MODULAR FUNCTORIALITY IN THE LOCAL LANGLANDS CORRESPONDENCE

TONY FENG

ABsTrACT. We develop a theory of Smith-Treumann localization and relative parity sheaves in the context
of Fargues-Scholze’s Geometrization of the Local Langlands Correspondence. We then apply this theory
to prove some conjectures of Treumann-Venkatesh concerning mod-¢ Local Langlands functoriality between
a reductive group G and its fixed subgroup under an order ¢ automorphism. As another application, we
calculate the Fargues-Scholze parameters of mod-¢ Howe-unramified toral representations.
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1. INTRODUCTION

1.1. Modular Langlands functoriality. Let E be a local field of residue characteristic p and G be a
reductive group over F. For simplicity, we assume for now that G is split; beyond the Introduction, the text
always treats general G. The Local Langlands Correspondence predicts, vaguely speaking, that the smooth
representations of G(E) over a field k are controlled by the Langlands dual group G over k.

For example, letting Wr C Gal(E®/E) be the Weil group of E, the Local Langlands Correspondence
predicts that there should be a natural parametrization of irreducible smooth representations of G(E) over
k by “L-parameters”’, which are homomorphisms Wgr — G’(k) up to conjugacy. The existence of such
a parametrization has surprising implications for representation theory: for example, a homomorphism
¢: H — G of dual groups induces an obvious map

{ L-parameters for H} LZN {L-parameters for G}

and therefore suggests some Langlands functoriality operation from (packets of) irreducible representations
of H(E) to (packets of) irreducible representations of G(E). In practice, it is usually difficult to construct
such operations directly, or to describe them explicitly in representation-theoretic terms.

In this paper we investigate Langlands functoriality for a specific class of dual homomorphisms ¢ that was
identified by Treumann-Venkatesh in [TV16]. It considers the situation where the reductive group H arises as
the fixed points of an order ¢ automorphism o of another reductive group G, where £ is a prime different from
p. Furthermore, we take k to be a field of characteristic ¢. In this situation (and under some hypotheses),
Treumann-Venkatesh constructed a dual homomorphism ¢/: H — G over k, with a specific property in terms
of the Satake isomorphism that we will discuss later. We refer to this situation as modular functoriality,
because its construction depends on special features of modular arithmetic (and this paper depends in turn
on special features of modular representation theory). By contrast, Langlands’ original conjectures were
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FIGURE 1. Excluded primes for each root system.

focused on the case where k has characteristic zero. We note that in many examples the map ¥ does not lift
to characteristic zero, and the resulting functoriality is truly specific to modular arithmetic.

The story extends to non-split groups. In that case, the dual group G should be augmented to the L-group
LG~ G x Wg, where the action of Wg on G reflects the twisting of G over E relative to its split form. This
generalization is necessary to treat some of the most interesting examples.

Example 1.1.1. A familiar example is cyclic base change, where G = Resg/ /g H for a cyclic (-extension
E'/E and o is a generator of Gal(E’/E) acting on G in the natural way, so that G = H. This particular
example lifts to characteristic 0, but many do not; several examples are tabulated in the ArXiv version of
Treumann-Venkatesh’s paper [TVI14]. We also consider here some interesting examples that are ruled out
by the hypotheses of [TV14] [TVI16]: a useful one is where o is conjugation by a strongly regular element of
G, in which case H is a (not necessarily split!) maximal torus. Note that the work of Treumann-Venkatesh
only treats examples where G is simply connected and H is semi-simple.

1.2. Conjectures of Treumann-Venkatesh. We describe some conjectures of Treumann-Venkatesh that
will be proved in this paper, up to technical hypothesis that exclude small £. We again restrict our attention
to the case where G and H are split, for simplicity. We let (G, K) be the spherical Hecke algebra of G
(with respect to some maximal compact subgroup K stable under o) with coefficients in k. Then the Satake
isomorphism supplies a k-algebra isomorphism

H (G, K) = Ko(Repy(G)).

Under some technical assumptions, Treumann-Venkatesh construct a k-algebra homomorphism br: J7(G, K) —
A (H, K?) which they call the (normalized) Brauer homomorphism. (The construction uses in an essential
way the assumption that char k = ¢ = ord(¢).) This implies the existence of a commutative diagram

Satake

lbr

H(H,K?) g0 Ko(Repy,(H))

H(G,K) —— Ko(Rep,(G))

It is then natural to ask if the dashed map is induced by restriction along a homomorphism ¢: H — G.
If so, then ) will be called a “o-dual homomorphism”. One of the main theorems of Treumann-Venkatesh
[TV16] §1.3] is that if G is simply connected and H is semisimple, then a o-dual homomorphism exists, with
three possible exceptions if G has type Eg. In [TV14] §1.4(iii)], Treumann-Venkatesh pose the open problem
of constructing a o-dual homomorphism in full generality. Our first theorem addresses this question.

Theorem 1.2.1. Suppose £ > max{b(G),b(H)} where b(G) is the mazimum over the bad primes b(®) over
all root systems ® of the simple factors of G, tabulated in Figure|ll, and b(H) is defined similarly. Then a
o-dual homomorphism ¢: H — G exists.

Remark 1.2.2. Theorem [1.2.1] is not a strict improvement on the work of Treumann-Venkatesh, as our
characteristic assumption actually rules out many interesting examples. On the other hand, relaxing the
condition that H be semisimple is also interesting in examples; even the case where H is a torus is very
useful, as we shall discuss below.

The construction of the o-dual homomorphism in [TV16] is a tour de force: it invokes classification the-
orems to tabulate all examples of modular functoriality, and analyzes them case-by-case. By contrast, the
proof of Theorem is completely uniform across all cases, and makes no use of classification theorems.
The idea is quite natural: instead of contemplating the dual groups, we try to categorify the Brauer ho-
momorphism br to a Brauer functor br from the Satake category of G to the Satake category of H. After
equipping this Brauer functor with a Tannakian structure, we obtain the o-dual homomorphism for free
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from the Geometric Satake equivalencell]

Sat(GI‘G; k) Geom.NSatake Repk(é)

|
| i

Sat(GI‘H; k) Geom.NSatake Repk(H)

Although this idea is simple, its implementation is quite involved and will be elaborated upon later; for
now we just mention that for the sole purpose of producing the o-dual homomorphism, it should be easy to
improve the assumption ¢ > max{b(G),b(H)} to “¢ is a good prime for G' and H”, which for example holds
as long as ¢ > 5. The extra inefficiency in our Theorem comes from our desire not to work with the
usual Geometric Satake equivalence, but with the version on the BIR—afﬁne Grassmannians occurring in the
work of Fargues-Scholze [FS21], whose geometric representation theory is not as developed.

We next turn to describe conjectures of Treumann-Venkatesh pertaining to the Local Langlands Corre-
spondence. We write Z[o] for the group ring of (0) =2 Z/¢Z and let N :=1+ 0+ ... +0'"! € Z[o]. If 1T is
a representation of G(E) x o, then its Tate cohomology groups T/ (IN), for j € Z/2Z, are defined as

_ker(1—o | II) 1  ker(N [TI)
B e A "

and the G(E)-action on II induces an H (E)-action on each T7(II).

Conjecture 1.2.3 (J[TV16, Conjecture 6.3]). Let I be an irreducible smooth representation of G(E) whose
isomorphism class is fized by o, so that the G(E)-action on II uniquely extends to a G(E) x o-action by
[TV16l, Proposition 6.1]. Then for each j € Z/27Z:
(1) (Admissibility Conjecture) T7(I1) is admissible as a representation of H(E).
(2) (Functoriality Conjecture) The L-parameter of every irreducible H(E)-subquotient of TI(II) is sent
by the o-dual homomorphism ) to the L-parameter for I .= II ®k,Frob £, the Frobenius twist of II.

We do not consider Part (1) of Conjecture in this paper; it is the subject of current work-in-
progress. We will focus on Part (2). At the time of its formulation, the Local Langlands Correspondence was
constructed only for certain families of groups, so the precise meaning of Conjecture 2) was left vague
for general groups. We may now formulate a precise version for all G using the work of Fargues-Scholze
[F'S21]; this is what we will describe next.

Example 1.2.4. For G = GL,,, Vignéras had constructed in [Vig01] the Local Langlands Correspondence
over k (using the characteristic zero version due to Harris-Taylor [HT0I]), many years before the work of
Fargues-Scholze. This gives a precise meaning to Conjecture 2) when G and H are both general linear
groups, and in the context of cyclic base change, special cases have been proven by other authors, as will be
discussed more in Even for this case, our results will depend on the work of Fargues-Scholze.

1.3. The Fargues-Scholze correspondence. An output of the work [FS21] of Fargues-Scholze is a map

7w of G(E) over k pn: We — L£G(k) (1.2)
that we call the Fargues-Scholze correspondence. We refer to pr, which is most naturally regarded as an
element of H'(Wg; @(k)), as the Fargues-Scholze parameter of II. The map II — pp is expected to be the
semi-simplification of “the” hypothetical Local Langlands Correspondence. For specific groups including tori
and GL,, the Local Langlands Correspondence has been constructed previously (by class field theory and
by Harris-Taylor, respectively), and in these cases it is known that the Fargues-Scholze correspondence is
compatible with the previous construction.

{irreducible admissible representations} o~ —s {semi—simple L-parameters} /

LA subtle but important point found by Treumann-Venkatesh is that, when taking into account the full L-group, a o-dual
homomorphism may not exist with the “usual” notion of L-group due to Langlands. Treumann-Venkatesh suggest in [TV14]
§7.8] that this problem might be repaired by instead using the “c-group”, which is the variant of the L-group that naturally
comes out of the geometric Satake equivalence [Zhul7, Remark 5.5.11|. For non-archimedean local fields there is actually an
isomorphism between the L-group and the c-group (possibly depending on choice of square root of p in k), so this distinction
is not essential for our purposes, but it seems to support the morality of our approach.
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For most groups, the Fargues-Scholze correspondence is quite mysterious. For example it is expected that
(1.2) is surjective and has finite fibers, but proving this is wide open. For regular supercuspidal represen-
tations of quite general groups, Kaletha [Kall9] has prescribed explicit constructions for the L-parameters,
which are strongly supported by the expected endoscopic character relations; while for general groups al-
most nothing is known about the Fargues-Scholze parameters of such representations. We remark that in the
cases where the Fargues-Scholze correspondence has been explicated, there have been important geometric
implications; an example is the work of Koshikawa [Kos21| towards torsion vanishing in the cohomology of
Shimura varieties, where the relevant compatibility with the classical LLC is proven in [HKW22].

1.3.1. The functoriality conjecture. We prove the following result concerning modular functoriality in the
Fargues-Scholze correspondence, which we take as fulfilling Conjecture M(2), away from small £.

Theorem 1.3.1. Assume £ > max{b(G),b(H)}. Let II be an irreducible smooth representation of G(E)
whose isomorphism class is fized by o. Then for each j € Z/2Z and every H(E)-irreducible subquotient m
of TI(II), the o-dual homomorphism 1, : H*(Wg; H(k)) — H*(Wg; G(k)) sends pr — pr -

This result appears as Corollary in the main text. It is a consequence of a more powerful statement,
Theorem which treats “derived smooth representations” II € D*(Rep;™ G(E)). The derived version is
more useful for calculations but less elementary to formulate, so we do not state it here.

Theorem [I.3.1] does not seem to be made any easier by assuming the full categorical conjectures of
[FS21], or the conjectural compatibility with Kaletha’s explicit Local Langlands Correspondence, or any
other standard conjectures about the Local Langlands Correspondence that we know. On the other hand,
it may not be unreasonable to speculate that Theorem could be useful for proving some of these other
conjectures. For example, as an application of (the derived version of) Theorem we calculate explicitly
the Fargues-Scholze parameters of certain classes of representations.

1.3.2. Explicit calculation of Fargues-Scholze parameters. The basic idea is that if the L-parameter pr;: Wg —
LG (k) admits some factorization

Wg a LG(k)

1.3
Ty /w (1.3)

LH (k)

through an L-parameter into “H (k) where H is a torus arising as the fixed points of some appropriate
o, then Theorem identifies prp explicitly in terms of the L-parameter of T7(IT), which is computable
since the Fargues-Scholze correspondence is completely understood for tori. Note that “most” supercuspidal
parameters factor through the L-group of some (not necessarily split) torus; for example, all of them factor
in this way if p is large enough relative to G.

We apply this idea to the “Howe-unramified toral supercuspidal representations” considered in work of
Chan-Oi [CQ]. They are generalizations of depth-zero supercuspidals, with an analogous construction but
instead using “deeper-level Deligne-Lusztig representations” studied in work of Chan-Ivanov [CI21]; conse-
quently, they include supercuspidal representations with arbitrarily high depth. The input for the (modular
version of the) Chan-Oi construction is an elliptic unramified torus 7' C G and a character §: T(E) — k*.

Under the assumption that £ > max{b(G),b(H)}, and that T contains a strongly regular element of order
¢, we prove (Corollary that some irreducible constituent in the Chan-Oi construction has Fargues-
Scholze parameter of the form

W —% LT(k) —2 La(k), (1.4)
where ©j is the canonical embedding of the L-group of an unramified maximal torus. This is morally in
accordance with the prediction with Kaletha’s explicit Local Langlands Correspondence for regular super-
cuspidal representations in [Kall9]; we say “morally” because Kaletha does not consider modular coefficients.
Because the precise definition of a Howe-unramified toral representation is complicated, we defer the precise
formulation of our result to Theorem [0.4.71

We emphasize that the simple appearance of belies the intricacy of Kaletha’s recipe, which for
example involves twisting the most natural (from a representation-theoretic perspective) guess for the L-
parameter by a subtle “twisting character”. In the relatively simple example of epipelagic representations of
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unitary groups, these characters were explicated in [FRT20] and found to be already very complicated there.
The geometric construction of Chan-Oi somehow bakes this twisting character into the geometry (see [COL
§8] for more discussion of this point) which is then reflected in our computation.

1.4. Further results. We mention some further results.

1.4.1. Euxistence of functorial lifts. The following Theorem guarantees the existence of functorial lifts along
any o-dual homomorphism.

Theorem 1.4.1. Assume ¢ > max{b(G),b(H)}. Let © be an irreducible smooth representation of H(E)
over k, with Fargues-Scholze parameter p, € H'(Wg; H(k)). Then there exists an irreducible smooth repre-
sentation I1 of G(E) over k with Fargues-Scholze parameter pr = 1) o pr € H'(Wg; G(k)).

The more general version (allowing non-split groups) is Theorem The more general version allows
to treat further examples such as the following.

Example 1.4.2 (Base change). Taking G = Resg:,g H for a cyclic f-extension E'/E and o a generator of
Gal(E'/E) acting in the natural way, Theorem asserts the existence of base change along E'/E. In
equal characteristic and for the Genestier-Lafforgue correspondence, this was established in [Fen, Theorem
1.1].

Example 1.4.3. Take o to be conjugation by a strongly regular /-torsion element of G. Then H is a torus,
SO every p € Hl(WE,f(k)) is realized as a Fargues-Scholze parameter. Then Theorem implies that
every p € H'(Wg; CA}'(k:)) that factors through v is realized as a Fargues-Scholze parameter. It would be
interesting to investigate which “4 can arise, as this might help to show surjectivity of the Fargues-Scholze
correspondence over k: recall that if p is not too small relative to G, then every supercuspidal L-parameter
factors through the L-group of some torus, and we know that the Fargues-Scholze correspondence is surjective
for tori.

1.4.2. Functoriality for the Bernstein center. Let 3(G; k) be the Bernstein center of G with coefficients in
k, and similarly for H. The Fargues-Scholze correspondence is deduced from the construction of a
k-algebra homomorphism
FS¢: Exci(Wg;G) = 3(G;k) (1.5)
where Excy,(Wg; G) is the excursion algebra (over k).
Building on ideas of Treumann-Venkatesh, we construct a map of Bernstein centers

3rv: 3(Gik) — 3(H; k) (1.6)

which we call the Treumann- Venkatesh homomorphism. We show in Theorem that if ¢ > max{b(G), b(H)},
then there is a commutative diagram

EXCk(WE, é) L EXC]C(VVE7 I/‘j)
FSG\L lFSH (1'7)
3(G) —2—— 3(H)

This shows that 31v realizes functoriality for the Bernstein center. In fact, it is the main ingredient to the
proof of Theorem [[.4.1]

1.5. Methods. The proofs of the aforementioned results synthesize recent breakthroughs in several different
areas of mathematics, including:

(1) The work [TV16 [Trel9] of Treumann-Venkatesh on Smith theory and Langlands functoriality.

(2) The work [IMW14 [TMWTI6] of Juteau-Mautner-Williamson on parity sheaves in modular represen-
tation theory.

(3) The work [FS21] of Fargues-Scholze on the geometrization of the Local Langlands Correspondence.

Let sketch vaguely how these ingredients fit together. In the sketch below, we use some abbreviated and
simplified notation which does not match that of the main body of the text. We begin by commenting on the
proof of Theorem As explained earlier, the proof is based on categorifying the Brauer homomorphism
of Treumann-Venkatesh to a Brauer functor, from perverse sheaves on the affine Grassmannian Grg for G to
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perverse sheaves on the affine Grassmannian Gry for H, which should be Tannakian (additive, symmetric
monoidal, and compatible with the fiber functor).

The construction of the Brauer homomorphism is based on the observation that the restriction of o-
equivariant functions from G(E)/K to H(E)/K? has the miraculous property of being compatible with
convolution specifically in characteristic ¢ (the order of o). The naive categorification of this operation
would be restriction of sheaves from Grg to Grpr, but the miracle does not (naively) persist to the level
of sheaves. Instead we apply an operation that we call Smith-Treumann localization, which is restriction
followed by a certain Verdier quotient. The Smith-Treumann localization functor is then monoidal to some
extent, but does not interact well with perversity. However it turns out that it can be made to interact
well with parity sheaves in the sense of Juteau-Mautner-Williamson. This allows to lift Smith-Treumann
localization to a functor from perverse parity sheaves on Grg to perverse parity sheaves on Gry. Then
studying the interaction of parity and perversity on affine Grassmannians allows to extend the functor to all
perverse sheaves (under conditions on ¢).

The preceding construction could have been executed on the “classical” affine Grassmannian as soon as ¢
is good for G and H E| However, at the next step we want to combine it with the constructions of Fargues-
Scholze, so we actually need carry everything out on the BIR—aﬂine Grassmannians and their Beilinson-
Drinfeld variants, which are built out of the period rings of p-adic Hodge theory. As those objects live in
the world of p-adic geometry, which behaves very differently from algebraic geometry in several key aspects
(for example, there is no good theory of constructible sheaves), there are substantial technical difficulties to
overcome in order to develop the appropriate technology in this new setting. We defer discussion of these
technical difficulties to the individual sections in which they appear. The formalism that we develop here
lays the groundwork for further applications of geometric representation theory to p-adic geometry, which
we hope to pursue in future work.

o
Geom. Satake Geom. Satake
Sat(Grg; k) br Sat(Gry; k)
Sate Satp
[Tate(RIo(Shtg, ) -~ quiv. localization __ { Tate(RT.(Shtzr, V) |

FIGURE 2. This cartoon (produced with the aid of ChatGPT after much coaxing) depicts

the Brauer functor br interfacing with the Tate cohomology of moduli of local shtukas and
with the o-dual homomorphism 1.

Next we turn towards the proof of Theorem[I.3.1] For this we need to integrate the Brauer functor with the
construction of the Fargues-Scholze correspondence for G and for H. The Fargues-Scholze correspondence
for G can be obtained by constructing excursion operators on the cohomology of moduli spaces Shtg of local
G-shtukas with coefficients in Satake sheaves coming from Grg. We need to compare such cohomology groups
to the ones obtained from applying the Brauer functor to get Satake sheaves on Grpy, transporting them
to the moduli spaces Shty of local H-shtukas, and then taking cohomology. This comparison is mediated
by equivariant localization for Tate cohomology. Figure [2] depicts a cartoon of the strategy. From this

2Explicitly7 this means that ¢ > 2 if G has simple factors of type B,C or D; ¢ > 3 if G has simple factors of type
Ga, Fy, Eg, E7; and £ > 5 if G has simple factors of type Eg.
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comparison we extract relations among certain excursion operators for G' and for H, which are ultimately
used to establish Theorem [[.3.1]

1.6. Related work. We note some related work on the problems studied here.

1.6.1. The functoriality conjecture. We focus first on the “functoriality conjecture”, Conjecture M(Q)
Ronchetti [Ronl6] studied Conjecture [1.2.3(2) in the special case of cyclic base change for GL,,, proving it
for depth-zero cuspidal representations “of level zero and minimal-maximal type”.

Dhar-Nadimpalli [DN23] studied Conjecture [1.2.3{2) in the special case of cyclic base change for GL,,,
proving it for generic representations (i.e., those possessing mod-¢ Whittaker models).

The earlier work of the author [Fen| proved the analogous statement to Theorem for the Genestier-
Lafforgue correspondence (in equal characteristic) in the special case of cyclic base change, and in doing so
introduced a primordial form of some ideas developed here. We point out several differences.

e The methods of [Fen| were based on local-global compatibility, and were thus fundamentally re-
stricted to the function field setting. Here our methods are purely local, and we encompass both
mixed characteristic and equal characteristic local fields. To do this, we work in the context of p-adic
geometry, which presents substantial new difficulties.

e The argument of [Fen| was restricted to the case of cyclic base change, for both local and global
reasons. On the local side, the o-dual homomorphism is obvious for cyclic base change, and the
construction of the Brauer functor in that case exploited some simplifying special features of cyclic
base change; the present paper debuts more general and conceptual arguments to treat the local
aspects in arbitrary generality (as long as £ is not too small). We still do not know how to generalize
the global arguments even in the function field case, but fortunately they are irrelevant for the new
approach.

The author’s work [BFH™| with Bockle-Harris-Khare-Thorne explicates Conjecture 2) for the Genestier-
Lafforgue correspondence in the special case of cyclic base change for toral supercuspidals, assuming several
conjectures about torsion in the cohomology of deep-level Deligne-Lusztig varieties. The analogous results
for the Fargues-Scholze correspondence are subsumed by the L-parameter calculations in

1.6.2. The o-dual homomorphism. The work [RW22| of Riche-Williamson, which gives a geometric proof
of the linkage principle, is not logically related to problems we study here, but has some philosophical
similarities. We apply Smith-Treumann localization from Grg to Gry coming from an automorphism of G,
while Riche-Williamson apply (a slightly different form of) Smith-Treumann localization to a self-embedding
of Grg coming from the action of py C Gy, via loop rotation.

The paper [LL21] of Leslie-Lonergan also applies Smith-Treumann localization along this self-embedding,

in attempt to give a geometric construction of the Frobenius contraction functor on Rep, (G). The formalism
of localization that they develop is more similar to the one that we use in this paper.

1.7. Organization of the paper. We now indicate the structure of the paper.

In §2] we collect some notation and abbreviations used commonly throughout the paper.

In §3] we develop a general formalism of Smith-Treumann localization for diamonds, which refers to a
certain type of sheaf restriction operation from a diamond Y to its o-fixed points. Then in §4 we calculate the
o-fixed points of various diamonds associated to GG, such as the B(‘fR-afﬁne Grassmannian and its Beilinson-
Drinfeld or twisted variants, as well as moduli spaces of local G-shtukas. These calculations are used when
applying Smith-Treumann localization to such spaces.

In §5] we develop a notion of “relative parity sheaves” on the Beilinson-Drinfeld affine Grassmannians
arising in p-adic geometry. Then in we prove that away from small characteristics, (normalized) rela-
tive parity sheaves are relative perverse and correspond under the Geometric Satake equivalence to tilting
modules; this is analogous to a theorem of Juteau-Mautner-Williamson from [JMWI6|. In fact, each of
§5l and §0] is parallel to some existing theory in algebraic geometry, but there are non-trivial new issues
encountered in the setting of p-adic geometry, which we try to illuminate at the beginnings of the respective
sections.

In §7] we construct the Brauer functor and establish its properties, proving Theorem [[.2.1] Then in
we study the (Tate) cohomology of moduli stacks of shtukas, and integrate it with the Brauer functor in
order to prove certain identities of excursion operators. The applications ripen for picking in §9} where we
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combine the preceding sections to prove Theorem Theorem [1.4.1} construct the Treumann-Venkatesh
homomorphism and establish the commutative diagram .

Finally, in we study the example where o is conjugation by a strongly regular order-¢ element of an
unramified elliptic maximal torus of G. We calculate the o-dual embedding, the Tate cohomology of deep
level Deligne-Lusztig varieties and their compact inductions, and deduce explicit computations of Fargues-
Scholze parameters.

The beginnings of individual sections summarize their contents in more detail.
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2. NOTATION

We fix a prime p.

2.1. Local fields. We let E be a local field of residue characteristic p, Op its ring of integers, wg a
uniformizer, and F, = Og/wg its residue field.

Let E be the completion of the maximal unramified extension of E. For a reductive group G /E, B(G)
denotes the Kottwitz set of G, i.e., elements of G(F) modulo Frobenius-conjugacy.

Let E* be a separable closure of F and Wg C Gal(E?/E) be the Weil group of E.

2.2. The group X. Throughout ¢ denotes a prime number and ¥ denotes a finite cyclic group of order ¢.
The notation o always denotes a generator of XJ; conversely, if an automorphism o is constructed first then X
always denotes the group generated by o. Some constructions (e.g., Tate cohomology) are phrased in terms
of o, but ultimately all constructions are independent of the choice of o.

We denote by N the element 1+ 0 + ...+ o"! € Z[Y].

For an object Y with an action of 3, we denote by Y? or Fix(o,Y") the o-fixed points of Y.

2.3. Reductive groups. Throughout GG denotes a reductive group over . When the notation H appears,
it refers to a reductive group arising as the subgroup of G fixed by an action of ¥. We denote by ¢: H — G
the tautological embedding, and we use the same notation for induced maps such as H(E) — G(E), B(H) —
B(G), Grg — Grg, etc.

For a torus T, we denote by X, (T) and X*(T') the cocharacter and character groups of T, respectively,
and by X, (T)* and X*(T)* the subsets of dominant (co)characters.

We denote by Rep;" G(E) the category of smooth representations of G(E) over k.

2.4. Perfectoid spaces. The notation (C, C") will always mean that C is an algebraically closed perfectoid
field and C*™ C C is an open bounded valuation subring. -
Following [FS21], we denote by Perf = Perffp the category of perfectoid spaces over F,,.

2.5. Coefficients. Throughout k£ denotes an algebraically closed field of characteristic £ = #3, where £ is

a prime number different from p. We denote by O := W (k) the Witt vectors of k.

We write Frob: k — k for the absolute Frobenius automorphism z — .
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2.6. Sheaves. We will use A to denote a coefficient ring finite over Q. In particular, A is {-adically complete.
The six-functor formalism for such sheaves is developed in [Sch22| (the adic case is in §27 of loc. cit.).

Definition 2.6.1. We say that amap f: Y — Y’ of small v-stacks on Perf is shriekable if it is compactifiable,
representable in locally spatial diamonds, and has locally finite dim. trg. This is exactly the hypothesis in
[Sch22l §1] for Rfi: Det(Y;A) — Dey(Y'; A) to exist, and under the same assumptions its right adjoint
Rf': Dee(Y'; A) = Der(Y; A) exists.

For a shriekable map f: Y — Y’, we denote by Dy/y the relative Verdier duality functor,
DY/Y’ (_) = RHomDéc(Y;A)(_a f|A)

We abuse notation and write Dy /y+ := Dy,y/(A) = f 'A for the relative dualizing sheaf. We omit Y’ from
the notation in the case Y’ = Spd F,,.

2.7. Categories. For a category C with an action of a group I', we let CB' denote the category of I'-
equivariant objects in C. This comes equipped with a forgetful functor to C. If C is a triangulated category
with a natural stable co-categorical enhancement, then by CPT we mean the homotopy category of the
T'-equivariant objects in its stable co-categorical enhancement.

For an A-linear abelian category C and a commutative ring homomorphism A — B, we abbreviate

C®4 B:=C®a-Mod (B — Mod).

When A = Q and B = k, we write
F:C—=>C®pk

for the tautological base change.

3. SMITH-TREUMANN LOCALIZATION FOR DIAMONDS

In this section we develop for diamonds a form of Smith-Treumann localization, which refers to a type
of sheaf-theoretic equivariant localization from a Y-equivariant space to its X-fixed points. There is a loose
analogy between Smith-Treumann localization and the perhaps more familiar hyperbolic localization for
spaces with a G,,-action.

The output of the theory looks similar to that for complex algebraic varieties or schemes (developed in
[Tre19] and [RW22]). However, the details of the proofs are quite different, owing to the different behavior of
étale sheaves on adic spaces. For example, the theory relies crucially on finiteness results, which in the case
of schemes comes from quasi-compactness (among other things). On the other hand, non-quasicompactness
is ubiquitous in p-adic geometry. For example, the complement of a closed subspace is usually not quasi-
compact, hence the extension-by-zero from such a complement is not constructible; this example already
illustrates that we will frequently need to contend with non-constructible sheaves.

The contents of this section are as follows. In we codify the notion of “extra small” v-stacks. The
adjective “extra small” is a slight strengthening of “small”, and guarantees that we can approximate the v-
stack by quasicompact subspaces. In we define the (large) “Tate category” of a locally spatial diamond,
following ideas of Treumann [ITrel9] but with modifications as in [Fen, §3] to allow infinite dimensional
sheaves. In §3.4] we prove technical bounds for the tor-dimension of various sheaf operations, in order to
show in that these operations pass to the Tate category, which we do in In we define the “Smith
operation”; a kind of localization functor to the 3-fixed points, and establish compatibility properties that
may be thought of as forms of equivariant localization. Finally, in we define Tate cohomology and
various generalizations of it.

3.1. Extra small v-stacks. Let w; be the first uncountable cardinal. Recall that an wi-cofiltered inverse
system [ is one for which any functor J — I, with J a countable category, extends to J9 — I, where the
cone J< consists of J plus an extra object with a unique map to each object of J.

Definition 3.1.1 (Extra small v-stacks). We say that a v-stack Y is extra small if for any wq-cofiltered
inverse system {S; = Spa(R;, R;)}ier of affinoid perfectoid spaces with inverse limit S = Spa(R, R*), the
natural map
Y(S)— ligY(S,-).
iel
is an isomorphism.
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The following Lemma justifies the terminology.
Lemma 3.1.2. If a v-stack Y is extra small, then Y is small.

Proof. The proof is contained in the first paragraph of [FS21 Proof of Proposition ITI.1.3]. (]

Remark 3.1.3. Informally speaking, all the small v-stacks that have come up in our experience are also
extra small. The remark below [FS21 Proposition I11.1.3] suggests that all “reasonable” v-stacks are extra
small.

Example 3.1.4. The last paragraph of the proof of [ES21, Proposition I11.1.3] shows that Bung is extra
small. By minor variations on this argument, the following v-stacks are also extra small.

(1) The local Hecke stack Hcke(pivtyr [ES21L Definition VI.1.6], and the global Hecke stack Hck’
[FS21] §1X.2].

(2) The Beilinson-Drinfeld Grassmannian Grg, piv1 s [ES21 Definition VL.L8|.

(3) The moduli spaces of local shtukas Sht (g .., ),k [SW20, Lecture 23].

The importance of extra smallness (for us) is to control the cohomological dimension of direct image
along open embeddings. For quasi-compact open embeddings, the direct image is actually exact, but we will
typically be contending with non-quasicompact open embeddings. Under hypotheses that spaces are extra
small, we will be able to approximate open embeddings by quasicompact ones, as articulated in the following
Lemma (pointed out by Peter Scholze).

Lemma 3.1.5. LetY be a locally spatial diamond admitting a countable open cover by spatial diamonds Y, .
Let Z =Y be a closed embedding such that ZNY,, is extra small for each n. Then U :=Y \ Z is a countable
union of quasicompact open subspaces.

Proof. If'Y,, \ Z, is a countable union of quasicompact open subsets for each n, then
Y\Z:U(Yn\zn)

is also a countable union of quasicompact open subsets. Therefore, renaming Y,, to Y and Z, to Z, we may
assume that Y is spatial and Z is extra small, with the goal of showing that U := Y\ Z is a countable union
of quasicompact open subsets.

Consider the collection Z of closed sub-diamonds Z; C Y such that Z; contains Z and Y\ Z; is a countable
union of quasi-compact open subsets. Viewing Z as a partially ordered set under inclusion, we claim that
Z is wy-cofiltered. Indeed, if I is countable then we have

Y\ = \%)

iel iel
is a countable union of countable unions of quasi-compact open subsets, so (,c; Z; € Z.
There is an obvious map
Z — 1£1 Z;, (3.1)

ZicZ
which we claim is an isomorphism. Recall that closed sub-diamonds of Y are determined by their underlying
topological spaces, as follows from [Sch22], Proposition 11.20] (the generalization of this statement to v-stacks
is [AGLR22, Proposition 1.3]), so it suffices to check at the level of topological spaces. Any point of the
open subspace |Y \ Z| lies in a quasicompact open subset since Y is spatial. This shows the second equality
in the sequence of identifications

‘zﬁ?z | Z%Z\ | =12
verifying the claim.

Since Y is spatial, there exists [Sch22, Proposition 11.24] a quasi-pro-étale cover of Y by a strictly totally
disconnected space, which is of the form Spa(B,B*) — Y by [Sch22l Proposition 1.15]. Recall that a
closed subspace of a strictly totally disconnected space is again strictly totally disconnected by [Sch22l

Proposition 7.16], and then affinoid by [Sch22, Lemma 7.5]. Hence for each Z; € Z, the cover pulls back to
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a cover Spa(4;, A7) — Z; where Spa(A4;, A]) is strictly totally disconnected. We showed that the system

{Spa(Ai, A])} z,cz is wi-cofiltered. Then, letting Spa(A, A1) := imziez Spa(A;, Aj')ﬁ the composite map

Spa(A, AT) = Jim Spa(4;, Af) — Wm Z; = Z
Z,eZ Z,eZ
factors through some Spa(A;, A]) — Z since Z is extra small. This gives a retract Z; — Z over Y, which
must then be an isomorphism since these are closed subdiamonds of Y. Hence Z € Z, which means by
definition that Y \ Z is a countable union of quasi-compact open subsets. O

Motivated by Lemma we make the following definition.

Definition 3.1.6. We say that a locally spatial diamond Y is (wg-)locally spatial if Y can be written as a
(countable) union | J,, Y;, of open spatial sub-diamonds. (Recall that wg = ¥ is the cardinality of the natural
numbers.) We say that a closed subdiamond Z < Y is wq-locally extra small if such a union can be arranged
so that Y,, N Z is extra small for each n.

We say that a morphism of v-stacks f: Y/ — Y is (wo-)locally spatial if for any spatial diamond X and
any map X — Y, the fibered product X xy Y’ is (wp-)locally spatial.

Example 3.1.7. Let i: Z < Y be a closed embedding of wg-locally spatial diamonds. If Z C Y is wp-locally
extra small, then Lemma[3.1.5]says that the complementary open embedding j: U < Y is wp-locally spatial.

Definition 3.1.8. We say that a locally spatial diamond Y has ¢-cohomological dimension < d if its co-
homology on étale Fy-sheaves has amplitude in [0,d]. We say that Y is £-bounded if has ¢-cohomological
dimension < d for some d < co.

Example 3.1.9. The following statements are used to bound the ¢-cohomological dimension in practice.
Recall from [Sch22l Definition 21.1] that the dimension of a locally spectral space is the supremum of
the lengths of chains of specializations. By [Sch22l Proposition 21.11], if Y is a spatial diamond of finite
dimension, then
Y has /-cohomological dimension < dimY + supcdyy
y

where y runs through maximal points of Y. According to [Sch22, Proposition 21.16], if f: Y — Spa(C,C™)
is a map of locally spatial diamonds, then cd; y < dim. trg f for all maximal points y € Y.

Lemma 3.1.10. Let A be a noetherian ring. Let Y be an wg-locally spatial diamond with £-cohomological
dimension < d. Let Z — 'Y be an wy-locally extra small closed subdiamond with (open) complement j: U —
Y. Then Rj.: Det(U; A) = Da(Y; A) has cohomological dimension < d + 1.

Proof. The statement is local, so we may immediately reduce to the case that Y is a spatial diamond and
Z — 'Y is extra small.

By Lemma there is a countable sequence of quasicompact open embeddings j,: U, < Y such that
U, C U and hﬂn U, = U. Hence we have

Rj. = Rlim Rjn.j): Der(U; A) = De(Y; A).

By [Sch22, Lemma 21.13|, the (derived) direct image along a quasi-compact open embedding is exact, hence
has cohomological dimension zero. This applies to j, for every n. Therefore, it suffices to see that the derived
inverse limit functor Rl(iinn, along a countable index set, has finite cohomological dimension. Thanks to this
countability, R@n A,, can be expressed as

Rlim A, 2 cone(R] [4n = R] [4n)[-1] (3.2)

where R] [, is the derived functor of the product, defined as the product of injective resolutions of the terms.
By the standard generalities, R[], can be calculated using a product of acyclic (for the global sections
functor) resolutions, which can be taken to be of length bounded by the cohomological dimension of Y,

330 A = h_n)lAl-, which we note is already complete since any Cauchy sequence already lies in some A; by the wi-cofiltered
condition.
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which by assumption is d < co. Then from (3.2)) we see that R!imn has cohomological dimension at most
d+1.
|

Corollary 3.1.11. In the situation of Lemma if K € D%(U; A) has finite tor-dimension then Rj. K €
Du(Y; A) has finite tor-dimension.

Proof. This is a special case of [SGAT3, Exposé XVII, Théoréme 5.2.11], which applies because Rj, has
finite cohomological dimension by Lemma [3.1.10[ and the fact [Sch22l Proposition 14.3] that Yz has enough
points, thanks to Y being locally spatial.

O

3.2. The Tate category. Let A be a finite commutative W (k)-algebra; we will be most interested in the
cases A = k or W (k). Recall that 3 is a cyclic group of order ¢ and A[X] denotes its group ring.

Definition 3.2.1. Let Y be a small v-stack. We define Flat®(Y; A[Z]) € D2 (Y; A[Z]) to be the full subcat-
egory consisting of complexes with finite tor-dimension [Sta20, Tag 0651], i.e., which have tor-amplitude in
[a,b] for some a,b € Z.

Definition 3.2.2. We define the (large) Tate category of Y (with respect to A) to be the Verdier quotient
category

Shv(Y;Tx) := D2 (Y; A[X])/ Flat’ (Y; A[S)).
(A “small” variant of the Tate category will appear later in §5.2]) We denote the tautological projection map
from DY (Y; A[X]) to Shv(Y;Ta) by

T*: DY (YV; A[X]) — Shv(Y; Ta).

Remark 3.2.3. We will only be using the large Tate category for A = k, but some arguments are repeated
in the small version which also gets used for A = W (k), so we formulate it in more generality.

For A = k, the following Lemma (pointed out by Jesper Grodal) gives an alternative characterization of
the subcategory Flatb(Y; k[X]), showing that it is determined by conditions on geometric stalks.

Lemma 3.2.4. The subcategory Flat®(Y;k[X]) € DY(Y;k[X]) coincides with the full subcategory spanned
by objects whose stalks at all geometric points have finite tor-dimension over k[X].

Proof. We apply [Sta20, Tag 0DJJ] which immediately gives one containment: if K € D% (Y; k[X]) has finite
tor-dimension over k[X], then all its stalks at geometric points have finite tor-dimension over k[X].

For the other containment, again by [Sta20, Tag 0DJJ]| it suffices to show that if all the geometric stalks
of K € D% (Y;k[X]) have finite tor-amplitude, then there is a uniform bound on the tor-amplitude of the
stalks. Indeed, since K is bounded we may pick a bounded complex representing it, say concentrated in
degrees [a,b]. It then suffices to show: if K is a complex of k[X]-modules concentrated in degrees [a,b] and
has finite tor-dimension, then in fact its tor-amplitude lies in [a, b].

Since k[X] is Artinian, the properties of being flat and projective over k[X] coincide by [Sta20], Tag 051E].
Therefore K also has finite projective dimension [Sta20, Tag 0A5M]. Furthermore, since k[X] has finitistic
dimension 0 (by [RGTI], the finitistic dimension of a commutative ring is bounded by the Krull dimension),
the projective amplitude of K lies in [a,b]. Hence K is represented by a complex of projective k[X]-modules
supported in degrees [a, b], and therefore has tor-amplitude in [a, b]. |

Definition 3.2.5. Let ¢: A[X] — A be the augmentation and €*: D2 (Y;A) — D2 (Y;A[X]) be pullback
along e. Define T := T*¢*: D8, (Y;A) — Shv(Y;Ty).

Remark 3.2.6. The notation T, T*, ¢* follows that of Leslie-Lonergan [LL21].
3.3. Fixed points. For an endomorphism o of a v-stack Y, we write Fix(c,Y") := Y7 for the fibered product

Y — Y

| e

Y 2,V xY
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Observe that if Y is a separated locally spatial diamond, then A is a closed embedding, hence Y7 — Y is a
closed embedding. We will only be interested in this situation. We denote by ¥ = (o) the cyclic group of
order £. Recall the equivariant bounded derived category D2 (Y; A)B= which is the homotopy category of
Db, (Y; A)BE, the oo-category of functors from BY. to the oo-category D% (Y; A) from [Sch22, §17).
The X-action on Y induces the trivial X-action on Y7, for which we have an equivalence of derived
categories
D (Y7 A)P¥ = D (Y7 A[E)). (3.3)

3.4. Bounding tor-dimension. Here we establish technical results that show the “permanence” of finite
tor-dimension under various operations.

Lemma 3.4.1. Let Y be a locally spatial diamond with a free action of ¥. Let q: Y — Y/X denote the
quotient. Then for any F € Db(Y;A[S)]), we have ¢, F € Flat’(Y/; A[X]) € DY,(Y/S; A[X]).

Proof. Tt suffices to show that for any open subset U C Y/%, the A[X]-module ¢, F(U) is free. Indeed, since
> acts freely on Y we have

¢
g '(U) = H U;
I€Z/UZ
where ¢ maps each U; isomorphically to U and o cyclically permutes U; — U;;1. Then

¢
¢.F(U) = F(g () = [[ 7))
=1

where o acts by sending (f; € F(U;))icz/ez — (0*(fi) € F(Ui-1))icz ez, which is visibly free.
(|

Lemma 3.4.2. Let Y be an £-bounded, separated, wy-locally spatial diamond with an action of 3. Assume
that Y7 — Y is wo-locally extra small. Let U :=Y \Y? and j: U < Y be its inclusion into Y. Then for
any F € D% (Y; A[X)]), we have i*Rj,F € Flat’(Y; A[%)]).

Proof. Let Y/X be the quotient diamond; then Y/ is also ¢-bounded, wy-locally spatial, and Y7 — Y/¥ is

wo-locally extra small. Let i: Y7 < Y be the inclusion of the ¥-fixed points. Since the map ¢: ¥ — Y/X is
totally ramified over Y7, the composition

v Ly Ly/s
is a closed embedding, which we denote 7, and the square

3

yo 1 v

|

Yo —~—Y/%
is Cartesian. Hence we have an isomorphism
i*RjF 27 q.Rj.F € DL (Y7 A[S)). (3.4)
From the commutativity of the diagram
U—_ vy
[w s
U/s s vy
we have g*q*Rj*]: = f*Rj*qU*]: . Now Lemma mplies that qy.F has finite tor-dimension. The extra
3.

smallness hypothesis allows us to apply Corollary|3.1.11{to deduce that Rj, gy« also has finite tor-dimension,

hence E*Rj*qU*]: also has finite tor-dimension, and then we conclude using ((3.4)).
|

Lemma 3.4.3. Retain the notation and assumptions from Lemma[3.].2 Leti:Y° < Y be the embedding
of B-fized points (assumed to be wo-locally extra small). Then for any F € DY%(Y;A)B=, the cone of the
natural map i' F — i*F belongs to Flat®(Y7; A[S)]).
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Proof. Let j: Y \ Y% < Y. Consider the exact triangle 4,i'F — F — j,j*F in D% (Y;A)B=. Applying i*
to it yields the exact triangle in DY, (Y7; A)B®,
i'F — i*F — i*Rj.j* F.

Then Lemma implies that Cone(i' F — i* F) = i*Rj,j*F lies in Flat’(Y?; A[X]), as desired. O
Lemma 3.4.4. Let A be a finite A-algebra (not necessarily commutativeﬁ). LetY and S be locally spatial
diamonds, and let f:Y — S be a shriekable morphism.

(1) Then Rfi: D%(Y; A) — DY%(S; A) has cohomological dimension < 3dim. trg f.

(2) If furthermore S has £-cohomological dimension < d and f is wo-locally spatial, then Rf.: D%,(Y; A) —
D%(S; A) has cohomological dimension < 3dim. trg f +d + 1.

Proof. (1) By the hypothesis that Y and f are locally spatial, we may write ¥ & hgql Y; as a filtered colimit
of spatial open subdiamonds j;: Y; < Y. We have by definition [Sch22l p.134-135] that

Rf, = i R(f

Y i -

By [Sch22l Theorem 22.5], each R(f]y;): has cohomological dimension at most 3dim. trg f. Since j; is exact
and filtered colimits are exact, we deduce that Rf also has cohomological dimension at most 3dim. trg f.
(2) Similarly to (1), we have
Rf. 2 RimR(fly,).j7
where now we may arrange the indexing set to be countable, thanks to the hypothesis that f is wg-locally
spatial. Each R(fly,)«j; has cohomological dimension at most 3dim. trg f by [Sch22, Theorem 22.5]. Then

we bound the cohomological dimension of the derived inverse limit as in the proof of Lemma [3.1.10]
O

Lemma 3.4.5. Let A be a finite A-algebra (not necessarily commutative). Let Y and S be locally spatial
diamonds, and let f:' Y — S be shriekable.

(1) Then Rfy: DY,(Y; A) — D%,(S; A) carries Flat’(Y; A) to Flat’(S; A).

(2) If furthermore S is {-bounded and f is wo-locally spatial, then Rf, carries Flat®(Y; A) to Flat®(S; A).
Proof. (1) Suppose F € Flat’(Y; A). We need to verify that for any sheaf M (concentrated in degree 0) in

L
D% (S; A), we have H™*(M @ Rfi.F) = 0 for i > 0. By the projection formula, we have

H (M &4 RAF) = H(RA(F*M &4 F)).

L L
By the assumption that F € Flatb(Y; A), f*M ®4 F is bounded. Then by Lemma|3.4.4(1), Rfi(f*M @4 F)

is bounded, so H (R fi(f*M éA F)) =0 for i > 0, as desired.

(2) This follows from [SGAT73, Exposé XVII, Théoréme 5.2.11], which applies because Rf. has finite
cohomological dimension by Lemma and the fact [Sch22l Proposition 14.3] that Sg; has enough points,
thanks to S being locally spatial. |

Corollary 3.4.6. Let Y and S be locally spatial diamonds, and let f: Y — S be shriekable. Suppose X2 acts
trivially on S and freely on Y, and f is Y-equivariant.

(1) Then Rfy: DY,(Y; A[X]) — DY(S; A[Z]) lands in Flat®(Y; A[X]).

(2) If furthermore S has {-cohomological dimension < d and f is wg-locally spatial, then Rf. carries
Flat’(Y; A[X]) to Flat®(S; A[X)]).

Proof. By the hypotheses, we may factor f as the composition of Y-equivariant maps

vy Ly Lo
For (1), apply Lemma to ¢ and Lemma 1) to Rf, with A := A[X]. For (2), apply Lemma
to ¢, = ¢ and Lemma 2) to Rf, with A := A[X)]. O

4Although we will only apply this Lemma in the case where A is commutative.
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3.5. Functors on Tate categories. Let f: Y — S denote a X-equivariant map of separated locally spatial
diamonds with Y-action.

3.5.1. Pullback. Since the pullback functor f*: D% (S7;A)B¥ — D (Y7; A)B® preserves stalks, it carries
Flat’(S7; A[2)]) to Flat’(Y; A[Z]), hence induces a functor

£ Shv(S7;Ta) — Shv(Y7; Ty).
3.5.2. Pushforward. Assume furthermore that f: Y — S is shriekable. By Lemma 1), the functor
Rfi: Db (Y7, A[Z]) — DL.(S7; A[X)]) carries Flat’(Y7; A[2)]) to Flat®(S7; A[Z]), hence induces a functor
Rfi: Shv(Y7;Ty) — Shv(S7;Tp).

If f is furthermore wy-locally spatial and i: Y7 < Y is wp-locally extra small, then similarly using Lemma

2) gives a functor
Rfs: Shv(Y7;Ta) — Shv(S7;Th).

3.6. The Smith operation. We define the analogue in p-adic geometry of the “Smith operation” Psm
introduced by Treumann in [Trel9].

Definition 3.6.1. Let Y be a separated locally spatial diamond with an action of ¥ and i: Y < Y the
inclusion of its Y-fixed points. The Smith operation is the functor
Psm :=T* 04*: D2 (Y;A)P¥ = Shv(Y7; Th) (3.5)

defined as the composition of i*: D (Y;A)B* — D% (Y°;A)PE = Db (Y?;A[¥]) with the projection T*

to Shv(Y'7; Ta).

The following result may be viewed as a form of equivariant localization for spaces with Y-action, com-
paring the (relative) cohomology of a space with that of its 3-fixed points.

Proposition 3.6.2. Let Y and S be separated locally spatial diamonds, and let f: Y — S be shriekable.
Denote be f7:Y? — S the induced map on fixed points.
(1) Then the following diagram commutes:

DE,(Y5A)P% L Db (854)2

lPsm lpsm

Shv(Y?; Ta) —2s Shv(5%; Ta)

(2) If f is wo-locally spatial and i: Y7 — Y iswg-locally extra small, then the following diagram commutes:

DE(Y54)P% = Db (854)P

lPsm lpsm

Shv(Y?; Ta) —s Shv(5%; Ta)

Proof. For both statements, we may replace S by S? and therefore assume that the X-action on S is trivial.

(1) Let F € Db, (Y; A)BE. Writing j: (Y \ Y?) < Y for the open complement of i: Y < Y, we have an
exact triangle

G F = F = i,i*F € DY (Y;A)P>.
By definition ¥ acts freely on U, which by Lemma 1) implies that R fio (jij*F) € Flat’(S; A[X]). Hence
the cone of RfiF — Rf?(i*F) lies in Flat’(S; A[X]), and therefore becomes 0 in Shv(S; 7). Therefore
T*(RAF) = T*(Rf7 (i F)) =2 Rf7 Psm(F) € Shv(S;Ta),

which exactly expresses the desired commutativity.

(2) The argument is similar to that for (1), but using instead the exact triangle

00 F = F — juj* F.
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By Lemma 2), the cone of Rf.i.i'F — Rf.F lies in Flat’(S; A[¥]), and therefore projects to 0 in
Shv(S;7a). Then using Lemma the maps Rf,i,i'F — Rf.ii*F — Rf,F project to isomorphisms in
Shv(S;Ta).

]

3.7. Tate cohomology. For a A[X]-module M, its Tate cohomology groups were defined in (|1.1)). We extend
the definition 2-periodically to define T/ (M) for all j € Z.

Example 3.7.1 (Tate cohomology of trivial coefficients). Equip k with the trivial ¥-action. Then we have
TI(k) =k for all j € Z.
Equip O with the trivial 3-action. Then we have
. k 7=0 d2
T7 (@) [~ -7 (I'IlO )?
0 j=1 (mod2).
Example 3.7.2. Let V be a k-vector space. Then V®¢ has an action of ¥, where ¢ acts by cyclic rotation
of the factors, and a straightforward calculation shows that

TOV®) 2 VO = V @4 Frob, k,
the Frobenius twist of V.

Next we consider generalizations of Tate cohomology to complexes and sheaves.

3.7.1. Tate cohomology of complexes. The Tate cohomology of a complex of A[X]-modules is defined in [Fenl
§3.4.1]. We summarize below. The exact sequence of A[X]-modules

05 A=A S A A0

induces a morphism

A — A[2] € DP(A[Y)). (3.6)
Note that it becomes an isomorphism in the Tate category D?(A[%])/ Flat’(A[X]), since the middle two terms
project to 0. Given a bounded-below complex of A[X]-modules C*, we define its Tate cohomology as

T"(C.) = ]ﬂ HomD+(A[g])(A, C'[n + 2]])

Jj—o0
where the transition maps are those induced by (3.6). Evidently T™(C*) is 2-periodic in n, and we occa-
sionally view the indexing as being n € Z/2Z. It is clear that this construction descends to the derived
category.

Now we state some assertions that may be speciﬁ(ﬂ to A = k. By [Sta20l Tag 051E], a module over k[X]

is flat if and only if it is free. Since Tate cohomology of free k[X]-complexes vanishes (by inspection), this
construction further factors through the Tate category, inducing

T": Shv(pt; Tx) — Vect /.
We write T* := @, T"™ and H* := @, H".
Remark 3.7.3 (Tate cohomology as Hom in the Tate category). If C* € DY(k[X]) is bounded, then the
argument of [LL21l, Proposition 4.5.1] gives a natural isomorphism
T'(C*) = Homgyy (pt;73) (k, T*C*[i]).

Example 3.7.4 (Tate cohomology of trivial complexes). If C* € DY(Q), then (cf. Definition for
notation) we have

T*(eC®) 2 H*(Tot(... S c* Lo Lo % )
so that
. L
T"(e*C®) = @ H(C* ®0 k).

i=n  (mod 2)

50ur argument uses A = k, but the assertions may be true in greater generality, as far as we know.
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If C* € D®(k), then we have
T*(e*C*) 2 H*(C®) @ T*(k) (3.7)
where k is equipped with the trivial Y-action. By Example (3.7) simplifies to
T"(e"C*) = @HH(C*).
i€Z
3.7.2. Tate cohomology sheaves. Let S be a locally spatial diamond with trivial ¥-action, so that Shv(S;7x)
is defined. Given F € DY, (S; A[X]), we define Tate cohomology sheaves
T*(F) := lim Hompe (s.a15)) (A, Fln +24])
j—o0
where the transition maps are induced by (3.6]). The T?(F) are étale sheaves of TY(A)-modules, where T°(A)
is the Oth Tate cohomology of the trivial ¥-module A.
Remark 3.7.5. For A = k, as in Remark [3.7.3] we also have the description
TY(F) = Homsny(s;7) (k, T* Fli]).

3.7.3. Tate cohomology for a morphism. Assume that Y and S are separated locally spatial diamonds with
an action of ¥, and f: Y — S is a Y-equivariant shriekable morphism.

For F € D8 (Y;A)B%, we have Rfi(F) € D% (S;A)B*. If S has the trivial Y-action, then we can form
the “relative Tate cohomology” sheaves T™(Rfi.F) on S.

Remark 3.7.6. Note that if ¥ acts trivially on Y and on S, then the construction F — R fi(F) factors over
Shv(Y’; Tx.) by Lemma In this situation we will also regard T?(Rf)) as a functor on Shv(Y; 7).

3.7.4. The long exact sequence for Tate cohomology. Let assumptions be as in and suppose further-
more that the Y-action on S is trivial. Given a distinguished triangle 7' — F — F" € D% (Y; A)5%, we
have a long exact sequence of étale sheaves on .5,

i S TYRAF)
— T°RA(F')) —— TORA(F)) —— T'RAF"))

—— T'RAF) ——— ...

4. Y-FIXED POINT CALCULATIONS

Let G be a reductive group over F and o an order £ # p automorphism of G such that H := G is
(connected) reductive.

Example 4.0.1. By [FS21, Theorem VIIL.5.14] and [Ste68 Theorem 8.1], H is automatically (connected)
reductive if G is semisimple simply connected.

In this section we will analyze the fixed points of ¢ on various spaces affiliated with G, and relate them
to spaces affiliated with H, such as:

e The BIR—aﬂine Grassmannians, as well as their variants such as Beilinson-Drinfeld affine Grassman-
nians, convolution affine Grassmannians, and “twisted” affine Grassmannians (which are the target
of the generalized Grothendieck-Messing period maps).

e The moduli stacks of local shtukas.

These calculations are used later when applying Smith-Treumann localization to such spaces.

4.1. Affine Grassmannians. We begin by formulating the results for affine Grassmannians and their
variants.

Proposition 4.1.1. Let C be an algebraically closed field. Let Grg‘?c,Gr?}%C be the algebraic affine Grass-

. 1 . al . ! ) . .
mannians over C. Then the map Gri’c — Fix(o, Grg%) is an isomorphism on underlying reduced ind-
schemes.
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The proof of Proposition will be given shortly below, in For now we assume it and deduce a
few consequences for mixed-characteristic Beilinson-Drinfeld Grassmannians.
Let S be a separated locally spatial diamond over (Div)!. Then we define

Gra,s/mivi)r = Gra (Divy )1 X (Divl )1 S-
Proposition 4.1.2. Let S be a separated locally spatial diamond over (Div}()l. Then the natural map
Gry,s/oiviyr — Fix(o, Gra s/ pivi)1)
is an isomorphism on underlying reduced ind-schemes.
Proof. Since GrG,S/(Divﬁ()I is separated, Fix(o, GrGﬁs/(Divk)I) is a closed subdiamond of GrG,S/(Divﬁ()L The
map Gry s/iviyr — Fix(o, Grg s/ivi)r) is a closed embedding by the argument of [SW20, Lemma
19.1.5], hence qcgs, so by [Sch22] Lemma 11.11] it is an isomorphism if and only if it induces a bijec-

tion on Spa(C, C*)-points for all (C,C"). Checking this reduces to the case where S = Spa(C,CV), in
which case we abbreviate Grg,c := Grg spa(c,0+)/(Divy)r and similarly for H.

A Spa(C,C*)-point of Grg ¢ consists of |I| untilts {C’f/E}ieI, and for each i € [ a (Cf,@cg)—point of

n
Gr(B;dR, the BCTR—afﬁne Grassmannian built using Cf as discussed in [SW20, Lecture XIX]. Any choice of

uniformizer ¢ for BdR(C’f) induces an isomorphism BdR(Cf) = C’f((g)), which induces (cf. [SW20, proof of
Proposition 19.2.1]) a commutative diagram

Grlir (| Ops) — Fix(o, GrG ®)(CF, Ops) — GrG (¢t 0, )

Gr j{lg (CH) ——— Fix(o Grggcﬁ)(cﬁ) — Grzgcn (ch

a

alg

H.Ct (C*) = Fix(o, GrG Cu)(Cf) is a bijection, hence so is the parallel map

By Proposition |4.1.1} the map Gr

in the top row. Hence the map
GI‘H,C(O, C+) — FiX(O’, Grgvc)(c, C+)
is also a bijection, as desired. O

Remark 4.1.3. The same argument works for variants like (Div;l),)l instead of (Div})’.

We also deduce variants for convolution Grassmannians and the “twisted” Grassmannians Grgy from
[SW20, §23.5].

Corollary 4.1.4. Let m € Z>;.

—~alg,(m)

(1) Let C/E be an algebraically closed field. Let Grg o = be the m-step convolution Grassmannian for
G, and similarly for H. Then the natural map

al —al
Gr;{gém) — Fix(o, Grzgc(m))

s an isomorphism.
(2) Let I be a finite non-empty set and let S be a separated locally spatial diamond with a map S —

(Divi)!. Let C,ﬂgfls/(mvﬁ(); be the m-step convolution Beilinson-Drinfeld Grassmannian for G, and
similarly for H. Then the natural map

—~(m) m)

GI‘H ,5/(Divi)! — FIX(J GI‘G ,5/(Div}, )1)

18 an isomorphism.
(3) Let I be a finite non-empty set. Let GrtG“:I = liﬂu Grgv,]'[,e,Spd B;,<p. b the twisted affine Grass-

mannian (cf. [SW20, Definition 23.5.1]). Then the natural map
GrtI}V’I = Fix(o, GrtGW,I)

s an isomorphism.
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—~al s .
Proof. (1) The map Gro® ™ = (Gr8)™ sending (E° ——» & —» ... —» En) to (€0 —» £,€0
Ey.oo ) EY =5 £,,) is a Y-equivariant isomorphism. Under this isomorphism, the statement transports to

(the mth power of) that of Proposition

(2) As in the proof of Proposition e statement reduces to the case where S = Spa(C,C*). Then
as in the proof of Proposition the statement follows from the algebraic case over untilts C* of C', which
were treated in (1).

(3) As in the proof of Proposition the statement reduces to the case S = Spa(C,CT), where it is
then a consequence of (2). O

4.2. Borels. Recall that a Borus of a reductive group G is a pair (B, T) of a Borel subgroup B < G and a
split maximal torus T' < B.

Lemma 4.2.1. Suppose ¥ stabilizes a Borus (B,T) of G. Then (B°,T?) is a Borus of H.

Proof. Suppose for the moment that we have shown B? is a Borel subgroup of H. We will argue that T
is a maximal torus of H. Let U be the unipotent radical of B. Applying [CGP15l Proposition A.8.10(2)],
which implies that the map on X-fixed points of a smooth Y-equivariant morphism is again smooth, to B —
B/U = T shows that B — (B/U)? =2 T7 is a smooth map whose non-empty fibers are U?-torsors. Since
the section T7 < B shows that B — T is surjective, we conclude that the map B?/U? — (B/U)? = 1T°
is an isomorphism. This shows that 7' is a maximal torus of H (and in particular is connected).

Now we complete the proof by showing that H/B? is projective. Since B is clearly solvable, in order
to show that it is a Borel subgroup of H it suffices by a result of Chevalley [Con, Theorem 1.3.1] to show
that it is parabolic, i.e., that G°/B? is projective. By assumption G/B is projective, hence its closed
subscheme (G/B)? is projective. We will prove that H/B? is closed and open in (G/B)?, which will imply
that H/B is projective. Evidently H acts by translation on (G/B)?, and it suffices to show that each
H-orbit in (G/B)? is open, since then the orbits are finite in number and pairwise disjoint, hence comprise
the connected components. Indeed, for any geometric point g of G representing a point in (G/B)*, the orbit
map G° — (G/B)? through gB is a smooth morphism by [CGP15, Proposition A.8.10(2)] again, hence has
open image. ]

Proposition 4.2.2. Let S be a seaparated locally spatial diamond over (Div}()l. Suppose that G has a
Y-stable Borel subgroup B. Let By := B, a Borel subgroup of H by Lemma[[.2.1 Then the natural map

GrBH,S/(Divﬁ()I — Fix(o, GYB,S/(Dixg()I)
is an isomorphism.

Proof. The map GrB,S/(Divﬁ()I — Fix(o, GrB,S/(Divﬁ()I) is a closed embedding by the same argument as
[SW20l, Lemma 19.1.5], hence qegs, so by [Sch22l Lemma 11.11] it suffices to check that it induces a bijection
on geometric points. A variation on [FS21l Proposition VI.3.1] shows that the maps GrBH,S/(Divﬁ()I —
Gry,s/pivi ) and Grp g/ piviyr — Gra s/ (pivi)r are bijections on geometric points. Hence in the commu-
tative diagram

GrBH7S/(Div§()I — Fix(o, GrB,S/(Div;)I)

| l

GrH,S/(Div}()I — Fix(o, GTG,S/(Divg()I)

both vertical maps and the bottom horizontal map induce bijections on geometric points (the latter by Propo-
sition . Therefore the upper horizontal map also induces a bijection on geometric points, concluding
the proof.

|

4.3. Proof of Proposition We write LG for the loop group of G with respect to the loop variable
t,s0 LGM8(R) = G(R((t))). We write LTG*# C LG for the arc group, with functor of points LTG*&(R) =
G(R][[t]]). The algebraic affine Grassmannian is the fppf quotient LG*#/L+G?& which has a natural ind-
scheme structure.
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For the purpose of proving Proposition we may base change G to the algebraically closed field C.
Since o is a semisimple automorphism of G over an algebraically closed field, a theorem of Steinberg [Ste68|
Theorem 7.5] implies that o stabilizes a Borus (B,T) of G. By Lemma[4.2.1] (B°,T°) is Borus of H := G°.

4.3.1. Iwahori stratification. Let Iw® be the Iwahori subgroup of LT@ corresponding to B. This induces a
stratification by Iw%-orbits (cf. [RW22, (4.6)])

alg,red H Gralg

XEX, (T)

Furthermore, Iw® is stable under o and Iw'’ := (Iw®)? is the Iwahori subgroup of L*H corresponding to
B, so we have an analogous stratification

TR | (e
AEXL(T7)

The action of ¢ on G induces an action on X, (7). We will show that:

(1) If X is not fixed by o, then Gralg N(o - Grglg)\) = 0.
(2) If X is fixed by o, then Fix(o, Gr %) Gralg

The combination of (1) and (2) clearly sufﬁces to prove Proposition
Item (1) is immediate: since we arranged o to preserve Iw®, we have o - Grg,ax = Grg s(n)- As distinct

Iw-orbits are disjoint, the intersection of any two distinct Iw%-orbits is empty.
Next we turn to (2). For this we analyze the structure of the strata.

4.3.2. Fized points of strata. For any root o € R, let U, C G be the corresponding root subgroup. For an
affine root a + mh of G, denote by Uy mpi the corresponding subgroup of LG (cf. [RW22| §4.3]), which for
any isomorphism u,: G, — U,, identifies with the image of = - u, (™). Set

5 1 aenRt
“" o otherwise,

and for A € X, (T) define
IwS ™ = H H Uagmn | (4.1)
a€R \do<m<(\a)

where the product may be taken in any order. Then as explained in the proof of [RW22, Lemma 4.4], the
action of IwS* on t* € Grg(C) induces an isomorphism

Iwd ™ & Grg, . (4.2)
Suppose o fixes A\. Then (4.2)) implies that
Fix(o, Grg’) = (Iwg)7 - .

Denote by TwS*(a) the factor of TwS* in (£.1) indexed by . If o(a) # a, then Tw&*(a)? = 0. On the
other hand, if ca = o then (since o was arranged to preserve 1) we have IwS*(a)? = Iw*(a), so that

(I G’)\)a t)\N H IWH)\( ) G?}g/\
aER

This completes the proof of Proposition O
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4.4. Moduli of local shtukas. We now turn to examine the moduli stacks of local shtukas, for which a
reference is Scholze’s Berkeley lectures, especially [SW20| Lecture XXIII].

Let (G,b,{pi}icr) be a local shtuka datum (cf. [SW20, Definition 23.1.1], except we allow the equal
characteristic case as well): G is a reductive group over E, b € B(G), and p; is a conjugacy class of
cocharacters G,, — Ggs:. For any compact open subgroup K C G(FE) there is a moduli space of local
shtukas with K-level structure Sht(gp (.,1,c,),k> Which is functorial in K. There is a moduli description of
Sht (b, }icr),k given (in the mixed characteristic case) in [SW20, §23].

For {ui}ier < {p;}icr in the component-wise Bruhat order, there are closed embeddings Sht g 4, {4.}),x
Sht (b1 w ), k- It will also be convenient to consider the following variant without any cocharacter “bounds™

Definition 4.4.1. We define Sht(g 4 1), x = ligl{m}ig Sht (@b, {pi}ier) K-

4.4.1. Grothendieck-Messing period map. We recall some facts about the generalized Grothendieck-Messing
period map

TGM : Sht(G,b,I),K — GrthiI (4.3)

from [SW20| §23.5]. Note that we have not imposed any “bound” above; our (4.3) comes from the colimit
over {p;}icr of the map from [SW20, Corollary 23.5.3].

The image of mgnm is an open subset of Grg"]a C Grgfj called the admissible locus. In terms of points,

GrgVJ parametrizes G-torsors P, on V(g o) plus additional data ¢p, and ¢, from [SW20, Definition 23.5.1]
that we do not need to reference right now. The admissible locus is cut out by the condition that the Newton
point vp, and the Kottwitz point xp, are both identically zero [SW20, Theorem 22.6.2].

Definition 4.4.2. For a basic b € B(G), denote by Grg‘j}b the subspace where vp, = v(b) and kp, = x(b).

This is an open subspace, and when b = 14 this recovers the admissible locus, i.e., Grthf’Ilc = Grthf’Ia C Grtgv, I

Example 4.4.3. If b € B(G) is basic, then there is a pure inner twist G (sometimes denoted J; in the
literature) and a canonical isomorphism

try: B(G) = B(Gy) (4.4)

sending b € B(G) to 1g, € B(Gp). There is also a compatible isomorphism Grgy'; = Grg, ; as in [ES21]
§III.4.1], which takes Grg’]b to Grg‘;’f}. So we could have formulated the subspaces Grgf}b as admissible loci
for pure inner twists Gy. However, we prefer to keep the distinction, for psychological reasons if nothing else.

Let c: B(H) — B(G) be the map induced by the inclusion ¢: H < G. The induced map ¢: Gryy; < Gr¢y;
is also a closed embedding (by the proof of [SW20, Lemma 19.1.5]), etc.

Remark 4.4.4. Since X.(T%.)q C X«(Tg:)q, the subset ¢t (1) C B(H) consists of basic elements. For
each b’ € 17!(1¢), there is an embedding

Ly s Hy — GL(b/) =G.

tw,a

As a variant of [FS21] Proposition IT1.4.2], this induces an embedding Gr?ﬁul — Grg‘il, identifying Grp "'
with Grg}b as sub-v-sheaves of Grgfl.

Lemma 4.4.5. We have

Grg”:’[a NGry ;= H GrtH“i’Ib/ .
ber-t(le)

as subdiamonds of Grgv,j.

Proof. In Corollary [4.1.4] we have seen that Fix(o,Grg';) = Gryy; (with the obvious embedding). The
admissible locus Grgy' C Grg'; is cut out by the condition that v(P;) = 0 and x(P,) = 0. Hence

Fix(o, GrtGW’Ia) is the pullback of the simultaneous vanishing loci of the Newton and Kottwitz maps from

GrtG“f 7 to Gr}}", 1, which is precisely the expression on the RHS. O
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4.4.2. Fized points of moduli of local shtukas. We now recall more about the structure of Sht ;1) x in
terms of the Grothendieck-Messing period map. According to [SW20, Corollary 23.4.2], Grg‘:}“ carries a
G(E)-torsor PY, and &y Shtg .,k — Grg}“ is the étale cover parametrizing K-lattices P C PS.

For basic ¥’ € B(G), note that GrtG“i’Ib/ carries a G (E)-torsor that we denote IP’S ' for example using the
pure inner twisting procedure from [FS21] Proposition II1.4.2] to reduce to the case where ' = 1¢ where it
is ]P’nc.

Definition 4.4.6. Let b’ € B(G) be basic and G} the corresponding inner twist of G. For a compact open
subgroup K C Gy (E), we denote by Shtl()/GbJ)’K — Grgf’lb, the étale cover parametrizing K-lattices in IP’WG.
Note that G(E) acts on Shtl(’/Gyb’I)yK by change of framing.

In fact, the pure inner twisting procedure of [FS21, Proposition I11.4.2] gives a Gy(E)-equivariant isomor-
phism between Shtl(J/G,b,I),K and Sht(q,, v 1),k for b € B(G) such that the inner twist of Gy corresponding
to b is isomorphic to Gy, so it was unnecessary to introduce this new notation. However, we like to use it
to distinguish what arises naturally from calculations.

For & € .7'(1¢) C B(H), write ¢}, K C Hy (E) for the pre-image of K under the map ty: Hy < G from
Remark We abbreviate .*K =] K = K7 C H(E).

Proposition 4.4.7. Suppose K C G(E) is a pro-p, X-stable open compact subgroup. Then we have

FiX(O’7 Sht(G,lg,I),K) = H Shtl()H,lH,I),L;,K
ber-1(1g)

as sub-v-sheaves of Sht(q 14,17,k (with embedding on the RHS induced by vy of Remark|4.4.4). In particular,
Sht(g,1,,,1),-k 5 an open-closed subdiamond of Fix(o,Sht(¢ 14.1),x)-

Remark 4.4.8. As explained in Definition the term Shtl(jlm1 D, K is H(FE)-equivariantly isomorphic
to the local Shimura variety Sht g, b, K where b € B(Hy ) is such that the inner twist (Hy )y is isomorphic

to H. Only the assertion that Sht (s 1, 1)~k is an open-closed subdiamond of Fix(o, Sht(G,1G,1),K), will be
needed in future sections.

Proof. We compute using the Grothendieck-Messing period map. In view of Lemma it suffices to

show that for all x € Grzv”lb/, the inclusion Sht?/H71H1[)7LZ/K — Sht (G 14.1), i sends (7)™ () isomorphically

to Fix(o, (m5y) "1 (x)). By pure inner twisting procedure, as explained in Remark and Remark
we may reduce this statement to the case where & = 1. The G(E)-torsor ]P’,C]*' corresponding to z has an

H-structure P}’ since x lies in the image of 7fy;, and (nfy) ™' () parametrizes .* K-lattices in P}/. The
action of H(E) on a fixed ¢*K-lattice Lo induces an isomorphism (rf,)~!(z) 2 H(E)//* K.

On the other hand, Fix(, (1&y) ™' (2)) parametrizes K-lattices in PS which are stable under . As P =
PH xH(E) G(E), the action of G(FE) on Ly induces an isomorphism Fix(c, (7§;)"!(z)) = Fix(0, G(E)/K),
with o acting in the natural way. Hence it suffices to see that

~

H(E)/K° = (G(E)/K)°. (4.5)
The long exact sequence of non-abelian cohomology of 3 reads
K° < G(E)° = (G(E)/K)’ - H(X; K) - HY(Z; G(E)).
Since K is pro-p and ¥ has order £ # p, we have H!(X; K) = 0. This shows , completing the proof. [

5. PARITY SHEAF THEORY ON p-ADIC AFFINE GRASSMANNIANS

The theory of parity sheaves, originating in work of Juteau-Mautner-Williamson [JMW14], has driven
many recent developments in geometric representation theory: see [AR15, [AR16, MR18, [AMRW19, Wili§|
for a sampling of applications. Parity sheaves are defined somewhat similarly to perverse sheaves, but with
parity conditions instead of inequalities on cohomological degrees.

In this section we develop a theory of relative parity sheaves on affine Grassmannians arising in p-adic
geometry. The usage of the adjective “relative” is in the same sense as “relative perversity” of Hansen-Scholze
[HS23]: it means parity along the geometric fibers of a morphism. In practice the morphism is the projection
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of a Beilinson-Drinfeld type affine Grassmannian to the base. Leslie-Lonergan [LL21] introduced the “Tate-
parity sheaves” as the analogue of parity sheaves in Tate categories, and we also develop a theory of “relative
Tate-parity sheaves” on families of affine Grassmannians.

The main results of the structure theory of relative (Tate-)parity sheaves include the calculation of Ext
groups, the vanishing of maps between incongruous objects, the Krull-Schmidt property, the rigidity of
indecomposable objects, and the existence of relative (Tate-)parity sheaves associated to each stratum. Some
of the difficulties are similar to those present in the theory of perverse sheaves on p-adic affine Grassmannians:
the lack of a definitive dimension theory for adic spaces, and the failure of constructibility for the sheaves of
interest. There are also some new technical issues, coming from the fact that the Ext-vanishing properties
underlying the structure theory of parity sheaves have an “absolute” nature, which is in tension with the
“relative” nature of our definitions. The theory of ULA sheaves developed in [FS21] ultimately helps us to
overcome these difficulties.

We now give an overview of the contents of this section. In §5.1] we define relative parity complexes, etc. on
Grg s/ pivy, for a small v-stack S over Div} and establish their structure theory (mostly for the case where S
is strictly totally disconnected). In 5. we introduce a “small” version of the Tate category for Grg g, Divl, s
the adjective “small” referring to that the sheaves are required to have strong finiteness properties, and a
“small” version of Smith-Treumann localization. In §5.3] we define relative Tate-parity complexes, etc. on
Grg,g/ pivl, and establish their structure theory. In §5.4f we define “even maps” and prove that they preserve
relative parity, and next in we apply this to certain Demazure resolutions in order to show that relative
parity sheaves exist for all strata, and that relative parity is preserved by convolution. In §5.6) we study the
interaction of relative parity sheaves with modular reduction F and the operation T. This is used in §5.7] to
define the “lifting functor” a la Leslie-Lonergan, which will constitute a key step in the construction of the
Brauer functor.

5.1. Relative parity sheaves. Let S be a small v-stack with a map S — Divﬁ(. Then we may form
GrGﬁs/ Divﬁ( = GrG,Divg( XDivﬁ(S and HCkG,S/ Divﬁ( = HCkG,DiV& XDivﬁ( S as in IFS21, §VI]

5.1.1. Schubert stratification. Suppose S € Perf is strictly totally disconnected. Then [FS21] VI.2] applies
and we have a presentation
HCkG,S/ Divl = hﬂ HCkG,S/ Divl,<p
HEX.(T)T
where 7' is a split maximal torus in Gg-; here Hckg g/ pivi <, 18 the subfunctor of Hekg g/ piyy parametriz-
ing modifications which are given by some p’ < p at each geometric point of S. The open subfunctor
Hekg s/ pivt 0 = Heka sy pivi <, is defined as the complement of Hckg g/ piyvy <, for w < p.

The pullback of Hckg 5/ pivt <, (resp. Hekg s/pivi ) t0 Grg s/pivt is denoted Grg g/ pivt <, (resp.
Grg,g/ Div%{)”). Let Lg/ Div%{G = Lgivﬁ(G Xpiyt S. Then L;f/ Div%{G acts on Grg g/ piyt by left translation,
and the orbits are the Grg g, Div -

We denote by i, the locally closed embedding i,: Grg g/ Divl u Grg s/ Divl - By [FS21l, Proposition
VI.2.4], Grg s/ pivL . has the structure of a fibration over the diamond of the (opposite) partial flag variety
(P;)%, with the fibers being iterated extensions of (Lie G)} ., {m} where (Lie G),<m is the subspace on
which G, acts with weights < m via the adjoint action composed with p. (Here {m} is a “Breuil-Kisin

twist”.)

Lemma 5.1.1. For the projection w: Grcys/Div% — S, each R"m,A has A-free geometric stalks and

vanishes if n is odd.

m

Proof. Both (P;)® and (LieG); ., have the property that their cohomology with constant coefficients is

supported in even degrees. The preceding description shows that Grg g, Divl, u 1S an iterated fibration over
(P;)¢ with fibers of the form (Lie G); <, (note that the Breuil-Kisin twist is trivializable over geometric
points), so the result follows from the Serre spectral sequence, which is forced to degenerate by the even-
ness. (|

5.1.2. Categories of sheaves. We will take coefficients in a ring A which is a complete local PID over Zy, i.e.,
a field of characteristic ¢ or a complete DVR with residue characteristic £. In our applications of interest, A
will be either k or O := W (k).
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Definition 5.1.2. We define DEJLHAG)(GrG’S/ Divl ; A)P? to be the full subcategory of Dé{LA(Gras/ Divl § A)Pd
spanned by the image of Dg;LA(HCkGS/ Divl A)P4 under *pullback.

Remark 5.1.3 (Stability under six operations). As a consequence of [FS21] Corollary VI.6.6], the cate-

L
gory D(ULHAG)(Gras/ Divk;A)bd is stable under the operations of Verdier duality, — ®x —, RHoma(—, —),
ivi*, Ri,i*, 413", Ri,i' where i = i, is the inclusion of any stratum. (The analogous statement does not hold
in the “multiple legs” situation, unless the map from S factors through the locus where the legs are disjoint.)

Recall that an additive category is called Krull-Schmidt if each object is a finite direct sum of indecom-
posable objects with local endomorphism rings (in particular, this implies that an object is indecomposable
if and only if its endomorphism ring is local). We will show that D}JLHAG)(GrQ S/ Divk A)P is Krull-Schmidt.

Lemma 5.1.4. All objects of DELL+AG)(GrG,S/ Div%{;A)bd admit a finite filtration by objects of the form i, A,
and also a finite filtration by objects of the form Ri . A.

Proof. This follows immediately from [FS21] Proposition VI.6.5]. |

Lemma 5.1.5. For any object K € D&L+Ag)(GTG,S/ Div&;A)bd, End(K) is finitely generated as a A-module.

Proof. Applying Lemma it suffices to show that for each u € X, (T)T,
Hom(i A, Ri,rA) = Hom(iy, in A, A) is finitely generated as a A-module.
If pu # p/, then A = 0. If i = p, then inimA = A, so that Hom(i;,iulA,A) =~ A. |

Lemma 5.1.6. The category DEJLL+AG)(GrG7S/ Divg{;A)bd is Krull-Schmidt.

Proof. The usual t-structure on the category D}JLL;AG) (Grg, s/ pivi, ; M) is bounded. Therefore, it is Karoubian
(i.e., every idempotent splits) by [LCO7, Theorem]. By [CYZO08, Theorem A.1], a Karoubian category such
that End(K) is semiperfect (cf. [Lam01, Chapter 8] for a reference on semiperfect rings) for every K is Krull-
Schmidt. It therefore suffices to show that End(K) is semiperfect for every K € DPLLEG (Gra,s/ pivt, ;A)bd

For this we note that any finite A-algebra is semiperfect, and we showed in Lemma that End(K) is a
finite A-module. U

5.1.3. Relative parity complexes. A pariversity on Grg g/ Divl 18 @ function 1 from X, (T)", thought of as
the set of strata on the geometric fibers over S, to Z/2Z.

Example 5.1.7 (Dimension pariversity). In this section we fix { to be the “dimension pariversity” fq,
defined by
Ta(A) == (2p,A) (mod 2) € Z/2Z

where 2p is the sum of the positive roots of G.

The definition below is a “relative to S” (in a sense parallel to the notion of relative perversity in [FS21
§VI1.7]) version of the definition of parity sheaves in [JMWI4| Definition 2.4].

Definition 5.1.8 (Parity complexes). Let S be a small v-stack. For a geometric point 5 = Spa(C,CT) — S
and K € DEJLLJrAG) (Gra,s/DivL ; A)P4 we denote by K|z the *-restriction of K along Gras/pivt — GIa,s/pivl, -
For each p € X, (T)" we let i,,: Grg s/ Divi u Grg s/ pivl, be the locally closed embedding of the corre-
sponding stratum.
(1) For 7 € {x,!}, we say K € D(ULLJFAG)(GrG’S/DiV}{;A)bd is relative 7-even if for all geometric points
5— Sandall p € X,(T)" and all n € Z, the cohomology sheaf H"(i},(K[s)) is constant and A-free,
and vanishes for n # t(u) (mod 2).
(2) For ? € {x,!}, we say that K € D(ULLEG) (Grg, s pivi s M) is relative 7-odd if KC[1] is relative ?-even.
(3) For ? € {x,!}, we say that K € D}JLHAG)(GrQS/ Div%{;A)bd is relative ?-parity if K is either relative
?-even or relative 7-odd.
(4) We say K € DEJLL+AG)(GrG7S/ Divl } AP is a relative even complex if K is relative *-even and relative
l-even. We say that K € D(ULL+A0) (Grg,s/ Div}(;A)bd is a relative odd complex if K[1] is even.
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(5) Wesay K € DELHA@(GIGS/ Divl A)P is a relative parity complex if it is isomorphic to a finite direct
sum of relative even and relative odd complexes. The full subcategory of DPLL+Ag)(GrG’ 5/ Divl A)Pd
LA(

spanned by relative parity complexes is denoted ParY Grg s/ Divl } A).

The following result is part of [ES21], Corollary VI.6.6], but we state it for emphasis and as an opportunity
to spell out the proof.

Lemma 5.1.9 ([FS21]). Let f: S’ — S be a map of small v-stacks over Divy and i,: Grg,s/pivi <
Grg g/ Divl, be the locally closed immersion of a Schubert cell. Consider the diagram

fu
GI.G“S”/Div%(,p, GrGﬁS/Divﬁpp

lz“ J/Z "

Grg,s//piv, — Gras/pivt

| |

g ! S
where all squares are Cartesian. Then we have a natural isomorphism f:(i#)! = (zit)'f* of functors
DEJLL+AC,~) (Grg.s/ Divl AP — D?LL+AG) (Grg,s1 Div,u A)Pe.

Proof. We abbreviate D,g (resp. D,g/) for the relative Verdier duality over S (resp. S’). By [FS21]
Proposition IV.2.15], relative Verdier duality is compatible with base change, meaning there are natural
isomorphisms

f;D/S l)]D)/S/f; and f*D/S l)]D)/S/f*. (51)
Using also that ZL = D)si;, D)5 and (ZL)' =D, (i},)*D;s on ULA objects (because relative Verdier duality
is involutive on ULA objects [ES21l Corollary IV.2.25]), we have natural isomorphisms

(5.1 ~ ~

Gl < AN * o~ [ *
]D)/S/(Z;L) ]D)/S/f = (’L‘/u)’f .

) ~
i, = frD it D)s Q Dy frinDys 2Dy (i) fDys
O

5.1.4. Structure theory for strictly totally disconnected S. Here we prove several structural results about
ParULA(GrG,S/ pivt i A), parallel to [JMW14} §2|, under the assumption that S is strictly totally disconnected.
In particular, we have the stratification of Grg g/ Divl by Grg s/ Divl > Tanging over u € X, (T)*, and we
let i, be the locally closed embedding Grg g/ Divl u Grg s/ Divl, - Below all Hom and Ext groups are
taken in the category D}JLLJrAG)(GrG, S/ Divl; A)P4, which we omit for ease of notation.

Lemma [5.1.9] implies the following connection between relative parity as in Definition [5.1.8] and an “ab-
solute” notion of parity.

Corollary 5.1.10. Let K € DEJLLJFAG)(GrG’S/Din;A)bd. For 7 € {x,1}, if K is relative ?-even then for all
w€ X (T)" and alln € Z, the cohomology sheafH"(iL(lC)) is constant and A-free, and vanishes forn Z T(u)

(mod 2).

Proof. The constancy is by definition of D}JLHAG)(GrG S/ Div; A)P4, and the A-freeness of *-restrictions can
be checked on stalks so follows from the definition of relative 7-even, using Lemma [5.1.9] The fact that
H"(i,(K)) vanishes for n # f(u) (mod 2) follows immediately from the definition of relative ?-even, while
the fact that H"(i),(K)) vanishes for n # {(p) (mod 2) can be checked after base change along geometric
points 5§ = Spa(C,C™) — S, where it follows from the definition of relative ?-even using Lemma O

Lemma 5.1.11. Assume S is strictly totally disconnected. If F € D}JLI;AG)(Gras/ Divg{;A)bd is relative
x-parity and G € DPLHAG)(GrG’S/ Divg{;A)bd is relative !-parity, then we have a (non-canonical) isomorphism
of A-modules
Ext*(F.0)= P Ext*(i)F.i,0)
HEX.(T)F
and both sides are free over A.
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Proof. The argument is similar to that for [JMW14l Proposition 2.6], but we have to address some issues
related to the discrepancy between our relative situation and the “absolute” situation of [JMW14]. Since the
statement is compatible with finite direct sums in F and G, and D(ULHAG)(GrQ S/ Divk A)P? is Krull-Schmidt
by Lemma [5.1.6] we may assume that F and G are indecomposable. Since the statement is compatible with
shifts, we may further assume that F is relative x-even and G is relative !-even.

We will show by induction, on the number N of strata where F is supported, that (i) Ext®(F,G) is A-free
and vanishes in odd degrees and (ii) satisfies the decomposition asserted in the Lemma. If N = 1, then

= 4,3 F for some p € X, (T)*, and we have

Ext®(F,G) & Ext®(i,ui F,G) = Ext* (i’ F,i,G).

This shows part (ii) of the inductive hypothesis. By Corollary [5.1.10} i} F and i;g are both constant

complexes on Grg g/ Divl, concentrated in even degrees. Then part (i) of the induction hypothesis follows

from Lemma (using that S is strictly totally disconnected).
If N > 1, let i be the inclusion of a closed stratum in the support of F and consider the excision sequence
J1j*F = F = i.i*F. Applying Hom(—, G), we get a long exact sequence

.. = Ext"(i,3" F,G) — Ext"(F,G) — Ext"(jij* F,G) — ... (5.2)
Rewriting Ext" (i,i*F, G) = Ext™(¢*F,¢*G) and Ext" (jij*F,G) = Ext"(§*F, 7°G), the induction hypothesis
applies to the flanking terms. In particular (i) implies that the long exact sequence (|5.2)) splits, and then (i)
and (ii) for the flanking terms imply (i) and (ii) for Ext®(F,G). O
Corollary 5.1.12. Assume S is strictly totally disconnected. If F € DEJLLJrAG)(GrG,S/ Div&;A)bd is relative
x-even and G € D}JLHAG)(GrG’S/ Div%{;A)bd is relative -odd, then Hom(F,G) = 0.

Lemma 5.1.13. Assume S is strictly totally disconnected. Suppose F,G € D(ULLJFAG)(GrG’S/Divk;A)bd are
indecomposable and either both relative even or both relative odd. If i, is the inclusion of a stratum which is
open in the support of both F and G, then the restriction map Hom(F,G) — Hom(ilﬁ]:, z;g) 18 surjective.

Proof. By symmetry it suffices to treat the case where F,G are both relative even. Let ¢ be in the inclusion
of the complementary strata, so that we have an excision triangle of relative !-even complexes,

ii'G = G = i’ G
Applying Hom(F, —), we obtain a long exact sequence
... = Hom(F,G) — Hom(iy, F,i,G) — Hom(F,i.i'G[1]) — ...
and Hom(F,i,i'G[1]) = 0 by Corollary because G[1] is relative l-odd. O

Lemma 5.1.14. Assume S is strictly totally disconnected. Let F € DEJLLJ;AG)(GI‘G,S/ Div%{;A)bd be an inde-
composable relative parity complex, and let j: U — Grg g/ Divl, be an inclusion of a union of strata open in
the support of F. Then j*F is either zero or indecomposable.

Proof. Since DELHAG)(GrQ s/ Divi s A)P¢ is Krull-Schmidt by Lemma , the indecomposability of F implies
that End(F) is local. As a quotient of a local ring is local, Lemma [5.1.13| implies that Hom(j*F, j*F) is
also local, so j*F is either zero or indecomposable. O

Proposition 5.1.15. Assume S is strictly totally disconnected. Let F € ParULA(

indecomposable relative parity complex. Then F enjoys the following properties:
(1) F has support of the form Grg s/ pivi <, for some p € X, (T)T.
(2) The restriction iy, F to the open stratum in supp(F) is a shifted A-free constant sheaf Ald].
(8) Any indecomposable relative parity complex G € ParULA(GrQS/ pivi s A) supported on Grg s/ pivi <u
such that i;,G = Ald] on Grg, s pivi, s 18 isomorphic to F.

Gra,s/pivt i A) be an

Proof. (1) If supp(F) contains two disjoint open strata U, U’ then applying Lemma to each of U and
U’ provides a non-local quotient of End(F). But since F is indecomposable, the Krull-Schmidt property
(Lemma implies that End(F) is local.

(2) Follows from Lemma
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(3) Since F is assumed to be indecomposable, the Krull-Schmidt property (Lemma [5.1.6)) implies that
End(F) is a local ring. By assumption, there are isomorphisms a: i;, 7 — 7;,G and 3: i g — 4, F which are
mutual inverses. By Lemmaﬂwe can find lifts @: F — G and ﬁ G— ]-' such that Boa € End(f) does
not lie in the unique maximal ideal of End(F), hence is invertible. Similarly, & o # € End(G) is invertible.

Therefore, o and 5 are isomorphisms.
O

Definition 5.1.16 (Parity sheaves). Assume that S is strictly totally disconnected. We say that F €
ParULA(GrG, S/ Div A) is a relative parity sheaf (with respect to 1) if it is an indecomposable relative parity
complex (with respect to t). Note that relative parity sheaves are not (necessarily) sheaves.

We write F = E(u, L) if F has support Grg g, Divl <, and i F = L. Note that for any particular u, we
are not guaranteed a priori that £(u, £) exists.

5.2. Small Smith-Treumann localization. We develop here a version of the Tate category and Smith-
Treumann localization which is “small” in the sense that it consists only of sheaves satisfying strong finiteness
conditions. It is more similar to the formalism of [Trel9, [RW22] but we note that our sheaves are still not
“constructible” since the Schubert stratifications are not constructible in p-adic geometry (due to failure of
quasicompactness). The structure theory of ULA sheaves (relative to S) on Hckeg s/ piyt from [FS21] is
what makes this small version well behaved even in the absence of quasicompactness.

5.2.1. The small Tate category. Let Perf?}fH)(GrHvs/(Divﬁ()I;A[E])bd C DEJLLJrAH)(GrH,S/(Div&)I;A)bd be the

full subcategory spanned by objects with finite tor-dimension over A[X].

Definition 5.2.1. We define the small Tate category of Gry ,5/(Divl)r to be the Verdier quotient

UL , bd
Perf(1 ) (Grp s piviyrs Ta) ™ = D0t (Ora,syivi) 15 A
' X Perf(L+H) (Gra,s/(Divi )1 A[X])bd

and the small Tate category of Heky g/(pivyyr to be
DchA(HCkH,S/(Di@)I ; A[Z])bd
PerfULA(HCkH,S/(Div;)I s A[X])Pd

We make analogous definitions for GrH,S/(Divﬁ()I,ﬂ and GrH)S/(Divk)IVS#, etc.

PeI‘fULA (HCkH,S/(Divg()I ; ﬂ)bd =

Parallel to Lemma we give an alternate characterization of Perf?LLf 1) (Gra, s/ (Divi, )I;A[E])bd; note
that this one applies without assuming that A = k is a field.

Lemma 5.2.2. The subcategory Perf?ff‘H)(GrHﬁ/(Div%()z;A[ HPd ¢ DEJLLJrAH)(GrH’S/(DiV%{)I;A[E])bd coin-

cides with the full subcategory spanned by objects whose stalks at all geometric points are perfect complezes
over A[X].

Proof. By [FS21l Proposition VI.6.5] all geometric stalks of all objects of Perf?LLfH)(GrHﬁ/(Divk)z; A[¥])bd
are pseudocoherent, and have finite tor-amplitude by [Sta20l Tag 0DJJ]. Pseudo-coherent plus finite tor-
amplitude implies perfect by [Sta20, Tag 0656]; this shows one containment.

For the other containment, we must show that if K € D(L+H (GrH,S/(Divk)I;A[E])bd has all geometric

stalks being perfect complexes over A[X], then K finite tor-amplitude. By [Sta20, Tag 0DJJ], it suffices to
exhibit a uniform bound on the tor-amplitude of the stalks. The rest of the proof is as for Lemma
except we use that for a perfect complex over A[X], the properties of being flat and projective coincide by
[Sta20, Tag 051E]. O

Remark 5.2.3 (Comparison to the large Tate category). The tautological fully faithful embedding
D&LfH)(GTH,S/(Divg)HA[E])bd — Dgt(GfH,S/(Div;)ﬂ A[X])
carries Perf?LLJ;AH)(GrHS/(DiV;()I;A[Z])bd into Flatb(GrH,S/(Divk)z;A[Z]) and so induces a functor

Perf( ) (Gryr,soiviyrs Ta)™ = Shv(Gry s piviyr5 Ta) (5.3)

which is conservative; similarly for the equivariant version.
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Definition 5.2.4. We denote by
T*: D4 (Gry s oiviyrs AIE) — PefoLA(HCkH,S/(DiV;)H7?\)bd~

the tautological projection.
We denote by

e D&L+AH) (GrH,S/(Divk)I ; A)bd — D&L+AH) (GrH,S/(Divk)I ; A[Z])bd
the inflation via the augmentation A[X] — A.
We write
T := T*E* . D&L+AH) (GrH7s/(Div‘1x)I; A)bd — PerfULA(HCkH’S/(Din)I y ﬂ)bd.

These functors are compatible with the ones having the same notations in under (5.3). We use the
same notation for the analogous operations for strata, Schubert varieties, and Hcky 5/ (pivt )1, ete.

5.2.2. The small Psm operation. We now define the version of the “Smith operation” Psm from for
small Tate categories. We assume the setup of §} G has a Y-action and H := H? is reductive, so that

Fix(o, Grg s/(pivi)r) = Gry s/(pivyyr by Proposition m
Lemma 5.2.5. Let ¢: GrH,S/(Divﬁ()I — GrG,S/(Divﬁ()I be the inclusion of the X-fized points. For any
Fe DgtLA(GI‘G,S/(Divk)I;A)bd, the restriction *F € DgfLA(GrH’S/(Divﬁ()z;A)bd is ULA over S.

Proof. The condition can be checked v-locally on S by [FS21], Proposition IV.2.5]. Therefore, we may assume
that G has a Borus (B,T). Let (Bg,Tx) = (B°,T7) be the corresponding Borus of H (cf. Lemma [£.2.1)).
Recall the constant term functors CT from [FS21) §VI.3]. Applying (a variant of) [FS21], Proposition VI.6.4],
it suffices to check that CTp,, (i*F) is ULA over S. By proper base change applied to the commutative
diagram

Grr s/ivy)r < Grp s/mivi)r — Gra s/ ivl)!

] ] |
GYTH.,S/(Div;)I AE— GTBH,S/(Div;)I B GYH,S/(Divﬁ()I
all of whose squares are Cartesian (thanks to Proposition and Proposition , we have a nat-
ural isomorphism CTg,, (t*F) = *CTp(F). By (a variant of) [FS21l Proposition VI.6.4], CTp(F) €
D}){LA(GrT’S/(Din)I;A)bd is ULA over S. Now ¢: GrTH’S/(Divg()I — GrT’S/(Divk)I is an open embedding,
hence ¢-cohomologically smooth, so t* CTg(F) is ULA over S by [FFS21], Proposition IV.2.13(i)].

Definition 5.2.6 (Small Smith operation). The (small) Smith operation is the functor
Psm :=T" 0 /*: (D&L+Ag)(GI‘G7S/(DiV§()I;A)bd)BE — Perfg“fH)(GrHﬁ/(Div%(y;ﬂ)bd, (5.4)

which is well-defined by Lemma [5.2.5
The functor Psm has an equivariant version, which we also denote

Psm: (DgtLA(7'{‘31<C,*,S/(Div§()1;A)bd)BZ - PerfULA(HCkH,S/(Divﬁ{)I;77\)bd

5.2.3. Compatibilities. We now establish some compatibility statements that could be remembered under
the slogan, “the Smith operation commutes with all functors”.

Notation 5.2.7. Below we let Y, Y be spaces of the form GrG’S/(Divk)z, or the m-step convolution version
thereof, or the twisted Grassmannian GrtG“js/(Divk)I or (closures of) strata thereof, and f: Y — Y’ be a map
induced by a group homomorphism G — G, or a convolution map. In all such cases, the small Tate categories
of Y7 and (Y”)? are defined, because of Proposition and Corollary The Smith operation is also
defined, and will be denoted

Psm: DYYA (Y A) = PerfY" (Y7 T4)
where ? refers to the constructible or equivariant conditions.

Example 5.2.8. We allow G’ to be the trivial group, in which case GrG',S/(Div§)1 =S,
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Let f: Y — Y’ be a Y-equivariant morphism of the type in Notation Let f7: Y — (Y')°
be the induced map of fixed points. It is clear that the pullback functor (f7)*: DYLA((Y")7;A)PE —
D}JLA(Y”; A)B% preserves the perfect subcategories, hence descends to a functor

(f7)*: PerfY"A (Y7, Ta) — PerfyPA (Y7, Th). (5.5)

We have the properties analogous to in this situation. Applying relative Verdier duality to (5.5, we
also get

(f7)': Perfy“M((Y")7; Ta) — PerfV™(Y7; T3). (5.6)
Below, when we say that diagrams “canonically commute”, we mean that we construct explicit natural

isomorphisms.

Lemma 5.2.9. Let f: Y — Y’ be a X-equivariant morphism of the type in Notation[5.2.7. The following
diagrams canonically commute:

DE(Y; A)P¥ e DE(Y'; )P Dy(Y; A)P% e DR(Y; 0)P%
lPsm lPsm lPsm lpsm
Perfs(Y7; Ty) TG Perf,((Y')?;Ta) Perf2(Y7; Ty) W Perf2((Y')?;Ta)
Proof. Evident from the definitions. O

Let f: Y — Y’ be a o-equivariant morphism of the type in Notation For f7: Y’ — (Y')? the
induced map of fixed points, Lemma and [FS21] Proposition VI.6.5] imply that Rf” and Rf? preserve
the perfect subcategories, hence descend to

Rf7: PerfyLA (Y7, Th) — Perfy“A ((Y')7; Ta)
Rf7: PerfyP (Y7, Th) — PerfyP2((Y')7; Ta)

Proposition 5.2.10. Let f: Y — Y’ be a X-equivariant morphism of the type in Notation|5.2.7. Then the
following diagrams canonically commute:

D}]JLA(Y;A)BE Rfi DyLA(Y/;A)Bz D?ULA(Y;A)BE R« D?ULA(Y/;A)BE
lPsm lPsm lPsm lpsm
PertY A (Y73 T3) —20s Parf YA (Y!)7; Ta) Perfy ™A (Y7 T3) 2 Perf YA (V') Ta)

Proof. We give the argument for the first diagram, the second being similaﬂ We may base change to the
Y-fixed locus of Y, and therefore assume that X acts trivially on Y’. Let i: Y < Y be the inclusion of the
3-fixed points and j: U — Y be the complementary open embedding. For F € D?ULA (Y; A)P* consider the
exact triangle

N F = F — i F.

Since X acts freely on U, Corollary [3.4.6(1) implies that R fj1j*F € Perfy " (Y”; A[X]), hence projects to 0 in
PerfY™(Y’; Th). Therefore the map RfiF — Rfii.i*F projects to an isomorphism in Perfy“A(Y/;74). O

5.3. Relative Tate-parity sheaves. We now develop an analogous theory to §5.1] in the setting of the
small Tate category, inspired by work of Leslie-Lonergan [LL21I] which does this for the classical affine
Grassmannian. We note that it is important here to take integral coefficients in order to have any hope of
parity vanishing properties, because of Example [3.7.1

6Using also that Y7 < Y is wp-locally extra small (cf. Example .
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5.3.1. Krull-Schmidt property. Let O := W(k), so k = Q/{. Note that we take |I| = 1 below. Recall (cf.

§2.7) that we write
d

[ DEJLLJrAH)(GrH,S/ Divﬁ(%@) - D(L+H (GYH,S/ Divg(;k)b
for the change-of-coefficients functor.
The following Lemma is parallel to [LL21, Proposition 4.6.1].

Lemma 5.3.1. Let F,G € D L+H)(GrH 5/ Divl ;Q)Pd. Then there is a natural isomorphism

Hompo v (G, o, oy 7000 (TF, TG) = @HomD?LLfH) Gy )iy, 0174 (FF FGL21]). (5.7)
Proof. We have
HomPerf?Lf:H)(GrHys/ Divl ;To)Pd (T]:v Tg) (HomDFLfH%GrH,S/ Divl ;0)bd (]:a g)) :

As in Example 4] for any £ € D L+H)(GrH S/ Divk :0)P4 we have
TE = Tot ( ehelebeles ) € Perf (1) (Gry s/ pivt, s 7o)

Noting that
Tot(...5£>53>5£>53>5—>...) ~ (Pref2i),
i€Z
the result then follows upon taking cohomology. O
Remark 5.3.2. The proof of Lemma did not use the ULA or L™ H-constructibility hypotheses.

Lemma 5.3.3. Any object F € Perf?LLfH)(GrH,S/ pivt,u; To) 8 a finite direct sum of objects of the form
T(0) and T(O[1]).

Proof. The same argument as for [LL21], Theorem 5.4.1] shows that any such F is pulled back from the small
Tate category of S. Then we may conclude by applying [LL21l Lemma 3.5.1], with the following remark:
In [LL21] the case ¢ = 2 is excluded because of [LL21, Remark 3.5.4] which claims that Extg_ (Fa, F2) # 0,
however this is clearly false, so we may also take ¢ = 2. (|

Lemma 5.3.4. The category PerfELLfH)(GrHVS/ Divk;%’@)bd is Krull-Schmidt.

Proof. By [CYZ08, Theorem A.1], a Karoubian category such that the endomorphism ring of any object is
semiperfect is Krull-Schmidt. We will check the semiperfect and Karoubian conditions.

First we check that End(K) is semiperfect for any K € Perf?LLJ;AH)(GrHS/ Divl : To)P4, by showing that
End(K) is a finite k-algebra. In fact, it follows from Lemma and Lemma that for any Ky, s €
Perf?LLfH)(Gr H.,S/ Divl To0)P?, the whole Ext-algebra Ext® (K1, ko) is finite-dimensional over k.

Now it suffices to show that Perf?LLfH)(GrHﬁ/ Div%{;%)bd is Karoubian, i.e., all idempotents are split.
According to [LCO7, Proposition 2.3], in a triangulated category an idempotent of a distinguished triangle
which splits on any two terms splits on the third. Therefore by devissage, we may reduce to showing that
for any indecomposable object in PerfELLJrA H)(Gr H,8/ Divt,u; T0), its endomorphism ring is local. By Lemma
such K must be isomorphic to T(Q"[d]) for some d, and then Lemma computes its endomorphism

algebra, which is seen to be local by inspection.
O

5.3.2. Relative Tate-parity complexes. We define make definitions within the small Tate category analogous

to those in §5.1.3|

Definition 5.3.5. Let K € Perf?}fH)(GrHﬁ/ Div%{;%)bd. Fix a pariversity t: X.(Ty) — Z/2Z. Below we
view Tate cohomology as being indexed by Z/2Z.
(1) For ? € {x,!}, we say K is relative ?-Tate-even if for all geometric points s — S and all u € X,.(Ty)™,

TT(M)-i-l( (/C\ )) =

(2) For ? € {x,!}, we say K is relative ?-Tate-odd if K[1] is relative ?-Tate-even.
(3) For ? € {x,!}, we say that K is relative 7-Tate-parity if IC is either relative ?-even or relative ?-odd.
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(4) We say K is relative Tate-even (resp. relative Tate-odd) if K is both relative x-Tate even (resp. odd)
and relative |-Tate even (resp. odd).

(5) We say K is a relative Tate-parity complex if it is isomorphic within PerfELLfH)(GrH,S/ Divl To)Pd to
the direct sum of a relative Tate-even complex and a relative Tate-odd complex. The full subcategory
of PerfELLfH)(Gr H.,5/Divl To)P? spanned by relative Tate-parity complexes (with coefficients in 7gp)

is denoted ParULA(GrH’S/ Divk ; T0)-

5.3.3. Structure theory for strictly totally disconnected S. Here we record several structural results about
Perf?l{iAH)(GrHﬁ/ Div%{;%)bd under the assumption S is strictly totally disconnected. Below all Hom and
Ext groups are formed in the category Perf?LLf H)(Gr H,5/Divl; To)Pd; we omit this for ease of notation. By
arguments analogous to those in we have the following results.

Lemma 5.3.6. Assume that S is strictly totally disconnected. If F € Perf}%ﬁH)(GrH’S/ Div&;%)bd is
relative x-Tate-parity and G € Perf(ULL;AH)(GrH)S/ Div§(§7b)bd is relative |- Tate-parity, then we have a (non-
canonical) isomorphism of k-vector spaces

Ext*(F,0)= @ Ext*(i,F,i,0G)

HEX . (Tr)*

Lemma 5.3.7. Assume that S is strictly totally disconnected. If F € Perf?LI#AH)(GrHﬁ/ Div%{;%)bd is
relative x-Tate-even and G € PerfELLJ;AH)(GrHﬁ/ Div;;%)bd is relative !-Tate-odd, then Hom(F,G) = 0.

Lemma 5.3.8. Assume that S is strictly totally disconnected. If F,G € PerfPLLfH)(GrH,S/ Div%{ﬂb)bd
are indecomposable and either both relative Tate-even or both relative Tate-odd, and i, is the inclusion of a
stratum which is open in the support of both F and G, then the restriction map Hom(F,G) — Hom(iy F,i,G)
1S surjective.

Lemma 5.3.9. Assume that S is strictly totally disconnected. Let F € Perf?}fH)(GrHﬁ/ Div%{;'ﬁg)bd be an
indecomposable Tate-parity complezx, and let j: U — Gry g, Divl, be an inclusion of a union of strata open
in the support of F. Then j*F is either 0 or indecomposable.

Proposition 5.3.10. Assume that S is strictly totally disconnected. Let F € PerfPLLJ;AH)(GrH,S/ Divg(;T(ﬂbd
be an indecomposable relative Tate-parity compler. Then F enjoys the following properties:
(1) F has support of the form Gry s/ pivi <, for some p € X (Ty)t.
(2) The restriction iy, F to the open stratum in supp(F) is isomorphic T(O[d]) for some d.
(8) Any indecomposable relative Tate-parity complex G supported on Gry g/ Divl, <us such that iy,G =
T(O[d)), is isomorphic to F.

Definition 5.3.11 (Relative Tate-parity sheaves). Assume that S is strictly totally disconnected. We
say that F € Perf?}fH)(GrH’S/ Div%{;%)bd is a relative Tate-parity sheaf (with respect to t) if it is an
indecomposable relative Tate-parity complex (with respect to ). We write F = Ep(u, £) if F has support
Gry g/ Divk < and i, F = T(L).

5.4. Even maps. A stratified v-stack is a v-stack Y plus a decomposition of Y into locally closed strata
i,: Y, <= Y, such that i, is shriekable for all . For a stratified small v-stack Y, such that the inclusion
maps of strata are all shriekable, and a pariversity 1 (i.e., a function from the set of strata to Z/2Z), we
may define (absolute) parity complexes analogously to Definition (requiring the restriction to strata to
have cohomology sheaves which are A-free local systems). We do not expect it to have good properties in
general, but in this section we axiomatize the property that this notion of parity complex will be preserved
under “even” maps, which is true in general.

We begin with a simple observation that provides a partial substitute for “Gysin isomorphisms” in p-adic
geometry (which are not defined, due to the lack of a notion of local complete intersection).

Lemma 5.4.1. Leti: Z — Y be a shriekable map of stratified Artin v-stacks which are £-cohomologically
smooth of integral {-dimension (cf. [FS21, Definition IV.1.17]). Then i' is isomorphic to an even shift of i*
on étale local systems on 'Y .
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Proof. By base changing to an étale cover of Y, we reduce to showing that i'A is isomorphic to an even shift
of A. Writing D(_y for the dualizing sheaf and d,d’ € Z for the (-dimensions of Y, Z respectively, we have

i'A =2 i' Dy [—2d] = Dy[—2d] = A[2d' — 2d].

The following Definition is in imitation of [JMW14, Definition 2.32, Definition 2.33].

Definition 5.4.2 (Even maps). Let Y and Y’ be stratified small v-stacks and f: Y — Y’ be shriekable.
We say that f is stratified if

(1) The pre-image of any stratum Y, < Y is a union of strata of Y.
(2) For any stratum Y,, C Y lying over any stratum Yy C Y”, the restricted map of strata f{': Y, — Y}
is f-cohomologically smooth with integral ¢-dimension.

We further say that f is even if for all y, A and any A-free étale local system £ on Yy, the complex R*(f4).(£)
is A-free and vanishes for odd i.

The significance of even maps lies in the fact that their direct image preserves parity, as in the following
Proposition.

Proposition 5.4.3. Let Y,Y’ be stratified Artin v-stacks and let f: Y — Y’ be an even stratified map
(hence shriekable by definition). Suppose that all strata of Y, Y’ are £-cohomologically smooth with integral
C-dimension. Let T be a pariversity on'Y’, and define the pullback pariversity 1y on'Y wvia Ty (p) := t(A) if
f carries Y, to Y.

(1) If f is proper and K € D%(Y;A) is a ty-parity complex, then Rf.(K) € D%(Y';A) is a t-parity
complex.

(2) If f is smooth of integral {-dimension and K € D%(Y'; A) is a t-parity complez, then f*K € D%(Y; A)
is a Ty -parity complex.

Proof. (1) The statement and argument are the same as for [JMW14l Proposition 2.34|, so we just sketch it.
Using proper base change, we calculate i3RfiIK and i!AR f+«KC by stratifying the fibers by Y),, and calculating
the cohomology of fibers in terms of cohomology of strata using excision sequences. This equips 3R fiIK
with a filtration whose associated graded is a direct sum of pieces of the form R(f}’ hi, K, so its cohomology
sheaves are A-free and vanish in the correct parity of degrees by the definition of an even map. The story is
similar for il)\R fe

(2) It is immediate from the definitions that f*K is *-parity with respect to {y. Consider the commutative
diagram

where the right square is Cartesian. Suppose K € D% (Y';A) is t-parity. Since f is smooth of integral
{-dimension, (z’/\)' K= f;z'/\ has locally constant A-free cohomology sheaves, which can only be non-zero
in degrees congruent to T(\) mod 2. By Lemma the same holds for (i%)'(i})' f*KC = i!uf*lC, so f*K is
also !-parity with respect to ty. O

5.5. Demazure resolutions. We will show the existence of parity sheaves in the case where S factors
over a geometric point SpdC. We first recall the notions of parahoric group schemes and their partial
affine flag varieties in the context of B;-affine Grassmannians, following [ES21, §VL5]. Let S be a small

v-stack and S — Divy a map factoring over Spd C' where C' = E. Let A := Wo,(Ocs). For a subset
J of affine simple roots there is a parahoric group scheme P; — G4, and we define LTP;/Spd O¢ by
LTP;(R,R") = P;(Big(RY)).
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Now we define Bott-Samelson varieties in parallel to [JMW14] §4.1]. Fix a chain J, of subsets of the affine
simple roots of G,

Io I .. 1,
J, = \ / \ / \ /
Jy Jo Jn
For (1 <i <k <n), we define
Gr(Jl.)’k) =LG ><L+Pli (L+PJH1) XLJ“PI?"_H X... X (L+,PJ1€71) XL+P1k_1 (L+ij)/(L+7DIk)
and the Bott-Samelson variety
BS( k) = (L4Py,) x P (L) xE Privs s x (EFPy, ) x B Pies (LVPy, ) /(L Py,)

where the action maps are given by the same formulas as in [JMWI14l p.1201]. There is an obvious closed
embedding BSFJZJ""k) — Grff.’""k) induced by the closed embedding LYP;, — LG.

i+1

Example 5.5.1. If I, = () for all 4, and J; = {j;} is a singleton with corresponding simple reflection sj,,
then BSE;:""k) = Demy; s is the Demazure variety from [FS21], Definition VI.5.6| for v = s, 55, ..., € Wag
(the affine Weyl group of G).

Consider LG/L™P; with the stratification by left L™Pp-orbits for some Pr. Note that if I C J, then
there is a natural map
T LG/L+7D[ — LG/L+PJ
which is stratified and even (in particular shriekable), as well as proper. For any I, a maximal proper
choice of J gives a map from LG/L1P; to an affine Grassmannian Grg, ¢, and we use it to pull back to the

dimension pariversity to LG /L*P;. Note that Grf,i.’“”k) maps to Grg, ¢ via projection to its first factor; this
map is again stratified and even, and we use it to pull back the pariversity {. Below, “parity” will always
refer to this pariversity.

Lemma 5.5.2. If [ C J, and I' C J', the projection map
T LG/L+'P1 — LG/L+PJ

is an even stratified map (where the source is equipped with the stratification by left LY Py -orbits, and the
target equipped with the stratification by left LY'P j-orbits), which is both proper and £-cohomologically smooth
of integral £-dimension.

Proof. The map 7 is a torsor for the diamond of a partial flag variety of G, hence it is proper and ¢-
cohomologically smooth of integral /-dimension. It is also evidently stratified, and even because the coho-
mology of partial flag varieties is concentrated in even degrees. (Il

As in [JMW14] p.1201] there is a commutative diagram

BSF]I.,Q ,,,,, n) GI_‘(]1.,2,,,.,VL) GI'((JZ. ,,,,, n) . Gr((]’r:—l,'n.) L+G/L+P1n

: SR SR A
| N

BS 2 e Gifl? ——— Gl —— Lo/, ———

! | | |

B ? arl? LG/L*P;, —— LG/L*Py,

! | |

BS}) «———— LG/L*P;, — LG/L*Py,

l |

LJFIPJI/LJrPJl — LG/LJF'P‘]1
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with all squares being Cartesian; this last fact can be checked on geometric points, which then reduces as
in the proof of Proposition to the analogous statement for classical affine Grassmannians, which is in
[TMW14].

Lemma 5.5.3. For the map f: BSSI.’z"”’") — LYG/LYP;, which is the composite of the top row of (5.8),
we have Rf.A € Dpip,, (LG/L*Pr,) is a relative parity complex.

Proof. Repeatedly apply proper base change to rewrite Rf.A in terms of pushforward and pullbacks along
the right edge of (5.8). Then all the maps involved are of the kind considered in Lemma so their
pullbacks and pushforwards preserve parity by Proposition [5.4.3 O

Proposition 5.5.4. Assume S = Spa(C,C™"). Each orbit closure of the LY Pr-action on LG /LTP; supports
a parity sheaf.

Proof. For any such orbit closure O, we claim that we can find some .J, with Iy = I and I,, = J such that
the Bott-Samelson variety f: BSSI.""’n) — LG/P; has image equal to O. Then by Lemma @, RfiAis a
parity complex with full support on O, hence it has an indecomposable summand with full‘support on O.
Now to establish the claim: in the proof of [JMW14, Theorem 4.6], it is explained how to find such a
map in the analogous situation for classical affine Grassmannians. We take the same combinatorial data J,.
To check that the image is as desired, it suffices to check on geometric points, and then this reduces to the
classical case as in the proof of Proposition O

Corollary 5.5.5. If F,G € ParULA(Grcys/ pivt i A), then their convolution FxG lies in ParULA(GrQS/ Divk s A)-

Proof. The statement immediately reduces to the case where S = Spa(C,C™). There the proof is similar
to the proof of [JMW14, Theorem 4.8], so we will just sketch it. By the proof of Proposition any
parity sheaf is up to shift a summand of Rf.A for some Bott-Samelson resolution f: BS(Jl.’“"”) — LG/P;.
Therefore it suffices to show that for two such Bott-Samelson resolutions fi, fo for J} and J2, the convolution
(Rf1+A) x (Rf2,A) is parity. But we have

(Rf1+A) x (Rf2xA) = Rf A (5.9)

where f is the Bott-Samelson resolution associated to the concatenation of J! and J2, so it is a parity
complex by Lemma [5.5.3 O

5.6. Modular reduction. We now establish some properties of relative parity sheaves under change-of-
coefficients, parallel to [JMW14| §2.5] and [LL21} §5.6].

Lemma 5.6.1. Let F denote the change-of-coefficients functor
L
F=k®o (-): DEJLL+AG)(GrG,S/ Div§(§@)bd - DEJ[,L+AG)(GrG,S/ Divg(§k)bd'
Let € € D&L+Ag)(GrG,S/ Div§(§@)bd
(1) € is relative ?-even (resp. odd) if and only if FE is relative ?-even (resp. odd).

(2) Assume S is strictly totally disconnected. If € = E(u, L) € ParULA(GrQS/ pivk ;@) is a relative
parity sheaf, then FE is a relative parity sheaf and we have

FE(u, L) =2 E(u,FL).

Proof. (1) Tt is immediate from the definitions that i’F(£) = F(i’E), so & is ?-even (resp. odd) implies that
FE is 7-even (resp. odd). The converse follows from the assumption that & has O-free stalks and costalks,
so the cohomology sheaves of £ are supported in the same degrees as the cohomology sheaves of FE.

(2) By (1), FE is a parity complex. The remaining content is that FE is indecomposable if £ is inde-
composable. Equivalently by Lemma we need to show that if End(€) is local then End(F€) is local.
Indeed, we have End(FE) & k ®g End(€) by Lemma This shows that locality of End(&) implies
locality of End(FE), because a quotient of a local ring is local. a

We next explain that the functor T = T*¢* from Definition [5.2.4] has similar properties to modular
reduction.
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Proposition 5.6.2. Let £ € DPLLJrAH)(GrH’S/ Div%{;@)bd

(1) If€ € DEJLLJrAH)(GrH’S/ Div%{;@)bd is relative even (resp. odd), then TE € PerfPLLfH)(GrH,S/ Div;;%)bd
is relative Tate-even (resp. odd).

(2) Assume S is strictly totally disconnected. If € = E(u, L) € ParULA(GrHVS/ pivt ; Q) is a relative parity
sheaf, and

Hom ura
D(L+H)(G

oy (E,E[n]) =0 for alln <0, (5.10)

TH, S/ Div
then TE € Perf?LI‘fH)(GrH’S/ Div§(§7b)bd is a relative Tate-parity sheaf and we have
TE(, £) = Ex(11, £).

Proof. As explained in the operation T is compatible with formation of iy, or 4,. Hence to prove (1)
we reduce to showing that T*e*Q vanishes in odd degree, which was seen in Example

For (2), we just need to check that TE is indecomposable. By Lemma this is equivalent to the
endomorphism ring of TE being local. Applying Lemma[5.3.1to F = G = &, we have

HOmPerfULA (GrH,S/ Div%{ i To)bd (Tg, Tf) = @ HomDULA (GrH,S/ Div%{ ;k)bd (]Fg, FS[QZ]) (5.11)

(Lt H) (Lt H)
i€Z

By Lemma [5.6.1{(2), the ring Hompura (g, L kypa(FE,FE) is local. This shows that the subalgebra on
(LTH) H,S/Divy >’

the RHS of (5.11)) indexed by ¢ = 0 is local, and by hypothesis (5.10) the summands of (5.11)) indexed by
1 < 0 vanish. This implies the desired locality of the graded algebra (5.11). O

5.7. The lifting functor. For strictly totally disconnected S, we will construct a “lifting functor” from
ParULA(GrHS/ pivk ;7o) to ParULA(GrH,S/ pivt i k) following [LL21, Theorem 5.6.6], which allows to lift
relative Tate-parity sheaves out of the Tate category. This will be used as part of the construction of the
Brauer functor.

Definition 5.7.1 (Normalized parity sheaves). Assume that S is strictly totally disconnected.
For y € X.(Tg)", we say that a relative parity sheaf £(u,L) € ParULA(Gr}LS/ pivk i A) (resp. rela-
tive Tate-parity sheaf Er(u, L) € ParULA(GrH,S/ pivk i T0)) is normalized if £ = A[(2pp, p)] (resp. L =

T(O[2pm, 1)]))-
A normalized (Tate-)parity complex is a finite direct sum of (Tate-)parity sheaves with no shifts.

We denote the full subcategory of normalized relative parity complexes (resp. normalized relative Tate-
parity complexes) by ParELA(GrH7S/DiV§(;A) C ParULA(GrH,S/ Div%{;A) (resp. ParELA(GrH,S/ Div%{;T@) C
PaTULA(GYH,S/ Divl > 770)))

The point of the normalization is to plausibly match the behavior of relative perverse sheaves. Indeed, in
the next section we will prove:

Theorem 5.7.2. Assume S is strictly totally disconnected. Suppose £ > b(H), the supremum of b(®)
from Figure 1| over all root systems ® of simple factors of H. For A € {0,k}, a normalized parity sheaf
E(u, k[(2pm, 1)) € ParELA(GrHﬂ/ pivi 3 A) ezists for all p € X.(Tw)*, and is relative perverse.

Combining Theorem [5.7.2 and Proposition [5.6.2] under the assumption that S is strictly totally discon-

nected and ¢ > b(H) we have that E(u, L) — TE(u, L) = Ep(u, L) induces a bijection between normalized
parity sheaves in ParELA(Gr H,S/Divl; 0) and normalized Tate-parity sheaves in ParELA(Gr H,5/Divl; To).

Definition 5.7.3 (The lifting functor). Following Leslie-Lonergan, we define the lifting functor
L: ParELA(GfH,S/ Div§(§7b) - PafELA(GfH,S/ Div3(§k')

which on objects sends E1(A, L) — FE(A, L), and on morphisms projects to the summand indexed by i = 0
in (5.7). By design, the functor L fits into a commutative triangle

PafELA(GrH,S/ Divl s 0) d ParELA(GrH)S/ Divl i k)

x} ///,,L/’” (5.12)

Par, " (Gry s/ pivi s o)




36 TONY FENG

Remark 5.7.4. Presumably Leslie-Lonergan chose the name “lifting functor” because it takes objects in
the Tate category, a Verdier quotient of a derived category of sheaves, to objects in a derived category of
sheaves. Note however that the source of L is the integral version of the Tate category, which is k-linear
(like the target of L). The triangle suggests that L behaves like an intermediate change-of-coefficients
functor.

Note that if S is strictly totally disconnected and ¢ > b(H), then all objects of ParELA(GrH)S/ pivt ; 70)
are perverse by Theorem hence have canonical equivariant structures, which allow us to view them in
Dé{LA(HCkH,S/ Div;3770)bd~ Therefore, their convolution is defined. This endows ParELA(GrH,S/ Divl ; T0)
with a monoidal structure *.

Lemma 5.7.5. Assume S is strictly totally disconnected and ¢ > b(H). Then the functor L admits a
canonical monoidal structure making (5.12)) into a commutative diagram of monoidal functors.

Proof. The functor F is monoidal, which means that there is a commutative square
(ParnULA(GrH,S/ Divl > @))®2 —— PaTELA(GYH,S/ Divl 0)

ﬁ@z fF (5.13)
(Par?LA(GrHﬁ/ Divl s k))®2 —— ParnULA (GTH,S/ DivL ) k)

with the natural transformation satisfying coherence data. Also T is monoidal, which entails the top com-
mutative square in the diagram below.

(ParELA(GYH,S/ Div s 0))%? —— ParELA(GrH,S/ DivL ) 0)

J7e Ir

(Par, ™4 (Gra,s/pivt s 70))®? —— Pary™* (Gra,s/pivt s T0) (5.14)

= I

(PMELA(GYH,S/ Div}s k))& —— ParELA(GrH,S/ Divl; k)

In the top square of , the vertical arrows are essentially surjective by Theorem [5.7.2l The maps on
morphisms are given by Lemma The outer square is equivalent to (5.13) by (5.12). Hence the natural
isomorphisms making the upper and outer squares commute, which are part of the monoidal structures of F
and T, induce a natural transformation making the lower square commute. In other words, this constructs
a natural isomorphism

L(FxG) = L(F)* L(G)
for all F,G € ParV™ (Gr 1,5/ Divl ; To). The coherence data is similarly induced from those of F and T.
O

6. TILTING MODULES AND THE GEOMETRIC SATAKE EQUIVALENCE

In this section we show that normalized relative parity sheaves are relative perverse when £ is not too
small, and establish that they correspond to tilting modules under the Geometric Satake equivalence. The
results are parallel to those of Juteau-Mautner-Williamson in [JMW16], and we follow their proof strategy,
but we also have to supply new arguments for some steps.

In fact, the majority of this section is spent on the case of tilting modules with quasi-minuscule highest
weight, which occupies only six sentences in [IMW16]. This is because the singularities of quasi-minuscule
Schubert varieties in the classical affine Grassmannians are understood, and smooth-locally equivalent to
those of the minimal orbit in the nilpotent cone of g. At present we do not such statements in p-adic
geometry. We will instead degenerate to the Witt vector affine Grassmannian and study resolutions of the
quasi-minuscule Schubert varieties there constructed by Zhu [Zhul7|. Using the intersection forms introduced
by Juteau-Mautner-Williamson [ITMW14] to analyze the failure of the Decomposition Theorem with modular
coefficients, we compare the (failure of the) Decomposition Theorem for these resolutions with the parallel
situation on the equicharacteristic affine Grassmannian, deducing that the behavior must be “the same” in
a suitable sense.



MODULAR FUNCTORIALITY IN THE LOCAL LANGLANDS CORRESPONDENCE 37

We note that for the classical affine Grassmannians, Mautner-Riche [MR18| have proven the relevant
statements, relating normalized parity sheaves to tilting modules, in the optimal generality, improving on
[JMW16]. However, the proof of Mautner-Riche relies on various techniques that have not yet been developed
in the setting of p-adic geometry. Hence our results here are to some extent a “proof of concept”, and we
leave the optimization of technical hypotheses for future work.

We begin in §6.1] with some recollections and elaborations on the Geometric Satake equivalence of Fargues-
Scholze. Then in §6.2] we formulate the main results relating parity sheaves and tilting modules through this
equivalence. In §6.3| we begin the proof, reducing it to the case of quasi-minuscule highest weight. Finally,
§6.4) completes the proof of this case.

Throughout this section we abbreviate Gre,c := Grg spa(c,c+)/pivy and dy, := (2pg, 1)

6.1. The Geometric Satake equivalence. We first record some generalities on the Geometric Satake
equivalence. Let S be any small v-stack over (Div)!. We denote the Satake category Sat(Grg s/ pivi ) A) C
DGV (Heke,s/(pivi )1 AP to be the full subcategory spanned by flat perverse sheaves over S. By the same
argument as for [FS21], Proposition VI.7.2], the pullback functor

Sat(Gre,s;oiv); A) = Dife) (Gra,s pivy i A)™

is fully faithful, so we may regard Sat(Grg s (pivt yr; A) C D?LLJFAG)(GrG’S/(DiV%()I;A)bd.
For a v-stack S, we let Loc(S; A) be the category of A-free étale local systems on S. Let 7 g GI'G“S'/(DivAIX)I
S be the natural projection. In [FS21l §VI.7], Fargues-Scholze establish the Geometric Satake equivalence,

Sat(Grg, (pivt )15 A) = Reproc((pivy )r:a) (G), (6.1)

X

where the right side is the category of representations of a certain reductive group object in the category
Loc((Div)’; A). The equivalence is symmetric monoidal, with the underlying monoidal structure given by
convolution on the left and tensor product on the right, and carries the fiber functor @, Ri”G,Div§( . on the
left to the forgetful functor on the right.

The category Loc(Div&; A) is symmetric monoidal under tensor product. Note that there is an action of
Loc(Divy; A) on Sat(Grg piyt ; A) via pullback and tensoring. Pullback also defines a symmetric monoidal
functor Loc(S; A) = Sat(Gra s (pivi )15 A).-

Lemma 6.1.1. The natural functor
Sat(Grg pivt i A) ®Loc(bivi :a) Loc(S; A) = Sat(Gre s/ (pivt )15 A)
is a monoidal equivalence with respect to the convolution product.

Proof. By descent, we may reduce to the case where G is split, say with maximal torus 7. The functor is
fully faithful, using that the formation of RHom commutes with base change [FS21 Corollary VI1.6.6]. For
essentially surjectivity: the Schubert stratification induces a compatible semi-orthogonal decomposition on
both sides, and it suffices to see that the functor induces an equivalence on each piece of the decomposition.
On the piece indexed by p € X.(T)" it takes the form

Sat(GrG,Divk,p,; A) ®LOC(Div§(;A) LOC(S) - Sat(GrG,S/ Divk,,u; A)

~Loc(Divi ;A) ~Loc(S;A)

and the equivalence is clear by inspection. The compatibility of the monoidal structures is evident from the
definition. O

Remark 6.1.2. Lemma equips the convolution monoidal structure on Sat(Grg g pivt ;A) with a
commutativity constraint, promoting it to a symmetric monoidal structure.

Tensoring (6.1)) with Loc(S; A) over Loc(Div; A) and applying Lemma gives a symmetric monoidal
equivalence

Sat(GrG,S/ Divl A) = 1:{epLoc(S;A) (G)7 (62)
carrying the fiber functor @, R'7¢ s. on the left to the forgetful functor on the right.
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Example 6.1.3. If S is strictly totally disconnected, then for C°°(|S|; A) the ring of continuous functions
from |S| to A, we have that

Loc(S; A) = {finite projective C°°(]S|; A)-modules}.
In particular, if S = Spa(C,C™) is a geometric point then |S] is a point and (6.2) reads

Sat(Grg,c; A) = Rep, (G)
where G is the usual Langlands dual group by [FS21, Theorem VI.11.1]. For general strictly totally discon-
nected S, we have

RepLOC(S;A)(G’) >~ Rep, (G) @4 {finite projective C*°(|S|; A)-modules}. (6.3)

6.2. Parity and tilting. Recall that a representation of G is called a tilting module if it has both a filtration
by standard modules, and also a filtration by costandard modules (see [Jan03, Appendix E] for a reference).
The tilting property is preserved by direct sum and tensor products; the latter case is a non-trivial theorem

of Mathieu [Mat90], building on work of Wang and Donkin. Let Tilta(G) C Rep,(G) denote the full
subcategory of tilting modules. For each u € X*(T')" there is a unique indecomposable tilting module of
highest weight p, which we denote Th (u).

Definition 6.2.1. Let b(G) be the supremum of b(®) defined in Figure |1} as ® runs over the root systems
of simple factors of G.

We abbreviate the normalized relative parity sheaf with support Grg,c <, by €(i) := E(p, k[d,]). Recall
that &(u) exists for all 4 € X, (T)* by Proposition [5.5.4]

Theorem 6.2.2. If { > b(G), and S = Spa(C,C*) is a geometric point, then E(u) is perverse and corre-
sponds under the Geometric Satake equivalence to Ty (p). Thus, the Geometric Satake equivalence restricts
to an equivalence as in the diagram below.

PargLA(GrG’C;k) —~ s Tilty(G)

j j (6.4)

Sat(Grg.c; k) —=— Rep,(G)

Theorem implies the existence of relative parity sheaves for any strictly totally disconnected S over
Divﬁ(.
Corollary 6.2.3. Let S be strictly totally disconnected. Let A = Q or k. If £ > b(G), then the parity sheaf
E(p; Aldy)) in ParELA(GrGﬁ/ pivk i k) exists for all p € X, (T)*.

Proof. Let F be the relative perverse sheaf on Grg g, pivl, corresponding under the Geometric Satake equiv-
alence (6.2]) to Ta(p) ® C°°(]S]; A) viewed in RepLOC(S;A)(G) via (6.3). If A = k, then F is a relative parity
sheaf by Theorem If A =Q, then FF is a relative parity sheaf by the case just handled, hence F is a
relative parity sheaf by Lemma [5.6.1 |

Since Sat(Grg,c; k) = Rep, (G) is a highest weight category, it has a notion of standard, costandard, and
tilting objects. The standard objects are A, := ?i,,(k[d,]) and the costandard objects are V, := P4, (k[d,])
for all € X, (T)T, where the superscript P refers to Oth perverse cohomology.

Proposition 6.2.4. Suppose F € Sat(Grg,c; k) is relative perverse, and relative parity with respect to the
dimension pariversity Tq. Then F is tilting.

Proof. The proof is similar to that of [JMW16, Proposition 3.3], substituting the results of for those
of [JMW14]. We need to show that F has a standard filtration and a costandard filtration. By general
homological algebra of Ringel [JMW16l Theorem 3.1], F has a standard filtration if and only if Ext! (F,V,) =
0 for all 4 € X,(T)", and F has a costandard filtration if and only if Ext'(A,, F) = 0 for all u € X,(T)".
By Verdier duality, it suffices to show that

Ext!(F,V,) =0 for all u € X.(T)".



MODULAR FUNCTORIALITY IN THE LOCAL LANGLANDS CORRESPONDENCE 39

We have an exact triangle
Vi = iukld,] — A
where A lies in * D>? for the (relative) perverse t-structure. This gives a long exact sequence
... = Hom(F, A) — Ext'(F,V,) — Ext'(F,iukld,]) — ...

The leftmost term vanishes by the axioms of a t-structure, because F € ? D? while A € » D>°. The rightmost
term vanishes by Corollary [5.1.12|because i,,.k[d, +1] is relative !-odd for the pariversity t, while F is relative
*-evel. t

6.3. Proof of Theorem For A € X.(T)4, we let T(p) be the perverse sheaf corresponding under
Geometric Satake to Ty(u) € Repy(G). Our goal is then to prove (u) = T (u) for all p € X.(T). By
Proposition [5.1.15 it suffices to show that 7 (u) is parity, since 7 (u) is evidently indecomposable and has

the correct support.

6.3.1. Group-theoretic reductions. As in [JMW16, §3.4], by elementary reductions we may assume that G is
simple, semi-simple, and adjoint. Then G is simple, semi-simple, and simply connected, so it has a system
of fundamental weights w;, as well a unique quasi-minuscule dominant root o (characterized as the unique
shortest dominant root of G).

6.3.2. Basic cases. We will establish the result in the minuscule and quasi-minuscule cases as basic building
blocks.

Lemma 6.3.1. If p € X.(T)" is minuscule, then E(u) = T (u) = IC,,.

Proof. The orbit corresponding to the minuscule coweights of G, so T(u) = IC,, = ki o, [dy]. This is
clearly parity, so it is isomorphic to E(u). (Il

Proposition 6.3.2. Let ag be the quasi-minuscule root of G. If £ is a good prime for G and furthermore
Ctn+1in type A,, Lt n in type Cy, then we have

E(ap) 2 T(ap) 2 Va, & A,, 21C,, .

The proof of Proposition will actually be quite involved (and will deviate significantly from its
“classical” counterpart in [JMWI16, Lemma 3.7(2)], so we will assume it for now in order to complete the
proof.

6.3.3. Fundamental coweights. Next we establish the result for the fundamental weights.

Lemma 6.3.3. If { > b(G), then for each fundamental weight w; we have &(w;) = T (w;).

Proof. The proof is the same as that of [JMW16, Proposition 3.8] so we just sketch it. As explained earlier,
it sssuffices to show that 7 (w;) is a parity complex.

In type A, all the fundamental weights are minuscule, so the result follows immediately from Lemmal6.3.1
We henceforth assume that G is not of type A. Then under the assumption £ > b(G), we have by Lemma
and Proposition that if 4 is minuscule or quasi-minuscule, then the Weyl module Wy, (1) = A, is
tilting.

We shall want to make comparisons to characteristic zero so we write We(p) for the Weyl module of
highest weight p in Repa(G). We may realize the Weyl module W (w;) as a direct summand of the tensor
products of Weyl modules associated to minuscule or quasi-minuscule weights as in [JMWI16, §3.6]; for

example in type B,, we have, referring to the notation of [JIMW16, §3.6.2],
We(w,)®? =2 We(2w,) @ We(wn_1) @ ... ® We(wr) @ We(0). (6.5)

Since the tensor product of tilting modules is tilting, the tensor products of Weyl modules over k associated
to (quasi)-minuscule weights are tilting (e.g., Wi (w1)®? in type B,,). Then Corollary implies that the
corresponding perverse sheaves are parity. If each fundamental Weyl module summand in these decomposi-
tions remains simple over k (e.g., the Wy (w;) in type B, ), then each is tilting and the same decomposition
occurs over k as over C. Then T (w;) is a direct summand of a parity complex, so it is a parity complex.
It only remains to remark that for ¢ > b(G) the fundamental Weyl modules remain simple; see [IMW16,
§3.6] for the references.
O
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6.3.4. The general case. The following Lemma completes the proof of Theorem m (modulo the proof of
Proposition m, which we complete in the next subsection).

Lemma 6.3.4. If £ > b(G), then for any p € X.(T)T we have () = T (p).

Proof. The argument is the same as in [JMWI6| §3.7], so we just sketch it. We may write p = > n;w; for
n; > 0. The representation Q) T'(zo;)®" is tilting, with highest weight p, hence contains T'(11) as a summand.
Therefore T () is a summand of T (w1 )*™ % ... x T (w,.)*". This convolution is parity by Corollary
since Lemma implies that each 7 (w;) is parity. Therefore the summand 7 (\) is also parity, so we must
have T (p) = E(u). O

6.4. Proof of Proposition We may assume that G is split, so we fix a reductive extension G/Op,
in which we prolong T to a split maximal torus. Let G, T, etc. denote the special fibers of G, T, etc.

6.4.1. Reduction to the Witt vector affine Grassmannian. As observed already, it suffices to show that T (ayg)
is parity. Since T (o) is pulled back along Grgc — Hckg, o, the statement can be “degenerated” to
characteristic p via [FS21], Corollary VI.6.7], which implies that it suffices to check the analogous statement
for GrG,Sdeq/Div§, > (Gry'™)° where Gry™™ is the Witt vector affine Grassmannian of [Zhul{, BS17].

Then by [Sch22, §27], it suffices to show the analogous statement on Gryy ': the perverse sheaf T(ag) on

Gr\gitt, corresponding to the tilting module Ty (c) under the Geometric Satake equivalence, is a parity
complex.

6.4.2. Intersection forms. We recall the notion of intersection form from [JMW14l §3.1], adapted to our
setting of perfect algebraic geometry. We work over an algebraically closed field F of characteristic p.
For Y/ Spec F, the Borel-Moore homology of Y is HEM(Y) = H*Q"(Y;ID)y/F). If Y is perfectly smooth of
dimension d over F, then we have Dy g = k[2d].

Ifi: Z =Y is a closed embedding with open complement j: U < Y, then we have an exact triangle

:Dz/p = Dy/r — 5Dy p.
Suppose Y is perfectly smooth of dimension d over F, so the same holds for U. Then Dy gy = k[2d] and
similarly for Dy . Taking cohomology, this induces an isomorphism

HEM(Z) = HE (Y k) := H* (Y ;i ky ).

The cup product on relative cohomology gives a pairing HQZd_“(Y; k) ® HZZd_b(Y; k) — H‘}d_“_b(Y; k), which
translates to a pairing

HM(Z) @ MM (Z) = By 04(2). (6.6)

under the commutative diagram

HM(Z)  ©  HM(Z) ——— HR 54(2)

- - ; o

HY 7 *(YV;k) © HFE'(Y;k) —— HY*'(Y;k)

Suppose a + b = 2d and Z is perfectly proper. Then we have a degree map deg: HSM(Z) — k, which when
combined with induces a pairing

By HEM (2) o HYY,(Z) — k. (6.8)

This is the (analogue of the) intersection form from [JMWI14l §3.1], which is in turn inspired by the work of
de Cataldo and Migliorini on the Hodge theory of the Decomposition Theorem. In an analogous topological
setting, it measures the intersection number of a real (d — m)-dimensional cycle on Z and a real (d + m)-
dimensional cycle on Z within the (real) 2d-dimensional space Y. We will use it to study the Decomposition
Theorem with modular coefficients.



MODULAR FUNCTORIALITY IN THE LOCAL LANGLANDS CORRESPONDENCE 41

6.4.3. Splitting at the singular point. Let m: X > X bea perfectly proper surjective map, with X perfectly
smooth of dimension d. Let 2y € X and form the Cartesian square

—

|

To ——>

:><1<T><

[e)

Then by 3. (taking ¥V = X and Z = F), for each 0 < m < d there is an intersection form

By HYM (F) @ HPYL (F) — k. (6.9)

d—m
Its rank controls the splitting of 7.k [d] in the following sense.

Lemma 6.4.1. [JMWI14, Proposition 3.2] The multiplicity of i.k[m] as a direct summand of m.kg|d] is
equal to the rank of By

6.4.4. Zhu’s resolution. We will apply the preceding generalities to Zhu’s resolution of the quasi-minuscule
Schubert variety in Gryy ™" from [Zhul7, §2.2.2]. We briefly review this notation for the reader’s convenience,
and to set notation. Let ag € X,(T)" be the quasi-minuscule dominant coroot of G. We abbreviate
Cr := CrY™. Then we have the stratification

Gr<qo, = Gro, UGrg.

For a root o € X*(T), let U, denote the corresponding root subgroup of G over O and fix an isomorphism
Uy (F) carrying U, (O) isomorphically to O. For a real number r € [0, 1], let G, be the parahoric group scheme
over O, with O-points the parahoric subgroup of G(E) generated by T(0) and w!(rs-210 ¢ E = U,(E)
for all roots . Let @, = LTG, be the corresponding p-adic jet group.

Following Zhu, we define

Grea, = Qo X?V* Q1 /5/Qs/4. (6.10)
Let
T G\}Sao — GI’SQO

be the map sending (g, ¢’) to gg’w®. By [Zhul7, Lemma 2.12(ii)] it restricts to an isomorphism

71 Qo x4 (Q1/4Q3/4)/ Q374 — GTay,

over the open stratum, and to a contraction
mo: (G/Pgay)P ~ — Gro = pt (6.11)

over the singular point, where we recall that (—)pﬂx denotes perfection and G, etc. denotes the special fiber
of G, etc. Note that this is exactly the setup of §6.4.3]

All of the constructions of the preceding paragraph make sense for the equal characteristic affine Grass-
mannian, and yield a similar picture. We will denote the analogous objects with a superscript f.

By the same argument as for Proposition in order to show that 7 (o) = E(ayp) it suffices to show
that £(ay) is perverse. In the equal characteristic situation, we already know the analogue of Proposition
in particular that £(ag)? 2 T (ap)? is perverse. Since 7! is even, ﬂi(k[dao]) is a parity sheaf on Griao.
Hence we have B

78 (k[da,)) = E(ap)f & KF

where K" = P, idk[m]®em for some collection of multiplicities e,,. Since 7 (k[da,]) and Wi(k[dao]) have

the same (co)stalks at the singular point (namely the cohomology of G/P,,, by (6.11)), it suffices to show
that for all m € Z, i,.k[m] is a summand of m.k[d,,] with the same multiplicity e,,.
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6.4.5. Reduction to rank of intersection forms. Taking X = &Sao and F to be the fiber over Gry, and X5
and F% the analogous objects for the equal characteristic affine Grassmannian, it suffices by §6.4.3|to show
that the intersection form

By H (F) @ HY, (F) — k
has the same rank as the intersection form
m HEM (FF) @ HEY (F%) — k.

For this it suffices to produce a commutative diagram

HEM(F) ——— HBM(FY)
JN JN (6.12)
HE' ™ (X k) == H3 (X% k)

in which the bottom identification is compatible with the cup product.

6.4.6. Equivariant formality. Let K be a pro-(perfection of)-algebraic group and Y an ind-scheme with an
action of K. We have the equivariant cohomology

H3 (Y k) = HY(K\Y; k)

where on the RHS the quotient is taken in the sense of stacks. Recall that we say Y is K-equivariantly
formal (over k) if the Leray-Serre spectral sequence H*(Y'; k) @ Hi (pt; k) = H3(Y; k) degenerates at
E5, thus giving an isomorphism

H3 (Y k) 2 H*(Y; k) @k Hy (pt; k).

Lemma 6.4.2. If H*(Y; k) is concentrated in even degrees and Hi (pt; k) is concentrated in even degrees,
then'Y is K -equivariantly formal.

Proof. The differentials in the Leray-Serre spectral sequence change parity. ]

Example 6.4.3. Any K of the form Qf (resp. Q,) has the property that the quotient by its pro-unipotent
radical is (the perfection of) a reductive subgroup of G. Hence if £ is not a torsion prime for G, then H} (pt; k)

is even for any such K (cf. [JMW14] §2.6]). This is implied by the condition ¢ > b(G).

Corollary 6.4.4. Let F, F*, )},)?h be as in . Assume that £ is not a torsion prime for G.
(1) F is Qo-equivariantly formal over k, and F* is Qg-equivam'antly formal over k.
(2) X is Qo-equivariantly formal over k, and Xt s Qg-equivariantly formal over k.

Proof. Note that F, F*, X, X% are paved by (perfections of) affine spaces, so their cohomology is concentrated
in even degrees. By Example the Qo (resp. Qg) equivariant cohomology of a point is even under the
hypothesis on ¢, so the statements follow from Lemma [6.4.2) ]

If Y is K-equivariantly formal, then we can recover H*(Y; k) = H} (Y; k) ®muy (pt:k) k. and similarly for
cohomology with supports. Hence by Corollary to produce (6.12)) it suffices to produce a commutative
diagram

HEM (Qq\F) ———— HPM(Q}\F*¥)
lN lN (6.13)
HQQCIL;\}(QO\)?,k) N H%ngi\*Fh(Qg\)?h;k)

where the bottom horizontal isomorphism is compatible with the cup product.
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6.4.7. Equivariant cohomology. By definition (6.10]), the Qp-equivariant cohomology complex of E}vrgao is

R‘FQO (CTrgao) = RF(Q1/4\Q1/2/Q3/4)-
We keep track of cohomology complexes so as to be able to control the cohomology with supports. We
abbreviate R(K) := Hj (pt; k). Write BK for the classifying space [pt /K].

Lemma 6.4.5 (Equivariant Kiinneth formula). Let K be a connected pro-(perfection of )-algebraic group.
Let Y1 and Y3 be K -equivariant ind-(perfection of Jvarieties such that

Torp ey (Hi (Y1), Hy (Y2)) = 0 for all i.
Then the natural map

Hy (Y1) @p(x) Hi (Y2) = Hi (Y1 X Y2) (6.14)
is a k-algebra isomorphism.
Proof. The hypothesis on K implies that the existence and convergence of the Eilenberg-Moore spectral

sequence

Tor ey (Hic (Y1), H (Y2)) = Hi (Y1 x Y2).

The Tor-vanishing assumption then implies that this spectral sequence degenerates, concluding the proof. [

Example 6.4.6. If ¢ is not a torsion prime of G, the main theorem of [Dem73| says that R(T) is flat over
R(G). Tt follows that for any Levi subgroup L C G containing T, R(L) is flat over R(G) (since R(L) is a
direct summand of R(T') as an R(G)-module).

We will now give descriptions of the equivariant cohomology of F) (zgao, and Gr,, and their j-variants
in the spirit of Soergel bimodule theory.

Example 6.4.7 (Zhu resolution). Assume that ¢ is not a torsion prime of G. By definition, we have

Qo\Grea, = Qo\Qo x @174 Q1/2/Q3/4 = Q1/4\Q1/2/ Qs34

From Lemma [6.4.5) and Example [6.4.6] we have a k-algebra isomorphism

RF(QO\aSao) = RI'(BQ1/4) ®rr(8Q, ») RI'(BQ3/4). (6.15)
Similarly for the f version, we have a k-algebra isomorphism
Nh -~
RI(Qf\Grz,,) = RI(BQS ) Drr(st ) RI'(BQ3 ). (6.16)

Example 6.4.8 (Open stratum). Assume that £ is not a torsion prime of G. According to [Zhul7, Lemma
2.12(ii)], the open stratum has the group-theoretic description

Qo\ Gra, = Qo\Qo X%/ (Q1/4Q3/4)/ Q374 = (Q1/4 N Q3/4)\Q3/4/ Q34 (6.17)
From Lemma [6.4.5 and Example [6.4.6] we have a k-algebra isomorphism
RI(Qo\ Gra,) = RI'(B(Q1/4 N Q3/4)) @rr(BQs,,.) RT'(BQ3/4) = RI(B(Q1/4 N Q3/4)). (6.18)
Similarly for the § version, we have a k-algebra isomorphism
RF(Q%\ Gr?xo) = RF(B(th/AL n Qg/4)) ®RF(BQ§/4) R(BQ?),M) = RF(B(QiM N Qg/4)) (6'19)

Example 6.4.9 (Closed stratum). According to [Zhul7, Lemma 2.12(ii)], the fiber F' has the group-theoretic
description

Qo\Qo x4 Q145Q3/4/ Q374 = (sQ1/25™ " N Q3/4)\Q3/a/Q3/4
where s is the affine reflection corresponding to 1 + . From Lemma [6.4.5] and Example [6.4.6] we have a
k-algebra isomorphism

RL(Qo\F) = RT(B(sQ1/45 " N Q3/4)) ®RI(BQs,,) RI(BQ3/4) = RI(B(sQ1/45~" N Q3/4)). (6.20)

Similarly for the § version, we have a k-algebra isomorphism

RI(QF\F?) = RI'(B(sQS ,s7' N Q3 ,)) Drr(sal ;) RI(BQS ) = RI(B(sQj ,s7'NQ5,)).  (621)
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6.4.8. Comparing mized and equal characteristic. Now, note that for each r € [0, 1], the quotient of Q, by
its uni-potent radical Q' is isomorphic to the quotient of QE by its pro-unipotent radical QE"‘. This induces
an identification R(Q,) = R(Q%) via the chain of isomorphisms

R(Qr) < R(Q:/Qy) = R(Q}/QF") = R(Q)).
Combining this with Examples [6.4.7}, [6.4.8] and [6.4.9] we obtain a commutative diagram of identifications

RI(Qo\F;i'k) «—=— RT(Q}\F%i'k)

! !

RI(Qo\ Greg,; k) <= RI(QA\ Gr“@o;k)

| !

RI(Qo\ Gray; k) «—— RI(Q}\ Gr%, ; k)

where the vertical columns are exact triangles. Furthermore, the middle and bottom horizontal identifi-
cations are symmetric monoidal, hence they induce a symmetric monoidal isomorphism of the equivariant
cohomology with supports

RT g\ (Q0\ Greag) = RT s 1 (Q5\ Gk, )

compatibly with the identifications with the top row. This establishes the diagram (6.13]), thus completing
the proof of Proposition [6.3.2} O

7. THE BRAUER FUNCTOR AND THE 0-DUAL HOMOMORPHISM

Let G be a reductive group over E with an action of ¥, and let H = G° = G. We assume that H is
reductive. In this section we categorify the normalized Brauer homomorphism br from the spherical Hecke
algebra of G to that of H, introduced in [TV16] and recalled in §7.1} This is defined via two steps: (1) a
multiplicative norm that turns a function in the spherical Hecke algebra of G into a ¥-equivariant function,
and then (2) a naive restriction of functions from G to H, which turns out to be multiplicative by a miracle
of characteristic /.

Roughly speaking, Step (1) is categorified by a monoidal norm and Step (2) is categorified by the Smith
operation Psm. However, Psm lands in the Tate category while we eventually want the target of the Brauer
functor to be perverse sheaves, so we want to use the lifting functor from to lift out of the Tate category.
Therefore, we need to study how Psm interacts with (Tate-)parity sheaves. This is done in and
which together categorify Step (2).

Then in we construct the Brauer functor br from the Satake category of GG to the Satake category of
H, which entails categorifying Step (1) and then also implementing certain extensions, from parity sheaves
to all perverse sheaves (using the connection to tilting modules, plus results on abelian envelopes) and from
strictly totally disconnected S to Divy (using v-descent). In we establish a compatibility of br with
the constant term functor, which is needed later to show that it has good properties (e.g., additivity and
exactness) and also to compute the o-dual homomorphism in examples of interest.

In we prove that br is compatible with the Tannakian structure of the Satake categories. From this
we deduce the existence of the o-dual homomorphism. Finally, in §7.7] we bootstrap to a “multi-legged”

version for Beilinson-Drinfeld Grassmannians over (Divk)l .

7.1. Treumann-Venkatesh functoriality. Let K C G(E) be an open compact subgroup. The Hecke
algebra of G with respect to K with coefficients in A is

(G, K; A) == Fun.(K\G(E)/K, A), (7.1)

the compactly supported functions on K\G(FE)/K valued in A. This forms an algebra under convolution,
normalized so that the indicator function 1y is the unit.

For a Y-stable subgroup K C G(E), we write t*K := :~}(K) C H(E). We say that a compact open
subgroup K C G(E) is a plain subgroup if the natural map H(E)/.*K — [G(E)/K]? is a bijection. We may
view #(G, K; A) as the ring FunS ) ([G(E) /K] x [G(E) /K], A) of G(E)-invariant (for the diagonal action)
compactly supported functions (valued in A) on [G(E)/K] x [G(F)/K], under convolution.
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7.1.1. The un-normalized Brauer homomorphism. Now suppose that A = k has characteristic £. In this
special situation, Treumann-Venkatesh observed that if K C G(E) is a plain subgroup, then the restriction
map

H(G,K; k)" = PSP ([G(E) /K] x [G(E) /K], k)° (7.2)

LW pun B)([H(E) /0 K] x [H(E) /K], k) = A (H(E), " K; k)

is an algebra homomorphism (cf. [Fen, Lemma 6.5] for a proof). This map was introduced in [TV16, §4]
and called the (un-normalized) Brauer homomorphism. We denote it

Br: #(G, K k) — H(H, 'K k). (7.3)

We will categorify Br to an “un-normalized Brauer functor” Br in

7.1.2. Frobenius twist of algebras. Let Frob be the absolute (¢-power) Frobenius of k. Given a commutative
k-algebra A, we denote by AY) := A ®, o k its Frobenius twist. The map ¢: A — A®) sending a + a ® 1
is a k-semilinear isomorphism.

If A is equipped with an Fy-structure g: A = Ay ®r, k, then there is a k-linear isomorphism f,,,: A =
AW characterized by the property that it sends Ay C A to Ag @1 € A® via Id®1. We denote by

Frob,, = <,0_01 o¢: A = A; it is characterized as the unique Frob-semilinear automorphism of A which

restricts to the identity on Ag.
Suppose f: A — B is any Frob-semilinear homomorphism (i.e., f(Aa) = A\’ f(a) for A € k). Then f factors
uniquely through a k-linear homomorphism

A
SIS
A

————— > B

The k-linear homomorphism A — B obtained by precomposing f with the inverse of Frob,,, (i.e., the dashed
arrow in the diagram above) will be called the linearization of f (with respect to ).

Definition 7.1.1 (The Tate diagonal). Let A be a commutative k-algebra with an Fy-structure pg. Let
Nm: A — T9(A) be the Tate diagonal map sending a to the class of a-(“a)-.. .~("e_1a). One checks that this

is a ring homomorphism, which is evidently Frob-semilinear. Let Nm ). A4 - TO(A) be the linearization
of Nm with respect to q.

7.1.3. The normalized Brauer homomorphism. Next suppose that s€(G(E), K;k) and 2 (H(E), K; k) are
commutative. The Tate diagonal provides a map (cf. for notation on Tate cohomology)

H(G,K; k)°

Nm: (G, K; k) = T°(H#(G, K; k) = N #(G, K k)

One observes that the Brauer homomorphism Br factors over TY(# (G, K; k)), hence we obtain a map
BroNm: (G, K; k) — 7 (H, " K; k).

This map is a Frob-semilinear ring homomorphism, and the normalized Brauer homomorphism is its lin-
earization with respect to the canonical F;-structure

H(G,K; k) 2 (G, K; Fy) ®r, k.
Equivalently, we may write
br =BroNm ): #(G, K k) — #(H, " K k). (7.4)
Below we will categorify br, under the assumption £ > max{b(G),b(H)}, to a Tannakian functor

Z;;': Sat(GrG’Divﬁ(; k) — Sa,t((;]:‘[_I’Divﬁ< 3 k)
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7.2. Good modules. For a geometric point S = Spa(C, C*) — Divk, we abbreviate Grg ¢ := Grg,spa(c,c+)/ Divk >
and similarly for Grg ¢, Hcke ¢, ete.

Definition 7.2.1. We say that an Q[X]-module M is good if it has a finite filtration as O[X]-modules whose
associated graded is a direct sum of (the trivial representation) @ and (the regular representation) O[X] with
arbitrary multiplicities.

Let Ty be a split maximal torus of H over E®. Let F € D}JLHAH)(GrH,C; O[¥])b4. For each pu € X, (Tx)*t

and n € Z, H" (i}, F) is a constant sheaf on some O[X]-module, free over O. We say that F is good if H" (i}, F)
is good in the sense of the preceding paragraph for all u € X, (Ty )" and all n € Z.

Let F € (D(ULL+A6)(G1"G$C; 0)P4)BE. We say that F is good if 1*F € (D(ULL+AH)(G1"H70; Q)Pd)BE =~ DPLL+AH)(GFH,C; o))
is good in the sense of the preceding paragraph.

Finally, we say that F € (DEJLLJrAg)(GrG,S/ DivL ; 0)PH B2 s good if for all 5 = Spa(C,C*T) — S, the
x-restriction Flz is good in the sense of the preceding paragraph.

Example 7.2.2. The key example is that a permutation representation of ¥ over O is good.

Remark 7.2.3. The significance of the definition lies in the fact that if an Q[X]-module M is good, then
T?(M) is concentrated in degree i = 0 (mod 2). This is because the Tate cohomology of Q[X] vanishes, and
the Tate cohomology of O lies in even degrees (cf. Example [3.7.1)).

To analyze goodness, we will need to use the relationship between the (co)stalks of IC sheaves on Grg, ¢
and the weight multiplicities of representations of G, which is documented in more “classical’ settings in
[BE10, Theorem 2.5] and [Zhul7, §5]. Let us formulate the necessary statement.

7.2.1. The Brylinskj-K ostant filtration. Recall that G comes equipped with a pinning. This induces a regular
nilpotent element E € §, which equips any V' € Rep(G) with the Brylinski-Kostant (increasing) filtration

EV :=ker(E": V = V).
For any p € X*(T), we denote by V., the pu-weight space of V. Then the above filtration induces a filtration
F;(V,) =V, NF,V onV,, whose associated graded we denote grl"(V},).

Proposition 7.2.4. Let F € Sat(Grg.o; A) correspond to V€ Rep, (G) under the Geometric Satake equiv-
alence (cf. Example . Then there are natural isomorphisms

(i, F)[= (20, 1)) = gr] (Vi).

Proof. The statement is equivalent to the analogous one for the Witt vector affine Grassmannian, using
[ES21, Corollary VI.6.7] to degenerate from Grg,c to Grg SpdF, = (GrY™)° and then [Sch22] §27] to

translate to Gr\gm. Then the result appears in the proof of [Zhu21l Proposition 18]: it only requires a small
modification of the argument of [Zhul7, §5], replacing the purity argument in [RZ15, Lemma 5.8] by the
parity argument in the middle of [Zhul7l, p.452]. O

7.2.2. The norm of Satake sheaves.
Definition 7.2.5. Given F € Sat(Grg, s/(pivt )3 A), we define

Nl’Il(]:) = F % (GF) * ..ok (0671./—") S Sat(GrG,S/(Divﬁ()z;A)BE
equipped with the X-equivariant structure coming from the commutativity constraint (constructed in §6.1)
for (Sat(Grg, s/(pivtyr;A),*). Thus Nm induces a functor
Nm: Sat(Grg,s)(pivi )i A) = Sat(GrG,S/(Divk)z;A)BE.
Note that it is monoidal but neither additive nor A-linear.

Lemma 7.2.6. Let S be a small v-stack over Div and let F € Sat(Grg s/ pivt ; Q). Then Nm(F) is good.

Proof. The assertion immediately reduces to the case S = Spa(C,C™). Suppose F corresponds under the

Geometric Satake equivalence to V' € Repg(G). Then under the Geometric Satake equivalence, Nm(F)
corresponds to

Nm(V):=Ve V) e...o (U“v) € Sat(Grg,c:; 0)P.
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By Proposition it suffices to check that for V € Repg(G) and all i € Z that the Q[X]-module
gr'((NmV),) is good, where the associated graded is for the Brylinski-Kostant filtration. Pick a basis
for each V) adapted to the filtration F;Vy. This induces a basis for each (Nm V), on which ¥ acts via per-
mutation, and which is adapted to the filtration F;((NmV),). This realizes gr/’ (Nm V), ) as a permutation
representation of 3, so each grf’((NmV),) is good by Example O

7.2.3. The Smith operation on good parity sheaves preserves parity.

LA( BY

Proposition 7.2.7. Suppose £ € Par’ is a relative parity complex (with respect to the

Gra,s/pivt; 0)
dimension pariversity Tg) which is good. Then Psm(E) € Perf?}fH)(GrHﬁ/ pivl : To) is relative Tate-parity

with respect to the induced pariversity (*T¢.

Proof. The assertion immediately reduces to the case S = Spa(C,C"). Let t: Gryc < Grg,c be the
inclusion of X-fixed points. For p € X, (Ty)t C X, (T)*, we write
Zf GrG,C,N — GI"G’C,
zﬁ[ Gry,c, — Gru,c,
7 GrH,C,,u — GrG,C‘,p,~

Without loss of generality suppose £ is relative even, so we are given that (i)’€ has O-free cohomol-

ogy sheaves concentrated in degrees congruent to f¢ () mod 2, where 7 € {x,!}. We want to show that
(if1)"T* (+*€) has Tate-cohomology sheaves supported in degrees congruent to f¢(u) mod 2. First we focus
on the case 7 = *. Then we have

(if)*T*(L*E) ~ ’]I‘*(if)*L*E = T*L;(if)*g.
By assumption £ is #-even on Grg ¢, so LZ(ZE)*& has cohomology sheaves being O-free modules in degrees
congruent to (1) mod 2. Since £ was good by assumption, L;(zf)*é’ is good. By Remark TJ (LZ(ZE)*E)
is concentrated in degree j = f¢(u) (mod 2).
For ? =!, we have
(@) Psm(€) = (f)' T (&) = (i)' T/ (&) = T* (i)' (€) = T*0, (i§)'€ (7.5)

where we used Lemma, in the second step. By assumption £ is !-even on Grg ¢, so (ifj)!g has cohomology

sheaves being O-free modules in degrees congruent to f¢(p) mod 2, and then the same holds for L’H(z’f)!é’

by Lemma Also, by Verdier duality Lit(if)!g is good, so Remark implies that Tj(LiL(ile)!E) is
concentrated in degree j = t¢ (1) (mod 2), as desired.
O

We denote by
(DEJLLJéG)(GrG,S/ Div s @)bd)iﬁd C (D(ULLJrAG)(GrG,S/ Divl s @)bd)BZ
and

ULA . BY ULA . BY
Parn (GrG,S/ Divi s @)good C Parn (GrG,S/ Divl s @)good

the full subcategories of good objects, and we use similar notation for other variants.

7.3. The un-normalized Brauer functor. The pariversity {¢: X.(T) — Z/2Z from Example fac-
tors canonically over mo(Grg,s/pivi ) Let

19 = (" te —tm): Xu(Th) — Z/2Z.
We denote by
H?I]5 Perf(U[E*:AH)(GrH,S/ Div§(§77\)bd - Perf(U[E*:AH)(GrH,S/ Div§(§77\)bd

the functor given by shifting by 1% (c) € {0,1} on the connected component ¢ C Gry,s/pivi - We use the
same notation for the equivariant version

[1%]: PefoLA(HCkH,S/ Div Ta)™ — PerfULA(HCkH,S/ Div}(§7-/\)bd
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and we note that the natural identification [0] = [2] on PerfULA(’HckH,S/ Divl ; Ta)Pd makes this functor
monoidal. By Proposition the composite functor [Tfl] o Psm sends
A A
Par, " (Grg s/ piv; Qoo — Par)"*(Gry g/ Divl ; T0)
where parity is with respect to the dimension pariversities (of G on the LHS and H on the RHS).

Definition 7.3.1 (Un-normalized Brauer functor). Assume ¢ > max{b(G),b(H)}. With L the lifting functor
from we define the functor Br := Lo [t§] o Psm as in the diagram

ULA . BY Br ULA .
Par ™ (Grg 5/ pivi s Q) gogq ~=-=-==-====""==m=mmmmmoe- + Par, “*(Gry s/ pivt i K)

7.6
ﬁm / (76)

ULA
Par ™" (Gry s/ Divl To)
We regard Br as a categorification of the un-normalized Brauer homomorphism ([7.3)).

7.4. The normalized Brauer functor. Recall (cf. that for an O-linear abelian category C, we
abbreviate
C®pk:=CR®o_Mod (k — Mod).
The construction below is a categorical analogue of

Construction 7.4.1 (Frobenius twist of categories). We summarize [Fenl Construction 4.17]. Let Frob be
the (-power absolute Frobenius of k. Given a k-linear category C, the Frobenius twist category is C©) :=
C ®p Frob k. Concretely, it is equivalent to the category which has the same objects as C, and morphisms

Hom¢ ) (z,y) = Home(z, y)(é) = Homc(z,y) @k, Frob k-

The tautological functor C — C(¥) is a Frob-semilinear equivalence.

Suppose we are given a presentation
Fo: C=(C Xr, k (77)
for some Fy-linear category Cy. Then induces another, k-linear equivalence C = C¥). Combined
with the tautological Frob-semilinear equivalence C — C(), induces a Frob-semilinear equivalence

Frobg,: C = C. This factors any Frob-semilinear functor F: C — D over k-linear functor F: C = D,
which we call the linearization of F (with respect to Fy).

7.4.1. Initial construction. Assume £ > max{b(G),b(H)}. By Corollary and Lemma the functor

Nm on parity sheaves factors through Nm: ParELA(GrQS/ pivt ; Q) — Par, A(GrG,S/ Div§(§@)§ood- Hence

we may consider the composition
Br o Nm: ParnULA(GrQS/ pivt ; Q) = ParELA(GrHﬂ/ Divl i k). (7.8)

This maps to a k-linear category, hence factors uniquely through the k-linearization of the source, which is
identified by the following Lemma.

Lemma 7.4.2. Assume £ > max{b(G),b(H)}. We have
ParELA(GrG,S/ Divl» 0) ®o k = ParSLA(GrG,S/ Divl > k).
Proof. The functor is well-defined by Lemma m(l) It is essentially surjective because Q-parity sheaves

exist for all strata, by Proposition Finally, Lemma [5.1.11] implies that it is fully faithful, completing
the proof. 0

By Lemma the functor (7.8) factors uniquely through a functor
br®): PaTELA(GYQS/ Divl s k) — Pal“ELA(GTH,S/ Divg(§k)-
Note that br®) is Frob-semilinear. The equivalence
Pa’rnULA(GrG,S/ Divl s k) = P‘MELA(GYG,S/ Div§(§Fé) ®r, k (7.9)
LA(

furnishes a natural Fy-structure on Pary

reni!

Grg g/ Div&;k), so we are in the setup to apply Construction
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Definition 7.4.3. Assume £ > max{b(G),b(H)}. We define
br: Pary"*(Grg s pivi ;s k) = Pary " (Gry g piv 5 k)
to be the linearization of br(®).

The functor br is an approximation to the definition of the normalized Brauer homomorphism (7.4). We
still have to extend it to all perverse sheaves, and then descend to Div.

Remark 7.4.4. Parallel to (7.4]), we have equivalently br = (Br o Nm(z_l)) ®0 k where Nm ) is the
linearization of Nm.

In §7.6) below, we will prove the following theorem.

Theorem 7.4.5. Assume { > max{b(G),b(H)}. The functor br: ParELA(GrQS/ Divk i k) = ParELA(GrH_’S/ Divt i k)
is additive, symmetric monoidal, and compatible with the fiber functor.

Note that the compatibility with the fiber functor implies in particular that br is exact and faithful.

7.4.2. Extending to abelian envelopes. Assume S = Spa(C,C™) for the moment. By Theorem under
the Geometric Satake equivalence ([6.2) we have

ParVYA (Gre o; k) 2 Tilty(G)  and  ParY™*(Gry,o; k) = Tilty, (H).

By [CEOP22, Proposition 7.3.1], the abelian envelope of the Tilt,(G) is Rep,,(G), which corresponds under

the Geometric Satake equivalence to Sat(Gre,o; k). Therefore the abelian envelope of Pary™ (Grg ¢; k) is

Sat(Grg,c; k). Invoking Theorem to see that br is faithful and exact, the universal property of the
abelian envelope gives a unique extension of br to a functor

br: Sat(Grg,c; k) — Sat(Gruy,c; k). (7.10)

Now suppose more generally that S is strictly totally disconnected. For a commutative ring R, let Pro jf(R)
be the category of finite projective R-modules. Then for C*°(|S|; k) the ring of continuous functions on |S|
valued in k, we have from Example an equivalence

Sat(Grg,s) pivi, ; k) = Repy,(G) @y Proj' (C*(|S|; k).
Hence tensoring (7.10) with Proj’(C>(|S|; k)) gives an extension of br to the full Satake categories,

Par, " (Gre, s/ pivi s k) —— Pary " (Gryp s/ pivy ; k)

j j (7.11)
Sat(GrG’S/ Divﬁ(; k) ********* > Sat(GrH’S/ Divﬁ(; k)
which is compatible with base change in S.

7.4.3. Descending to Divl,. Recall that S — DgLA(HckG,S/ Div%{;k)bd satisfies v-descent, and every locally
spatial diamond admits a v-cover by strictly totally disconnected spaces. Since the relative perversity con-
dition is v-local on S by definition, we have a compatible diagram

ULA . I.\bd ~ : ULA . 1.\bd
D (Hekg pivy 1 k)P —— lim Dg " (Heka s/ pivt, s k)
] S str.t.d. %Divﬁ(

~

Sat(GrG7DiV1 ,k') —_—> @1 Sat(GrG7s/Divl ,k)
* S str.t.d. —=Divl *

where we abbreviate “str.t.d.” for “strictly totally disconnected”. Comparing with the analogous diagram for
H, this descends the functor br from (7.11]) to a functor

br: Sat(Grg pivi s k) = Sat(Gry piv k). (7.12)

We regard br as the categorification of the normalized Brauer homomorphism (7.4)).
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Remark 7.4.6. We record for future use the following property of (7.12)), which is arranged by construction:
We have a natural isomorphism for all F € Sat(Grg pivi i k),

Tor(F) = [t§] Psm(Nm“)(F)) € DU (Heky iy, Tr) (7.13)

7.5. Compatibility with constant terms. Suppose G, H are split, and ¥ stabilizes a Borus (B,T).
This can always be arranged after a finite cover, by Steinberg’s Theorem [Ste68, Theorem 7.5|. Then
(B?,T°) =: (By,TH) is a Borus of H, according to Lemma We have a commutative diagram

+ +
9 Py
Gry sy Divl < — Grp,, s/ Divl — 7 Grr, s/ Divi

Lok

G G
GrG,S/ Divi S — GrB,S’/ Divi — 7 GrT,S/ Divl

where the vertical maps are the inclusion of o-fixed points (cf. §4.1)) and each square is Cartesian. Any
Fe DEJLLJrAG)(GrG’S/ Divg(QA)bd is monodromic (cf. [ES21), Definition IV.6.11] for the definition) for the G,

acting through 2pg: G,, — G C LTG. The Constant Term (i.e., hyperbolic localization) functor (for G),
defined in [FS21, Corollary VI.3.5], is the functor

CTp = R(pé)!(qé)*: D(ULL+AG) (GrG,S/ Div}(;A)bd - DEJLLJrAT)(GrT,S/ Div§(5A)bd~

We have a similar story for H with respect to the Borus (By,Tx).

Denote by [dege] the function X, (T) Brem), Z, and similarly for H. Set
CTgldeg] = @ R ini; (a8) [(206,v)]
veX,(T)

where i, : S, < Grp g/piy1 is the (open-closed) inclusion of the semi-infinite orbit through [v]; cf. [FS21]
§VI.3] for more about it. Then CT¢[deg]| is t-exact and under the Geometric Satake equivalence intertwines
with restriction along T'— G by construction [FS21) §VI.11]. There is a completely analogous story for H.

Lemma 7.5.1. There is a natural commutative square

Psm
D(ULLEG)(GYG,S/ D1V§;A)bd — D&L+AH)(GYH,S/ Divi i TA

lCTB lCTBH (7.14)

Psm
D&LJrAT) (GrT7S/ Div ) A)bd = D&LJrATH) (GTTH,S/ Divl ) 77\)bd

)bd

Proof. By Lemma, and the Y-fixed point calculations in Proposition and Proposition Psm
interchanges (qf;)* with (g;;)*; similarly using Proposition|5.2.10, Psm interchanges R(p&): with R(pf; ). O

Lemma 7.5.2. Assume { > max{b(G),b(H)}. There is a natural commutative square

Sat(Cre,pivt k) —— Sat(Grypivt : F)
lCTB [deg] lCTBH [deg ] (7.15)

Sat(Grr piyt ; k) s Sat(Grr,, piv i k)

Proof. By construction, it suffices to produce for each strictly totally disconnected S over Divy a natural
(including compatibility with base change in S) commutative square

Par/" (Grg 5 pivi s k) —— Pary " (Gry s/ pivi, ; k)
|eTalaese |t taeea (7.16)

ULA . br ULA )
Par, (GrT7S/Div§(7k)4>Parn (GTTH,S/Divk,k)
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Consider the commutative diagram

< orsm
ParELA(GrQS/Div&;@) N, ParELA(GTG,S/Div;;@)BZ [tiloPey ParELA(GTH,S/ pivt; 70) —r ParELA(GrH,S/ Divl; k)

good
Jemslaec) JeTslaenc) Jemsldesa Jemsy e
ParELA(GI’T,S/ Div}(§@) N PaI’ELA(GI’T,S/ mv;;®)§£d e, Pal’ELA(GI'THs/ Div’xé7—®) 4> ParELA(GrT,S/ Div‘xl,k)
(7.17)

The left square commutes because CT g[deg G] is symmetric monoidal. The middle square commutes by
Lemma We claim that the right square commutes. To see this, we consider the diagram

Par/" (Gryr s/ pivt, ; 0) — Pary "M (Gry g pivt ; T0) —t Par,"*(Gryy 5 pivi ;1 k)
lCTBH [deg ] lCTBH [degy] lCTBH [deg ]

ULA . T ULA . L ULA ,
Par,~*(Gryy, 5/ pivy; Q) —— Par, “(Grry, s/pivy s To) —— Parg "2 (Grry, s/ pivt, 3 K)

(7.18)
The upper and lower caps commute by . It is immediate from the definition of the modular reduc-
tion functor F that the outer square commutes. In the left square, the horizontal arrows are essentially
surjective by Proposition and the fact that (under our assumptions on ¢) all parity sheaves exist
in ParnULA(GrHﬁ/ pivt ;@) and ParnULA(GrTH,S/ pivt ; @), by Theorem (which is obvious in the latter
case). The maps on morphisms are described in 3. in terms of Lemma From this we see that the
commutativity of the outer square of implies commutativity of the right square.
Since the right square of is the same as that of , we have now established that the outer
rectangle in commutes. Therefore, by definition, the diagram

ULA . br(©) ULA .
Parn (GrG,S/ Divl > k) Parn (GrH,S/ Divl s k)

lCTB [dege] lCTBH [degy]
ULA . br () ULA .
Par, (GYT,S/ Divg(’k) — Par, (GrTH,S/ Div;ak‘)

commutes. Finally, applying the Frobenius linearization process of Construction [7.4.1] completes the proof
for the commutativity of (7.16)). O

7.6. The o-dual homomorphism. The proof of Theorem [7.4.5] is completed by combining Proposition
[7:6.4] Corollary [7.6.5] and Proposition [7.6.6] which are proved below. Before embarking on these proofs, we
draw a few consequences.

By the construction of l;’, Theorem implies the following:

Theorem 7.6.1. Assume { > max{b(G),b(H)}. Then the functor br: Sat(Grg piv i k) = Sat(Gry pivi s k)
is additive, symmetric monoidal, and compatible with the fiber functor.

Recall that
RepLoc(pivt i) (G) = RePrep, () (G) = Rep, (“G)

for the L-group “G = G x Wg. Note that this differs from Langlands’ convention for the L-group by a
cyclotomic twist on root groups, although the difference can be trivialized by choosing a square root of the
cyclotomic character; see [ES21, §VI.11] for the precise relation.

Corollary 7.6.2. Assume ¢ > max{b(G),b(H)}. Then the functor
6;": Sat(GrG’Div}( 3 k) — Sat(GrH’DiV}X N k)
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corresponds under the Geometric Satake equivalence to the restriction 1: Rep(*G) — Rep(YH) along some
homomorphism “: VH — LG.

Proof. The existence of 1) with the stated property follows from the definitions of “G, “H via the Tannakian
reconstruction process used in [FS21] Proposition VI.10.2].
O

Remark 7.6.3. The second main theorem of Treumann-Venkatesh (see [TV16] §1.3|) is the construction of
a o-dual homomorphism when G is simply connected and H is semisimple, with three possible exceptions
when G has type Eg. Their proof is based on classification of all possible examples, and then case-by-case
analysis of each. By contrast, our construction is completely uniform.

However, our assumption on £ leaves out many interesting examples in [TV16] which are specific to small
primes. This is partly due to the suboptimal hypotheses in Theorem [6.2.2] which we believe to be an
artefact of the less developed state of geometric representation theory in p-adic geometry; for example, we
take shortcuts in order to circumvent developing a theory of Soergel bimodules in this setting. It is also partly
due to genuine problems with the theory of parity sheaves in very small characteristic; a finer investigation
of perverse parity sheaves may allow us to extend our results to all £. We hope to return to this in future
work.

Finally, we recall that Treumann-Venkatesh pointed out [TV14l §7.8] that without the simply connected
hypotheses a o-dual homomorphism need not exist with the “usual” L-group defined by Langlands, and they
predicted that using instead the “c-group” might fix this issue. This prediction is morally consistent with
our Theorem since the L-group formed by taking the natural Wg-action on G is exactly this c-group:
see [FS21] VI.11] and [Zhul7, Remark 5.5.11].

7.6.1. Compatibility with fiber functor. The fiber functor on ParY“* (Gra,s) pivy, 1 k) (resp. ParELA(GrH)S/ Divl i k)
is given by relative cohomology over .5,

F = PRimg s.(F)  (resp. F = PR 5.(F))

where
TGS " GTG,S/Div; — S resp. Ths: GrH7S/DiV§( — S

are the natural projections.
Proposition 7.6.4. The functor br is compatible with the fiber functors (cf. (7.24]) below).

Proof. Let I = Gal(ES/E) be the inertia subgroup of E. For ¢ € m(H)j, there is an open-closed embedding
Gry,s/pivi (€) = Gra,s/pivy - For a complex K € Par/"(Gry 5/ Divt 5 Tk), this induces a decomposition
K= ®06W1(H)1 K(c). We write

G G
T (Gry s pi i K) = @ T (Gry s pivi: K(e)),
cem(H)r

i.e., we take Tate cohomology in degree T%(c) on the connected component c.
By Proposition [5.2.10| we have a natural isomorphism

T°(Rrg 5+ (Nm F)) = T°(Rrg, 54 (Psm o Nm F)). (7.19)
Then as in Remark we obtain a natural isomorphism
TO(Rp, 5. (Psmo Nm F)) = T (R 5. (T 0 br (O (F))). (7.20)
By Example we have
T (Ripr 5. (T 0 0rO (F))) 2 @ R"7pr, 5. (0O (F)). (7.21)
nez

Below we abbreviate the fiber functor on ParnULA(Ger_’S/ Divk k) as

FC¢ .= @ R gx: ParnULA(GrG,S/ Divt i k) = Loc(S; k)
neZ
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and similarly for H. Putting together equations 7 , and , we have produced a natural
isomorphism of k-semilinear functors ParELA(GrQ s/Divk s k) = Loc(S; k):

TO(FC/(Nm F)) = FH (brO) (F)). (7.22)
By definition, we have
Fé(Nm(F)) = (FO(F) @ (FO(F) @...@ (7 FE(F)) € Loc(s: k)
with o acting by cyclic rotation of the factors, so we have (cf. Example a natural isomorphism
TO(FE(Nm(F))) = F4(F)©. (7.23)
Putting into 7 we obtain the commutative diagram

ULA ) br(9 ULA )
Parn (GrG,S/ Divl s k) 1:)a“rn (GrH,S/ Divl s k)

(Fc)ml J/FH

Loc(S; k) Loc(S; k)

Then applying linearization with respect to the Fy-structure (7.9)) gives the desired commutative diagram

Par) " (Grg g, pivt i k) — Pary " (Gry g/ Divi i F)

Fcl lFH (7.24)
Loc(S; k) Loc(S; k)

Corollary 7.6.5. The functor br is additive.

Proof. The additivity can be checked after applying the fiber functor, since the latter is faithful. Then
conclude using (7.24) and the additivity of the fiber functor F&. O

7.6.2. Symmetric monoidality. We complete the proof of Theorem [7.4.5] with the Proposition below.
Proposition 7.6.6. The functor br promotes to a symmetric monoidal functor.

Proof. First we promote br to a monoidal functor. For this it suffices to produce, naturally in F and G, an
isomorphism

Br(Nm D (F xG)) = Br(Nm“ ) (F)) » Br(Nm“ D g). (7.25)
Since Nm ) has an evident symmetric monoidal structure, we rename F' := Nm ) F and g =
Nm¢ ™) G, and aim to produce a natural isomorphism
Br(F' xG') = Br(F' )~ Br(G).
Indeed, we have
Br(F'«G') = Lo [t5] Psm(mi(psF' © pig'))
Lemma [5.2.9] + Proposition — = Lo [t%] omy(ps(Psm F') @ pi(PsmG'))
= Lo [t%](Psm F' x PsmG’)
02 [2] = = L(([{5] Psm F') « ([{5] Psm "))
Lemma — = L([t%] Psm F') » L([t§] Psm G')
= Br(F') = Br(g").

This furnishes the monoidal structure .

Next we need to check that the monoidal functor br has the property of being symmetric monoidal. For
this purpose, we may make a finite base change along S to reduce to the case where G is split, and has a
Borus (B,T). By Lemma (B?,T°) =: (By,Ty) is a Borus of H. Since CTp,, is faithful, it suffices to



54 TONY FENG

check the symmetric monoidality property after applying CTp,,. Using Lemma we are then reduced
to the case where G and H are both tori. In this case, we have

GrT,S/Divﬁ( = H S and GrTH,S/Divﬁ( = H )
X, (T) X+ (Tw)

and the commutativity constraints for G, H comes from convolution on X, (T), X, (T ) respectively. Then
the symmetric monoidality is clear from inspection. (|

The proof of Proposition gives the following information about the induced map of tori.

Corollary 7.6.7. Let T}y, Tvbe the canpnical maz{mal tori in H, G, respectively. The restriction ¢: Ty — T
corresponds to the map X*(T) — X*(Ty) = X*(T)° given by applying N = (1 +o + ... +o'"1).

7.7. Multiple legs. For a finite non-empty set I, we abbreviate Sats (k) := Sat(Grg, (pivt )15 k).
Theorem 7.7.1. There are Tannakian functors

~ T

br - Satl (k) — Sath (k)

for each non-empty finite set I, with the following properties.

T
(1) Under the Geometric Satake equivalence (6.1)) of Fargues-Scholze, br  corresponds to the restriction
Ly Repy(FG)®T — Repy(PH)®! induced by the o-dual homomorphism L+: “H — LG from Corollary

~ {1 ~
. (In particular, br{ ' agress with the br from (7.12).)
(2) (Naturality in I) For any map of non-empty finite sets (: I — J, there is a commutative square

SatL (k) —2"— Sat!, (k)

ok

SatZ (k) -2 Sat; (k)

such that the implicit natural isomorphisms are compatible with compositions I — J — K.
(3) For F € SatL(k), there are natural isomorphisms

Tor' (F) = [1%] Psm(Nm ™) F) € DU (Hekyy per, 5 7)™
compatible with any map of finite sets (: I — J as in (2).
Proof. Write I = | |, ;{i}. We bootstrap from the case |I| = 1 using the convolution Hecke stack
Hekey == Hker 5 (Divk)!
defined in [FS21l, p. 226]. We have projection maps p;: ﬂé — 7/{\&{27}&‘,& for each i € I, as well as a
convolution map m: ’;'fl\cI{é — HCkG7(DiV§()I. The map

(Ki)ier = Rmu(®ier p}K:) € Satg (k)

induces an equivalence
conv: Sat(GrG7D1V§)®I = Sath (k).

T
The same considerations apply to H. We define br : Sat’ (k) — Satt; (k) by the commutative diagram

o
Satq(k)®T 22— Saty (k)®!

NJ/COHV NJ/COIIV

SatL (k) ---2---5 Sat (k)

Then property (1) follows from the |I| = 1 case, which was arranged in Corollary |7.6.2) and Tannakian
reconstruction [FS21, §11].
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For property (2), recall that the fusion map Sat’ (k) — SatZ(k) is arranged in [FS21} §V1.9.4] so that
under the identifications in the commutative diagram
Sat(Grg pivi )®" — Sat(Grg piv )’
Nlconv Nlconv
Satl, (k) ———— SatZ (k)

it corresponds to
xierFi = ®jer (xiec-1()F7)

~ T ~
in the top row. Hence the compatibility of br in (2) is equivalent to the symmetric monoidality of br with
respect to the fusion product, which was established in Theorem [7.6.1

Property (3) is arranged by construction for I = {1}: see (7.13). For |I| > 1, we consider the diagram

~ I

br
{1} (o1 ULA ) LT \®I {1} o1
SatG (k?[Tg]Wl)?@I (HCkH,(Dlvk)I’,];C) T SatH (k)
Convlfv Convl Convlf\/
Satly (k) —————— DU (Hekpy it yri To) ————— Sathy (k)

& JoPsm o Nm

The outermost rectangle commutes by definition of l;;*l. The top cap is the Ith tensor power of the case
|I| =1, so it commutes. The right square commutes by compatibility of T with pushforward and pullback.
The left square commutes by (symmetric) monoidality of Nm, compatibility of Psm with pushforward and
pullback (, and monoidality of [&]. Hence the bottom cap commutes, which gives (3) for general I.

|

8. TATE COHOMOLOGY OF MODULI OF LOCAL SHTUKAS

In this section we will integrate the Brauer functor into the construction of the Fargues-Scholze corre-
spondence for H and for G, in order to deduce information about functoriality.

In §83] - §8.4] we review a construction of the Fargues-Scholze correspondence, which resembles a local
version of the work of Vincent Lafforgue [Lafl8] in the global setting, but (amazingly!) applies equally well
in mixed characteristic. Our starting point is the moduli space of local shtukas Sht gy 1) i, defined from the
input data of a reductive group G/FE, an element b in the “Kottwitz set” B(G), a finite non-empty set I,
and a compact open subgroup K C G(FE). A generalization of the Grothendieck-Messing period map gives
an étale morphism from Sht(g ) x to a “twisted” version of the Beilinson-Drinfeld affine Grassmannian

GrtGVVH Spd B By pulling back sheaves along this morphism, the Geometric Satake equivalence of Fargues-
Llier

Scholze supplies a functor from Rep, ((*G)!) to sheaves on Sht (G »,1),x» which are “compatible with fusion”
in a suitable sense. According to V. Lafforgue’s paradigm, such a collection of functors (compatible with
fusion) gives rise to commuting excursion operators on the cohomology of Sht 4, 1), x, whose simultaneous
generalized eigenvalues correspond naturally to semisimple Galois representations.

To study functoriality, we link the processes outlined in the preceding paragraph for G and for H using the
Brauer functor from @ (The reader may find it helpful to consult Figure again.) Thanks to the calculations
in §4| we may realize Sht g r),-x as (an open-closed subset of) the ¥-fixed points of Sht(q s 1) &, and the

~T

Brauer functor br gives a geometric link between the sheaves on Sht(g 4 1),k indexed by V' € Rep, (FG)T)
and the sheaves on Sht gy 1),k indexed by Lap*(V'). We feed this link into equivariant localization for Tate
cohomology, which is part of the formalism developed in §3] In §8:5 we define and study excursion operators
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on Tate cohomology of the moduli spaces of local shtukas. Then in we extract functoriality relations
between excursion operators for Sht(q ;1) x and for Sht(g v 1) < k-

8.1. Moduli spaces of local shtukas. The definitions of local shtukas in p-adic geometry are developed
in Scholze’s Berkeley Lectures on p-adic geometry, especially [SW20, Lecture XXIII]. Properties of the
cohomology of their moduli spaces are established in [FS21] §1X.3]. We recall some relevant aspects here.

8.1.1. Setup. Recall that G is a reductive group over E. For each finite set I, b € B(G), and compact open
subgroup K < G(FE), we have a moduli space of local shtukas Sht(¢ 5,1y, . By [SW20, Theorem 23.1.4], it is
an inductive limit of locally spatial diamonds with finite cohomological dimension along a countable index
set. Furthermore, there is an action of Gy,(E) on Sht(q s 1),k -

The space Sht (g 5, 1),k comes equipped with “leg” maps

fr: Sht(G’bJ)’K — H Spd E
il
which are partially proper and ind-shriekable, and Grothendieck-Messing period maps

tw

TK: Sht(G,b,I),K — GrG’HieI Spd & °

which are étale.

8.1.2. Satake sheaves. As in [FS21] §IX], we choose a square root of the cyclotomic character Wg — k*
in order to trivialize the cyclotomic twist in the Geometric Satake equivalence, giving a Wg-equivariant
isomorphism G = G.

Let @ be a finite quotient of Wg over which the action on G-factors. For any finite set I and W €
Repk((@ x Q)1), the Geometric Satake equivalence gives a relative perverse sheaf Sy on GrtGVinEI Spd B (cf.
[FS21, §1.9, §IX.3]) which we pull back via 7% to Sht(g s 1)k, and we also denote the resulting complex by

SW c Dlé)t(Sht(G,b,I),K; k)

8.1.3. Cohomology of moduli spaces of local shtukas. By [FS21] Corollary 1.7.3, Proposition IX.3.2|, we may
regard

RfxiSw € D(Repi™ Gy(E)) P ic: We (8.1)
Wpg. To demystify this a bit: the
i€l WE:
Spd E

as a (derived) representation of G(E) with a commuting action of [, .,
Gy (E)-action on cohomology is induced by the Gy (F)-action on the space Sht(g 1), k, and the ]

action comes from a natural descent (using an interpretation via Hecke operators) of R fx 1Sy from [
t0 [L;e;[Spd E/¢] = [1;¢,1Spd C/W).

Example 8.1.1. For W = 1 the trivial representation, Sht g 1),k is only non-empty for b = 1. In this
case, Rfx1Sy is c—Ind?;(E)(k) with the obvious G(F)-action and the trivial Wg-action.

icl

The functor
Repy, (G % Q)") = D(Repy™ Gy (E)) P Thier Wr
sending Sy — RfkiSw satisfies the following fusion compatibility. Any map of finite non-empty sets
¢: I — J induces a map (!G)7 — (FG)L. Let Resc: Repy((FG)Y) — Repi((*G)”) be the restriction
functor along this map. By construction, Geometric Satake is arranged so that the corresponding functor
Satl (k) — Sat{ (k) is the fusion product. We have commutative diagrams

Sht(cp,7),xk — Sht(cp.1),x

I I

tw tw
GrG,HJ.EJ Spd E } GrG,HiGI Spd B

| |

e Spd E ——— [l,c; Spd E
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The Geometric Satake equivalence is constructed in [ES21) §VI] so that naturally in W € Repk((é x Q)1),

one has Sy |gtw = SRes, w, compatibly under compositions of finite sets. This induces a natural
G.IljcsSpd E

isomorphism
RfkiSw = RfKki1SRres (W) (8.2)

of functors Rep, ((G x Q)!) — D(Rep{™ Gy(E))P lics We_ Moreover, the natural isomorphism (8.2) under
compositions of maps of finite sets.

8.2. Excursion algebra. An excursion datum for G (over k) [ES21l, Definition VIII.4.2] is a tuple D =
(I,V,a, B, (7i)icr) where:

e [ is a finite set and ; € Wg for each i € I,

o Ve Repk((@ x Q)1 for varying @, and 1 = Vl]g and Vg 5,1 are maps of G-representations.

The excursion algebra Exck(WE,@) is the k-algebra on generator Sp for each excursion datum D, with
relations as in [Fenl, §2.4]. Another definition appears in [FS21] Definition VIII.3.4].

An L-parameter (with coefficients in k) is a class in H'(Wg; G(k)), or equivalently a section Wg —»
G (k) xWg up to G (k)-conjugation. An L-parameter is semisimple if whenever it factors through a parabolic
Lp(k) c LG(k), it also factors through a Levi ' M (k) ¢ L' P(k) [FS21) Definition VIIL3.1].

Combining [FFS21], Proposition VIII.3.8] and the statement above [FS21] Definition VIII.3.4] that the nat-
ural map from Exc(Wg, CAY') to the spectral Bernstein center O(Z(Wg, @))G is a universal homeomorphism,
we obtain a canonical bijection between

{characters Excy(Wg, G) — k} <— {semisimple L-parameters p € H'(Wg; G(k))}.

Suppose we are given a homomorphism *1): “H — L'G. Then for any excursion datum D = (I, V, o, B, (7i)ier)
for G, we define
L, * I L, * L, * L %
' (D) = (I, “¢"(V), "™ (@), "¢ (B), (vi)ier)

as an excursion datum for H. The map Sp + Sy (p) defines a homomorphism
Ly Exci(Wg, G) — Exci(Wg, H). (8.3)

On spectra, it sends (the point corresponding to) a semisimple L-parameter p € H(Wg; ﬁ(k)) to (the point
corresponding to) the semisimple L-parameter 1) o p € HY(Wg; G(k)).

8.3. The Bernstein center. Recall that in we defined the Hecke algebra 52 (G, K; A) for a compact
open subgroup K C G(E). We let 3(G, K;A) := Z((G, K; A)) be the center of 52 (G, K; A).

If K C K’ have prime-to-¢ pro-order (e.g., this will be true as long as they are sufficiently small), then
convolution with 1x gives a homomorphism 3(G, K;A) — 3(G, K’; A). The Bernstein center of G (with
coefficients in ) is

3(G;A) :=1m 3(G, K; A),
K
where the transition maps are as above, and the inverse limit is taken over K with prime-to-¢ pro-order.

If A = k, we abbreviate (G, K) := (G, K; k), 3(G,K) := 3(G, K; k), and 3(G) := 3(G; k).

The Bernstein center 3(G) may also be identified with the ring of endomorphisms of the identity functor
of the category Repj;"(G(E)). In particular, any irreducible admissible representation II of G(E) over k
induces a character of 3(G).

8.4. Review of Fargues-Scholze correspondence. Fargues-Scholze construct in [FS21] a k-algebra ho-
momorphism

FS¢: Excy(Wg, G) = 3(G; k). (8.4)

Via (8.4), Excy(Wg, G) acts through a character on any irreducible admissible representation I € Rep; " (G(E)),

and the corresponding semisimple L-parameter is denoted p € H'(Wg; G(k)).
We present the construction of (8.4) on [FS21] p.36]. Fix b:= 1¢ € B(G). Let

T: Spdf — HSpdE

i=1
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be the geometric diagonal, and f£: Sht(AGJGJ)’K — Spdi be the base change of fx along T.
Let K C G(E) be a compact open subgroup. Recall from Example that the underlying G(E)-

representation of RfI%!Sl is C-Indf((E) k. Hence for each excursion datum D = (I,V, a, 8, (7i)iei) we have a
composition
cIndS B g o FSe(Sp) . N C—Indf{(E) k
RfgiS1 —— RfRSv|, —— RfxiSv)z Goliey (Rfx1Sv)e —— RSy, 2 L RfAS

(8.5)
(in the middle step we used (8.1) to obtain an action of [[,.; Wg on (Rfk1Sv)z) which defines an element
FSq(Sp) € Endg(p) (C—Indi(E) k, c—Indi(E) k) =2 3(G, K). As K varies, these elements are compatible under
convolution, hence assemble to an element of 3(G). The map (8.4]) sends Sp to this element of 3(G).

8.5. Excursion operators on Tate cohomology. Recall the notion of Tate cohomology from We
will now study excursion operators on the Tate cohomology of Sht(q p, 1) k-

8.5.1. Tate cohomology of moduli of shtukas. Recall that G has a given action of ¥. Assume that the
level structure K C G(F) is X-invariant, and b € B(G) is ¥-fixed. Then there is an induced X-action on
Sht(G7b’I)’K. N

The given action of ¥ on G induces an action V +— °V of ¥ on Rep,((G x Q)!). Suppose we have a
Y-equivariant representation W € Rep,, ((G x Q)!)P*. Then Sy has the structure of a Y-equivariant sheaf
on Sht(g s, 1),x- Then we have, using (8.1,

RfxiSw € D(Repy™ Gy(E))Plier Wex2),
Hence we can form the jth Tate cohomology of R fixiSw (for j € Z/2Z), which we denote
T7(Sht(gp,r),x: W) == T/ (Rfx1Sw) € D(Rep;™ Gy (E))P Tier e, (8.6)

as we will want to record the dependence on G, b, I.

Example 8.5.1. For V = 1, the trivial representation, Sht(g s 1),k is only non-empty for b = 1. In that
case, we have (cf. Example [8.1.1)

T9(Sht (G 160063 1) 2 T (c-IndS™) k) € Repi™ (H(E)).
A similar story applies to H. Note that ¥ acts trivially on Sht g 1)k, so if ¥ acts trivially on W €
Repk((ﬁl x @Q)1), then by Example and Example [3.7.1] we have for each j € Z/2Z a natural isomorpism

T9 (Sht(g,p,1),5; W) = @ H"(RfxiSw) = H*(RfxiSw). (8.7)
nez

8.5.2. Excursion action. The X action on G induces a Y-action on Excg(Wg, G) by transport of structure.
Concretely, 3 acts on excursion data by

g (Ia ‘/a «, 67 (%‘)z‘el) = <I7 0-‘/’ 0'(0()7 U(ﬁ)7 (,Yi)ief)
and then o - Sp = S,.p € Excy(Wg, @)

In general, given a k[X]-algebra A and an A-module M, there is a natural T°(A) = A% /(N - A)-module
structure on T*(M). This equips T7(Sht(g 5. 1),x; W) with a natural T° Exc,(Wg, G)-action. We are most
interested in the special case where W = 1 and b = 1g. In this case we have Tj(Sht(G,bJ)’K;]l) =
T/ (C—Indf{(E) k) at the level of underlying H (E)—representatiorls (cf. Example [8.5.1). If an excursion datum
D = (I,V,a, B, (Vi)icr) is X-invariant, then Sp € Exc,(Wg,G)° and its action on T7 (C—IIldf((E) k) can be
described more concretely using (8.5)): it is given by composition

T (c-Ind G k) —mmmm e S » T (c-Ind§P) k)

H8.5.1 H (88)

; @ ; (7i)i ; B ;
T/ (Sht(g,1,1),x3 1) —— T/ (Sht(g1,1),x; V) 2 T/ (Sht(g,1,1),x3 V) —— T?(Sht(g1,1),x; 1)
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8.5.3. Normed excursion action. Recall from Definition [7.1.1] that for any commutative k[X]-algebra A, there
is the Tate diagonal morphism
A Dm0 4)

sending a to the class of Nm(a) = a - o(a)---0°~!(a). This is Frob-semilinear, but an F,[¥]-structure on A
induces a linearization Nm(“ ' ): A — T%(A) which is a k-algebra homomorphism.

We apply this to A := Exci(Wg, @)7 with the Fy-structure coming from the fact that G is defined over
F,. In we saw an action of TV Excy,(Wg, é) on Tj(c-Indf((E) k). Inflating this action through Nm "
gives an action of Excy(Wg, é) on Tj(c-lndf((E) k), which we call the normed excursion action.

8.5.4. Native excursion action. The Y-invariant subalgebra Excy (Wg, é)" acts naturally on T? (Sht(ap,0),x3 V)
via the quotient Excy(Wg,G)° — T°(Excy(Wg,G)) and then the mechanism of We refer to this

I~

as the native excursion action of Excy(Wg,G)? on Tj(Sht(G’b,I),K; V). This action is not the same as the

~

restriction of the normed excursion action to the subalgebra Exc,(Wg, G)? C Exci(Wg, G); this discrepancy
will be responsible for Frobenius twists which show up later.

In general, for a commutative k-algebra A the absolute Frobenius A — A is Frob-semilinear. If A has an
F-structure A = Aj ®p, k, then the absolute Frobenius may be linearized to a map F': A — A, as explained
in The map F is characterized as the unique k-linear homomorphism that sends ag ~ af for all
ag € Ag C A. R

The preceding discussion applies to A := Exci(Wg, G)? (with the Fy-structure coming from the fact that
G is defined over F;). In these terms, the normed excursion action of Exc,(Wg, (A;)" is the native excursion

~

action composed with the map F': Excy(Wg, G)° — Exc,(Wg, G)? which is the linearization of the absolute
Frobenius.

8.5.5. Norm of excursion data. For any finite group ) over which the Wg-action on G factors, we define a
functor

Nm: Repy (G % Q)F) = Repy(G x Q)™
as follows:
e For a representation V € Rep, ((G x Q)!), we set
Nm(V) =V @ (V) @0 (7V) € Repi((@ 6 Q))P

with the obvious Y-equivariant structure. Note that it corresponds under Geometric Satake to
Definition [.2.5
e Given h: V — V' € Rep, ((FG)!), we set

Nm(h) == h®°h®...®° h: Nm(V) = Nm(V").
Note that Nm is not an additive functor, nor is it even k-linear.

Definition 8.5.2. We define the linearized norm Nm(* ) := NmoFrob™" to be the linearization of Nm
in the sense of Construction note that Frob™! is the identity on objects and on morphisms it is
(=) ®k Frob—1 k. Then the resulting functor

—1 o~ o~
Nm“ ) Repy, (G % Q)") = Repy (G » Q)1)"”
is k-linear (although still not additive).
Definition 8.5.3. For V € Rep, ((G x Q)7), we denote by
N -V € Rep,((G x Q))P*

the o-equivariant representation V@V @ ... ® "271V, with the obvious X-equivariant structure.
For h: V — V' € Rep, ((G x Q)!), we denote by
N-h:N- VNV’

the o-equivariant map h® °h d ... P . Let Ag: 1 — 19 denote the diagonal map and V,: 19¢ — 1
denote the sum map.
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Definition 8.5.4. Let D = (I,V, «, 3, (V:)icr) be an excursion datum for G. Define the excursion data

Nm D= (L,Nm ) V,Nm ) o, Nm ) B, (v:)ie1)

and
N -D:=(I,N-V,(N-a)oAyVio(N-B),(vi)ier),

which are excursion data for G.
Straightforward calculations yield:

Lemma 8.5.5 (|[Fen, Lemma 5.16]). For all excursion data D, we have

-1
Nm' ) (Sp) = Sy e p)

~

€ Exc,(Wg,G)’

and

~

N -Sp =Sn.p € Exc,(Wg,G)°.
Proof. The second identity appears in [Fen, Lemma 5.16], which also proves that

Nm(Sp) = Snm(p) € Excp (T, é)”
from which the first identity follows. O
8.6. Functoriality for excursion operators. For basic b € B(H), we let Hy, be the corresponding inner

twist of H, as in If b € B(H) is basic and maps to 1g € B(G), then we have ty: Hy — G,y = G.
Below we abbreviate ¢* K := ¢, X and 1 for the trivial element of B(G) or B(Hy ), depending on context.

Proposition 8.6.1. Assume ¢ > max{b(@), b(ﬁ)} Let K < G(E) be a pro-p compact open subgroup stable
under ¥. Then for any € € Z/2Z and each non-empty finite set I, there is a natural isomorphism

TE(Sht(G,l,I),K;Nm(zil)(v)) = @ TE(ShtI();mH,I),L*K;LT/J*(V)) (8.9)
berm1(lg)
of functors
Repy((G % Q)') — D(Repy™ H(E))P e Ve,
Moreover, these natural isomorphisms are compatible with fusion along all maps of non-empty finite sets

C: I —J.

The meaning of the last sentence is as follows. As explained in §8.1.3] any such ¢: I — J induces a
restriction functor Res¢: Repy((G x Q)T) — Rep,((G x Q)7). The natural isomorphism (8:2) induces a
natural isomorphism

T® (Sht(GJ,I),K; W) = TE(Sht(G’l’J)’K; RGS§ W) (810)
compatible with compositions of maps of finite sets, and similarly for each v’ € 1~1(1¢) a natural isomorphism
T(Sht(pr 1,100 163 " (W) 22 T(Sht(sr 1, gy 013 “00" (Resg W) (8.11)

compatible with compositions of maps of finite sets. Then “compatible with fusion” means that for every
¢: I — J, the diagram below commutes:

-1 ~ ’ %
Ts(Sht(G’LI)’K;Nm(Z )(V)) @b’EL’l(lc) TE(Shtl()Hle,I),L*K;Lw (V))

8.10l~ g,ulN

—1 ~ ’ %
T (Sht(g,1,),x; Nm“ ) (Res¢ V) Brer1(16) TS pr1,0,0).00 13 “0" (Rese V)

Proof. For each v/ € 1.71(1g) C B(H), the commutative diagram

H
b’ T * K tw
Sht(H,lH,I),L*K GI'HJ—LEI SpdEu‘

| i
Sht _TR L Gyt
(G.b,1),K YGIT,c, Spd E
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induces a natural isomorphism ¢*(7%)* = (71 ,.)*+*, hence natural isomorphisms

T (78)" (S v ) = T (1) 0" (St ) =2 () T (S ) € SIV(SH 1,1y 10165 T,

(8.12)
compatible with fusion. Theorem [7.7.1] supplies natural isomorphisms
(mH ) T (st(rl)(v)) = () T (Seye(v)) € Shv(Sht{y 1, 1y -5 Th)s (8.13)

compatible with fusion.
We now consider Tate cohomology of the moduli of shtukas. To distinguish between G and H, we write

fi: Shtga . — [[SpdE,
iel

Ilg’b . Sht?H,lH,I),L*K — H Spd E.
iel
Note that support of any Satake sheaf on Sht( 1 1), x has finite dim. trg over ] Spd E and is extra small (ct.
Example , and similarly for Shtl(’;{’IH’I)’L*K. As Fix(o, Sht (¢ s.1),x ) is a finite union of spaces of the form

Shti(’;q’lH’]),L*K by Proposition the results of §3| apply. In particular, we may apply Proposition
which relates the Tate cohomology of Sht(g 1 1),k to that of its fixed points, and Proposition @ whic
identifies these fixed points; combining these with (8.12) and (8.13) gives a sequence of natural isomorphisms

PRGN Syt 1)
p e ~ Hb'\ v x(Gyx
ropositions [3.6.2 & 147 — = GB RS NI ((mR) " S (1)

ber—1(1g)
B1D) — = @@ RO )T (Swal)(m)
ber-1(lg)
BI) = = P RULNEIL) T (Seyv) s
ber—1(lg)
compatible with fusion. The result then follows upon applying the Tate cohomology functor T=(—). O

In particular, when V = 1 is the trivial representation we have an identification

TO(Sht(e,1,qop.s 1) = D TOSht(a 1, qop.ri 1) (8.14)

ber1(le)

Note that the Hy for b’ € 17!(1g) are inner twists of each other, so their L-groups ' Hy, are all canonically
identified, hence we may identify each of their excursion algebras with Excy(Wg, H).

Theorem 8.6.2. Assume { > max{b(G),b(H)}. Let K < G(E) be a pro-p compact open subgroup stable
under ¥. Then the isomorphism (8.14)) is equivariant for the action of Excy(Wg,G), acting on the LHS via
the normed excursion action ( and on the RHS through the homomorphism L¢*: Excy(Wg,G) —

Exck(WEJ?) from (8.3) followed by the native excursion action ( .

Proof. Let D = (I,V,«, 3, (7i)icr) be an excursion datum for G. By the definition of the excursion action
(cf. (8.5))), what we have to show is that the action of Nm“ ") Sp € Exc;(Wg, G)” on TO(Sht(c1,01),3 1)
is intertwined with the action of Sty«(p) € Exc(Wg, Y H) on Dveci-1010) TO(ShtZ(’;q’lH’{O})’L*K; 1) under the

identification (8.14]).
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By Lemma we have Nm (¢ ) Sp=2=5 whose excursion action is calculated by the left column

Nm¢™H D
in the diagram below:

TO(Sht(c 1,113 1) = Bpe,1010) T Shtlm,1,,. 1,013 1)
Nm“il)(oz) le*(a)
—1 ~ i %
TO(Sht(G,l,I),K;NmM (V) += @b/a—luc)TO(Shtl(}HJH,J),L*K;Lw V)
(vidier l(')’i)iel (8.15)
—1 ~ / %
TO(Sht(G,l,I),KENm(Z )(V)) — @b/epluc)TO(ShtI()HJH,I),L*K;Li/) V)
Nm¢ D (B) le*(ﬁ)
TO(Sht(c 1,1,k 1) +—— Bpe,1(10) TOShEar, 1,017,013 1)

Meanwhile, St (p) is calculated by the right column in the diagram. Proposition establishes the
horizontal identifications making all diagrams commutes, which gives the result.

9. DERIVED TREUMANN-VENKATESH CONJECTURE

In this section we will reap the applications of the preceding material, especially the functoriality relations
for excursion operators from Theorem [8:6.2] In §9.1] we formulate the “derived” version of Treumann-
Venkatesh’s Conjecture ), and prove it in In we will construct the Treumann-Venkatesh
homomorphism alluded to in 7 and in we establish the commutative square . Finally, in
we prove the existence of functorial lifts along o-dual homomorphisms, including Theorem [1.4.1

9.1. Formulation. By the realization of the Bernstein center 3(G) as the ring of endomorphisms of the

identity functor on D’(Repi™ G(FE)), there is a tautological action of 3(G) on any Il € D°(Repy™ G(E)).
Composing this with the Fargues-Scholze map Exc;(Wg, é) Fa, 3(G; k) discussed in f. we obtain an

~

action of Excy(Wg,G) on any such II. In particular, to each II we may attach a subset

~

SUPPg,., (¢ (H (1)) C Spec Excy (W, G),

which can be interpreted as the “set of semi-simple L-parameters attached to II”. For example, if IT €
Rep;™ G(E) is irreducible admissible then suppy, .y, &) (II) is necessarily a single closed point, corre-

sponding to the Fargues-Scholze parameter pg € H'(Wg; @(k)) This defines the map (L.2).

Let II € D*(Repi™(G(E) x X)) = D*(Repy™ G(E))P*. Then we may form the Tate cohomology T/ (II),
which is naturally an object of Repi™ H(E).

Let F: Excy(Wg,G) — Excy(Wg,G) be the lincarized Frobenius (cf. , which is a k-algebra

~

homomorphism. This induces a functor F, on Exci(Wg, G)-modules.
Theorem 9.1.1. Assume ¢ > max{b(G),b(H)}. Then for any j € Z/2Z, SUPPp,c, (W ﬁ)(Tj(H)) lies over

L ~
Fy supPp.c, wy é)(H*(H)) with respect to the map Spec Excy(Wg, H) BLIN Spec Excy (Wg, G) induced by
the o-dual homomorphism “ip: PH — L G. In other words, there is a commutative diagram

SUPPExcy, (Wg,H) (T7(II)) < Spec EXCk(WEaﬁ)

J o

Fy supPp. e (wp.G) (H*(IT)) — Spec Exc,(WEg, G)

Example 9.1.2 (Treumann-Venkatesh functoriality conjecture). If IT is an irreducible smooth representation
of G(E), then Exc,(Wg,G) acts on II through a character . The composition x o F' is the character of
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Exc,(Wg, é) associated to the Frobenius twist 19 := I ®k,Frob, k, so we have
F, SHPPEXC,C(WE’@(H) = SuppExck(WE’é) (F*H) = {XH(E)}'

Suppose furthermore that II = °II € Rep}" G(E). Then by [TV16, Proposition 6.1], the G(E)-action on
IT extends uniquely to a G(F) x Z-action. Then Theorem implies, assuming ¢ > max{b(G),b(H)},
that for each j € Z/2Z and each irreducible H(E)-subquotient 7 of T¢(II), the semi-simple L-parameter
~ ~ L
P € HY(Wg; G(k)) is the image of the semi-simple L-parameter p, under the map H'(Wg; H(k)) SN

H'(Wg; @(k)) This implies Theorem m
Example 9.1.3. Suppose o is an inner automorphism, induced by conjugation by s € G(F) (which therefore

has to be an /-torsion element). Then we have an isomorphism G(E) x ¥ = G(FE) x ¥ sending (g,0) —
(gs~1,0). Hence we get a functor

D*(Repy™ G(E)) — D*(Repy™ (G(E) x £)) =+ D*(Repi™ (G(E) x ).
This equips every representation Il € D’(Repy™ G(F)) with a canonical Y-equivariant structure, where o

acts by II(s).

9.2. The Treumann-Venkatesh homomorphism. We next establish some technical lemmas which aid
to study the properties of the Brauer homomorphism.

Proposition 9.2.1. Let K C G be a X-stable pro-p compact open subgroup. Then the natural map
UK\H(E)/.*K - K\G(E)/K
18 1njective.
Proof. Let a,b € «*K\H(E) be two elements whose images in K\G(F) lie in the same orbit for the right
translation of K. In other words, a = bk for some x € K. Applying o to this equation, and using that a,b
are fixed by o, we obtain a = bo(k), so o(k)k ! € Stabg (b). Since ¥ is of order £ while K is pro-p, we have
H!(X; Stabg (b)) = 0. Hence there exists y € Stabx (b) such that o(k)x~! = o(y)y~t. Then y~'x is fixed by
o,s0y 'k € H(E)N K = *K. But then
a=br=(by"")r=bly""r),

which shows that a and b lie in the same orbit for the right translation of *K on * K\H(FE). O

Recall that we defined a compact open subgroup K C G(F) to be plain if the natural map H(E)/.*K —
[G(E)/K]° is an isomorphism. By a similar argument involving the vanishing of non-abelian cohomology (cf.

[Fen, Lemma 6.6]), any pro-p subgroup K C G(E) is plain, so the (un-normalized) Brauer homomorphism
(cf. Br: s (G,K)” — ' (H,.*K) is defined for any such K.

Corollary 9.2.2. Let K C G be a X-stable pro-p compact open subgroup. Then Br induces a map of centers,
Br: Z(#(G,K)°) = Z((H,.*K)). (9.1)

Proof. Proposition implies that Br: J#(G, K)? — 5€(H, " K) is a surjective k-algebra homomorphism,
so it maps the center to the center. ([l

It is evident from the definition that the map (9.1]) factors over the quotient Z(4(G,K)?)/N - 3(G, K),
which induces a map
3G K)7 | Z(GK))
N-3G.EK) | N-3(G.K)

T°3(G,K) = — 3(H,/*K). (9.2)

Note that we have a natural Fy-structure on 3(G, K; k) given by
3(G, K5 k) = 3(G, K;Fy) ®p, k. (9.3)

The following is a “normalized” (cf. §7.1.3) version of (9.1)), in the sense of the normalized Brauer homomor-
phism (7.4)).
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Definition 9.2.3. Let K C G be a X-stable pro-p compact open subgroup. We define Treumann- Venkatesh
homomorphism

3rv,x: 3(G,K) = 3(H,."K)

to be the composition of (9.2) with the map Nm( ) 3(G,K) — T°(3(G, K)) from Definition with
respect to the Fy-structure (9.3).

9.3. Modular functoriality for Bernstein centers. For an inclusion K C K’ C G(E) of X-stable pro-p
compact open subgroups, we have the map egﬂKl: 3(G,K) = 3(G,K’) given by convolution with 1.
Similarly, we have egﬁKl : 3(H,.*K) — 3(H,*K) given by convolution with 1,« /. The diagram

3(G,K) 225 3(H, 1K)
legakz’ / legakl
3(G,K') 25 3(H, " K")
commutes.

Definition 9.3.1 (Base change homomorphism for Bernstein centers). We define the Treumann- Venkatesh
homomorphism (for Bernstein centers) 3tv: 3(G) — 3(H) as

Jm 37y k: Im3(G, K) — lm 3(H, " K)
K K K

where the limit is taken over X-stable pro-p compact open subgroups K C G(E).

Assume ¢ > max{b(G),b(H)}. Recall that in Corollary we have constructed the o-dual homomor-
phism “op: PH — LG over k.

Theorem 9.3.2. Assume { > max{b(G),b(H)}. Then the following diagram commutes:

~ ~

Excy(We, G) —2 Excp(Wg, H)
FSGJ, J,FSH (94)

3(G) —22— 3(H)

Note that if K is a plain subgroup of G(E), then we have
T(c-Ind§™ k) = ¢-Ind?) k € Rep}™ H(E). (9.5)

(This is a special case of [BEH™, Proposition 8.12]; more general results on the interaction of Tate cohomology
with compact induction are discussed later in §10.4})

In preparation for the proof of Theorem [0.3.2 we record the following interpretation of the Brauer
homomorphism.

Lemma 9.3.3. Under the identifications (G, K) = Endg(E)(c—Ind[G((E) k) and 7 (H,*K) = EndH(E)(c—Indg(If) k),
the map Br: T2 (G, K) — 2 (H,*K) induced by the Brauer homomorphism is identified with the map

@)
T° Endg( ) (c-Ind 50 k) = End (g (T (c-Ind 517 k) &2 Endp () (c-IndT 7 k)

Bk to the induced endomorphism on its Tate cohomology.

sending a S-equivariant endomorphism of c—Indz

Proof. Apply [Fen, Lemma 6.7] (which comes from [TV16l §6.2]) with II := c—Indf((E) k. |

Proof of Theorem[9.3.9. For any pro-p, S-stable compact open subgroup K C G(E), we also denote by
Excy(Wg, G) 2% 3(G, K)

the composition of FSg with the projection 3(G) — 3(G, K). Applying Tate cohomology, this induces

TO Excy (Wg, G) 229 TO3(G, K). (9.6)
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We have identifications
G(E X. (8-14) /
TO(C-IndK( ) k)Ei@TO(Sht(G71G,{O})7K; ]].) T> ®b'EL’1(1c) TO(Shtl()H,lH,I),L*K; IL)
Ex. mJ/N

H(E
TO(C—IndL*g( ) k)

H(E) ~
c-Ind,. ;" k R o]

and for any excursion datum D for é, Theorem implies that these identifications intertwine
the action of S “1 the action of St -
Nm(¢~") D $*D
= . 9.7
( on TO(C—Indi(%) k) ) ( on c-Indfﬁf) k ) (0.7)
The diagram
~ -1 -~
EXC]C(VVE7 G) NL) TO EXCk(WE, G)

J{FSG l (9-8)
3(G, K) N0 1036 K)

commutes by the definition of Nm, and the fact that FS¢ is defined over Fy (with respect to the Fy-structures
used to linearize Nm on each row). Therefore, unraveling the definition of 31v and using Lemma it
suffices to show that

BT(FSG(SNm(Z*l) D)) = FSH(SL¢*D) (99)

for all excursion data D for G. By Lemma Br(FSg(Sy,, 1) p)) is the endomorphism of TO(C—Indfff) k)=

c- IndH( k obtained by taking T of the action of SNm(e—1) p 0N C—Indg(E) k, which according to (9.7) is the
endomorphism given by FSy (Swy«p). O

Corollary 9.3.4. Assume ¢ > max{b(G),b(H)}. Then for any irreducible H(E)-representation w, the
character

X 0 31vi 3(G) 22 3(H) X5
has the property that for any irreducible G(E)-representation IT on which 3(G) acts through x, o 31v, there

is an isomorphism of semi-simple L-parameters pr; = F1p o py.

9.4. Proof of Theorem [9.1.1] It was seen in the proof of Theorem [0.3.2] that for any X-stable open
compact subgroup K < G(FE), the normed action (cf. of Exci,(Wg, CAY') on T7 (C-Il’ldi(E) k) coincides
under the identification with the action obtained by composing Excy(Wg, CA}’ ES—G% 3(G) v, 3(H)
with the tautological action of 3(H) on c- IndH(E) k. Therefore, by Theorem | for any j the map
Eap,: Spec Excy (W, ) — Spec Exc,(Wg, G) carries

suppptie o T (1) BN suppe™et, o) TY(10), (9.10)

where the native excursion action is defined in
We will compare the support of the normed and native actions of Excy(Wg,G)? on T/(II). By the
discussion in we have for any j € Z/2Z an equality

su ppg‘:g:?s% G)U(Tj (II)) = F. supp%ifZ?WEﬁ)o(Tj (I)) C Spec Exc,(Wg, G)?. (9.11)

By the Tate spectral sequence T7(H'(IT)) = T**J(II), each T™(II) has a finite filtration each of whose
graded pieces is a subquotient of H*(IT), hence we have

Fysuppli™ a0 (T/(I) € Fysupplt™ o (H*(ID) = supppt Ve, o (FH(ID)). (9.12)

Let ¢: Spec Exck(WE, é) — Spec Exci(Wg, G) be the map of spectra induced by the obvious inclusion.

Combining (9.11)) and - with - 9.10]) yields

go b, (suppite, o () © Fosupppt™ o (H*(ID)). (9.13)
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The surjection Exci(Wg, CAT')" — TY Exci,(Wg, @) induces a closed embedding on spectra, as in the dia-
gram

~

Spec Excy(Wg, G)

o
Spec T Excy, (Wi, G) —— Spec Excy(Wg, G)°

Now, |[Fen, Lemma 5.15] says that any character from T° Excy(Wg, é) to any perfect field has a unique

A ~ ~

extension to Excy(Wg, G), which implies that the map Spec Excy(Wg, G) — Spec Excy(Wg, G)? is one-to-

~ ~

one (and surjective) over the closed subscheme Spec T Excy,(Wg, G) C Spec Exciy(Wg, G)°. From Theorem

8.6.2L we see that ¢ o L, (supp‘E‘atciV?W ) TJ (H)) lands inside this subspace, so we may lift (9.13) to the
XCl E

contalnment

L native j . native
N (suppEXCk(WEﬁ) TJ (H)) C F. buppEXCk(WE’é)(H), (9.14)

as desired.
O

9.5. Existence of functorial lifts. We generalize the proof of [Fenl Theorem 6.26] to prove the existence
of functorial liftings along any o-dual homomorphism.

Theorem 9.5.1. Assume ¢ > max{b(@),b(f[)}. Let 7 be an irreducible representation of H(E) over k,
with Fargues-Scholze parameter p, € HY(Wg; H(k)). Then there is an irreducible representation I1 of G(E)
over k such that py = L1 o p, € HY (Wg; G(k)).

Proof. Choose a Y-stable pro-p compact open subgroup K < G(E) such that 7K £ 0. From Theorem
we have a commutative diagram

Spec 3(H,*K) _ Specdrv Spec 3(G, K)

lSpec FSy lSpec FSa (915)
~ L ~
Spec Excy,(Wg, H) S L NN Spec Exci(Wg, G)
The representation 7 gives a k-point of Spec 3(H, ¢* K) lying over p, viewed as a k-point of Spec Excy, (W, " ).
The commutativity of the diagram then tells us that there is a k-point of Spec 3(G, K), say with maximal
ideal m, lying over the k-point of Spec Excy(Wg, é) corresponding to L1 o p.

Recall that the functor IT +— IT¥ induces a bijection between irreducible admissible G (E)-representations
with non-zero K-invariants and irreducible (G, K)-modules. It therefore suffices to construct an irreducible
representation of (G, K) on which the 3(G, K)-action factors over m.

By Dat-Helm-Kurinczuk-Moss [DHKM|, Theorem 1.1] 57 (G, K) is a finite 3(G, K)-module. By the Artin-
Tate Lemma, 3(G, K) is finite over 3(G, K)? and then J#(G, K) is finite over 3(G, K)?. The localization
of #(G,K) at m is non-zero, since 3(G,K) — (G, K), so Nakayama’s Lemma implies that the left
(G, K)-module quotient 5 (G, K)/7 (G, K)m is finite-dimensional and non-zero. By design, it is sup-
ported over 3(G, K)/m, so it has an irreducible J#(G, K)-subquotient on which the 3(G, K)-action factors
over m, as was to be showed.

(I

10. FARGUES-SCHOLZE PARAMETERS OF TORAL SUPERCUSPIDALS

In this section we will demonstrate how the preceding theory may be used to calculate the Fargues-Scholze
parameters attached to explicitly constructed representations IT € D’(Rep;™ G(E)). We will apply Theorem
with the automorphism o being conjugation by a strongly regular /-torsion element s € G(E). Then
H is a torus T < G, so the Fargues-Scholze correspondence is completely understood for H. Using Theorem
we can describe pr € HY (Wpg; é(k)) in terms of T7(II) and the o-dual homomorphism ).

We will focus our attention on IT € D®(Rep;™ G(FE)) related to the “Howe-unramified toral supercuspidals”
studied by Chan-Oi [CO]. (The method has broader scope but we regard this as a sufficiently interesting
proof-of-concept for now.) Then T must be taken to be an unramified elliptic torus, and we compute the



MODULAR FUNCTORIALITY IN THE LOCAL LANGLANDS CORRESPONDENCE 67

o-dual embedding in it turns out to be the canonical L-embedding corresponding to an unramified
maximal torus.

The relevant IT arise as compact inductions of representations cut out from the cohomology of so-called
“deep level Deligne-Lusztig varieties” studied by Chan-Ivanov [CI21]. In We use equivariant localization
to calculate the Tate cohomology of these deep level Deligne-Lusztig varieties. We feed the answer into §10.4]
in order to compute the Tate cohomology of the compact inductions, and then tie together the calculations
to describe the Fargues-Scholze parameters explicitly in Theorem

10.1. Review of tori. Let G be a connected reductive group over E.

10.1.1. The abstract Cartan. To G we can associate a canonical FE-torus T, which we call the “abstract

Cartan” of G. (We make no claim that T admits an E-rational embedding into G.) If G is quasi-split, it is

defined as the colimit over E-rational Borel subgroups B < G of B/U, where U is the unipotent radical of

B. In general, we pass to an extension of G where it becomes quasisplit, and then descend this construction.
Given an extension E’/E and a Borus (B,T') over Ggr, the composition

T—B—»B/U—Tg

defines an isomorphism ig: T = Tgr.
We denote by W the Weyl group of T, defined as the colimit of Ng,.(T)/T over the category of Bori
(B,T) in Gp-.

10.1.2. The cocycle of a torus. Let T C G be a maximal torus over E. Over E*, we can find a Borus (B, Tgs)
inside G gs, which gives an identification ig: Trs — Tgs.

For v € Gal(E®/FE), vB is another Borel subgroup of G containing Tgs, so we have another identification
i’yB: TEs l) TEs.

For v € Gal(E®/E), we denote by vt (resp. r) the endomorphism of Tgs (resp. Tg-) induced by ~.
From the definition of the abstract Cartan, we see that vyt is the composition

2 (2
[gs L}TES ’Y—T)TES —Y—B> Cgs.

For each v € Gal(E*/E), the automorphism iBi;é of Tgs is given by an element of W. Hence the
function zr g: v — (iBi;é) defines a cocycle in Z!(Gal(E®/E); W). Choosing a different B alters zr g by
a coboundary, hence the cohomology class hr := [z g] € H'(Gal(E®/E); W) is independent of B. Then we
have

. 1 1 . 1 e =1
ipyrip = zB(sz'yTzB)zB = (zB%B)'YT'
In other words, the cocycle hr expresses the “difference” between the Gal(E*®/FE)-action on T and on T.

10.1.3. The canonical L-embedding. Recall from the work of Langlands-Shelstad [LS87] that given a maximal
torus T' C G together with a choice of “y-data”; there is a é—conjugacy class of admissible dual embeddings
Lj: LT < LG. In general there is no distingushed choice of ©j, but if T is unramified then it has a
distinguished choice of y-data, which gives a canonical conjugacy class of embeddings *j: ‘T — L'G. We
will describe it more explicitly.

Using the G- conjugation, we can arrange that ] sends T isomorphically to T. Then £ j is specified by a
cocycle Wg — G(k), which must land in the normalizer of T in G, denoted N (T )(k). This cocycle will
be chosen to lift hr € H'(Wg; W). Since T is unramified, all the actions factor through the unramified
quotient val: Wg — (¢) = Z, and our lift will be chosen to be inflated from H!({); N@(f)(k)) The space
of such liftings is controlled by an exact sequence

H ((0); T(k)) = H'({); Ng(T) (k) = H' ((12); W).

We will explicate the correct lift only in the case that T is elliptic, i.e., anisotropic mod center.
First suppose G is semi-simple: then T is anisotropic, so that

H' ((); T(k)) = T(k)/p—conj = {1},

hence ”j is uniquely determined in this case by the condition of lifting hr.
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In general, consider the adjoint quotient G — G.q. Let T := T'/Z(G), so we have a pullback square

T—T

]

G —— Gad
On the dual side we have é-;i —Gand T — f, forming a pushout square

_

><—H\>
— )

Gad%@

Let Ljaq: YT — LG.q be the L-embedding specified in the preceding paragraph. Then from [DR09, §4.3],
one sees that ©j is the pushout of ©j,.q4, as in the following pushout square:

%XWE%fNWE
J/Ljad J/LJ
@NWEEGXIWE

10.2. Calculation of the o-dual homomorphism. Let " C G be an unramified elliptic maximal torus
defined over E.

Proposition 10.2.1. Suppose T(E) contains an element s of order £ which maps to a strongly regular

element of Goq(F). Let o = conj, be the conjugation action of s on G, so GZ =T. Assume £ > b(G). Then
the o-dual homomorphism L1p: YT — LG lies in the G-conjugacy class of the composition
L.
Lp e, Lp Iy L,
where Fry is induced by the Frobenius endomorphism T — T (corresponding to multiplication by £ on character
groups).

We begin with some preliminaries before turning to the proof. Any choice of B D Ty gives a commutative
diagram

Tgs Tg- Tg-
l“g l l (10.1)
Tgs B Gpgs
By Lemma and Corollary diagram induces an isomorphism
br = (Fr,)*i CTp: Rep,(G) — Rep,(T). (10.2)

Thus the choice of B gives an identification /z‘\g,l: T = T in such a way that the map v, the restriction of
L4 to the identity component, factors as in the diagram below

P
~ m ~
T—>T—¢ (10.3)
B
where ¢p is ’i\]}l composed with the Frobenius endomorphism Fr, of T. As discussed in §10.1.2] the map ZB
carries the Wg-action on T' to the Wx-action on T twisted by the cocycle hrp, so for all v € Wg we have
bong=hr(v) - (vg o 9n)- (10.4)
This has the following consequence. The map ((10.2)) carries Wg C T to N@(T) x Wg, so its projection
to the first component defines a class pry (1) € H'(Wg; N5(T)). Denote by [pry(*4)] € H(Wg; W) the
projection of pr; (“1)) along N (T) — W. From (10.4) we conclude:

Lemma 10.2.2. We have hy = [pry(£4)] € HY(Wg; W).
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As explained in §10.1.3] Lemma [10.2.2] already shows that Proposition [10.2.1] holds if G is semi-simple
and 7' is an elliptic unramified torus. For the general case, note that by hypothesis s maps to a strongly
regular element s € G,q of order ¢, whose centralizer is T', so a similar theory applies to G,q. This induces
a functor

braa: Sat(Grg,, pivy; k) = Sat(Grg pi s k)

and we study its relation to the functor
5’;": Sat(GrG)Divk ; k) — Sat(GrT7DiV§(;k/’)

which corresponds under Geometric Satake to “.
We record some general properties of the Geometric Satake equivalence. If G — G’ is a central isogeny,
then the induced map f: GraDiv%{ — GTG/,Divﬁ( restricts to isomorphisms of connected components, and

the restriction map Rep,(YG’) — Rep,(LG) is intertwined under Geometric Satake with the (derived)
pushforward functor

Sat(Gre, pivi s k)~ Sat(Greyr pivy ; k) (10.5)
We record the following general property of the Brauer functor.

Lemma 10.2.3. Assume £ > max{b(G),b(H)}. Write H := H/(H N Z(G)) and assume that H = (Gaq)° .
Then the diagram

Sat(Grg piyi i k) «—— Sat(Grp pivi; k)

z;-aﬁ I;T (10.6)
Sat(Grg,, pivt s k) «—— Sat(Grg piyvt i k)

commutes, where the horizontal maps are of the form ((10.5)).

Proof. Write f: Gry g/ Divl — Grﬁ’s/ Divl, and g: GrG,S/Divﬁ( — Grg,, s/ Divl for the projections induced

by the quotients by Z(G). By construction of br and l;”ad, it suffices to show that the diagram

ParULA(Grﬁys/Divk;kj) & ParULA(GrmS/DiV%{; k?)

] ] 107

ULA i Rg. ULA .
Par™"%(Grg,, s/ Divl ) k) «—— Par" " (Grg s/ Divl ) k)

commutes for any strictly totally disconnected S over Divﬁ(.
Let F € ParULA(GrG,S/ Div%{;@)) and FF == FQok € ParULA(GrGﬁ/ Div%{;k’). Then we have natural
isomorphisms

Rfsobr(FF)=Rf.oLo [Tg] o Psmon(f_l)(F]:)

) -1
=~ [ oRf, o [t%] o PsmoNm ) (FF)

—
N
-

1%

Lo [t%] o Rf. o PsmoNm(* ) (FF)

—
w
=

1%

Lo [T%‘d] o PsmoRg, o Nm(rl)(F]—')

(4) -
~ Lo [T%‘d] o PsmoNm® ) oRg.(FF)

= braq o Rg.(FF)
whose composition gives the desired commutativity. Here, the natural isomorphisms are justified as follows:

(1) is evident from the fact that Rf. preserves normalized parity sheaves, because f restricts to an
isomorphism between connected components of the source and target.

(2) holds because G and G,q differ by a central quotient, and similarly for H and H, so [t%] = | %‘d];
and clearly shifts commute with Rf..
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(3) holds by Proposition [5.2.10 using Proposition to see that applying Y-fixed points to the map
g: GI‘G,S/ Divi — GI‘Gams/ Divl ylelds f : GrH,S/ Divk — Grﬁ,S/ Divﬁ( .
(4) holds because Ry, is symmetric monoidal.
|

Proof of Proposition[10.2.1 Combining Lemma with Tannakian reconstruction, we find that the di-
agram
L —— LT
Etpad le
LG — LG
commutes. As mentioned above, Corollary implies that it factors as

LT LT

J/Frg Frel

Fpaa | LT — 5 L | Ty

o

LGad —_— LG

By inspection the bottom square induces isomorphism on the cokernels of the rows, hence is a pushout
square. As explained in Lemma implies that (,q is @—conjugate to the canonical ©j,q. Since
¢ is pushed out from (,q and ©j is pushed out from j,q, we deduce that ¢ is @-conjugate to L4, and then
that “1) is G-conjugate to ©j o Fry, as desired. a

10.3. Tate cohomology of deep level Deligne-Lusztig varieties. We briefly recall the generalized
Deligne-Lusztig representations appearing in [CI21].

10.3.1. Group-theoretic setup. Let T — G be an unramified maximal torus and = € B(G/E) be a point of
the Bruhat-Tits building of G that lies in the apartment of T. Corresponding to x we have by Bruhat-Tits
theory a parahoric group scheme G/Opg, whose generic fiber is G/E.

Recall that F; is the residue field of E. By assumption, T splits over E. Choose a E-rational Borel
subgroup of G containing T, and let U be its unipotent radical.

For r € Z>¢, we have group schemes G,, T, over F, as in [COl §6.1]Z| corresponding to subquotients of
the Moy-Prasad filtration at x, such that

Gr<Fq> = Ga:,O:rJr = Ga:,O/Gw,r+ and TT(Fq) = TO:T+ = Tw,O/Tw,r+-

We also have a group scheme U, C (GT)E corresponding to U.

10.3.2. Deep level Deligne-Lusztig varieties. Let Fr, be the g-power Frobenius for schemes over F,. We
recall certain schemes constructed in [CI21], §4]: the “deep level Deligne-Lusztig varieties”

St v, ={z € (G, : ' Fr,(z) € U, }.

(The variety St, y, is called X, in [CO].) It is a separated, smooth, finite type scheme over F,, with an
action of G, (F,) x T,.(F,) by multiplication on the left and right.The action of T, (F,) is free, and we define

X’H‘"”U”' = ST’V'7UT /TT(FQ)

Example 10.3.1. When r = 0, the definition of Xt y, specializes to that of a classical Deligne-Lusztig
variety [DL76].

Definition 10.3.2 (Deep level Deligne-Lusztig induction). Let 6: T, (F,;) — k* be a character. Let Ly be
the corresponding local system on Xrt, .. We define

RY!p,(0) := RT:(Xr, v,5 Lg) € D (Repy, G (Fy)).

"The indexing seems to differ from that of [CI21] §2.5, 2.6] by 1.
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10.3.3. Calculation of Tate cohomology. Following [CI21l §2.8], we define W,(T') to be the subgroup of
W (T, G) generated by vector parts of affine roots ¢ of G for which ¢ (z) = 0.

Following [CI21l, Definition 5.1], we say that s € G,(Op) is unramified very regular (with respect to x)
if s is regular semisimple in G, its connected centralizer Zg(s) is an E—split maximal torus of G, and

a(s) #1 (mod wg) for all roots a of Z&(s). We say that s € G,.(F,) is unramified very regular if it is the
image of an unramified very regular element of G,(Op).

Proposition 10.3.3. Let s € T,(F,) be unramified very reqular in G,.(F,) and of order £, and let o = conj,
as an automorphism of G. Then for each j € Z/2Z we have

T(RGy (0)= € 6% € D'(Rep, T.(F,)). (10.8)
weEW, (T)ra

where 0¥ = 0 ow™! is the translate of 6 by the action of w.

Proof. By [CI21] Proposition 5.6], we have

Fix(o,Xr,p,) = |J [ (10.9)
wEW, (T)¥ra

where [i)] is the coset W T, (F,) of any lift 1 € G,(F,) of w.
By [Fenl, §A.1.2] (which is the scheme-theoretic counterpart to §5.2.3), this implies that

TI(RY"y (0)) = TV(RL:(Xr, 0,3 L0)) =T | [liLe)= €D Lolw

wEW, (T)Fra wWEW, (T)Fra

Here L|j;) is a T, (F)-equivariant sheaf on a point, i.e., a representation of T, (F,). Writing tw = w(w ™ tw),
we see that Lo|;) = 0" € Repy, T, (Fy).
O

10.4. Howe-unramified toral representations. We may regard R% v, (0) as a (derived) smooth repre-
sentation of G by inflation. Choose some extension of 6 to T'(E), which we use to regard R%:,Ur (0) as a
(derived) smooth representation of T'(F)G, 0. Then we define

G(E ” sm
g = c-IndT((E)gm RSy (0) € DP(Repy™ G(E)).

Note that since o is inner, Example applies to equip any IT € D?(Rep}™ G(F)) with a canonical
Y-equivariant structure. In particular, we use this to view 77,79 € D*(Rep}™ G(E))B*.

In preparation for calculating the Tate cohomology of mr 179, we study the interaction between compact
induction and Tate cohomology. Let K C G(E) be any X-stable closed subgroup. Let Y := G(E)/K.
Then there is a functor from finite-dimensional representations of K to G(E)-equivariant local systems on
Y, which we denote V' — F (V). In turn, there is a functor from G(E)-equivariant local systems on Y to
smooth G(FE)-representations, obtained by taking compactly supported global sections. Assuming that K is
open, the composite functor

V= RI.(Y; F(V))
is the compact induction from K to G(FE). By [TV16l §3.3] we have for each j € Z/2Z a natural isomorphism
TI(RL(Y; F)) = TH(RL(Y7; F)) € Repy™ H(E). (10.10)
for any G(FE)-equivariant local system F on Y.

Theorem 10.4.1. Let T < G be an elliptic unramified mazimal torus. Assume that T(E) contains an
element s of order £, which is unramified very regular with respect to x € B(G/E) and strongly regular in

~

Gaa(E). Then for any 0: T(E) — k*, SUPPg . (W é)(H*(WT7U79)) contains the point of Spec Excy,(Wg, G)
corresponding to the semi-simple L-parameter

L L .
Wg —% LT(k) — LG(k) (10.11)
where L0 is the L-parameter given by class field theory, and ©j is canonical L-embedding of T (§10.1.5).
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Proof. Let 0 € Aut(G) by the conjugation by s, so G° = T. Note that the hypotheses on s imply that
Proposition [10.2.1] holds in this situation.

Let K = T(E)Gg,. Since T is elliptic, we have K = ZgG, o where Z¢ is the center of G(E). Note that
H!(X; K) is finite, as it has a finite-index subgroup of the form Zg times a pro-p subgroup and p # [ = |X|.
From the long exact sequence in non-abelian cohomology

1— K7 = G(E) — (G(E)/K) - H(%; K) — HY(X; G(E))
and the torsor-shifting discussion in [Ser94} §5.3, 5.4], we see that

(G(E)/K)? = U G(E)/(¢K)”
g€ker[H! (Z5K) —H1 (S5G(E))]

where ¢ K is the twist of K corresponding to the torsor {. Henceforth we abbreviate
ker! (3; K, G) := ker[H(3; K) — HY(Z; G(E))).

Since (¢K)? D (¢1)° =T, we see that each G(E)?/(¢K)? is a point, which we will denote [§] € (G(E)/K)°.
From (|10.10) we get, for each j € Z/2Z, an equivariant isomorphism

T(rrue) = B T(FRE 0, 0)e) € D' (Repi™ T(E)).
¢cker! (I, K,G)
In particular, taking ¢ = 1 € H!(3; K) to the trivial class, we see that from Proposition that a direct
sum of Weyl conjugates of 6 appears as a direct summand of T? (77,17 9), as a representation of T'(E).

By Theorem we deduce that F SUPPp.c, (W, &) (71.1.0) contains the image under 1) of SUPPp e, (W, F) o
for various w € W(T',G). For tori, the Fargues-Scholze correspondence is known to be compatible with the
usual Local Langlands Correspondence, so SUPPpy., (Wp 7) 0™ is the point corresponding to the L-parameter
of class field theory

L ow

Wg — ET(k) (10.12)
Note that “4p o L0V = Lapo L € HY(W; @(k)) for each w € W, since the Weyl conjugation becomes inner
in G.
By Proposition [10.2.1] we have
Lipoth =LjoFrjolf =Fryoljolo e HY(Wg; G(k))
so we deduce that F SUPP e, (W, 8) (7r,u,9) contains Fry ol'jolf. By inspection of the definition, Frobenius
(un)twisting is compatible with the Fargues-Scholze correspondence in the sense that

¢
F, SUPPyc, (W, 8) II= SUPPgc, (W, &) FII = SUPPgc, (W, 6) 119 (10.13)

SO SUPPp, ., (W, 3) (7r,u,e) contains the point of Excy(Wg, G) corresponding to Zj o L9 € HY (Wg; G(k)), as
desired. g

Corollary 10.4.2. There is a non-zero irreducible G(E)-subquotient I1 of H' (71 17¢), for some i, such that
pr s (10.11). In particular, if mr e is concentrated in a single cohomological degree and is irreducible, then

its Fargues-Scholze parameter is (10.11)).

Remark 10.4.3. Note that Theorem imposes no regularity conditions on 6. We expect that if 0
is sufficiently regular, and ¢ is not too small, then 77 79 should be concentrated in a single cohomological
degree and irreducible, and cuspidal. There are interesting classes of examples where this is known; a notable
one pertains to the depth-zero supercuspidals [DR09], which correspond to the case where:

e z € B(G/E) is a vertex (so G, is a maximal parahoric),

e 7 =0, so Xq,u, is a usual Deligne-Lusztig variety,

e T is not contained in a proper parabolic subgroup and € is non-singular (meaning that it is not

orthogonal to any coroot, cf. [DL76l Definition 5.15(1)]), so its Deligne-Lusztig induction is cuspidal.

Letting L be the character sheaf on X, y, associated with the non-singular character 6: T'(F,) — k*, it
follows from [DL76, Lemma 9.14] and [Bro90, Lemma 3.5] that in this situation H} (X7, u,; £¢) concentrates
in a single degree; and if the prime-to-¢ component of 6 is in general position then H’ (Xr, y,; Lo) is irreducible
by [Bro90, Lemma 3.6].
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