MODULARITY OF HIGHER THETA SERIES II:
CHOW GROUP OF THE GENERIC FIBER

TONY FENG AND ADEEL A. KHAN

ABSTRACT. Higher theta series on moduli spaces of Hermitian shtukas were constructed by Feng—Yun—Zhang
and conjectured to be modular, parallel to classical conjectures in the Kudla program. In this paper we
prove the modularity of higher theta series after restriction to the generic locus. The proof is an upgrade,
using motivic homotopy theory, of earlier work of Feng—Yun-Zhang which established generic modularity of
f-adic realizations. In the process, we develop some general tools of broader utility. One such is the motivic
sheaf-cycle correspondence, a categorical trace formalism for extracting computations in the Chow group
from computations in Voevodsky’s derived category of motives. Another new tool is the derived homogeneous
Fourier transform, which we use to implement a form of Fourier analysis for motives.
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1. INTRODUCTION

In this paper we synthesize two threads of research in the theory of algebraic cycles. The first thread
comes from the lineage of the Birch and Swinnerton-Dyer Conjecture, and broadly speaking concerns the
relationship between algebraic cycles on arithmetic moduli spaces and special values of L-functions. The
second thread comes from the lineage of the Milnor Conjecture, through the A'-homotopy theory introduced
by Voevodsky, and concerns a cohomological approach to motives. As these two domains have traditionally
had little overlap, the Introduction will be aimed more broadly than usual so as to be accessible to audiences
from both.

1.1. Number theory background. The Birch and Swinnerton-Dyer Conjecture, and its generalizations
such as the Beilinson—-Bloch Conjecture and Bloch—Kato Conjectureﬂ, predict a deep relation between algebraic
cycles and L-functions. (See [Liul6l §1.2] for a brief introduction to these Conjectures, or [BK90] for a more
extensive reference.) The classical work of Riemann [Rie66] and Hecke [Hec37] founded the paradigm of
accessing special values of L-functions through integral representations as periods of automorphic forms. The
work of Gross—Zagier [GZ86] introduced the idea of accessing the first derivative of L-functions at special

IThere is another “Bloch-Kato Conjecture” proved by Voevodsky, which generalizes the Milnor Conjecture about the
relationship between Galois cohomology and Milnor K-theory. This is not what we are referring to here, although it will become
relevant later through the connection to Al-homotopy theory. We will exclusively use the phrase “Norm residue isomorphism”
to refer to the Bloch-Kato Conjecture proved by Voevodsky.
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pointsﬂ as “periods” of geometric incarnations of automorphic forms on arithmetic moduli spaces called
Shimura varieties. This opened the door to the rank 1 case of the Birch and Swinnerton-Dyer Conjecture;
the higher rank case remains wide open.

Theta functions are certain examples of automorphic forms built as generating functions for counting
problems associated to lattices. Kudla introduced the concept of arithmetic theta functions as an incarnation
of theta functions in the arithmetic geometry of Shimura varieties. The so-called Kudla program outlined in
[Kud04] (building on [Kud97al Kud97h]) refers to a strategy to represent the first derivative of standard L-
functions of cuspidal automorphic representations in terms of arithmetic geometry, giving a higher-dimensional
generalization of the Gross—Zagier formula. This program involves several major conjectures:

(1) The arithmetic Siegel-Weil formula, which would relate the arithmetic volumes of arithmetic theta
functions to the first derivatives of Siegel-Eisenstein series.

(2) The modularity of arithmetic theta functions, which would enable the construction of arithmetic theta
lifts.

(3) The arithmetic inner product formula, which would relate heights of arithmetic theta lifts to the first
derivative of standard L-functions.

Remarkably, all of these problems have seen major progress in recent years. The works of Li-Zhang
ILZ20| [LZ22a], Garcia—Sankaran [GS19], and Liu [Liull] establish the local arithmetic Siegel-Weil formula
for the non-singular Fourier coefficients. The modularity has been proved in many cases; we postpone a
more detailed discussion to The arithmetic inner product formula was proved in many situations by
Li-Liu [LL21, [LL22]. A modern introduction to these ideas, along with a more complete survey of recent
developments, can be found in [Li22].

In the function field context, the “higher Gross—Zagier formula” of Yun-Zhang [YZ17, [YZ19] revealed
the possibility of accessing not only zeroth and first derivatives, but all higher derivatives of L-functions as
periods of geometric incarnations of automorphic forms on moduli spaces of shtukas. In [FYZ24], a higher
Siegel-Weil formula was established for non-singular terms, constituting the first step of a “higher” version
of Kudla’s program in this context. In [FYZ21], higher theta series were constructed, and in this paper we
prove their generic modularity (following the strategy of [FYZ23], which proved the generic modularity of
the ¢-adic realization). This opens the door to “higher theta-lifting”, of which one possible next application
could be a “higher arithmetic inner product formula”, but we view the modularity property as interesting in
its own right. We note that the number field analogue of the modularity theorem has already had diverse
applications in arithmetic geometry unrelated to the Kudla program.

1.2. Main result. Let X’ — X be an étale double cover of smooth projective curves over a finite field F of
characteristic p > 2. Fix integers n > m > 1, and r > 0.
We recall the following definitions from [FYZ21, §4.5]:

e Let Bungy- (2, be the moduli stack of triples (G, 91, h) where G is a vector bundle of rank 2m over
X', 9 is a line bundle over X, and h is a skew-Hermitian isomorphism

h:G50"GY @M =0"G" @ v (wx @M).

e Let Bung be the moduli stack of quadruples (G, M, h,E) where (G,M, h) € Bungyzm), and £ C G
is a Lagrangian sub-bundle (of rank m).
o Let Shth(n) be the moduli stack of rank n similitude Hermitian shtukas with r legs.

In [EYZ21) §4], we constructed the higher theta series
Z Bunlgm(k) = CHy(n—m) (Sht G ()

a function assigning a cycle class on ShtTGU(n) to every quadruple (G, 0, h,E) as above.

1.2.1. The Modularity Conjecture. The map Bun lsm(k) — Bungyam)(k), given by forgetting the Lagrangian
sub-bundle £ C G, is surjective; and [FYZ21 Modularity Conjecture 4.15] predicts that 251 descends through

°In turn, Gross emphasized to us the importance of Stark’s work, in which the derivatives of Artin L-functions appear, as an
inspiration for [GZ80].



this map to a function Z7, : Bungy(am) (k) = CHy(n—m)(ShtGy(,), as in the diagram below.

Bunp (k)

& &

BunGU(2m) (k) 7727’ CHT(nfm) (ShtrGU(n))

In other words, the Modularity Conjecture says that the function Zz, which a priori depends on (G, 9, h, £),
is actually independent of the Lagrangian sub-bundle £ C G.

1.2.2. The generic locus. The stack Shtgy(,) admits a “leg map” Shtg(,) — (X')". Let n = Spec F' — X'
be the generic point. Let " = Spec (F' @y, - -- ® F’') — (X’)". Note that " contains the generic point of
(X’)" but it also contains many more points such as the generic point of the diagonal X’ < (X')". We refer
to Sht gy, X (x7)-n" as the “generic locus” of Shtg(y,).-

1.2.3. The generic modularity theorem. We have a restriction map
CH,(n—m) (ShtGu (ny) = CHr(n—m) (ShtGy ) X (x7)r10").-

Theorem 1.2.1 (Modularity on the generic locus). The composition

277;1. T T T

descends through Bung (k) — Bungu(am)(k). In other words, its value on (G,9M, h,E) € Bunp (k) is
independent of the Lagrangian sub-bundle £ C G.

Remark 1.2.2. For application to the Kudla program as outlined in the generic form of modularity
established in Theorem [I.2.1]is sufficient for arithmetic theta lifting and the arithmetic inner product formula,
according to the paradigm of [LL21] [L1.22].

1.3. Discussion. We discuss some related results to Theorem Modularity of arithmetic theta series in
the Chow group of Shimura varieties (of the generic fiber), which is analogous to the case r = 1 of Theorem
1.2.1] is known for unitary Shimura varieties of signature (n — 1,1) and orthogonal Shimura varieties of
signature (n — 2,2) when the underlying CM field is norm-Euclidean, thanks to work of Borcherds [Bor99],
Zhang [Zha09], and Bruinier-Westerholt-Raum [BWRI5] | However, the methods behind those results seem
completely inapplicable in our situation (there is a brief discussion of this in [F'YZ23, §1.2]), hence the proofs
are essentially disjoint, even at the level of ideas.

The cohomological version of Theorem modularity of the ¢-adic realization on the generic locus, is
established in [FYZ23], and our proof very much builds on the ideas of loc. cit., as will be discussed further
in §1.4] In the Shimura variety context, the analogous modularity of the Betti realization was proved much
earlier in work of Kudla—Millson [KM90], and in complete generality. By contrast, modularity in the Chow
group of the generic fiber is more difficult and the known results more restrictive. This is because there are
various tools for accessing cohomology, whereas modularity in the Chow group amounts to the fundamentally
difficult problem of producing motivic data. The cases in which this has been accessible are limited to those
where the Shimura variety supports special cycles that are divisors, for then one can use the (intricate!)
theory of Borcherds lifting to write down explicit functions which attest to the necessary relations between
divisors. Beyond the case where the Shimura variety supports divisors, nothing seems to be known towards
modularity; the motivic data that must be produced is of a more complicated and subtler nature. We note
that Kudla has observed in [Kud21] that assuming (presumably difficult) conjectures of Beilinson—Bloch on
the injectivity of Abel-Jacobi maps, and due to an incidental miracle of Hodge diamonds, the modularity in
the orthogonal case (on the generic fiber) is implied by modularity in Betti cohomology; Maeda proved an
analogous statement in the unitary case [Mae22]. We do not know if any such phenomenon occurs in the
function field context; our proof completely bypasses such questions.

In the function field context there is no analogue of Borcherds lifting, and we do not know any direct
way to write down the explicit functions that attest to the necessary relations. We note that the arithmetic

3These results were then refined to obtain modularity in the Chow groups of integral models, for unitary Shimura varieties
of signature (n — 1,1) by Bruinier—Howard—Kudla—Rapoport—Yang [BHK™20] in the divisor case, and for orthogonal Shimura
varieties of signature (n — 2,2) by Howard-Madapusi [HM22] in all codimensions.
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theta series live in codimension mr, so when r > 1 we are beyond the existence of codimension 1 special
cycles, putting us in the realm where the modularity is completely unknown in the Shimura variety context.
Nevertheless, our proof produces the necessary relations. Implicitly we are constructing motivic data; for
example, for » = 1 and m = 1 our proof implies the existence of certain rational functions on moduli of
shtukas that should perhaps be considered as the correct analogues of Borcherds products. But instead of
writing down this motivic data explicitly, we produce it as the output of a machine that we call the motivic
sheaf-cycle correspondence.

It could be interesting to investigate potential applications of the motivic data produced in this way, such
as the functions produced in the m = 1,7 = 1 case, which seem to play the role of Borcherds products on
moduli of shtukas. This approach to constructing units is vaguely reminiscent of the approach to modular
units and Beilinson—Flach classes via the Manin—Drinfeld Theorem.

1.4. Commentary on the proof. The proof of Theoremis patterned on the proof of [FYZ23| Theorem
1.1.1], which established modularity after ¢-adic realization. In fact we refer the reader to the Introduction
and §2.4 of loc. cit. for a guide to the strategy of the proof. We will only describe the improvements of this
present paper relative to [FYZ23].

1.4.1. Motivic sheaf-cycle correspondence. The classical sheaf-function correspondence is a formalism for
extracting functions from sheaves via the trace of Frobenius. One innovation of [FYZ23] is a “sheaf-cycle”
correspondence that extracts the f-adic realization of cycles from sheaves. More precisely, the strategy
of [FYZ23| is to express the f-adic realization of higher theta series as the “trace” of a cohomological
correspondence between f-adic sheaves, and then to deduce modularity from some appropriate form of
modularity for cohomological correspondences. By definition the trace operation produces elements of Ext
groups between f-adic sheaves, hence can only see f-adic realizations.

In this paper we upgrade the ¢-adic sheaf-cycle correspondence of [EYZ23] to a motivic sheaf-cycle
correspondence that directly extracts Chow classes from a suitable notion of motivic sheaves. Specifically,
we will work with the triangulated category of motivic sheaves introduced by V. Voevodsky in the course
of his proofs of the Norm Residue isomorphisnﬁ and the Beilinson—Lichtenbaum Conjecture. After further
developments by J. Ayoub, D.-C. Cisinski, F. Déglise, F. Morel, and others, we have at our disposal a robust
theory of triangulated categories of motivic sheaves over arbitrary base schemes, equipped with Grothendieck’s
six operations. We may regard Voevodsky’s category as the derived category of the hypothetical abelian
category of perverse motivic sheaves; while Grothendieck’s Standard Conjectures obstruct the existence of
this abelian category, or equivalently of the perverse motivic t-structure (see [Beil2]), Voevodsky’s insight
was that the putative derived category can in fact be constructed independently of intractable questions
about algebraic cycles. For the purposes of our construction of a motivic sheaf-cycle correspondence, the key
property of the derived category of motives is that the Ext groups calculate (higher) Chow groups.

We discuss some differences between motivic sheaves and f-adic sheaves. In the language of Ayoub [Ayol4],
£-adic sheaves are a “transcendental” invariant: they have strong finiteness properties, behave well in families,
and are relatively computable; but their relationship to algebraic cycles is tenuous (highly conjectural at best).
By contrast, motivic cohomology is what Ayoub calls an “algebro-geometric invariant”, which is built directly
out of objects of interest in algebraic geometry (e.g., algebraic cycles), but behaves “chaotically”: it does
not have good finiteness properties, it varies violently in families, and it is not amenable to computation. In
particular, it is (a priori) ill-defined to form the trace of an endomorphism on motivic cohomology groups, since
these groups are usually infinite-dimensional. This presents a challenge for the sheaf-cycle correspondence,
which is implemented by formation of trace.

The solution is to expand the meaning of the trace. Dold—Puppe [DP80] codified the “trace of an
endomorphism of a dualizable object in a symmetric monoidal category” as a generalization of the trace
in linear algebra. In the category of vector spaces (over a given field), the dualizable objects are precisely
the finite-dimensional vector spaces, and the categorical trace in the sense of Dold—Puppe is equivalent to
the usual trace. However, in a more general symmetric monoidal category, the trace is divorced from its
linear algebraic origins, and can be formed without finite-dimensionality conditions. This is precisely how we
make sense of the trace for motivic sheaves. We define a motivic version of the Lu-Zheng 2-category from
[ILZ22D], in which wuniversally strongly locally acyclic motives form dualizable objects; dualizability provides

4This was conjectured by Bloch—Kato, but we avoid calling it the Bloch-Kato Conjecture since it is completely different from
the other Bloch—Kato Conjecture which appeared in 3



the analogue of a finiteness property which allows to form the trace even without finite-dimensionality of
motivic cohomology. We use Lu—Zheng’s approach to prove a “relative Verdier—Lefschetz formula”, which
supplies compatibility of the motivic sheaf-cycle correspondence with proper pushforwards. We also introduce
a dual version of the Lu-Zheng category to prove a “relative local term formula”, which supplies compatibility
of the motivic sheaf-cycle correspondence with smooth pullbacks; we note that derived algebraic geometry is
crucial to formulate the pullback compatibility.

1.4.2. Motiwic Fourier analysis. The modularity of ¢-adic cohomological correspondences in [FYZ23] comes
from a derived generalization of Deligne-Laumon’s ¢-adic Fourier transform, which allows to execute a
sheaf-theoretic version of Poisson’s argument for modularity of the classical theta function. To carry out such
arguments, we need to develop a theory of this “derived Fourier analysis” for motivic sheaves.

While the ¢-adic Fourier transform requires an Artin-Schreier sheaf, hence only exists on spaces in
characteristic p, there is a variant of Fourier analysis which is more robust, in the sense of being defined
in very general geometric and sheaf-theoretic contexts. This variant is based on Laumon’s theory of the
homogeneous Fourier transform [Lau03]. In anticipation of future applications, we invest effort into developing
the homogeneous Fourier transform in great generality in encompassing motivic sheaves but also all other
known 6-functor formalisms. It turns out that the homogeneous Fourier theory is enough for our applications
to the modularity of higher theta functions. (Jakob Scholbach informed us that he is writing up a motivic lift
of the Deligne-Laumon Fourier theory; this would also be enough for our applications in the present paper,
but at least one of the authors has followup applications in mind that require our more general context.)

We note that, as in [FYZ23], we need a derived expansion of this theory, which encompasses generalizations
of vector bundles called derived vector bundles. This derived generalization presents significant technical
difficulties, for which we refer to §§/ and [FYZ23, §6 and Appendix A] for further discussion.

1.5. Outline. We give a brief outline of the paper. establishes some preliminaries on motivic sheaves,
especially the notion of universal strong local acyclicity (USLA) and its consequences. Then f develop
the motivic sheaf-cycle correspondence and the tools to calculate with it. Next §8| constructs the derived
homogeneous Fourier transform and establishes its properties, and §0] studies its interaction with the motivic
sheaf-cycle correspondence. Finally, assembles everything to prove Theorem [1.2.1
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2. NOTATION AND CONVENTIONS

The notation is consistent with that of [FYZ23] (and therefore inconsistent with [FYZ24l [FYZ21] in some
ways, as noted there.)

2.1. Spaces. Unless noted otherwise, we always work in the category of derived Artin stacks. Hence when
we say “Cartesian square” we mean what might be called “derived Cartesian square” (sometimes we keep the
adjective “derived” for emphasis), unless noted otherwise (the exception is in @

For a derived Artin stack A, we denote by A its classical truncation. By definition, a map of derived
Artin stacks is a closed embedding or proper if the induced map of classical truncations has this property. For
example, the inclusion of the classical truncation A < A is a closed embedding.

2.2. Perfect complexes. Let S be a derived Artin stack. We let Perf(S) be the oco-category of perfect
complexes on S. For £ € Perf(S) we write £* = RHomg(E, Og) for the linear dual of £.
By a cochain complex of locally free sheaves on S of amplitude [a, b], we will mean a diagram

d® d

dl db—l
£ b

—2 _ d71 dO
Ry BNy AN
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in Perf(S) where each £ is of tor-amplitude [0, 0], together with null-homotopies d* o d~1 = 0 for all i. A
morphism of cochain complexes ¢: £* — F* is a collection of morphisms ¢*: £¢ — F* (extending by zero
if the complexes are not of the same amplitude), together with a homotopies ¢! o d* = d* o ¢* as well as
compatibilities between the null-homotopies ¢*™* o (d* o d*~1) =2 0 and (d’ o d*~1) 0 ¢*~1 22 0.

By taking iterated cofibres, a cochain complex £® gives rise to a perfect complex £ € Perf(S) of tor-
amplitude [a, b] (note that we are using cohomological grading even for tor-amplitude). Similarly, a morphism
of cochain complexes gives rise to a morphism of perfect complexes. We refer to the cochain complex £° as a
global presentation for £. More generally, we refer to a diagram of cochain complexes as a global presentation
for the induced diagram of perfect complexes.

When S is affine, or more generally admits the derived resolution property in the sense of [Kha22l §1.7],
every perfect complex admits a global presentation. For a general derived Artin stack S, every perfect
complex & € Perf(S) admits a global presentation smooth-locally on S.

2.3. Cotangent complexes. For a map f: X — Y of derived Artin stacks, we denote by Ly := Lx/y €
Perf(X) the relative cotangent complex.

Let f: X — Y be a map of derived Artin stacks that is locally finitely presented on classical truncations.
The map f is étale if the relative cotangent complex L vanishes (i.e., is isomorphic to 0 € Perf(X)). The
map f is smooth (resp. quasi-smooth) if the relative cotangent complex L is perfect of tor-amplitude [0, c0)
(resp. [—1,00)).

Note that unlike properness, these properties cannot in general be detected on classical truncations.
Moreover, while a smooth map is also smooth on classical truncations, quasi-smoothness is typically destroyed
by classical truncation. See [KR19l §2] for some background on quasi-smoothness.

When Ly is perfect, we write d(f) for its virtual rank (or Euler characteristic), and call it the relative
dimension of f.

2.4. Derived vector bundles. Let S be a derived Artin stack.

Given a perfect complex £ € Perf(S), we denote by Tot(€) the derived stack of sections of &£, as in
IFYZ23, §6.1.1]. We refer to Tot(£) as the derived vector bundle associated with 5 In terms of the
functor of points, Tot(&) is the derived stack over S sending an S-scheme u : T — S to the mapping space
Mapqcon(r) (O, u*E).

If € is of tor-amplitude > 0, then we have

Tot (&) = Spec ¢(Syme, (£7)).

Thus in that case the projection Tot(£) — S is affine (but smooth if and only if € is of tor-amplitude [0, 0]).

On the other hand, if £ is of tor-amplitude < 0, then the projection Tot(€) — S is smooth (but representable
if and only if £ is of tor-amplitude [0, 0]).

The oo-category DVect(S) of derived vector bundles over S is the essential image of the fully faithful
functor £ — Tot(E) from Perf(S) to the oco-category of derived stacks over S with G,,-action.

Throughout we use calligraphic letters such as £ for perfect complexes, and Roman letters such as E for
the corresponding total spaces. We will denote the dual derived vector bundle to E = Tot(€) by E= Tot(E*).

Using the equivalence Tot(—): Perf(S) — DVect(S), we can make sense of global presentations of
(diagrams of) derived vector bundles just as in That is, a global presentation for E = Tot(&) is a global
presentation for £ € Perf(5).

2.5. oo-categories. In an oo-category C, we use the notation Map(c, ') for the mapping space between
objects ¢, ¢’ € C. We use the notation Hom(c, ¢’) := mg Map(c, ¢’), which is the group of morphisms from ¢ to
¢’ in the homotopy category of C. We denote Ext’(c, ¢’) := Hom(e, ¢/[i]).

2.6. Motives. We refer to for the precise definition of motivic sheaves adopted in this paper, and then
for additional relevant notation.

5We caution that some other sources (including [Kha23]) use the dual convention, using Grothendieck’s V(=) construction.



3. MOTIVIC SHEAF THEORY

In this section we establish some general material on motivic sheaves and motivic cohomology. We define
the notion of (universally) strongly locally acyclic motivic sheaves and their properties; this part is similar
to work of Jin [Jin24] which is itself a motivic version of work of Lu-Zheng [LZ22b]. However, these earlier
works focus on the case of schemes while for applications we need the generality of derived Artin stacks, so
we formulate the statements in this generality, and give proofs when they need to be modified from the case
of schemes.

3.1. The derived category of motives. For a derived Artin stack S, we have the stable oco-category
Dot (S; Q) of motivic sheaves on S with rational coefficients.

Recall that for a scheme S, the motivic stable homotopy category SH(S) along with the six-functor
formalism for the assignment S — SH(S) was constructed by Morel and Voevodsky [Voe98|, MV99, [Del01]
and developed further by Ayoub [Ayo07al [Ayo07b] and Cisinski-Déglise [CD19] (see also [Hoy15, App. C] or
[Kha21] for non-noetherian bases). The six-functor formalism descends to the étale-localized and rationalized
categories SHg (S5 Q), and we take Dot (—; Q) := SHgi(—; Q) by definition on schemesﬂ This is also known
as Ayoub’s category DA (S5; Q) of étale motives with rational coefficients (see [Ayol4] for an introduction).
This category has been defined and studied in various other guises, which are described and compared in
[CD19]:

e (Beilinson motives) By [CD19, Theorem 16.2.13], Dot (S; Q) is equivalent to the category of Beilinson
motives over S in the sense of [CD19] §14]. In particular, if S is noetherian and finite-dimensional,
then by [CDI6l Theorem 5.2.2] Dp,0:(S; Q) is equivalent to the category DM, (S; Q) of h-motives
(with rational coefficients).

e (Morel motives) By [CDI19, Theorem 16.2.18], Dot (S; Q) is equivalent to the category of Morel
motives over S in the sense of [CD19, §16.2].

e (Voevodsky motives) If S is excellent and geometrically unibranch, then by [CD19, Theorem 16.1.4]
Dot (S; Q) is equivalent to the category DM(S; Q) of Voevodsky motives over S (with rational
coefficients).

e (HQ-linear motivic spectra) For a commutative ring A, let HAg € SH(S) denote the A-linear motivic
Eilenberg-MacLane spectrum as defined in [Spilg]. For A = Q, HQg is isomorphic to the Beilinson
motivic cohomology spectrum of [CD19, Definition 14.1.2] by [Spil8], Theorem 7.14]. In particular,
by [CD19, Theorem 14.2.9], the oco-category DA (S) of modules over HAg is equivalent to the
oo-category of Beilinson motives over S, and hence to Dyt (S; Q).

The generalization of Dyt (—; Q) to derived algebraic spaces and derived Artin stacks is developed in
[Khal9bl Appendix A]. To explicate this, we remark that SH(S) and hence Dyt (S; Q) is invariant under
passing to the classical truncation Sc; by [Khal9al. Then Dyt (—; Q) is extended from derived schemes to
derived Artin stacks by right Kan extension. Explicitly, this means that if S is a derived Artin stack then

Dmot(s; Q) = @Dmot(T; Q)
where the limit is over the category of smooth morphisms 7" — S from derived schemes T. If T'— S is a
smooth atlas from a derived scheme, then Dy,01(S; Q) agrees with the category of Cartesian sheaves on the
simplicial derived scheme Ty = {T Xg ... xg T}. The six-functor formalism also extends to derived Artin
stacks by [Khal9b, Thm. A.5].

3.2. Notations for motives. For a derived Artin stack A, we denote by Q4 (or just Q if the context is
clear) the unit of the symmetric monoidal category Dmot(A; Q).
The category Dot (—; Q) contains a “Tate motive” Q(1). For K € Dot (A4; Q), we write Ky == K[2i]()
for the indicated shift and Tate twist.
For K, K" € Dot(4; Q), we abbreviate
Hom4 (K, K') == Homp,, (a;q) (K, K").
For a map f: A — S of derived Artin stacks, we denote by D 4,5(—) the relative Verdier dual functor,

D 4/s(K) == RHoma(K, f'Qs).

6Since some older references operate with triangulated categories or model categories, we clarify that we will always use the
oco-categorical incarnation of Dmot (S; Q). See e.g. [Kha2l] for the construction of the six operations at the co-categorical level.
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We also abbreviate D 4/g =D 4/5(Qa) for the relative dualizing complex of f.

3.3. Geometric motives. Given a smooth map of derived Artin stacks f: T — S, there is a functor

fﬁ : Dmot (T, Q) — Dmot (Sv Q)

which is left adjoint to the pullback f*: Dot (S; Q) = Dmot(T5Q). If S is a derived scheme, the subcategory
Dinot,gm (55 Q) C Dmot(S; Q) of geometric motives is the thick subcategory generated by fyQr(iy as f: T — S
ranges over smooth morphisms of derived schemes and ¢ ranges over all integers.

If S is a derived stack, then we say that a motive K € Dp0t(S; Q) is geometric if it is geometric
after pullback to some (equivalently, any) atlas S’ — S where S’ is a derived scheme. We denote by
Dimot,gm (55 Q) C Dmot(S; Q) the full subcategory of geometric motives.

Example 3.3.1. For any derived Artin stack A, the unit Q4 € Dot em(A4; Q) is geometric.

Remark 3.3.2 (Preservation under six functors). For f: 5" — S a map of derived schemes of finite type
over a quasi-excellent scheme, the property of being geometric is preserved by the functors fi, f., f*, f* (see
[CD19, Theorem 15.2.1]). It then follows that for a map f: A’ — A of derived Artin stacks locally of finite
type over a quasi-excellent scheme, geometricity is preserved by the functors f* and f'; and geometricity is
preserved by the functors fi and f, if f is representable in derived schemes.

Finally, we note that RHom(—, —) and — ® — preserve geometric motives on schemes, and are compatible
with smooth base change, hence they preserve geometric motives on derived Artin stacks.

3.4. The effective homotopy t-structure. For a derived scheme S, let Dp,o1(S; Q)SC € Dyt (S; Q) denote
the full subcategory generated under colimits and extensions by objects of the form aja'(Qg), for a: X — S
a smooth morphism from a scheme. This forms the connective part of the effective homotopy t-structure on
Dot (S; Q) (see [BH21, Sect. 13, App. B]). The coconnective part Dy (S; Q)= is thus spanned by those
K € Dot (S; Q) for which the groups

H™"(X;K) = Homp,,,(s;q)(Qs[n], axa™(K)) = HomDth(S;Q)(aya!(QS)[n],IC)

vanish for all n > 0 and all smooth morphisms a: X — S with X a scheme.

For a derived Artin stack S, we say that an object K € Dyot(S; Q) belongs to Dot (S; Q)SP, resp.
Dot (55 Q)ZY, if u*(K) belongs to Dot (U; Q)SY, resp. Dot (U; Q)0 for some smooth atlas u: U —» S. The
proof of [KR22| Prop. 5.3] applies verbatim to show that this defines a t-structure on Dyet(S; Q).

Lemma 3.4.1. For every derived Artin stack S locally of finite type over a field k, the unit Qs € Dmot(S; Q)
belongs to the heart of the effective homotopy t-structure.

Proof. We may assume that S is a scheme. We have Qg € Dyot(S; Q)<Y by definition, so it remains to show
that for every scheme Y which is smooth over S, the spectrum

RI'(Y,Qy)

is connective, i.e., H"(Y;Qy) =2 0 for n > 0. For any prime ¢ # char(k), there exists by de Jong-Gabber
an ¢dh-hypercover Y, — Y where each Y, is a regular scheme. Since motivic cohomology with rational
coefficients satisfies £dh descent by [Geild, Thm. 1.2], and connectivity is stable under limits, we may assume
that Y is regular. In this case we have

H™"(Y;Q) = H"(Y;KGLY)) 2 Gr) (K, (Y)q)

where K,,(Y)q =7 (K(Y)) ® Q and K(Y) is the algebraic K-theory spectrum of Y (see [CD19| §14.1]). But
Fil,ly K. (Y)q = K, (Y)q holds for n > 0 by definition of the augmented A-ring structure on K, (Y')q (see e.g.
[Weil3, IV, §5, p. 345)). O

3.5. Chow groups as motivic Borel-Moore homology. Let A be a derived Artin stack locally of finite
type over a field F.
We define the Chow groups of A (with rational coefficients) by

CHZ(A) = Hi%(A;ﬂ'!QSpec (F)(_Z)) = HO(A; 77!QSpec(F)<_i>)7 fori e Z
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where m: A — Spec (F) is the structural morphism. This definition agrees with the rationalization of the
classical definition of Chow groups under assumptions that A is “reasonable”m More precisely, according to
[Khal9bl Example 2.10], when A is a classical 1-Artin stack of finite type over k with affine stabilizers, this
recovers the Chow group (with Q-coefficients) of Kresch [Kre99]. If A is a derived Artin stack, then by the
derived invariance of Do (A4; Q), the inclusion of the classical truncation A, < A induces isomorphisms
CH,;(Aq) = CH;(A).

We define the Chow cohomology groups of A (with rational coefficients) by

CH'(A) == H¥(A; QA(i)) 2 H°(4; QA (i), foricZ.

We caution that these map to, but are typically not the same as, Fulton’s operational Chow cohomology
groups [Ful98| §17], even for classical quasi-projective schemes (unless A is smooth).

More generally, for a locally of finite type morphism f: A — B of derived Artin stacks over a field F, we
define the relative Chow groups of f to be

CH;(A/B) = H™*(4; f'Qp(—i)) = H(4; f'Qp(~i)), foriecZ.
We have CH;(A/A) ~ CH *(A) for all i. Again, these are a refinement of the operational or bivariant Chow
groups of [Ful98, §17].

3.6. Functoriality of Chow groups.

3.6.1. Proper pushforward. The Chow groups are covariantly functorial with respect to proper morphisms.
That is, if f: A — B is a proper morphism of derived Artin stacks, then we have pushforward maps

f.: CH;(A) — CH;(B) (3.6.1)

and more generally f.: CH;(A/C) — CH;(B/C) if f is defined over some C. In terms of the six functors,
these are induced by the natural transformation f, f' — id, counit of the adjunction (f., f*).

3.6.2. Gysin pullback. Let f: A — B be a quasi-smooth map of derived Artin stacks, of relative dimension
d(f). There are (virtual) Gysin pullback maps

f's CHy(B) — CHyyq¢p)(A), (3.6.2)

and more generally f': CH;(B/C) — CH;q(s)(A/C) if B is defined over C. These are functorial and satisfy
a base change formula with respect to proper pushforwards.
The maps (3.6.2) are induced by a natural transformation

gysp: [* = fl-aip) (3.6.3)

called the Gysin transformation, constructed in [Khal9bl §3]. It satisfies various natural compatibilities
detailed in [Khal9bl §3.2] or [FYZ23l §3.4]. For example, when f is smooth, the Gysin transformation
recovers the Poincaré duality isomorphism f* 22 f'(—d(y)).

In particular, one has a relative (virtual) fundamental class

[A/B] = [f] € CHy()(A/B) (3.6.4)

defined as the Gysin pullback of the unit in CHy(B/B) ~ CH°(B). Equivalently, it is determined by the
morphism

Qa2 Qs I F'Quany (3.6.5)

obtained by evaluating the Gysin transformation (3.6.3)) on Qp.

“Our point of view is that when A is unreasonable, then our definition of CH;(A) is the “correct” one, being well-behaved
from various technical perspectives.
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3.7. USLA motives. Let S be a derived Artin stack locally of finite type over a field.

Definition 3.7.1. Let f: A — S be a map of derived Artin stacks. Following [Jin24] Definition 3.1.1], we
say that a4 € Dpot(4; Q) is strongly locally acyclic (SLA) over S if for any schematic map of derived Artin
stacks g: T'— S, inducing the Cartesian square

’

B2+ 4
iz s (3.7.1)
T2+ 5
and any K1 € Dot (T; Q), the canonical map
Ka® f*9.Kr — g.((¢')"Ka® (f))Kr) (3.7.2)

is an isomorphism.
We say that K4 € Dpot(4; Q) is universally strongly locally acyclic (USLA) over S if for any morphism
S’ — S, the *-pullback of K4 to S’ xg A’ is SLA over S’.

The property of being (U)SLA can be checked locally in the smooth topology on the source and target.

Lemma 3.7.2. Maintain the notation of Definition|5.7.1]

(1) Let h: A" — A be a smooth, surjective morphism of derived Artin stacks. Then K4 is (U)SLA over S
if and only if h*KCa is (U)SLA over S.

(2) Let h: S" — S be a smooth, surjective morphism of derived Artin stacks. Let ha be the base change of
h to A. Then K4 is (U)SLA over S if and only if W K4 is (U)SLA over S'.

Proof. (1) Since h is surjective, (3.7.2)) is an isomorphism if and only if
W (Ka® f79:Kr) = h7g ()" Ka® (f')"Kr) (3.7.3)

is an isomorphism. Given a schematic map g: T — S of derived Artin stacks, we have a commutative diagram

1"
B -2, A

}Bhli, gh (3.7.4)
lf’ f
T —2~ i*

where all squares are derived Cartesian and h, h’ are smooth. Using smooth base change, this induces a
commutative diagram

R*(Ka ® f*g.Kr) h*g.((9")'Ka @ (f)Kr)
K4 ® h* f*g.Kr g/ (B)*((¢")* Ka@ (f)*Kr)
(R*Ka) @ (foh)* g lCr —— gl ((¢") (W*Ka) @ (f o W) Kr)

and comparing the top and bottom rows shows that (3.7.3)) is equivalent to h*X 4 being SLA over S. Running
the same argument over all base changes shows that IC4 is USLA over S if and only if h*/C4 is USLA over S.
(2) The argument is similar. O

Example 3.7.3. If S is a point (by which we mean the spectrum of a field) then every object of Dot (A4; Q)
is USLA over S. Indeed, if A is a derived scheme this follows from [JY21) 2.1.14], and the general case follows
by induction and cohomological descent.

The (U)SLA property is preserved by direct image along proper morphisms.

Lemma 3.7.4. Let h: A" — A be a proper morphism of derived Artin stacks over S. Let Ky € Dpot(A’; Q)
be (U)SLA over S. Then mK'y € Dot (A;Q) is (U)SLA over S.
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Proof. By proper base change, it suffices to show that fiX', is SLA over S if Ky is SLA over S. Consider the
commutative diagram where all squares are derived Cartesian and h, h’ are proper. We want to show
that the map
MKy @ f*g.Kr — g.((¢") Ky @ (f')*Kr)
is an isomorphism. We have a commutative diagram
WKy @ f*g.Kr

A

9. ((g) MKy @ (f')"Kr)
proper base changeIN
9. (g Ky © () Kr)
projection formula |~ projection formulaTN
g:li((g")* Ky © ()" (f')"Kr)
h proper —> H
h(Ky @ h* f* g Kr) —— gl ((9") Ky @ (K)*(f')*Kr)

The bottom horizontal map is an isomorphism by definition of K’; being SLA over S, hence so is the top
horizontal map. O

3.8. Relative Kiinneth formulae. Let S be a derived Artin stack.
Notation 3.8.1. Let Ap, A; be derived stacks over S and Ko € Dot (Ao; Q), K1 € Dot (41; Q). We write
Ko Mg Ky == pry Ko @ pri Ki € Diot(Ao xs A1; Q).

Lemma 3.8.2. Let fo: Ag — Bg and f1: A1 — By be locally finite type morphisms of derived Artin stacks
over S. Then the commutative diagram

Ao D A() X5A1 _— Al
lfo lfoxsh lfl
By «+—— By xs B1 — B

induces an isomorphism

foko Bs fuls = (fo xs fi)i(Ko Ms K1), (3.8.1)
natural in Ko € Dmot(Ao; Q) and K1 € Dot (415 Q).
Proof. The proof of [JY21, Lemma 2.2.3] works verbatim. O

Suppose we have a commutative diagram of derived Artin stacks

i l g (3.8.2)

There is a natural map
ke R Ka = (f xsIda)«(Kr Rg Ka) € Dmot(S’ x5 A; Q) (3.8.3)

defined by adjunction from the composition of maps

(f x5 1da)* (fuir Rs Ka) = f* f. Ky Bs Ka <5 Kr K5 Ka € Dot (T x5 4; Q).
Lemma 3.8.3. Let notation be as in diagram . Let K4 € Dot (A; Q) be USLA over S.

(1) If f: T — S’ is schematic, then for any Kt € Dunot(T; Q), the canonical morphism
B33)
fkor B Ka (f %5 1d.a). (K7 Bs Ka) € Dinor(S x5 4: Q)

18 an 1somorphism.
(2) If f: T — S’ is locally of finite type, then for any Ks' € Dmot(S’; Q), the natural morphism (adjoint

to (3.3.1))
Ky RgKa — (f xs1da) (Kg Kg Ka) € Dot (T x5 A; Q)
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18 an 1somorphism.

Proof. The proof is the essentially the same as that of [Jin24] Lemma 3.1.4].

(1) This is exactly the definition of K4 being SLA after base change along S" — S.

(2) The statement can be checked smooth-locally on 7". Thus we may assume f is schematic and moreover
factors through a closed immersion and a smooth morphism. If f is smooth, then the result follows from the
Poincaré duality isomorphism §3.6] and its compatibility with base change. If f is a closed embedding, then
write j: U < S’ for the complementary open. Abbreviate f4 := (f x Ida) and j4 := (j x Id4). We have a
map of excision sequences in Dyt (T Xg 4;Q):

(f'Ks)Rg Ka —— (*Ks)Rg Ka — (f*juj*Ks) s Ka

l l l

filKs B Ka) — fi(Ks B Ka) — fijacii(Ke KgKa)

The middle vertical map is obviously an isomorphism. The right vertical map is an isomorphism by item (1)
applied to U < S’. Therefore the left vertical map is an isomorphism. O

Corollary 3.8.4. Let K4 € Diot(4;Q) be USLA over S. Then for every derived Artin stack T over S, the
canonical map

Dy/s Bs Ka — priy Ka € Dot (T x5 4;Q)

s an isomorphism.

Proof. Apply Lemma [3.8.3(2) with S’ =5, f the morphism T"— S, and Ks = Qs. O

Proposition 3.8.5. Let K4 € Dnot(B; Q) be USLA over S and Kp € Diotgm(B; Q). Then the canonical
morphism

(Dp/sKp)Ms Ka — RHompxsa(prp Kp,pr'y Ka) (3.8.4)

18 an tsomorphism.

Proof. By smooth base change, the map can be checked to be an isomorphism smooth locally on A
and B. Since the hypotheses are also stable under smooth base change (using , we may assume that A
and B are schemes. By the definition of geometric motives, it suffices to check this on for g of the form
f:Qr for smooth f: T — B (since the statement is evidently compatible with shifts and Tate twists). We
refer to the commutative diagram

TxgA 2 BuxgA 24, 4

b

T ! . B

Using that f;Qr = f1f'Qp = £iQrd(r)), proper base change gives
RHompyx a0 i Qr, priy Ka) = RHompy;a(fa Py Qrd(h), priy Ka)
= fa.RHomps 5 (pry Qrd(n), 4 pr's Ka)

where we write fa: T xg A — B xg A for the pullback of f. Since I 4 is assumed to be USLA over S, from
Corollary [3:8.4] we have

RHomrxa(pry Qrid(h), fapria Ka) = Drys(f'Qp) Ks Ka.
Again since K4 is USLA over S, Lemma 1) applies to give
far(Drs(£'Qp) Bs Ka) = (f.Dr/sf' Q) Bs Ka = Dp/s(fif' Q) Ks Ka,
as desired. O
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4. COHOMOLOGICAL CORRESPONDENCES

In this section we establish some general material related to cohomological correspondences. In we
recall the notion of “pushable” and “pullable” squares from [FYZ23] §4, §5] and the base change natural
transformations that they entail. In we recall the notion of cohomological correspondence, and in
we formulate the notion of pushforward and pullback for cohomological correspondences. Finally in
we state the Base Change Theorem for cohomological correspondences. The constructions and proofs carry
over verbatim from ¢-adic sheaves as considered in [FYZ23] §3, §4] to Dot (—; Q), so we just formulate the
statements without proof.

4.1. Cohomological correspondences. Let Ay and A; be derived Artin stacks. A correspondence between
Ap and A; is a diagram of derived Artin stacks

Ay <2 0 =25 4

where ¢; is locally of finite type. A map of correspondences from (Ag <= C <% A;) to (By oo p By) is
a commutative diagram

Let Ko € Dot (40; Q), K1 € Dimot(41; Q). A cohomological correspondence from Ko to K1 supported on
C is a map Ko — 1K1 in Dot (C; Q). The vector space of such is denoted

Corre (Ko, K1) = Home (¢ Ko, ¢, K1). (4.1.1)
4.1.1. Fized points of a self-correspondence. Suppose that we have a fixed isomorphism Ag —+ A, which we

will sometimes use to identify Ay with A1; however, it will also be convenient to distinguish them at times.
Let A: Ag — Ap x A; be the diagonal embedding. Define Fix(C) as the fibered product

Fix(C) —2—~ C
lc' lc (4 1 2)
AO A AO X Al

where ¢ = (cg, ¢1).

4.2. Base change transformations. In order to discuss the functoriality of cohomological correspondences,
we make a brief detour on base change transformations.

4.2.1. Pushable and pullable squares. The notions of pushable and pullable squares were defined in [FYZ23]
Definition 3.1.1] in order to codify situations where base change natural transformations can be constructed.
Later we realized that the notion of pushable square appears at least implicitly in [ZheI5| for the same reason.
We repeat the definitions for the convenience of the reader.

Let

’
A2,

B
5 lf (4.2.1)
c—2+D
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be a commutative square of derived Artin stacks. Denote by B = C xp B the derived fibered product so
that the square (4.2.1)) decomposes into a commutative diagram

\\g/ (4.2.2)

g9
—

B B
f

[

C

A

i}D

where the bottom right square is derived Cartesian.

Definition 4.2.1. The square (4.2.1) is called

e pushable, if a is proper.
e pullable, if a is quasi-smooth. In this case, the defect of the square is by definition the relative
dimension d(a).

Remark 4.2.2. Note that pushability is a purely topological notion: it can be checked on classical truncations
(and even on underlying reduced stacks). By contrast, pullability is sensitive to the derived structure, and
most of the pullable squares that arise for us would not be pullable on classical truncations.

Example 4.2.3. If f is separated and f’ is proper, then (4.2.2)) is pushable. If f is smooth and f’ is
quasi-smooth, then (4.2.2)) is pullable.

Remark 4.2.4. We will also have occasion to consider the following variant: we say (4.2.1)) is topologically
pullable if the morphism a is a finite radicial surjection (e.g. if it is an isomorphism on reduced classical
truncations). In this case the defect is zero by convention.

4.2.2. Proper base change. Suppose (4.2.1)) is Cartesian after taking classical truncations and then underlying
reduced stacks. Then there is a proper base change natural isomorphism

g h S fg) (4.2.3)

of functors Dyt (B; Q) — Dot (C; Q) which we label by “o”. We use the same notation for the natural
isomorphism

i) = g'fe.
By adjunction, (4.2.3)) induces natural transformations
f!(g/)* % g*f!/

and

[N

which we will also label by “o”.

4.2.3. Push-pull base change transformation. Suppose (4.2.1) is pushable. Then we have a natural transfor-
mation of functors Dot (B; Q) = Dmot(C; Q)

g h = fg) (4.2.4)
defined as the composition

« unit(a

FhHhS g Lmit(a), fa.a’q* = fraag* = fl(g)"

Here we used that fsupp,: a1 — a. is invertible because a is proper. We sometimes denote this base change
transformation by V.
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4.2.4. Push-push base change transformations. Suppose (4.2.1]) is pushable. Then we have a natural transfor-
mation of functors Dot (A; Q) = Dot (D; Q)

hge = 9. f (4.2.5)
defined as the composition
hde = figar > gufias = gofrar — g. fy.
Again we used that fsupp,: a1 — a. is invertible because a is proper. We sometimes denote this base change

transformation by V.

4.2.5. Pull-pull base change transformation. Suppose that (4.2.1) is pullable with defect §. Then we have a
natural transformation of functors Dot (D; Q) — Dot (4; Q)

()" = (9)' f* -9 (4.2.6)
defined as the composition
(f/)*g! _ a*f*g! ﬂ> a*glf* ﬂ> a!ﬁ!f*<—<5> — (g,)!f*(—5>-
We often denote such a natural transformation induced by a pullable square by A.

Remark 4.2.5. If (4.2.1) is pullable, the map ([4.2.6|) induces by adjunction a map

G = g0 (4.2.7)

Remark 4.2.6. If (4.2.1)) is topologically pullable as in Remark then we have a canonical isomor-
phism a* = @' by topological invariance (see [EK20, Remark 2.1.13]). Therefore we may define a natural

transformation A: (f/)*g' — (¢/)'f* just as in (4.2.6).

4.2.6. Compatibility with compositions. The natural transformations vV and A are compatible with compositions
in the following sense. Suppose we have a commutative diagram

A2, B
fg _9 ll)f (4.2.8)
h’l lh

E—“2+F

According to [FYZ23l Lemma 3.2.2] and [FYZ23], Lemma 3.5.3]:

(a) If both the upper square and the lower square are pushable, then the outer square formed by
(A, B, E, F) is also pushable.

(b) If both up the upper square and the lower square are pullable, say of defects §,p, and diow, then the
outer square is also pullable, with defect dout = Supp + dlow-

Suppose the outer and lower squares in (4.2.8)) are pushable. Then by the same argument as in proof
of [FYZ23|, Proposition 3.2.3], we have the following commutative diagrams of natural transformations

Dmot(B§ Q) — Dmot (E7 Q), resp. Dmot (A7 Q) — Dmot(F; Q)

g hfi —L s W) i —s B (g mhg! — s gl fl —L s guhlfl (4.2.9)
g*(ho f) v (W o f)i(g")* (ho fhg” v g.(h o '),

Suppose the upper and lower squares in (4.2.8) are pullable, of defects d,pp, and diow. Then by the same
argument as in proofs of [FYZ23, Proposition 3.5.4], we have the following commutative diagram of natural
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transformations Dot (F; Q) — Dot (4; Q):

fa AR

() (W) g ——= () (g) D (=b1ow) = (§") [P (=S10m — ) (4.2.10)
(o 1)

4.3. Functoriality for cohomological correspondences. We tabulate some situations where cohomological

correspondences can be pushed forward or pulled back.

(9") (Ao f)* (=bou)

4.3.1. Pushforward functoriality for cohomological correspondences. Suppose we have a map of correspondences

Ag 22— C 2 A

fol lf lfl (4.3.1)

Definition 4.3.1. The map of correspondences (4.3.1)) is called left pushable if the square with vertices
(C, Ao, D, By) is pushable in the sense of Definition [4.2.]

Assume 1’ is left pushable. Then for any cohomological correspondence c5/KCo 5 ¢ K1, there is a
“pushforward correspondence” fi(c) : dj foko — d f11K1, defined as the composition

dj forKo = fichKo = fici K1 — di f1K
where the rightmost map is the natural base change transformation. Thus ¢ — fi(¢) defines a linear map

fi: Corre (Ko, K1) = Corrp (forKo, f11K1). (4.3.2)

4.3.2. Pullback functoriality for cohomological correspondences. Consider the diagram of correspondences in
(14.3.1)).

Definition 4.3.2. The diagram of correspondences (4.3.1)) is called right pullable if the square with vertices
(C, A1, D, By) is pullable in the sense of Definition

In this case, we also say that the map of correspondences f : C — D is right pullable, with defect ¢
defined to be the defect of the square (C, Ay, D, By), i.e., the relative dimension of the quasi-smooth map
512 C—D X Ay Bl.

Suppose 1} is right pullable. Then for any cohomological correspondence diKg 5 d\K; there is a
“pullback correspondence” f*(c) : ¢ fiKo — ¢} fiK1(~s;) defined as the composition

i fako = frdyKo 5 frdi1 2 ¢ fiKi(=sp).
Thus ¢ — f*(c) defines a linear map
f*: Corrp (Ko, K1) — Corre(fi Ko, f1K1(=55)). (4.3.3)

Remark 4.3.3. Similarly, we say the map of correspondences f : C — D is right topologically pullable (with
defect 0y = 0) if the square with vertices (C, A1, D, By) is topologically pullable in the sense of Remark
We can then similarly define a pullback operation

f*: Corrp (Ko, K1) — Corre(fi Ko, frK1) (4.3.4)

using Remark [1.2.6]

4.4. Base change for cohomological correspondences. In this subsection we formulate a base change
result for cohomological correspondences (Theorem , following [FYZ23| §5].



4.4.1. Setup. Suppose we are given a commutative diagram of derived Artin stacks

Uy 0 Cuy “ Uy
b) it
Vo Cv Vi
o m ™1
go g g1
S() ] CS ] Sl
0 1
X X‘ X‘

satisfying the following conditions:

(a) The middle vertical parallelogram

Cs

Cw

is derived Cartesian.
(b) The three squares in the following diagram are pushable:

a
Upe——2—Cy

NN

N

Wo PR Cw

(¢) The three squares in the following diagram are pullable:

Cuy % Uy
&
Cy ' Vi
9 9
hy
CS Sl
Cy —2——wy

Moreover, the right square (U1, V1,51, W1) above has defect zero.

17

(4.4.1)

(4.4.2)

(4.4.3)

(4.4.4)
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4.4.2. We view Cg as a correspondence between Sy and S, and similarly for Cy,Cy and Cy. Let
K; € Dot (S:;Q) for i € {0,1} and s € Corre, (Ko, Kq).

4.4.3. Push o pull. By assumption, the back face of (4.4.1) is pullable as a map of correspondences = : Cpy —
Cg, so the map

7 : Correy (Ko, K1) — Correy, (15 Ko, 1 K1 (—6x)) (4.4.5)

is defined (where the defect 0, is defined in Definition [4.3.1). By assumption, the top face of (4.4.1) is
pushable as a map of correspondences f : Cy — Cy, so the map

fg : COl“l“cU (WSK:(),TFT’Cl(—&(}) — COTI‘CV (fogﬁélCo,fl!ﬂ'fK:ﬂ—éW)) (4.4.6)

is defined. The composition of (4.4.5) and (4.4.6) applied to s € Correy, (Ko, K1) gives an element
fm*(s) S COI“I‘CV (fogﬂ'é’Co, flgﬂ'flcl(—é,r)). (4.4.7)

4.4.4. Pull o push. Similarly, since the bottom face of the diagram (4.4.1) is left pushable and the front face
is right pullable, the cohomological correspondence

g*z(s) € Correy, (95 201K0, 95 211K1 (=38,)) (4.4.8)
is defined.

4.4.5. We are now ready to formulate the base change theorem, expressing the compatibility of push o pull
and pull o push.

By assumption, the square (Up, Vp,So, Wp) in is pushable, so we get a base change natural
transformation

95200 = oy : Dimot (S0; Q) = Dot (Vo; Q). (4.4.9)

By assumption, the square (Uy, V1, S1, W) in (4.4.1)) is pullable with defect zero, so we get a base change
natural transformation

T2 f197 Dot (W1 Q) = Dot (U3 Q). (4.4.10)
By adjunction (cf. Remark [4.2.5)), (4.4.10) gives a base change natural transformation
fumi = 91211t Dot (515 Q) = Dot (V13 Q). (4.4.11)

We have an equality of defects §, = d, [FYZ23| Lemma 5.1.1].

Example 4.4.1. Suppose (Uy, Vy, So, Wo) and (Uy, Vi, S1, W) are derived Cartesian. In this case, the sources
and targets of fim*(s) and g*z(s) are identified by the proper base change isomorphisms

foms Ko 2 gSZO!’CO and  fumiKy(=6.) 2 g1 211K (=5,). (4.4.12)
Theorem 4.4.2 (Base change for cohomological correspondences). Let the notation be as in §4.4.1. Then
for every Ko € Dot (S0;Q), K1 € Dot (51;Q), and s € Corre, (Ko, K1), the following diagram commutes:

96201Ko L!(ﬁ)>9T»’«”1!IC1<*55;> (4.4.13)

4.4.9J( T4.4.11
fim™(s)

fomgKo ———— fumiKi(=6.)

(Here we use [FYZ23| Lemma 5.1.1] to match the twists.)
In particular, when both (Uy, Vi, So, Wo) and (Uy, Vi, S1, W1) are derived Cartesian, we have an equality
of cohomological correspondences on Cy

fim™(8) = g 2 (s) (4.4.14)
under the isomorphisms .
Proof. The proof of [FYZ23| Theorem 5.1.3] works verbatim. O
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5. THE LU-ZHENG CATEGORICAL TRACE

In this section we adapt the framework of Lu—Zheng [LZ22bh], which gave a new perspective on ULA
sheaves and Lefschetz-Verdier formulas in the ¢-adic setting, to the derived category of motives. For a derived
Artin stack S over a field, we define symmetric monoidal 2-categories LZ(S), and LZ(S)*, in which objects
are motivic sheaves on derived Artin stacks over S, morphisms are cohomological correspondences, and
2-morphisms are either pushforward or pullback of cohomological correspondences. Strongly universally
locally acyclic motives are dualizable, so one can define the categorical trace of their endomorphisms. We use
this to study relative Lefschetz-Verdier pairings and their behavior under pullback and pushforward.

Compared to [LZ22bh] we introduce some technical enhancements, which would apply equally well to the
¢-adic setting and simplify some proofs in [FYZ23].

e We introduce an extended version of the Lu—Zheng category whose morphisms include higher Exts.
This means that the trace of an endomorphism (of a dualizable object) can be valued in higher degree
Chow groups, which is responsible for eventually promoting the sheaf-function correspondence to a
sheaf-cycle correspondence.

e We introduce a variant of the Lu—Zheng category adapted to pullbacks instead of pushforwards. This
is eventually used to prove the compatibility of the sheaf-cycle correspondence with pullbacks. For
this, it is essential to incorporate derived algebraic geometry (unlike the pushforward version, where
all the content is already found in the classical truncation).

e We work with derived Artin stacks (as opposed to schemes), a generality which is needed in applications.

5.1. Motivic Lu—Zheng categories. Let S be a locally finite type derived Artin stack over a field. Following
work of Lu-Zheng [LZ22D], we will define two 2-categories, which we denote LZ(S), and LZ(.S)*.

5.1.1. Objects and morphisms. Both LZ(S), and LZ(S)* have the following objects and 1-morphisms:

e The objects are pairs (A,K4) where A is a locally finite type derived Artin stack over S, and
ICA S Dmot(A; Q)

e A morphism from (Ag,Ko) to (A1,K;) is a triple (c,i,¢) where ¢ = (4g <> C 5 A)) is a
correspondence, i € Z, and ¢ € Corrg (Ko, K1(-i)) is a cohomological correspondence from Ky to
K1(—4) with respect to c.

In particular, LZ(S), and LZ(.S)* have the same objects and 1-morphisms.

Notation 5.1.1. We will generally use a lower-case Roman letter such as ¢ or d, with no subscripts, as
shorthand for a correspondence involving the corresponding upper-case Roman letter, such as C' or D.

The composition of morphisms (¢, ,¢): (Ao, Ko) = (A1, K1) and (d, j,0): (A1, K1) — (A2, K2) is (e, i+, ¢),
where e is the outer correspondence in the diagram

E
5N
C D
N 2N
Ap Ay A,
where the diamond is (derived) Cartesian, and e is the composition
(dh)* ety S (d)) e Ka(—iy 2 () dECy(—iy > () dyKa(—i—j)
5.1.2. 2-morphisms. The 2-morphisms of LZ(.S), and LZ(S)* differ:

e In LZ(S);: Given two morphisms (c,4,c) and (d,4,0) from (Ao, Ko) to (4A1,K1), a 2-morphism
(¢c,i,¢) = (d, j,0) in LZ(S), is a map of correspondences

Ag <2 24+ 4

lf H (5.1.1)

I
Ao‘* %Al
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in which f is proper (hence the map of correspondences is left pushable by Example [4.2.3)), and such
that ® = fi ¢ in the sense of §4.3.1 (so that i = j).
e In LZ(S)*: Given two morphisms (¢, 4,¢) and (d,,0) from (Ag,Ko) to (A1,K1), a 2-morphism

(¢c,i,¢) = (d, j,0) is a map of correspondences (|5.1.1)) in which f is quasi-smooth (hence the map of
correspondences is right pullable by Example [4.2.3)), and such that ¢ = f*0 (so that i — j equals the
defect d¢).

The composition of 2-morphisms is given by the obvious construction.

Remark 5.1.2. The category LZ(S), is a graded motivic version of the category Cg from [LZ22bl Construction
2.6]. This category is adapted to the purpose of proving relative Lefschetz-Verdier formulas, which concern
the compatibility of pushforwards with the Lefschetz-Verdier pairing (cf. §5.4). The category LZ(S)* (which

to our knowledge has not been previously considered) is adapted to proving compatibility of pullbacks with
the Lefschetz-Verdier pairing.

Example 5.1.3. Let f: A — A’ be a morphism of derived Artin stacks over S. Then for K € Dp,0t(4; Q),
we have a 1-morphism in LZ(S), or LZ(S)*
fo: (A K) — (A, fiK)
given by the correspondence
A=At u
equipped with the cohomological correspondence K = Id* K ity f AK.
For K’ € Dot (A’; Q), we have a 1-morphism in LZ(S), or LZ(S)*
Fi (ALK = (A F7K)
given by the correspondence
AL a— 2
equipped with the tautological cohomological correspondence f*K' — Idl( K.
Example 5.1.4. Let

Ay <2 C 2 4
I lf | (5.1.2)
Ay oAy
be a commutative diagram of derived Artin stacks over .S.
Suppose (5.1.2)) is left pushable as a map of correspondences. Let (c,4,¢): (A, Ko) = (41,K1) be a

morphism in LZ(S),. Then, unraveling the definitions, there is tautologically a unique 2-morphism in LZ(S),
fitting into a commutative diagram with the pushforward cohomological correspondence fi ¢ from §4.3.1}

(¢,i,¢)

(Ao, Ko) (A1, K1) (5.1.3)

J(fou A Jflu

(Ab, fO!’CO)(m)(Alp fuky)

Now suppose instead that (5.1.2)) is right pullable as a map of correspondences. Let (¢/,i',¢'): (Ap, Kf) —
(A}, K}) be a morphism in LZ(S)*. Then, unraveling the definitions, there is tautologically a unique 2-
morphism in LZ(S)* fitting into a commutative diagram with the pullback cohomological correspondence
f* ¢ from §4.3.2

(e f" )
(Ao, f5Ko) —— (A1, f1 K1) (5.1.4)

fST Y flﬁ

(/')

where i =i’ + J;.
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5.1.3. Symmetric monoidal structure. We construct a symmetric monoidal structure on LZ(S)* and LZ(.9);.
In both cases, we define the tensor product of objects as

(AJCA) ® (B,’CB) = (A xs B, K4 Xg ’CB)
where we recall that K4 Kg Kp = pr¥ K4 ® pry Kp for the projection maps A &4y xs B Pz, B,
The tensor product of 1-morphisms (¢, i,¢): (Ao, Ko) = (A1,K1) and (d, 7,9): (Bo, Lo) — (B1,L1) is the
product (over S) correspondence ¢ X g d equipped with the cohomological correspondence

* ~ % * X ! . ! . ! .
(CQ Xs do) (ICO |X|S ﬁo) = CO(’C()) Xs d0(£0) —SD> C;(’Cl)(—z) |X|S d'l ([:1)(—j) — (Cl Xs dl)'(K:l X £1)(—z—])

where the last map is adjoint to the Kiinneth formula
(e1 x5 dl)y(lc/l Kg ﬁll) = Clglcll Xg dlgﬁll

from Lemma [3.8.2)
In both LZ(S)* and LZ(S);, the tensor product of 2-morphisms is induced by product of morphisms of
stacks over S.

Example 5.1.5. The monoidal unit in both (LZ(S),®) and (LZ(S)*, ®) is the object (S, Qg).

5.2. Dualizable objects. Any symmetric monoidal category (C,®) has a notion of dualizable object: this
means an object ¢ € C such that there exists a dual ¢¥ € C and evaluation (resp. coevaluation) morphisms
eve: ¢V ®c— 1c (resp. coev.: 1¢c = ¢ ® ¢”) such that the composites

c coev, @ Id. Id. @ ev, v 1ld.v ® coeve
—_—

eve ®Id, v
c®cv®c—>c7 /=~ ' Rcc —=— ¢V
are isomorphic to the respective identity morphisms.

Proposition 5.2.1. Let (A,K) be a dualizable object of LZ(S), or LZ(S)*. Then the dual of (A,K) is
(A7DA/SIC)‘

Proof. The proof of [LZ22b, Proposition 2.11] works verbatim. |

Corollary 5.2.2. Let (A,K) be a dualizable object of LZ(S), or LZ(S)*. Then the canonical map K —
D 4/s(Da/sK) is an isomorphism.

Proof. In any symmetric monoidal category, any dualizable object is isomorphic to its double dual. O
Proposition 5.2.3. Let K € Dot,gm(A; Q) be USLA over S. Then (A, K) is dualizable in LZ(S), or LZ(S)*.

Proof. We will show that (A,D,,5(K)) is dual to (A4,K) by explicitly constructing the evaluation and
coevaluation morphisms (satisfying the necessary properties). In fact, the construction of the evaluation
morphism does not invoke the USLA hypothesis: it is given by the correspondence

A
% \
A Xg A S
equipped with the tautological cohomological correspondence

A*(]C Kg DA/S’C) = IC@S DA/S(]C) — DA/S~

The coevaluation morphism will have underlying correspondence

A
/ &
S A X5 A
Using Proposition we have the following isomorphisms in Dyt (4; Q):

ANK Kg Dy /sK) Prome A"Hom 4y o4 (pr} K, priy K) = Hom (K, K).

Thus Idx € Homy4 (K, K) induces a map Q4 — A'(K Kg D 4/sK), which defines the coevaluation morphism.
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The composite (Id, ® ev,) o (coev. ®Id,) is supported on the outer correspondence in

A

AXSA AXSA

Pryo pry
pro; x Id Id X pry,
A A

AXSAXSA

and unraveling the definitions shows that the resulting cohomological correspondence is isomorphic to the
identity morphism. A similar analysis applies to (ev. ®Id.v) o (Id.v ® coev,). O

5.3. Categorical traces. Recall that any endomorphism ¢ € End(c) of a dualizable object ¢ in any symmetric
monoidal category (C,®) with unit 1¢ has a notion of trace Tr(t) € End(1c), defined as the composite

coev, v t®Id V oA CV

lc —= c®c’ — c®c ®ci>lc.

If C is a 2-category, then End(1c¢) forms a 1-category, denoted QC.

Specializing this construction, let S be a derived Artin stack locally of finite type over a field. We obtain
two categories QLZ(S), and QLZ(S)* with the same objects: in both cases the objects are triples (F, 1, a)
where F is a derived Artin stack locally of finite type over S (identified with the correspondence S + F — S),
i €Z,and a € Corrp(Qg, Qs(—i)) = CH;(F/S) is a relative Chow cycle over S of degree .

The morphisms in Q LZ(S), and QLZ(.S)* differ:

e In QLZ(S),, morphisms (F,i,«a) — (F’,7,[5) are proper maps f: F — F’ over S such that f.a =
B € CH;(F'/S) (so that ¢ = j).

e In QLZ(S)*, morphisms (F,i,a) — (F’, j,3) are quasi-smooth maps f: F' — F’ over S such that
f'B=a € CH;(F/S) (so that i — j = d(f) is the relative dimension of f).

Given a dualizable object (A, K) € LZ(S), or LZ(S)*, an endomorphism of (4, K) in LZ(S), or LZ(S)*
consists of a correspondence (A Lo A), an integer i € Z, and a cohomological correspondence
¢ € Home (c3KC, ¢4 K(—iy). The trace of such an endomorphism is the triple (Fix(C),i,a € CH;(Fix(C)/S)).
We will refer to a as the trace of ¢, and write

Tre(c) = a € CH;(Fix(C)/S). (5.3.1)
In other words, for every correspondence (A <% C 25 A) of derived Artin stacks over S and every
K € Dot (A; Q), we obtain a canonical linear map
Tre: Corre (K, K(-i)) — CH;(Fix(C)/S). (5.3.2)
In particular, if S = Spec (F), we obtain a trace map valued in cycle classes on Fix(C).
5.4. Lefschetz-Verdier pairings. The general theory of pairings in symmetric monoidal 2-categories is

documented in [LZ22D, §1]. In particular, given a symmetric monoidal 2-category (C,®) and morphisms
u:c—dand v: d — ¢ in C, with ¢ dualizable, we have the pairing

(u,v) = Tr(vou) € QC. (5.4.1)
Example 5.4.1. If d = c and v = Id,, we have
(u,1d.) = Tr(u) € QC.
Suppose we have a diagram in C
c——d——c (5.4.2)
Y
N N
with ¢ and ¢’ dualizable. Then by [LZ22bl Construction 1.8] we have a morphism
(u,v) = (u',v") € QC. (5.4.3)
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5.4.1. Compatibility with pushforward. Let

Ag <2 0 —4 s A, <P p D, oy,
ifo lf lfl lg lfo (544)
PR T By VPR By s Y N

be a commutative diagram of derived Artin stacks over S. Write E (resp. E’) for the composite correspondence
of C and D (resp. C' and D') and h for the induced map h: E — E’.

Theorem 5.4.2. Assume in that f is proper, each f; is separated, and the square with verti-
cles Ay, A}, D, D’ is pushable. Let Ko € Diot,em(Ao; Q) be such that Ko is USLA over S and fuky €
Dmotgm(AO,Q) is USLA over Sﬁ Let K1 € Diot,em(A1; Q) and u: Ko — cllCl( iy and v: diK; —
dyKo(~5). View u and v as morphisms in Homyz(s), ((Ao, Ko), (A1,K1)) and Homyzs), ((A1, K1), (AO,ICO))
respectz'vely.

Then Fix(h): Fix(E) — Fix(E’) is proper amﬂ

Fix(h).(u,v) = {fiu, gv) € CH;1;(Fix(E")).

Proof. The analogous result for schemes and ¢-adic coefficients is [LZ22bl, Theorem 2.21], and the argument is
the same in essence. From the assumed left pushability of g regarded as a map of correspondences, applying

(5.1.3]) gives a commutative diagram

(A1, K1) —— (Ao, Ko) (5.4.5)
lfln Y J{foh
(A1, fuky) — 5 (A, foKo)
Decompose the left side of as
Ao 0 Ay (5.4.6)

OC

A’%C%Al
[ s
A %C/%A’

The bottom left square is pushable by the assumption that f is proper. The top left square is pushable by
the assumption that fj is separated. Hence we may apply (5.1.3)) to obtain a commutative diagram

(Ao, Ko) —— (A1, K1) (5.4.7)

-

(Aj, foKo) —— (A1, K1)

s

(Ap, foKo) —— (A7, fulky)

8This second assumption is automatic if fo is proper, by Lemma 13.7.4] which will be satisfied in all the situations where we

will apply Theorem

9n forming this trace, we are implicitly using that fo/C is geometric by Remark (since fo is assumed to be representable).
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Concatenating (5.4.7) with (5.4.5) gives the commutative diagram

(Ao, Ko) ﬁAlaKl> —— (Ao, Ko)
foul /11 lfm A lfou
(Ap, forKo) —— (A1, fuK1) —— (A, foKo)

Then by (5.4.3) we have a map (Fix(E), (u,v)) — (Fix(E’), {fiu, grv)) in Q@ LZ(S), which by definition entails
the equality Fix(f)«(u,v) = (fiu, giv). O

5.4.2. Compatibility with pullback. Consider the same diagram ([5.4.4) and again write E (resp. E’) for the
composite correspondence of C' and D (resp. C' and D’) and h for the induced map h: E — E'.

Theorem 5.4.3. Assume in that f is quasi—smooth and each f; is smooth, and the square with
vertices D, D', Ay, A is pullable Let K{§ € Dinot,em (Ay; Q) be such that Ky is USLA over S (hence fiK{ €
Dmothm(AO, Q) is USLA over S by Lemma-(l)) Let K € Dot em (A1 Q) and u’: (cp)* Ky — () ICh (—i)

andv: (dy)* Ky — (d})'Ko(—s). Identify ' and v’ with the corresponding morphisms in Homy zs)- ((Af, Kj), (A1, KY))

and Homy,zsy+ (A7, K1), (Ay, KG)), respectively.
Then Fix(h): Fix(E) — Fix(E)" is quasi-smooth anﬂ

Fix(h)'(u/,v') = (f*u', g*v') € CH; 115, (Fix(E)).
Proof. From the pullability of the right half one has a 2-morphism in LZ(S)*, applying (5.1.4) gives a

commutative diagram

(Av, £ 25 (Ao, FICh) (5.4.8)

fﬂ \\ fé]

(A1, K1) ——— (45, Kp)
Decompose the left side of (5.4.4]) as

Ag 202 A1 (5.4.9)

Ay o ey A’

{ L

Aj <—C’—>A’

The bottom right square is pullable by the assumption that f is quasi-smooth. The top right square is
pullable by the assumption that f; is smooth. Hence we may apply (5.1.4) to obtain a commutative diagram

f*u/ "
AO;fOK:O (Al,f1 IC/1) (5.4.10)

-

(Ao, f5Ko) —5— (A1, K1)

fST !

101y forming this trace, we are implicitly using that f5 K is geometric by Remark
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Concatenating (5.4.10)) with (5.4.5)) gives the commutative diagram

f*u/ g*v/

(Ao, f5Ko) T> (A1, f1KY) —— (Ao, f5Ko)
fO w. f1 0
u\

(A9, Ko) ——— (A1, K1) ——— (45, Ko)

/
u

Then by (5.4.3) we have a map (Fix(E), (f*u/, f*v')) — (Fix(E’), (u/,v")) € QLZ(S)*, which by definition
entails the equality Fix(h)'(u/,v') = (f*u’, g*v'). O

6. MOTIVIC SHEAF-CYCLE CORRESPONDENCE

In this section we develop the motivic sheaf-cycle correspondence, which is based on the trace map
constructed in This material is a motivic lift of [FYZ23, §4], much of which carries over verbatim (in
those cases we omit the proofs). The only aspect that is substantially different is Proposition which we
prove using the motivic Lu—Zheng categorical trace.

6.1. The trace. Let
AL -2+ A (6.1.1)

be a correspondence of derived Artin stacks over a field F. For every K € Dmot,em(4; Q) and ¢ € Z, the
construction of gives a trace map

Tre: Corre (K, K(-i)) — CH;(Fix(C)). (6.1.2)
Indeed, since K is geometric (by assumption) and USLA over Spec (k) (Example [3.7.3]), Proposition
implies that (A, K) is dualizable in LZ(F)* or LZ(F),.

6.2. Functoriality of the trace. We study the compatibility of pushforward and pullback on cohomological
correspondences and Chow groups (see §4.3)) under formation of traces. We consider a map of correspondences
of derived Artin stacks over a field F:

AL Cc -2+ 4
- (6.2.1)
fog & ll)fL gfl fo

6.2.1. Proper pushforward. The following result is a motivic lift of [FYZ23] Proposition 4.5.1].

Proposition 6.2.1. With notation as in , assume that fo, f are proper and let ¢ € Corre (K, K(—i))
where K € Diot,em (4; Q). Then Fix(f): Fix(C) — Fix(D) is proper and we have

Trp(fi ) = Fix(f).(Tre(c)) € CH,(Fix(D)).
Proof. Apply Theorem [5.4.2 with S := Spec F, Ag = A; = A, Ko =K1 =K, u:=¢, and v == Id. O

6.2.2. Quasi-smooth pullback. The following result is a motivic lift of [FYZ23| Proposition 4.5.4].

Proposition 6.2.2. With notation as in , assume that fy is smooth and f is quasi-smooth. Let
d =d(f) —d(fi). Letd € Corrp(K, K(—i)) where KK € Dmot,em (B; Q). Then Fix(f): Fix(C) — Fix(D) is
quasi-smooth and we have

Tro(f*0) = Fix(f) (Trp(9)) € CHyy5(Fix(C)).
Proof. Apply Theorem [5.4.3| with S := Spec F, Ag = A; == A, Ko =K1 =K, u:=10, and v := Id. O
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6.3. The fundamental class as a trace. Let A <~ C' = A be a correspondence of derived Artin stacks
over F. If ¢; is quasi-smooth and A is smooth over F, then Fix(C) is quasi-smooth over F of relative
dimension d(cy), so there is a fundamental class (§3.6)

[Fix(C)] € CHgey (Fix(C)). (6.3.1)
On the other hand, regarding the relative fundamental class [c;] € CHg,)(C/A) as a map cjQa —
1 QA(—d(c1)) in Dot (C; Q), the composite

Cl]

QA= Qa =ciQa L, A Qa(~d(e)
defines a cohomological correspondence ¢4 € Corre(Qa, Qa(—d(e1))).
Proposition 6.3.1. If ¢ is quasi-smooth and A is smooth, then we have
[Fix(C)] = Tre(ca) € CHge,) (Fix(C)).
Proof. Consider the map of correspondences
A+2—C =+ 4
lﬂo lﬂ- lﬂ‘l (632)
pt ~—— pt —— pt

where pt = Spec (F). By assumption 71 is smooth and ¢; is quasi-smooth, so 7 is quasi-smooth and (6.3.2])
is right pullable. Unravelling definitions, we can write ¢4 as the pullback of the trivial cohomological
correspondence ¢y € Corrp(Q, Q) (cf. [EYZ23| Lemma 9.4.2]):

" epy = ¢4 € Corre(Qa, Qa(—d(c1))).
By Proposition we have
Tre (7" ept) = Fix(m) (Trpe (epe)) = Fix(m)' [pt] = [Fix(C)] € CHye) (Fix(C)),
whence the claim. ([l

6.4. Frobenius-twisted trace.

6.4.1. Frobenius. We take F = F to be a finite field.Any derived Artin stack over F; is equipped with a
Frobenius endomorphism Frob, which in terms of the functor of points is the absolute Frobenius Frob, on
the test scheme. That is, for any derived Artin stack X over Fy, we denote by Frob : X — X the morphism
sending an R-point x : Spec (R) — X to the composite

Spec (R) Froba, Spec (R) & X
for every commutative F;-algebra R.
6.4.2. Fiz vs. Sht. For a correspondence
A2 (C -2+ 4
over Fy, we will let Sht(C) (or sometimes Sht4) be the derived fibered product
Sht(C) C
i l(%’“) (6.4.1)
oy (dFrob) oy

This derived fibered product can be also be presented by the derived Cartesian square

Sht(C) C
l l(Frob ocp,c1) (642)
A—2 + AxA

which is the “fixed point Cartesian square” for the correspondence

AR o) L, g (6.4.3)
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where C(Y) := C but with the left map twisted by Frob. In other words, we have a canonical identification
Sht(C) = Fix(CM). (6.4.4)
6.4.3. Sht-valued trace. Given Ko, K1 € Diot(A4; Q) and a cohomological correspondence ¢: ¢y — ¢ K1 on

C, plus the canonical Weil structure Frob™ KCy = Ky (because A is defined over F;), we have a cohomological
correspondence ¢! : (Frobocy)*Ko — ¢} k1. In this way we obtain a linear isomorphism

Corrg (Ko, K1) = Correay (Ko, K1)
sending ¢ — (W I K is geometric and Iy = Ky(—i), then we define
TedM (¢) := Tre (¢V) € CH, (Fix(C™M)) = CH; (Sht(C)).
This determines a linear map
TSP - Corre (Ko, Ko(—i)) — CH;(Sht(C)). (6.4.5)
6.4.4. The fundamental class of Sht(C). In the situation of Proposition yields:
Corollary 6.4.1. If ¢; is quasi-smooth and A is smooth over F, then we have
TE (e4) = [Sht(C)] € CHy(e,) (Sht(C))
where Q4 1s equipped with its natural Weil structure.

Remark 6.4.2. It is interesting to ask in what generality Corollary holds without the smoothness of A.
Indeed, it is shown in [FYZ23| Lemma 4.2.1] that Sht(C) is quasi-smooth (and hence admits a fundamental
class) as long as ¢; is quasi-smooth.

6.5. Shift and twist.

6.5.1. Let A <~ C 25 A be a correspondence over a field Spec F. Given K € Dot (4;Q) and ¢ €
Corre (Ko, K1), the map ¢ : ¢§Ko — c!llC1 induces for every m,n € Z a map

coKColm](n) — 1K1 [m](n)
which we denote by T|,,(n) ¢. The assignment ¢ +— Tj,,)(n) ¢ defines an isomorphism
Tmi(ny = Corre (Ko, K1) 5 Corrg(Ko[m](n), Ki[m](n)).
)

6.5.2. The trace map Tre: Corre(K, K(—i)) — CH;(Fix(C)) satisfies the identity
Tre Ty ©) = (~1)" - Tre:(¢) € CH, (Fix(C).

6.5.3. Sht-valued trace. Suppose F = F, and consider the map Trgf: Corre (K, K(~i)) — CH;(Sht(C))
(§6.4.3). We have the identity

T (Tmyny ©) = (=1)™q™" - Trg (¢) € CH,(Sht(C)). (6.5.1)

7. SPECIALIZATION AND MOTIVIC LOCAL TERMS

The main result of this section is Theorem which says that for a correspondence c = (Y < C —Y)
of derived Artin stacks over a field F, the trace of a cohomological correspondence supported on ¢ can be
calculated after restriction to a closed substack Z — Y, provided that ¢ is “contracting near Z”. We refer
to Definition for the meaning of the latter condition; for now we just mention that it is a condition
on classical truncations. In fact, the entirety of this section deals only with properties and constructions of
underlying classical truncations. Hence for this section alone, we change our default conventions so
that all constructions (fibered products, etc.) occur within classical algebraic geometry.

The results in this section have previously appeared for schemes and ¢-adic coefficients in [Var(7], and then
for schemes and motivic coefficients in [Jin24]. Our only contribution is of a technical nature: we generalize
their arguments to (higher) Artin stacks and motivic coefficients. This is needed in applications, in the
present paper as well as in in other work-in-progress.
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7.1. Ayoub’s nearby cycles functor. We work over a field F. Let i: s < AL be the origin and j: n — AL
its complement. Suppose we have a morphism of Artin stacks f: ¥ — AL. For 7 € {s,n} the subscript ? will
denote base change to 7. Thus we have a commutative diagram

Y, iy Yy Jy Yn
lfs lf lf (7.1.1)
s e AL Lo

where the squares are Cartesian.

Ayoub constructed and analyzed the motivic nearby cycles functor on schemes, in [Ayo07al [Ayo07b] [Ayo14].
In [HL22, §A.2], Ayoub’s construction of the tame nearby cycles functor (part of the total motivic nearby
cycles) is extended to Artin stacks for Dot (—; Q), essentially by repeating Ayoub’s construction verbatim.
We denote this functor

\Ilgf . Dmot (Yna Q) — Dmot (}/87 Q)
It satisfies the following properties:
(a) W' is lax-monoidal, so in particular there are binatural transformations
Uy (K) @ ¥y (K') = U3 (K@ K') € Dot (Ys; Q) (7.1.2)
for all K, K’ € Dot (Ys; Q). If Yy, Y; are Artin stacks over Af, then as a special case of (7.1.2)) we

have natural map
\Ijg/o (’CO) xs \Ijgﬁ (’Cl) - \Ilg’oxA%rYl (ICO &7] ICl) S Dmot(}/()s Xs }/15; Q) (713)

for all IC; € Dot (Vi; Q).
(b) For any morphism g: Y’ — Y, there are natural transformations
gi oWy — Wy, 095 Dot (Yi; Q) = Dot (Y5 Q) (7.1.4)
and
\Ijgf’ © 97'7 — g‘s © \Ilgf Dmot(Yn; Q) — Dmot(YS/; Q)v (715)
which are both isomorphisms if g is smooth.
(¢) The are natural transformations
lllgf O Gnx = Gox © \Ilg/, : Dmot(YT;; Q) — Dot (Ys; Q) (7.1.6)
and
gs! © \Ilgff — \Ilgf O Gu!: Dmot(Yy;; Q) — Dmot(Y;; Q)7 (717)
which are both isomorphisms if g is proper.
(d) ¥4 commutes with shifts and Tate twists.
Lemma 7.1.1. The functor W', preserves geometricity (in the sense of .

Proof. By (7.1.4)) and the definition of geometricity, the statement can be checked after base change to a
smooth atlas Y/ — Y where Y’ is a derived scheme. Then the claim is [Jin24, Lemma 6.1.9(2)] (see also
[Ayo07b, Theorem 3.5.14] for the case where F is of characteristic zero). O

7.2. Contracting correspondences. Let ¢ = (Y Lo Y') be a correspondence of locally noetherian
(classical) Artin stacks. The following definitions generalize those of Varshavsky in [Var(07, Definition 1.5.1
and Definition 2.1.1].

Definition 7.2.1 (Contracting correspondences). Let Z < Y be a closed embedding defined by an ideal
sheaf 7y C Oy.

(a) We say that Z is c-invariant if ¢; ' (Z) is set-theoretically contained in cy*(Z).

(b) We say that c stabilizes Z if ¢5(Iz) C ¢;(Zz) (i-e., ¢;*(Z) is scheme-theoretically contained in

—1
¢y (2)).

(c) We say that ¢ is contracting near Z if ¢ stabilizes Z and there exists n € N such that ¢§(Zz)™ C
CT(Iz)nJ'_l.

L1f we worked with the total nearby cycles functor instead of the tame part, then these maps would be isomorphisms.
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Note that (¢) = (b) = (a).

Example 7.2.2 (Frobenius contracts). Suppose Y is defined over a finite field F = F, and ¢ = (¢, ¢1): C —
Y x Y is a correspondence stabilizing Z < Y. Then the Frobenius-twisted correspondence D =
(Frobocg,c1): C =Y xY ( is contracting near Z. Indeed, working locally on Y we may assume Y is
noetherian, in which case this is proven in [Var07, Lemma 2.2.3].

Construction 7.2.3 (Restricting correspondences to stable substacks). For any closed substack Z < Y such
that c stabilizes Z, define the base-changed correspondence cz by the upper row in the commutative diagram

Z Coz CZ Ciz Z

£ I I (7.2.1)

Y <2 g,y

where the right square is Cartesian. (The hypothesis that ¢ stabilizes Z is used to ensure that the pullback
Cy — C 25 Y factors over Z.)

Lemma 7.2.4. Let

Z/;»Y/

Lk

Z ——Y

be a commutative diagram of locally noetherian Artin stacks. Then the induced map of normal cones
Nz/(Y') = Nz(Y) has set-theoretic image in the zero-section Z C Nz(Y) if and only if there exists n such
that f*(Ip) C Tpt.

Proof. The same proof as in [Var07, Lemma 1.4.3(b)] works verbatim. O

7.3. Specialization. Next we discuss specialization of Chow groups and cohomological correspondences in
families.

7.3.1. Specialization on Chow groups. For a commutative diagram ([7.1.1)) in which all squares are Cartesian,
there is constructed in [DJK21] §4.5.6]E| a specialization map on relative Chow groups,

spy : CH.(Y,/n) — CH.(Y,/s). (7.3.1)
7.3.2. Specialization on cohomological correspondences. Suppose we have a correspondence of Artin stacks

Yy <2 C 5 Y, over AL and a cohomological correspondence ¢ € Corrc, (Ko, K1) supported on C,, where
Ki € Dot (Yin§ Q)H Then we have a cohomological correspondence

() s Wy, (Ko) = ¢, WY, (K1) (7.3.2)
defined as the composition

" (7-1.4) N Tl () (71.9)
i, W (Ko) W (et o) 2L W (e, ) &, (W 1),

The assignment ¢ — W% (¢) defines a map
t t t
U*: Corrg, (Ko, K1) — Corrg, (¥y, (Ko), ¥y, (K1)). (7.3.3)
12Strictly speaking, [DJK21] operated in the schematic context, but [Khal9b] generalizes all the ingredients of the construction

to derived Artin stacks.
13we emphasize again that the subscripts ? € {7, s} indicate base change to ?.
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7.3.3. Specialization vs. trace. Under favorable conditions, the specialization of cohomological correspondences
is compatible with formation of trace. This was shown by Varshavsky for ¢-adic sheaves on schemes in [Var(7,
Proposition 1.3.5], and Jin adapted the argument to motivic sheaves on schemes in [Jin24, Lemma 6.2.4]. We
record the statement in our more general context.

Proposition 7.3.1. Let Y <~ C 25 Y be a correspondence of derived Artin stacks over AL, IfK €
Dimot,em (Yr; Q) is USLA over 1, then the following diagram commutesm

Corrg, (K K(i)) Yo, Corre, (U3 K, U8 K(—i))
l%” i%s (7.3.4)
CH, (Fix(Cy)/n) CH (Fix(Cs)/s)

Proof. By the same formal diagram chase as in the proof of [Jin24, Lemma 6.2.4], this is reduced to the
lax-monoidality of W*. O

7.4. Specialization to the normal cone. Let ¢: Z < Y be a closed immersion of Artin stacks over F.
Then there is a deformation to the normal cone Dz(Y), which is a family of Artin stacks over AL which
restricts to the constant family Y x G,, over n = G, and the normal cone Nz(Y) over s. It may be
constructed by forming the blow-up of Y x Al along Z x {0} and taking out the blow-up of ¥ x {0} along
Z x {0}. (We emphasize that we are considering the classical deformation to the normal cone rather than
the derived version.)

The construction of Dz(Y) is functorial in Z and Y. Following Varshavsky [Var()?] we use the notation

(/:/) for constructions induced by deformation to the normal cone, and ( ) 5 OF ( ), for the base changes to 7
or s, respectively. For example, given a commutative diagram

7 ey
l" lg (7.4.1)
Z ——Y

we get amap g: Dz (Y') = Dz(Y).

7.4.1. Specialization of cycle classes. Applying the specialization construction of §7.3.1{to Dz(Y), we get a
map

P, vy CHL(Y x n/n) = CH.(Nz(Y)). (7.4.2)
Composing with the pullback map CH,(Y) — CH,.(Y X n/n), we get a maﬂ

7.4.2. Specialization of sheaves. Formation of nearby cycles with respect to Dz (Y") gives rise to a functor of
specialization to the normal cone,

$Py.z* Pmot (Y5 Q) = DPmot(Nz(Y); Q) (7.4.4)
defined by the formula
SPY,Z(’C) = ‘I’tDZ(Y)(Pr* K) (7.4.5)
where pr: Y x G,, = Y is the projection to the first factor.
Given a commutative square , gives a natural transformation

gssPy.z = 5Pys 29" Dmot (Y5 Q) = Dot (N2 (Y'); Q). (7.4.6)

14Ty form the trace, we are implicitly using that ¥4, K is dualizable in LZ(S), and LZ(S)*. This is because W, K is USLA,
by Example , and geometric, by Lemma , hence dualizable by Proposition [5.2.3

15This can be defined more directly as in [DJK21| Def. 3.2.4] or [Khal9bl Constr. 3.1], but this alternative description will
be convenient for us.
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Example 7.4.1. If .: Z < Y is an isomorphism, then Dz(Y') is the constant family Z x A', so spy. , = Id
in that case. Taking Z’ — Y’ to be the identity map Z = Z in , we get a closed embedding
T 7 x Al — Dz(Y), which restricts to the constant embedding Z x G, = Y x G, over  and the zero
section Z — Nz(Y') over s. Hence in this case, gives a map

135Py 7z(K) ="K € Dot (Z; Q). (7.4.7)
Proposition 7.4.2 (Verdier, Jin). For all KK € Dot (Y; Q), the map s an isomorphism.

Proof. The statement can be checked smooth locally on Y, so it reduces to the case where Y (and hence Z)
is a scheme. Then it is [Jin24] Proposition 6.3.14]@ O

7.4.3. Specialization of cohomological correspondences. Let ¢ = (Y <2 C 25 Y) be a correspondence of Artin
stacks locally of finite type over a field F. Suppose c stabilizes a closed substack Z < Y. Then ¢ can be
restricted to a correspondence (Z + Cz — Z) by Construction We consider the correspondence ¢

D (Y) 2~ D¢, (C) =2+ Dy (Y) (7.4.8)

over Al defined by deformation to the normal cone with respect to the vertical closed embeddings in
(7.2.1). Its fibers away from the origin are isomorphic to ¢ and over s : Spec (F) — AL it degenerates to the
correspondence of normal cones:

N(c N(cy
Nz(Y) 2L Ne,(0) T Ny (v) (7.4.9)

Given Koy, K1 € Dot (Y; Q), consider the specialization map on cohomological correspondences

SPe.oy - Corrg (Ko, K1) — CorrNCZ(C) (spyyz(ICo), spY’Z(ICl)) (7.4.10)

defined as the composite of the pullback pr*: Corra (Ko, K1) — Correxa,, (pr* Ko, pr* K1) and the map
W o) ([733).

7.4.4. Specialization vs. trace. Applied to the deformation to the normal cone, Proposition [7.3.1] yields the
following compatibility between the specialization maps of §7.4.1] and §7.4.3]

Corollary 7.4.3. Let c = (Y <~ C 25 Y) be a correspondence of Artin stacks locally of finite type over a
field F and let Z —Y be a closed substack stabilized by c. Then for every K € Dmot,em(Y;Q), the following
diagram commutes:

SPc,c,

Corrg (K, K(—i)) —— CorrNCZ ©)(sPc,.cK,spo, o K(-i)
lTrc [Tove, (7.4.11)

CH; (Fix(C)) ——92 . OH,(Fix(Ne, (C))).

Proof. Since K is USLA over Spec (F) (Example [3.7.3)), pr* K is USLA over G,, where pr: Y x G,,, - Y is
the projection (Lemma [3.7.2)). Hence we may apply Proposition m O

7.5. Motivic local terms. We will now prove the following result, which appears in the case of ¢-adic sheaves
on schemes in [Var(07, Theorem 2.1.3] and in the case of motivic sheaves on schemes in [Jin24], Theorem
5.2.14].

Given a correspondence (Y <= C 25 Y) of Artin stacks locally of finite type over a field F and a closed
substack ¢: Z < Y stabilized by ¢, we consider again the base-changed correspondence (Z &2 o, 22 7 )
as in . Since the right square in is Cartesian, ¢ induces a right topologically pullable map
of correspondences in the sense of Remark and there is a pullback operation ¢* on cohomological

correspondences (see §4.3.2]).

16For schemes and f-adic sheaves, the analogous statement appears in work of Verdier [Ver83| §8] with a sketch of proof. A
full proof is given by Varshavsky in [VarOT7, §3].
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Theorem 7.5.1. Let ¢ = (co,c1): C =Y XY be a correspondence of locally finite type Artin stacks over
F. Let v: Z — Y be a closed substack such that C is contracting near Z. Let K € Dot em(Y; Q). Then
Fix(Cz) — Fix(C) is open-closed, and for any ¢ € Corre (K, K(-i)), we have

TrC(C)|Fix(CZ) = Tre, (L* C) € CHd(FIX(Cz))

Lemma 7.5.2. The correspondence c is contracting near Z if and only if it stabilizes Z and the set-theoretic
image of ¢os = N(co) is contained in the zero-section Z < Nz(Y).

Proof. Follows from Lemma See also [Jin24| Lemma 6.4.2(1)]. O

Lemma 7.5.3. Continuing to assume that ¢ stabilizes Z, the commutative cube

Fix(Cyz) - Cy
\
Fix(C) J - C
Z ZxZ c
\ l . \
Y Y xY

has all squares Cartesian.

Proof. Since Z — Y is a closed embedding, we have Z = Z xy Z = (Z X Z) Xyxy Y, so the bottom
square is Cartesian. The back face is Cartesian by definition. Hence the diagonal square with vertices
Fix(Cz),Cz,Y,Y x Y is Cartesian. The front face is Cartesian by definition, hence the top face is also
Cartesian.

The right face is Cartesian by the assumption that c stabilizes Z. Hence the diagonal square with vertices
Fix(Cz),C,Z,Y x Y is Cartesian. As the front face is Cartesian, the left face is also Cartesian. We have
now checked that all squares are Cartesian. (|

Proposition 7.5.4. If ¢ is contracting near Z, then the map Fix(Cyz) — Fix(C) is open-closed on reduced
substacks.

Proof. In the schematic case this is [VarQ7, Theorem 2.1.3(a)], and the argument is the same in essence. By

passing to an open subset of C, we may assume that Fix(C') is connected and noetherian and Fix(Cy) is

non-empty. Since ¢ is contracting near Z, the map ¢ps = N(cp) has set-theoretic image contained in the
zero-section Z — Nz(Y) by Lemma [7.5.2] Hence the same holds for the composite map

. N(co)

Nrix(c) (Fix(C)) = Noy (C) —== Nz(Y).

Under the identification Fix(Cz) = ¢/~1(Z) where ¢’ : Fix(C') — Y (Lemma|7.5.3), it follows by Lemma

that (¢/)*Zy C (Zy-1(z)"t" for some n. Since (¢)*Iy = (Zy-1(z)", we deduce that (Z,-1z)" =

(Z.-1(z))"*! for some n. The noetherianity and connectedness then imply that (Z.-1(z))" = 0, 50 Fix(C)rea =

Clil(Z)red = FiX(CZ)red~ 0O

Proposition 7.5.5. If ¢ is contracting near Z, then Fix(Dc, (C))red s isomorphic to the constant family
Fix(Cz)rea over Al

Proof. In the schematic case this is [Var07, Theorem 2.1.3(b)], and the argument is the same in essence.
By passing to an open subset of C', we may assume that Fix(C) is connected and noetherian and Fix(Cy)
is non-empty. Then thanks to Proposition we have Fix(C)red = Fix(Cy)red. As (€z),q 1S @ constant
family of correspondences over Al, we have Fix(C)yeq X Al 22 Fix(D¢, (C%z))red, Which by Lemma
admits a closed embedding into Fix(D¢, (C))red, Which is moreover an isomorphism over n C Al. It then
suffices to show that the special fiber Fix(N¢, (C)) is set-theoretically supported within Fix(C).
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By Lemma ¢os[Fix(N¢, (C))] has set-theoretic image contained in the zero-section Z — Nz(Y).
Hence the same is true for ¢14[Fix(Ne, (C))], so Fix(N¢, (C)) has set-theoretic image contained in the zero-
section Cz — N¢, (C) under both ¢, and ¢15. But the restriction of ¢, to cfl(Z) equals the correspondence
¢z, so we deduce that Fix(N¢g, (C)) is set-theoretically contained in Fix(Cz) C Fix(C), as desired. O

Recall the specialization to the normal cone map sp¢ ¢, on cohomological correspondences defined in

Proposition 7.5.6. Suppose ¢ is contracting near Z. Let K € Dot em(Y;Q) and let ¢ € Corrg (K, K(—i)) be
a cohomological correspondence. If spc ¢, (¢) = 0, then we have

Tro(0)[pix(c,) = 0 € CHi(Fix(Cz)).
Proof. By Corollary [7.4.3] we have

5Ppe.cy, (Tre(c)) = TrNcZ(C)(SpC,CZ(C)) =0.
Since the map spc ¢, is an isomorphism in this case by Proposition we conclude that Tre(c) =0. O

Corollary 7.5.7. Suppose ¢ is contracting near Z. Let K € Diot,em(Y; Q) and let ¢ € Corrg(IC, K(—i)) be a
cohomological correspondence. If 1*K =20 € Dot (Z; Q), then we have

Trc(c)|cz =0¢€ CHZ(FIX(Cz))

Proof. By Proposition we have spy. 7 (K)|z = K[z = 0. By Lemma the map ¢y has set-theoretic
image contained in the zero-section Z C Nz(Y'), hence also ¢jspy. z(K) = 0. In particular, sps ¢, (¢c) = 0.
We conclude by Proposition [7.5.6] O

Proof of Theorem[7.5.1 Since the diagram is left pushable (as the vertical maps are closed embeddings,
hence proper, cf. Example 7 ut* ¢ € Corre(1t* Ko, ut*K1(—i)) is defined. By Proposition we have
Tro(est* ¢) = Fix (1)« (Tre, (1% ¢)).

Let j: V <= Y be the open embedding complementary to ¢. Since Z is c-invariant, we have cal(V) - cfl(V).
Let Cy = ¢, L(V). Then the map of correspondences

V Cov CV civ V
I [ I (7.5.1)
y «2 ¢ -2, Y

is right pullable (since the vertical maps are open embeddings, hence smooth, cf. Example [4.2.3)), so
j* ¢ € Corre, (%I, 7*K(~iy) is defined. Since the left square of (7.5.1)) is Cartesian, it is also left pushable, so
2" ¢ € Corra(f1j*IC, jij*K(—iy) is defined. Since +*515*KC = 0 in Diot(Z; Q), we have Tro(jif* ¢)|pix(c,) = 0

by Corollary
We have
Tro(c) = Tro (™ ¢) + Tre (g™ ©) = Fix(e)«(Tre, (17 ¢)) (7.5.2)
by additivity of the trace (see [Jin24, Lemma 5.2.7], whose proof works verbatim for stacks). Then restricting
to Fix(Cz), and we conclude using that Trc(j15* ¢)|rix(c,) = 0 as found in the preceding paragraph. |

8. DERIVED HOMOGENEOUS FOURIER TRANSFORM

Let E be a vector bundle over a scheme S and E the dual vector bundl Laumon |[Lau03] introduced a
geometric Fourier transform
DE(E;Q,) — D" (E; Q)
on bounded constructible derived categories of homogeneous (i.e., Gp,-equivariant) ¢-adic sheaves. It can be
regarded as a uniform version of the ¢-adic Fourier transform of Deligne-Laumon [Lau87] (for base fields of
characteristic p > 0) and the D-module Fourier transform of Brylinski-Malgrange—Verdier (for base fields of
characteristic 0).

L7We also use the notation E* for the dual vector bundle to E. However, this leads to an inconvenient notation for the dual
of the map, so we avoid it when discussing the Fourier transform. We note that the notation EV is also reserved for the Serre
dual of E.
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We will describe an extension of this construction from vector bundles to derived vector bundles, i.e., total
spaces of perfect complexes (cf. [FYZ23] §6.1]). As explained in the total space of a perfect complex
£ exists naturally as a derived Artin stack Tot(£), which can exhibit both derived and stacky behavior
depending on the amplitude of the complex. Thus in this context, the Fourier transform manifests a duality
between derived and stacky phenomena.

For this section (only), the scope of the sheaf theory will be expanded significantly. In fact, we will
show that the homogeneous Fourier transform is well-behaved in the context of any reasonable six functor
formalism. More precisely, we will work in the generality of any topological weave in the sense of [Kha]. This
includes classical six functor formalisms such as the derived oo-category of sheaves of abelian groups (over C)
or the derived co-category of ¢-adic sheaves (over a base on which £ is invertible), but also various motivic
oo-categories: Voevodsky motives, MGL-modules, or motivic spectra (not even orientability is required).
We include this added generality because the arguments are uniform, and also for the sake of forthcoming
applications in different sheaf-theoretic contexts.

Here is an outline of this section. We begin in §8.2] by defining the homogeneous Fourier transform
for derived vector bundles and stating our results about it. recalls the Contraction Principle and
its consequences. §8.4| carries out some technical computations. In we redo some straightforward
computations from [Lau03] that don’t involve derived vector bundles, adapting the arguments from op. cit.
to the generality we work in here. In we prove the easier properties that are independent of involutivity.
The proof of involutivity is achieved in §8.6]— §8:8] Finally the remaining properties of the Fourier transform
are derived from involutivity in §8:9

8.1. Conventions and notation.

8.1.1. Sheaves. Throughout the section we fix a topological weave D, which is an axiomatization of a sheaf
theory with the six functor formalism introduced in [Khal. Roughly speaking this is a six-functor formalism
with the following properties:

(a) Localization: The oo-category D(&) is zero. For any derived Artin stack Y and any closed-open
decomposition i: Z — Y, j: Y N Z = Y, there is a canonical exact triangle of functors

Jii* = id = iy (8.1.1)

(b) Homotopy invariance: For any derived Artin stack Y and vector bundle 7 : E — Y, the unit morphism
id — w7 is invertible.
Note that localization implies derived invariance: for a derived Artin stack Y, the inclusion of the classical

truncation Y — Y induces an equivalence D(Y') 2 D(Y)) which commutes with each of the six functors.
We also have Poincaré duality, which for a topological weave gives a canonical isomorphism

P (=)= ()T (8.1.2)

for f any smooth morphism with relative tangent bundle Ty. (Here (Ty) is the Thom twist by Ty.) If D
admits an orientation (as in the first five examples below), we may identify (Ty) = (d) := (d)[2d] where d is
the relative dimension of f.

On (derived) schemes, examples of weaves are as follows:

(a) Betti sheaves (over C): The assignment Y — D(Y) sending Y to the derived co-category D(Y(C); Z)
of sheaves of abelian groups on the topological space Y (C).

(b) Etale sheaves (finite coefficients, over k with n € k*): The assignment Y — D(Y) sending Y to the
derived oo-category Dt (Y; Z/nZ) of sheaves of Z/nZ-modules on the small étale site of Y.

(¢) Etale sheaves ((-adic coefficients, over k with ¢ € k*): The assignment Y — D(Y) sending Y to
the f-adic derived oo-category De(X;Zy) of sheaves on the small étale site of Y, i.e., the limit of
De(Y;Z/0"Z) over n > 0.

(d) Motives: For any commutative ring A, the assignment Y +— D(Y) sending Y to the oco-category
Dot (Y5 A) := Dy (Y) of modules over the A-linear motivic Eilenberg—MacLane spectrum HAy (defined
as in [Spilg]).

(e) Cobordism motives: The assignment Y — D(Y) sending Y to the oo-category Dygr(Y) of modules
over Voevodsky’s algebraic cobordism spectrum MGLy-.
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(f) Motivic spectra: The assignment X — D(Y') sending Y to the oo-category SH(Y") of motivic spectra
over Y.

The categories D(Y) are symmetric monoidal, and we denote by 1y (or just 1 when context is clear) the
monoidal units.

When the weave satisfies étale descent, it can be extended to (derived) Artin stacks following the method
of [LZ17] (see also [Khal9bl, App. A]). This is the case for the first three examples, as well as for the weave of
interest in the rest of this paper, Y +— Dyt (Y; Q).

In general, D only satisfies Nisnevich descent. In that case the six-functor formalism extends to Nis-Artin
stacks (see [Khal, §4], [KR22| §1]). For 7 € {Nis, ét} we define (7,n)-Artin and 7-Artin stacks as in [KR22|
0.2.2):

(i) A stack is (ét,0)-Artin, resp. (Nis,0)-Artin, if it is an algebraic space (resp. a decent algebraic
space). Here an algebraic space is decent if it is Zariski-locally quasi-separated, or equivalently
Nisnevich-locally a scheme.

(ii) Forn > 0, X is (7,n)-Artin if it has (7,n — 1)-representable diagonal and admits a smooth morphism

U — X with 7-local sections from some scheme U. A stack is 7-Artin if it is (7, n)-Artin for some n.

For 7 = ét, these are the usual notions of n-Artin stacks and Artin stacks, while e.g. (Nis, 1)-Artin stacks are
the same as quasi-separated 1-Artin stacks with separated diagonal by [LMB00, §6.7].

If our chosen weave D does not satisfy étale descent, then we adopt the convention that Artin means
“Nis-Artin”.

8.1.2. G,,-Equivariant sheaves. If X is a derived Artin stack with G,,-action, we define the co-category of
G,,-equivariant sheaves on X as the co-category of sheaves on the quotient stack:
D% (X) == D([X/Gn)).
There is a forgetful functor
D%"(X) - D(X)
defined by #-pullback along the (smooth) quotient morphism X — [X/G,,].

For any G,,-equivariant morphism f : X — Y the four operations f*, f., fi, f' are defined on the
G, ,-equivariant category using the induced morphism [X/G,,] — [Y/G,,]. Since each operation commutes
with smooth *-inverse image, they each commute with forgetting equivariance.

Note that, when the weave D does not satisfy étale descent, we are implicitly using the fact that the group
scheme Gy, is special in the sense of Serre (see [Serb8, §4.1]), so that X — [X/G,,] admits Zariski-local
sections and hence the quotients are Nis-Artin whenever X is.

8.1.3. Derived vector bundles. In addition to we will use the following notations and properties of
derived vector bundles.
(a) We write E[n] := Tot(€[n]) for every integer n.
(b) We say E is of amplitude > 0 (resp. < 0, [a, b)) if £ is of tor-amplitudﬂ > 0 (resp. <0, [a,b]). Note
that since £ is perfect, E is of some finite amplitude.

Notation 8.1.1. Given a derived vector bundle E over a derived Artin stack S, we denote by ng : E — S
the projection and Og : S — E the zero section.

Notation 8.1.2. For every E € DVect(S), it will be convenient to denote the quotient by the G,,-scaling
action by:

TE = [E/G,). (8.1.3)
Given a morphism of derived vector bundles ¢ : E' — E, we also write ¢ : TE’ — TE for the induced
morphism. We will also use the same notation for G,,-invariant subsets of F, e.g., TGm,S =S.

If the weave D does not satisfy étale descent, we need the following:

Proposition 8.1.3. Let S be a derived stack and E € DVect(S) a derived vector bundle over S. If E is of
amplitude > 0, then the projection tg: E — S is affine. If E is of amplitude > —n, where n > 0, then 7g is
(n, Nis)-Artin.

18We remind that we are using the cohomological indexing here.



36 TONY FENG AND ADEEL A. KHAN

Proof. The proof is the same as that of n-Artinness which is well-known. We recall it anyway for the reader’s
convenience. Suppose F is of amplitude > —n where n = 0 (resp. n > 0). It is enough to show that if S is
affine, then F is affine (resp. (n, Nis)-Artin). In the n = 0 case we have E = Tot(€) = Spec (Sym(E*)) (§2.4).
Thus assume n > 0.

Let us assume the statement known for n— 1 and argue by induction. Since E[—1] is of amplitude > —n+1,
it is (Nis,n — 1)-Artin by inductive hypothesis. This implies that E has (Nis,n — 1)-representable diagonal.

We now construct a Nis-atlas for E. Since S is affine we may choose a presentation of £ as a cochain
complex of vector bundles (as in §2.2) and let £S° and £>° denote the brutal truncations so that we have an
exact triangle £20 — £ — £S0. Taking total spaces we have a derived Cartesian square

ESO — |
S —2 B0,

We claim that 0: S — E>? is smooth and admits Nisnevich-local sections. Since ESY is affine by the n = 0
case, i: ESY — E will then be a Nis-atlas for E.

Let T be an affine derived scheme over S and f : T — E>? an S-morphism. Since £~ is of amplitude
< 0 and T is affine, we have mo Mapsg (T, E~%) = {0} by the definition of Tot(—) in In other words, f
factors through the zero section 0 : S — E>°. The base change of 0: S — E>° along f is therefore identified
with the projection E~°[1] xgT — T. The latter clearly admits a section over T (e.g. the zero section), and
is smooth because E~9[1] is of amplitude [-n + 1,0]. The claim follows. O

Remark 8.1.4. In fact one can easily show: E is of amplitude > 0 if and only if 7g is affine, if and only if
g is representable, if and only if Og is a closed immersion. Similarly, F is of amplitude < 0 if and only if 7g
is smooth, if and only if 75 is affine.

8.2. Definition and properties of the derived homogeneous Fourier transform.

8.2.1. Homogeneous Fourier kernel. The quotient stack TE classifies pairs (L, ¢: L — E). Consider the
homogeneous evaluation morphism

evg : TE X B TAL (8.2.1)
sending a pair
(L,¢:L—E),(L',¢: L' = E))

to

(Lol Lol 2% Exs B2 AL).

We define
Py =eviy(tj.(1) e D(E X fE) (8.2.2)
where j : Gp,,5 — A}g is the inclusion and 5 : § = TGm,S — TAls is the induced map of quotient stacks.

8.2.2. Homogeneous Fourier transform. Let pr; and pr, denote the respective projections

tExstE
pry pro
) B
The homogeneous Fourier transform on E is the functor
FTy : D% (E) —» D% (E)

defined by
K+ pry(pra(K) ® Zg)[—1]. (8.2.3)
At times it will be convenient to think of FTj equivalently as a functor D(TE) — D(1E).



37

8.2.3. Geometricity. We define the full subcategory Dgm(—) as in

(a) For S a derived scheme, Dgp, (S) is the thick subcategory of D(S) generated by all Thom twists of all
f:(17) as f: T'— S ranges over smooth schemes over S, where f; is the left adjoint of f*.

(b) For S a derived Artin stack, Dy, is the full subcategory of objects that become geometric on any
(equivalently all) atlas from a derived scheme.

The arguments in the proof of [CD19, Theorem 4.2.29] show that:

Theorem 8.2.1. Let D be a topological weave on derived schemes locally of finite type over a quasi-excellent
scheme. If D is Q-linear and satisfies étale descent and topological invariance (e.g. D = Dpyot(—; Q)), then
the siz operations restrict to Dgp,.

Under the assumptions of Theorem consider the lisse extension of D to derived Artin stacks (locally
of finite type over a quasi-excellent scheme). It is then immediate that the six operations preserve geometricity,
with the possible exception of the operations f, and fi for f a non-representable morphism, just as in Remark
[3:3:2] We will see in Corollary [B:4:2] that FT also preserves geometricity in this case.

8.2.4. Zero bundle. By abuse of notation, we denote the zero bundle Totgs(0) = S by 0g € DVect(S).

Proposition 8.2.2. Let o: BG,, s = BGy, s be the involution L — L. There are natural isomorphisms
FTo, 20" = o0 =0 = o'.

The proof is in §8.5.1

8.2.5. Involutivity. In the most general case, our statement of involutivity is up to twisting with a canonical
®-invertible object.

Lemma 8.2.3. Let E € DVect(S). The object
ZE = FT5(15) 205 FT5(15) € DS (S) (8.2.4)
is ®@-invertible.
The proof is in
Theorem 8.2.4. For every E € DVect(S), there is a canonical isomorphism
(=)@ 7Tp(LE) 5 FT;0FTR(-) (8.2.5)
of functors DS (E) — D% (E).
The proof is assembled at the beginning of
Notation 8.2.5. Let E € DVect(S). Tensoring with £ defines an auto-equivalence
(-{E} = () ®ZL" of DE(S).

We denote its inverse by (—){—E}. We also write (—){E} := (=) ® f*(£F) as an endofunctor of D% (X)
where f: X — S is any derived Artin stack over S with Gy,-action. In this notation (8.2.5) reads:

(-){E} = FTzFTx(-). (8.2.6)

Corollary 8.2.6. For every E € DVect(S), the functor FTz(e){—E} determines a canonical inverse to
FTg.

8.2.6. Base change.

Proposition 8.2.7. For every morphism f : S' — S, denote by fp : E' — E and [ : E — E its base
changes. Then there are canonical isomorphisms

f50FTE = FTp o ff, (BC*)
5 0FTp 2 FTgo fp., (BC,)
fz0FTp 2FTpo fm (BCy)
f50FTg =FTp o fi. (BCY

The proof is in §8:5.2] and §8.9
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Lemma 8.2.8. Let E € DVect(S). For every morphism f : S’ — S, we have a canonical isomorphism
FrLE = pF (8.2.7)
Moreover, if fg: E' — E denotes the base change, there are canonical isomorphisms
fe((H{EY = fa(-){E"}, (8238
Fe((HEY) = fe(-){E'}, (829
fe(-H{E'}) = feu(-){E}, (8.2.10
fe(H{E'}) = fei(-){E}, (8.2.11
and similarly for fﬁ . E > E.
The proof is in §8.5.4] and §
8.2.7. Functoriality.

Proposition 8.2.9. For every morphism of derived vector bundles ¢ : E' — E over S, there are canonical
isomorphisms

Ex*'T : ¢* o FTp — FTg o ¢ (Fun*)
ExX*T  FTp 04 — ¢, 0o FTx (Fun,)
Ex"'T: ¢ o FTp {—E'} = FTg{—E}o ¢, (Fun')
Ex"T* . FTp {—E'} 0 ¢* = ¢ 0 FTg{—E}. (Fun;)

The proof is in §8:5.3] and §8.9

Example 8.2.10. Let E € DVect(S). Since the projection ng : E — S and zero section Og : S — E are
dual to 0z : § = E and 7 : E — §, respectively, we get canonical isomorphisms
FTo, 0 g1 & 0% 0 FTg (8.2.12)
FTpo Op & 1% 0 FTy, . (8.2.13)
8.2.8. Outlme of proof: support and cosupport properties. We will see that the proof of involutivity (Theo-
rem 4)) eventually boils down to what we call the “cosupport property” for the object FTz(15) € D& (E).
When E is of amplitude > 0, the object FT5(15) is supported on the zero section of £ (whlch is a closed
immersion):
Proposition 8.2.11 (Support property). Let E € DVect(S). If E is of amplitude > 0, then we have:
(i) There is a canonical isomorphism

05 FT5(1) = 15(—E). (8.2.14)
(ii) The canonical morphism
FT4(1) 2% 05,05 FT4(1) 2 0p.(15) (= E) (8.2.15)

is invertible.

In particular, there is a canonical isomorphism
15{E} = 05 FT5(1) = 15(—E). (8.2.16)

The proof is in In general, the zero section Og is not a closed immersion, so that Og; does not agree
with Og.. Nevertheless, the following dual version of Proposition [8.2.11| holds for F of arbitrary amplitude:

Proposition 8.2.12 (Cosupport property). For every E € DVect(S), the object FT5(15) € DS (E) lies
in the essential image of the fully faithful functor Og;. More precisely, the canonical morphism

0 (1s{E}) = 0m05(FT5(15)) < FT5(15) (8:2.17)
1s invertible.

The proof is in §8:8.1] Involutivity will then follow from:
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Lemma 8.2.13. Let E € DVect(S). If E satisfies the cosupport property, then there is a canonical
isomorphism
(-NHE} = FTzFTE(-).

The proof is in §8.6.2

8.2.9. Identification of the twist. We do not know whether the twist ¥ = 1g{E} can be identified with the
Thom twist 1 5<—E> in general. If F admits a global presentation as a cochain complex of vector bundles,
one can with some care build such an isomorphism from the vector bundle case. To glue together these
local isomorphisms (choosing presentations locally on S) we would need to show they are compatible up to
coherent homotopy. Assuming the existence of a suitable t-structure this question is reduced to the heart,
where we just need to check a cocycle condition. This line of argument leads to a proof of the following
statement, by the same argument as in [FYZ23| §A.3.5HE|

Proposition 8.2.14. Suppose that the weave D admits an orientation and a t-structure in which the unit
is discrete, i.e., 1g € D(S)Y for all derived Artin stacks S. Then for every E € DVect(S) there exists a
canonical isomorphism

LE 2 16{F} 2 15(-7) (8.2.18)

where r = 1k(E).

Remark 8.2.15. Proposition [8.2.14] applies to the weave D = Dyt (—; Q), by Lemma

8.3. The contraction principle. The following contraction principle is well-known in the case of a separated
morphism of schemes. In the context of D-modules it appears in [DGI5, Theorem C.5.3], and the proof
works for an arbitrary topological weave.

Proposition 8.3.1 (Contraction principle). Let pr : Y — S be a morphism of derived Artin stacks and
s:8 =Y a section. Suppose there is an A'-homotopy Y x Al =Y between idy and s o pr, so that the

diagram
sopr
Y \20‘
i1

Y x Al

YQS/

commutes. Then the canonical morphisms

Y

unit % o~ % 1~ | counit
pr, — pr, S«s =", § = prysis — pry
are invertible on G,,-equivariant sheaves.
Corollary 8.3.2. For every derived Artin stack'Y and every derived vector bundle E over Y, the natural
transformations
0% = 12050 counit, TE!
are invertible on Gy, -equivariant sheaves. In particular, the functors m¥;, w};, Ogs, and Og are all fully
faithful on G, -equivariant sheaves.

Proof. The first claim is a special case of Proposition m For every K € D& (Y) there is a commutative
diagram
it
=% rpa(K)

\ |t

075 (K)

19The gluing is quite subtle. This is due to the fact that if F is a vector bundle, the isomorphisms (8.2.16) for E and E only
agree up to a sign.
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where the vertical arrow is invertible by the first claim. This shows that unit : id = mg,7}, is invertible on
G,.-equivariant sheaves. Similarly, on G,,-equivariant sheaves, the counit 7rE17r}3 — id is identified with
the tautological isomorphism 0'7' 22 id; the counit 0%0E« — id is identified with 7g.0g, = id; and the unit
id — 0%0p is identified with id = 7z 0p:. O

Corollary 8.3.3. Let E € DVect(S). For any Cartesian square
Yy —> Y
o
s, F
where f is smooth, the unit 1y — i'i\(1y) is invertible.
Proof. Apply f; on the left to the isomorphism unit : id — O!EOE! (Corollary . Under the isomorphisms
Ex; and Ex* (the latter since f is smooth), the result is identified with unit : f& — i'i fg. O

8.4. Computations on TA! and TA' x TA'. We lift some simple computations from [Lau03] (namely,
Lemmas 1.4, 3.2, 3.3, and 3.4 of op. cit.) to the generality of topological weaves.

8.4.1. The sheaf Tj.(1). Let the notation be as follows:

S — Als « 4 Gm,S

\ ip/ (8.4.1)
q
S
where 7 is the zero section.

We record some basic observations about the sheaf j.(1) € DS (AL), or more precisely
'.(1) e D('Ag)
where Tj: 8 = TGm’S — TA}g.
Proposition 8.4.1.
(i) Geometricity. The sheaf 'j.(1) is geometric.

(ii) Base change. For any morphism f:S" — S, let j' : 8" = TGy, ¢r — TAL, denote the base change of
j along f': TA};, — TAL. Then the canonical morphism

Ext - £ (1) - (1)

is invertible.

(iii) Projection formula. For every K € D(TAL), the canonical morphism
Pri:Tj.(1) @ K = 1515 (K)

1s tnvertible.
(iv) We have Tpr, T, =20 in D(T9).
(v) There is a canonical isomorphism

T2 (1) = wji(1)[1]

in D(TAY), where ji : A\ {1} — Al is the complement of the unit section and u: AL — TAY is
the quotient morphism.

Proof. We consider the G,,-scaling quotient of diagram (8.4.1)), writing the resulting morphisms as i : 1§ —
TAg7 etc. We have the localization triangles

fjn = T (F57) (1) <225 T 225 (i) () e (8.4.2)
Applying Tpr, yields
fq — Tpr! Tj* it Tpr!(fi*)(Ti*)Tj* o Ty Tj*.
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We have Tpr, 5, = 1i' 5, =0 by the Contraction Principle (Proposition [8.3.1) and base change formula.
We deduce a canonical isomorphism

In particular, we can rewrite (8.4.2)) as an exact triangle
T — T, = Ti, Tq1].

Since Tj, i, = %4, and Tq preserve geometric objects, it follows that Tj, preserves geometric objects.
Similarly, the base change and projection formulas for T3y, Ti), and f¢ yield the claimed base change and
projection formulas for Tj*(l)m

For the final claim |[(v), we begin by observing the canonical isomorphism

(T5*)ujr (1) = 1[-1]

using the base change formula (Tj*)u; 2 ¢j* for the Cartesian square

J 1
G5 Ay

b
S=1G,, s —2+ TA}

and the observation that
0" j1(1) = 1[-1]
which is a straightforward computation using the base change formula and localization.
It will then suffice to show that the unit morphism
uj1«(1) = ]Lj*Tj*(U!jl*(l)) = Jrj*(]-)
is invertible. By localization, this is equivalent to showing that T4'(uyj1.(1)) = 0. By the Contraction Principle
(Proposition [8.3.1]), we have
b (1)) = P (s (1)) = Y (pr . (1)) = 0
since pry j14(1) = 0 € D(S) by a straightforward localization argument. O

Corollary 8.4.2 (Preservation of geometricity). Assume the weave D is as in Theorem (e.g. D =
Diot(—; Q) ). Then for every derived vector bundle E — S over a derived Artin stack S, the functor FTg
preserves geometricity.

Proof. With notation as in (8.2.3), the functor FT is the composite of the functors pri(—), (—) ® Zg[-1],
and pry,(—). As discussed i geometricity is preserved by x-pullbacks, !-pullbacks, and tensor product
with geometric objects. Hence pri(—) preserves geometricity on general grounds, (—) ® &g[—1] preserves
geometricity because Proposition v) shows that Zg[—1] is geometric, and pry,(—) preserves geometricity
because it can be identified with !-pullback to the zero section by Proposition [8:3.1] O

8.4.2. The square of Tj.(1). We establish more technical properties of Tj,(1).
Lemma 8.4.3. There is a canonical isomorphism
(1) s 1.(1) = (77 x1).(1) € D( AL x TAL).
Proof. By definition,
T7.(1) ®s 7. (1) = pri(1.(1)) @ pr3(15.(1))
where pr; and pr, are the projections TA}g X g TA}S — TAls. By smooth base change, we have pr} T4, (1) =

J1x(1), where j; = Tj xgid : S xs TAL — TAL x5 TAL and similarly for the second term. By the projection

formula (Proposition [8.4.1),
J1x (1) @ iz (1) == Jraii g2« (1).

20We omit verification of commutativity of some diagrams, expressing e.g. the compatibility of Ex% : f* T4.(1) — j.(1) and
Ex} :j{(1) = f* Ti(1).
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By smooth base change for the Cartesian square

SXsS TA}SXSS

| |-

SxstAL —2 TAL xg AL,

where the diagonal composite is Tj x Tj, we have
Jredidz(1) 2= (1 x 77).(1),
whence the claim. O

Consider the morphism
c=("pr;,Tpry) : TAG — TA} >S< TAS

induced by the projections A2 — A! (which are G,,-equivariant), which exhibits J’Ag X g TAls as the quotient
of TA% by the action A - (z,y) = (2, A - y). We have a commutative diagram

2
Gm,S X3 Gm,S - A?S’ N {O}S 2 A% - S

4 S

{1}5 Xs Gm,S E—— T(A?g AN {O}S) J > TA% -« : TS

T 5 2

S Je s U —2 L TALxgTAL < 9 xgts

where the bottom row is the quotient of the middle one by the G,,-action which scales the second coordinate
(with weight 1). In the two left-hand columns, the horizontal rows are factorizations of j x j, Tj x j, and
45 x T4, respectively. In the two right-hand columns, the horizontal rows are complementary open/closed
immersions.

Let A C A% denote the diagonal, in : A < A% the inclusion, and ja the open complement of ia.

Lemma 8.4.4. There is a canonical isomorphism
(17 % 1).(1) = a('ja) (D[1] € D('AL xg TAL).

Remark 8.4.5. Let e: A% — Als denote the “difference” morphism, given informally by (z,y) — = — y. By
smooth base change for the square

T
fAZ N A) 22 1AZ

J' J'

i
'G5 .. tAL

we can write Te*T7,(1) = Tja .(1) and hence also
(1 % 17).(1) = afe T (D)1, (8.4.3)
Proof of Lemma[84.4} Set
K= clja.(1) e D(TAL x TAL).

We claim there are isomorphisms:

(a) i},(K) =0,

(b) J5 (K) = jax (1) [-1].
By localization it will follow that the unit

unit : K = jpjy () & Jpejas (1)[=1] 2= (17 x 7). (1) [-1]

is invertible, as claimed.
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Proof of Since Ti? is the zero section of the vector bundle p? : TA% — 1S (where p? : A% — S
is the projection), the Contraction Principle (Proposition [8.3.1)) yields natural isomorphisms isomorphism
(1i2)' = (*p?), and i} = (Tp x Tp),. Hence we have

iver Tjan = (Tp x TpheTjasn 2 di1pfy Tjasw = di i Tja.

where d is the diagonal of S as in the diagram above. But (7i?);(Tja)« = 0 by base change (as 0 € A? is
contained in A).
Proof of Consider the diagram of Cartesian squares

G~ {1} = (G X G N A) > T(AL x Gy~ A) = AL {1} » T(AZA)

Iji I £ im £* ja

G, HG x Gp) — (A x G,,,)) =—— A! TA?
| & & v
S ——1G,, ———— TAl ———=TA! = TAl xTA!

where we omit the subscripts ¢ for sanity of notation. By base change we get
(7 x 1) e Tjas (1) = @1 (1) 2 1[-1]
where the second isomorphism follows easily from localization.
Since 5 x Tj = j, 0 j, this isomorphism gives by adjunction a morphism
5 (K) = Jax (1)[-1]
in D(U) which we claim is invertible. Write U as the union of the two opens [[(A! x G,,)/G,,] and

(G, x AY)/G,,], where [~ /G,,] is the quotient by the scaling action on the second coordinate. Over either
open this morphism restricts to the isomorphism

wji(1) = Tj*(l)[_l]
constructed in Proposition ). O

8.5. Easy proofs. Here we spell out, for completeness, proofs which carry over essentially verbatim from
the case of classical vector bundles.

8.5.1. Zero bundle. We prove Proposition Recall that i: 0g < A} is the zero section and j: G, 5 < A§
is the complementary open empedding.
The evaluation map evo, : [0s/G] X [0s/Gm] = [AL/G,y] factors as the composite
m fi
BGm,S X BGm,S — BGm,S — [A}S'/Gm,S]

where the first map m is (L,L') ~ L ® L'. By localization, one computes i*5,(1) = ¢/(1)[1], where
q: S — BG,, 5. Note that we have a Cartesian square

BGp.s S

|60 yz

BGm’S X BGmﬂs _m, Bvas

where the left-hand vertical map is L — (L, L). Thus the kernel of FT is
Py =evy, 1j.(1) 2m*q(1)[1] = (id, 0)1(1)[1]
and FTy itself is given by
FTo(K) = pry(pr3(K) @ (id, 0)i(1))[1][=1] = pryy(id, 0):(id, 0)" pr3(K) = 0" (K)

by the projection formula.
For the remaining isomorphisms, note that o is finite étale so that o, = o, and 0* = o'. Since o is an

* ok A

. . . ~ ~
involution, we also have o*0* 2 id, hence 0* = 0, and oy Z o'. O
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8.5.2. Base change, part 1. Let the notation be as in Proposition [8.2.7
The base change property for T3, (1) (Proposition [8.4.1)) implies that there is a canonical isomorphism

f%xsE(’@E) >~ P (8.5.1)
where fz KB E xg B — B X s E is the base change of f. The isomorphisms 1’ and 1) follow
immediately using the base change and projection formulas. O

The proofs of the remaining two isomorphisms will be done after proving involutivity.

8.5.3. Functoriality, part 1. We prove the isomorphism (Fun*|) of Proposition We omit the base S from
notation; all products are over S.
Let ¢ : E' — FE be a morphism of derived vector bundles. We have the commutative square

Ex 1B 4 1B x 1B
l@xid leVE
TR x TE B fAL
whence a canonical isomorphism R
(id x ¢)* P5, = (¢ x id)* (D).

We use the following commutative diagram, where all squares are Cartesian.

TE' x tE'
$Xid/' \idjf
tEx TR B xR
[N =]
TExTE

\/\/

By the base change and projection formulas we have:
FTp ¢(K)[1] = pry (pry(¢iK) © Zg) = pry ((id x ¢)i(pry K) @ )
= pry(id x @)y (pr; K ® (id x ¢)"(Zp)) = pru(prz K@ (6 xid)"(Zp)).
Similarly we have:
¢" FTp/(K)[1] 2 6" pryy (pr3(K) ® Pp) = pryy(id x ¢)1(¢ x id)* (pr3(K) © L)
= pryy(¢ x id)" (pr3(K) © Ppr) = pryy(pr3(K) ® (¢ x id)* Pp).
Comparing these gives the desired isomorphism. O

8.5.4. Base change for the twist, part 1. Given a morphism f:S" — S and E' .= E xg .5’ € DVect(S’), we
show the isomorphisms
FrPE pE
and
Te((HED = fe(-H{E},  fe(-{E} = fe(-){E'})
of Lemma The remaining parts of these statements will be proven in

By (BC*|) we have:

FLE = Prp FT(1) 2 apnfaFTa(1) 2 apn FT5(1) = 27
From f*%F =~ #F we now deduce
FE((HEY) = fo(= @ mp(L7) = f5() @ femp(LP) 2 fo(=) @ nh f*(£F)
=~ fp(=) @ mp (L) = [H(=){E'}.
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Similarly, using the projection formula we have:
fe (B} = foi(=) @ 1p(LF) = fo(- © [emp(LF)) = fo(- @ np f*(LF))
= fo(— @75 (L) = fm((-){E'}).

8.6. Proof of involutivity assuming cosupport. In this section we prove Lemma [8.2.13

8.6.1. Kernel of the square. Consider the following commutative diagram:

TE XSTE

PHaI

JrE‘ XSTE\ XSTE

TE Xg TE TE X5 TE
p’rl/ y& ‘y Ni’z
E tE f
A straightforward application of base change and projection formulas yields an identification

FT5o0FTp(—) = pry(pry(—) @ 27)[-2] (8.6.1)

t E

where
D" = prig (prio(P5) @ praz(Pe) € D(E % "E).

Consider the G,,-action scaling both coordinates of F xg E. The two projections pry,pry: ExgF — E
are G,,-equivariant. We let ¢ : T(E xg E) — TE x g TE denote the induced morphism (fpry, Tpry). We denote
by e : E xg E — E the “difference” morphism, given informally by (x,y) — x —y; this is also G,,-equivariant.

Lemma 8.6.1. For any E € DVect(S), there is a canonical isomorphism
P = c;(Te)* FTE(I)[Q]
Proof. Consider the morphism

v TExTExTE - 1AL xTAL
s s s

given on points by
(Lyx: L — E),(L',¢: L' = E),(L",y: L" = E))
= (L LeL L5 ExESS AL, (el Ue Ll 22% Ee E <5 AL)).
s
We have commutative squares

Pri2

TEXSTEXSTE&TEXSTE TEXSTEXSTE%TEXSTE

lev” leV lev” iev/

FAL xgTAL — 21 o fAL FAL xgTAL —22 o AL

This yields
P" = prigev™ (17.(1) Bs Tj.(1)) = prygev a(Tia).(1)[1] (8.6.2)
where the second isomorphism comes from Lemmas [8:4.3] and [8.4.4]
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Next observe that we have a commutative diagram

g0, tp P2 iExgip— AL T G,

ITTFE <o I‘Le < TidXTe T’re bo T’re

T s s
B8 {(ExsE) %2 TExg1(ExsE) - TAZ 2 T(AZA) (8.6.3)

| e e

B A TExgtE S8 TExg T ExgTE <% TAL xg 1AL

where the squares labeled by ¢ are derived Cartesian. The notation is as follows:
e The two projections pry,pry : E x5 E — E are G,,-equivariant. We let ¢: [(ExgFE) — TExg'E
denote the induced morphism (Tpry, Tpry). Similarly for ¢: TAZ — TAL xg TAL.
e A is the diagonal of TE and TA is the quotient of the diagonal of E.
e ¢: ExgFE — F is the “difference” morphism, given informally by (x,y) — = — y. Similarly for
e: A% 5 Al
From (8.6.2), applying proper and smooth base change isomorphisms to the Cartesian squares in (8.6.3))
gives
P" = prigev™ ol ja e (1)[1] 2 afe* pry evy T7.(1)[1]. (8.6.4)
Under the automorphism of T/E x g TE which swaps the factors, the morphism evy : T/L\? xsTE — TAig is

identified with ev; and the projection pry : B x s 1E — TE is identified with pry : TE xg fE — TE. Thus by
definition we have an isomorphism

FT5(1) = pry evy T7.(1)[—1]. (8.6.5)
Combining (8.6.4) and (8.6.5)), we obtain an isomorphism
= Cgie* FTE(]_)[Q]

as desired.
O

8.6.2. Proof of Lemma[8.2.13 Since E satisfies the cosupport property, we have the canonical isomorphism
0p(LF) =00 FT5(1) — FT5(1).
Applying ¢;fe* yields a canonical isomorphism
ale*0m(LF)[2] —» afe* FT5(1)[2] = 2.
By base change, using the diagram again, we obtain a canonical isomorphism
Ay (LF)[2] — 22",
Finally, plugging this into yields
FT 5 FTg(K) 2 pry(pr3 (K) @ 2")[~2] = pry, (pr3(K) © A (L7))

(Projection formula) = 2 pry,(A/(A* pry(K) @ m5(LF)) 2 K@ 7 (LF). O

8.7. Co/support and involutivity for E > 0. In this section we fix E € DVect(S) of amplitude < 0. We

prove the support property Proposition [8.2.11| for £ (which implies the cosupport property too) and deduce
the optimal form of involutivity in this case.

8.7.1. Restriction to zero. We first compute the inverse image along 0y : 1S — TE:
103, FT5(1) = FTo, ('rp,(1)) = FTo, (1(—E)) = 1(~E),

using functoriality as well as the isomorphisms TW% = TW%(E) (Poincaré duality) and (T73)(Trz)' = id

(homotopy invariance) for the morphism 75 : TE — 1S (smooth because E is of amplitude < 0).
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8.7.2. Support and cosupport properties. Since E is of amplitude > 0, the zero-section Og is a closed immersion
and Og. = Op1. By localization, invertibility of either (8.2.15)) or (8.2.17) is equivalent to the assertion that
FTj(1) is supported on the image of 05 : 1S — TE.

It will suffice to show that for every residue field v : Spec (k) — T E that factors through the complement
of 0, v* FT5(1) vanishes. Without loss of generality, we may replace S by Spec () and show that for every

nowhere zero section s of E — S, the inverse image along s’ : $ = F — TE vanishes.
We have the following commutative diagram:

+

S B tE e, fAL
ls/ Jiaxs H
TR 22 1B x1E — TAL
WhereAthe left-hand square is Cartesian. Here Tev, is the G,,-quotient of the “evaluation at s” morphism
evy: F— AL, and agp is the projection. Hence we have
s pry ev’ 2 ag, (id x ') ev* 2 ag, Tevi. (8.7.1)

Since s is nowhere zero, ev, is surjective and its fibre F' = Fib(evy : E - Al) is of amplitude < 0. Since S
is affine, it follows that ev, admits a section, hence can be identified with the projection F xg AL — AL.
Using Poincaré duality and homotopy invariance for the latter we have

ap fevi 2 a fevylevi 2 a Tevylev (—F) =2 a)(—F) (8.7.2)
where a : TAL — S is the projection. Combining with (8.7.1)) we deduce
s FT5(1) = 8" pryyev™(1j.(1)) =2 ar Tj. (1) (- F). (8.7.3)

Since a factors through Tp: TAL — 1S, and Tp T4, 22 0 (Proposition [8.4.1)), (8.7.3)) vanishes, as desired. [

8.7.3. Proof of involutivity. At this point, combining Proposition|8.2.11|with Lemma [8.2.13|yields the following
form of involutivity:

Corollary 8.7.1 (Involutivity). Let E € DVect(S) be of amplitude > 0. Then there is a canonical isomorphism
()(=E) = FT5FTr(-).
Proof. By Lemma the cosupport property for E yields the canonical isomorphism
(-)@7Tp(LE) 5 FT;FTe(-).
By Proposition we have the canonical isomorphism
PP 1p0p, (1) (—E) 2 1505/(1)(—E) = 15(—E). (8.7.4)
O

8.8. Cosupport and involutivity for general E. Let E € DVect(S) be an arbitrary derived vector bundle.

We will now prove Proposition [8.2.12] which implies involutivity (Theorem [8.2.4) by Lemma [8.2.13] We will
8.2.3).

also show that the twist £% = 1{E} is ®-invertible in general (Lemma

8.8.1. Proof of Proposition|8.2.12. Let E € DVect(S) and let us show that the canonical morphism
counit : 05,05 FTg(1g) — FTE(1E) (8.8.1)

is invertible. Equivalently, FTg(1g) lies in the essential image of the fully faithful functor 0z, (Corollary:8.3.3 ).
Let f: S’ — S be a smooth surjection and adopt the notation of Proposition Applying f% on the left
to the morphism 1) yields, by the base change formula Ex; : f%O & = 04, f", the exchange isomorphism

NI ! . .
Ex* f*OE = 0@ ];i:, and |b a canonical morphism

OE\"O'E\’ FTE’/S’(]-E’) — FTE’/S’(]-E/) (882)

which one easily checks is identified with the counit. Thus the claim is local on S and we may assume that
S is affine. In particular, by choosing a global presentation £ as in §2.4] we may write E as the fibre of a
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morphism d : E~ — E* where E~ is of amplitude < 0 and E7 is of amplitude > OE We have the Cartesian
squares

E—+ E- Py
lnE id lﬂa iA (8.8.3)

0p+ 0p ~
S4E>E+, B

S
where i is a closed immersion (since EJr is of amplitude > 0) and its dual i is a smooth surjection (it is a
torsor under E+ ). We may thus check is invertible after applymg i* on the left; by base change and
invertibility of Ex* this reduces to show that the morphism

counit : dyd' FTg- (ii1p) — FTg- (ij1g) (8.8.4)

is invertible. We claim that FTg- (ij1g) is in the essential image of C/l\u Since unit : 1 — c/iwc/i\:(l) is invertible
(Corollary [8.3.3] -7 it will follow from adjunction identities that (8.8.4)) is invertible.

Using Ex*"", Ex}, and the computation of FT g+ (1) from Proposition [8.2.11| (which applies because E+
is of amplitude > 0), we first compute:

FT~(di1:) 2 d FTpi (1p+) = 05, (1) (—ET) 2 i(1p) (- ET). (8.8.5)

Using involutivity for E- (Corollary [8 -l we deduce the (canonical) isomorphism
FTg-(ilg) 2 FTg- FTE;(d!l)<E+> = d1(1)<E+>(—E7>. (8.8.6)
The claim follows. O

8.8.2. Proof of Lemma . We prove that ¥ = 7p, FTz(1) is ®-invertible. This is equivalent to the
assertion that the evaluation morphism

ev: ¥ @ Hom(Z7,15) — 15 (8.8.7)
is invertible. If f : S’ — S is a smooth morphism, then we have the canonical isomorphism
f*Hom(£”, 15) = Hom(f* %", f*1s)
under which the x-pullback of is identified with
fZF @Hom(f* 27, f*1s) = 1g.

Let E' == E xgS" and let fz : E' — E be the base change of f. By §8.5.4 we have f*%E =~ #E This
shows that the question of invertibility of (8.8.7)) is local on S. In particular, we may assume that E admits a
presentation so that there are Cartesian squares

E—'+ E- BT —4, -

l”E ld lﬂa iA (8.8.8)
Op+ ~ ~

S E E+, g Oz B

where E~ is of amplitude < 0 and E* is of amplitude > 0, as above in (8.8.3). By symmetry, we may as well
show the claim for E instead, i.e., that #* = 5 FTg(1) is ®-invertible. After *-pullback along the smooth

surjection 7= : E* — S, we have:

nA.zE on =FTp(1) (Corollary [8:3:2)
~ J% FTp(1) (Ex™)
=~ d' FTp-(ir1) (Fun)
> d'dy(1)(ET)(~E") (%)

1

1 <EI> (—E7), (Corollary [8.3.3)

2lnamely, if (--- — €71 — €0 — £1 5 ...) is a global presentation for &, take E~ = Totg(£<°) and E+ = Totg(£21[1)) to
be the brutal truncations
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which is evidently ®-invertible. Here (x) is from the isomorphism FTp- (/1) = c/l\;(l)(E:M—E_) (8.8.6).

8.9. Base change and functoriality, part 2. Using involutivity, we conclude the proofs of Propositions[8.2.7]
and Specifically, we will use the fact that the functor

FTz(e){—E}
is inverse to FT g (Corollary [3.2.6]).
8.9.1. Proof of (BCy)). Let the notation be as in Proposition Recall the isomorphism
Fe((H{EY = fR(-){E"}
of Lemma proven in Passing to right adjoints, we have:
fes(A-E} = fp((-){-E"}) (8.9.1)
Recall also the *-base change natural isomorphism (BC*))
fiFTe = FTp [}
proven in §8.5.2] Passing to right adjoints yields
fo (FT (= ){-E'}) 2 FT5(f5,(-){-E}-
Pulling out the twist using (8.9.1]), we deduce
fe«(FT5 (=) = FT5(f5.(=)-
Equivalently, replacing £ by E gives the natural isomorphism

f5.(FTe(=)) = FTe(fe.(—))- (8.9.2)
8.9.2. Proof of . This follows from (BCy)) exactly as above.
8.9.3. Proof of . Passing to right adjoints from (Fun*)

Ex*FT . 6" o FTp =5 FTx o ¢y

yields the canonical isomorphism

¢ o FTp{—E} = FT{~E'} 0 .. (8.9.3)

Equivalently, applying this to (E in place of ¢ we get the canonical isomorphism
Ex"'T: ¢ o FTp {—E'} = FTp{—E} 0 6.. (8.9.4)
|

8.9.4. Proof of . Begin with the isomorphism (8.9.3]) above. Applying FTgs on the left and FTg on

the right, then applying the natural isomorphism of Theorem to FTp oFTg and (—1)rank E times the

natural isomorphism of Theorem to FTzoFTE (cf. [EYZ23, §A.2.6]), and then untwisting, we obtain
the natural isomorphism

ExX'T . FTp o ¢ = ¢, o FT5.

8.9.5. Proof of . Begin with the natural isomorphism (Fun®):
Ex*TT . ¢* o FTp =5 FTg o 6.

Applying FTg {—FE} on the left and FTg{—FE} on the right then applying the natural isomorphism of
Theorem to FTp o FTz and (—1)rank & times the natural isomorphism of Theorem to FTz0FTg,
and then untwisting, we obtain the natural isomorphism:

ExX"T* : FTp {—E'} 0 ¢* =5 ¢y o FTx{—E}.
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8.9.6. Proof of Lemmal[8.2.8 Let f: S’ — S be a morphism and adopt the notation of Proposition We
prove the remaining isomorphisms of Lemma [8.2.8] We already have the isomorphisms

fo((HEND = fEHEY, fe(-{E = fe((-{E}) (8.9.5)
by
8.9.7. x-Push. We wish to produce a natural isomorphism

fes(H{E} = fe((-){E})
which is equivalent by passage to left adjoints to a natural isomoprhism
fe(({=E}) = fa(=){-E'}.
Twisting by {E’} on both sides, this is equivalent to a natural isomorphism
Fel(H{=ED{E} = f5(-),
which we have from (8.9.5]). O

8.9.8. 1-Pull. This follows from the !-push version by the same argument as above. O

9. FOURIER ANALYSIS FOR MOTIVES

We now specialize the discussion again to the weave Dpot(—; Q). We will refer to the homogeneous
Fourier transform in this context as the “motivic homogeneous Fourier transform”. In this section we
analyze the interaction between the motivic Fourier transform and cohomological correspondences, and
the motivic sheaf-cycle correspondence. In we recall the notion of cohomological co-correspondences.
§9.1) and §9.2) play a small technical role. In and §9.4.2] we study the motivic Fourier transform of
cohomological correspondences and their compatibility with pushforwards and pullbacks. Finally in §9.5]
we define a homogeneous version of the arithmetic Fourier transform from [FYZ23| §9], and establish its
compatibility with the motivic Fourier transform under the sheaf-cycle correspondence.

9.1. The renormalized homogeneous Fourier transform.

9.1.1. Let S be a derived Artin stack locally of finite type over a field. For a derived vector bundle £ — 5,
the homogeneous motivic Fourier transform is the functor

FTp : Dot (' B; Q) = Dmor('E: Q)
given by the construction of §8.2.2|in the case of the weave Dyt (—; Q).

9.1.2. The renormalized homogeneous motivic Fourier transform
FTE": Dot (155 Q) = Dot ('E; Q)
is defined as
FT5" (=) = FTr(-)[k(E))].
As all sheaf-theoretic operations are compatible with shifts, the results of §8] all have straightforward
reformulations in terms of FT'".

Remark 9.1.1. The renormalization is designed to match the conventions for the /-adic Fourier transform in
[Lau87, [FYZ23|. Indeed, in the ¢-adic context the “average” of the Artin—Schreier sheaf £, is isomorphic to
5.(Q)[~1] where T5: 'G,,, — TA! by [Lau03, Lemme 2.3] (notation as in . Hence FT'" is compatible
with the derived ¢-adic Fourier transform of [FYZ23] under ¢-adic realization. On the other hand, one can
show that FTg (non-renormalized) is compatible with the Fourier—Sato transform of [KS90l [KKal] under
Betti realization (see [KKb]).

Remark 9.1.2. The renormalization is arguably less natural from the perspective of weights, but more
natural from the perspective of perverse sheaves.

9.2. Further functoriality properties. We formulate some functoriality results that we can prove under
globally presented assumptions (which are probably unnecessary for the statements to be true). We recall
the notion of global presentations of derived vector bundles from §2.4
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9.2.1. Base change. Consider a Cartesian square of globally presented derived vector bundles over S, along
with the dual Cartesian square:

B C
‘g’/ y‘ ‘y X
A D A D

and D
¢ B

Then the base change formula gives natural isomorphisms
g h= () and Gf = (F)g (9-2.1)
Let d :==d(f), § := d(g). According to §8.2.7 there are natural isomorphisms
g'f FTW" 2 FTS 9" fil[d 4+ 6](6) and (f’)*A’FTren = FTS" 1 (g")*[d + 6](0). (9.2.2)

Proposition 9.2.1. Assume that f and g are globally presented (in particular, A, C, D are globally presented).
Then there is a commutative diagram of functors Dot (A; Q) — Dot (D; Q)

§!f*FTf§“ ~ rcn *f‘ [d—|— 5](5)
lw lN (9.2.3)
(F)gFT™ —= FTS"f/(g')*[d + 8(5)

where the identifications are as in (9.2.1) and (9.2.9).

Proof. The proof of [FYZ23|, Proposition 6.6.3] works verbatim. O

9.2.2. Gysin vs. forgetting supports. Recall from [FYZ23, §6.4] that a map f: E' — E of derived vector

bundles over S is quasi-smooth if and only if the dual map f: E — E’ is separated. In this case, we have a
Gysin natural transformation (see

gyspt f* = fl—dt)
and a “forget supports” natural transformation
fsuppz: fi = f.

Prop0s1t10n 9.2.2. Let f: E' — E be a globally presented quasi-smooth map of derived vector bundles
and let f E - E be the dual map to f: E' — E. Then there is a commutative diagram of functors

Dmot( Ev Q) — Dmot( 7Q)

—~ fsupp » ~
f
HFTE" f«FTRE"

lN lw (9.2.4)
FTS2 fd(F)(d(f)) —L FTE2 ' —d(f)]
Proof. The proof of [FYZ23| Proposition 6.4.2] works verbatim. O

9.3. Cohomological co-correspondences. A co-correspondence between derived Artin stacks Ag and A;
is a diagram
C/ C,

Ay~ 0 <2 4, (9.3.1)

We define a cohomological co-correspondence from Ko € Dot (Ao; Q) to K1 € Dot (A1; Q) to be an element
of Homer (¢),Ko, ¢, K1). Let

CoCorre: (Ko, K1) == Homer (¢}, Ko, ¢p,K1)- (9.3.2)
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9.3.1. Correspondences versus co-correspondences. To see the relation between cohomological correspondences
and co-correspondences, suppose we have a Cartesian square

ok
Ao Al
1 o 0

Then for Ko € Dot (Ao; Q) and K1 € Dpot(A1; Q), there is a canonical isomorphism of vector spaces
ve : Corres (Ko, K1) = CoCorrex (Ko, K1) (9.3.4)
given by the composition below, where the isomorphisms come from adjunctions and proper base change:
Homgs (¢5Ko, ¢ K1) =2 Homg, (e Ko, K1) 22 Hom 4, ((ch)* ¢l Ko, K1) = Home: (¢4, Ko, ¢h K1)

Note that a correspondence of derived vector bundles (over some base S) can always be completed to a
Cartesian square of the form (9.3.3) by taking C* to be the pushout in the co-category of derived vector
bundles over B.

(9.3.3)

9.4. Fourier transform of cohomological correspondences. In §9.3] we defined the notion of cohomo-
logical co-correspondence. These arise naturally as the Fourier transforms of cohomological correspondences,
as we now explain.

9.4.1. Suppose we are given a map of correspondences of derived Artin stacks

Eg+ 2 Py E (9.4.1)

| 1, ]

Sy —— Cg —— 8

where Fy,C” and E; are derived vector bundles on Sy, C's and S; respectively. Assume the maps py and py
are linear. _

Let Ey and E; be the pullbacks of Ey and E; to C'g via h;. We can canonically extend the correspondence
Ey &2 " 24 E| to a commutative diagram

7 (9.4.2)

0 E,
0 C*

by defining C* to be the pushout of the diagram EO &oor 2y El, taken in the co-category of derived vector
bundles over Cg, so that the inner diamond is (derived) Cartesian.
Dualizing (9.4.2), we get a commutative diagram

E Ey

(9.4.3)

where the inner diamond is Cartesian.



53

Given K; € Dot (TEi; Q) for each i € {0,1}, we define an isomorphism of vector spaces
FTE : Corrion (Ko, K1) = Corr, g, (FTE (Ko), FTE (K1) d(Bo)+d (7)) (d(Fo))) (9.4.4)
as the composite of the isomorphisms

Corrin (Ko, K1) = Corrion (hE)* Ko, (hF)' K1)
$27) = — Cocorrfa(FTren((hg)*/CO)yFT%EID((hiE)I/Cl)[d(ﬁo)er(ﬁl)](d(ﬁo)))

(9.31) = = CorrTa(FTrf’“((hO )*Ko), FTTEH((hf)!/Cl)[d(ﬁo)+d(ﬁl)](d(ﬁo)))

(§82:6) = Corr, 5 ((hy)*FT5 (Ko), (b1 EYFTIER (K1) (o) +430) (7o)
o (FTg (Ko), FTE (K1) [d(50) +d(51)] (d(Fo))) -

1%

= Corr

9.4.2. Functoriality. We state and prove functorial properties of the Fourier transform of cohomological
correspondences ((9.4.4). Consider a diagram of maps of correspondences of derived Artin stacks

Ey (L Cb L) FEq (945)

N

Fo« 2 pr s py

| L]

S()(;OCS;)S&

where E; and F; are derived vector bundles over S; (for i = 0,1), and C” and D" are derived vector bundles
over Cg. All maps between derived vector bundles are assumed to be linear.

Let E — C’S, F — (g and fz E — F be the base changes of F;, F; and f; along h;: Cs — S;. Using
the discussion in § we can canonically extend the upper part of the diagram (9.4.5) to a commutative
diagram

(9.4.6)

where the squares labeled by ¢ are derived Cartesian.
Since the leftmost parallelogram is derived Cartesian, the square (C”, Eg, D°, Fy)) is pushable if and only if

the square (Cb, EO, DP, ﬁo) is pushable. When any of these equivalent conditions holds, we have a pushforward
map (for K; € Dmot(TE; Q)),

f!b : COI'I'ch (/Co, ICl) — COI‘I‘TDb (fo[]Co, fng:l). (9.4.7)
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The dual diagram to (9.4.6) is:

(9.4.8)

Since the rightmost parallelogram is derived Cartesian, the square (l/)\ﬂ, ﬁl, é\ﬁ , El) is pullable if and only if
the square (l/)\ﬁ, E, é\n , El) is pullable. When any of these equivalent conditions holds, we have a pullback
map (for K; € Dmot(TEi; Q)),

(ﬂ)* : Corr, (Ko, K1) — CorrTﬁ(ﬁ’{lCo,ffiCl(—éﬁﬂ. (9.4.9)

Moreover, by [FYZ23, Lemma 7.2.1], f° is left pushable if and only if fAti is right pullable.

Proposition 9.4.1. Assume the diagram is globally presented.
(1) Suppose the map of correspondences f°:C" — D’ is left pushable. Let K; € Dot (1Ei; Q) fori=0,1.
Then the following diagram commutes:

FTZ‘SI]
Corri e (Ko, K1) <’ Corr, 5 (FT%, (Ko), FTg; (K1)1d(5o) +d(F)](d(50)))
J 5 l(f“)*
T[d(fo)]FTrsg Tx ren P ren
Corry ps (forkCo, f11K1) —————— Corr, 53 (foF T, (Ko), i FTg, (K1)d(@)+d(@)+d(fo)—d(1))(d(@)))

(9.4.10)

Here we use [FYZ23, Lemma 7.2.2] to match the differences of the twists that appear in the right vertical map.

(2) Suppose the map of correspondences f° : C° — D° is right pullable. Let K; € Dmot(TFi; Q) fori =0, 1.
Then the following diagram commutes

ren
BT

Corr; s (Ko, K1) > Corr, 3 (FT (Ko), FTE" (K1) [d(@)+d(@)](d(@)) )
l(fb)* i(ﬂ)!
. . Ttacs0)(aso) FT Sy 7 rrpren 7 prpren S
Corri e (f5 Ko, f1 K1) > Corr, 5 (forF TR (Ko), fuF T3 (K1)1d(@)+d(@))(d(@)))

Proof. The proof of [FYZ23, Proposition 7.2.4] works verbatim. |

9.5. Homogeneous arithmetic Fourier transform. In this section we lift (a homogeneous variant of) the
arithmetic Fourier transform of [FYZ23], §8] from ¢-adic Borel-Moore homology to Chow groups.

9.5.1. Etale F-vector space bundles. Let T be a derived Artin stack locally of finite type over a field. Let
V — T be an étale locally free F,-vector space bundle of rank d (thus, the datum of V is equivalent to that
of an étale GL4(F)-torsor).
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Define TV to be the stack quotient [V/E;], where qu is the discrete group scheme over T with value Fy.

Let V — T be the dual F,-vector space, i.e., at the level of étale sheaves over T we have
V= Homg, (V,E,).
Note that § =~ V. We have an “evaluation” map
ev: TV xp 1V — [F /FX].

9.5.2. Homogeneous arithmetic Fourier transform. Let & be the function on F, defined as
qg—1 z=0,
§(x) =
-1 x # 0.

As £ is invariant under the scaling action of F ', § descends to a function on the quotient stack Fy/ qu] Its
significance is the following: if 4 is any nontrivial additive character of F , then the function on [F,/F ]
obtained by averaging v over F 1 is &.

Now consider the diagram

~

W oxop V—»[ o/FX]

/
v /
We define the homogeneous arithmetic Fourier tmnsform to be the map

FTX: CH, (V) — CH,(TV)
given by

o (—1) pr. (prh(a) N ev™ &),
where d is the rank of V' as an F,-vector space over T'. Here, we regard the locally constant function ¢
as an element of CH’([F,/ F]). We also used the fact that the projections pr; are finite étale so that the

pushforward and pullback maps are defined.
Similarly, we consider a variant in Chow cohomology (§3.5):

FT . CH*('V; Q) — CH*(TV; Q)
given by
a = (1) pry(pro(e) Uev*€).

9.5.3. Basic properties. The following properties of the homogeneous arithmetic Fourier transform follow by
the same arguments as in the non-homogeneous case (which are found in [FYZ23] §8.2]).

Notation 9.5.1. For o € CH;('V) and 8 € CH/(TV), we write
(@, 8) = m.(a N B) € CHy_;(T)
where m: 'V — T is the projection.
Lemma 9.5.2 (Plancherel property). Let ay € CH;(TV) and By € CH (V). Then
(r, FT* 0 () = (FT™" (cr), B2) € CH,—(T).
Lemma 9.5.3 (Involutivity). We have FT%rlth o FT™ — ¢ where d is the rank of V.

9.6. Compatibility of motivic and arithmetic Fourier transforms. We establish the compatibility of
the motivic Fourier transform with arithmetic Fourier transform under the motivic sheaf-cycle correspondence.
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9.6.1. Setup. Let Y be a derived Artin stack locally of finite type over a field. Let p: E — Y be a vector
bundlﬂ Suppose ¢ = (¢g,¢1): C =Y X Y is a correspondence of derived Artin stacks and we are given an
isomorphism of vector bundles over C'

v cgE = JE. (9.6.1)
Let Cg be the total space of cfE S GGE. For i€ {0,1} we let ¢;: Cg = ¢fE — E be the corresponding
projection map. Then we have a map of correspondences

E+2_Cp—2>E (9.6.2)
T
V2 C—2nyY

such that both squares are Cartesian.

The above data induces a correspondence e: C'z — ExE by passing to the dual vector bundles.
Consider the Frobenius twisted correspondence map ¢! = (Frobocg, ¢1): CM) - Y x Y. Similarly, we

define Cg) (a self-correspondence of E) and Cg) (a self-correspondence of E). Recall notation (46.4.2

Sht(C) = Fix(CV), Sht(Cp) = Fix(Cy), Sht(Cp) = Fix(CY)). (9.6.3)
The projections
7 : Sht(Cg) — Sht(C), 7 : Sht(Cgz) — Sht(C) (9.6.4)

are étale F,-vector space bundles over Sht(C) that are dual to each other.

9.6.2. Let K € Duotem(TE;Q) and ¢ € Corric,, (K, K(—3)).
On one hand, we can form the Frobenius-twisted trace (§6.4.3)

T (¢) := Tr(¢™) € CH;(tSht(Cp)) (9.6.5)
where ¢(!) is the cohomological correspondence
¢W: e Frobh K = ef K 5 el K(—i) (9.6.6)

supported on TCS) (see 3)

On the other hand, we can first apply the homogeneous motivic Fourier transform to get a cohomological
correspondence
FTc,(c) € Corrio (FTE(K), FTE(K))

given by the composite

~ ~ w1y FTog() ~ .
& FTp(K) 2 FTo, (efK) —2-2 FTe, (el Ki—i)) =2 & FT(K) (), (9.6.7)

where we used the commutativity of the Fourier transform with base change (§8.2.6)). We can then (using
that FT(K) is geometric, thanks to Corollary [8.4.2]) form the Frobenius-twisted trace

Te*"(FTe,, () = Tr(FTe, ()M) € CH,(TSht(Cp)). (9.6.8)

The two constructions (9.6.5) and (9.6.8) agree up to the arithmetic Fourier transform:

Theorem 9.6.1. In the above situation, we have
T (FTc, () = FT& (o, (Tr%(c)) € CH;(TSht(Cp)). (9.6.9)

Proof. The version for ¢-adic coefficients is [F'YZ23, Theorem 8.3.2], and the proof here is similar with a few
modifications. The renormalized homogeneous Fourier transform (resp. arithmetic homogeneous Fourier
transform) is the composition of three steps:

(a) pullback along TE < TE xy TE (resp. pullback along TSht(E) < TSht(E) X Sht(C) fSht(E)),

(b) tensor with Zg[r — 1] (resp. multiply by (—1)" ev* &) where r = rk(E),

(c) pushforward along TE xy tE 1R (resp. pushforward along TSht(E) Xgp(c) TSht(E) — TSh‘c(E)).
It suffices to show that each of these steps is compatible with the formation of the trace. The first two are
easy:

22 ¢., a derived vector bundle of amplitude [0, 0].
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e Since the pullback in (a) is smooth, the compatibility there follows from Proposition m
e The formation of trace takes the operation of tensoring with a self-correspondence of a local system
to the operation of multiplication by the trace. Hence (b) follows from the computation that the
Frobenius trace function of Zg is —ev* £.
For (c), we need to show that pushforward through the projection pry: fE xy tE — tE commutes with
formation of trace. From the map of correspondences

E<+«2_(Cp —=+E

N

TR 9 to, O iR

we have maps of correspondences

Corri ey, (K, K(—iy) L5 Correy, (F7K, F*K(—i)
and

Corre, (K, K(—i) L5 Corrio, (A, Ak ().
The endofunctor fif*: Dot (T E; Q) = Dmet(TE; Q) is given by tensoring with fiQg. Since f is a G,,-torsor,
this implies that Tr(fif* ¢) = (g— 1) Tr(c), which agrees with Fix(f). Fix(f)'(Tr(c)) since Fix(f) is a G, (F,)-
torsor. Replacing ¢ by f* ¢, it therefore suffices to show that the projection pry: E Xy E — E commutes
with formation of trace. This follows from Lemma O

Lemma 9.6.2. In the situation of (9.6.9), let K € Dot,gm(E; Q) and ¢ € Corre,, (K,K(~i)). Let Sht(pr): Sht(Cg) —
Sht(C) be the induced map on fized points of CS) and CY | which is an étale F,-vector space bundle (in
particular a finite morphism). Then

Tr(prey(c)) = Sht(pr), (Tr(¢M)) € CH;(Sht(C)). (9.6.10)

Proof. Note that this does not follow from Proposition since pr is far from proper. The analogous result

for ¢-adic sheaves is [FYZ23| Lemma 8.3.3], and the proof here is essentially the same: compactify the map of

correspondences, use the compatibility of trace and pushforward on the compactification, and then show that

the boundary contribution vanishes. As some references need to be replaced, we will spell out the argument.
We compactify the map of correspondences (9.6.2) to

B2 -2 F (9.6.11)

T

y2 -2y

where E :=P(E® O) - Y and O = P(c¢;E & O) = P(ciE @ O) — C is the pullback projective bundle
over C. Then C% is a self-correspondence of E with a proper map to C. Let E,, := E — E be the divisor
at infinity, which is isomorphic to P(E). Similarly define Cg__ := Cx — Cg, which is a self-correspondence

of E. Let C’(El) and C’g) be the twists by Frobenius as in §6.4.2l Since the vertical maps in (9.6.11)) are

o)

proper, Proposition implies that PT, is compatible with formation of traces.
Let j: E — E and jc : Cg — C% be the open inclusions. The map of correspondences

E <2 Cp =+ FE

IJ’ [jc £J’

E~" ;2 FE
has both squares Cartesian, so it is left pushable. Therefore the pushforward cohomological correspondence
¢ = joi(c) € Corra_ (11K, ji1lC(—i)) (9.6.12)

is defined. It remains to show that Sht(pr), Tr(¢) = Sht(pr). Tr(c), which amounts to the vanishing of
the contribution from the boundary correspondence. The rest of the argument is exactly the same as the
corresponding step in the proof of [FYZ23| Lemma 8.3.3], except using Theorem instead of [Var07] to
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see that the contribution from the boundary correspondence vanishes, because oW is contracting near F,
by Example O

S|

10. GENERIC MODULARITY OF HIGHER THETA SERIES

In this section we will assemble the preceding theory to prove the main result, Theorem [1.2.1

10.1. Notation. We fix the following notation throughout the section.

Welet v: X’ — X be an étale double cover of smooth projective curves over a finite field F, of characteristic
p>2 and o: X' — X’ be the non-trivial automorphism over X. We let Frob denote the ¢-power Frobenius.

For a torsion coherent sheaf ) on a curve X’ we let Dg be its scheme-theoretic support, viewed as a
divisor on X', and |Q| C X’ its set-theoretic support.

Let n € Z>;. The (smooth, classical, 1-Artin) stack Bungy () parametrizes triples (F, £, h), where F is a
vector bundle on X’ of rank n, £ is a line bundle on X, and h: F = o*FY ® v*£ is an £-twisted Hermitian
structure (i.e., 0*h" = h). The corresponding moduli space of shtukas is denoted Shter(y).

10.2. Higher theta series. We briefly summarize the construction of higher theta series on Shtgr(,,), which
can be found in [FYZ21] §4]. Let m € Z>;. The stack Bungy - (2,,) parametrizes triples (G,901, h), where G

is a vector bundle on X’ of rank 2m, 9 is a line bundle on X, and h: G = 0*GY ® v*M is an M-twisted

skew-Hermitian structure (i.e., c*hY = —h). Alternatively, we can think of h as an Ox-bilinear perfect
pairing

(-,-)h :gxa*g—>y*(9ﬁ®wx) (1021)
satisfying (0*8,0*a)p, = —o* (v, B), for local sections « and 8 of G respectively.

Let Bunp be the moduli stack of quadruples (G, M, h,E) where (G, h) € Bungy-(2m), and £ C G is a

Lagrangian sub-bundle (i.e., £ has rank m and the composition £ C G LN o*GY QUM — o*EY @ UM is
zero). Thus B, corresponds to the Siegel parabolic of GU™(2m).
Assume now that 1 <m <n. In [EYZ21] §4.6], we defined for each r > 0 and m < n a higher theta series,
which is a function
Z:l: Bung (k) = CH,(n—m)(ShtGyn))-

We repeat the brief recap of the definition of Z7, from [FYZ23, §2]. Let (G, 9, h,E) € Bunp (k) and set
£=wx @M. Let Shty(,) o C Shtgy(,) be the moduli stack of rank n Hermitian shtukas

~

Fo = ((%), (F2), (fi), o+ Fr = " Fo)

on X’ with r legs and similitude line bundle £. For a vector bundle £ on X’ of rank m, the special cycle
Z¢ o parametrizes a point J, of Sht}}(n)@, and maps t; : £ — F; for each 0 < i < r, compatible with the
shtuka structure on F,. For a Hermitian map a : £ — 0*Y @ v* £, let Z{ ¢(a) be the open-closed substack
of Z¢ ¢ consisting of (F,,te) such that the Hermitian form on F, induces the Hermitian map a on & via
te. Let ¢ : Z¢ o(a) — Shty(,,) o C Shtgy(,) be the map forgetting to, which is known to be finite [FYZ24]
Proposition 7.5] and unramified.

In [FYZ21], Definition 4.8] there is constructed a virtual fundamental class [Z¢ o(a)] € CHy(—m)(Z¢ ¢(a)),
although the interpretation as a derived fundamental class in [FYZ21l §5,6] will be more useful in the proofs.
Pushing forward along (, we get Chow classes

C* [Zg,ﬂ(a’)] € CH'I‘(nfm) (Sht;](n),ﬂ)
The value of Z”, on (G, M, h, &) (recall M = wy' ® £), which we henceforth abbreviate as (G, &), is defined as
Z7,(G,€) = x(det £)gn(desEdes £odesw)/2 Ny ((og ¢ a))([ 2 o(a)], (10.2.2)
a€Ag, o (k)
where:

e x : Picx/(k) — Q" is a character whose restriction to Picx (k) is the nth power of the quadratic
character Picx (k) — {£1} corresponding to the double cover X’/X by class field theory.

o p:F,— QX is a nontrivial additive character.

e The sum is indexed over Ag ¢(k), the set of Hermitian maps a : £ — 0*EY @ v* L.
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e Let &' = G/E. The pairing (-, )5, in (10.2.1)) induces a perfect pairing € x 0*&" — v* £, which identifies
&' with 0*€* @ v*£. We thus have a short exact sequence

0 & g o QUL ——0

and eg ¢ € Ext'(0*E* @ v* £, E) is its extension class.
e The pairing (—, —) is the Serre duality pairing between Ext!(¢*£* @ v*£,£) and Hom(E, 0*EY @v* L).

10.3. The generic modularity theorem. The Modularity Conjecture of [FYZ21] predicts that Z’;L descends
to a function on Bungy - (2m)(k). As explained just after [FYZ21], Conjecture 4.15], this can be reformulated

as the assertion that Z;(g ,€) is actually independent of the choice of Lagrangian sub-bundle £ C G. We will
prove this statement after restriction to the generic locus (cf. §1.2.2)):

Theorem 10.3.1. For any G € Bungy - (2m) (k) and any Lagrangian sub-bundles €~1,€~2 C G, we have
Z0,(G.&) = Z1,(G. &) € CH, () (St () X (x1yr11")- (10.3.1)
where 0" is as in {1.2.3.

10.3.1. Reduction to transverse Lagrangians. As explained in [F'YZ23| §2.2], Theorem [10.3.1}is reduced to
the case where the sub-bundles £, &y are transverse in the sense that their intersection within G is the zero
section. Henceforth we assume this to be the case.

10.3.2. Reduction to Harder—Narasimhan truncations. Given a Harder—Narasimhan polygon p for GU(n), we

have a Harder-Narasimhan truncation Shtg;’{n) < Shtgr(,,). Because

r o r< -
CH*(ShtGU(n) X(X/)r’l]r) = @CH*(ShtGUﬁn) X(X/)rUT),
o
it suffices to show (10.3.1)) after restriction to this truncation. Henceforth we fix a Harder-Narasimhan
polygon p and write S = BunGU( ) for the corresponding open substack of Bungy(,). As in [FYZ23] §9.1.2],
we write HkG == ho'(S)N...N A1 (S) where h;: Hky () — Bungu(n) are the “leg maps”.

For a space over Bungy (n) such as Shtg(,,) or the special cycles on it, we write (—)=* for the pullback to
S.

10.4. Transverse Lagrangians ansatz. Let G € BunGUf(gm)(k). For notational simplicity, we assume the
similitude line bundle of G is trivial, therefore the skew-Hermitian form reads hg : G = 0*G*. The general
case has the same content.

Thanks to the transversality assumption from §10.3.1] we have a commutative diagram (cf. [FYZ23]
§2.3.3])

14’0’

Q2

\/\ N

-0 (10.4.1)

/\/ >

@1

where the horizontal rows and diagonal sequences are short exact sequences of coherent sheaves on X’. Here
b1o is the composition

Sy — L G

& =G5 0" G — o &5,
The map b1 is defined similarly. The maps ¢; and t5 are isomorphisms of torsion sheaves on X’. As in

[FYZ23, §2.3.3], the duality between Q1 and Qo equips Q with two Hermitian structures hiz: Q = o*Q*
and h211 Q :—> O'*C2*7 related by hlg = —hgl.
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For each i € {1,2} let & < & be a sub-sheaf with cokernel a torsion coherent sheaf 7; on X’. Let

T = RHom(T;, Ox/)[1] be its dual torsion sheaf on X’. Therefore, & is the saturation of & in G, and we
have the diagram below

N e
&l & G — 08 T orEy (10.4.2)
Q

where the arrows are labeled by their cokernels.

10.4.1. Assumptions on Ty and To. We make the following assumptions:

(a) The supports |@Q|,|71],|72| are disjoint after mapping to X.

(b) For all F € S(k) = Bung’{n)(k) we have for i = 1,2
Exty (F*, &) =0. (10.4.3)

These conditions can always be arranged, as discussed in [FYZ23, Remark 10.1.1]. Note that by the dualities

in [FYZ23] (10.1.3)], (10.4.3) is equivalent to

Homy, (F*,0*&) =0 (10.4.4)
for all F € Bun5 (k) and i = 1,2,
Let

QA =Q &T &', (10.4.5)
Q=" Q& T & Ty (10.4.6)

From and the disjointness assumption in we have short exact sequences
00" = E QL —0, (10.4.7)
00" = E = Qa— 0. (10.4.8)

10.5. Moduli spaces. We will use the same moduli spaces as in [F'YZ23| §9.1, §9.2]:

(a) For i € {0,7}: U;, V;, W;, which are derived vector bundles over S; and their respective dual derived
vector bundles W, V;, U
(b) For i € {0,r}: U;,V;, W;, which are derived vector bundles over Hk obtained by pulling back

U;, Vi, W, respectively along h;; and their respective dual derived vector bundles Wil, ‘71-, ﬁf
(c) The Hecke stacks Hkﬁ7 Hk%, sz/7 Hk%h Hk?,v, Hk%,v, which are derived vector bundles over Hk; and

their respective dual derived vector bundles Hkg/v = Hki{/V L, Hk%, Hk';;, Hkgj L Hk?] L.

We give an informal summary of the definitions. Recall that for an animated Fg-algebra R, an R-point of S
is a Hermitian bundle F on XJ. In these terms,
e The fiber of U; over F € S(R) is RHomy, (F*, & @ R).
The fiber of V; over F € S(R) is RHomx, (F~, Q1 ® R).
The fiber of W; over F € S(R) is RHomy, (F*,0"&[1] @ R).
The fiber of U;- over F € S(R) is RHomy, (F*, &5 ® R).
e The fiber of V; over F € S(R) is RHom y, (F*, Q2 @ R).
e The fiber of Wi+ over F € S(R) is RHomx, (F*,0*&1[1] ® R).
Note that the definitions of the six spaces above are, in fact, independent of i. However, it the notation is
useful for indexing purposes.

For an animated Fg-algebra R, an R-point of Hky is a sequence of modifications of Hermitian bundles
(Fo --» ... --» F,) on X} that we abbreviate F,. For i € {0,7} and ? € {U;, Vi, Wi, U+, Vi, W1, the fiber
of 7 over (F,) € Hk(R) is obtained by replacing F with F; in the descriptions of ?(R) above.

From F, € Hk%(R) we can define perfect complexes F2 and Ff on X}, as in [FYZ23, §9.1.3, §9.2.2]. For

? € {U,V,W} the fiber of Hkg is obtained by replacing F with FJ in the description of ?(R) above, while the

fiber of Hkg over F, € Hks(R) is obtained by replacing F with Fi in the description of ?(R) above.
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Remark 10.5.1. The vanishing assumption implies that U,V and W are all classical vector bundles
over S, and we have a short exact sequence of classical vector bundles over S

0—-U;—-V,— W, —=0. (10.5.1)
Similarly, we have a short exact sequence of classical vector bundles over S
0— ULt =V, = Wi —o0. (10.5.2)

Thus we have a pair of commutative diagrams:

HK,
>N
- - 7L
UO Ur an UO
hY nY h‘/ \
/ 5\\ ‘/D \ N @*
Uo HK, U, Us
e
f&
R
5
Vo
~1
90
9
LN LW
r h,VV
x ﬁ'/?“ \ O/ <z’)\‘
WO HkVV WT W(]L

(10.5.3)
In each diagram:
e The maps in the columns come from exact triangles of perfect complexes.
e The three diamonds in the middle are derived Cartesian.
e The four parallelograms on the left and right sides are derived Cartesian.

The diagram on the right is dual to the diagram on the left. The duality exchanges U with W+, V with IA/,
and W with U+, and exchanges b and # superscripts. Sample examples of dual morphisms are colored with
the same color. By [EYZ23] §9.3], each of these diagrams is globally presented, so that we may apply the
results of to them.

10.6. Calculation of motivic Fourier transforms. We refer to the diagrams in (10.5.3). By [FYZ23]
Corollary 9.1.4], the map a, is quasi-smooth, hence it has a relative fundamental class, which defines as in
§6.3] a cohomological correspondence

cw = [a,] € Corriye (Quys Qu, (—d(ar))). (10.6.1)
Similarly, the relative fundamental class of a;- defines a cohomological correspondence
i = lay] € COH#HkZL (Quass Quy (—d(a;))). (10.6.2)

By [FYZ23| Corollary 9.1.5] the pushforward of cohomological correspondences (§4.3.1]) along the morphism
of correspondences f : Hki;] — Hk?, is defined, giving
filew) € Corriye (f0rQuy, fr1Qu, (~d(ar)). (10.6.3)

Similarly,
f!l(CUJ_) € COI‘rTHk'}/ (f(ﬁQU&" #QU} <—d(a,,+)>) (1064)
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is defined.

For a G,,-equivariant cohomological correspondence ¢ on a derived vector bundle E, we denote by f¢ the
descended cohomological correspondence on TE. Recall the notion of homogeneous Fourier transform of
cohomological correspondences from We have (simplifying some dimensions as in [FYZ23] §9.4])

FTi, (filter)) e Corrige, (FTY (foQuy ), FTV (fnQu, ) dF,)—d(ar). (10.6.5)

Since U+ is the orthogonal complement of U relative to V (in the derived sense), by §8.2.7| we have
canonical isomorphisms for ¢ = 0, r:

FTE(faQu,) = (fi)1Qu+ Irank(V)](~ rank().

Note the shift and twist on the right side is the same for ¢ = 0 and ¢ = . Therefore we may view (simplifying
some dimensions as in [FYZ23] §9.4])

FT;?@ ("fi(few)) € COTYTHk%((fd‘)!QUULa (fi )1Qut (—d(a;))).

Theorem 10.6.1. Recall the shift and twist notation from 6.5 Let m;: U; — S be the bundle projection.
Then we have

Tia o) +dtro)l(tmo) F T, (filTew)) = (FFi(Peyr) € Corrige (f5)1Qug s (F7)1Qus (~dtai ).
Proof. Let s € Corripyr (Qs, Qs —d(h,))) be the cohomological correspondence obtained from the relative
fundamental class of h, as in Let

7:HK), — HKG, «t:Hk). — HKE,
be the bundle projections viewed as maps of correspondences, and also recall the maps of correspondences
L HKG — Hkjyo, gt HKES — Hkyyo

The proof is completed by the sequence of equalities of cohomological correspondences
ren (1) ren * ( ) ren
Tia(fo)-+d(mo)(a(ro) FT" (Ui err) = T[d(fo)+d(7ro)](d(7ro))FT (Tflmrts) = (lgh)* () FT™(s)
3) * ®)
D (ighy (s & (Crnlatys @ (e

Here:
(1), (5) follow from the G,-equivariant identifications
s =cy, (70)%s=cyL
which are proved exactly as in [FYZ23| Lemma 9.4.2].
(2) involves two applications of Proposition namely
Ty FT™ " o T fi = (Tgh)* o FT™, T[d(WO)](d(ﬂO))FTrC“ fr* =Tzt o FT™,

3) is the trivial equality s = FT“’nr , where HkY is regarded as a trivial vector bundle over itself.
HL
(4) follows from Theorem (Note that the hypotheses of Theorem [4.4.2] hold in this situation by
[FYZ23| Corollary 9.1.5].)

O
10.7. Calculations with the homogeneous arithmetic Fourier transform. We denote
X = X —v(QIUITIUIT]) = X —v(IQ]) = X — v(|Qz]); (10.7.1)
X = vi(X°). (10.7.2)
For a stack A over X°, we denote
A® = Axxr (X°). (10.7.3)

In particular, Hkg® C Hk denotes the open substack where the legs are all dlSJOlnt from |Q1| U |Q2|
By [FYZ23 Lemma 10.13], for each 4 the restriction b° Hkb ° = V° of b; and the restriction b’° V°
kg/o of b’ are isomorphisms. This implies [FYZ23, Corollary 10.1.4] that the projection map Sht(® —
Shtg® = Shty; ‘; ° is an étale F,-vector space bundle. Hence the theory of the homogeneous arithmetic
Fourier transform (§0.5) applies to it.
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10.7.1. Virtual fundamental classes. By [FYZ23l Remark 9.1.1] the spaces U; from §10.5|can be viewed as the
derived fiber of the derived Hitchin stack .#4, m, from [EYZ21} §5] over {£1} x S — Bungy,m)y x Bung (),

where Hy = GL(m)’ and Hy = U(n). Similarly, by [FYZ23, Remark 9.1.2] Hk?, is an open substack of the
derived fiber of the derived Hecke stack Hk',  ~from [FYZ21, §5] over {&1} x S — Bungrm) x Buny ().
Therefore, the derived fibered product

r b
Sht;, Hk},

| e

U, (1d,Frob) Uo x U.
is equipped with an open embedding in ShtZ/ZHl fy and in particular is of virtual dimension d(a,). We then
have two natural cycles in CHg(q,)(Sht):
(a) The intrinsic derived fundamental class [Shty;] € CHg(q,)(Shty;).

(b) The trace of the cohomological correspondence ¢y (calculated using the canonical Weil structure),
denoted Tr%™(¢) € CHg(a,)(Shtg;) (cf. 3.}

We assemble the earlier results to calculate the trace of our cohomological correspondences. The assumptions
(10.4.3)) imply that the maps U; — S and U;- — S are smooth, hence U; and U;- are smooth. Then by
Corollary [6.4.1] we have

Tr5" () = [Sht(,] € CHyga, (Shty)). (10.7.4)

In particular, Shty; is an open substack of Sht)y, , so it is quasi-smooth and [Sht;] is the restriction of what
was called [Z¢ | in [FYZ21].
Similarly, we have

Tr" (¢ro) = [Sht;1] € CHy(ou (Shty; L), (10.7.5)

where Shty; 1 is defined by the derived Cartesian square

Sht, . HK, .

11
(ag,a;)

UOL (Id,Frob) UOL % UTL

Next, the assumptions (10.4.4)) imply that the maps f;: U; = V;, f: Hktz] — Hk?,, fH Ut — YA/i, and
fre Hk?p — Hk% are all closed embeddings. Then Proposition applies to give

TS (i eir) = Sht(f) Tr* (crr) Sht(f)[Sht},] € CHogq, (Sht})), (10.7.6)

where we write Sht(f) := Fix(f (1)): Shty; — Sht, for the map induced by taking fixed points of the twisted
cohomological correspondence c[(}), and similarly for other cohomological correspondences. We similarly have

TS (fi ey ) = Sho(f4 ) TeS™ (e ) Sht(f)[Shtf.] € CHygs ) (ShtD). (10.7.7)

Notation 10.7.1. For an F,-vector space stack Y — T as in §9.5.1 and a class a« € CH,(Y) (resp. CH*(Y)),
we denote

fa = Av(a) = ; i 1 pri(a) € CH.(TY)  (resp. CH*(TY))

where pr: Y — 'Y is the quotient map.

Example 10.7.2 (Homogeneous cycles). We say that o on Y is homogeneous if a = pr*(fa). Note that
[Shtf;] € CHga,)(Shtyr) is homogeneous, hence Sht(f);[Shty;] € CHg(q,)(Shty,) is homogeneous.
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10.7.2. Arithmetic Fourier transform of cycles. Recall that Shty;” — Sht® is an étale F-vector space bundle.
We now relate the cycle classes ((10.7.6)) and ((10.7.7)) under the homogeneous arithmetic Fourier transform on

Sht};° as defined in
Theorem 10.7.3. We have
FT (Sht(f)7 (T[Shty;°])) = (—1)0/$+400) U5 She( f)P (T[Shty;? ]) € CHaga, (TShEZ).
Here Sht(f)° : Sht;;” — Shty° is the restriction of Sht(f), and similarly for Sht(f+)°. We use the same

notation for induced maps on the homogeneous quotients '(—). (We are using [FYZ23, Remark 10.2.2] to
match the degrees of homology.)

Proof. We apply Theorem [9.6.1| with £ =V, Cg = Hk?}o and ¢ = (fi cp)|ge.0- Then Theorem 9.6.1 tells us
\%4
that

FTghre (TrSht(Tf!TCU)hsm;") = (T SMETRS (M CU)) ltsnere € CHy(q,) ("ShtZ?). (10.7.8)
By Theorem we have
FTie, (Whler) = Timawys)-acsa-awssy (£ ) ep

Putting this into (10.7.8) and then taking the trace, using (6.5.1]), (10.7.6) and (10.7.7), yields the result. O

10.7.3. Test functions. We introduce some notation for functions on Shty and Shty. The decompositions
Q1 =Q*® T ®o*Tz and Q2 :=0*Q ® c*T; ® T5" induce the following decompositions defined in [FYZ23|
§10.2.1] (with the same notation):

Shty, = Shty o) Xshey Shty ) Xshery Shty ),
Sht’\ = Shtv(o) XShH Shtv(1> XSht’" Shtv(z)
We note that Sht%’f is dual to Shty;(;, as Fg-vector spaces over Shtg” in the sense of § “

We denote qi2: Sht{, ) — Fy and qo1: Shty, 0, — F the two quadratic forms mduced by the Hermitian
structures hio and hoy on Q from [FYZ23| §2.3.3], respectively. Namely, qi2 is the composition

1d,h12)
Gz ShE] o 22y SBET o) xsnen Shtls ) — Fy, (10.7.9)

and similarly for qo21. They are related by qi12 = —¢21. Recall the additive character ©: F, — QX from

e We let qi,¢ be the pullback of ¢ to Sht{,) via qi2, and similarly for g2;. Abusing notation, we will
also use the same notation g3, to denote its pullback to Shty, and to Sht%’o. The meaning will be
clear from context.

e We let 65“:,’?1') be the indicator function of the zero-section of the étale F,-vector space bundle
Sht:/’((),;) — Sht'¢°. Abusing notation, we will also use this same notation to denote its pullback to
Shty°.

o We let ]lSht;;. be the constant function of Sht oy with value 1. Abusing notation, we will also use
this same notation to denote its pullback to Shtv .

e We use similar notation on Sht%’o and TShtT‘i/‘O.

Lemma 10.7.4. Let d¥) be the rank of Sht{7, as an étale Fy-vector space bundle over Shtg°. Let d =
d©® 4+ dV) 4+ d®?) be the rank of Shty° as an étale F ,-vector space bundle over Shtg°. Then we have

(2) L 140 n "
e, ) = (—1)%" 34 i (D)™ - AV((@La[=1)°6) - Tsure, O, )

T3 (Av((i20) - dsers Vi Osmer,

v(1)

as functions on TSht:A/’o.

Proof. This follows from [FYZ23| Corollary 10.2.4] by applying Av(—). O
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Lemma 10.7.5. Fori = 1,2, let Az be the Hitchin base as in [FYZ21] §3.3]. For a € Az (k), recall that

r,<p,0 — ,0
Zfi (a) = Z;:i (a) XShty, ., Shtg".

(1) We have an equality in CHg(,,)(TSht{°):

(Sht(f)7'[Shtg;°]) - Av((araw) - Sgnere

v (1)

tigr,) <A | X wlesae) She( )7 [255°(a)]

(2) We have an equality in CHd(aT)(TSht%’O):

(Sht( )78ty ]) - Av((a520) - Tsuers, ~Osuare, ) = AV [ 3 bl{egenra)) Sht(FH)P[EE (@)
acAg, (k)

Proof. This follows from [FYZ23| Lemma 10.2.7] by applying Av(—). O

10.8. Proof of Theorem We will now complete the proof of Theorem Let d,d®, for
i € {0,1,2}, be be the rank of Sht{)7, as an étale Fg-vector space bundle over Shtg°. Note that d® is also
the rank of V() as a vector bundle over S.

From (10.3.1)] we may rewrite the higher theta series in the following way, using the non-
homogeneous variant of Notation [9.5.1

Z (B G lsnge = (et 1)g OS2 (S P Sh] 01t - O, L) (108)
and
Z,(&, G)lsnize = x(det Er)q" (18 E2 708X/ (Shi(£1)P [ShtyT ], 45,9 - Lsnere, ~ Osnere, ) (10.8.2)

Since Sht(f)7[Shty;°] and Sht(f+)?[Shty;1] are homogeneous (cf. Example [10.7.2), it suffices to show that
X(det E1)gn (18 =482 (Sht(£)p T[Shep;°), Av(afat) - Sgnre, - Lgners, )

v() v(2)
—x(det £)q" e e/ Sk (717 Sy Av(a30 - Tgwre, - Ssre, ). (10.83)
\%4 \%4

Let d = d® +d™ +d® be the rank of Shty;° as an F,-vector space over Sht;°. By the Plancherel formula
from Lemma, and the involutivity of FT* from Lemma we have

(Sht(f)77[Shty;°], Av(aise - 5Sht$?1) “Lsnere, ) (10.8.4)
1 ari o r,0 ari *
= ?<FT P (Sht(f)f T[Sheg]), FT* " (Av(qia¢) 5Sht:/‘?1) : ﬂsm;?z))))'

Using Theorem [10.7.3| and Lemma [10.7.4] we rewrite the RHS of (10.8.4) as

(2) 4 14(0) n
q%qd(U/S)(_1)d(U/S)+d(fo)(_1)dqd D44d® e e (D) (10.8.5)
(She(FH)PHShty ] Av(aTal 170 - Lspre s, ))-

Since q12 = —(21, we have qi,[—1]* = g3;. Then clearly (10.8.5)) agrees with the RHS of (10.8.3) up to sign
and exponent of q. These signs and the exponents of g on either side are matched exactly as in [FYZ23]

§10.3].
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