungy-(2m)(k) has a decomposition

Bungy - (2m) (k HHE )\He(A)/He () (4.19)

—1
wy &

where £ runs through 2m-dimensional skew-Hermitian spaces over F’ that are locally split at all places,
and fIg is the corresponding unitary similitude group. By the Hasse principle for Hermitian spaces [Sch85|
Theorem 6.2] £ must be globally split. Let H,, =GU~ (2m) be the unitary similitude group for a fixed split
2m-dimensional skew-Hermitian space over F’. Then

Bungy - 2m) (k) = Hyn(F)\Hp(A)/Hy(O). (4.20)
We can similarly define the moduli Shtgy;(,,) of shtukas for GU(n). It simply adds the similitude line
bundle £ as part of the data which is invariant under Frobenius pullback, and it is the disjoint union

ShtGyy =[] Shtirm),e xB(Aut(£)(k)). (4.21)
L€ePicx (k)

We emphasize that in our definition, the modifications cannot occur on the similitude factor £.

Let Bunp be the moduli stack of quadruples (G, M, h,E) where (G,M, h) € Bungy-(21m), and € C G is
a Lagrangian sub-bundle (of rank m). Let Bunp,_ o be the substack with the fixed similitude line bundle
M. We usually omit h and write a point in Bunp_ on as (G, E).

The map Bunp = — Bungy-(2m) forgetting the Lagrangian sub-bundle is surjective as map of stacks, and
it is also surjective on k-points. Indeed, since the generic fiber of any (G, M, h) € Bungy - (2, (k) is a split
skew-Hermitian space over F’ of dimension 2m, it has a Lagrangian sub-bundle at the generic point, hence
a Lagrangian sub-bundle over X’ by saturation. If we write P,, C H,, for the Siegel parabolic subgroup
stabilizing a Lagrangian subspace, then

Bunp (k) = P (F)\Hn(A)/Hn(O). (4.22)
Now fix £ € Picx (k). For (G,€) € Bunp w71®)~(k), we have a short exact sequence
0E8—-G—0 " veLe-0 (4.23)
which by Proposition [£.12] gives an extension class
eg.e € Extlom(0*E* @ V7L, E). (4.24)
Recall the perfect pairing
() s Ag o (k) X Extlon (078" @ V7L, E) — k (4.25)
given in §4.5.3] It is the restriction of the Serre duality pairing
(-, : Exty, (c"Hom(E,v* L), ) x Homx/ (£, 0" Hom(E,v* L) @ wx) — k. (4.26)

For a € Ag ¢(k), the element (eg ¢,a) € k is therefore defined.
Recall that we have fixed a nontrivial character ¢ : k — Qg Finally, recall that n : Picx (k) — {£1} is

the character with kernel Nm(Picx/(k)). Let x : Picx: (k) — Qz be a character such that x|pic, k) = 1"
(The existence of such x is justified in [FYZ21, Remark 2.1].)

Definition 4.13. Define a map
ZyeBunp o iga(k) = Chy(uopm)(Shtfym) ¢) ®q Q, (4.27)

(G,€) + x(det &)gnidesé—des £degwx)/2 Z Yo((eg.e,a))C[ 25 o(a)].
a€de. o (k)

Taking the union over £ € Picx(k), we get a map

Zy, :Bunp (k) = Chy(m) (ShtGp ) ®q Q. (4.28)
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Remark 4.14. Using (4.22)), we may identify Z:n as a function

Hm(A) 59— Z:;L(g) € Chr(n—m) (ShtTGU(n)) ®q Q@ (429)

such that
e 7" is left invariant under the Siegel parabolic P,,(F) and right invariant under ﬁm((a) (everywhere
unramified);
e if g € H,,(A) has similitude factor ¢(g) € A* that projects to the line bundle £ € Picx (k) =
F*\AX/O*, then Z",(g) is supported on Shty (n),e € ShtGy(n)-

The following is the main conjecture of the paper.
Conjecture 4.15 (Modularity conjecture). The map an descends to a map
Zy,  Bungy - 2m) (k) = Chy(n_m) (Shtgy () ©q Qp- (4.30)
i.e., the function is left Hy,(F)-invariant.

In other words, the Chow class Z7,(G, &) € Chy(n—m)(ShtGu () ®q Q, should depend only on the skew-
Hermitian bundle G and not on its Lagrangian sub-bundle €.

Remark 4.16. When r = 0, ChO(Sht%U(n)) is simply the space of Q-valued functions on Bungy () (k).
The conjecture in this case follows from the automorphy of the theta series constructed from the Weil
representation for the dual pair (GU~(2m), GU(n)).

Remark 4.17. Suppose r > 0 and n > 1. We expect based on §10.6.1 that Chg (ShtE;U(n)) vanishes, making
the conjecture vacuous for m = n in this situation. In [FYZ21], for the non-singular terms we constructed
cycle classes in the Chow group of proper cycles on Sht’"U(n), and proved a higher Siegel-Weil formula for
those terms. It remains an open problem to formulate a more refined version of the generating series where
the singular terms also have a meaningful notion of degree.

4.7. Special cases. Let £ be a rank m vector bundle on X’. Let & = o*Hom(E,v*L). Consider the
Hermitian vector bundle G = £ @ £’ with the natural Hermitian form isotropic on each summand and
induces the natural pairing between the two summands. In this case, both (G, &) and (G,E&’) are points of
BuanM;@E(k) over G € BunU,(Qm)M;@Q(k). Conjecture specializes to the following identity.

Conjecture 4.18. In the above situation, we have an identity in Chy(,—m)(Shtf () o)

X(det £)g" 52 N (,[25(a)] = x(det £)g" =S N~ (25 (d). (4.31)
acAe (k) a’€Agr (k)
Equivalently,
(g mdee ) N [ZEa)] = Y GIZR(d). (4.32)
a€Ag (k) a’'€Agr (k)

In the equivalent formulation above, we use that
deg& = —deg & +2mdeg £, det(£') = o*(det &) @ v* L™, (4.33)

We may further specialize to the case where £ has large slopes, or equivalently £ has small slopes, so
that Ag/ (k) only contains the zero Hermitian map.

Conjecture 4.19. Suppose the mazimal slope pimax(E) satisfies
tmax(E) < deg £ — degwyx . (4.34)

Then we have an identity in Chy(n_m)(Shty () ¢):

p(g)mrgrdeesmmdee®) N[22 (a)] = G[25/(0)]. (4.35)
a€Ag (k)
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4.8. Test intersection numbers. To give evidence for Conjecture we may start with any cycle with
compact support & € Chyyp o(Shtyy(,,) ), and form the numerical function by intersecting Zy, with &:

Tne = (Z3,(=), Osmg, o i B 1g0(k) = Q. (4.36)

Conjecture predicts that Ff:ﬁg (G, &) is independent of £, hence descends to a function on Bun,, @m)wiles (k).
We give two families of examples compact r-dimensional cycles £ on ShtTU(nL o, hence giving test grounds for
Conjecture [4.15] in the case m = 1.

Example 4.20 (Corank n — 1 special cycles). Let £ be a rank n — 1 vector bundle over X', and a € A2 (k)
be a non-singular Hermitian map. Then the special cycle ZZ(a) is proper (we omit the proof here). We have
the cycle class [Zf(a)] € Ch,(Z%(a)) by Definition Its direct image in Shty;(,) ¢ is then a compact cycle

= ([Z¢(a)] € Chy o(Shty () e)- (4.37)

Example 4.21 (CM cycles). Let Y be another smooth projective curve over Fy, and 6 : Y — X be a map
of degree n, possibly ramified. Let vy : Y/ = X’ xx Y — Y, and assume this double covering is nonsplit
over each connected component of Y. Let Shty;(q)/y,¢-¢ be the moduli stack of rank 1 §* £-twisted Hermitian
shtukas (cf. for the definition) on Y’ (with respect to the double cover vy ). Then push-forward along
vy gives a map © : Shty;(q)/y,g+¢ — Shty(,) o Now Shtyy(q)/y g+ is smooth and proper of pure dimension
r, we have the compact cycle class

é‘ - 9*[Sht7[,](1)/Y,0*£] c ChT’C<ShtTU(n)’£) (438)

The intersection number of the generating series of corank 1 and this cycle will be calculated in §11} In

particular, we will verify the modularity of such intersection numbers.

Remark 4.22. It is possible to give a general construction that includes both examples as special cases,
but the details will not be included here.

4.9. The split case. In the case where X’ = X J] X®) is the split double cover of X (so each X () =~ X),
the definition of the cycle classes [ZZ] can be spelled out more explicitly as follows. In this case, an £-twisted
Hermitian bundle F on X’ identifies with a pair of vector bundles (F W, F (2)), each living on one copy of X,
equipped with an isomorphism F(2) = F(1).V @ & Therefore we have Buny(n),e = Bungp(,) by recording
only F) . Since every £ is a norm, without loss of generality we can and will assume £ = Ox. Then we
have a disjoint union
Shtgye = [ Shtip
pe{x1}r

where the = (p11, -+, ptr)-th component is empty unless >\, p; = 0; see [EYZ21], §12.3] which also recalled
the definition of ShtéL(n). In particular, this implies that r is even, so that r/2 is an integer.

A vector bundle € on X’ of rank m corresponds to two rank m vector bundles (€1, £(?)), each living on
one copy of X. Now Ag(k) = A¢) g (k) may be identified with the set of maps a : E1) — £V,

We now fix a g = (g1, , ptr) such that Y, u; = 0. The special cycle ZE = ng’g(z) in the split case
parametrizes

& (2
(o cicr, Fo —= oo == Fr 2" Fp, €0 Ly 7, 6@ Ly pvyy (4.39)
where z; € X, F; are vector bundles of rank n on X, the dashed arrow F;_1 --» F; is a lower modification
of length 1 at z; if u; = —1, and an upper modification of length 1 at x; if u; = +1. The maps tEl) and tl@)
are required to be compatible with the chain of modifications.
The kernel decomposition of Z& in this case is indexed by K = (KM, K®2) c (EM),£?)) where we note
that the ranks of KV and K(?) may be different. We have an open-closed decomposition
ng,g(z) = H H Z§<1>,g<2>[’c(1)”€(2)]°
KMWcce® K@ cce®@)
where ng’g(z) [IC(I), IC(Q)]O is the substack of those points in (4.39) where ker tgl) =K and ker tEZ) =K®

for any (equivalently, all) 0 < ¢ < r. With g = EM /KM and g = E@ /K?) | we have 2L e KW Kc@)e =~
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Z’lgf) —@ - The virtual classes are then defined by summing over all (IC(l), IC(2)) the product of [Zﬁ(’g —o]
£ E &€

with [T_; ceop(@i K7 ® £;) where 2, = 1if p=1and ?; = 2 if p = —1.

In this case, BunU(2m)7w}—(1 from 5. is isomorphic to Bungy,(2m). However, we do not restrict ourselves
to even rank 2m in the split case; we will be able to formulate a modularity conjecture for a higher theta
function on Bungy,(m). For a+b = m, let P, ) be the corresponding maximal parabolic subgroup of GL(m).
Then Bunp(, ) classifies pairs (G,E£®)) where €1 is a rank a sub-bundle of a rank m vector bundle G on
X', From the pair (G,£™M)) we obtain a rank b bundle £?) by the exact sequence

0D G @* 50,
Given (€M) £®), the space of such extensions is Ext!(£(2)* €M) which is dual to Acw) g (k) = Hom(EW, £2)V),

The class of G defines eg g1y € Ext' (€@, €M) and we denote (eg g1, —) the induced k-linear functional
on Agu)’g(z) (/C)

Remark 4.23. The case a = b = m resembles the discussion in the case where X’/X is non-split, while the
a # b case has no counterpart there. We note however that even in the case a = b = m the definition of the

virtual class [Z%

) £<2>] involves considering Zg(l) =@ for E(l) and 3(2) that have unequal rank.

We define the higher theta function Zf;,b: Bunp, , (k) = Chg(gn,m)(Sht’éL(n)) as
@
(g,g(l)) = qndegg Z ¢0(<eg,5<1>7a>)g* [ng,g(m (a)]

G,GAE(l)’g(g) (k)

where ¢ : 2L, o) (a) = ShtéL(n) is the natural projection map. The following is our modularity Conjecture
for this split case.

Conjecture 4.24. For each ju, the map Z" : Bunp, ,, (k) = Ch%(gn,m)(ShtéL(n)) descends to a map

Zll, : Bungr,(m) (k) —— Chg(2n—m)(ShtéL(n))-

Part 2. Properties of the special cycles
5. DERIVED HITCHIN STACKS

5.1. Overview. In the next two sections, we explain the special cycle classes of Definition [4.8] from the
perspective of derived algebraic geometry. To motivate this, we recall that in [FYZ21], certain “Hitchin
stacks” M were introduced and it was proved that the virtual fundamental class [Z(a)] for non-singular a
could be obtained from M by taking the derived intersection of a Hecke correspondence Hk,, for M with
the graph of Frobenius on M. This interpretation was key to the proof of the Higher Siegel-Weil formula
[EFYZ21l, Theorem 1.1].

The restriction to non-singular a can be explained thus: for such a, the intersection involves only the
smooth part of the Hitchin stack M. But if we try to repeat such a construction to obtain the cycles indexed
by singular a, we necessarily run into loci in M whose geometry is too poorly behaved (more precisely, we
cannot control the singularities nor the dimension) to carry it out.

It turns out that these problems can be resolved with derived algebraic geometry. In this section we
will introduce derived Hitchin stacks .#, which are always quasi-smooth (the derived analogue of LCI) and
have the “correct” virtual dimension, whose classical truncation is M. By taking the derived intersection
of derived Hecke correspondences k", for .# with the graph of Frobenius on .#, we then obtain derived
enhancements of the special cycles which we call Z¢". These are similarly always quasi-smooth and of the
correct dimension; derived algebraic geometry then associates to them certain virtual fundamental classes in
the Chow group of the underlying classical special cycles Z¢. On general grounds it is non-trivial to compute
these virtual fundamental classes “explicitly” in terms of classical objects. Nevertheless, we will be able to
prove that they coincide with the explicit constructions introduced earlier in Definition 4.8 This gives a
pleasing derivation of the cycle classes for singular terms, which is on the same conceptual footing as for the
non-singular terms.

The fruits of this labor are not merely philosophical: in §7] we use this derived algebraic geometry inter-
pretation of the cycle classes to prove the linear invariance property of our special cycles. The number field
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analogue of this property is a well-known conjectural property of arithmetic theta series [Kud04, Problem
5]. The statement can be formulated in purely classical terms, but we do not know a proof without derived
algebraic geometry. In turn, §7] will also be used later in to provide numerical evidence for modularity
conjecture.

5.2. Derived stacks.

5.2.1. Orientation on derived algebraic geometry. We give an introductory discussion on derived algebraic
geometry, in order to help orient readers not accustomed to this formalism. We confine ourselves to informal
and sometimes vague remarks, referring to [Lur04, [TVO0S8] for more complete treatments. Some relevant
introductory references are [Toe09l [Toel0)].

Just as Grothendieck’s schemes are spaces built locally from “spectra” of commutative rings, derived
schemes are built locally from “spectra” of simplicial commutative rings. Roughly speaking, one can think
of simplicial commutative rings as a model for the concept of topological rings.

We use the adjective “classical” (ring, scheme, stack...) to refer to the usual notions of non-derived
algebraic geometry. From a formal perspective, the relationship between derived schemes and classical
schemes is analogous to the relationship between classical schemes and reduced classical schemes. A derived
scheme has an underlying classical scheme, and intuitively one thinks of a derived scheme as an “infinitesimal
thickening” of its underlying classical scheme. Formation of the underlying classical scheme (an operation
called “classical truncation”) defines a functor which is right adjoint to a fully faithful embedding from
classical schemes to derived schemes.

Classical Schemes Derived Schemes : Reduced Schemes Classical Schemes

\/ \_/

o (')red

One advantage of considering non-reduced schemes is that it gives a natural interpretation of the tangent
space, as maps from the spectrum of the dual numbers. Analogously, derived algebraic geometry gives a
very natural interpretation of the cotangent complex (which governs deformation theory), even for a classical
scheme. Indeed, the higher cohomology groups of the tangent complex can be viewed in terms of maps from
certain “derived infinitesimal schemes”, which are derived generalizations of dual numbers. The theory of
the cotangent complex plays a crucial technical role in this section.

The passage from classical schemes to classical stacks goes through the “functor of points” perspective: a
scheme can be viewed as a functor from commutative rings to sets, and a stack can be viewed as a functor
from commutative rings to groupoids. Generalizing this perspective, a derived scheme can be interpreted as a
functor from simplicial commutative rings to simplicial sets. However, when working with simplicial objects,
the notion of equivalence should be homotopy-theoretic. Consequently, the test and target categories should
be the “non-abelian derived categories” of simplicial commutative rings and of simplicial sets, respectively,
which are called the co-category of simplicial rings and the oo-category of simplicial sets, respectively. We
therefore define a derived stack to be a functor from the oo-category of simplicial rings to the co-category of
simplicial sets, satisfying certain descent conditions. A derived stack has a classical truncation by restricting
its domain to classical rings, and this defines a functor which has a fully faithful left adjoint, embedding
classical stacks into derived stacks.

/_\

Classical Stacks Derived Stacks

\/

o

For us, derived algebraic geometry will be used in the following way. We wish to attach fundamental
classes to our special cycles ZZ(a), but these spaces are poorly behaved in general, so we need to construct
virtual fundamental cycles. For example, the virtual fundamental cycle of ZZ(a) should have dimension
(n — rank &)r, but dim Zz(a) may be much larger, e.g when a = 0 then ZZ(a) has components of the
maximal dimension nr. However, it turns out that there is a natural derived special cycle Z¢(a) with
the correct wirtual dimension, which is moreover quasi-smooth (the analogue of LCI in derived algebraic
geometry), and whose classical truncation recovers Zz(a). The property that 27 (a) is quasi-smooth implies
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that it has an intrinsic virtual fundamental class [Z¢ (a)], and derived invariance of Chow groups (see §6.1.4))
allows to view it as an element of Ch(,_yank &), (Z¢(a)).

Example 5.1. Even when working with classical schemes, derived structure often shows up implicitly
because of derived intersections. Locally, this is based on the “derived tensor product” operation, which can
produce a non-classical simplicial commutative ring even when the inputs are classical. From this optic, the
virtual fundamental cycles of [FYZ21] come from derived stacks obtained by taking derived intersections in
a particular presentation of ZZ(a) as a fibered product of smooth classical stacks. In particular, for non-
singular a the derived stack 27 (a) is a global complete intersection in the derived sense; more generally,
derived algebraic geometry provides an intrinsic construction of a virtual fundamental class to any derived
stack which locally looks like a derived fibered product of smooth classical schemes (this is one formulation
of quasi-smoothness). Crucially this is a local property and we do not require any global presentation as a
derived intersection of smooth stacks, which we do not have in the case of singular coefficients.

5.2.2. Notational conventions. We will use script letters such as 27, % for derived stacks, and calligraphic
letters such as X', Y for classical stacks. We will often use X" to denote the classical truncation of 2" (defined

later in §5.2.6).

5.2.3. Derived (Artin) stacks. For the framework of derived stacks, we follow [Khal9l §1.1]. To summarize,
derived stacks are defined as functors from a test category to a target category, satisfying a sheaf condition,
where:

e The test category is the oo-category of simplicial commutative rings. This can be constructed as
in [Lur09, Definition 4.1.1]; an intrinsic characterization can be found in [CS19, §5.1]. Following
Clausen-Scholze we call it the category of animated rings, and use the phrase “animated ring” to
indicate an object of this category.

e The target category is the co-category of simplicial sets. Similar remarks apply as above. Following
Clausen-Scholze we call it the category of anima (also called “co-groupoid”, or “space”), and use
the phrase “anima” to indicate an object of this category.

Thus, derived stacks % over k are functors from the category of animated rings to the category of anima,
denoted R, — % (R.), satisfying étale hyperdescent.

We define n-geometric derived stacks as in [TV0S8] §1.3.3]EL and derived Artin stacks to be derived stacks
which are n-geometric for some n.

Functors between oo-categories cannot be constructed by specifying the images of objects and 1-morphisms,
although it is common practice in some parts of the literature to describe them in this way (often even omit-
ting the descriptions of 1-morphisms when they are obvious), with an implicit understanding that the reader
can fill in the formal construction. Our practice will be to instead construct functors by formal operations
bootstrapping off of elemental constructions established in [TV05] [TV08|; we will then describe their effects
on O-cells (i.e., objects) for informal intuition but this should not be mistaken for a formal definition.

5.2.4. Representable morphisms. Affine derived schemes are the representable derived stacks. Derived
schemes are the derived stacks that have a Zariski open cover by affine derived schemes. Following [TV0S|,
Definition 1.3.3.1, Definition 1.3.3.7], we say that a morphism of derived stacks f: 2" — % is n-representable
if for any derived scheme S and any map S — %/, the fibered product 2" Xg S is n-geometric. We say f
is representable if it is n-representable for some n. (Note that this condition is much broader than repre-
sentability for morphisms of classical Artin stacks, the latter of which is analogous to “(—1)-representable”
in our sense.)

By [T'VO08| Proposition 1.3.3.3], the class of representable morphisms is closed under isomorphisms, (ho-
motopy) pullbacks, and compositions.

5.2.5. Derived terminology. We remind the reader that all operations in co-categories are “homotopical”, so
that tensor products of animated rings correspond to “derived tensor products”, fiber products of derived

stacks correspond to “homotopy fiber products”, the “fiber” of a map of complexes ER K’ in the derived
category means the “derived fiber” Cone(f)[—1], etc. (If we need to refer to a classical fibered product of

2There are differing conventions on n-stacks — for example the above notion differs from the “n-algebraic stacks” of [Toel0)]
§5.2] — but they all produce the same notion of Artin stack, which is the only one of importance to us.
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cl
classical stacks X and ) over T, we will denote it by X x5 S.) At some points we include the adjectives
“homotopy” or “derived” to emphasize this, but it applies everywhere in this section.

5.2.6. Classical truncation. We shall frequently invoke the notion of the “underlying classical stack”, i.e.
“classical truncation”, of a derived stack. Here we recall what this means. If R, is a simplicial commutative
ring, then its “underlying classical ring” is mo(R,). (In topological terminology this is the “first Postnikov
truncation” of R,, which explains the synonymous terminology “classical truncation”.) This descends to
a functor on animated rings, which is left adjoint to the inclusion of classical (i.e. discrete) commutative
rings into animated rings. On the opposite categories, we get a fully faithful functor from affine schemes to
derived affine schemes which is left adjoint to the classical truncation.

This operation then glues in the Zariski topology to give a functor T' — 7o(T) from derived schemes to
classical (discrete) schemes, which is right adjoint to a fully faithful inclusion functor from classical schemes
into derived schemes. By abuse of notation we may regard mo(T") as a derived scheme via this inclusion; then
the unit of the adjunction is a map mo(7T) — 7', natural in 7.

Finally, if 2 is a derived stack, then its underlying classical stack 2 is the restriction of 2" along the
embedding {Classical affine schemes} < {Derived affine schemes}. The classical truncation functor 2~ —
Ze1 has a left adjoint, which can be described as the sheafification of the left Kan extension on the underlying
prestacks, and is fully faithful [GRI7, §1.2.6]. The left adjoint gives an inclusion {Classical stacks} <
{Derived stacks}, and the unit of the adjunction is the “classical truncation map”

L%Zt/oﬂfc]—)%

functorial in 2", which we call the inclusion of the underlying classical stack. We say that 2" is isomorphic
to its underlying classical stack (or just classical for brevity) if 14 is an isomorphism.

5.2.7. Derived mapping stacks. We give some examples of derived Artin stacks which are of particular
relevance to this paper. For an animated k-algebra R, and a scheme X over k, we abbreviate Xgr, =
X XSpec k Spec R..

Example 5.2. Let X be a proper scheme over k and % a derived Artin stack locally of finite presentation
over k. The derived mapping stack #ap(X,# ) is constructed in [TV05, §3.6] and [TV08| §2.2.6.3] (the first
reference constructs an internal hom on the model category of stacks on a site, while the second reference
establishes its geometricity properties). At the level of 0-cells, #Zap(X,?# ) sends an animated k-algebra R,
to the anima of morphisms

XR.%@

over k. According to [Toeldl Corollary 3.3, #ap(X,# ) is a derived Artin stack locally of finite presentation
over k.

More generally, in the above situation, if both X and % are over a scheme S over k, we can define
the derived mapping stack .Zaps(X,#') as the (homotopy) fiber of Zap(X, %) — Aap(X,S), induced by
% — S, over the given map X — S. Assume that S is of finite type over k. By [Toeld, Corollary 3.3],
if X is proper over k and % is locally of finite presentation over S, then .#Zaps(X,? ) is a derived Artin
stack locally of finite presentation over k. At the level of 0-cells, Zaps(X, % ) sends Re to the anima of
morphisms Xp, — % over S.

When S = X we write Lect(X, %) for Mapx (X, ¥).

Example 5.3. Let X be a scheme over k, and let G be a smooth algebraic group (which for us means
by definition that it is of finite type) over X. Regard the classical classifying stack BG = [X/G] as a
derived stack over X via the embedding discussed above. At the level of 0-cells, the derived mapping stack
Fect(X, BG) sends R, to the anima of G-bundles on Xp,. When X is a smooth projective curve we will
see in Corollary that Sect(X, BG) is isomorphic to its underlying classical stack, which is Bung.

Example 5.4. Let X be a proper scheme over k. Let G — X be a smooth algebraic group and V — X a
vector bundle that is a representation of G. We apply Example with & = V/G (a classical stack). This
results in the derived stack of sections .Zect(X,V/G), which at the level of O-cells sends an animated ring
R, to the oo-groupoid of (F,s) where

e I 5 Xg, is a G-bundle.
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h
e sisin the (homotopy) fibered product Mapg (F, Vr,) Xwmap(F,x) {7} where the map Mapg(F, V) —
Map(F, Xg,) is induced by composition with the tautological map V' — X.

The (derived) fiber of the map ect(X,V/G) — Bung (here we are using Example[5.3]to identify .%ect(X, BG),
which is a priori a “derived version” of Bung, with Bung) over a field-valued point F € Bung(k) is the
derived scheme RT'(X,,F x V). Note for contrast that the classical fiber of the map of classical stacks
Sect(X,V/G) — Bung is H*(X,,, F x¢V). We spell out how RI'(X,, F x“V) is viewed as a derived scheme:

(1) RI(X,,F x%V)is a connective perfect cochain complex (i.e., cohomology groups vanish in negative
degrees) in the derived category of k-modules.

(2) Its dual RI'(X,,F x% V)* is a connective perfect chain complex (i.e., homology groups vanish in
negative degrees) in the derived category of k-modules, which by the Dold-Kan correspondence may
be viewed as an animated x-module.

(3) The forgetful functor from animated r-algebras to animated x-modules admits a left adjoint, the
derived symmetric algebra functor Sym,.

(4) The derived scheme RI'(X,, F x¢ V) is the spectrum of Sym?, (R['(X,, F x¢ V)*).

5.2.8. Cotangent complexzes. We refer to [TVO0S8, [Toel0] for the theory of the cotangent complex to a mor-
phism f: 2" — & of derived stacks, denoted L. The tangent complex to f is Tj := RHomo, (Lf, Og).
Sometimes these will be denoted L o~ /% and T 5- /o when the map is clear. When f is the structure morphism
[+ Z — Spec k, we abbreviate T o := T 2 /spec & and Lo := Lo/ spec k-

A useful characterization of the cotangent complex of f: 2~ — Spec k is as follows [Toe09l p.37]. Let
R, be an animated k-algebra and recall that for any animated Re-module M, there is an animated R,-
algebra R, ® M,, which on homotopy groups is the square-zero extension of m.(Re) by m.(M,). Then
for any map a: Spec R, — 2 and any animated R,-module M,, there is a natural equivalence between
RHompg, —mod(a*Ly, M,) and the homotopy fiber of 2 (Re ® M,) = 2 (R,) over a € Z (R,).

The following fundamental facts will be used frequently:

e For a sequence of morphisms 2~ ENY ANy , there is an exact triangle in QCoh(Z"):
f*Lg = Lgoy — Ly.
e For a Cartesian square
2L

D
v sy

we have (¢')*Ly =5 L ¢. Given compatible maps to a base derived stack ., we then deduce an

exact triangle

Loy = (9) Loy ®(f)'Laysy = (fogd ) Lay,s.

Lemma 5.5. Let % be a locally finite type derived Artin stack over k. Suppose that the cotangent complex
Loy /i, has tor-amplitude in [0,00). Then vy : (% )a — ¥ is an equivalence.

Proof. This is well-known, but at the referee’s suggestion we sketch a proof. Since the assertion can be
checked locally in the smooth topology, we may assume that % is a connected derived affine scheme of finite
type over k. Then Lgy /;, has tor-amplitude in [—00, 0] on general grounds, so the assumption forces Ly, /i to
be represented by a vector bundle (in degree 0). The map on cotangent complexes induced by g is always
an isomorphism on H° and a surjection on H~! (for example dualize [GV18, (7.11)]). Then by obstruction
theory % is smooth of dimension equal to the virtual dimension of %/, so we deduce that tg induces an
isomorphism on cotangent complexes. As 1 induces an isomorphism on 7y by definition, it then induces an
isomorphism on all homotopy groups by [Lur04, Corollary 3.2.27] (an analogue of the “Hurewicz Theorem”
for simplicial commutative rings), hence is an equivalence. O

5.2.9. Quasi-smoothness. A key role is played by the notion of quasi-smooth derived Artin stacks, and more
generally quasi-smooth morphisms. Recall that a morphism f: 2" — % of derived Artin stacks is quasi-
smooth if it is locally of finite presentation and the relative cotangent complex L¢ is perfect of Tor-amplitude
[-1,00). (Here we are using cohomological grading, as opposed to the homological grading of [Khal9], so
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this means that H(Ly ®0, &) vanishes for i < —1 for every discrete quasi-coherent sheaf £ on 2".) Given
f locally of finite presentation with L a perfect complex, f is quasi-smooth if and only if the fiber of L at
all geometric points is acyclic in (cohomological) degrees < —1 [AGI15, §2.1]. This is the derived analogue of
being LCI, and for that reason is also sometimes referred to as “derived LCI”. In particular, a classical LCI
morphism between classical stacks, regarded as derived stacks, is quasi-smooth.
The following facts are immediate from basic properties of the cotangent complex:
e The composition of quasi-smooth morphisms is quasi-smooth.
e The (derived) base change of any quasi-smooth morphism is quasi-smooth. Note that the classical
analogue is completely false for classical LCI morphisms!

If Z — Spec k is a quasi-smooth morphism, then we simply say that 2 is quasi-smooth in particular, a
classical LCI stack over k is quasi-smooth when regarded as a derived stack. As we shall see later, quasi-
smooth derived Artin stacks are those to which we can naturally associate a virtual fundamental class, which
is why this notion is important for us.

We recall for comparison that a morphism of derived stacks f: Z° — % is smooth if it is locally of finite
presentation and Ly is perfect of Tor-amplitude [0,00). In particular, this includes smooth morphisms of
classical stacks.

Example 5.6. Suppose 2~ — Spec k is smooth. Then the diagonal map 2" — 2 X £ is quasi-smooth.
5.3. Tangent complexes to derived mapping stacks.

Lemma 5.7. Let S be a derived stack over k with perfect cotangent complex and X be a smooth proper scheme
over k with a map to S. Let % be a finite type derived stack over S with perfect relative cotangent complex
Ly 5. Then the cotangent compler L _yupq(x,2) is perfect, and its pullback to any Re-point f: Xr, — ¥/,
for any animated ring R., is naturally in Re isomorphic to Rpr, (f*Lay /s @wx /1), where pr is the projection
map Xgr, — Spec Re and wx/y, s the dualizing complex of X.

In particular, T gps(x,2)| 5 is naturally in Re isomorphic to Rpr,(f* Ty s).

In the statement of the Lemma, “naturally isomorphic in R,” means that there is natural transformation
between the two functors; informally speaking, that the isomorphisms base change coherently along R, — R,.

Proof. We apply [HLP23| Proposition 5.1.10], which implies that L_z,,(x,2 |y is isomorphic to pr (f*La /s),

where pr . is the left adjoint to pr*. Since X/k is smooth and proper, we have pr'(—) = wx /K @ pr*(—), and
that the left adjoint of pr' exists and is Rpr,, so the left adjoint of pr* is Rpr, (- ®wx/g)-
The last sentence follows from applying Serre duality to the description of L_s.p(x,2s-

([l

Corollary 5.8. Let X be a smooth proper curve over k. Let 4 be a smooth (classical) gerbe over X. Then
Fect(X,9) is isomorphic to its classical truncation Sect(X,¥9), which is smooth.

Proof. Because a smooth gerbe is locally in the smooth topology isomorphic to the classifying stack of a group
scheme, the relative tangent complex T¢,x is concentrated in degree —1, hence for any section f: Xp, — ¢
the cohomology groups of Rpr, (f*Ty,x) are non-vanishing only in degrees —1,0. We conclude by applying
Lemma O

Example 5.9. Let X be a smooth proper scheme over k and G — X a smooth group scheme. Then
Tpa/x = Lie(G/X)[1]. Lemma implies that L. (x,Bg) is perfect, and T geci(x,Be) pulled back to
Spec R, via a G-torsor F over Xpg, is isomorphic to Rpr, (F x¢ Lie(G/X))[1] naturally in R, .

Corollary 5.10. Let S be a derived stack over k with perfect cotangent complex. Let X be a smooth proper
scheme over k with a map to S. Suppose u: % — %' is a morphism of finite type derived stacks over S such
that Ly, is perfect. Then the induced map pu.: Maps(X, %) — Maps(X,%") has perfect relative cotangent
complez, and for any Re-point f: X, = % of Maps(X, %), T, |5 is isomorphic to Rpr,(f*T,) naturally
m R.

In particular, if X is a smooth projective curve and u is smooth, then ., is quasi-smooth.

Proof. The perfectness of the cotangent complex for u, and description of the tangent complex follow from
the functoriality of Lemma with respect to . The last sentence follows because in this situation,
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Rpr, has cohomological amplitude 1 and T, is concentrated in degree < 0, so Rpr,(f*T,) has cohomology
concentrated in degrees < 1. a

Example 5.11. Let X be a smooth proper scheme over k. Let G be a smooth group scheme over X and
V — X a vector bundle that is a representation of G over X. Consider an R,-point of ect(X,V/QG),
represented by a G-torsor F on Xg, and s € R['(Xg,,F x& V).

We give a more concrete description of various tangent complexes in this situation.

(1) The tangent complex to Lect(X,V/G) at the Re-point (F,s) is naturally in R, isomorphic to
Rpr,(F x9Lie(G/X) 5 F x°V
pr,(F x™ Lie(G/X) x"V)
deg —1 deg0

where the meaning of the differential -s is as in and pr: Xpr, — Spec R, is the projection map.
(2) The map of tangent complexes induced by Zect(X,V/G) = Bung pulled back to Spec R, via (F, s)
is naturally in R, isomorphic to

R G Lie(G/X) 2 VYL R G Lie(G/X 5.1
pr, (F x“ Lie(G/X) — F x“ V) = Rpr,(F x“ Lie(G/X)) (5.1)
deg —1 deg0 deg —1

where the map ¢ is induced by the truncation of complexes.
(3) If X is a smooth projective curve, Lect(X,V/G) = Bung is quasi-smooth, and .Zect(X,V/G) is
quasi-smooth.

We consider the following “relative” variant of mapping stacks.

Definition 5.12. Let B be a scheme, let X be a smooth proper scheme over B and % be a finite type
derived stack over B with perfect relative cotangent complex Ly ;5. The relative mapping stack (cf. [Toel4,
Corollary 3.3]) Aap(X/B,?% /B) is the internal Hom between X and % viewed as derived stacks over B; at
the level of 0-cells it sends Spec R, — B to the anima of morphisms X X g Spec R, — % over B.

As a variant, if there is a map 7: % — X over B then we write .Zect(X/B, % /B) for the homotopy fiber
of Map(X/B,?% |B) over the identity element of .Zap(X/B,X/B). At the level 0-cells, Lect(X/B,% /B)
sends Spec R, — B to the anima of commutative diagrams

X xp Spec R, hx

Let Y be the classical truncation of . Then the classical truncation of .Zap(X/B,% /B) is the classical
mapping stack Map(X/B,)/B) and the classical truncation of Sect(X/B,% /B) is Sect(X/B,)/B).

Lemma 5.13. (1) Let S be a derived stack, let X be a smooth proper scheme over S, and let % be a
finite type derived stack over S with perfect relative cotangent complex Lg ,s. Then the relative cotangent
complex L_yap(x/s.2/)5),s 15 perfect, and its pullback to any Re-point f: X xg Spec(Rs) — &%, for any
animated ring Re, is naturally in Re isomorphic to Rpr,(f*La g ® wx/s), where pr is the projection map
X Xg Spec Re — Spec Re and wx/gs is the relative dualizing complex of X — S.
In particular, the relative tangent complex T yap(x/s,25)/5| s 18 naturally in Re isomorphic to Rpr, (f*Taw /g).
(2) Suppose that in addition to the setup above, there is a map 7: % — X over S such that L,
is perfect. Then the relative cotangent complex L gecr(x/s,2/5)/s 1S perfect, the relative tangent complex
T sect(x/5,2/5)/s|f is naturally in Re isomorphic to Rpr,(f*Ty).

Proof. (1) Similar calculation as for Lemmal[5.7] Then (2) follows from (1) as in Corollary O

5.4. (Un)derived Hk¢ and Shtg. We now resume our convention that X is a smooth projective curve
over k. For a smooth gerbe 4 — X, Corollary implies that the derived stack Bung = Fect(X,¥) is
isomorphic to its classical truncation. Next we define and analyze derived Hecke stacks for gerbes of unitary
type and B GL(n)’. They will also turn out to be isomorphic to their classical truncations, a fact that is
needed later to compute cycle classes in explicit terms.

We will rewrite Definition [3.13]in a way that is amenable to a derived construction.
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Definition 5.14. We define a rank n (unitary) Hecke gerbe 7 — X' x X that sends a k-scheme S to the
groupoid of (2',&, F, h) where

= X/(S).

e £ X(9).

e F is a vector bundle of rank n on S’, which is the fibered product
s L x
bl
S —— X

Let og : Autg(S’) be the base change of o € Autx(X’) along £. Let A(X'),T, C X’ x X’ be the
diagonal and the graph of o respectively. Using the map (2’ ovg,&’) : 8" — X' x X', we form the
closed subschemes

Sé/:l./ = S/ X X% X! A(X/), and Sé,zg(xl) = S/ XXrxX! Fo

of S’ that are disjoint.
o h: F — o5F* @uil (wx ® £) is a map such that o*h* = h, and coker(h) is locally free of rank 1
/ !
supported on Sg,_,. ][ S —o(ay-
Note that upper modifyinﬂ F along either coker(h)| St,_,, O coker(h)| I produces two maps 5 to
BU(n)e x X' as gerbes over X x X',

A
y &
BU(TL)QXX/ BU(’I?,)QXX/

Now regarding 57 — X' x X as a map over X', we may consider the derived relative mapping stack
Fect(X'x X/ X', #/X") and (noting that J# is a classical stack) its classical truncation Sect(X'x X/ X', #/X").
Then Lect(X' x X/ X', /X") is a derived stack over X', and the two maps hg, hy : S — BU(n)e X X'
of gerbes over X x X’ induce maps

Fect(X' x X)X, A|X")

% X} (5.2)

BunU(n),E x X' BunU(n)72 x X'

with classical truncation

Sect(X' x X/ X', /X")

e — (5.3

BunU(n)ﬂg x X' BunU(n)7£ x X'

Lemma 5.15. There is a canonical isomorphism Sect(X' x X/ X' #[X") = Hkllj(n),g intertwining (5.3))

with
1
Hkr (), ¢
pry Xy w pPry
BUHU(n),Q x X' BunU(n)ﬁ x X'

3This refers to the unique bundle F* such that F* /F is isomorphic to the given torsion sheaf; see [FYZ21], Definition 6.5]
for more details.
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Proof. Let t : T — X' be a scheme over X’. Let us examine the T-points of Sect(X’ x X/X', ' /X"). By
definition the groupoid of T-points is the groupoid of diagrams

1

Tx x DXy x
We unpack the meaning of such a diagram. From the definition of J#, this is the groupoid of pairs (F,h)
where F is a vector bundle on T x X’ and h: F — (Idy x0)*F* @ pri, v*(wx ® £), such that coker(h) is a
line bundle on
(T x X') xxrx (AX) [ To) 2Ty UT o
where I'; and T', () are the graphs of t € X'(T') and o(t) € X'(T'), respectively.

From this data we construct (Fo < flb/z — Fy) € Hk%](n)ﬂ(T) as follows. Let .7-"1’/2 be F above, Fy the
upper modification of JF? /o along coker(h)|r,, and Fy the upper modification of F /2 along coker(h)
Then h extends to Hermitian structures on Fy and Fj.

Conversely, given (t, Fo < .7-'%/2 — F1) € Hk,lj(n)yg(T), the vector bundle F := flb/z on T x X' together
with the Hermitian map h induced from that of Fy gives a T-point (F,h) of Sect(X’ x X/ X' 5 /X"). It
is clear that this construction gives an inverse to the construction in the previous paragraph, hence giving a
canonical isomorphism Sect(X’ x X/X', #/X") = HkU(n)

Furthermore, under this identification the map projecting (F, h) to (Fo,t) intertwines with (pry X pry),
and the map projecting to the data of (F1,0(t)) intertwines with (pr; x pry).

|Fa(t)'

O

More generally, let & = [[y. Ry, ,xBU(na)e, be a gerbe of unitary type on X in the notation of
with the standard n-framed structure, so Y’ =Y xx X’ = [[Ya, Then there is a unitary Hecke gerbe Sy
over Y/ x X defined analogously to .7, which in the case 4 = BU(n)¢ recovers the .7 defined in Definition
Moreover, . is equipped with two maps

y . x (5.4)

G xY' G xY'
of gerbes over X x Y’, and has an isomorphism (by a similar argument as that for Lemma [5.15])
Sect(Y' x X/Y', Ay Y') = Hky (5.5)
with the RHS as defined in intertwining
Sect(Y' x X/Y' 7 |Y')
/ \ (5.6)
Sect(Y' x X/Y', 9 xY'/]Y") Sect(X' x X/Y', ¢ xY'/Y")

with

1
Hkg,
prg X V \rlj Pry/

Bung xY”’ Bung xY’

We have not spelled out the full definitions because the notation would be so heavy that it would be
unenlightening.

Definition 5.16 (Derived Hecke stacks for gerbes of unitary type). Let 4 = [[,. Ry, ,xBU(na)e, be a
gerbe of unitary type, with the standard n-framed structure. We define the derived Hecke stack

Hhiy = Fect(Y' x XY, Hy]Y')
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It is equipped with two maps induced by
AEY
pro X V mx prys
Bung xY’ Bung xY’
We define sk, to be the r-fold (derived) fibered product
Hhly = Hhiy XBuny kg XBuny " XBung iy (5.7)
where on the i*" factor of L%”k’glg, parametrizing F;_ 1 ]:1{1/2 — F;, the left and right maps to Bung

project to F;_; and F; respectively. A point of ki, will be denoted

flb/z ad 12

and the projection map to F; denoted pr,: %k, — Bung.

Remark 5.17. By Lemma (and its generalization to arbitrary gerbes of unitary type), the classical
truncation of k!, is Hkg, as defined in §3.1.3]

Next we make the analogous construction for B GL(n)’. In the definition below, we will use the notations
introduced in Definition .14
Definition 5.18. We define a (linear) Hecke gerbe Hgyny — X' x X that sends a k-scheme S to the
groupoid of (2/,&, F, L) where
' e X'(9).
£e X(9).
F is a vector bundle of rank n on §" = S x¢ x X'.
A line sub-bundle L of the restriction of 7 to Sg/_,/ [T St (-

Note that upper modifying F along either L|Sé/,,,/ or L|Sé_ o produces two maps gy, () to B GL(n)" x X'

as gerbes over X x X',

HGL(n)
e ~ 5
BGL(n) x X’ BGL(n) x X'
We denote by
Fo+—F — F (5.9)

these two modifications so that Fo/F (resp. F1/F) is the line bundle L|Sé/: L ® OS/(Sé':w/”Sé,: . (resp.
L|Sé,: o © OS/(S//:U(I/)”SQ,: : ,)). Given (2/,¢&', F), the the datum of L is equivalent to the datum of the

diagram (5.9)).

Consider the diagram
Sect(X X XI/XI, %GL(n)//X,)
Sect(X x X'/X',BGL(n)' x X'/X") Sect(X x X'/X',BGL(n) x X'/X’)
By a similar argument as for Lemma [5.15] it is identified with

HK g ()

Pro XV wprx/

BunGL(n)’ x X' BunGL(n)/ x X'
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Definition 5.19 (Derived Hecke stacks for GL(n)"). We define the derived Hecke stack
kg, ny = Lect (X' x X/ X', Harmy | X')

It is equipped with two maps induced by (5.4)

‘}Jl’&k%}L(n)/
prg XV w Prx/
BUHGL(n)/ x X' BunGL(n)’ x X'

At the level of zero-cells, it sends 2’ € X'(R,) to the anima of Fy, F1 € Bungy,(,y (R.), and a rank n
vector bundle flb /2 0N X }2. plus a diagram

Fip
AT
fo ******** Jfo* ****** ” fl

such that cone(h*") (resp. cone(h™)) is supported on I'ys (resp. I'y(,)) and locally isomorphic to R, (as
R,-modules).
We define H#%g,,,), to be the r-fold (derived) fibered product

jfkeL(n)’ = jfk‘éL(n)’ XB““GL(n)/ %kéL(n)’ XBunGL(n)’ s XBUHGL(n)’ %éL(n)' (510)

where on the i*® factor of %ﬂkéL(n),, parametrizing V(F;_1) ‘Fib—l/2 — V(F;), the left and right maps to
Bungy,(n) project to F;_1 and JF; respectively.

In order to make the notation more uniform, we will denote by ¢ either a gerbe of unitary type over X,
or 4 = BGL(n)', in which case Sk, = HKG1,(ny- We have seen that the classical truncation of #ky is
the Hki, from §3.1.3| (for 4 of unitary type) or Definition (for ¥ = BGL(n)"). We prove below that the

canonical map Hkg, — Sk, is an isomorphism in both cases.
Lemma 5.20. Let & be either a gerbe of unitary type or BGL(n)" over X. Then:

(1) v: Hky — Skl is an isomorphism of derived stacks.
(2) The following diagram of classical stacks is derived Cartesian

Sht}, —— HK/,

J{ J{(pro »Pr.)

1d,Frob
Bung (—>)Bung X Bung

Proof. (1) By the same argument as in [FYZ21l Lemma 6.9] (for ¢ of unitary type) or Lemma (for ¥ =

BGL(n)"), the map k., M Map(X,9) x X' is a projective space bundle, and .#Zap(X,¥) = Bung
is classical by Corollary SO %”k}; is also classical. Consider the derived Cartesian square in the diagram

kL, L ki

| [

pr
Hkiy —— Bung

where II" is the projection to the first »—1 factors of .#/kg,. This diagram implies that (II", pry. ,.) : Skl —
t%”k{;l x X' is a projective space bundle, so by induction %, is classical for each r.

(2) Since Bung is smooth, it suffices to show that the maps (pr,, pr,) and (Id, Frob) are transversal. The
differential of Frob is zero, so this follows from the smoothness of pr, (see the argument of [FYZ21 Lemma
6.9(1)] for ¢4 of unitary type, or Lemma [2.6| for 4 = B GL(n)"). O

Thanks to Lemma we may and do write Hkg, instead of JZkf, in the sequel.
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5.5. Derived Hitchin stacks. We now define derived versions of the Hitchin stacks introduced in §3]
Unlike Bungy and Hkg, these will be genuinely non-classical in general. We will adopt the conventions in
§3-2] to denote a gerbe over X by BH, even when the group scheme H is not defined, and call a section of
BH over S — X an “H-torsor over S”.

Definition 5.21. (1) The standard representation of the gerbe BGL(m)' xx BGL(n) — X is the
stack Std’(m,n) over X assigning to s: S — X the groupoid of (£, F,t) where
e £ is a vector bundle of rank m on S X x X',
e F is a vector bundle of rank n on S X x X',
e t € Hom(E, F).
It is equipped with a forgetful map
Wi 2 Std'(m,n) — BGL(m)" xx BGL(n)'.
(2) If BH; is an m-framed gerbe and BHs is an n-framed gerbe, the standard representation of BHy X x
BH,, denoted Std'(BHy, BH>), is defined using the Cartesian diagram

Std'(BH,, BHy) ——— Std'(m, n)
BH;y xx BHy ——= BGL(m)' xx BGL(n)’
Here the bottom arrow is given by the framings of BH; and BHs.
Example 5.22. The relative tangent complex of Std’(m,n) — X at
(&, F,t) € Std'(m,n)(Spec R)

is the complex of R-modules,
End(E) @ End(F) 25 Hom(E, F)

deg —1 deg 0

where the map «; is given by the action on t € Hom(&, F),
(A€ énd(€),B € &nd(F)) — Bt —tA.
More generally, the tangent complex of Std'(BH;, BH>) is of a similar form.

Definition 5.23. Let BH; be a smooth m-framed gerbe over X and BHs be a smooth n-framed gerbe over
X. We define the derived Hitchin stack #y, u, to be the derived mapping stack .Zect(X,Std'(BH;, BH>)).
At the level of 0O-cells, it sends an animated ring Re to the anima of (€, F,t) where

o &€ Sect(X,BH)(R.),

o F e Yect(X,BH>)(R,), and

o t € RI'(Xy, ,Hom(V(E), V(F))).
The space of such triple (£, F,t) is an anima as discussed in Example As the map Ay, u, —
Fect(X, BH, x BH>) is evidently representable, this is a derived Artin stack. It is immediate from the
definition that the classical truncation of #y, m, is Mu, m,.

We define 4 1317 m, C M, 1, to be the open derived substack whose classical truncation is M%,h m, C

M, H, as in Definition (cf. [TVO8, §2.2.2] for the notion of Zariski open immersion in derived algebraic
geometry).

Remark 5.24. The definition makes sense even when BH; and BH, are not smooth, but we never consider
such an example. The smoothness assumption guarantees that the mapping stacks .Zap(X, BH;) and
Map(X, BHs) are smooth and classical, and this is necessary for much of what we say below.

Remark 5.25. In we will give an alternative description of .}, ,, which might be more enlightening.

From the general description of tangent complexes for derived mapping stacks in we will deduce the
following.
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Corollary 5.26. Let BH; and BHo be as in Definition[5.23. For any animated ring Re, the tangent complex
of the morphism My, g, — Bung, x Bung, at (€,F,t € RD(Xy,, Hom(V(E),V(F)))) € Mu, u,(Ra) is
naturally in Re isomorphic to

Ropr, (Hom.x,_(V(),V(F)).
where pr: X — Spec R, is the projection map. In particular, 7 is quasi-smooth, hence Mg, g, is quasi-
smooth.

Proof. This is a special case of Corollary applied with % = Std'(BH;, BHs), %' = BH; xx BH, and
w: % — %' being the forgetful map. O

Corollary 5.27. (1) Let BHy be a smooth m-framed gerbe over X. Then the classical truncation map
M%ﬁ,GL(n)' — ///Eth(n), is an isomorphism, and both stacks are smooth.

(2) Let BH; = BGL(m)" be the tautological m-framed gerbe over X. Let MrIl-Isl,U(n),E C My, um),e be
the preimage of Ay o under the Hitchin fibration (see , and ///13517[](”)72 C My, Umn),e be the
corresponding open derived substack. Then the classical truncation map /\/lr};1 Un),e ///;‘fl U(n),e
is an isomorphism, and both stacks are smooth.

Proof. In both cases we will verify the classicality using Lemmal[5.5] By Corollary the tangent complex
in each case is perfect and has cohomology concentrated in degrees < 1. It remains to show that the tangent
complex in each case is concentrated in degrees < 0, i.e., that the respective first cohomology groups vanish.

These first cohomology groups are the obstruction groups (3.17)), and in Proposition we calculated that
they vanish. O

Remark 5.28. It is important that we restrict to the injective locus for Corollary 1). The statement
would not be true for .#y, gLy in place of A}, GL(n)'" Furthermore, in part (2), we would not have been
able to make the same argument with ///I‘;hU(n)VE in place of ///;‘ijU(n)yz.

5.6. Derived Hecke stacks for derived Hitchin stacks. We shall define derived Hecke stacks HkT/”HLH2
and Hk;,%bHQ whose classical truncation recovers the classical stacks Hk'y, oy, A0 ij\A?{l’HQ.
Recall the gerbe ;1 () from Definition

Definition 5.29. (1) The standard representation of the gerbe B GL(m)" X x H#g1,(n)y — X x X' is the
stack Std’(B GL(m)', #G1(ny) over X assigning to a k-scheme S the groupoid of (&,2,&, F, L,t)
where

o (2/,&,F, L) € Hgr(ny(S). In particular, £ : S — X.
e & is a vector bundle of rank m on ' = S x¢ x X'.
e t € Hom(E&, F).
(2) More generally, if BH; is an m-framed gerbe, the standard representation of BHy X x Hgi(ny,
denoted Std'(BH;, HG1L(ny ), is defined by the Cartesian diagram

Std/(.BI‘Il7 f%ﬁGL(n)/) —_— Std/(m, f%pGL(n)/)

| |-

BH, BGL(m)'

where w,, records the rank m bundle and the bottom map is the m-framing of BH;.
(3) If BH; is an m~framed gerbe and BH> is a smooth n-framed gerbe of unitary type, then we define
the standard representation of BHy X x #y,, denoted Std'(BH7, %, ), by the Cartesian diagram

Std'(BH., #r,) — Std'(BHy, #wny)

| l

i, HAGL(n)

Definition 5.30. Let BH; be a smooth m-framed gerbe and BH> a smooth n-framed gerbe of unitary type
or GL(n)". We define the derived stack Hkiflyl, 4, 0 be the derived mapping stack

Fect(X x X'/ X', Std (BHy, +4,)).
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We define Hkl//,;} .. to be the pre-image of the open substack .#% . < .#u, n, under either projection.
1,42 9

At the level of O-cells, HkiﬂHl i sends an animated ring Re to the anima of an H;-torsor £ over X, , a
diagram

/ \ € Hk}y, (R.)

and t?/z € RF(XR.,Hom(V(E),.F'{/2)), and Hkiﬂgl,,ﬁ is the open substack where t'i/2 is injective. For
M = My, m, or My, p,, we denote such an Re-point of Hkifl by the diagram

V(E)

b

to ltl/z t1
Fia
/ fo \
R » V(F1)
Then we define Hk”, as the r-fold derived fibered product
HK", := Hk', x 4 Hk') X 4 ... x_4 HK', (5.11)

r times

where the maps are like in Definition [5.16

Again it is clear that the classical truncation of Hk’, is Hk,, where M is the classical truncation of .Z,
ie. M= ./\/thH2 or ./\/l%[th.
Lemma 5.31. Let BH; be a smooth m-framed gerbe over X and BHy a gerbe of unitary type or B GL(n)’,
equipped with the standard n-framed structure. Then the morphism Hkr/f}ﬁ,@ N Bung, x Hky, is quasi-
smooth. For any animated ring Ro, the tangent complex of m at any (€, {x;}, {F:}, {t:}) € Hk,, . (Rs) is
naturally in Re isomorphic to (using notation from Definition

T r—1
Rpr, | P Hom(V(E), F_ 5) = @D Hom(V(E),V(F:))
=1 1=1
deg 0 deg1

where pr: X;%. — Spec R, is the projection, and the differential is induced by the map

r r—1
Br. > PVFE) (5.12)
i=1 i=1

sending (vi/z,...,Vr_1/2) = (Vij2 — V3/2,V3/2 — Us/2, .., Vp_3/2 — Up_1/2), using the given maps .7-?71/2 —
V(Fi-1) and .7::_1/2 — V(F;). In particular, Hk";/[Hl‘Hz is quasi-smooth.

Proof. The case r = 1 is a direct consequence of the definition and Lemma Abbreviate A = My, H,.
Consider an R,-point of Hk”,, which is represented by a diagram

V(&)

/ \)

F /2 . Fo_

! (5.13)
V(Fo) V(F1) . V(Fr1) V(F,)

1/2
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The presentation of Hk”, from (5.11]) induces an exact triangle

or ®(r—1)
Thir, — THki\Hk;ﬂ — T, e,

Similarly, the presentations (5.7)),(5.10) induce an exact triangle

br

Tiung, x Hi, } TBunH1 x Hk,

®(r—1)
. |Buns, x Hkp, — TBunHl x Bunyg, |Bunm, x HK,
So the (derived) fiber of T, — Ty, ‘Hkﬁﬂ is the limit of the diagram
, . ,

®r ®(r—1)
, N
Tia e, T, lae,

! !

®(r—1)
) |Hk.>z TBunH1 X Bung, ‘Hkﬁ,{

Dr
Bung, x Hk}l

This limit may be calculated by first forming vertical fibers along the columns, and then taking the horizontal
fiber. The vertical fibers restricted to the given Re-point are described by Corollary

Ropr. (@, Hom(V(€),F._, 5)) — Ror. (@) Hom(V(€),V(F)))

In particular, as the map (5.12) is supported on a subscheme of X}, which is finite over Spec R,, the fiber
of this map is concentrated in degrees < 1.
O

Corollary 5.32. (1) Let BHy be a smooth m-framed gerbe over X. Then the classical truncation map
1

— Hkll/”o is an isomorphism, and both stacks are smooth.
Hy,GL(n)’ Hy,GL(n)’/

(2) Let BH; = BGL(m)" be the tautological m-framed gerbe over X. Let Hk}vl;;
be the preimage of Ar;fl’g (under the Hitchin fibration composed with pry) , and Hkiflns

Hq,U(n), £

1
C Hk
LU, £ Mu, U@, e

1 ; : : . 1
Hk//lHl,Um),s be the corresponding open derived substack. Then the classical truncation map HkMII,{sLU(n),E

Hk! . s an isomorphism, and both stacks are smooth.
A Uy, e ¢

Proof. (1) There is a map py /5: Hki/lH croy Mu, 1, X X' defined as in Lemma 3.14|, which is a P71 x
P"~! fiber bundle. Since .# H,.H, 18 smooth and classical by Corollary |5.27] Hk',. is smooth and

H1p,GL(n)’

classical.

(2) We will verify the classicality using Lemma By Lemma the tangent complex in each case is
perfect and has cohomology concentrated in degrees < 1. It remains to show that the tangent complex in
each case is concentrated in degrees < 0, i.e., that the respective first cohomology groups vanish. By Lemma
the relative tangent complex of Hkif!yl,um,s — X' at (§,F°,h,t) € Hk'lfﬂHl,U(n),E

RT(XR,,End(V(E)) ® End®™>(F*, h) 25 Hom(V(E), F*))
deg —1 deg 0

The obstruction group is (3.18), and we showed there that it vanishes if (£, F?, h,t) € Hkl//,;}s o (Re). O
LU

), £

5.7. Description as derived vector bundles. There is a derived symmetric algebra functor [Kha21l, §1]
from connective perfect complexes on a base (derived) scheme S to animated commutative Og-algebras,
denoted K — Sym(K). Given K € Perf(S) which is co-connective, meaning locally represented by a complex
of vector bundles in non-negative degrees, K* is connective and we denote by Tots(K) the relative spectrum of
Symep, (K*). We call Tots(K) the derived vector bundle associated to IC; if K a locally free sheaf concentrated
in degree 0 then Totg (k) is the usual vector bundle associated to a locally free sheaf.

Remark 5.33. It is immediate upon unwinding the definitions that the relative tangent complex of Totg (k) —
S is the pullback of K from S to Totg(K).
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Let BH; be a smooth m-framed gerbe and BH> be a smooth n-framed gerbe over X. We indicate a more
concrete description of the derived structure on .# := .#y, g, in Definition We have a tautological
bundle H over Bungy, x Bung, xX’ whose restriction to {(£,F)} x X’ is Hom(V(E),V(F)). Let ppun :
Bung, x Bungy, xX’ — Buny, x Bung, be the projection. Let K = Rppun «H, a co-connective perfect com-
plex on Bung, x Bung,. The pullback of K to Spec Ry — Bung, x Bung, is RI'(Xy,, Hom(V(E), V(F))).

The local structure of .# can now be made fairly concrete. Let U — Bung, X Bung, be an open substack

on which (Rppun,«H)|u can be represented by a two-step perfect complex K° 4 K over U in degrees 0 and
1. Then |y is isomorphic to the derived fiber product

=%|U — TOtU(K:O)

J ld (5.14)

OU — TOtU(’Cl)
where Oy 2 U denotes the zero section in Toty (K1).
Proposition 5.34. The derived Hitchin stack A, m, is isomorphic to TotBUlnH1 x Bun g, (K) over Bung, x Bung,.

Proof. By construction, Std’(Hy, Hz) is the total stack of a vector bundle Vsiq over BH; X x BH,. We claim
that for a proper scheme X over k, and a vector bundle V over a derived stack S over X, there is a canonical
equivalence of derived stacks

Fect(X, Tots(V)) = Totr(pr.e*V) (5.15)

where T' = Fect(X,S), e : X x T — S is the evaluation map, and pr : X x T'— T is the projection. The
proposition follows by applying the above claim to S = BH; X x BH3 and V = Vsiq (noting that e*Vsiq = H
hence pr.e*Vsiqa = K).

To prove , we construct maps in both directions. First we construct a map

a: M = Sect(X, Totg(V)) — Totr(pr.e*V).

There is a natural map w : # — T induced from the projection = : Totg(V) — S. Giving such a
map « covering w is the same as giving a global section of w*pr.e*V over .#. By base change we have
W pre 2 pg«(Idx xw)*, where p_y : X X M — A is the projection. Therefore a global section of w*pr.e*V
is the same as a global section of p_z.(Idx Xw)*e*V, which amounts to the same thing as a global section of
(Idx xw)*e*V on X x .#. By the commutative diagram (where € is the evaluation map)

X x M —E> Totg(V)

lldx X w iﬂ'

XxT—2—>5

we have canonically
(Idx xw)*e*V 2 e*n* V.

Now 7*V has a tautological section oyayt over Totg(V). Then €* oy gives a global section of e*7*) =
(Idx xw)*e*V over X x .4, which then gives the desired map a.
Next we give a map in the other direction

B : Totr(pr«e™V) = M = Fect(X, Totg(V)).
This is equivalent to giving a map
X x Totr(pr«e*V) — Tots(V),
Note that X x Totp(pr.e*V) = Totx xr(p-pr«e*V). The counit map pipr. — Id induces a map
Totx w7 (prpr«*V) = Totx 7 (e*V).

Composing with the natural map Totxxr(e*V) — Totg(V) (base change of e : X x T — S), we get the
desired map 5. We omit the details of checking that o and § are inverse to each other.
|
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Let BH; be a smooth m-framed gerbe and BHs be a gerbe of unitary type or B GL(n)’ with the standard
n-framing. Then there is a perfect complex K’ on Bung, x Hk}'_]z, whose pullback to Spec R, via (£, F) €
(Bung, x Hk}b)(R.) is RT(XF,,, Hom(V(E),V(F?))). Similarly, one has a description of the derived Hecke
stack for derived Hitchin spaces as a derived vector bundle:

Proposition 5.35. The derived Hitchin stack HkiﬂHl i is isomorphic to TotBunHl x HkL, (K?) over Bung, x Hk}b.
’ 2

Remark 5.36. There is an analogous generalization to HkTJﬂHl s for any r > 0, although we omit the
statement because the corresponding complex K” becomes more complicated to describe.

5.8. Derived shtukas for derived Hitchin spaces. We now introduce derived stacks of shtukas Shtr//[Hl 1
T . . . r s ’
and Sht M whose classical truncation recovers the classical stacks Sht)y, .~ and Sht M from

Definition 5.37. Let BH; and BHs be as in Definition Let A4 = My, u, or ///;h,Hg' We define
Sht", by the (homotopy) Cartesian diagram

Sht”, — HK',

l lpro X pr,. (5.16)

Y (Id,Frob) oy

We are primarily interested in the case where BH; = BU(n)e (although we will make some remarks on
the unitary type case below). In order to study the tangent complex of Sht’, in this case, we introduce a
vector bundle on Hk(,,y ¢

5.8.1. Ezcess bundle. Let £ be a vector bundle on X’. We denote by Vi the rank mr tautological vector
bundle over Hky;(,,) o whose fiber at ({2}, {F;, h;}) € Hkyy(,,) o(R) is the direct image under Xr — Spec R
of the cokernel of the map

P Hom(E, F} 1) = EDHom(E, F) (5.17)
i=1 i=1
given by
(01/271)3/2’ T 7U7“71/2) — (U1/2 — U3/2,V3/2 — VU5/2," " ,Ur_3/2 — Ur71/2avr71/2)~
Here we use the natural inclusions ‘Fib—l/2 — F;_1 and ‘Fib—l/2 — F;. (Note that as (5.17)) is injective,
the cone coincides with the cokernel, which is supported on a subscheme of Xp finite over Spec R by the
definition of the modification types in Hky(,,) o)
We use the same notation Vg to denote the pullback of Vg to Sht{;(,) o. In the future we will typically
consider the latter object. We define V" to be the bundle on Bungr,(my (k) x Sht@(n%Q whose restriction to
{g} X Sht{](n),ﬁ is Vg

Lemma 5.38. The bundle Vg on Hkyy(,,) o carries a filtration with associated graded
é pro*ET ® ;.
Here {; are the tautological bundles over HkTU(:; introduced in . In particular, we have
ﬁcm(pfa*é’* @ ;) = cmr(Ve) € Ch™ (Hky ) o) (5.18)
=1
Proof. Filter the cokernel of 1

Br..-PF
=1 =1

by the grading on . Then its associated graded is @;_, ¢;. This induces a filtration on Vi with associated
graded

s
Drioe ot
i=1

Here the 0*£* (rather than £*) is due to the fact that the line bundle ¢; is supported at ox’. O
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Lemma 5.39. Let BH; be a smooth m-framed gerbe over X and BHy; = BU(n)e with the standard n-
framed structure. Abbreviate M = My, n,. Then the relative tangent complex for the map Sht’, 5
Bung, (k) x Shty;(, o is perfect, and for & € Bungy, (k) we have

Trlr-rqeyxsney,, o) =T Wel=1]:

In particular, Sht’, — Bung, (k) x Shty;(,,) o is quasi-smooth, so Sht’, is quasi-smooth.

Proof. We calculate the tangent complex of Sht”, using the presentation (5.16). Consider an Re-point of
Sht’,, represented by the data (z', &, Fo, Fi,...,Fr) and a diagram

V(&) v(é)
/ tr—1
]:1b/2 - ‘Fﬁ—l/Q " (igoto) (519)
Fo F1 Fro1 Fr ——"Fo

By the behavior of cotangent complexes in Cartesian squares, we see from Corollary and Lemma [5.31
that L, is perfect, and the tangent complex of Sht”, is the derived fiber (i.e. cone shifted by 1) of the map

Tukr, [sner, X Toalsner, = Toaz|sner,
The Cartesian square ([5.16)) fits into a commutative diagram where the back and front faces are Cartesian

Sht’, HK",

/J{// \(M\Q()b) (/l;;ro X pry

BunHl (k) X Sht’[r](n BunHl X Hk8(7z)7£
i J{(Avpro X pr;.)
(n)

)L
((1d,Frob),(1d,Frob
Bung, x Bung,)e ——m )ﬁﬁunﬁil X Bun2U(n) o

To shorten notation, we write S := Sht’,. By the same argument as in the proof of Lemma m T, is
the (homotopy) limit of the diagram

T, |s © Tuls T%s
(TB‘“’H1 ‘S D THk?{J(n),s |S) S (TBunH1 |S ®© TB”nU<n)=E |S) - TgﬁnHl |S © Tginu(n),s |S

To compute this we take fiber of the vertical morphisms, using Corollary and Lemma This says
that for any Re-point of S, the pullback of the above diagram to R, is (naturally in R,) isomorphic to
Rpr,(—) applied to the (homotopy) limit of the diagram of complexes on X7, below:

(B Hom(V(€), 2y 5)) @ Hom(V(E), Fo) —— Hom(V(E), Fo) & Hom(V(E), F,)

l

@) Hom(V(E),F)
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where the maps are:

(01/2, T 7vr—1/2;v(]) — (v + V1/2; Ur—l/z)

|

(01/2 —Ug/2;° ", Upr—3/2 — Ur—l/z)

We may rewrite the (homotopy) limit as the complex

(@1, Hom(V(E), 7y ) @ Hom(V(€), Fo)

|

(B! Hom(V(€), Fi)) & Hom(V(E), Fo) & Hom(V(E), F;)

Unraveling down the definitions of the maps, this is seen to be quasi-isomorphic to (5.17) after cancelling
the summand Hom(V(E), Fo).
O

Remark 5.40. More generally, for any gerbe of unitary type BHy we can define the excess bundle V¢ on
Sht%;, by the same formulas. It carries a filtration with associated graded given by the same formulas as in
Lemma [5.38] The analogue of Lemma holds, by the same argument.

6. FUNDAMENTAL CLASSES OF DERIVED SPECIAL CYCLES

6.1. Summary of derived intersection theory. For the framework of intersection on derived stacks, we
will use the work [Khal9] of Khan. In order to make this paper as self-contained as possible, we give a quick
summary of the basic facts from [Khal9, §2,3] that we will need, simplified to our situation of interest.

6.1.1. Motivic Borel-Moore homology. The role of Chow groups of a locally finite type derived Artin stack
2 will be played by its motivic Borel-Moore homology groups HZM (2" / Spec k, Q(r)) as defined in [Khal9,
Definition 2.1, Example 2.10]. (Only the case s = 2r will be of interest to us.) Henceforth we omit the
“/Spec k” when the base is Spec k.

According to [Khal9, Example 2.10], for X a classical Artin stack locally of finite type over k, HSM (X', Q(r))
identifies with the Chow groups (with Q-coefficients) of Joshua [Jos02]; when X is of finite type they are
identified with the Chow groups (with Q-coefficients) of Kresch [Kre99]. We shall see shortly in that
for a locally finite type derived Artin stack 2 over Spec k, HBM (2", Q(r)) can be identified with the motivic
Borel-Moore homology of the underlying classical stack X' := 2, and thereby interpreted in terms of Chow
groups.

More generally, if 2" — . is a locally finite type morphism of derived Artin stacks over k, then there is
a theory of relative motivic Borel-Moore homology groups HBM (.27 /.7, Q(r)). In this paper we are mainly
concerned with the absolute groups; the relative groups play a technical role in some intermediate statements.

We next discuss the basic functorialities enjoyed by HEM (27 /.7).

6.1.2. Proper pushforward. ([Khal9, §2.2.1]) If f: 2" — % is a representable (cf. §5.2.4]) proper morphism
of derived Artin stacks, locally of finite type over ., then there are functorial direct image morphisms
fo B2 1, Q(r) = HPM(@ 1.7, Q(r).

6.1.3. Smooth pullback. ([Khal9, §2.2.2)) If f: 2" — % is a representable smooth morphism of derived Artin
stacks, locally of finite type over ., of relative dimension d, then there is a functorial pullback

MY ) 7,.Qr) —» HEMN (277, Q(r + d)).
6.1.4. Derived invariance. For any derived Artin stack 2" over k, we denote by iz : X — Z the inclusion

of the underlying classical stack (cf. §5.2.6). According to [Khal9, Theorem 2.19(ii)], if 2 is locally finite
type over . then the direct image

(b2 ) HM(X /.7, Q(r) — HPM(27).7, Q(r))

is an isomorphism.
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6.1.5. Base change. Consider a commutative square of derived Artin stacks

W —s T

!
b
which is Cartesian on the underlying classical stacks. There is a base change homomorphism [Khal9l §2.2.3]
P HPN(2 L 75Q(n) — B (@) 7,Q(r)
Example 6.1. We note that in the special case where J = .7, f is the identity map, and # = X (the

underlying classical truncation of 2") with its canonical map to 2, chasing through the definitions reveals
f* = (ig);* to be the isomorphism of derived invariance §6.1.4

6.1.6. Quasi-smooth pullback. If f: Z — % is a quasi-smooth morphism of derived Artin stacks locally
finite type over ., then we may define the relative virtual dimension of f at x € 2 to be the Euler
characteristic of Ly at « (which could be negative).

Letting d be the relative virtual dimension of f: 2" — % there is a Gysin map [Khal9, Construction
3.4]

fEMP)S,Q(r) = Ba(2 /S, Q(r + d)

By [Khal9l §3.3], if 2" and & are classical and f is representable in (classical) Deligne-Mumford stacks,
then the resulting f' agrees with the Gysin pullback of classical stacks [Man12].

6.1.7. Compatibility with the refined Gysin homomorphism. We shall need the following compatibility of the
quasi-smooth pullback with the classical refined Gysin homomorphism. Suppose f: S — 7T is a quasi-smooth
morphism between classical Artin stacks of relative dimension d representable by Deligne-Mumford stacks,
such that f satisfies the hypotheses of [Man12, Construction 3.6], # is a quasi-smooth derived Artin stack,
and g: % — T is locally of finite type. Let ) be the classical truncation of %', and suppose that the classical

1
fiber product X : =) §<7— S — Y satisfies the hypotheses of [Man12, Construction 3.6]. Note that X" is the
classical truncation of 2 := % x+&. Consider the diagram with the bottom square being derived Cartesian
and the outer square being Cartesian as classical stacks:

X — )

L, L

SLT

The hypotheses ensure that the refined virtual pullback f';: Ch.(Y) — Chyyq(X) is defined [Manl2l
Construction 3.6]. On the other hand, we have the identification tg.: Chy(Y) = HEM(Y,Q(s)) =
HEM(#% Q(s)) from derived invariance.

Lemma 6.2. Following the notation above, the diagram below commutes.

Chy(Y) — L Chyra(X)

Nli@* Nligg*
"
HEM(Z,Q(s) = H30a(27, Qs +d))
Proof. The argument is very similar to that of [Khal9l §3.3], which handles the case where # — T is
the identity map (and in particular 2 is classical). We explain the necessary adjustments in the present
situation. Let Cy/y be the intrinsic normal cone for X — Y, and Dy, be Kresch’s deformation, so we have
a diagram

Cx/y —_— Dx/y — y X Gm

! ! |

0 Al G,
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Since f is quasi-smooth, it has a normal bundle stack Ny, which is the stack associated to the (co-connective)
two-term complex Ty[1] [Khal9, §1.3]. The intrinsic normal cone Cy,y admits an embedding into f*N; =
9Ny, which fits into a commutative diagram

CX/JJ —_— D)g/y <— y X Gm

L | I

J'Ny —— Do /o +— ¥ x Gy,

where D g /o is the deformation to the normal bundle stack for the quasi-smooth morphism f': 2" — &
[Khal9l §1.4]. The rest of the argument concludes as in [Khal9l §3.3]. O

Remark 6.3. Lemma implies that the intersection product of §6.1.11|is compatible with that of [YZI7,
§A.1.4], a fact that we will repeatedly use without further comment.

6.1.8. Top Chern class. ([Khal9l §2.2.4]) If £ is a finite locally free sheaf of rank r on a derived Artin stack
Z of finite type over k, then there is a top Chern class ¢, () € HBAL(27/ 2, Q(—r)). To compare this with
the usual formulation of Chern classes, we observe that H2M(2°/ 27, Q(—7)) is naturally isomorphic to the
motivic cohomology groups H*(Z", Q(r)).

Next we will discuss some operations on these motivic Borel-Moore homology groups.

6.1.9. Composition product. ([Khal9, §2.2.5]) Given a derived Artin stack .7 locally of finite type over .7,
and a derived Artin stack 2" locally of finite type over 7, there is a composition product

o: HPM(27/7,Q(r) e HM(7 /.7, Q(r")) — B (2 /.7, Q(r +17)). (6.1)

6.1.10. Virtual fundamental classes. We next discuss one of the key features provided by derived algebraic
geometry, namely the intrinsic construction of virtual fundamental classes.

Let f: 2 — . be a quasi-smooth morphism of derived Artin stacks, of relative virtual dimension d.
Write 1. for the unit of HEM (. /.7; Q(0)). Then the relative fundamental class of f is [Khal9, Construction
3.6]

12 /] = [{(1y) € B2 /7 Q(d)).
Of particular importance is the case . = Spec k, in which case we write [27] := [Z"/ Spec k] and call it the
virtual fundamental class of Z . Note that by we may view [27] € HEM(X; Q(d)) = Chy(X) where
X is the underlying classical stack of 2", and we will frequently do so.
When v : X — 2 is an isomorphism and X is smooth, then [27] is the usual fundamental class [X]"a1ve,
We next establish some basic properties of these virtual fundamental classes.

6.1.11. Intersection product of virtual fundamental classes. Let 2", % and %" be derived Artin stacks locally
finite type and equidimensional over k, and suppose furthermore that 2" is smooth and %, %" are quasi-
smoooth over k. Suppose we have maps (not necessarily quasi-smooth) f: % — 2 and f': %’ — Z.
Consider the Cartesian square

’

Yo 22 a sy
| |

X BT gy

The morphism A’y is quasi-smooth as it is the base change of the quasi-smooth morphism A . In particular
% x g %' is also quasi-smooth over k of virtual dimension r = dim % + dim %’ — dim 2". We write

]2 (@] = (M) (% x @) e BpM(W x 77, Q(r)).
Lemma 6.4. In the situation above, we have
Yo V=¥ <o Z'. (6.2)

Proof. By definition [# x %] = pr'[Spec k] where pr: & x #' — Spec k is the structure map, and pr' is
defined because % x %" is quasi-smooth. Hence we have

(] -9 [#'] = (Ay) pr'[Spec k] = (proA/y-)'[Spec k] = [# x o Z].
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6.1.12. FExcess intersection formula. We shall make crucial use of the following excess intersection formula,
which is [Khal9, Proposition 3.15]@ Suppose we have a commutative (but not necessarily Cartesian) square
of derived Artin stacks over k,

2 L

lp lq (6.3)

1

where f and g are quasi-smooth, and equidimensional. We say that is an excess intersection square if
it is Cartesian on underlying classical stacks, and the homotopy fiber of the canonical map p*L g o [—1] —
Ly a/[—1] is a locally free O 5-module of finite rank 7, whose dual we call the excess bundle £. Then we
have the top Chern class ¢,.(£) € HEYL(27/ 27, Q(—7)). The excess intersection formula asserts that

X)W = e (E) 0|27/ € B (27 /%', Q(d)),
where d is the virtual dimension of f and ¢* is the base change map of

Lemma 6.5. Let p : 27 — 2 be a map of quasi-smooth derived Artin stacks locally finite type over k
that induces an isomorphism on their classical truncations pa : X' = X. Assume L,[—2] is a locally free
O g -module of finite rank r. Then

(2] = cr(Tp[2]) 0 [27] € Cha(X),
where d is the virtual dimension of Z (note here T,[2] is a locally free O g-/-module of finite rank r).
Proof. Apply the excess intersection formula to the square
X' —— Spec k

L

Z —— Spec k

O

6.2. Calculation of virtual fundamental classes. We now return to the (derived) Hitchin stacks. Fix
m < n and let A = Acrim)y Uum),e and M = Mgrm) ,u(n),e, Which is the classical truncation of ./Z.
In the future we will suppress £ for notational simplicity. As Sht’, is quasi-smooth by Lemma the
virtual fundamental class [Sht,] € Ch,(Sht'y,) is defined by §6.1.10f We can now confirm that the virtual

fundamental classes of Z% constructed earlier in agree with the (pullbacks of) components of [Sht,].

Theorem 6.6. Recall # = M1 (my . um) and M = Mgrimy um). We have
[Sht’y ]|z = [2¢] € Chin—m)r(Z¢),

where the latter is as in Definition (1) Here, the notation (-)|zz means pullback along the map Zg —
Sht'y, which is finite étale over an open-closed substack.

The rest of this subsection is devoted to the proof of Theorem Recall the open-closed decomposition
of Z% into ZE[K]° according to the kernel of ¢; : £ — F;. The proof will proceed by describing a
stratification of Sht”, that induces a decomposition of [Sht”,] into many pieces. We will identify a piece of
[Sht”,] that matches the non-degenerate term Zz°, then another piece that matches the most degenerate
term Z¢[£], and then calculating the contribution of all pieces by reducing them to the two extreme cases.

“We note that the conventions of [Khal9] are off from ours by a dualization, e.g. the virtual fundamental class of a self-
intersection in [Khal9l Corollary 3.17] is the top Chern class of what is called the “conormal bundle” in loc. cit., whereas we
would call it the normal bundle.
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6.2.1. Kernel decomposition. Recall that Sht'y, is the disjoint union of open-closed substacks ?Q for £ €
Bungr(,my (k). Each Z¢ is the disjoint union of open-closed substacks Z¢[K]° indexed by sub-bundles L CC &
(see §4.1) and Lemma [4.2)). The substacks where K = 0 and K = £ are stable under Aut(&)(k), we denote
Z[K]° == [2E[K]°/(Aut(E)(F,))] in these cases.

Since Sht”, has underlying classical stack Sht’,, it similarly decomposes into open-closed derived sub-
stacks ?; (whose underlying classical stack is Eg), whose pullbacks to Z¢ further decompose into open-closed
derived substacks 2 [K]° (whose underlying classical stack is ZZ[KC]°). Similarly, we have the open-closed
derived substack ZZ[K] C Z% whose classical truncation is ZZ[K].

To summarize, we have a decomposition into open-closed derived substacks

Sht”, = 11 Ze (6.4)
EEBunGL(m)/(k),
Kcce

whose classical truncation recovers Example and this is refined by a finite étale covering
11 ZF[K]° — Sht",

EeBungy,(,y (k),
Kcce

The virtual fundamental classes [Z¢[K]°] € Chy () (Z¢[K]°) and [Z{[K]] € Chy(—pm)(ZE[K]) are de-
fined as the restriction of the virtual fundamental class [Sht”,]. We define 2 as the (derived) fibered
product

¥ 7
Spec k —— [Spec k/(Aut(€)(Fy))]
and we define 27 [K], ZZ[K]°, etc. similarly.

Remark 6.7. By pulling back along the finite étale map Z; — ?2, we see that Theorem implies (and
is equivalent to)

6.2.2. Non-degenerate terms. We consider ?go = ?2 [0]° whose underlying classical stack is EQ". We will
show:

Proposition 6.8. We have
(ZE°) = [2£°) € Chyn-m)(ZE"). (6.5)

Let H; — GL(m)’ be any homomorphism of smooth group schemes over X (although we shall only need
the case where this map is the identity).

Lemma 6.9.

(1) The following square is (derived) Cartesian:

%HI,U(n) — c///Hl,GL(n)/

l I

Bungy(,y —— Bungrny
(2) The following square is (derived) Cartesian:

r

.
Hk//le,U(n) Hk//le,GL(ny

| |
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(8) The following square is (derived) Cartesian:

T T
Sht//[HLU(n) E— Sht//[Hl,GL(n),

| |

Proof. Parts (1) and (2) are immediate from the definitions. We focus on (3).
Abbreviate A4 = My, yn) and A’ = My, c1,(n) - Consider the commutative diagram below.

' (Id,Frob) W PP HK",,

J ! !

1d,Frob (prg,pr
BunGL( )/(%)BHHGL( )y X BunGL(n) % e P HkGL(n)’ (66)

| I I

BunU(n) (Id, Frob) BunU(n) X BunU(n) M HkU(n)

The derived fibered products along the rows of are
Sht”,,

|

I

By parts (1) and (2), the derived fibered products along the columns of are
(Id,Frob)

N i A i (6.8)

The same proof as for [YZ17, Lemma A.9] gives canonical isomorphisms of derived stacks between the
derived fibered products of (6.7]) and . The derived fibered product of is Sht”,,. We then conclude

by applying (6.2)) to (6.7).

(Il
Applying Lemma [6.4] we obtain:
Lemma 6.10. We have [ Ay, v(n)] = [ A1, cr(n)y] Bungy(,y [Butum)] € Chu(Au, v(n))-
Lemma 6.11. We have
[Sht//{g o ),} [Shtj\/t?—ll,GL(n ] € Ch, (ShtM%1 GL(W)

where the right side is defined in Definition [3-21}

Proof. We abbreviate .4 := M} 1, and M := MYy 1), which is the classical truncation of .Z".
1, n)
Consider the Cartesian square

Sht” /e —— (Hk'y00)" x 4'°
J e
(////O)T-H @ (////O)QHQ
By Lemma we have
[Sht” 0] = [(Hkifl,o) X M) - groyzree (") 1. (6.9)

According to Corollaries 1) and 1), the three corners of the above diagram (except Sht’,.) are
smooth and isomorphic to their classical truncations. By §6.1.10, we then have

(L e)7] = [(HKh o )" € Ch (Hifygee)
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and
[(7°)7] = [(M°)7]" € Cha (M)").
Inserting these into gives
[(Hk'lﬁ/o)/r % %lo] o)+ [(%/o)r+1] _ [(Hk}\/tm)r % M/o]naive [(Mroy2rte [(M/o)r+1]naive c Ch*(ShtTM/o)

The right hand side is precisely the definition of [Sht'y.] in Definition O
Proof of Proposition[6.8 Applying Lemma[6.9) and Lemma , we have

[SBE 5, ) = B G] st ) S0 1€ Che(Shthe )
By Lemma the RHS above identifies with [Shty;,,] LA [ShtM;ILGL(W} € Ch*(ShtM}J-Il,U(n))' Now
specializing to the case H; = GL(m’), and decomposing both sides of the resulting equality according to
& € Bungy, (k) yields (6.5). O

6.2.3. The most degenerate term. We will next handle the most degenerate term ZZ[]. Let ¢ Sht’y, be the
substack of Sht'y, where ¢; = 0. Then  Sht'y, is the disjoint union of Z;[&] over £ € Bungr,(m) (k), hence
open-closed in Sht'y,. Let ¢ Sht", = [] ZZ[€] C Sht’, be the corresponding open-closed derived substack.
Note that the underlying classical stack of ¢ Sht”, is

(0 Shtr‘%)cl =0 Sht;\/l = BUDGL(m)/(k) X Shtgv(n) . (610)

In §5.8.1] we defined a bundle V" on Bungr(m) (k) x Shty;,). Below we write V|, snr, to denote the
restriction of V" to ¢ Sht’, via the composition

o Sht’, — Sht’, — Bungymy (k) x Shtyy(,
which we shall denote 7.
Lemma 6.12. We have
[0 Sht! ] = cpr (V[ smt7,) - [0 Sht'y ]2 € Ch(p—m)r (0 Shtly). (6.11)

Proof. We apply Lemmal6.5] to the map ¢ : o Sht’y; — ¢ Sht’,,. Note that ¢ Sht”,, is quasi-smooth by Lemma
m and ¢ Sht’y, is smooth by (using [FYZ21, Lemma 6.9]). To apply the excess intersection formula,
we claim that L, is concentrated in degree —2, and H 2L, & (V")*|, St -

We have an exact triangle

"Ly sher, — Lysner, — L (6.12)
Consider the composition
0 Sht)y, = o Sht’, = Bungr(m) (k) X Shtfy(, -
This induces an exact triangle
'Ly = Lo, — L,.
Note that 7 o+ = Id, so that Lo, = 0. Hence L, = t*L[1], which is (V")*[2]|,sntr, by Lemmaw O

By Lemma the pullback of ¢, (V"] Shtgﬂ) to Z% agrees with the product of Chern classes used to
define [ZZ[€]]. This matches the contributions of the “most degenerate terms”.

6.2.4. Intermediate terms. In order to simplify notation, we will conflate GL(m) torsors with rank m vector
bundles in this section. Also, for ease of language we will give the argument in the case where X' is connected.
At the end in Remark we will summarize the adjustments that need to be made if X’ is disconnected.

Lemma 6.13. For any sub-bundle KK C € with quotient £ = £/K of rank i, we have
[ZE[K]] = cm—iyr (Vklzg) - [22] € Chy(n_m)(Z¢[K]). (6.13)
Here Vic|zy denotes the pullback of Vi along 2¢ — Bungy(my (k) x Shtyy .y, and [2F] € Ch,(n, i) (25) is

viewed as an element in Ch,(,—;)(Z¢[K]) via the isomorphism Zg[K] = ZZ.

n)’
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Proof of Theorem[6.6 assuming Lemma[6.13 Restricting (6.13) to the open-closed Z%[K]° = Zg’o, we get

ZrK]e = C(m,i)r(V,Ufgg) . [Q%T’O] S Chr(n,m) (Zg [K:]O) (6.14)

By Proposition We have [2°°] = [22°]. Inserting this into (6.14)), we get exactly the expression for [Zf]
from Definition 4.8 O

[Sht]

It remains to establish Lemma Suppose 0 < i < m < n. We abbreviate .# (m,n) = Ac1,(m)y,u(mn)-
We define two auxiliary variants of derived Hitchin stacks.

o ' classifies £ € Bungp(my (Re), F € Buny,)(R.), a vector sub-bundle X C & of rank m — i
(so /K € Bungr;)) and a derived section t € RI'(Xp ,Hom(E/K, F)). Projecting such data to
(E/K, F,t) induces a map 4" — A (i,n).
o A" classifies £ € Bungy,(m) (Re),F € Buny(,)(R.), a vector sub-bundle K C &£ of rank m — i (so
E/K € Bungy;)r) and a derived section t € RT'(Xg, ,Hom(E, F)). Projecting such data to (€, F, 1)
induces a map .#" — .#(m,n), while sending it to (I, F,t|x € RI'(Xg,, Hom(K,F))) induces a
map A" — M (m —i,n).
From the constructions we get a canonical map .#’ — .#" sending (KX C &, F,t) to (K C &, F,t') where
t' is the image of ¢ under the natural map RI'(X%, ,Hom(E/K, F)) — RI'(Xg, ,Hom(E,F)). So we have a
diagram

M M M (m,n)
J J (6.15)
M (i,n) AM(m —i,n)

We define Hk'/, := Hk'(; ) X #(i,n)-#" and Sht,, by the Cartesian square

Sht’,, —— HK',,

l lpro X pr,.

g WFR)

We have an open-closed decomposition

?EBunGLu)/(k)
and an open-closed decomposition of Sht’,, according to the discrete data (K C &), or equivalently according
to & and € = £/K:
Sht”,, = 11 Sht”, (€ — €). (6.16)

EGBunGL(i)/ (k),
E€Bungy, (1, (k),
E»E

Let 7(i,n) be the Hitchin base for .#(i,n), classifying & € Bungp,;y and a derived section a of
Hom(E, o€’ ® v*£) such that o*a¥ = a. Let &’ be the Hitchin base for .#’, classifying £ € Bungrmy,
a vector sub-bundle L C & of rank m — ¢, with quotient bundle £ of rank i, and a derived section a of
Hom(€E, 7€ ® v*£) such that o*a" = a.

Lemma 6.14. Let % be a locally finite type derived stack over k. Viewing the discrete groupoid % (k) as a
constant stack, the diagram
Yk) —— ¥
l l(ld,Frob)
Y —L s Y x W

is derived Cartesian.
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Proof. Let #"¥Frob he the derived fibered product

@h Frob aQy

| |aaron)

Yy B sy xdy

Clearly #"¥rob receives a canonical map from % (k) (regarded as a constant stack), and we want to show
that this map is an isomorphism. It suffices to show that Z"FroP is isomorphic to its classical truncation,
in which case it follows from the analogous statement for finite type classical stacks. To this end, let us
examine the tangent complex of the derived fibered product: since Frob induces the zero map on tangent
complexes, it is the derived fibered product of the diagram of complexes

Ty |@h Frob

(Id,1d

T(zy |@/h Frob

which is evidently zero. Then we conclude using Lemma

(Il
Lemma 6.15. For any choice of € — & as in (6.16), the natural map Sht’,, (€ — €) — Sht'; ,)(E) = 7z
s an isomorphism.
Proof. We have isomorphisms .#" — &' X o7(; ny A (i,n) and HkK' ;1 — /" X ;7(; ny Hk' which induce
Sht",s = ' (k) X o (i) (k) Sht’(; ») by the diagram below (where we have used Lemma |6.14).

i,n)?

ShtC,[, — > HK,

' %wa) ' x j/\

Xdzn )Sht//l(zn) Xd(in) Hk//f(ln)

l N

Id,Frob .
T X gy M (1) 2PN (7 X iy A (i3 0)) X (" X 3.y A (i)

Decomposing this last isomorphism over A’(k) gives the result. O

Similarly, we define Hk 4 := Hk'; (,,, ) X (m,n)-#" and Sht 4 by the Cartesian square

Sht/r.%l/ % Hk/r%//

lpr(J X pr,.

" (Id,Frob) < "

We have open-closed decompositions

Sht//{(m n) — H ?87
EeBungy,(;,,y/ (k)
Sht;/{(m—i,n) = H §)Ca

KeBungy,(m_qy (k)
and
Sht" ., = 11 Sht” ., (K C ).
KeBungy,(;—i) (k).

EEBunGL(m)/ (k),
Kcce
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We remind that the notation £ CC £ means that K C £ is a vector sub-bundle of &, i.e. £/K is a vector
bundle (as opposed to merely a sub coherent sheaf).

Lemma 6.16. For any rank m vector bundle & over X' and any vector sub-bundle K C & of rank m — i,
the map Sht” . — Sht' (. ) Testricts to an isomorphism Sht’,., (K C £) = Ze.

Proof. The argument is similar to that for Lemma [6.15 |

We have a map 2z : Bungpm—iy X Bung () — #(m —i,n) sending (K € Bungym—s), F € Buny(,)) to
(K, F,K LN F) € M (m —i,n). This map fits into a Cartesian square

%l %Il

J l

BunGL(m,i)/ X BU.DU(n) —Z ,///(m - ’i, n)

This in turn induces a Cartesian square

Sht",, Sht",.

i i (6.17)

BunGL(m—i)’(k) X Sht'{](n) E— Shtr//[(m_“n)

Proof of Lemma[6.13 Thanks to Lemma[6.16] and Lemma [6.15, we have open-closed decompositions

Sht' g iy = | [ Zxr St'pn = [ Zo. Sty = [[ Z%
K Kcce E»E
Inserting these decompositions into (6.17) and then pulling back to Z¢, we obtain a Cartesian square (where
E=E/K)

#r — ZI(K]

lﬂg i (6.18)

Note that the classical truncation of the top arrow ( is the canonical isomorphism Z%Z = ZZ[K]. We then
apply Lemma to (. Note that both ffg and Z¢[K] are quasi-smooth by Lemma because they are
finite étale over open-closed substacks in Shtr/,,(i’n) and Sht;,,(m’n) respectively. By the proof of Lemma
L, = (Vi)*[2]. By the base change property of cotangent complexes, L¢ = m2(Vi)*[2], so T¢[2] = nVi.
Now the formula follows from Lemma |

Remark 6.17. In the case where X’ is disconnected, the sub-bundles K C £ occurring in the “decomposition
according to the kernel” need not have the same rank on the two components of X’ = X LI X. Hence, in that
case one needs to replace the unions over K € Bungr,(,,—;) (k) above by unions over all sub-bundles K CC &,
and similarly replace the unions over quotients & = £/K € Bungy,(;y (k) by unions over all quotients £ — E.
With these adjustments, the proof goes through exactly as above.

7. LINEAR INVARIANCE

In this section we prove various “functoriality” results for the virtual fundamental cycles [Sht’, Hz],
regarding their compatibility with respect to morphisms induced by gerbe maps BH; — BH{ and BHy —
BHS,.

Throughout this section we fix a line bundle £ on X and all Hermitian bundles will be £-twisted, all
unitary gerbes will be twisted by £, etc. For conciseness we suppress this from the notation.

For example, we will prove the following property, which resolves the function field analogue of [Kud04l,
Problem 5].
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Theorem 7.1 (Linear Invariance for special cycles). Let £ be a rank m wvector bundle on X' admitting
a decomposition € = £ @ E @ ... ® & with & having rank m;. Let a; € Ag,(k), and a € Ag(k) whose
restriction to &; is a;, i.e.,

the composition & — € = 0*EY — ¢*& is a; for each 1 < i < j. (7.1)

7

Then we have an equality of cycle classes in Chy(,—m)(Z¢(a)),

(125, (@) “sgy,, [ZE,(@2)] sy, - snip ) 125, (@)]) |2500) = [22(@)]

where (')|zg(a) denotes the projection to the corresponding component of the open-closed decomposition

. cl . cl cl r r
Zg, (a1) XShty ) Zg,(a2) XShty, )+ XSht ) Zg,(a;) = H Zg(a).
a satisfying
We call this property “Linear Invariance” in analogy to a result of Howard [How19], which could be viewed
as a mixed characteristic local analogue of the special case where &;,...,&; are all line bundles. It is closely
related to functoriality in the “H;-variable” (cf. below). Functoriality in the “Hs-variable”, explained
in below, will also be used in the next part in order to compute numerical evidence for modularity.

7.1. Functoriality in H;. Let BH; 2, BH]{ be a map of smooth m-framed gerbes over X, and BHy be
an n-framed gerbes over X. Then we have a map of the corresponding derived Hitchin stacks .y, o, —
My m,, Whose classical truncation is Mpy, n, — Mgy m,. Assume further that BH> is of unitary type
or BGL(n)', with the standard map to BGL(n)'. Then we get induced maps Hkj, , — HkCﬂHinz,

Sht",,

Hq,Ho

s
— Sht,//[Hin2 , ete.

Lemma 7.2. In the situation above, ¢ induces isomorphisms (where fibered products are derived)

(1) My, m, = e///Hg,HQ XBun Buny,, and

(2) Hk;lel,HQ =~ Hki,,Hi‘Hz XBun Bunpg, .
Proof. Immediate from the definitions. O
Proposition 7.3. In the situation above, ¢ induces an isomorphism of derived stacks

Sht";/[Hl‘Hz =~ Sht” gy Bungy () Bung, (k),
so that
[Shtlgs, 1, ] = S, 1 Bungyg ) Buna, (R)] € Cha(Shtly,, o, )-

Proof. Abbreviate .# := My, g, and A" := My, g, Consider the commutative diagram below.

D) g P

l | !

Id,Frob
BunH{(%)BunH{ X Bunpy - Bung; (7.2)

| I [

(Id,Frob) A
Bung, ——'Bunpy, X Buny, <+—— Bung,

The derived fibered products along the rows of (7.2) are (using Lemma [6.14))
Sht”,,

|

Bung; (k) (7.3)

I

Bung, (k)
Each term is quasi-smooth by Lemma [5.39) and moreover Buny, (k) and Bung, (k) are smooth.
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Using Lemma we compute that the derived fibered products along the columns of ([7.2]) are

)

%(Id,Frob)%X%(PTOvPrr HK", (7.4)

The same proof as for [YZ17, Lemma A.9] gives canonical isomorphisms of derived stacks between the
derived fibered products of ([7.3) and (7.4). The derived fibered product of (7.4)) is Sht”,. We then conclude
by applying (6.2) to (7.3)). a

7.2. Functoriality in H,. Let BH; be an m-framed gerbe, and BH, 2, BH!/, be a map of smooth n-framed
gerbes over X. Then we have a map of the corresponding derived Hitchin stacks .#x, v, = Au,, Hy, whose
classical truncation is My, #, — My, gy Assume further that BHy and BHj are unitary type or B GL(n)’,
with the standard map to B GL(n)". Then these induce Hky, , ~— HkC,,Hl o Sht'yyy = Shtrﬂnl.yé’

etc.

Lemma 7.4. In the situation above, ¢ induces isomorphisms (where fibered products are derived)
(1) My, q, = l///Hl,Hé XBun Bungy,, and
(2) HkTL/”HLH2 =~ Hk;ﬂyl,yé xuxr, Hkpy, .

A
Hy

Proof. Immediate from the definitions. O

Proposition 7.5. Then ¢ induces an isomorphism of derived stacks

T ~ T T
Sht/”Hlsz - Sht/ﬂHl,H XSht;Ié ShtHz’

5
(with the RHS a derived fibered product), so that

[ShtZ/[leHz] - [ShtT//[Hl H } .Sht;[/ [Sht;[2] € Ch*(Sht;\AHLHZ)

2
Proof. Abbreviate .# = My, g, and A" := My, p;. Consider the commutative diagram below.

D) g o) e

| ! !

Bung, (@)Bunh@ x Bungy (M)Hkr ; (7.5)

I I

(I1d,Frob) (prg,pr,.)
Buny, —— Bung, x Bung, +— Hk},

The derived fibered products along the rows of ([7.5)) are

Sht”,,

l

Shtf, (7.6)

I

Sht,

Each term is quasi-smooth by Lemma and moreover ShtrHé and Sht7;, are smooth.
Using Lemma we compute that the derived fibered products along the columns of ([7.5) are

%(Id,ﬁob)%x%(M)Hkrﬂ (7.7)

The same proof as for [YZ17, Lemma A.9] gives canonical isomorphisms of derived stacks between the
derived fibered products of ([7.6) and (7.7). The derived fibered product of (7.7)) is Sht”,. We then conclude
by applying (6.2)) to (7.6). O
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Example 7.6. Consider the situation of Example with Y be another smooth projective curve over F,
and 6 : Y — X be a map of degree n, possibly ramified. Let 6/ : Y’ — X’ (resp. v/ : Y/ — Y) be the base
change of 6 (resp. v).

We define the moduli of shtukas Shty; 1),y g« ¢ to be Shtyy, for BHy = BRy;xU(1)p+¢ (defined in §@)
This definition is consistent with our previous definitions when Y is connected, but previously we did not
cover the case where Y is disconnected.

Take BH; to be the tautological m-framed gerbe and BHs — BH), = U(n)¢ the natural map. Proposition
[7-5] implies that

S8, ] = 5087, s, (5B ] € Oh (S, )

The right hand side is, by Theorem

@ (Z¢ el Shty ) o [Sht; (1) v,00 €]
SEBunGL(m)/ (k)

D  [Eoeosl

EeBungy, () (k)

and the left hand side is

where the summands are the special cycles defined relative to Y'/Y. In particular, projecting to the com-
ponent indexed by (€, a) (where a € Ag ¢(k)), and pulling back along pt — B(Aut(€)(F,)), yields

@ (Z6-¢ p-(@)] = [Z¢ ¢(@)] -sniy, ) o [Sht7r (1)) v,6+ -
GEAgrng gr o (K)
tr(a)=a

Here the trace map is defined as follows. Recall that Ag ¢(k) is the set of Hermitian maps a : £ —
o*EY @ v*L, ie., o-invariant elements in Homo , (€,0*EY @ v*£). Having defined (&)Y = (0"€)* @ wy,
we have natural isomorphisms
Homo,,, (™E,0"(0™E)Y @ v"*(6* L))

Homo,,, (0"E,0™ (0"E* @ V" L) ® wy)
Homoe,, (£,0%°E* @ v* £ ® O,wys) (By adjunction).

1

1

Post-composition with the trace map
tI‘y//X/: O.wyr — wx:

defines a map
Homo,,(€,0°E* @ '€ ® OLwy:) — Homop , (£,0*°E* @ v* L @ wx)
and hence a trace map
tr: Home,, (0*€,0%(0€)Y @ v*(0*L)) —— Homo , (£,0°EY @ v* L) (7.8)
It is easy to see that the map preserves Hermitian elements and therefore defines the desired trace map
tr: Agrg o= (k) — Ae e (k) . (7.9)

7.3. Proof of Linear Invariance. We will work up to the proof of Theorem [7.I] with two intermediate
steps.

Lemma 7.7. Fizm <n andm = my+...+m;. Let BH\"Y = BGL(m,)’, BH\* = BGL(my)/,...,BHY =
BGL(m;), BH, = BHl(l) X o0 X BHl(J), and BHy = BU(n). Define the derived Hitchin stacks M i) H,
1,

using the identity map BHY) — BGL(m;)" and the standard map BHy — BGL(n), and My, u, using
the standard block diagonal map BH; — B GL(m)" and the standard map BHs — B GL(n)'.
Then we have the following equality in Chr(n,m)(Sht;\,lHl‘HQ):

[ShtC”Hﬁ),HQ} "Shtf ) 1T Shty [Shtr/” ] = [Shtr//!Hl,Hz}' (710)

19 1
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Proof. For 1 <1 < j we abbreviate AR/

Oy Consider the diagram below.

D et OEER ) s DY s (D) x //(j))@(ﬂ)]Hkrﬁm X x HK 0,

l | |

. (Id,Fr b)j . (prg, rr)j .
(Bung () )? 2 (Bung () x Bung(,))? et (Hkgr ()’ (7.11)

ABunU(n)T ABungy(,y x BurAU(n)T AT
(1d,Frob) (prg,pr,.) r
Hk
U(n)

BunU(n) BUHU(n) X BUHU(H)

Using Lemma we see that the derived fibered products along the rows of (7.11)) are

Shtr//l(l) X oo X Shtrjl(j)

|

(Sht{r ()’ (7.12)

Jl

Each term is quasi-smooth by Lemma and (Shtg;(,))? and Shtf;(,, are smooth by [FYZ21, Lemma

6.9(2)].
The derived fibered products along the columns of (7.11)) are

)

y(dEeb) oy Bropr HK', (7.13)

where we abbreviated .# := .#w, w,.
The same proof as for [YZI7, Lemma A.9] gives canonical isomorphisms of derived stacks between the
derived fibered products of (7.12) and (7.13). The derived fibered product of (7.12) is Sht’,, which is

quasi-smooth by Lemma We then conclude by applying (6.2)) to (7.12).
O

Proof of Theorem[7.1. We have by definition

r _ o r
[Sht g o] = @ [Ze] € Chytnm)(Shtug, s v)s (7.14)
E€Bungy, () (k)

where the virtual fundamental classes are defined because ShtZ/,GL(m), is quasi-smooth.

U (n)
Similarly, we have for each i = 1,...,j that

r —=T
Sh e v i) = EB (Z¢). (7.15)
Ei EBunGL(mi)/ (k)

Let Hy be the subgroup GL(m;)" x --- x GL(m;)" of GL(m)" as in the hypotheses of Lemma By
Lemma we then have

[Sht’yy pi] = P (L&, ] -shi, ., sy, [ L)) (7.16)
SiEBunGL(mi)/(k),’i:l,...,j

Applying Proposition |7.3| to the inclusion H; < H{ = GL(m’) we get
[Sht’s, ] = [Sht;/lcumy,wu)] Bungy, (my (b) B, (K)] € Chy () (Shtly,, ). (7.17)

Projecting the above equality to the component indexed by (&1,...,&;) € Bung, (k) and using (7.14]) and
[7-16) vields

(Ze,] snyy,, - oshigy o, [Ze,) = [Zel. (7.18)

By Theorem we have
[ZE] = [gg] € Chr(n—m)(Z€)7
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and similarly (using the compatibility of §6.1.11{ and the refined intersection product) we have
=T =T —T —T
(Z¢,] “Shtf, T UShtn [Ze,] = [Z¢,] “Shtg,,y © " Shtr (Z¢,].
Putting these equalities into (|7.18]), pulling back along pt — B Aut(&;) x - - - x B Aut(&;), and then projecting
to the component indexed by a gives the result.

O

8. COMPATIBILITY WITH THE CYCLE CLASSES OF [FYZ2]]

Let £ be a rank m vector bundle on X’ and a € A¥(k) (i.e., a is non-singular). In [EYZ21] we gave a
different definition of the virtual fundamental class [Z£(a)] in the case either £ is a direct sum of line bundles
and or rank & = n. The goal of this section is to prove that these cycles defined in [FYZ21] agree with the
same-named cycles defined in Definition Although [FYZ21] was written with the twisting line bundle £
being trivial, a completely analogous construction applies with any £. We shall fix a choice of £ throughout
this section and suppress it from the notation.

8.1. Corank one special cycles. In this subsection, we show that the “least degenerate strata” of any
corank one special cycle, either for BHy = BU(n)g or BHy = BGL(n)’, is LCL
Throughout this subsection we abbreviate M’ := M‘C’;L(l), GL(n)'"

Proposition 8.1. (1) The stack Sht'y,, is LCI of pure dimension r(2n — 2). In particular, for any line
bundle L on X', ZZ’OGL(H), is LCI of pure dimension r(2n — 2).
(2) The class [Sht)y,] € Chy(2,—9)(Shtly,,) from Deﬁm’tion agrees with

Z [§Zo]naive S Chr(gn,g) (ShtrM/),
LE€Bungy, 1y (k)

where [?Zo]naive € Chy(25,—2)(Sht'y,/) is the fundamental class of that component.

Proof. (1) We may write Sht'y,, by the Cartesian diagram
Sht"y, — (Hkhy xM')"

l J(pmpl)r (8.1)

At WY A2

By the smoothness of M’ and Hk},, and the relative dimension calculations in Proposition and
Lemma [3.14] we see that Sht’y, has local dimension > r(2n — 2) everywhere.

On the other hand, we will show in Proposition (3) and Corollary that dim ZZ’OGL(R), <r(2n-—2)

for any line bundle £, where ZZ’,CE}L(TL)/ is the pullback of ZZ’EL(n), along pt — B Aut(L), hence dim Sht’y, <
r(2n — 2). Combining this with the lower bound of local dimension given above, and the fact that Sht'y, is
a fibered product of smooth stacks, we conclude that Sht'y,, is LCI of pure dimension r(2n — 2).

(2) We have seen that Sht'y,, is LCI and the fibered product in exhibits it as a proper intersection, so
the claim follows from [Ful98, Proposition 7.1]. (Strictly speaking, the statement in loc. cit. is for schemes,
so we apply it after truncating and adding sufficient level structure, and then taking a limit over truncations.
When adding level structure along a finite subscheme D C X, we ask that the leg maps avoid D, so this
lies over an open substack of ShtTU(n). As D varies, these substacks form an open cover as D varies. The
equality in question can be checked on this open cover because it is an equality of top-dimensional cycles.
We omit the details of this step because they require heavy notation, and yet are not very interesting.) O

We may now establish a result that was promised in [FYZ21, Remark 7.10].
Corollary 8.2. The Cartesian square

T,0 r,0
Z, — ZE,GL(n)’

| !
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is a proper intersection. Hence for all a € Ap(k) E| we have that Z}(a)® is LCI of dimension r(n — 1).
In particular, [Z7(a)°]™V° = [Z7.(a)°] € Ch.(Z°), the latter being the projection of Deﬁnition to the
closed-open substack indezxed by a.

Proof. Lemma implies that [[,c () 27(a)° is the fibered product of ZZ”OGL(n), and Shty;(,) over
ShtGp,(,y- These have dimensions r(2n — 2), rn, and 7(2n — 1) respectively, as established in Proposi-
tion [FYZ21], Lemma 6.9(2)], and Lemma [2.6| respectively. Since Shty;(,,) — Shtgy,,) is a regular local
immersion of smooth Deligne-Mumford stacks, this implies that the fibered product has dimension > r(n—1).

On the other hand, it was already established in [FYZ21, Proposition 9.1, 9.5] that dim Z}.(a)® < r(n—1),
so equality holds. As this presentation realizes Z° as the pullback of the LCI Deligne-Mumford stack
ZZ’:Z;L(H), against a regular local immersion, we conclude that Z;° is also LCL

For the last statement, we use that Shty;(,,) — Shtgy,(,) is a regular local immersion (as both are smooth)
and Proposition (Strictly speaking, we need to truncate and add level structure as discussed in the proof
of Proposition O

8.2. Agreement of definitions. Let £ be a rank m vector bundle on X’. In [FYZ21] we gave a different
definition of the virtual fundamental class [2(a)] when a € A (k) (i.e., a is non-singular), in the following
cases:

(1) E=L1@...® L, is a direct sum of line bundles on X’ [FYZ21] §7.8], or

(2) rank & = n [FYZ21], §7.9].
We denote the class defined in [FYZ21] by [2£(a)]°'d. In this section we prove that [Z%(a)]°!d agrees with
the class [Z%(a)] defined in Definition

Proposition 8.3. For & as in Cases (1) or (2) above and a € A% (k), we have
[2E(@)]"! = [2¢(a)] € Chy(n—m)(ZE(a)).
Proof. (1) If& = L16...® Ly, [EYZ21], §7.8] defined [Z7(a)]°' to be the projection of [Z] (a1)°]"V® gper

. U(n)

csnty o[22, (@m)°]"* Y€ to the components indexed by a (where a; € Ag, (1) is the restriction of a to £;).
By Theorem [Z¢(a)] is described in the same way with respect to [Z} (a1)] “Shtfy ) - -+ “Shtl ) (27 (am)].
Moreover, since a is non-singular, Zz(a) is contained in the fiber product of Z7 (a;)° over Shty,), hence
[Z¢(a)] is the projection of [Z7. (a;)°] “Shtfy ) - - *Shty, ) (2, (a,)°] to the components indexed by a. So we
are reduced to showing that [Zz, (a;)°]™V® = [Z} (a;)°] (here we allow a; = 0). This follows from Corollary
8.2

(2) Suppose rank & = n. Take BH; = BGL(n), BHy = BU(n)e, and form .#™ := ///I?h,Hzlﬂi}i with
respect to the identity map H; — GL(n)’ and the standard map BHs — B GL(n)’. Let M™ be the classical
truncation of .Z™.

Recall that there is a finite étale map

11 II 2ita) = Shtly.
E€Bungy,(,) (k) a€ AR (k)
and [FYZ21), Theorem 10.1] establishes that [Sht)n:]|zz(a), defined as in [FYZ21] Definition 8.16] using the

(classical) Gysin pullback, agrees with [Z7(a)]°'d. Hence it suffices to show that [Sht’n.] = [Sht/\m:] €
Cho (Sht' e ).

Rewriting Hk" /.. as the derived fibered product (Hk' u. X ™) X_gne2ri2 A" we see that Sht” ..
may be rewritten as the fibered product below, where @', is as in Definition [3.20}

Sht” jne — (Hk!,u)" x 0™

| | (8.2)

%ns,r-&-l Plyns %ns,2r+2

By Corollaries (2) and 2), the canonical maps M™ := (#")y — 4™ and Hk): — Hk'yu:
are isomorphisms of smooth stacks, so in particular [Hk',u.] = [Hk}\ ]V, Lemma [6.4] then implies that

5Note our Az (k) is denoted A (k) in [EYZ21], §7], i.e., it includes singular a.
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t yms| = ns) X  ns2r+2 ’ , which 1s the same as ns )’ ns) X . By Lemma
Sht”, Hk')ne )" % ™ A7) which is th D" ) [(Hk! yne)" x.24™]. By L
!

(@7 ue) ' [(Hk! yue )" x "] agrees with [Sht’ygus].
]

Remark 8.4. Although the paper [FYZ21] focused on the case rank & = n, the construction of [Sht'yns]
found there can be performed equally well for other values of rank £, and the above proof shows that the
[Sht'y(ns| s0 defined agrees with [Sht’n.].

r(2n — 2) for line bundles £ on X’ as has been used in the proof of Proposition The idea is similar to
that of [FYZ21], §9].

Fix a line bundle £ on X’. We define 2’ := (ZE,GL(n)’)E' Let IpU Iy UI_ LIy be a partition of
{1,2,---,7r}. We denote this partition simply by I,. For any N € Z>, define D(N;1,) to be the moduli
space of sequences of effective divisors (D;)o<i<, on Xé such that

(1) deg(Do) < N.
(2) For ? € {0,+,—,+}, and i € I, the pair (D;_1, D;) belongs to the corresponding Case (?) beow
(0) D; = D;_y;
(+) D; = D;_1 + ox, for some z; € Xé;
(=) D; = D;—1 — a} for some z € X%;
(£) Di = D;—1 — zj + ox] for some z; € X .
(3) D, =7Dy.
For ? =+, — or £, (D;_1, D;) determines a point 2} € Xz. This gives a map.

(mp,mo,me): O(N, L) — (X%)HULLII;

8.3. Stratification of shtukas for My 1), cr(n) - The goal of this subsection is to show that dim Z7, GL(n)’ <

Lemma 8.5. The map ny : O(N, I,) — (X’E)I+ is quasi-finite. In particular, dim D (N, I,) < |I4].

Proof. Let Dy € D(N;1,) and D; = v(D;) be the image of D; in Xz. Let z; = v(x}), then D; = D;_ if
i€lgUly,and D; = D; 1 +ux;ifi € Iy, D; = D; 1 —x; if i € I_. By condition (3) above, Dy satisfies the
equation

b() + Z XT; = TEO + Z Zj. (83)

iely jel_

By [FYZ21, Lemma 9.4], for fixed {x;}icy, , there are only finitely many D, satisfying (8.3]) and deg Dy < N.
If D, is fixed then D, has finitely many choices. We conclude that there are finitely many k-points in ® (N I,)
with fixed image in (X%)I# O

For a partition Iy = (I, I+, I_,I11) of {1,2,...,7}, let Z'[N, I,] be the stack classifying ({D; }o<i<r, {®} h1<i<r, {£ LN
Fi}) where ({2} <i<r, {£ Ly Fi}) € 2'(S), and {D;} € ©(N;1,) with image {z}}ics, under m (? =
+,—, %), and ¢; extends to a saturated embedding £(D;) < F;. Since D; is determined by ¢;, the natural
map Z'[N,I,] < Z’ is a locally closed immersion. As in [F'YZ21] §9.2.2], we define the map

7'[N; L]: Z'[N, 1] — (X5)" x D(N; 1,).
Corollary 8.6 (of Lemma [8.5). When n =1, dim Z’[N;I,] = 0.

Proof. When n = 1, Z'[N; I,] classifies ({D; }o<i<r, {2} }1<i<r {L Ly Fi}) such that ¢; extends to an iso-
morphism £(D;) & F;. This implies that I. = {1,2,--- ,r}, and the forgetful map Z'[N;I,] = D(N;1,) is
an isomorphism. By Lemma 8.5 dim Z'[N;I,] = dim®(N; I,) = 0. O

Proposition 8.7. Assume n > 2.
(1) For varying N € Z>o and partitions I, of {1,2,--- ,r} with |I4| = |I_|, the substacks Z'[N;1,] give
a stratification of Z'.
(2) The fibers of the map 7'[N;I,] have dimension at most (2n — 3)|Ip| + (2n — 2)|I4| + (n — 2)|1_| +
(n— D)L,
(3) We have dim Z'[N; I,] < r(2n — 2). Moreover, the equality is achieved only when Iy = {1,2,--- ,r},
i.e., all D; are equal to the same divisor of X' defined over F,.
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Proof. (1) is clear (note that |I| = |I_| is implied by the assumption that D, = " Dy).

(2) The analysis is similar to that of [FYZ21] Proposition 9.1], although the cases behave differently, so
let us explain how they play out.

Fix Dy € D(N;1,)(k), let Z'[Ds] be the fiber of the projection Z'[N;I,] — D(N;I,) over D,. Let
M = M%L(l)’,GL(n)"

Let #H'[Do] be the substack of Hk, 1 classifying data (z,, L L, Fi) such that ¢; extends to a map
t; + L(D;) — F;. Note that for i ¢ Io, the zj are determined by D,. Let M'[D;] be the substack of M7

classifying maps ¢ : £ — F that extend to a saturated map ¢’ : £(D;) — F. Then we have a Cartesian
diagram of stacks over k

Z'[D.]

H'[D,] (8.4)

\L i (po,pr)
MDD M Dy] x M[D,]

Note since D, = 7Dy, the Frobenius morphism sends M’[Dg] to M'[D,]. We claim that the map
[D,] : H'[Da] = M'[D;] x X" (8.5)

is smooth of relative dimension (2n — 3)|Ip| + (2n — 2)|I4| + (n — 2)|I-| + (n — 1)|I4|. Then by [FYZ21l
Lemma 9.3], the fibers of Z'[D,] — (X%)IO, which are fibers of #'[N; I,], have dimension < (2n — 3)|Iy| +
(20— |1 | + (n— 2)|1_| + (n— 1)|Ls].

For 0 < j < r, let HS; be the moduli stack defined similarly to H'[D,] but classifying only z, € X%IO
and saturated maps {¢; : £(D;) — F;}j<i<r (and F; and F;yq are still related to each other by elementary
modifications at xj,; for j <14 <r). We can factorize II[D,] as

T[D,] : 7' [Dy] = Hag 25 1Ly 22 Dol = MI[D,] < XL, (8.6)

The smoothness claim follows after we establish the following four statements:
(HO) If i € Iy, then TI; exhibits H%,; ; as an open substack in a P"~'-bundle over a P"~>-bundle over

!
>3
(H+) If i € I, then II; exhibits H’ZFl as an open substack in a P?~!-bundle over a P"~!-bundle over

/
>ir

(H—) If i € I, then II; exhibits %%, ; as an open substack in a P"~*-bundle over #% ;.
(H+) If i € I, then II; exhibits #%, ;| as an open substack in a P"~'-bundle over #% ;.

Proof of (H0). When i € Iy, D;_1; = D;. We write the modification F;_; --» F; as
Fioq 2o ‘Fib—l/Q T F (8.7)

Here both arrows have cokernel of length one supported at the labelled points. Such modifications ]:1[1 /2
of F; are parametrized by a hyperplane H in the fiber ]—"i|,m§ and a line L in the fiber ]-"i|$2. The lower
modifications of F; at oz allowed in this case are those for which the map t; : £L(D;) — F; factors through
fib_l /25 which is parametrized by the closed subset of hyperplanes H C ]:i|0961- containing the line given by
the image of [,(Di)|[m;. The space of choices for H thus form a copy of P"~2. The upper modifications of
F; at x} allowed in this case are those for which the map ¢;_1 : £L(D;) — }1{1/2 — F;_1 is saturated, which
is parametrized by the open subset of those lines L C F;[,, not equal to the image of ¢;(x}). The space of
such choices of L thus form a copy of P"~! — {pt}.

This argument globalizes in the evident way as ({£(D),) b, Fjti<j<r, {2} }icr,) moves over H% ,, exhibiting
II; as an open substack in a P"~2 x P*~'-bundle. This applies similarly for the analogous argﬁments below
for the other cases, so we focus on analyzing the fibers.

Proof of (H+). When i € I, we have D;_1 = D; — ox}. We use the same notation (H, L) € PV (Fi[sa) X
P(Fil,;) as in the (H0) case. This time the allowable lower modifications of F; at oz} are parametrized
by the open subset of H C P(Fi|y(,)) that do not contain the image of £(D;)|s (7). This forms a copy of
P7~! — P"2, The allowable upper modifications of JF; at z/ are again parametrized by those L not equal
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to the image of ¢;(x}). This is a copy of P"~! — {pt}. So the fibers of II; in this case are isomorphic to
(Pn—l _ Pn—2) X (Pn—l _ {pt})

Proof of (H—). When i € I_, we have D,_1 = D; + «. This time the allowable lower modifications of
Fi at ox; are parametrized by the closed subset of H C P(Fi[,(27)) that contain the image of L£(D;)[s(a1)-
This forms a copy of P"~2. The allowable upper modifications of F; at ', are parametrized by a single point
where L is equal to the image of ¢;(x). So the fibers of II; in this case are isomorphic to P"~2.

Proof of (H=+). When i € I, we have D; +z} = D;_1 + ox. This time the allowable lower modifications
of F; at oz are parametrized by the open subset of H C P(]-'i|g(rg)) that do not contain the image
of £(Di)|g($§). This forms a copy of P"~! — P"~2. The allowable upper modifications of F; at z/ are
parametrized by a single point where L is equal to the image of ¢;(x}). So the fibers of II; in this case are
isomorphic to P?~t — P2,

(3) By (2) and Lemma [8.5] we have

dim Z'[N, I,] |Io| + dimD(N; I,) + (2n — 3)|Io| + (2n — 2)| L4 | + (n — 2)| 1| + (n — 1)| I |
[lo| + 4|+ (2n = 3)[To| + (20 = 2)[ L[ + (n = 2)[I-[ + (n = 1)1

n—3
S+ (= 1)L

<
<

3n—3 3
(2n — 2)|1o| + 5 ||+

Here we use that |I;| = |I_|. Since (3n —3)/2 < 2n —2 and n — 1 < 2n — 2, we conclude that the last
quantity above is < (2n — 2)(|Io| + [I4| + |I-| +|1x]) = (2n — 2)r. Moreover, if equality holds, then we must
have |I | =|[_| = |I+]| =0, ie., Iy ={1,2,--- ,r}. O

Part 3. Evidence

For the whole of Part 3, we assume X’/ X is a geometrically nontrivial double cover.

9. NONSINGULAR FOURIER COEFFICIENTS FOR UNITARY SIMILITUDE GROUPS

In this section we extend the main result of [FYZ21] to the case of unitary similitude groups. One
advantage of doing this is that we get central derivative formulas for the Siegel-Eisenstein series when the
sign of the functional equation is —1 (when n is odd).

9.1. Siegel-Eisenstein series on unitary groups with similitudes. We extend the result from [FYZ21]
§2] to the case of unitary groups with similitudes. For any one-dimensional F-vector space L, let Herm,, (F, L)
be the F-vector space of F’/F-Hermitian forms h : F'" x F'" — L @ F’ (with respect to the involution
1®0 on L ®p F'). For any F-algebra R, Herm, (R, L) := Herm, (F,L) ®F R is the set of L ® p R'-valued
R’/R-Hermitian forms on R, where R' = R ®p F’. When L = F we write Herm,, (F') = Herm,,(F, F') and
Herm, (R) = Herm,,(F) ®F R for any F-algebra R.

Let W be the standard split F’/F-skew-Hermitian space of dimension 2n. Let H,, = U(W) be the unitary
group, and let H, = GU (W) be the unitary group with similitudes, both as algebraic groups over F. Let
c: H, — G,, denote the similitude character. Let P,(A) = M, (A)N,(A) be the standard Siegel parabolic
subgroup of H,(A), where

M, (A) = {m(a) _ (‘8‘ ta0—1> ac GLn(AF/)},
I, B
N,(A) =4n(p) = 0 1 : B € Herm,, (A) ;.
Similarly, let P, (A) = Mn(A)Nn(A) be the standard Siegel parabolic subgroup of H,(A), where

M,(A) = {m(a,c) = (g ct2_1> ce AN ae GLn(AF/)} >~ M,(A) x A*.

Let n : A*/F* — C* be the quadratic character associated to F’/F by class field theory. Since X’/X
is étale, the character descends to 7 : Picx (k)/ Picx/ (k) — {£1}. Fix x : A}, /F”* — C* a character such
that X|A;§ = n". We may view x as a character on M, (A) ~ GL,,(Ap/) by x(a) = x(det(a)) and extend it
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to P, (A) trivially on N, (A). Fix a character xo : AX/F* — C*. Define the degenerate principal series of
H,(A) to be the unnormalized smooth induction

Hy(A) s+n/2

In(SJ(X7X0>) :Indﬁn(A) (deet|F’ ’Xol

. |;‘n(s+n/2))’ seC.

In other words, its sections ®(—, s) satisfy
®(m(a, e)n(B)g, s) = x(@)xo(e)le|z" 2| det al 3" (g, 5).

For a standard section ®(—, s) € I,,(s, x), define the associated Siegel-Fisenstein series

E(g,s,®) = > O(vg,s), g€ Hu(h),
’YEPH(F)\H"(F)

which converges for R(s) > 0 and admits meromorphic continuation to s € C. Here we have used
P, (F)\H,(F) ~ P,(F)\H,(F).

Notice that E(g,s,®) depends on the choice of x. In this paper, we will assume both y and yo are
unramified everywhere. Eventually it will be convenient to take xo = n™ but we do not make this assumption
until Then I,,(s, (X, x0)) is unramified and we fix ®(—,s) € I,,(s, (X, x0)) as the unique K = H,(0)-
invariant section normalized by

®(1gn,s) = 1. (9.1)

Similarly we normalize ®, € I,(s,(Xxv,x0)) for every v € |X| and we then have a factorization ® =
®UE|X\ D,

9.2. Fourier expansion. Let wr be the generic fiber of the canonical bundle wx of X, and A, = AQprwp.
Let Herm,, (A, wp) (resp. Herm, (A)) denote the Hermitian forms on A" valued in A,,,. (resp. A). The residue
pairing Res : A, X A — k induces a pairing

(,+) : Herm,, (A, wr) x Herm,, (A) — k

given by (T,b) = Res(— Tr(Th)). Composing this pairing with the fixed nontrivial additive character 1y :

k — C* exhibits Herm,, (A, wr) as the Pontryagin dual of Herm,,(A). Moreover, it exhibits Herm,, (F,wr)

as the Pontryagin dual of Herm,, (F)\ Herm, (A) = N,,(F)\N,(A). The global residue pairing is the sum of

local residue pairings (-, ), : Herm,, (F,,wr,) x Herm,,(F,) — k defined by (T',b), = try, /i Res,(— Tr(70)).
We have a Fourier expansion

E(g78’q)): Z ET(gvsv@)7 gEﬁn(A),
TeHerm,, (F,wr)
where
Erlg..0) = [ E(n(b)g, 5, ®)6o((T 5)) dn(b),
N (F)\Nn (A)

and the Haar measure dn(b) is normalized such that N, (F)\N,(A) has volume 1.
When T is nonsingular, for a factorizable ® = ®1,E|X ‘ ®,, we have a factorization of the Fourier coefficient
into a product (cf. [Kud97, §4])

ET(g>57q)) = |WX|F /2HWT,’U(g’U7S7(D’U)? (92)
where the local (generalized) Whittaker function is defined by
_ 0 1,
WT,'U (gva S, (I)v) = / (I)v (U}n 1n(b)gva 8)¢0(<T7 b>v) dvn(b)7 Wnp = (_1 0 )
Nn (F'u) n
and has an analytic continuation to s € C. Here the local Haar measure d,n(b) is normalized so that the

volume of N, (O,) is 1. The factor |w X|;n2/ % is the ratio between the global measure dn and the product of
the local measures [], d,n.

Note that for m(a, c) € Mn(Fv),
Wr.o(m(a, ¢), 5, ®,) = x() (xon™) (©)lel p" 2 det(@) | P Werr aran(ls, ). (9.3)
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We define the regular part of the Eisenstein series to be

E™8(g,5,@)= Y Er(gs®), g€ H,(A) (9.4)

TcHermp (F,wp)
rank T'=n

Analogous to [FYZ21], §2.6] we view E*& as a function on
M (F)\My(A) /My (0) ~ Bung,ny (k) x Picx (k).

For (&, £) € Bungy(ny (k) x Picx (k) and a : £ — 0*EY @ v*£, we can define the a-th Fourier coefficient
E,(m(&,L),s,®) (similar to what is done in [FYZ21] §2.6]).

Theorem 9.1. Let £ be a vector bundle over X' of rank n. Then

E™(m(€,£),5,®) = Y _ Ea(m(E, £), s, ®) (95)

where the sum runs over all injective Hermitian maps a : £ — c*EY @ v*L, and
Eum(€,2), 5, 8) =(xon™)(£)x(det €)g Ie5(E)-n st o-n/2) 4o den)
x %, (s)"! Den(q 2%, coker(a)).
Here
Zn(s) = ﬁ L(i + 2s,1"). (9.6)
i=1

The density function Den(q~2%, coker(a)) (see [FYZ21], §2.6, §5.1]) is a polynomial in q—* of degree
len(coker(a)) = deg(c*EY @ £) — deg(€) = 2n(deg £ + degwx ) — 2deg(€).
Proof. By and we have
Br(m(a, c), 5, %) =x(@) (xon™)(@el "2 | det(a) 7" x|
< J] Wertaraw(l s ®).

ve|X|
Note
| det(a)| = ¢%#®),  |c|p = g1&*).
The rest is the same as (the proof of) [FYZ21] Thm. 2.7, Thm. 5.1]. O

9.3. Non-singular terms with similitudes. Now we can state a generalization of the main result of
[FY7Z21] to Hermitian shtukas with similitudes.

Theorem 9.2. Let £ be a vector bundle of rank n on X', and let d = — deg(€) 4+ n(deg £ + degwx ). Let
a:&— o*&Y @v*L be an injective (i.e. non-singular) Hermitian map. Then

ez o(o) = o (5)

ds —2s
Tog )" (¢" Den(q—>*, coker(a))) .

s=0

Remark 9.3. Here we note that Den(q~2%,coker(a)) is a polynomial in ¢ of degree 2d = —2deg& +
2(degwx + deg £). The right hand side of the above formula is symmetric up to the sign n™(£) with respect
to the substitution s — —s. Therefore the right side vanishes if (—1)" # n™(£).

On the other hand, by Lemma Sht{s ()¢ 18 empty when (—1)" # 7" (£), so in that case the identity

in the theorem holds trivially. The theorem is nontrivial only when (—1)" = n"(£).

Proof. The proof is similar to [FYZ21, Thm. 12.1]. We introduce a generalization of the moduli stack of
torsion Hermitian sheaves Hermog(X'/ X, £) that classifies (Q, h) where Q is a torsion coherent sheaf on X’
of length 2d, and h is an isomorphism Q = ¢*QY ® v*£ such that o*hY = h.

The arguments in loc. cit. also show
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(1) there is a graded virtual perverse sheaf on Hermgd(X "1X, L)

K:ghs @ ICEls

such that
d
Den(q~2*,Q) = Y _ Tr(Frobg, (Kf¥)o)g >,  for Q € Hermyy(X'/X, £)(k). (9.7)
i=0
(2) there is a graded virtual perverse sheaf on Hermzd(X "1X, L)

Int @ ICInt

such that
d

deg[2f ¢(a)] = > Tr(Frobo, (Ki'¥)o) - (d — 2i)". (9.8)
=0
Here Q = coker(a) € Hermoy(X'/ X, £)(k).
By the same proof of loc. cit., ICEiS and IC{{“ are virtual linear combinations of isotypic summands of the
Hermitian-Springer sheaf Sererm on Hermyg(X'/X, £) under the action of Wy = (Z/2Z)¢ x S4. The same
proof of [FYZ21] Prop.12.3] again shows

Kq® = Kt (9.9)
as graded virtual perverse sheaves on Hermoy(X’'/X, £), and the proof is complete. |

Remark 9.4. When 7"(£) = —1 (so n is necessarily odd), ¢ Den(q~2*, coker(a)) is an odd function in
s. Theorem [0.2) then gives a geometric interpretation of odd order central derivative of nonsingular Fourier
coeflicients of the normalized Eisenstein series in terms of degrees of special cycles. This complements the
even derivative case treated in [FYZ21].

9.4. A refinement of non-singular coefficients. In certain cases, the special cycles Z¢ ¢(a) can be
further decomposed into the union of two open-closed parts. We will prove a refinement of Theorem [0.2) that
calculates the degree of the 0-cycle on each part.

Let £ := w$" ™! @ £®". Taking determinant induces a map

det : ShtU(n) " — ShtU(l) on) - (910)

Below we consider the case n"(£) = 1. In this case, ShtU(n),£ = < unless r is even, by Lemma So
we also assume r is even.

Let 9t = w$™ ® £%™. Since M is a norm (as n(L¥") = 1 by assumption and wy is known to be a norm),
Lemma implies that the set Irr(Prymgy;) of irreducible components of Prymy, (defined over k) is Z/2Z-
torsor. For € € Irr(Prymyy,), let Prym§; be the corresponding component. Let p : Shtg(l),g(m — Prymg,; be
the map recording Fy. Let Shtrz 1,8

preimage under det. Define Z;;(a) to be the preimage of Shtgzn) o under the map ¢ : Z¢ o(a) — Shty,) e

be the preimage of Prymg; under p, and let Shtg;n) o be the further

Theorem 9.5. Assume that n™(£) = 1 and r even and r > 0. Let £ be a vector bundle of rank n on X', and
d = —deg(€) + n(deg £ + degwx). Let a: & = o*EY @ v*L be an injective (i.e. non-singular) Hermitian
map. Then for any e € Irr(Prymg,) we have:

degl255(0)] = 5 dexl2E o) = 5o ()

Proof. By Theorem W, it suffices to show that deg[Z: (a)] = 5 deg[Z} o(a)].

Define X, to be the d™ symmetric power of X, X/ similarly, and v4: X/, — X4 to be the map induced
by v. Consider the moduli stack Py that classifies (D, F,¢) where D is an effective divisor on X of degree
d, F € Picxs and ¢ is an isomorphism Nm(F) = Ox (D). The map p : Py — X4 given by forgetting F is a
torsor for Prym. Let Py — Xg 24, X4 be the Stein factorization of p. Since Prym has two geometrically

(qu Den(q~2%, coker(a))) .

s=0

connected components, g : Xg — Xq is an étale double cover. Consider the map a : X — Py (over Xy)
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sending D" € X/, to (vq(D"),Ox/(D"),¢) where ¢ is the canonical isomorphism Nm(Ox- (D)) = Ox (D). It
induces a map ug c X — Xfl such that vq4 : X, — X factorizes as
vh N
ED VD CREND ) (9.11)

If we base change 14 along the symmetrization map X¢ — X, we get an étale double cover X%# of X¢. We
claim that the étale double cover X%# — X9 is given by the homomorphism

(XY — (2/22)* 2 7./2Z (9.12)
where the first map classifies the (Z/2Z)%torsor X’?/X 9. Indeed we may consider the map & : X' — X/, %
Pg; it sends (z,--- ,2)) to (v(z}) + -+ v(z)), O] + --- + ;). Bach time we change z} to o(z}) the

resulting point under & moves to a different component of the corresponding fiber of Py — X4, hence the
resulting map X'¢ — Xfl factors through the quotient of X’? by the subgroup ker(sum : (Z/2Z)? — Z/27Z).

To summarize, g : Xfl — X4 is the double cover attached to the local system 7y on X (see [FYZ21]
§11.4]).

Let M}® be the open-closed substack of MESL(n)’,U(n),L‘. = %L(n),7U(n)72 where deg& = n(deg £ +
degwx) — d. Let A5 be the corresponding Hitchin base and f; : M5 — A5 the Hitchin map. Write
Hermsag := Hermog(X'/X, £). Let Lagry, := Lagry,(X'/X, £) be the stack classifying pairs (£ C Q) where
Q € Hermyy and £ C Q is a Lagrangian subsheaf with the natural map veg : Lagry; — Hermso, sending
(L C Q) to Q. Recall from [FYZ21] Lemma 8.8] we have a commutative diagram where the left side square
is Cartesian

’

;  Cd
ns !/
MY —— Lagryy — X

lﬁz ivm lud

N €d
A5® —— Hermypg — X4

Here the map Hermsy — X4 is the descent of the divisor of the Hermitian torsion sheaf, and Lagry; — X ('1
records the divisor of the Lagrangian subsheaf.

Let gllerm Hermgd — Hermyy and MZt4 : Ags’ﬁ — A%® be the base changes of the double cover pg : Xg —
X4. Then we have a diagram where all squares are Cartesian

!
€a
M® —— Lagry,

lfg lvgd
#

ns,ff _ “d #
A" —— Herms,

luf lu?”m

€d
A5S —— Hermyq

We claim that the double cover 1%4 : Ags’ﬁ — A% is trivial. To show this, we prove a stronger statement:
the Prym-torsor Py becomes trivial when pulled back along A5* — X,. Indeed, by assumption, £°" is a
norm, hence (wx ®£)®" is also a norm since wy is known to be a norm. Say (wx ®£)®~" = Nm(90) for some
9 € Picx/ (k). This means 9 carries a Hermitian form agy : 91 = o*MP 1 @ v* (wx @ £)®~". We define a
map Bon : A% — Py sending (£, a) to (div(a), (det £)®~1 @ M®~1,1). Here ¢ : Nm((det £)® ! @ MO~1) =
O(div(a)) is defined as follows. Note that det(a) is a Hermitian map det & — o*(det £)® ! @ v* (wx @ £)®".
Then det(a) ® agy gives a Hermitian map det £ @9 — o* (det £ @ M)®~! whose divisor descends to div(a) €
Xg4. Therefore it induces a canonical Hermitian isomorphism det EQM = o*(det E@IM)® L @v*O(—div(a)),
which gives the desired isomorphism ¢. The map Bop then trivializes the Prym-torsor Py Ans (but not
canonically, since the trivialization depends on the choice of ).

Let (€, aﬁ) and (€, ag) € Ags’ﬁ(k) be the two preimages of (£, a). We have a canonical map Zg o(a) — My®
by recording & 2 (Fo, ho). We have a further map M} — Py mapping (€ 4 (F,h)) to (div(a),det F ®
(det £)®~1) where a = 0"t ohot. By construction, for each € € Irr(Prymy,), 2% (a) maps exactly to the one
(out of two) components of the fiber p~*(div(a)) C P4 over div(a) € X4(k). Therefore, the decomposition
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of Z¢ 4(a) according to € is the same as the decomposition given by the map Zg ¢(a) — i€ a) —
,u;?’_l(é', a) = {(&,dh), (&, ag)}. Let Zg’g(ag) be the fiber over (&, ag). We thus reduce to showing

deg[Z¢ ¢ (af)] = deg[ZF o (ah)]- (9.13)

Here [Zg’g(an)] is defined as the restriction of [Z{ ¢(a)] to the open-closed substack Zg’g(ag), i=1,2.

%

Let Q? € Hermgd(k) be the image of (£ ,ag). Define ZTQ@ and its fundamental class using the Shtuka
construction for Lagr,,; (see [FYZ21], §11.1]). Then the smoothness of €; implies deg[Zgz(ag)] = deg[ZTQg].

Recall the self-correspondence Hkiagrzd of Lagry, over Hermayy. Applying the Lefschetz trace formula [FYZ21],
Prop. 11.8] to the same situation as [FYZ21l, Corollary 11.9] except that we are now working over the base
Hermﬁ2 4 rather than Hermyq, we get

deg| 2] = Tr ([}, I 0 Frobgs, (R(vE,). Q) g ) i =1,2 (9.14)

The only caveat here is that the self-correspondence Hkiagrw of Lagr,y, is not over Hermﬁ2 4 but only over
Hermgyg: the two compositions ’Ug 4 © Prg and ’Ug 4 0PIy Hkiagrw — Hermg , differ by the involution oq
of Hermgd / Hermy, (base changed from the involution of Xg/Xd). Therefore [Hkiang] induces a map
R(Ugd)*éz — JZR(Ugd)*Ql. Since r is even, [Hkiagrzd]’“ induces an endomorphism of R(Ugd)*éz. The proof
of the Lefschetz trace formula in loc.cit adapts to this twisted situation.

Let Wy = (Z/2Z)% x Sy and xq : Wy — Z/2Z be trivial on S; and nontrivial on each factor of Z/2Z.
Let W) = ker(xq). Recall the map 5™ : Hermsy — Hermo, ([FYZ21) §4.2]), and it factors through

wg 4 Hermog — Hermg 4~ This is a small map that is generically a W -torsor. Therefore Sprg q= R(T&'g 2)-Qu

is a middle extension perverse sheaf that carries an action of W). For a representation p of W, let
Sprgd[p] = Homy (p, Sprgd) = (p¥'® R(ﬂgd)*az)wr/l. Then, analogous to [FYZ21, Lemma 11.4, Corol-

lary 11.5], R(vgd)*ﬁe = Sprﬁ2 d [Ind?;‘ll 1]. Recall {p;}o<i<q are irreducible direct summands of Ind?;d 1 (as
Wy-representation) defined in [FYZ21], §11.2]. We have a corresponding decomposition of W)-representations

Ind?ﬁ 1= @ 0

0<i<[d/2]
where p} € Irr(W}) is characterized by:
4 —1 ' d 2a
IndVe g o {01 O pais 1</ (9.15)
d pd/27 1= d/2

Let ICBM = Sprgd[pg] for 0 <4 < [d/2], then

R(Ugd)*éeg @ K(ui,i'

0<i<[d/2]

The action of [Hkiagrzd]’“ preserves each IC?M and acts on it by the scalar (d — 2¢)". Therefore implies
deg[Z7,] = > (d—2i) Tr(Frobgy, (K5.) o)
0<i<d/2
Here we have omitted the term i = d/2 because its coefficient (d — 2¢)” = 0 (using that r > 0).

The same formula is true when Qﬁ is replaced by Qg. Therefore to show it suffices to show that
Kﬂyi has the same Frobenius trace at conjugate points under o4. Better, we will show that ICZYZ- descends
to Hermgg. Indeed, implies p;|w = p} for 0 < i < d/2, hence Sprgd[p”Wé] & Sprgd[pg]. Note that
Sprg alpilw;] = ugerm’*Kg’f, hence IC?“ is the pullback of Kbnf The proof is complete.

O

Remark 9.6. Interestingly, the statement of Theorem does not hold for r = 0. For example, take
£ = Oy, and take any Hermitian bundle (F,h) over X’. Let ' € |X’| be inert over X. Let £ C F be a
subsheaf such that F/€ = k,s. Such an £ corresponds to a hyperplane H in the fiber V,, of F at /. We
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choose H to be non-degenerate under the Hermitian form A, on V... With this choice of H, the cokernel
Qofa:&— FL o*FV = 0*€V is isomorphic to kyr [w]/w?, where w is a uniformizer at x = v(2’). In
particular, the Hermitian torsion sheaf Q has only one Lagrangian wk,[w]/w?. Hence the special cycle
Z2(a) (a discrete scheme over k) has only one geometric point, and cannot distribute evenly over the two
possibilities of e.

Reviewing the proof above, the reason it does not work for r» = 0 is that the sheaf ICZ) /2 occurring in the

proof does not descend to Hermsy, so its Frobenius trace cannot be the same at all conjugate rational points
for all F,.

9.5. Normalized Eisenstein series. As a preparation for the next two sections, we introduce a normalized
version of the Siegel-Eisenstein series.
There is an intertwining operator

M(S) : I(S7 (Xa XO)) - I(_Sa (X7 Xonn)) = I(_57 (Xa XO)) ® (77n 0 C)
where ¢ : PNIn(A) — A* is the similitude factor. The image of the unramified section is
Zn(—5)
=n\ 2/ n d(—

ABK (c(9)®(=s,9),

which follows from the computation in [Tan99, Prop. 2.1 and p.170] and the functional equation (cf. (10.1))
below). Later in §10.1| we will recall the well-known computation when n = 1.
We define a normalized Eisenstein series

E(g,s,®) = ¢"I89X5 L, (5)E(g, 5, D). (9.16)

M(s)®(s, g) = g~ 2nedesex

Then it satisfies a functional equation
E(g,5,®) = 1" (c(9))E(g, —5,®), g € Hu(A). (9-17)

Note that when n is odd and n(c(g)) = —1, the sign of the functional equation is —1.
By Theorem [0.1] for injective a : £ — 0*EY @ v* £, the a-th Fourier coefficient (expanded at g = m(€, £))
then has a very simple form

Eo(m(€,£),5,9) =(xon™)(£)x(det £)g"“~"/* Den(q~**, coker(a)), (9.18)
where
d=n(deg £ +degwx) — deg& (9.19)

is the half of the degree of Den(q~2%, coker(a)) (as a polynomial in ¢~%). Note that d depends on & via its
degree. This normalization differs from [FYZ21] in that here we do not absorb the trivial terms.

10. MODULARITY: THE CASE OF U(1)

In this section we prove the modularity Conjecture for n = m = 1. We show in Corollary
that the modularity can be checked after taking the degrees of special cycles (on each connected component,
if there are multiple). The degrees of nonzero terms in the generating series in this case are taken care
of by Theorem [0.5] The bulk of this section is devoted to the calculation of the degree of the 0-th term
in the generating series, which we relate to the higher derivatives of an L-function, completing the higher
Siegel-Weil formula in this case.

10.1. The constant term of the Eisenstein series. From now on, & denotes a line bundle on X' We
compute the constant Fourier coefficient of the Siegel-Eisenstein series for H; = GU(2). We use notations

from §9

By definition, the constant term is equal to
Eo(g,s,®) = (g,5) + M(s)®(g,5),

where M (s) is the intertwining operator

M(s) = I(s, (X, x0)) —=I(=s, (x; xon™))
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defined by
M(s)®(g,s) := /N(A) d(wtn(b)g, s) dn(b).

Since our section ® is unramified (see (9.1))), so is M (s)®(g, s). Therefore it suffices to determine the value
of M(s)®(g,s) at ¢ = 1. By [Shal(, Lem. 4.3.2], translating into the current context and noting that
vol(O) = g~ 2 48X for the self-dual measure, we obtain

1 L(2s,n)
M(s)®(1,5) = g~ 2 do8wx ’
o) = e 1)
and hence Ls.m)
_ degux  L(287 _
M(s)®(g,s) =mn(c(g))q L@S“m)@(g, 5).
Therefore L2s.m)
o) = “hdeswx B gy ).
Eo(g,s,®) = ®(g,s) +n(c(g))q T2s +1.7) (9,—s)

Remark 10.1. Note that the formula for the constant term is consistent with the functional equation
E(g,s,@) = E(ga _57M(5)(I))7
or equivalently M(—s)M(s)® = ®. In fact, by the above formula on M (s)®, we have

_1 L(=2s,n)  _1g4 L(2s,m)
M(—s\M P = 5 degwx ’ . 5 degwx ’
(Fo)Mls)2 =4 L(~2s+1,7) * L(2s+1,n)
Then M (—s)M(s)® = @ follows from the functional equation
qr 1B L (s ) = g2 B 0TI — s ), (10.1)

where we note that L(s,n) is a polynomial in ¢—* of degree degwyx.
Now we evaluate the constant term at g = m(&€, £) for line bundles £ € Picx/(k), £ € Picx (k),
Eo(m(&,£),s,®) =x(€)xo(L)ql1BEdes D+1/2)
()X xo(L)gt s mq@%f—dcgﬂﬂ—sﬂﬂx (102)
The normalized Eisenstein series , specialized to the case n = 1, gives
E(g,s,®) = ¢U8“x°[(2s + 1,1) E(g, 5, )
and becomes
d=deg £+ degwx — degé&. (10.3)
By , when a = 0,
Ey(m(&, L), s,®)
=(xom) (L)x(E)g" P L(2s,1) + xo(L)x(E)q~ 1 T1/2 qleswxWZH2I[(25 4 1,). (10.4)

By the functional equation (10.1), the two summands in ((10.4]) are switched (up to the sign n(£)) with
respect to the substitution s — —s.

10.2. The constant term of the generating series. Fix a line bundle £ € Picx (k). For 1 < i < r, let
¢; be the line bundle on Shty; (1) o whose fiber at ({z;}, {F:}) is the fiber Fi[ss,. According to Deﬁnition
and Definition the proposed constant term for the generating series is a sum of two terms. When n =1,
one of them vanishes and hence we have

[Z2£(0)] = [Z¢[€](0)] == HC1(PZ<U*5_1 ® ¢;) € Ch"(Shty (1) ¢) = Cho(Shty (1) ¢)- (10.5)
=1

Note that on the left hand side we have suppressed the dependence on £, for brevity.

The goal now is to calculate the degree of [Z(0)] in terms of higher derivatives of the L-function L(s, n).
We have L(s,n) = (x/(s)/(x(s), and it is a polynomial in ¢~ (because of our assumption that X’/X is
non-split) of degree 2g — 2.
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Theorem 10.2. Let r € Z>¢ be such that (—1)" = n(L). Then we have

degZ£(0)] = 200g0) " 1| (¢%L(25.m)) (10.6)

ds™ ls=0

where d is defined in .
For the brevity of notation, we will denote
Shty 1y == Shty ()¢, M= LQwx,
and then d = deg91 — deg€&.
10.3. Calculation of the Chern classes. Recall the Cartesian diagram from

Shty (1) —r Prymgy, (10.7)

p[l,r]:—(Pla""Pr)\L J/Lang

X AL Pryme(m)

Let pap = (Pa,pp) : Shty) — X' x X'. Let A C X’ x X’ be the diagonal and A~ C X' x X' be the
anti-diagonal consisting of points (z, ox).
Let P be the Poincaré line bundle over X’ x Prymyy,.

In the following, all Chern classes lie in f-adic cohomology groups. Also, when we write HY(Z, Q,) or
H'(Z) for a stack Z over k we mean H'(Zz, Q,).

Lemma 10.3. For 1 < a <r we have an equality in HQ(Sht’(}(l),Qe(l)):

AP0 €71 @ 0) = (0pasD) e1(P) + 3 Phaci(O(A — A7) = ples (€ @ wx). (10.8)
b<a

Proof. We have

€a|({$§}»{fi}) = ‘Fa/}—Z—l/Q = (]:a)dm; = }—O(lel +oeeet Ux; - xll - x;)‘crmg~
Therefore
la = (0Pa,p)"P ® (@1<6<aPpa O(A — A7) @ p(O(A = A7)a).
Since O(A)|a = wyr, O(A7)|a = Ox: and ¢ (0*E) = ¢1(£), we obtain the desired formula. O

Denote V' = H'(X’,Q,)’="' as a Frob-module. Denote the action of Frob on V by ¢. Let ¢ €
H?(X’,Q,(1)) be the fundamental class of any closed point on X7 and use it to identify H?(X',Q,(1)) ~ Q,.
Let l

() VXV = Qu-1) (10.9)
be the symplectic pairing on V induced from the cup product, i.e.,
vUY = (v,0)6 € HX(X',Q,), wv,v/ €V. (10.10)
For dual bases {v;} and {v’} under this symplectic pairing, i.e., >, (v;,a)v’ = a for all @ € V.. Let
B=> veveN(V)cVaV. (10.11)

Lemma 10.4. We have c1(O(A — A7) = -2 V@V c H* (X' x X').

Proof. Note that the group Aut(X’/X) x Aut(X’/X) acts on H*(X’ x X’) and V ®V is exactly the isotypic
subspace for the character x : Aut(X’/X) x Aut(X'/X) — {£1} that is nontrivial on both factors. A
straightforward computation shows that ¢; (O(A—A7)) must be in this isotypic subspace, therefore ¢1 (O(A—
A7) eVaV.

For any class v € H*(X’' x X’), let v¥ be the projection of v to the y-isotypic subspace V @ V C
H?(X' x X'). We claim that ¢;(O(A))Y = —f. Note that ¢;(O(A)) is the cycle class cl(A) of the diagonal
A in X’ x X', so we need to show that cl(A)Y = —3. Under the Kunneth decomposition and the Poincaré
duality, cl(A) corresponds to the identity endomorphism of H*(X’). In particular,

AA’U(a®1)=¢@acHY(X)QV, VYacV. (10.12)
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(Here 1 € H°(X') is the fundamental class of X’.) This property characterizes cl(A)%. To show cl(A)Y =
—B, it suffices to check that

—BU(a®]l)=¢(@a, YaeV. (10.13)
This holds because — (3, v; ®v")U(a®1) = Y, (v;Ua)®v" (by Koszul sign convention), which is Y, (v;, a)é®
vt =¢®@ (v, ap’) =E@a
Finally, by O(A™) ~ (0,1)*O(A) we know that ¢, (O(A7))Y = —¢1(O(A))Y = B. Therefore ¢ (O(A —
A7) =c1(0(A = A7))Y = —28.

O
The Abel-Jacobi map
AJ; : X' — Prym!
, ., (10.14)
' = O(ox’ — ')
induces an injective map AJ] on H' and identifies the image:
H'(Prym') 5 HY(X')*="! = V. (10.15)

We claim that H'(Prym°) as well as H' (Prym$;) for any 0 € Picx (k) are canonically identified with V.
Indeed, if A is a (geometrically) connected group scheme over k and A; is any A-torsor over k, then any
choice of b € A; (k) identifies A; with A, ¢ hence gives an isomorphism H*(A4) 2 H*(A4;). Different choices of
b give the same isomorphism because b varies in A; which is geometrically connected. Applying this principle
to A = Prym" and A-torsors Prymg; and Prym', we see that there are canonical isomorphisms

H'(Prym§;) = H' (Prym®) = H*(Prym') = V. (10.16)
Lemma 10.5. For e € Irr(Prymgy,), we have
c1(P)|x7xPrymg, = 268 + degx N( @ 1)

where B € V@V c H(X') @ H (Prym§;) € H*(X’ x Prym§;) and € @ 1 € H*(X') ® H*(Prym§;) C
H?(X’ x Prymg;).

Proof. Choose W € Prym§; (k) (in particular Nm(9t) = 91). Pulling back by (Idx/,AJ;) to X' x X', P
becomes O(A~ — A) @ pri M where pry : X' x X’ — X' is the projection to the first factor. Then note that
cr(pri M) = degy W (E@1) = degy N(E®1) € H*(X') ® HY(X’). Now the lemma follows from Lemma

O
Lemma 10.6. For 1 <a <r, we have
1 , 1 N _ "
—5(0pa;p) e1(P) = — 5 degx N+ pi&+ Tr((6 — 1) V)pig
) P (=D @1)B) + > _pi(1e (6 —1)7hH).
b<a b>a
Proof. We first have
(0pa,p)*(§ ® 1) = pgé. (10.17)
Next we use the commutative diagram
r (Pa>p) /
Pri,r) \le X Lang
X/'r‘ (prg,AJ7) X/ X Pryme(m)

Here pr, : X" — X’ is the a-th projection. The pullback along the Lang map H! (Prym“™) — H*(Prym$;) is
the isomorphism ¢ — 1 of V under the isomorphisms (10.16)), for each component e € Irr(Prymy, ). Therefore,

B = (Idx: x Lang)*(1 ® (¢ — 1)~ 1). (10.19)
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Here we view (1&(¢—1)"1)3 € V@V as an element of H2(X’ x Prym“™). Hence by the above commutative
diagram
(Pasp)*B =(pa, p)*(Idx: x Lang)*(1@ (¢ — 1)71)8
=p1, (P, AJ) (1@ (¢ — 1)71)B. (10.20)

AJT
Since AJ" can be decomposed into a composition X" —2 (Prym')” Pryme(m) (the map m is multipli-
cation), and
mv)=1® - ®1lv+ - +1R1®---®1

for v € V = HY(Prym“™), we get AJ™* v = D i<h<r PIpU € H'(X'"). Hence

Pl (e, AT (1@ (0 —1)7H)B =D pivi ® (Zp;‘;w - 1)—1111') . (10.21)
i b=1

Note that when b < a, the term piv; ® p;(¢ — 1)"1v’ is —pj, ((¢ — 1)~ *v' ® v;); but after summing over 4,
using that >, v’ ® v; = — 3, we obtain
—Ppa((¢ = 1)7F @ 1) (=) = pha((¢ — DT @ 1)(B).
When b > a, the corresponding term in (10.21)) is p,(1 ® (¢ — 1)71)(B). When b = a, the corresponding
term in (|10.21]) is
D pi(viU(¢—1)" ") = Tr((¢ — 1) V)pic.

Here we are using that the bases {v;} and {v’} satisfy v; Uv? = §;;¢. Combining these with (10.20) and
(110.21) we get
(Pasp)" B ="Te((¢ = ) V)DL + D _pia((6 =D @ 1)B) + Y pi((1® (6 —1)71)B). (10.22)
b<a b>a
Since the action of o on V is by —1, we have

(0Pa,p)*(B) = (Pa; P)"(0,1d)"B = —(pa, p)" (B)- (10.23)
Combining this with (10.22)), (10.17)) and Lemma [10.5] we get the desired identity. O

10.4. Taylor expansion of L(s,n).
Lemma 10.7. Let o € C. Write the n-th derivative of log(1 — ag™?®) as

(—1)"Y(log q)"m, n=1,2--. (10.24)
where f,(x) is a polynomial in x. Then
fulz) =Y 2. (10.25)
ceCyp

Here C,, is the set of cyclic permutations (i.e., with only one cycle) on {1,2,--- ,n}; for c € Cy, d(c) is the
number of 1 <i <n such that c(i) <i (whenn =1, é(c) =1).

Proof. From the definition we get a recursive relation:

Fus1 (@) = nafu(@) + (1 — 2) f) (). (10.26)
Also fi(z) = z. From this it is easy to see that deg f,,(x) < n, and f,(0) = 0. Write f,(x) = agn)m +
zz(Q")x2 + .+ a%")x". Then

al"™ =ia + (n+1-i)al", i=1,---,n. (10.27)

On the other hand, let C, ; be the set of ¢ € C), such that §(c) = i. We must show that |C,, ;| = az(-"). We
do this by checking that |C,, ;| satisfies the same recursive relation .

For ¢ € Cpy1, let 1 < i.,j. < n be defined by ¢(i.) = n+ 1 and ¢(n + 1) = j.. We have a map
7w Cpi1 — Cp sending ¢ € Cpyq to ¢ € €, defined by /(i) = ¢(i) if i # 4. and ¢/(i.) = j.. We decompose
Cpni1i = Chyq ;UC ;, where C) 4 ; is the set of ¢ € Cy,; such that i > j.. Then 7 restricts to a i to 1
map 7’ : C, 1 ; — Cp; (the preimage of ¢’ are in bijection with i such that ¢/(i) < i) and an (n + 1 —1) to

n
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1 map «” C;L’H ; = Cp.i—1 (the preimage of ¢ € C,, ;1 are in bijection with ¢ such that ¢/(¢) > ). This
shows

|Crt1,l = |CF n+1, 'L|+|C’:L/+1 il = ilCnil + (n+ 1 —1)|Chjial. (10.28)
This shows that |C, ;| satisfies the same recursive relation ((10.27) as (al( ). Since the initial values match
|Ci1]=1= a( ). the lemma follows. O

Corollary 10.8. The Taylor expansion of log L(s,n) at s = 0 is:

5(c) 1 Lo\l
log L(s,7) = log L(0,7) = >_ > Tr ( ¢ ‘V) (ogq% 5)" (10.29)
£>1 ceCy ’

Proof. Let {«;} be the multiset of eigenvalues of ¢ acting on V. By Lemma evaluated at s = 0, we get

( 2) (lo Y EAY/

- (log g)"(=s)

1 — g’ — . .
og(1— aig™®) =log(l —a;) = Y Z s i (10.30)
£>1 CEC@

$°©

Taking sum over «;, noting that L(s,n) = [[,(1 —a;q™%) and >, af(c)/(l —a;)* Tlr((1 57 |V), we get the
desired formula. 0

10.5. Proof of Theorem Combining Lemma [10.3] Lemma and Lemma [10.6] we get

—%cl(pZU*S_l ®Ly) (10.31)
= Dl (Z prig((B(6— 1) @ 1)B) + > pryy (1@ (- 1)1)5)>
b<a b>a

+ Py (Te(b(e = 1)7HV) = d/2) pri€) .
Here we are using ((10.3)) and

—e1(E@wxr) — 2Te((¢ — 1) V)E = —2 (deg5 | degux

2 2

TR((6 - 1>-1v>)s

Note that % = degwy = dimV, hence the last two terms combine to give Tr(1 + (¢ — 1)7HV) =
Te(g(p— 1)1 V).

Taking the product of —701( *o*E71 @ ¢,) over all 1 < a < r (the order does not matter because these
classes have even degree), using 1' and extracting the coefficient of pf‘”]g we get

H 5o e @) = (3 A () (10.32)
a=1 geS,
where 4, € Q, is defined as
A = [T o= @ Dbywa [T 1 ® 6 —1)7)buga) (10.33)
g(a)<a g(a)>a
< I (Tx(e )HV) —d/2) &
gla)=a

Here we use the abbreviations (—)p, = prj,(—),(—)a = pri(—). When r = 0 we understand the sum
29637- Ay as 1.

We form the generating series of A, for g € S, for all » > 0. Our aim is to show
1 "(—s)" ,
S A, LB S aerzr g 0, (10.34)
r>0,9€S, "

Indeed if this holds, then making a change of variables s — 2s and extracting the coefficient of s” we get

r — dr s
(~2log ) g; Ay = L(0,m) 7 2= (aL2s.m) | . (10.35)
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Taking the degrees of both sides of (10.32)) we get
deg[Z£(0)] = (—=2)"| Prym(Fy)| Y A,. (10.36)
geSy

Here the factor |Prym(F,)| is the degree of pp,j : Sht;](l) — X'". Using (10.36) and the fact that
| Prym(F)| = 2L(0,7) we get

T

deg[2£(0)] = 22(0,m)- (2" 3 A, = 2loga) "o
gESy
This is exactly and hence Theorem is proved.
Now it remains to prove (10.34). Let C(g) be the set of cycles of g. For each ¢ € C(g), let {(c) be its
length and recall §(c) is the number of 1 < i < n such that ¢(¢) is defined and ¢(i) < i. We claim that we
can write Ag =[] .cc(y) Ag.c Where

Ay = {— Tr(p(1 — @)1 V) —d/2, L(c) =1,

(¢ L(2s, 7))

(10.37)

—Te(¢* (1= )~ V),  L(e) > 1. (10.38)

Indeed, suppose a cycle ¢ = (a,g(a), -, 9" *(a)) has length £ = ¢(c). If £ = 1 then a is a fixed point of g
and the factor corresponding to such a fixed point can be directly read from the definition of A, in .
If ¢ > 1, write as = ¢° !(a) for s = 1,2,--- ,£. We assume that a is the largest element in the cycle. If
as > asy1, the corresponding factor (¢(¢ — 1)t @ 1)Ba, 10, = 2o; #(d — 1) 044,,, @V} (recall that v)_
means v* put in the as-th factor of H*(X’)®"). We rewrite it as

Zv 2 6(1 = ¢) i, (10.39)

where switching the terms produces a minus sign which cancels with the change from ¢—1 to 1 —¢. Similarly,
if as < agy1, writing 8 = =, v* ® v;, the corresponding factor (1® (¢ —1)71)B4.q.,, is

Zv (1—¢) Wign.s- (10.40)

For 1 <s </ let T®) End(V') be defined as

7(s) — p(1—¢)7t, ifas > asp
(1_¢>_17 if as < Asy1-

Then the product of the terms (10.39)) or (10.40|) for s = 1,--- , ¢ (in that order) is
S i © (T, Uvi2)e, ® (T, Uv)ay @ - © (T Doy, Uti)a, @ (TO0;,)q,.  (1041)

11,522, 520
For any endomorphism 7' of V, we have Tw; Uv? = T};¢ where Tj; is the (4, j)-entry of the matrix of T
under the basis {v;}. The product in is then a multiple of £27, and the multiple is the negative of
the trace of the operator Hﬁzl TG ¢ End(V). The negative sign comes from taking the cup product of the
first and the last factor since vit UT®v;, , = —7" &. Since

11 Z@

L
[I7¢ = (61 = ¢)")" (1 = ¢) "I = g2 (1 — ¢)=1,
s=1

the identity (10.38]) follows
The formula (10.38) depends only on the cyclic permutation ¢ on an ordered set. We write A, . as B,
with the understanding that the ordered set on which ¢ operates is a subset of N. Now we re-organize the

sum over g € S, by grouping first according to the partitions of the set {1,2,--- ,r} and then according to
the conjugacy classes. We have surjections

78, L1, 2 P, (10.42)
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where II, is the set of partitions of the set {1,2,---,7}, and P, is the set of partitions of . The map m
takes g € S, to its cycles, and 7y takes the lengths of the cycles. For I, € II,., corresponding to a partition

{I.} of {1,---,7}, the contribution of 7, *(I,) to > oges, Agz/r!is

[, [1a]! gl
¥y, = B.——— 10.4
I Ao 2 By (10.43)

a ceC(la)

where the sum is over the set C'(I,) of cyclic permutations of I,,. Clearly the sum ZceC(Ia) B, depends only
on the cardinality |I,| and not on the ordering of I,. Denote

T, := Z B.. (10.44)

ceCy

(Here recall from Lemma that Cy is the set of cyclic permutations on {1,2,---,¢}.) Write A := ma(l,) €
P, as AT - A" where A1 > -+ > A\, and m; is the multiplicity of \;, then

5, = HOb™ 11 (Df,) " (10.45)

T ;
%

In particular, ¥;, depends only on the partition mo(ls) € P.. Therefore the contribution of A € P, to

> oges, Aga /Tl is
1y D™ z\™ 1 ah\ ™
|7 Q”T 11 [ W = H o F,\i)T_! . (10.46)

i

Here we are using |m, '(\)| = |OA|/‘Wf1(I.)‘ (where Oy C S, is the conjugacy class corresponding to ),

|0l = r1/(TTATmy!) and |ay " (Lo)] = [T (A — )™

Summing over all partitions of r and then over all r» > 0, we get

r AN 4
Z Ag% = H Z % (FZZ> = exp Zl—‘g% . (10.47)

r>0,9€S, : £>1m>0 >1

Using the formula ((10.38)) for A, . we have
~Tr(5|v) —a2, =1

FZ = 5(c)
Yoeec, — Tr (7&5_@@ V) , {>1

(10.48)

Plugging into (10.47)) we get

x” ¢ (c) 2t
> AT =exp ( Tr (1—¢’V> - d/2) -3 ™ < 7 |V> . (10.49)
r>0,9€S, 0>2 ceCy

By Corollary and letting z = —(log q)s, we have

(—”_[i" (&’V) - d/2> (log q)(— ;; Tr ( il 57 ‘V) (long(_s)e
= log L(s,n) —log L(0,n) + d/2 (log q)s.

Taking the exponential, and plugging into (10.49) we get

Z Ag(logq?r# = qu/zL(San) ’ L(O’n)il’

r>0,9€S,.

which is exactly ((10.34]). |
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10.6. The complete comparison. We now take the definition of Eisenstein series in We make the
following choices of characters:

® Xo =1
e X is any character on Picx/(k) such that x|pic, (x) = 7-

Recall from Definition and (4.29) the generating series
Z7 - Bunp, (k) = Py(F)\Hy(A)/H;(O) — Cho ¢(Sht{y1))-
Note Z7(g) is compactly supported because its support is contained in Shty; (1), (Where £ = ¢(g)) which is

proper.

Theorem 10.9. We have for all g € Hi(A),

e (&)

Proof. Since both sides are H 1((5)—invariant, it suffices to show the Fourier expansions at g = m(€, £) match

term-wise:
1 (dY
(logg)" \ds/ ls=0

for every £ € Picx/(k), L € Picx (k) and a € Ag ¢(k). Here d is as in (10.3)). We may further assume that
(—1)" = (L), since otherwise both sides vanish.
When a # 0, by (9.18)) specialized to xo = 1, we have

E.(m(&,£),5®) = x(£)g~?¢™ Den(q~2*, coker(a)).

Then ((10.51)) follows from Theorem specialized to n = 1, which relates the degree of Z 4(a) to the local
density.
It remains to consider the case a = 0. By ((10.4) specialized to xo = 1 and the symmetry with respect to

s — —s, we have
d ' Eo(m(c‘,’ £),s,®) = 2x(5)q_d/2 da '
ds I ds

On the geometric side, since £ is a line bundle, there are two terms in the decomposition (4.13)):

ZE’S(O) = ZE’S[S} (0) H 32,2(0)07

where the first term is isomorphic to Shty; ;) o. Correspondingly, in Definition there are two terms
in [2¢ ¢(0)] in this case. Since the rank of F; is n = 1, an injective & — J; must give rise to non-zero
a:& — o*&Y @v*L. It follows that the stack Z¢ ¢(0)° is empty. Hence there is only one term left, i.e.,
[Z£.¢(0)] = [Z¢ ¢[€](0)], which is defined by the Chern classes of the tautological line bundles. This term
has the desired degree by Theorem and . This completes the proof.

o (E(g» 5, @)) = deg Z7 (9)- (10.50)

Ea(m(g’ 2)5 S, (I’) = X(g)qid/2 deg[Zg,E(a')] (1051)

q* L(2s,n). (10.52)

s=0

s=0

O

Corollary 10.10. The generating series g € Py(F)\H,(A)/H,(O) — Z7(g) is automorphic, i.c., it is left
Hy(F)-invariant and hence descends to a map

Z{ : BHDGU(Q) (/ﬂ) — Cho(ShtTGU(l))
In other words, Conjecture holds for n =m = 1.

Proof. The case r = 0 is classical and follows from the modularity of theta functions (proved by Poisson
summation).

Now consider the case 7 > 0. Let g € Hy(A) with similitude ¢(g) € AX corresponding to £ € Picx (k).
Then Z(g) € Cho(Shtyy(1y,¢). By Corollary
morphism Cho(Shty; (1 ¢) =, QoBMua).2) | Hence it suffices to show that Z7 is automorphic after composing
with component-wise degree.

Assume that Shty;(;) ¢ is non-empty (otherwise the statement is vacuously true). According to Lemma
Shtb(m ¢ has two connected components if r is even (and positive) and one connected component when

4 below, the (component-wise) degree map induces an iso-
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r is odd. When r is odd, Theorem [10.9| implies that deg Zgg(a) is equal to m (d%)r

s=0 (E(g, % (I)))’

which is automorphic in g.
When 7 > 0 is even, we claim that deg Zf ,(a) = %m (d%)T (E(g, s, <I>)) on both components of
’ s=0

Sht?](l), o, hence is also automorphic. For a # 0, it follows from Theorem For a = 0, it is immediate
from the calculation of Theorem that the degrees of Z¢ (0) on both components of Sht{; ;) ¢ are the
same.

O

10.6.1. Chow groups of zero-cycles. For a stack ) over k, we denote by Chg())4°80 the subgroup of Chy())
whose degree on each proper connected component of ) vanishes. We will show that Chg())4°8° vanishes
for DM stacks satisfying mild conditions.

Lemma 10.11. Let Y be a quasi-compact connected scheme of finite type over a field. Then any zero-cycle
on'Y lies on a connected (but possibly reducible) curve contained in'Y .

Proof. If'Y is quasi-projective, then the result follows from [CP16, Corollary 1.9]. In general, we may cover
Y by a finite number of affine varieties Uy, ..., Us. Without loss of generality, we may enlarge our zero-cycle
D so that whenever U; NUj; is non-empty, then DN (U; NUj) is also non-empty. By the quasi-projective case,
for each i we may find a connected curve C; containing D N U;. Then | JC; is a connected curve containing
D. |

Lemma 10.12. Let Y be a quasi-compact separated scheme of finite type over F,. Then Chg(Y)de80 = 0.

Proof. We immediately reduce to the case where Y is connected. Next we will reduce to the proper connected
case. A compactification Y of Y exists, by Nagata’s Theorem. Then the map Chg(Y)4¢80 — Chg(Y)4e80 is
surjective, since to a zero-cycle on Y we may add an appropriate (rational) multiple of any closed point on
the boundary point of Y so that the sum has degree 0 on Y. Hence it suffices to show that Chg(Y)9&? = 0.

So we may and do assume that Y is proper and connected. Let D € Cho(Y)degO. By Lemma we
may find a connected curve C' in Y containing D. Since Y is proper we may furthermore assume that C' is
proper by replacing it with its closure if necessary.

We next reduce to the case where C' is irreducible. Indeed, suppose that C' = [JC; is the union of
irreducible components and that Chy(C;)48° = 0 for each i. Then any zero cycle in Chy(C;) is equivalent
to one concentrated at a single point (with Q-coefficients); applying this repeatedly, any zero-divisor on C
is equivalent to one supported on a single Cj. B

So we may assume that C is proper and irreducible, and let C — C be its normalization. Any D €
Cho(C)?80 is the image of D € Chy(C)80 = Picl,(F,) ®z Q, which vanishes by the finiteness of PicX (F,).

O

Corollary 10.13. Suppose Y is a finite type separated Deligne-Mumford stack over a field, admitting a
Zariski cover by open substacks that each has a finite flat atlas from a quasi-projective scheme. Then
Cho(Y)de80 = 0.

Proof. By the Keel-Mori Theorem [KM97] (as explained in [Conl, Theorem 1.1]), ) has a coarse moduli space
Y. The hypothesis implies that the conditions in [Conl §3] hold. In particular, Y is a scheme and Y — Y is
a proper universal homeomorphism [Con, Theorem 3.1], so it induces a bijection of connected components
that matches proper components with proper components. Applying [Gil84, Theorem 6.8] to each of the
connected components of ), we obtain Chg()) — Chg(Y'). As the proper components are also in bijection,
this isomorphism takes Chg())9€% = Chy(Y)4°89 which vanishes by Lemma O

Corollary 10.14. We have Cho(Sht’i,(l)’s)degO =0.

Proof. The hypotheses of Corollary [10.13| are satisfied by (a variant with identical proof of) [Var04, Propo-
sition 2.16]. O

11. THE CORANK ONE CASE: TESTING AGAINST CM CYCLES

We provide further evidence for the modularity in the corank one case, by intersecting against a certain
class of CM cycles constructed in Example In the number field case, an analogous problem was studied
by Howard [How12].
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11.1. Setup. Let Y be another smooth projective curve and 6 : Y — X be a map of degree n, and let
Y’ = X’ xx Y their fiber product:

Y/
2
Y o' [n
o|n X'/
A5
X

Abusing notation, we will let o denote the nontrivial involution on both Y’/Y and X'/X. We allow Y to be
disconnected and ramified over X; but we will assume that the cover Y’/Y remains geometrically non-split
over every component (i.e., for every connected component Y, of Y, Y, x x X’ is geometrically connected).

For a line bundle £ over X, let Shty;(;)/y,-¢ be the moduli stack constructed in Example (see also
Example. The non-split hypothesis ensures that Shty; ;) /y ¢+ ¢ is proper. Taking direct image Fo — ¢, F,
along the map ¢’ : Y/ — X’ induces a finite unramified morphism

@3 Sht?{](l)/Y,G*L‘, E—— ShtrU(n)’E . (111)

This map defines a class
O.[Shtr 1))y e+ 2] € Chyo(Shty () )

in the Chow group of proper cycles on Shty;(,,) ¢

11.2. Pullback formula. Let £ be a line bundle on X’. Recall that Ag (k) is the set of Hermitian maps
a:&— o*EV ® L, where £Y denotes the Serre dual. Previously in (7.9) we have defined a trace map

tr: Agreg go(k) —— Ag o(k) .

Proposition 11.1. Let £ be a line bundle on X' and let a € Ag o(k). Then there is a natural decomposition
into open-closed substacks:

ShtTU(l)/Yﬁ*S XShtg(n)YSZE,g(a) — 11z Zg/*g,e*z(a) (11.2)

where a runs over all elements in Agg g-c(k) such that tr(a) = a, and the virtual fundamental classes
satisfy

O'[2¢ o(a)]

= [Zgig g= ()] 11.3
A ) (113)

Proof. This follows from Example O
It follows immediately that, under the intersection pairing
(=) CN(Shtfs) ) X Chye(Shtfy ) o) —= @, (11.4)
we have the following pullback formula:

(2E.0(0),0. 08050 vpoel) = D deglZpegpeo(@): (11.5)

€A g g% o (F),
tr(a)=a

Remark 11.2. If we assume Y is connected, the pullback relation (11.5)) can be proved without using the
derived methods behind Example|7.6] We sketch a direct argument. Since Y is connected, a map 6"*E — F,
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is injective if and only if the induced map & — 0, F, is injective. Therefore (11.2)) restricts to the following
Cartesian diagram for the circle loci of the special cycles (see Definition :

I Zg/*s,e*g(a)o - ZE,):(“)O

| l

r @ T
Shtgry/y,e+e — Shtgn) e

Note that Zg.c 4. (0)° is empty. By Corollary |8.2 all terms in the disjoint union have the expected
dimension (i.e., every Zg.¢ 4.¢(@)° has dimension zero, and Z¢ 4(a)® has dimension r(n — 1)). Since the
bottom map is a LCI morphism, and Zg ¢(a)® is LCI by Corollary (which is much easier to prove in
this special case n = 1), the Gysin pullbacks along the map © of the fundamental classes [Z¢ o(a)°] are
represented by the naive fundamental classes. This almost proves the relation ([L1.3]), except for the most
degenerate term Z¢ o[€](0) corresponding to the Chern classes given by Deﬁniti It remains to show

O'[2¢ < [E)(0)] = [Z5re g+ o [0 E](0)]-

Since the tautological line bundles ¢; on Shty;(,,) ¢ pullback to the tautological line bundles on Shty; (1) /vy, o
via O, this identity is easy to check directly.

11.3. Evidence for modularity in the corank one case. Suppose that Y =[] Y) Y, is the decom-

a€lrr(
position of Y into connected components. Let H;(Ay,) denote the adelic similitude unitary group GU(2)
over (the function field of) Y,,. Let Hi(Ay) :=[], Hi(Ay,).

Recall the generating series Z], of corank m special cycles from Definition and (4.29)

ﬁm(A) >gr Z:n(g) € Chr(n—m)(Shth(n))'

We now specialize it to the corank one case, i.e., m = 1. We will denote ch'/x = ~f,’1:1 and ap-
ply similar notation to the double covers Y’/Y and Y./Y, for irreducible components Y, C Y. We
want to intersect the cycle class Z"(g) € Chy (1) (Shtgy () for g satisfying c(g) = £ with the cycle
O.[Sht{;(1y/v,6+ 2] € Chy,c(Shtyr(,) o). To make the statement more concise, we now introduce GU(1)y,x to
be the subgroup scheme of GU(1)y with similitude line bundle in Picx (so that GU(1)y,x-torsors are the
same as (F, £, h) € Picys x Picx where h is a Hermitian isomorphism & : F = o*FY ® v"*0*£), and define
ShtrGU(l)y/X accordingly. Parallel to , there is a decomposition

Shth(l)y/x = H Sht;](l)/ng*Q XB(Aut(S)(k))
LePicx (k)

Then we have a finite morphism

O: ShtTGU(l) —— ShtTGU(n) 5

Y/ X

which is the union of components ([11.1]) indexed by £.
By Example we have an open-closed partition

Sht;f(l)/Yﬂ*S = HSht%](l)/Y,O*E’ (11.6)
where 7 = (r4)a € Z" () satisfies |r| == Y 7o = 7, and Shty; 1y = [1o Sht{fy /v -+ Note that by
our definition the generating series Z{,, /Yy is a function

Z%, vyt Hi(Ay) = [[ Hi(Av,) = Choo(Shtipy, ) = €D Choo(Shtg gy y.m) (11.7)
@ NePicy (k)

Viewing H;(A) as a subgroup of Hy(Ay) via the diagonal embedding, the restriction Z{,, /Y| iy () bakes
values in Cho,c(ShtTGU(l)Y/X) = EBEePicx(k) Cho,e(Shtgr(1)/v,0-2)-
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On the analytic side, we denote by E (9o, 5, Py, ) the normalized Eisenstein series (9.16]) in §9| for n = 1,
the covering Y, /Y, and the spherical section @y . It is an automorphic form on H;(Ay, ). Let &y = @Dy, .
We define for g = (go) € H1(Ay),

E(Q,S,(I)y): H E(ga,qu)Ya)a
a€clrr(Y)

which is an automorphic form on Hi(Ay).
We have the following result, which provides evidence for the Modularity Conjecture in the corank
m =1 case.

Theorem 11.3. (1) We have an equality
\Zr or
@ZX’/X =7 ’/Y“—L(A)
of functions on Hy(A) with values in Cho,(ShtGr 1)y, )-
(2) For every g € Hy(A), we have

F\/T‘ T 1 d '
<ZX’/X(9)7@*[ShtGU(l)Y/X]> ~ (logq)" (ds)

E(g,s, Py). (11.8)
s=0

In particular, the function H, (A)sg— <Z§(//X (9), @*[Shth(l)y/X]> defines an automorphic form
on Hy(A).

Proof. To show the first statement, suppose that g € Hy(A) has similitude factor ¢(g) = £. Then both sides
take values in Cho,c(Shty;(1)/y,¢-¢) and the equality follows from the pull back relation (11.3).

To show the second statement, for r = (ry), satisfying > ro =7, we have

= T desZysy. (g0,
a€clrr(Y)

deg(Z{/’/Y(g) |Shez

GU(1)/Y

for g = (9a) € ﬁl(Ay). Similarly there is a decomposition of the analytic side, by Lebniz’s rule,

d\" ~ d\"™ ~
— E dy) = — E Dy ).
(&) [fosan= 52 TI(G) | B on
zeZIrr(Y)7|£‘:,r, «
By the case of modularity when n =1, i.e., Theorem [10.9] we have
aes 255y (00) = 7 ()| Bgus. )
By Ie) = (oggyra \ds ) ls=o™ 9% 5Ye
for g, € H 1(Ay,). The assertion follows by combining these equalities. O

Remark 11.4. In view of (L1.6)), the proof above shows a refinement of (11.8)), i.e., for any r € ZI;B(Y) such
that |r| = r, we have

Sr r = ! d "
<ZX//X(9)7@*[ShtGU(l)v/x]> ~ (logq)” 1;[ <d$)

as a function of g € Hy(A).

_Elg:s 2v)

Remark 11.5. In the number field case, the theorem of Howard [How12] is analogous to our case where Y
is connected and r = 1. It seems that the analog of the case of disconnected Y in the number field case has
not been treated.

Remark 11.6. Since Y is allowed to be ramified over X, there are infinitely many such covers. We may
form the subspace of Hi(”‘l)T(Sht@(nm) spanned by the cycle classes ©,[Shty;(1/y - ¢] for varying coverings
Y/X of degree n. It is an interesting question how large this subspace is.
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