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ABSTRACT. We prove the higher Siegel-Weil formula for corank one terms, relating (1) the rt! central
derivatives of corank one Fourier coefficients of Siegel-Eisenstein series, and (2) the degrees of special cycles
of virtual dimension 0 on the moduli stack of Hermitian shtukas with r legs. Notably, the formula holds for all
r, regardless of the order of vanishing of the Eisenstein series. This extends earlier work of Feng—Yun-Zhang,
who proved the higher Siegel-Weil formula for the non-singular (corank zero) terms.
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1. INTRODUCTION

The arithmetic Siegel-Weil formula, conjectured by Kudla and Kudla—Rapoport [KR14], and
proved by Li-Zhang [LZ22], relates degrees of O-cycles on integral models of unitary Shimura varieties to
central (first) derivatives of Eisenstein series on unitary groups over number fields.

A higher Siegel-Weil formula proposed in [FYZ24] relates degrees of 0-cycles on moduli spaces of Her-
mitian shtukas to central derivatives (of all orders) of coefficients of Eisenstein series on unitary groups over
function fields. The main result of is a proof of this formula for non-singular coefficients.

The purpose of this paper is to extend the results of [FYZ24] to include some singular coefficients; namely
the coefficients of corank one, which are the least singular among all singular coefficients. As an application,
we prove a formula relating intersection multiplicities of special cycles to higher derivatives of automorphic
L-functions.

1.1. Towards a higher Siegel-Weil formula. Let v: X’ — X be a finite étale double cover of smooth,
projective, geometrically connected curves over a finite field k& of characteristic p # 2E| and denote by
o € Aut(X'/X) the nontrivial automorphism.

For every integer r > 0, there is an associated moduli space Sht{}(n) of rank n Hermitian shtukas on X,
defined in §6]. It is a smooth Deligne-Mumford stack over k of dimension rn.

IThe assumption p # 2 is made throughout the predecessor paper [FYZ24], so we follow it here.
1
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Let £ be a vector bundle on X’ of rank m > 0, and let a : £ — 0*EY be a vector bundle map satisfying
the Hermitian condition c*a¥ = a. Here £V is the Serre dual of £, in the sense of In [FYZ25] one finds
the construction of a special cycle

finite and unramified over Shtyy(,,), and an associated virtual fundamental class
[Zg (a)]vir € CHr(n—m) (Zg(a)) (111)

in the Chow group of cycles of dimension r(n — m). Using the pushforward of cycle classes, this virtual
fundamental class can be viewed as a cycle on Shtyy(,, of codimension rm.

When & has rank n and the Hermitian morphism a : £ — ¢*£V is injective (so rank(a) = n, or in other
words a is non-singular), the virtual 0-cycle class is more elementary to construct and was defined
earlier in [FYZ24]. In [FYZ24, Theorem 1.1], its degree was calculated and expressed in terms of the rth
derivative of the (£, a)-Fourier coefficient of an unramified Siegel Eisenstein series on the rank 2n quasi-split
unitary group H, = U(n,n) over the field of rational functions on X. This constitutes the non-singular part
of a higher Siegel-Weil formula.

In this paper, we study some of the singular terms, where the vector bundle £ still has rank n, but the
Hermitian morphism a : £ — 0*€Y now has rank n—1 (i.e., “corank one”). In other words, the kernel of a is
a line bundle on X’. We prove a higher Siegel-Weil formula, again relating the degree of the 0-cycle (1.1.1))
to the r*i-derivative of the (€, a)-Fourier coefficient of the same Eisenstein series. To state this corank one
higher Siegel-Weil formula, we first introduce some notation.

e For any vector bundle £ on X', we abbreviate
_ deg(€Y) — deg(é)
B 2

e Let ¢ = #k be the cardinality of the field of definition of X, and write F' = k(X) and F' = k(X')
for the fields of rational functions on X and X’.
e Denote by n: Aj — {£1} the quadratic character determined by F’/F, and let

x: AR — C* (1.1.3)

d(€): = rank(€) deg y (wx) — deg(E). (1.1.2)

be an unramified Hecke character whose restriction o = x| A is a power of 7. We may regard

X : Pic(X’) — C* as a character of the group of line bundles on X', using the conventions of
[FYZ24, §2.6].

e For any integer m > 0, let E(g,s,X)m be the unramified Siegel Eisenstein series on the quasi-
split unitary group H,, = U(m, m) over F. For a vector bundle £ of rank m on X’ and a Hermitian
morphism a : £ — 0*EY, denote by E¢ 4)(5, X)m its (£, a)-Fourier coefficient. The precise definitions
can be found in

e For any m > 0 set

L (8, x0) = HL(QS-‘—i,r]i*mXo). (1.1.4)
i=1
Our main result, stated in the text as Theorem [11.2.2] is as follows.

Theorem 1.1.1 (Higher Siegel-Weil formula for corank one terms). Suppose € is a vector bundle on X’ of
rank n, and a : € — 0*EY is a Hermitian morphism of rank n — 1. The stack Z(a) is proper over k, and

the 0-cycle class (1.1.1)) has degree

. 1 g3ie g .
d zZr vir _ . . nsdegx (wx) . E n
B[ ZEO]" = o et @) o oo 1 EACROLERIEReN

for any unramified Hecke character (1.1.3)) satisfying xo = n™.

We emphasize that Theorem holds for every r, not just for the leading term in the Taylor expansion
of the right hand side of the formula.

Theorem [1.1.1]is a higher derivative version of the classical Siegel-Weil formula. The historical context
for the Siegel-Weil formula and its variants and generalizations is discussed in [FYZ24 §1]. As described in
[FK24] §1.1], one motivation for a higher Siegel-Weil formula is to relate special cycles on moduli spaces of

s=0
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shtukas to higher derivatives of automorphic L-functions, following ideas in the number field setting laid out
in [Kud04] and |[LL21], for example. See below for results in this direction.

Remark 1.1.2. If one replaces the assumption that a has rank n—1 with the assumption that a has rank n,
Theorem is precisely the main result of [FYZ24]. One would like to conjecture that this formula holds
without any restriction on the rank of a, but properness of ZZ(a) is needed to make sense of the degree map

deg : CHo(Zz(a)) — Q.

When a : £ — 0*EY has corank greater than 1, no such properness result is known or expected. This presents
a serious obstruction to formulating, let alone proving, the analogue of Theorem [1.1.1]in corank > 1.

Remark 1.1.3. Because of a functional equation on the analytic side, and the emptiness of ShtTU(n) on the
geometric side, both sides of Theorem vanish when r is odd. By incorporating similitude twists as in
[EYZ25], §2.3], one can obtain variants of the theorem when r is odd in which the equality is more interesting
than 0 = 0: see Section [T.4l

Now let us suppose that £ is a vector bundle on X’ of rank n — 1, and that a : £ — 0*£V is an injective

Hermitian morphism. In particular, (1.1.1) is now a cycle class of dimension r. There is a collection of
tautological bundles (1, ...,/ on ShtrU(n), defined in Using the Chern class map

¢1 : Pic(Sht{y(,y) — CH' (Shtiy,)
and the intersection pairing
CHT(Shtfj(n)) x CH,(Z¢(a)) = CHo(Z2z(a)) (1.1.5)
of [F'YZ24, §7.7], we form the O-cycle class

O]qm0~wawwwxma%w» (1.1.6)
i=1

Our second main result expresses the degree of the 0-cycle (1.1.6) in terms of an off-center r** derivative
of an Eisenstein series on the lower rank unitary group H,—1 = U(n — 1,n —1).

Theorem 1.1.4. If £ is a vector bundle on X' of rankn — 1, and a : £ — o*EY is an injective Hermitian
morphism, then the stack ZZ(a) is proper over k. If r is odd, then the degree of (L.1.6) is 0. If r is even,

then the degree of (1.1.6) is
9 . qBldE) +degx (wx)] gr .
4 nsdegx (wx) &2 (s v o) Ere.ar(s+1/2, Y ) 117
@) og ) 5 oo (1 (5:X0) Be.) (s + 1/2, )1 ) (1.1.7)

for any unramified Hecke character (1.1.3)) satisfying xo = n™.

We will deduce Theorem [I.1.1] as a consequence of Theorem [I.1.4] using the relation between corank one
singular coefficients of E(g, s, x)» and non-singular coefficients of E(g, s, x)n—1 found in Proposition m
Theorem is actually a special case of the slightly more general Theorem [11.1.2] which incorporates an
auxiliary line bundle & on X’. This extra generality is needed in the proof of Theorem [I.1.1}

1.2. Applications. In we give some applications of Theorem [1.1.1] These include an intersection
formula for cycles on Sht%(z), loosely in the spirit of the Gross—Zagier formula on heights of Heegner points,
but heavily influenced by ideas of Kudla. We explain this intersection formula here.

A special case of the Modularity Conjecture of [FYZ25] Conjecture 4.15] predicts that the middle codi-
mension cycle classes

[Z2(a)]" € CH' (Shify).

indexed by pairs (€, a) consisting of a line bundle £ on X’ and a Hermitian morphism a : £ — ¢*£V, are
the Fourier coefficients of an unramified automorphic form on the quasi-split unitary group H; = U(1,1)
over F', valued in CHT(Sht%(Q)). The precise statement is Conjecture whose proof will appear in the
forthcoming work [EYZb].

Suppose m C A®P(H;) is an unramified irreducible cuspidal automorphic representation. Assuming
Conjecture [[1.3.2] one can associate to any unramified f € 7 an arithmetic theta lift

9"x(f) € CH"(Shty(o))c
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in the sense of Kudla [Kud04]; see for the precise definition. Here x is any unramified Hecke character
of A%, whose restriction to A is trivial.

One might like to express the degree of the self-intersection 97X (f) - 9™X(f) in terms of the r*® central
derivative of the twisted base-change L-function L(s, BC(7) ® x). Such a formula would be the higher de-
rivative, function field analogue of the arithmetic Rallis inner product formula for unitary Shimura varieties,
proposed by Kudla [Kud04] and studied in detail in [Liulll [LL21, [L122]. Unfortunately, the lack of proper-
ness of ShtrU(Q) means that the degrees of O-cycles are not constant on rational equivalence classes, and so,
just as in Remark [T.1.2] the degree of the self-intersection is not well-defined.

However, one can make sense of the degree of the intersection of 9"X(f) against any class in the Chow
group CHZ(ShtTU(Q)) with proper support. By the properness claim of Theorem this includes all middle
codimension special cycles [Z%(a)]"'" for which a: & — o*EV is injective.

The following consequence of Theorem is stated in the text as Corollary (but the provided
proof of Corollaryis essentially a reference to the relevant parts of [CH25], which contains the details of
the argument). Again, this Corollary is currently conditional on a special case of the Modularity Conjecture
posed in [FYZ25], whose proof is expected to appear in the forthcoming work [FYZb].

Corollary 1.2.1. Assume Conjecture|11.3.2, Fiz a pair (£,a) consisting of a line bundle £ on X' and an

injective Hermitian morphism a : € — o*EY. For any unramified f € m, we have the equality

d 9rx zZn vir qd(E) d
e (0"X(f) - [Z@™) = fie.-) Gogay  d@or

where fg _q is the (£, —a)-Fourier coefficient of f.

(2o L(s 4 1/2,BC0(m) @ 1)

1.3. Related results. The idea of the higher Siegel-Weil formula was inspired by the arithmetic Siegel-Weil
formula conjectured by Kudla and Kudla—Rapoport [Kud04, [KR14], relating degrees of 0-cycles on integral
models of unitary Shimura varieties to (first) derivatives of Eisenstein series.

For non-singular terms, the arithmetic Siegel-Weil formula was proven by Li-Zhang in [LZ22]. Recently,
Ryan Chen [Che24al [Che24bl [Che24cl [Che24d| has proved the arithmetic Siegel-Weil formula for corank one
terms, by studying the limiting behavior of the local corank zero results of Li—Zhang towards the singular
terms.

The higher Siegel-Weil formula for non-singular terms was proved in [FYZ24]. The proof here of Theorem
covering the corank one terms, builds on the constructions and ideas of op. cit., although it does not
directly use the higher Siegel-Weil formula of op. cit.. In particular, our strategy is completely distinct from
Chen’s, who deduces corank one results as consequences of known corank zero results. We will describe the
strategy of proof below.

1.4. Outline of the strategy. As noted above, Theorem [I.1.1] as a consequence of Theorem [T.1.4] and we
sketch some of the ideas that go into the proof of the latter.

The basic format of our strategy resembles that of [FYZ24], which is in turn inspired by the earlier
work of Yun—Zhang [YZ17]. The idea is to realize the degree of the 0-cycle (1.1.6) as the trace of a certain
cohomological correspondence acting on the cohomology of a space M ¢ 4) using the Grothendieck—Lefschetz
trace formula, and then to package the spaces Mg o) for varying (£, a) as the fibers of a map

T M= A (1.4.1)

We refer to this map as a Hitchin fibration, although it is not the fibration that was studied by Hitchin; the
language (which follows [YZ17]) is chosen to evoke an analogy to Ngd’s proof [Ngol(] of the Fundamental
Lemma.

In this way, the function sending (€,a) € A(k) to the degree of is realized as the trace function
associated to a certain endomorphism of the complex RmQp on A. To analyze this trace, we decompose
RmQy into (shifted) perverse sheaves. The simple summands, called intersection complexes, can be under-
stood in terms of representation-theoretic data, and then their trace functions calculated and related to the
analytic side.

1.4.1. Comparison to [FYZ24]. So far, the strategy has been described in sufficiently vague terms that it
applies equally well to the one used in [FYZ24] to compute the degree of the special cycle class [Z%(a)]V" in
the non-singular case, where rank(£) = n and a : £ — 0*EV is injective. Let us now highlight some major
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differences to [FYZ24] which arise in the execution of this strategy, thanks to new obstacles such as the
following.

(1) The calculation of the Hitchin pushforward RmQ, in [FYZ24] was easy, because m was a small
morphism in that situation. In our case, this step becomes substantially more difficult. Our solution
involves factoring the Hitchin fibration as a composition of two more manageable (but still not small)
maps, and using this factorization to prove an appropriate Support Theorem. This will be discussed
further below.

(2) The relevant Hecke operators on RmQy are more complicated in our case, because they must incorpo-
rate the tautological bundles /1, ..., /¢, appearing in , and their calculation is correspondingly
more involved.

(3) The geometrization of the singular Fourier coefficients, as trace functions associated to perverse
sheaves, involves a more general class of Springer sheaves than appeared in [FYZ24]. This is because
of the restriction xo = 7" in Theorem[I.1.4)on the character used in the construction of the Eisenstein
series E($,X)n—1. The mismatch in parity between n and n — 1 means that the nonsingular Fourier
coefficients appearing in Theorem are different from those calculated in [FYZ24], and appear
as the trace functions of different perverse sheaves.

Each of these issues will now be discussed in greater detail.

1.4.2. The Hitchin pushforward. As mentioned above, the Hitchin fibration
mryz : Mryz = Aryz

appearing in [FYZ24] was small, so one knew immediately that Rmpyz1 Qe was an intersection complex with
full support on Apyz. Thanks to the full support property, one can describe Rrpyz1 Qe in terms of the
generic geometry of mpyz. Using this, [FYZ24] expressed Rrpyzi Qg in terms of Springer theory.

In the setting of Theorem where rank(£) = n — 1, the corresponding Hitchin fibration = : M — A
is not small, and the determination of Rm Q) is less straightforward. An essential observation is that 7= can
be enhanced in a natural way to a map

[ M — Ax Bunys (g (1.4.2)

whose geometry is more tractable, where Buny+ ;) is the twisted form of the moduli stack of rank 1 Hermitian
bundles on X’ defined in The morphism f is still not small, but it is more controllable than the original
m, thanks to a crucial idea (suggested to us by Zhiwei Yun) called the complementary line trick, explained
in §2.3] (We remark that the geometry of our situation resembles that of the non-singular terms in the
symplectic/orthogonal case, so our arguments may have broader scope for applications.) For example, we
show that there are natural decompositions A = | |;~,Aq and M = | |,, Mg as disjoint unions of open

and closed substacks in such a way that f restricts to a map
fa: Mg — Ag x Bunyy (g

that is generically a (P')?-bundle. We remark that the appearance of each P! has an analogue in the number
field setting: see [LZ22), §10.2, §10.4, Remark 10.2.1].

The appearance of the enhanced Hitchin fibration has an interpretation on the analytic side of
Theorem Proposition (and its proof) tells us that when r is even, the expression can be
rewritten as

2 d"

(log q)" ds™

where Den, (T, ) is the twisted density polynomial defined in In some sense, it is the geometry of

the factor A in the enhanced Hitchin base that controls these twisted density polynomials, while the
geometry of the factor Bunys+ () controls the Dirichlet L-function L(s,n).

Although the generic geometry of the enhanced Hitchin fibration is explicit, the lack of smallness
makes the analysis of R fiQ, quite subtle. The Decomposition Theorem implies that it must be a direct sum
of shifted intersection complexes supported on closed substacks, but a priori some of these supports could
have positive codimension. A key step in our arguments is a “support theorem” (Theorem showing
that this does not happen, and so R fiQy is determined by the generic geometry of the map f. This allows
us to ultimately express RfiQg, and hence also RmQy, in terms of Springer theory.

. (qs degx(wx)-I—sd(E)L(QS7 77) Den,, (q1—237 5)) , (1.4.3)
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Remark 1.4.1. In Ngd’s proof of the Fundamental Lemma [Ngol0], the proof of the appropriate support
theorem is the most involved part. Our situation is not as subtle, but certainly goes beyond the simple
situation of a small morphism. The proof relies on a comparison to the split case, and in that case a new
geometric criterion (developed in for a derived direct image to consist of only full support perverse
sheaves.

1.4.3. Hecke action. After RmQy is adequately characterized, we need describe the endomorphism of it
whose trace on the stalk at (£,a) € A(k) computes the degree of the 0-cycle ((1.1.6)). This endomorphism of
RmQy comes from Hecke correspondences on M defined in §4 The complicated geometry of those Hecke
correspondences makes them difficult to analyze directly. Our solution is to decompose the Hecke operator
into pieces, each of which descends to some simpler geometric situation.

More specifically, we are able to decompose the Hecke operator as a sum of three pieces: one pulled back
from the Bunysq(q factor in the enhanced Hitchin base , another pulled back from the A factor, and
a third pulled back from their product. This decomposition roughly mirrors the process of computing the
derivative in using the product rule from freshman calculus.

The calculation of the Hecke operator is carried out in §4] - and is quite intricate. A delicate analysis
of the geometry allows us to descend the calculation of each of the three pieces to the base from which it is
pulled back. That breaks the problem down into simpler components, which we study in turn.

For the piece which is pulled back from A, the Hecke action is calculated by using the full support
property to reduce to the regular semisimple locus, and explicitly analyzing the geometry there. Such a step
also occurs [FYZ24], although the geometry itself is quite different. This analysis is carried out in

The remaining two pieces, which are treated in §6[ and do not have counterparts in [FYZ24]; they are
a new feature of this paper. The idea is to explicitly calculate the Hecke action in terms of the Atiyah—
Bott description of the cohomology of Bunyt(;). The method is inspired by forthcoming work [FYZa] on
arithmetic volumes for general moduli stacks of shtukas.

1.4.4. Geometrization of twisted density polynomials. The calculation of RmQy and its Hecke endomorphisms
completes the analysis of the geometric side. We then need to relate the answers to the analytic side.

In the analogous step of [FYZ24], the major work was to express local density polynomials, which are
used to describe the non-singular Fourier coefficients of the Eisenstein series E(g,s,x), on H,, in terms
of Springer theory via the sheaf-function correspondence. For this the constraint xg = n™ on the Hecke
character x, assumed throughout [FYZ24], is important.

If we maintain the constraint xo = 7™ but work with the Eisenstein series E(g, s, x)n—1 on the lower rank
group H,_1, as we do in Theorem then the non-singular Fourier coefficients take a different shape, and
are no longer expressed in terms of the usual density polynomials. Instead, they are expressed in terms of
the twisted density polynomials already mentioned above in , and defined in We show that these
twisted density polynomials are again related, via the sheaf-function correspondence, to Springer theory, but
are expressed in terms of different Springer sheaves than the ones appearing in [FYZ24]. This analysis is

carried out in

1.4.5. Conclusion of the proofs. In we complete the proof of Theorem by simply comparing
Theorem with Theorem The first of these expresses the degree of the 0-cycle in terms of
Frobenius traces on stalks of certain Springer sheaves on 4, while the second expresses the higher derivatives
of the twisted density polynomials in the same form.

Switching to Theorem [1.1.1] so that £ has rank n and a : £ — ¢*&Y has corank one, the deduction
of that theorem from Theorem exploits the structure of [Z%(a)]V'" as the product of Chern classes
of tautological bundles with a non-singular factor [Z, (a”)]V'" defined by an injective Hermitian morphism

a’: & — 0*(£")Y on a vector bundle £” of rank n — 1. More precisely (see Lemma [11.2.1))
[ZE ()] = (H alpio*&yt® zU(n)ﬂ.)> 25 (@), (1.4.4)
i=1

where & := ker(a) and & := £/&. We can apply Theorem m to the pair (£°,a”), and so obtain an
expression for the degree of ([1.4.4)) in terms of non-singular Fourier coefficients of the Eisenstein series
E(g,8,X)n—1. These are related to corank one coefficients of E(g, s, x)» by Proposition and Theorem

[[Id] follows easily.
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1.4.6. Final remarks. The decomposition is not a special feature of our corank one pair (£,a). Ac-
cording to [FYZ24, §4], for general (€, a) — meaning for a : £ — 0*EV of arbitrary corank — the class [Z(a)]"'"
is a sum of terms which are similarly products of tautological Chern classes with non-singular factors (i.e.,
defined by injective Hermitian morphisms). At the two extremes, we have

e virtual classes which are purely non-singular (no Chern class factor), and
e virtual classes which are purely products of Chern classes (no non-singular factor), which are analyzed
in [FYZal.
The present work shows how to combine the techniques used in these two extremes, in order to calculate
virtual classes which have a more general form. We may thus hope that it sets the template for a proof of
the general higher Siegel-Weil formula, once the issues confounding the formulation of such a formula are

resolved (Remark [1.1.2]).
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1.6. Notation and conventions. Our notation is as in [FYZ24], §1.3], some of which will be reiterated
below. In particular, we fix an odd prime p and work over a finite field & = F, of characteristic p. A
k-algebra R is always assumed to be commutative.

1.6.1. As above, X is a smooth, proper, geometrically connected curve over k, and v : X’ — X is a finite
étale double cover. Denote by o € Aut(X’/X) the nontrivial automorphism.

We assume that X’ is also geometrically connected, except in §2f and where we also allow X' = X U X.
This is for a particular technical reason: we need to allow the possibility that X’ is split in the statement of
Theorem because reduction to that case is an important part of its proof.

We denote by wy and wxs = v*wx the canonical bundles on X and X’. The Serre dual of a vector bundle
Fon X'is

FYi=Hom(F,wx).

For any i € Z, we denote by wé, := w?éf the i*" tensor power of wy:. A pairing h: F @ 0*F — whe is
Hermitian if it is equal to the composition
FRoF2oFoF 2 o*who 2w,

(the first isomorphism swaps the factors in the tensor product, and the last is induced by the canonical
descent wx: = v*wx). A morphism a : F — ¢*F" is Hermitian if 0*a” = a. Thus a Hermitian morphism
F — o*FV is the same as a Hermitian pairing F ® o*F — wx.

1.6.2. The word stack always means Artin stack. For a k-stack Y, we denote by D%(Y) the bounded
derived category of constructible étale Qg-sheaves on Y, where ¢ # p is some auxiliary prime. For an object
E € D%(Y) and an integer i € Z, we define the shear

E(i) == E[2i)(3) (1.6.1)

as the composition of a shift and a Tate twist.

1.6.3. For a constructible étale Qy-sheaf F on a k-stack Y, we denote by H*(Y, E) the geometric cohomology
H*(Yz; Er). (Note the different font.) When E = Q we usually omit it from the notation, so that H*(Y")
is a shorthand for H*(Y7; Q). We will remind the reader of this convention whenever confusion is possible.
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1.6.4. We use the language of cohomological correspondences from [FYZ23]. In particular, for a correspon-
dence

Ay 22— C 2 A
and ¢, € D%(Ag), 41 € D%(A;) we write
Corrc (Ko, H#1) = Hompy(cy (ag-#o, alA).

The notions of pushforward, pullback, and trace of cohomological correspondences are defined in [FYZ23] §4].

2. GEOMETRY OF HITCHIN SPACES

In this section we define our Hitchin fibration (1.4.1) and its enhanced version (1.4.2)), and study their
geometry.

2.1. The Hitchin fibration. Fix an integer n > 1.
As in [FYZ24, §6.1], denote by Bunyy,) the k-stack whose R-points (for a k-algebra R) are rank n vector
bundles F on X}, endowed with a Hermitian isomorphism

h: F = o*FV.
We also need a twisted version of Buny;). Following the notation of [FYZ25, §3.1.1], let
(2.1.1)

Bunyyi(y) = BunU(l),U&_n

be the moduli stack whose R-points are line bundles £ on X7}, equipped with a Hermitian isomorphism
LQo*L w?{,”. The Hermitian structure on any F € Buny,)(R) determines a Hermitian isomorphism

det(F) ® o* det(F) = w, (2.1.2)
and formation of the twisted determinant
det’(F) := det(F) @ wi" (2.1.3)
defines a morphism det’ : Buny(,) = Bunyyi(yy -
Definition 2.1.1. Using the notation of [FYZ25| §3.2], the Hitchin space is
M= MELn—1),u(n) (2.1.4)
Its functor of points assigns to a k-algebra R the groupoid M(R) of triples (£, F,t) in which

e & is a vector bundle of rank n — 1 on X,
e F € Buny(y) (R),
o t: £ — F is a morphism of coherent sheaves on X7, such that the composition

o*tY

a: €L F Lo F I oreY (2.1.5)
is injective fiberwise over Spec(R).

Remark 2.1.2. The superscript “ns” in stands for the non-singular substack, and refers to the
injectivity condition in the third bullet point above. Note that this is stronger than the fiberwise injectivity
of t imposed in the definition of M(n — 1,n) found in [FYZ24l §8.1], and so our stack is an open
substack of the latter.

Definition 2.1.3. The Hitchin base A is the stack whose functor of points assigns to a k-algebra R the
groupoid A(R) of pairs (€,a) in which

e & is rank n — 1 vector bundle on X7,

e a:&— 0*EY is a Hermitian morphism that is injective fiberwise over Spec(R).

Definition 2.1.4. The Hitchin fibration is the morphism
M= A (2.1.6)
sending (&, F,t) — (€,a), where a : £ — 0*£V is the Hermitian morphism (2.1.5).
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Definition 2.1.5. The enhanced Hitchin fibration is the morphism

fi M — A x Bunyt (g (2.1.7)
sending (€, F,t) € M(R) to the triple (£,a,L) € (A x Bunyi(y))(R) defined by (2.1.5) and the twisted
determinant £ := det!(F).

The motivation for forming the enhanced Hitchin fibration will become clearer when we discuss the
complementary line trick in

2.2. Hermitian torsion sheaves. The geometry of the enhanced Hitchin fibration is complicated.
We will study it by restricting to certain dense open substacks of the source and target, defined in this
subsection in terms of moduli spaces of Hermitian torsion sheaves on X'.

Recall from [FYZ24] §4.1] the moduli stack Herm, of length d Hermitian torsion sheaves on X’. For a
k-algebra R, a point of Hermg(R) is a coherent sheaf @) on X whose pushforward to Spec(R) is locally free
of rank d, together with a nondegenerate Ox/-sesquilinear pairing

(=, =) QX Q — wpr Jwx:

satisfying (vi,v2) = 0*(ve,v1). Here wps is the F’'-module of rational 1-forms on Xp, viewed as a quasi-
coherent sheaf. Other formulations of what it means to give such a pairing on @ can be found in [FFYZ24!
§4.1].

According to [FYZ24, Lemma 4.3], Hermy is a smooth k-stack of dimension 0. The unramifiedness of
X’ — X implies that Hermy = () unless d is even.
2.2.1. The support morphisms. We regard the scheme-theoretic quotient

Xd = Sd\Xd

as the moduli space of degree d divisors on X, and similarly with X replaced by X’. As in [FYZ24] §4.1],
denote by

5/2d3 Hermgyy — Xéd

be the map sending a Hermitian torsion sheaf to its support divisor. Using the Hermitian structure, the
support divisor descends to X4, and we denote by support morphism

594 - Hermgd — Xd (221)

the composition of s, with this descent.

2.2.2. Open-closed substacks of the Hitchin space. As in [FYZ24l §8.4], there is a morphism

g: A — Herm := I_I Hermsy, .
d>0

For a k-algebra R, this sends (€, a) € A(R) to the torsion coherent sheaf
Q := coker(a : & — a*&Y)
on X%, endowed with its natural Hermitian structure. For d > 0, denote by
ga: Aq — Hermoy (2.2.2)

the base change of g along Herms, < Herm. Equivalently, using the notation of (1.1.2)), A; C A is the open
and closed substack characterized by the relation d(£) = d. Similarly, denote by m4: My — Ay the base
change of the Hitchin fibration (2.1.6) along A4y — A, and by

fd: ./\/ld — Ad X BunUf(l) (2.2.3)
the base change of the enhanced Hitchin fibration (2.1.7). We now have morphisms

My ELN Ag x Bungyqy = Ag 24y Hermay 2% X 4.
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2.2.3. Regular semisimple loci. Denote by X3 C Xy the open subscheme of multiplicity-free divisors, and
by X%° c X the multiplicity-free locus; i.e., the pre-image of X7 under the quotient map X4 — Xg4. The
map X%° — X 4 is an Sg-torsor. Taking the preimages of Xj C X4 under the arrows above defines stacks
MG L AG x Bungr ) — A3 2% Herms, 224 X, (2.2.4)
To spell this out a bit more explicitly, the regular semisimple locus
Hermj,; C Hermyy

is the space of Hermitian torsion sheaves with multiplicity-free support. An R-point (£,a) of the regular
semisimple locus

A?i C Ag
consists of a rank n — 1 vector bundle £ on X}, and a Hermitian morphism a : £ — 0*&Y whose cokernel is
a length 2d Hermitian torsion sheaf on X}, with multiplicity-free support. The regular semisimple locus

M;CMCI

is the preimage of A C A4 under the Hitchin fibration (2.1.6). All of these are inclusions of open dense
substacks.

2.3. The complementary line trick. Given a k-algebra R and an R-point (£, a, L) of A x Bunys+(qy, we
define the complementary line bundle on X}, by

D :=det(c"€) ® L € Bungray (R). (2.3.1)
Here, as in [FYZ24, §2], Bungy,y (R) is the groupoid of line bundles on X7,.
Lemma 2.3.1. The complementary line bundle carries a canonical Hermitian morphism
D — o*DY, (2.3.2)
which is injective fiberwise on Spec(R).
Proof. Taking the determinant of a : £ — ¢*£V provides a morphism
det(&) — o* det(€) ' @ Wi,

which in turn induces

D =det(c*) ® L — det() ' @ wi ' @ L. (2.3.3)
As L comes equipped with an isomorphism £ = (6*£VY) ® w}{,", we have
det(6) ' Wy, @ L2 det(€) @ LY = 0" DY, (2.3.4)

The morphism is defined as the composition of and . O
Now start with a point (£, F,t) € M(R), and form the complementary line bundle
D = det(c*€) @ det (F)
associated to its image under the enhanced Hitchin fibration .

Proposition 2.3.2. From the data t: £ — F, there is a functorially induced map D — F. This map is an
isometric embedding, in the sense that the composition

D F2o*FY = o*DY
agrees with , and its image is orthogonal to the image of £ — F.
Proof. The morphism ¢ : £ — F induces a morphism
F @ det(E) — det(F)
sending f @ ey A+ Aep_1 — fAL(er) A+ At(en—1). We may regard this as a morphism
det(F)" @ det(&) — FY,

and then apply ¢* to obtain the first arrow in

det(o* F)Y @ det(07€) — o* F¥ 5 F. (2.3.5)
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The desired morphism is the composition

D = det(F) @ det(c* &) ® wi{," —> det(c*F)Y @ det(c*&) —> F.

The proof that this morphism has the stated properties is a tedious but straightforward exercise in linear

algebra (that can be performed over the generic point of X’). O
Proposition associates to any (t: £ — F) € M(R) a morphism
t: @D~ F (2.3.6)

between vector bundles on X}, of the same rank n. This morphism is injective fiberwise over Spec(R), and
its formation is functorial in R. It is an isometric embedding, in the sense of Proposition where £ ® D
is endowed with the orthogonal direct sum of the Hermitian morphisms (2.1.5) and (2.3.2)). This canonical
upgrading of ¢t : £ — F to is the complementary line trick, suggested to us by Zhiwei Yun.

The complementary line trick allows us to understand the fibers of the enhanced Hitchin fibration ,
which we recall sends (¢t : £ - F) € M(R) to the triple

(£,a,L) € (A x Bunysq))(R),

where £ := det’ (F). Given an R-valued point (£,a, L) of the enhanced Hitchin base A x Bunys(q), we may
form the complementary line bundle . Giving an R-valued point of the Hitchin space M above (£, a, L)
is then the same as giving a Hermitian vector bundle F 22 o* FV together with an isometric embedding (2.3.6]).
In other words, the points of M above (£,a, L) are the self-dual vector bundles lying between the source
and target of the Hermitian morphism

ED =" oDV,

Remark 2.3.3. The vector cross product of freshman physics takes two vectors in R? and returns a third
vector orthogonal to them. More generally, the Hodge star takes n — 1 vectors in an n-dimensional inner
product space and returns an n'® vector orthogonal to all of them. The complementary line trick simply
imitates this construction in the context of Hermitian vector bundles.

2.4. The local Hitchin space. Fix an integer d > 0.
Our next goal is relate the enhanced Hitchin fibration (2.2.3)) to a simpler fibration, expressed entirely in
terms of moduli spaces of Hermitian torsion sheaves. The following Lemma is essential to this.

Lemma 2.4.1. Let R be a k-algebra. For any R-valued point (£,a,L) of the enhanced Hitchin base Agq x
Bunyi (1), the Hermitian torsion sheaves

Q := coker(£ — 0*€Y) and P := coker(D — o*D") (2.4.1)

on X7, both have length 2d, and have the same image under the support map (2.2.1)). Here D is the comple-
mentary line (2.3.1), endowed with its natural Hermitian structure (2.3.2)).

Proof. As @ has length 2d by definition of Ay, it suffices to show that P and @ have the same image under
the support map. From the construction of 7 we see that this is a special case of the more general
assertion that given an injective map ¢: &€ — &' between vector bundles on X’ of the same rank, coker(p)
and coker(det ¢: det & — det £’) have the same support. This assertion can be checked over the completion
at each point v € X’ where ¢ fails to be an isomorphism, where we see by elementary linear algebra that
the multiplicity of v in the support divisor of coker(yp) is the v-adic valuation of det ¢, as desired. O

The Lemma allows us to make the following definition.
Definition 2.4.2. The local enhanced Hitchin base is
B}}erm := Hermyg X x, Hermyyg,
where the fiber product is taken with respect to the support map . The doubling map
Db: Ay x Bunyi ) — plferm
sends an R-point (€, a, L) of the enhanced Hitchin base to the pair
Db(&,a, L) := (@, P)
of Hermitian torsion sheaves on X, defined by .
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Remark 2.4.3. The terminology doubling refers to the fact that Db is roughly a doubled version of (2.2.2]).
A bit more precisely, we have a commutative diagram

Db
Ad X BunUf(l) e Bgerm

| L

_—
Aqg 5 Hermpq —— Xy

in which the vertical arrow on the right is projection to the first factor in the product defining BEe™.

As in [FYZ24, §4.5], there is a stack Lagr,; — Hermyy whose fiber over an R-point N € Hermyq(R) is
the set of Lagrangian subsheaves L C N. Pulling back this construction via the map

(Q,P)—»Q®P
Bgerm = Hermyg x x, Hermyy ——————— Hermyg,

we obtain a Cartesian diagram (this is the definition of the upper left corner)

Lagry, — Lagry,

L

Bgerm —— Hermygy .
By construction, an R-point of Lagrﬁ3 is a point (@, P) € BY*™(R), together with a Lagrangian subsheaf
LCcQeoP.

Definition 2.4.4 (Balanced Lagrangian subsheaves). Suppose R is a k-algebra, and N € Herm(R) is a
Hermitian torsion sheaf on X5. If R is a field, we say that a Lagrangian subsheaf L C N is balanced if for
every closed point 2’ € X, we have the equality

dimp (LI' ) =dimpg (Lo(:v’) )

where L,/ and L, are the stalks of L at 2" and o(x'), respectively. For general R we say that a Lagrangian
L C N is balanced if it is so fiberwise on Spec(R).

Remark 2.4.5. If N € Hermo4(R), a Lagrangian subsheaf L C N is balanced if and only if the support
divisor of L is o-fixed. When this holds, it is easy to see that the support divisor of N is twice the support
divisor of L. In particular, the support divisor of L is a o-fixed divisor of degree d on X7, which implies
that d must be even.

Definition 2.4.6. The local Hitchin space ./\/lgerm is the closed substack
MEerm © Lagr?? (2.4.2)

parametrizing triples (Q, P, L) consisting of a point (Q, P) of BY™ and a balanced Lagrangian L C Q & P.
The local enhanced Hitchin fibration
fCIl-Ierm . Mgerm N Bglerm

is the morphism that forgets the balanced Lagrangian.

We now come to the main result of this subsection, which tells us that the local enhanced Hitchin fibration
is a good approximation to the enhanced Hitchin fibration f; from (2.2.3]).

Proposition 2.4.7. There is a Cartesian diagram
Md M?erm

f{ lf};‘"m (2.4.3)

Db
.Ad X BunUf(l) — B(Ijierm.

Proof. We first need to define the top horizontal arrow in the diagram (2.4.3). Given a k-algebra R and a
point (t: £ = F) € M4(R), we use the complementary line trick (2.3.6) to form the morphisms

EDD 5 F2o*FY 50"V @ o*DY
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of rank n vector bundles on Xj. The self-duality of F implies that the subsheaf
F c o*&v ® o*DV
E®D & D
is Lagrangian (see [FYZ24, §8.4]), and so defines a point of Lagryy (R). This defines the top horizontal arrow
in a diagram

(2.4.4)

Mg ——— Lagrly
f{ lf;‘e”“ (2.4.5)
Db Herm
Ad X BunUf(l) E— Bd 5

and it is clear from the definitions that this diagram commutes.
To complete the construction of the diagram (2.4.3)), we need the following Lemma.

Lemma 2.4.8. Lagrangians arising from the construction (2.4.4]) are balanced. Equivalently, the top hori-
zontal arrow in (2.4.5)) factors through the closed substack (2.4.2)).

Proof. Suppose we have (€, F,t) € My(R), and let
E®D—F (2.4.6)
be the isometric embedding from . As D is a line bundle, taking determinants yields a morphism
det(€) @ D — det(F).
Recalling that D = det(0*€) @ det(F) ® wy,", we can rewrite this as a Hermitian morphism
det(€) ® o* det(E) — Wit (2.4.7)

Tracing through the constructions, one can see that this is none other the Hermitian structure on det(&)
induced by the Hermitian structure £ ® ¢*€ — wx+ from .

Now fix a point 2’ € X'(R). Because is Hermitian, its cokernel has the same length along z’ as it
does along o(z’). Taking determinants and twisting by line bundles does not change the lengths of cokernels

(as in the proof of Lemma [2.4.1]), so we deduce that (2.4.6) also has this property. This is precisely what it
means for the Lagrangian (2.4.4]) to be balanced. O

It remains to show that the diagram (2.4.3) is Cartesian. Let M/, be the fiber product

/ Herm
M, M,
J/fd lf{ﬁlerm
Ag X Bunyy gy Db, Hermgg x x, Hermgg .

Thus we have an induced map My — M/, which we will show to be an isomorphism by constructing an
inverse map.
An R-point of M, consists of an R-point (£, a, £) of Ag x Bunys(q) together with a balanced Lagrangian
o*eV _ o*DVY

2]

L
A D

Given such data, we define F to be the pullback
F —— o*EV @ o*DV

i | (2.4.8)

a*eY a*DV
L £ g DY

By construction, there is an injection £ @ D < F, and in particular a map t: £ — F. This defines a point
of Mg4(R), and so defines a morphism M/, — M.

Checking that this is inverse to My — M/, amounts to verifying that if we start with a balanced La-
grangian L as above, then the F defined by satisfies det!(F) = L.
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To this end, first note that the line bundle
C:=det() @D 2 det(€) @det(c*E) @ L
on X/, carries a natural Hermitian pairing
CRo"C— wk, (2.4.9)

that can be characterized in two equivalent ways. One can either take the determinant of the Hermitian
map £ D — o*EY @ o*DY to obtain

C2det(§) @D — o*det(E) ' @ "D @w 2o ¢ @wh,
or combine the map
C = det(€) ® det(0™E) ® L ALY (2.4.10)

with the Hermitian isomorphism £ ® o* L = w?;” to obtain
2.4.10 ,
C®o*C WP RLROL X Wy
Taking determinants in the composition
EOD - F =&Y ®o*DY

provides us with maps C — det(F) — 0*C~! @ w%,, and the assumption that the L in (2.4.8) is a balanced
Lagrangian implies that

det(F) _o*C'@wy,

c T ¢
is a balanced Lagrangian with respect to the Hermitian pairing (2.4.9). On the other hand, the map (2.4.10)
also realizes

LWyt o CTlewy,

C C
as a balanced Lagrangian. The cokernel of a Hermitian structure on a line bundle admits at most one
balanced Lagrangian (any subsheaf of such a cokernel is determined by its support divisor, and all balanced
Lagrangians have the same support divisor by Remark , and it follows that det(F) & L ® w}Tl, as
desired. 0

Corollary 2.4.9. The enhanced Hitchin fibration fi: Ma — Aa x Bunyi (1) is a proper morphism between
smooth k-stacks.

Proof. The smoothness of My is a special case of [FYZ25| Proposition 3.11(2)]. The stack A4 is smooth
because Hermyy is smooth by [FYZ24, Lemma 4.3], and the morphism g4 : A; — Hermsy, is smooth by
[FYZ24, Proposition 8.12]. The stack Bunys(y) is smooth by [FYZ24, Lemma 6.8].

It remains to prove the properness of f;. The vertical arrow on the right in is evidently proper,
by the properness of partial flag varieties. As is a closed substack, the vertical arrow on the right in
is also proper, and hence so is the vertical arrow on the left. O

2.5. The regular semisimple part of the enhanced Hitchin fibration. In this subsection we study
the regular semisimple part (§2.2.3))
fd : M; — ./43 X BunUT(l)
of the enhanced Hitchin fibration, and give a concrete description of R fz.(Qp).
From Definition we have a natural map BY*™ — X,;. By pulling back the diagram along the
inclusion Xj < Xy of the open subscheme of multiplicity-free divisors, we obtain a Cartesian diagram

Herm,o

MG ——s M"
f{ == (2.5.1)
.AZ X BunUT(l) 4>Db B[Ii{erm,o.

This is the definition of the two stacks on the right; the two on the left were defined in §2.2]
Define an open subscheme (X’)%° C (X’)? as the fiber product

(X% = (X xx, X
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For a k-algebra R, a point of (X’)4°(R) consists of an ordered list of points /..., 2/, € X'(R) with the
property that the 2d points zi,..., 2}, 0(z),...,0(z)) are pairwise distinct. The natural map
(X% — Xg (2.5.2)
has the structure of a torsor under the finite group
Wd = (Z/QZ)d X Sd,

and taking the quotient by the normal subgroup (Z/2Z)¢ yields the Sg-torsor X%° — X§ of We now

form the Cartesian diagram

. ZFHerm
Mgerm,o fa gil{erm,o (X/)d,o

l l me (2.5.3)

Mgermp f}iqerm Bgerm,o Xcol

(this is the definition of the left and center stacks in the top row), in which all vertical morphisms are
W -torsors.

Lemma 2.5.1. The morphism Ngerm in [2.5.3)) has the structure of a Zariski (P1)?-bundle. More precisely,
there are line bundles Wi,..., Wy and Y1,...,Vq on B‘germ,o such that

/’\/tvgerm,o gp(%@%) X oo XP(%@%)7

where all fiber products are taken over ggermp'

Proof. Let R be a k-algebra. A point
(@, P, x}y) € By™°(R)
consists of a pair (Q, P) € BY™™(R) of Hermitian torsion sheaves on X% and points 2/, ..., 2/, € X'(R) such
that the common (and multiplicity-free) support divisor of @ and P is z} + -+ &/, + o(a]) + - - + o(2)).
The pullbacks of @) and P along 7 : Spec(R) — X, are line bundles on Spec(R), denoted
WLR = Q‘a:: and 4//1'71% = P|w;a
and the Hermitian structures on @ and P identify
Win = Qlo@) and ¥ 5 = Ply.

K2

By definition, lifts of our point to Mvgerm’o(R) are in bijection with balanced Lagrangians L C Q ® P. To
give such an L is to give, for every 1 < i < d, local direct summands
Lly; CQla; @ Ploy = #ir © ViR
Llotay) C Qlotey) © Plo)) = #in ® Vi
that are exact annihilators of one another under the Hermitian form (the Lagrangian condition) and have

the same rank (the balanced condition). Of course this is the same as giving only the rank one local direct
summands L|Z; for 1 <4 < d. With these observations, the Lemma follows immediately. O

Because XJ carries the Wy-torsor (2.5.2)), any representation of Wy on a finite dimensional Q,-vector
space determines an ¢-adic local system on X3, constant after pullback via (2.5.2)). Of special interest to us

o

are the local systems Kjf on X defined (for 0 < i < d) by the representations Ind%jxwd,i(ﬂ)’ and their

shears (in the sense of (1.6.1]))
K}°(—i) € DY(X3). (2.5.4)

Proposition 2.5.2. The morphism filerm . Mgerm’o — Bgerm’o is smooth and proper of relative dimension
d, and satisfies

d
RE™(Q) = P Ky® (=) | gitorm.o. (2.5.5)
=0

Here the restriction on the right is pullback via the natural map Bgcrm’o — X3
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Proof. The morphism f}°™ in the Cartesian diagram (2.5.3)) is smooth and proper by Lemma Since

the vertical arrows are Wy-torsors, f(?erm is also smooth and proper.
For the claim about the direct image, if we denote by
pi : P(Wi @ %) — Berm™e (2.5.6)

the P!-bundles (for 1 < i < d) of Lemma then proper base change and the Kiinneth formula give
isomorphisms

d
RFE™(Qe)|grrerms = RFGT™(Qe) = Q) Rpix (Qu). (2.5.7)
i=1

The canonical morphism pfQy — Qg of sheaves on P(%; @ ¥;) induces a morphism

QZ — sz* (QZ)

On the other hand, the subsheaf #; & 0 C #; ® ¥; defines a section ¢; to the bundle map p;, and applying
Rpi« to the morphism Qp — Rg;«(Qy) determines a map Rp;.(Q¢) — Q. Applying relative Poincaré duality
to this last map defines a morphism

Qo(—1) — Rpix(Qo).

Combining these, we obtain a morphism Q®Q¢(—1) — Rp;«(Qr). One can verify that this is an isomorphism
by checking on the level of stalks of cohomology sheaves, where it becomes the usual description of the
cohomology of P!. In summary, each P'-bundle (2.5.6) satisfies

Rpi«(Qe) = Ropi*(Qé) D Rzpi*(QZ)[_2] = Qr® Qu(—1). (2.5.8)
The left hand side of (2.5.7) is equipped with descent data relative to the Wy-torsor
B’(I:l{erm,o N B-(Ii-lerm,o7 (259)

encoded by isomorphisms
5" (Rf3™ (Qe) | grermio) = RFGE™ (Qe)| grterm.o

for every s € Wy. By examining the proof of Lemma [2.5.1] one can work out what the corresponding
isomorphisms are on the right hand side of (2.5.7)).
If s € S C Wy is a permutation, there are distinguished isomorphisms

sSWaiy =W and "V =2V
of line bundles, which induce Cartesian diagrams

PWio V) —— P(Wsw) © Vaw))

Pzi lpa'(i)

m»Herm,o s Herm,o
s )
Bd Bd

for all 1 <14 < d. By proper base change we obtain isomorphisms
S*Rps(z)*(QZ) = sz*(Qf)v
and hence isomorphisms (the first permutes the tensor factors)
d d d
s* <® Rpw(Qe)) > <® Rps(i)*(Qz)> =~ Q) Rpi (Qo).
i=1 i=1 i=1

If €; € (Z/2Z)* C W, is the tuple whose j'' coordinate is 1 and has 0 in all other coordinates, there are
distinguished isomorphisms

Wl ifi— w1 =
ezl T and gt Y
v; ifi#j ; if i # 5.
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These isomorphisms determine a Cartesian diagram
PWi® Vi) — P(W; 0 7))

B’;Ierm,o BHerm o

for every 1 < i < d, where in the case i = j we make use of the isomorphism
P/, @ ) =P @)

sending a line in % @ ¥; to its annihilator in 7/[1 &) %,1. By proper base change we obtain an isomorphism
€;Rpi(Qe) = Rpix(Qy) for every 4, and hence an isomorphism

d d
& <® Rpu(Qe)) = (X) Rpi. (Qe).
i=1 i=1
Combining (2.5.8) with (2.5.7) defines the first isomorphism in

d d
R (Qe) )| greem.o & ® Q@ Qu(—1)) = @( @ Qé)<—i>-

By our analysis above, the descent data on the left hand side corresponds to the natural action of Wy
(factoring through the quotient Wy — Sy) in the middle by permuting the tensor factors, and on the right
by permuting the subsets S. Elementary considerations show that

P Q =mdy,, (1)
Sc{1,....d}
#S=i

In other words, the two sides of become Wy-equivariantly isomorphic after pullback along the
W 4-torsor . Since Wy is finite, hence has no higher cohomology with rational coefficients, the descent
of the isomorphism along this Wy-torsor is a condition and not a structure. It follows that the isomorphism
descends to Bgerm’o. O

The main result of this subsection is the following consequence of Proposition [2 This Corollary will
be strengthened later, in Theorem [3.1.2}

Corollary 2.5.3. The regular semisimple part fq : Mg — Ay x Bunyi(y) of the enhanced Hitchin fibration
is smooth and proper of relative dimension d, and satisfies

d

Rfas(Qy) = (@ Kgo<i>|A;}> X Q&Bunm(n‘

i=0
Here Ké’o<—i>|,43 is the sheared local system from (2.5.4), pulled back along the composition
o BB, e EID, o

Proof. This follows immediately from Proposition by applying proper base change to the Cartesian
diagram (2.5.1)), and noting that

Db* (K™ (=) ggerme ) = K§° (i) Lag B Q
by the commutativity of the diagram in Remark O

3. THE SUPPORT THEOREM

Fix a d > 0, and recall the enhanced Hitchin fibration f; from (2.2.3)). In this section we calculate the
perverse cohomology sheaves of the direct image R f4.Qe.
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3.1. Statement of the support theorem. Recall from the discussion surrounding (2.5.4) that for 0 <
i < d we have constructed a local system K;° on X3 from the representation Ind%fX w,_, (1)

We pull back Kfi’o along the support map Hermg; — X3 from (2.2.4]), and denote by
K7 = ICHermsy (Kj° |Hermg,) € DY (Hermsg) (3.1.1)

the IC-extension to Hermsy. The map g4 : Ay — Hermsy from is smooth by [FYZ24, Proposition
8.12], and so the pullback
L%/dz|Ad ZICAd(K;’O|A3) € DS(Ad) (3.1.2)
of agrees with the IC-extension of the local system on Aj from Corollary Going forward, we
abbreviate simply to %, as the stack on which this sheaf lives will always be clear from context.
To lighten notation, we understand that both and are 0 for ¢ € {0, ...,d}.

Remark 3.1.1. Our convention for IC-extension is that (3.1.2) is a shifted perverse sheaf on Ay whose
restriction to Aj is identified with the local system K;°| As- More precisely, the sheaf (3.1.2) satisfies

i dim Ag] € Perv(Ayg).
Note that since dim Hermgg = 0, no shift is needed to make (3.1.1]) perverse.

Theorem 3.1.2. The enhanced Hitchin fibration fi: Ma — Aq X Bunyt (1) satisfies the following property:
after base change to k, there exists an isomorphism

d
Rfd*(Qg) o <@ %Z<—z>> X Q&BUHUT(U. (313)
=0

We will not address the subtle question of whether or not there is an isomorphism (3.1.3)) defined over k.
The Frobenius-equivariance of the isomorphism of the following Corollary, a key ingredient in the proof of
Theorem is all that we will need. Recalling the Hitchin fibration

g Mg — Ag
from , denote by PR™74.(Qy) the m*™ perverse cohomology sheaf of R7g.(Qy).
Corollary 3.1.3. For every m € Z, there is a Frobenius-equivariant isomorphism
PR™ 11 (Qe) = P Hy (—i) @ H (Bunyt p))[dim Aq] (3.1.4)
dim Ag+2i+j=m
of perverse sheaves on Ad,E- Here 1Y (Bunyt (1)) is geometric cohomology (as in @, regarded as a constant

sheaf on A, 7, with its Frobenius induced by the k-structure on Bunys (qy.

Proof. Denote by a : Bunyt ;) — Spec(k) the structure map. By pullback, we regard the sheaf R7a)(Qy)
on Spec(k) also as a sheaf on Ag. Since Bunyt () is prope the base change of R7a;(Qy) to k is just the
constant sheaf on ‘Ad,E associated to

HY (Buny+ (1)) = B (Bung+ ().

Theorem [3.1.2] implies the existence of an isomorphism

d
Rmai(Qe) = (@ %/J(—@) ® | PRIa(Qr)[—J] (3.1.5)
=0

7>0

in DY(A, 7). As the right hand side is a direct sum of shifted perverse sheaves, we deduce that for every
m € Z there is an isomorphism

PR™ a1 (Qy) & &P K (—i) @ R ay(Qy)[dim Ag] (3.1.6)
dim Ag+2i+j=m
of perverse sheaves on the base change A, 7. On the other hand, Corollaryprovides us with a k-rational
isomorphism , and hence also , but only over the regular semisimple locus Aj.

2The definition of properness for stacks does not automatically imply cohomological properness, i.e., that cohomology is
isomorphic to compactly supported cohomology. However, it is true in this case, since we work with rational coefficients.
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There is no a priori relation between our two isomorphisms 7 one defined only after base change,
and the other k-rational but defined only over the regular semisimple locus. However, we can modify the
first in order to ensure that they agree over the base change to k of the regular semisimple locus. Indeed,
by composing one with the inverse of the other we obtain an automorphism of the shifted perverse sheaf

P  Ai-i)eRaQ, (3.1.7)

dim Ag+2i+j=m

defined over AZ,E' Because is the IC-extension of a local system on AZ,E’ this automorphism extends
to an automorphism defined over all of A 4% We use this extension to modify the first isomorphism ,
obtaining the desired compatibility with the second.

What we now have is an isomorphism defined over Aj, which, after base change to k, extends to
all of A 4% We must show that this extension is Frobenius-equivariant. This is a question of whether two
endomorphisms of the base change of , one induced by its k-structure and the other induced by the
k-structure of PR™74(Qy), coincide. As the IC-extension functor is fully faithful, this can be checked over

the regular semisimple locus, where it is already known. O

The proof of Theorem will occupy the remainder of For the remainder of §3| we base change all
k-stacks to k, but typically omit the k& from the notation.

Lemma 3.1.4. The LHS of (3.1.3)) non-canonically contains the RHS as a summand. In particular, to prove
(13.1.3)) it suffices to show that the stalks of both sides have the same Poincaré polynomial (whose coefficients
are the dimensions of cohomology) at each k-point of Ag x Bunys+(qy.

Proof. As fgis a proper morphism with smooth domain (Corollary7 the Decomposition Theorem shows
that Rfq.(Q¢) decomposes as a direct sum of shifts of intersection complexes supported on closed substacks
of Ag x Bunyi(yy. Given this, the claim follows from Corollary which shows that the two sides of
become isomorphic after restriction to the dense open substack A3 x Bunyq ). |

Remark 3.1.5. As the proof of Lemma demonstrates, the essential new content of Theorem [3.1.2
is that the intersection complexes appearing in the decomposition of R f4.(Q¢) have full support, hence we
refer to it as a “Support Theorem”.

A key ingredient in the proof of Theorem is the following general observation.

Lemma 3.1.6. Suppose we are given a proper morphism f :Y — Z of smooth stacks over an algebraically
closed field, and a decomposition Y = |_|§l:0 Y; into locally closed substacks. Assume that these satisfy:

(1) There is an open dense substack Zy C Z over which the morphism [ is smooth, and local systems
Lq,...,Lq on Zy satisfying

d
Rfc(Qe)lz, = €D Li(—i).
=0

(2) FEach restriction f; : Y; — Z satisfies Rfy(Qyg) = IC 7 (L;){(—1).

Then there is an isomorphism
d
R/.(Qe) = EDIC(L:)(—i). (3.1.8)
i=0

Proof. Using the first hypothesis, the Decomposition Theorem implies that the right hand side of is
non-canonically a direct summand of the left hand side. Therefore, to check that equality holds it suffices
to prove that the Poincaré polynomials of the stalks of both sides are equal at all z € Z(k).

Let Y, := f~!(2) be the fiber over z, with its induced stratification by Y; . = f;"!(2). By proper base

change, (Rf. Q). = H*(Y.). On the other hand, (Rf.Q). contains as a direct summand

d
Picz(L). (i),
=0
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which by proper base change and the second hypothesis is isomorphic to

d
Puivi.).
=0

Thus Y, is a proper scheme with a locally closed stratification Y, = |_|;i:0 Y; . such that H}(Y,) contains as

a direct summand EB?:() H%(Y; ). In particular, for each n we have an inequality

d
dimH(Y2) > ) dim H} (Y; .) (3.1.9)
1=0

and we want to show that it is an equality.
By induction, we may reduce to the case where there are only two strata, say with Yj , closed and Y ,
open. Then we have a long exact sequence

oo HIY ) - HN(Y,) - HE (Yo,.) — - ..
which supplies the reverse inequality to (3.1.9)), forcing it to be an equality. |

3.2. Springer sheaves. We recall some notation from [FYZ24] §4]. Let

W%{derm: Hermsy — Hermoy (3.2.1)

be the stack whose fiber over @) € Hermyg(R) is the set of full flags of the form

0CQRIC-CQiC - CQa—1C Qa2 =0,
with Q24—; = Qi+ under the Hermitian form on Q. Thus 73" is the analogue of the Grothendieck—Springer
resolution for Herms,. Let
Sprierm .= Rllerm(Q,) € D (Hermyy). (3.2.2)
The map ,/ngrm is small, and its restriction to the regular semisimple locus Herms, is a torsor for the finite
group Wy = (Z/2Z)? x S,. It follows that Spri ™ is a perverse shea carrying a Springer action of Wj.
For any 0 < ¢ < d, the sheaf satisfies

A (SpriermyWixWasi ¢ Db (Hermay), (3.2.3)

Herm

where the right hand side is the largest subsheaf of Spry;™™ on which the subgroup W; x Wy_; C Wy acts
trivially. Indeed, both of these sheaves are IC-extensions from the regular semisimple locus, over which both
restrict to the local system determined by the representation Ind%jxwd_i (1).

3.3. The split case. We will first prove Theorem in the case where the double cover
X' =XuXx
is split. Recall from §I.6] that this is allowed only in §2] and §3]
Denote by Cohy the moduli stack of torsion coherent sheaves on X of length d, as in [FYZ24] §3.1].
Restricting a Hermitian torsion sheaf on X’ to the first copy of X defines an isomorphism Hermsg = Cohy.

There is a natural map Cohy — Xy sending a torsion sheaf to its support divisor, and the enhanced local
Hitchin base of Definition 2.4.2] can be identified with

B! = Cohg x x, Cohg . (3.3.1)

Similarly, the local Hitchin space MYe™ from can be identified with the moduli stack /\/ldCOh
parametrizing triples (@, P, L), in which @ and P are length d torsion coherent sheaves on X with the same
support divisor, and L C () @ P is a subsheaf that is balanced, in the sense that its support divisor is equal
to the common degree d support divisor of ) and P. The map that forgets L is denoted

FEOM s MG — BEM (3.3.2)

Denote by Cohj’ the k-stack of cyclic torsion coherent sheaves of length d on X. More precisely, for
a k-algebra R, an R-valued point of Cohj’“ consists of a torsion coherent sheaf P on Xp together with a
presentation Lp — P of P as the quotient of a line bundle on Xg. Although the line bundle and the
presentation are part of the data of a cyclic torsion coherent sheaf, we usually omit explicit mention of them;

3No degree shift is needed for this statement since Herms,y is 0-dimensional.
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the existence of such a presentation of P is more important than the particular choice. There is a canonical
morphism Cohj”* — Cohy that forgets the presentation, and hence a canonical morphism from

B¢ := Cohg x x, Cohf" (3.3.3)
to (3.3.1)).
The doubling map of Definition now viewed as a map taking values in B$°!, factors naturally as
Ad X BunUT(l) — B;yc — BgOh, (334)

because the Hermitian torsion sheaf P on X’ appearing in Definition is cyclic by construction: it is
defined in (2.4.1)) as the cokernel of a morphism of line bundles. This allows us to augment the diagram of
Proposition to a Cartesian diagram

cyc

My ———— MY —— MGeb

al s s (3:3.5)

Ag x Bunyi(y —— B¢ —— B,

where M is defined to make the square on the right Cartesian. In other words, a point of M7’ is a point

(Q, P) of (3.3.3)) together with a balanced subsheaf L C @Q & P.
For an R-valued point L C Q & P of M, consider the subsheaves

J=LNQcQ and I:=TImage(L =2 P)C P. (3.3.6)

Here mp : Q ® P — P is the projection. If R is a field (so that J and I are R-flat, hence define torsion
coherent sheaves on X7), the exactness of

0=J oL T50

implies the equality of support divisors supp(J) + supp(I) = supp(L), which is equal to the common support
divisor of Q and P by the balanced condition on L. In particular, if we denote by j and i the lengths of J
and I, respectively, then ¢ + j = d. This allows us to define a stratification

d
MG = | | M (3.3.7)
=0

into locally closed substacks, where M5 C Mg" is the locus of points for which the subsheaves J and I in
(3.3.6]) are torsion coherent sheaves of lengths d — ¢ and 4, respectively.

Denote by Coh;cq4 the stack over Cohy whose fiber over P € Cohg(R) is the set of length ¢ subsheaves
I CP.

Lemma 3.3.1. The morphism
Td,i: MZ):ZC — COhd—iCd XXy COhZyC
sending L C Q @ P to the pair (LN Q C Q, P) has the structure of a rank i vector bundle.

Proof. Abbreviate j = d — i. Suppose we are given a k-algebra R and a point
(J C Q,P) € (Cohjcq xx, Coh) (R). (3.3.8)

As P is cyclic with the same support divisor as ), it has a unique subsheaf whose support divisor satisfies
supp(Q) = supp(J) + supp(J). Namely, recalling that the cyclic torsion sheaf P comes with a presentation
Lp — P as a quotient of a line bundle, [ is the image of the composition

Ly :=Lp(—supp(J)) = Lp — P.

The preimage of under mq,; is the set of all balanced subsheaves L C @ @ P such that LNQ = J.
By the discussion following , this is the same as the set of all subsheaves L C @) & P satisfying the
two conditions L N Q = J and Image(L — P) = I. This is a standard chart in a Grassmannian, and it is
well-known that such L are naturally in bijection with the set Home, (I,Q/J). Explicitly, to a morphism
f: I — Q/J we associate the subsheaf

L={(y+ f(z),z):yeJzecl}CQP.
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We are left to prove that Home, (I,Q/J) is a locally free R-module of rank . By construction, I comes
with a presentation £; — I as a quotient of a line bundle. It follows that the R-module

Homo, (1,Q/J) = Homoy (L1,Q/J) =(Q/J) ®ox L'
is locally free of rank i, because Q/J is. (]

Let Spr, be the perverse sheaf on Cohg from [FYZ24] Corollary 3.4]; this can be thought of as the Springer
sheaf associated to the regular representation of Sy. The construction is entirely analogous to (3.2.2)), and
there is a canonical isomorphism

(Sprfm™) #/28)" = Spr,, (3.3.9)
of perverse sheaves on Hermyy 2 Cohg, equivarlant for the action of Wy/(Z/ 2Z)d ~ S,

Lemma 3.3.2. The restriction of f3"° to a map fi%° : M7 — By satisfies

R(f3% Qe = Spri % (—i) K Q.

Proof. Abbreviating j = d — ¢, the morphism f;”° factors as the composition

hjchId

Td,i
M;yf — Cohjcq X x, Coh Cohy x x, Coh* = BY",

where hjcq is the morphism that forgets the subsheaf J C Q). As m4; is a vector bundle of rank ¢ by Lemma
3.3.1] it satisfies R(7q,:)1(Q¢) = Qe(—%). On the other hand, the morphism hj;c4 is proper and small and
satisfies

R(hjca)« Qe = Spr %7 . (3.3.10)
This last claim can be checked by noting that both sides are IC-extended from the regular semisimple locus
Cohy, over which the isomorphism is evident. The lemma follows by combining these observations. O

Proposition 3.3.3. Theorem holds under our assumption that X' = X U X.

Proof. Pulling back the stratification (3.3.7)) along the upper left horizontal map in (3.3.5) yields a strat-
ification My = |_|§l=0 Mag,;. Applying proper base change to the diagram (3.3.5), Lemma and the

isomorphisms
BZ3) , :
G = (SprilermyWixWa—i T2 gy Six S (3.3.11)

imply that each restriction fq,; : Mg; = Aqg X Bunyy+ () satisfies

R(fa,i) Qe = 27 (~i) ¥ Q.
The morphism fy in (3.3.5) is proper with smooth source and target by Corollary and so Lemma

3.1.6|shows that the isomorphism of sheaves on M from Corollary [2.5.3| extends to an isomorphism (|3.1.3)
d
on Mgy. O

Now we deduce from the global Proposition a purely local statement about the map (3.3.2)). Note
that the statement only concerns torsion coherent sheaves on X, and makes no mention of the double cover
X' — X (although in the proof we continue to assume that X’ = X Ll X). This will be essential in the next
subsection.

Corollary 3.3.4. Fiz a point y = (Q, P) € B§°"(k) corresponding to a pair of torsion coherent sheaves on
X5 with the same (degree d) support divisors. If P can be realized as a quotient of a line bundle, there is an

isomorphism of stalks
d

REEMQ0), = P (Sprj”sd*%—n X Q@) ,
i=0 Y

Proof. If y is in the image of the composition , the claim is obtained from Propositionby applying
proper base change to the outermost square of the diagram , and using the isomorphisms (3.3.11)).

For general y, we exploit the fact that the statement of the Corollary is purely local, in that it only
involves torsion coherent sheaves on X. In particular, it does not involve the integer n > 1 fixed in and
used in the definitions of A4 and Bunyy (). Thus we are free to assume that we have chosen n > d, and we
claim that under this assumption y lies in the image of the composition .
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To see this, first note that our assumption on P implies that it is determined uniquely by @, because
a coherent torsion sheaf that can be realized as a quotient of a line bundle is uniquely determined by its
support divisor. It therefore suffices to show that @ lies in the image of the map

(2.2.2)
.Ad !> Hermgd = COhd

sending a : £ — 0*EY to the restriction of coker(a) to the first component of X’ = X U X. As @ has length
d < n it can be expressed as the cokernel of an injective morphism of rank n vector bundles on X7, and from
this it is easy to construct a point of A4 (k) above it. O

3.4. Reduction to the split case. We now prove Theorem [3.1.2]in full generality.
Recall from [FYZ24, §4.5] the moduli stack Lagr,, of pairs (@, L) consisting of a Hermitian torsion sheaf
Q@ on X’ and a Lagrangian subsheaf L C ). The open substack
Lagrgd C Lagry,
is defined by the condition that
supp(L) No(supp(L)) = 0.
Exactly as in [FYZ24] §4.5], there are surjective morphisms

Hermsy o Lagrgd LI Cohy

defined by bo(L C Q) = Q and by (L C Q) = v, L. We remind the reader that v : X’ — X is our fixed double
cover. We will use this correspondence to convert Corollary [3.3.4] into an analogous statement about the
local enhanced Hitchin fibration

fHierm ., pqHerm o gHerm — Hormyy x x, Hermoy
appearing in the Cartesian diagram of Proposition [2.4.3

Proposition 3.4.1. Fiz a point x = (Q,P) € BI™(k). If the torsion sheaf P can be expressed as the
quotient of a line bundle on X', there is an isomorphism of stalks

d

Rfierm(Ql)x ~ ((Sprgerm)WiXWd—i <—Z> X Qf)x .
=0

Proof. Define a morphism Lagrgd — X/ by sending (@, L) to the support divisor of L, and consider the
diagram
Mslerm Mgoh
pom| [

Herm bo%bo & & bixh Coh
B, < Lagry, xx, Lagry, —— B7"

Fix a point

z € (Lagrgd XX/ Lagrgd)(k:)
above z € Bger"‘(%). The choice of z consists of choices of Lagrangian subsheaves Q” € Q and P’ C P,
along with a divisor D" € X/,(k) satisfying both

supp(Q") = D* = supp(P”)
and D’ N D! = (), where we abbreviate Df := J(Db). These conditions imply the existence of unique
decompositions

Q=Q ®Q" and P=P oPp

satisfying

supp(Q¥) = D = supp(P¥).
Similarly, any Ox/-submodule L C @ & P decomposes uniquely as

L=L"aL!

with L’ € Q" @ P* and Lf c Q! & P*.
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The pair (V*Qb, V*Pb) of coherent torsion sheaves on X corresponds to the point
y = (b1 x b1)(2) € B! (k),
and the assumption that P is a quotient of a line bundle on X’ implies that v, P is a quotient of a line bundle
on X (being a quotient of a line bundle is equivalent to every stalk being generated by a single element as a
module over the local ring, and if P has this property then so do P’ and V*Pb). We claim that there is an

isomorphism

MS™ 2= MG (3.4.1)

(as k-schemes) between the fibers above x and y.
A point of the left hand side of is a balanced Lagrangian L C @ & P. The Lagrangian condition
implies that
supp(L) + o(supp(L)) = supp(Q & P). (3.4.2)
On the other hand, by Remark the balanced condition is equivalent to the support divisor supp(L)
being o-fixed. It follows that the balanced condition on L is equivalent to the support divisor of L agreeing
with the common support divisor of @) and P, which is in turn equivalent to the two conditions

supp(L’) = D° and supp(LF) = D (3.4.3)
In particular, the first condition implies that supp(v«L’) = v, D" agrees with the common support divisor of
v,Q" and v, P’, which is precisely the balanced condition needed for the subsheaf
V*Lb C Z/*Qb P 1/*1’:’b

to define a point on the right hand side of (3.4.1)).

For the inverse construction, first note that LY — v, L’ establishes a bijection between subsheaves of
Q" ® P" and subsheaves of v,Q" @ v, P°. A point on the right hand side of consists of a subsheaf of
v,Q" @ v, P’ with support divisor v, D”, which therefore has the form v, L’ for some subsheaf L’ C Q* @ P’
with support divisor D’. There is a unique subsheaf L# ¢ Q @ P* making

L::L"@Lti cQeP

a Lagrangian, and from the relation one deduces that Lf has support divisor Df. As L satisfies the
two conditions , it is a balanced Lagrang1an and so defines a point of the left hand side of -
By (3.4.1] - and proper base change, there is an isomorphism of stalks

R (Qe)a = RIG(Qu)y-
On the other hand, by [FYZ24, Proposition 4.11] there is a canonical isomorphism

bO(Sererm)WiXWd_i o~ b* SprS iXSa—i

of sheaves on Lagrgd, and hence a canonical isomorphism of stalks
d d
69 ((Sererm)W XWq_ 1<—i> X Qé)x ~ @ (SpI‘S XSdq— z< > X QZ)y
i=0 i=0
The Proposition now follows immediately from Corollary O

Proof of Theorem[3.1.9. Fix a geometric point
Yy = (gaav’c) € (Ad X BunUT(l))(E)'

If we denote by x € Bgerm( ) its image under the doubling map of Definition 2 there are isomorphisms
of stalks
d d
R fa-(Qe)y = RAE™(Qe)e = @D ((Sprag™) "o (—i) K Qe), = €D (A (~i) R Qo)
i=0 i=0

The first is obtained by applying proper base change to the diagram of Proposition The second is by
Proposition whose hypotheses are satisfied by the construction of the doubling map. The third is by
, where in the final expression %, is the sheaf obtained from by pullback.

As observed in Lemma such an isomorphism on the level of stalks is enough to complete the proof
of Theorem O
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4. HECKE CORRESPONDENCE FOR THE HITCHIN SPACE

We continue to fix an integer n > 1. In this section we construct a Hecke stack for the Hitchin space M
from §2.7] define several cohomological correspondences on it, and formulate in Theorems [£.5.2] [£.5.3] and
their induced actions on cohomology. The proofs of these three theorems will then be given in
and §7}

The central result of §]is Corollary [£.5.5] This will be a crucial ingredient in the proof of Theorem [8:3.1
which computes the geometric side of the higher Siegel-Weil formula

4.1. The Hecke stack for Buny:(;). Recall the k-stack Bunyt(y) from (2.1.1). As in [FYZ24, §6.2], there
is a Hecke correspondence

ut@) . ut@)
BunUT(l) 0% HkUT(I) % BunUT(l) . (411)

To spell this out, for a k-algebra R we define Hk%ﬁ(l)(R) to be the groupoid of pairs (2/,L,) in which
2’ € X'(R), and L, is a diagram

/ o(z)

Lo . Lz, Ly (4.1.2)

of morphisms of line bundles on Xp, with Lo, £; € Buny+(;)(R). In the terminology of [FYZ24 Definition
6.5], the leftward map is required to be an upper modification of length one along ', the rightward map is
required to be an upper modification of length one along o(z’), and the Hermitian pairings on £y and £
are required to pull back to the same pairing

b * rb *, 1-—n
Ll ®@07LY = Viwy ™.

The arrows héﬂ(l) and hiﬁ(l) in are defined by
Lo+ (2, Le) = Ly.
Remark 4.1.1. Any modification as in satisfies
Lo(—a') = L) = L1(~o(a).
so is determined by the data (z/, Ly). This defines an isomorphism
Hkyy1(qy 22 X' x Bunyrq -

4.2. The Hecke stack for Buny(,). We continue to fix an integer n > 1, and define the Hecke correspon-
dence

U(n) h‘;‘(")

Buny ) +—— Hkyy(,,) —— Bunyy,
for Buny,,) in the same way as . To spell this out, for a k-algebra R, a point
(z', Fo) € Hkyy(,,) (R)
consists of an ' € X’(R), and a diagram of rank n vector bundles

o(z’)

Fo %~ Flg — F1 (4.2.1)

on XJ. The left and right maps in (4.2.1]) are modifications of length one along 2’ and o ('), respectively.
The vector bundles Fy and F; are endowed with Hermitian structures making them points of BunU(n)(R)7
and the Hermitian pairings on them pull back to the same Hermitian pairing on flb /2 The maps hg(") and
RV are

1

.7:0 < (I/,]:.) — Fi.
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4.3. The Hecke stack for M. Hecke stacks are defined in [FYZ25| §3] for Hitchin spaces in significant
generality. Here we spell out the definition of the Hecke stack

h 1 7
M +—— Hk — M
for the Hitchin space M = Mgy, 1) 1, from
For a k-algebra R, denote by Hl,(R) the groupoid of tuples (', &, Fo,te) in which (2/, F,) € Hk%(n)(R)7

& is arank n—1 vector bundle on X3, and t, = (fo,t1/2,%1) is a tuple of morphisms fitting into a commutative
diagram

& (4.3.1)
/2l \
‘FO 2 ‘Fily/Q G(LE') fl’

and making (€, Fo,t) and (€, F1,t1) points of M(R). The morphisms h}! and h{* are
(57]:03t0) <_| (x/;g)]-—07t0) ’_> <g7]:17t1)'

Remark 4.3.1. The three Hecke stacks just defined are related by a commutative diagram

hy’ 1 hi't
M +—— Hk ———— M

l RSC! l RU™M) l

Buny ) — Hkyy(,) —— Buny(y,) (4.32)

dctTJ l ldct‘L
hUT(1> hUT<1)

BunUT(l) <0; Hk%ﬁ(l) 1*> BunUT(l),
where det! is the twisted determinant (2.1.3). In the middle column, the first arrow is the obvious
(2, &, Fo,te) — (2', Fs). The second sends an R-point (z’, F,) to the diagram

o(z)

Lo +5— L3,y = L, (4.3.3)

where £; = detT(]-'i)7 and the line bundle L’z /218 constructed from .7:{’ 2 I the same way.

Remark 4.3.2. By the complementary line trick described in §2.3) an R-point (&3.I) of Hk}, can be
functorially upgraded to a diagram

oz’

oD = oD, " gaD,

?{ ﬁl“ lﬂ (4.3.4)

Foet 7, T R
of injections of rank n vector bundles on X7, where the modification of line bundles
o(z’)

Dy D}, 75 Dy (4.3.5)

is obtained by twisting (4.3.3)) by det(c*&), exactly as in (2.3.1)).
Taking the product of (4.1.1) with the Hitchin base A defines a correspondence

.A X BunUT(l) < A X Hk%j’r(l) E— .A X BunUt(l).
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Using the morphisms of (4.3.2]), the Hitchin fibration (2.1.6)) and its enhancement (2.1.7) now fit into a

commutative diagram

M Hk}, M

A | 7 (4.3.6)

” A x Bunyi (1) +—— A X Hk{ﬁ(l) — A x Bunyi() ™
A / A A

Remark 4.3.3. Recall from §2.2] the morphism 74 : My — Ay obtained from 7 : M — A by pullback
along the open and closed substack Hermyy C Herm. There is an obvious version of (4.3.6) for these stacks
as well, obtained by the same pullback.

4.4. Tautological bundles and the comparison divisor. We next define a tautological bundle on Hk}\,,.
This is an object of central importance to us, but it is difficult to analyze directly. We will use the diagram
(4.3.2) to break it down into several pieces, which will be easier to understand.

Definition 4.4.1. The tautological bundle i1y on Hk%ﬁ(l) is the line bundle whose fiber at an R-valued
point (z/,L,) € Hk%ﬁ(l)(R) is the pullback of the torsion coherent sheaf

coker(ﬁ?/2 — L)
along its support divisor o(z’) : Spec(R) — XJ,.

Definition 4.4.2. The tautological bundle {y,) on Hkb(n) is the line bundle whose fiber over an R-point
(2’, F,) is the pullback of the torsion coherent sheaf

coker(]—'lb/2 — F1)
along its support o(z') : Spec(R) — XJ.
Definition 4.4.3. The tautological bundle ¢4 on Hk}\,t is the pullback of i, along

HLh, =22 Hiy,, -

Abusing notation, we denote again by fy (1) the pullback of the tautological bundle from Definition @
along

[4.3.2
HkM - Hkm(m
relying on context to make the base clear.
Definition 4.4.4. The comparison divisor is the closed substack
C — Hkj,

whose R-points are those tuples (z/, &, Fo, t ) € Hk)((R) for which the morphism of vector bundles Dy — Fy
from Remark vanishes along o(z') € X'(R).

Definition 4.4.5. The universal vector bundle €™V on Hk}w is the vector bundle whose fiber over an
R-valued point (z/,E, Fe,ts) € Hk),(R) is the restriction of £ to 2/ € X'(R). In other words, it is the
pullback of the universal rank n — 1 vector bundle on A x X', along the map Hk}vl - Ax X',

The following Proposition gives us a factorization of £, in terms of the other, simpler, objects just defined.
Proposition 4.4.6. There is a canonical morphism
Lyt (1) ® det(EMY) = Laq (4.4.1)

of line bundles on Hk}\,l, whose vanishing locus is equal to the comparison divisor C'. In particular, C is a
Cartier divisor, and there is an isomorphism

lyi1y ® det(EMY) @ O(C) = .
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Proof. First we define the morphism (4.4.1)). Given (2/,&, Fo,te) € Hk}w (R), we form the diagram of Remark
and from it the morphism of torsion coherent sheaves

coker(’D?/2 — D) — coker(.)"—"'l’/2 — F1)
on Xp. Unraveling the definition of the D;, we see that
coker(D?/2 — D) = coker(,ll'i/2 — L1) ® det(c*E)
where L; = detT(}'Z-) as in Remark Pulling back the resulting morphism
coker(ﬂ?/2 — L1) ®@det(c*E) — coker(]—'lb/2 — F1)

along o(z') : Spec(R) — X}, defines the morphism (£.4.1); more precisely, defines its restriction to the
R-valued point of Hk}\/l determined by the tuple (2, &, Fe, te)-

Denote by C’ < Hk), the vanishing divisor of the morphism (#4.1). Directly from the construction
above, one sees that (z/,&, Fe,te) € C'(R) precisely when there exists a (necessarily unique) dashed arrow

£aD) = caD, "k gaD,

tol J’ //// ltl
’ K

Foet B, T R

(see Remark [4.3.2) making the diagram commute. In other words, C” is the locus of points (4.3.4) for which
the map

~ TP b
Dy(—a') = Dy = Fijo
extends to
Do(o(a) —2') 2Dy — F .
This is equivalent to the map
Dy(—a') = F 9
vanishing along o(z’), which is equivalent to Dy — Fy vanishing along o(z’). This is precisely the condition
that cuts out C, which is therefore equal to C’. ]
4.5. Hecke action on cohomology. Fix an integer d > 0, and return to the diagram

h! !

My Hkly, d My
e | T
Td Ag x Bunyi(q) «—— Aqg ¥ Hk%ﬁ(l) — Ag x Bunyy(q) Ta (451)
Ag Aq Ad,

from (4.3.6) and Remark

4.5.1. Cohomological correspondences. The morphism labeled h{*! is LCI (the source and target are smooth,
as established in [FYZ25| §3.4, §3.5]) and proper, of relative dimension 1. Hence the Gysin map Q(1) =
M (Qy) (1) — h{'Qy is an isomorphism. Hence, referring to the notions of cohomological correspondences
introduced in [FYZ24l §3], we have canonical isomorphisms

Corrpe, (Qe, Qo) == Hompy i, ) (hy"* Qe 1 Q)
= Hong(Hk}Md)(va Q(1))
=~ [ (Hk),,)(1).

Here H 2(Hk}v{ ,)(1) refers to the absolute cohomology over k, which admits a pullback map to geometric
cohomology (recall the notational conventions from §1.6) landing in the subspace of Frobenius invariants
H?(Hk},, D(D)FP - Any cohomology class ¢ € H 2(Hic, ,)(1) therefore induces a Frobenius-equivariant coho-
mological correspondence in Corer}M 7(Qe, Qy).

2
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4.5.2. Definition of endomorphisms. The Hitchin map
g - ./\/ld — Ad
is proper, by Corollary and the properness of Bunyi () as a k-stack. Therefore, for any

¢ € H(Hky,,)(1) = Corrpyy, (Qe, Qu),
there is a pushforward cohomological correspondence
I.:= Wd!(c) € Corr g, (RraQe, Rma1 Q) = EndDg(Ad)(Rﬂ'd!Q2>- (4.5.2)

We denote again by T'. the endomorphisms of the perverse cohomology sheaves PR™ g (Qy) induced by
(4.5.2).

Remark 4.5.1. For any m € Z, the action of the endomorphism on the stalk
(R"7Ta1Qe)a = HY'(Ma,a)
at a point a € Ag(k) is given by the explicit and familiar formula a — hf!(c - h{™*a).
Applying the construction to the cycle class
(C] € H(HK,,,)(1)
of the comparison divisor (Definition , we obtain endomorphisms
Licy € EndDg(Ad)(pmed!(Qg)) (4.5.3)
for all m. Similarly, the Chern classes
c1(burn), er(det &), e (ba) € H?(Hkjy,)(1)
of the various line bundles introduced in induce endomorphisms
Leitegrayr Tertdesemmyy Teyen) € Endpra,) (FR™7ar(Qu))-
Recall from Corollary the Frobenius-equivariant isomorphisms
PR 1q1(Qr) = &P A (—i) @ HY (Buny+ (1)) [dim Ay (4.5.4)
dim Ag+2i+j=m

of perverse sheaves on A ;. Our goal is to explain how the above endomorphisms interact with this direct
sum decomposition. They do not quite respect the decomposition, but we will see that they do respect the
Frobenius-stable filtration defined by

F, PR™74(Qy)) := EB Hy (—i) @ H (Bunyt q))[dim Aqg). (4.5.5)

dim Ag+2i+j=m
i<a

Note that the associated graded sheaf is again just (4.5.4), and so any endomorphism of PR™7y(Q,) that
respects the filtration has a semisimplification, which is an endomorphism of (4.5.4)) respecting the direct
sum decomposition.

4.5.3. The automorphism w. Let Prym be the Prym stack of X’/X, parametrizing line bundles £ on X’
plus an isomorphism Nmy., x(£) = Ox. Giving such an isomorphism is equivalent to giving a Hermitian
isomorphism £ ® "L = Ox/, and using this one sees that Prym acts on Buny+(;) by taking the tensor
product of Hermitian line bundles.

Consider the Abel-Jacobi map AJ: X/ — Prym sending ' — O(o(2’) — 2’). Composing AJ with the

tensoring action of Prym on Bunys(y), each 2’ € X'(k) determines an automorphism of Buny; 4, 7 given

explicitly by £ — L(o(2’) — a’). Since X’ is connected, AJ lands in a connected component of Prym, hence
the induced action on H*(Bunys+(q)) is in fact independent of 2’; we denote it

w : H*(Buny+ (1)) — H*(Bung+(qy)- (4.5.6)

This is an order 2 automorphism, which we will describe in a different way in §7.2]
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4.5.4. Action of the comparison divisor. The following Theorem will be proved in §5| below.

Theorem 4.5.2. The endomorphism ¢y from (4.5.3)) preserves the direct sum decomposition (4.5.4)), and
acts by
(2d — 2i) ® w on the summand J;(—i) ® B (Bunyt (;))[dim Aq).

4.5.5. Action of the universal bundle. Next we explicate the action of T, (qet guniv). The following theorem
will be proved in §6] below.

Theorem 4.5.3. The endomorphism I'c, (det gunivy € Endpe(a,) (PR 7ai(Qe)) preserves the filtration (4.5.5)
on PR™7 1 (Qe), and its semisimplification acts by

(—d+ (n —1)degy (wx)) ® w on the summand K} (—i) ® Hj(BunUT(l))[dim Aqgl.
4.5.6. Action of the UT(1) tautological bundle. Next we explicate the action of Le e
Theorem will be proved in §7| below.

Theorem 4.5.4. The endomorphism T'c, (s, ) € Endpy(a,)(PR™7a1(Qe)) preserves the filtration (4.5.5)
on PR™71(Qe), and its semisimplification acts by

(=25 + (2 —n) degx (wx)) ®w on the summand H;(—i) @ Hj(BunUf(l))[dim Agl.

vt )" The following

4.5.7. Action of the tautological bundle. The following Corollary (of the three preceding Theorems) will be
a crucial ingredient of the proof of Theorem [8:3.1] below.

Corollary 4.5.5. The endomorphism T';, (¢,,) € Endpsa,)(PR™7ma(Qe)) preserves the filtration (4.5.5),
and its semisimplification acts by

(d —2i—2j +degy(wx)) ®w on the summand K (—i) @ H (Bunyt (1)) [dim Ag].
Proof. By Proposition there is a decomposition of cohomology classes
c1(€a) = [O] + er(det (™)) + e (ui 1)) € H? (Hky, )(1)-
This gives a corresponding decomposition of the endomorphism I'. (s, ,) as a sum of three terms. The first
term is computed by Theorem the second term is computed by Theorem and the third term is
computed by Theorem [£.5.4] O
5. HECKE ACTION OF THE COMPARISON DIVISOR
This section is devoted to the proof of Theorem We work with a fixed d > 0.

5.1. Hecke stacks for the local Hitchin space. Recall from the local enhanced Hitchin fibration
frem s Mifer™ — BHe™ = Hermyg x x, Hermag .

Our first task is to upgrade this to a commutative diagram

MEPem « HI merm —— MEerm
d ME d

| | | o

1
Bglerm HkBZIerm le{erm

The Hecke stack in the bottom row is defined by
Hkgirern = X' x Bgi™. (5.1.2)

Next we will describe the functor of points for Hk}\,lgcrm. First note that given a torsion coherent sheaf P

on X" and a divisor D on X', we can define the twist P(D) := P®o,, O(D). Moreover, using the canonical
Hermitian structure on O(o(z') — 2’), such twisting by D := o(a’) — 2’ will carry torsion Hermitian sheaves
to torsion Hermitian sheaves. Now suppose we are given a k-algebra R and a point (2/,Q, P) € Hk}sgerm(R).
From the Hermitian torsion sheaf P we construct a triple Py = (P, Py /2, P1) of torsion coherent sheaves

Py:=P, Py:=P(-2'), P :=Po(z')—2). (5.1.3)
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on Xp, and use this construction to regard points of as tuples
(¢/,Q, Pb) € Hkyprernn (R). (5.1.4)
The leftward and rightward arrows in the bottom row of are
(@, Py) «— (2,Q, Pa) —— (Q, P1).
Turning to the top row of , the Hecke stack in the middle is defined by its R-points
(', Q, Po, La) € Hgrerm (R),

which consist of a point (5.1.4)), together with a tuple Ls = (Lo, L1 /2, L1) of torsion coherent sheaves on X7
related by a diagram

Lo ——— Lyjy ———— I
j j j (5.1.5)
QOEP +—— QdP)p — Q& P

We demand that the vertical arrows are inclusions of R-module local direct summands of rank 2d, and that
L; C Q@ P, is a balanced Lagrangian (Definition [2.4.4)) for i € {0,1}. The leftward and rightward arrows in

the top row of (5.1.1)) are
(Q?P()aLO) A— (JU/7Q,P.,L.) — (Q,Pl,Ll)-

Lemma 5.1.1. There is a commutative diagram

Md Hk/vld _—> ./\/ld
s i et L i S
.Ad X BunUf(l) —t Ad X HkU‘(l) _ Ad X BunUf(l)

(5.1.6)

I
! I |
I I ! I
I I ! I
I I ! I
I | I
| | 3 |
| v
Herm 1 ! Herm I
- oy ———— L%
MY : HI oo : MY 1
~ ~ | > !
o : !
NV Sy 3 ANV

Herm 1 Herm
— o —————>
BY HEterm BY

oo

in which the three squares with all dashed sides are Cartesian, and also all the squares in the front and back
sides are Cartesian.

Proof. The leftmost and rightmost squares with all dashed arrows are the Cartesian diagram of Proposition
The top face of the diagram is the top half of , and the bottom face is (5.1.1). It remains to
define the vertical dashed arrows in the middle of the diagram.

To define the dashed vertical arrow in the middle of the back face, start with a point (z/,&, Fe,te) €
Hic), ,(R) as in (#:31), and use the complementary line trick to upgrade it to a diagram (£.3.4). From that
diagram we construct morphisms of torsion coherent sheaves

b
Fo ‘7:1/2 Fi

EBDy EGBDi/z EDD,

[ I j (5.1.7)

QOP+—— QO Py —— QP

where Q := 0*EY /€, and the P’s are defined by the equalities in

T2 =Py Py(—2') = Py = Pi(—0o(2')) P =22

This diagram has the form (5.1.5]), so defines a point of Hk}\,lldqerm(R).
To define the dashed vertical arrow in the middle of the front face, start with a point (£,2,Ls) €
(Aqg x Hk%ﬁ(l))(R). As in Remark twist the morphisms in (4.1.2)) by det(c*€) to obtain a modification
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(', Q, P,) defines a point
The claimed Cartesian properties not already proved in Proposition follow directly from the con-
structions. 0

of line bundles D, as in (4.3.5)), and then define Q and P, = (P, P2, P1) exactly as above. The data
514)

5.2. Local comparison divisors. As all of the stacks in ((5.1.6) admit canonical morphisms to X4, we can
pull back the entire diagram along the composition

€52
(X/)d7o ! X9 — Xy
to obtain a commutative diagram
M; Hk M§

7

/
/
/

4 > A
AG x Bunyy(qy +—+—— A5 x Hk%ﬁ(l) ———— Aj x Bunyi)

I
<o

| |
! : ! (5.2.1)

he | v ! + !

1 H N ' | 1 H R 1

My e HK cerm, s ————————— M"™° !

~ i d | ) ~ FHerm |

L ! < ! S fat i

FHerm s | AS ! Ny ;

fa N Sy v NI

BY™ e Hkjgommo ———————— By ™°
d

in which the three squares made of dashed arrows, and all squares in the front and back faces, are Cartesian.
By construction, the two dashed arrows labeled fH™ agree with the arrow of the same name in (2.5.3)).
To spell out the moduli interpretations of the two Hecke stacks in the bottom face, an R-valued point

(2,Q, Py, 2y, ... 20 € Hk};?crm,o(R) (5.2.2)

is a point (5.1.4)), together with a presentation of the (common) support of the torsion sheaves Q, Fy, P2,
and P; as a multiplicity-free Cartier divisor

i+ ot o(@) 4+ o)) (5.2.3)
for points zf,..., 2, € X'(R).
To give a lift of (5.2.2) to Hk'—sem.o (R) is to further gi i 1.5) of torsion coh h
o give a lift of (5.2.2) to Atierm, (R) is to further give a diagram ([5.1.5)) of torsion coherent sheaves
on X%. This diagram is uniquely determined by the collection (indexed by 1 < ¢ < d) of diagrams

Lolyy «———— Lijale; ———— Lals

j j j (5.2.4)

Q& Po)la — (Q0 Pr o)l —— Q@ Py

of projective R-modules obtained from (5.1.5)) by restricting to each a} € X'(R). Each vertical arrow here
is the inclusion of a rank one local direct summand into a projective R-module of rank two.

Definition 5.2.1. For 1 < r < d, the incidence divisors
1
I.,IX— Hkggcrm,o

are the closed substacks cut out by the conditions ' = /. and 2’ = o(z.), respectively, on points (5.2.2)).
The local comparison divisors

Cp, CF — HK iterm.o

d
are defined as follows:
e (, is the closed substack defined by the condition &’ = /. on the underlying point , and the
condition Lol = Qs in the diagram indexed by ¢ = r. There is no condition imposed on
the diagrams with ¢ £ r.
e Cr is the closed substack defined by the condition 2/ = ¢(x].) on the underlying point (5.2.2), and

the condition Lg|,s = Pol,s in the diagram (j5.2.4) indexed by i = r. There is no condition imposed
on the diagrams (5.2.4) with ¢ # 7.
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The map Hk}qﬁem,o — Hkéﬂe,m,o carries Cﬁ*) to LE*) for each 1 < r < d. Note that the incidence
d d
divisors Iy, ..., 14, IT, ..., 1} are pairwise disjoint, and hence the same is true of the local comparison divisors
Ch,...,Cq,CF,...,CF.

Lemma 5.2.2. Consider the morphisms

Hkj,, +— ijwz - ijqgm,o.

The pullback of the comparison divisor C' from Definition [{.4.4 along the leftward arrow is equal to the
pullback of C1U---UCqUCT U---UC] along the rightward arrow.

Proof. Recall from that for a k-algebra R, a point (2/,&, Fe,te) € Hk}\/ld(R) determines injective
morphisms of rank n vector bundles
E®Dy — Fo— 0"EY ®o*Dy (5.2.5)
on Xp. A lift of the above point to
(2',E, Forte,21,...,2q) € Hklﬂz(R) (5.2.6)

consists of a presentation of the (common) support of Q@ = ¢*€V /€ and Py = 0*Dy /Dy as a multiplicity-free

Cartier divisor (5.2.3).

Denote by
~ 1
C C Hk e
the pullback of C C Hk}\/[ ,- By definition, a point (5.2.6) lies on C when the morphism Dy — Fy in

(5.2.5)) vanishes along o(z"). This can only happen if o(z’) is one of the points in (5.2.3)), for otherwise both
morphisms in (5.2.5)) would restrict to isomorphisms along o(z’). This allows us to decompose

C=CiU---uCquCFu---UCS,

where C,. C C is the locus where 2/ = 2., and C* C C is the locus where 2/ = ().
1

Equivalently, CN'T is the locus in Hk e where 2/ = 2/, and the Lagrangian subsheaf
d

Fo a*&V _o*Dy
- 8>
E DDy E Dy

in (5.1.7) satisfies

E®Dglo(a) Dy o(z.)
By the Lagrangian condition, this is equivalent to
]: *g\/
0 _ 9 o0 7
E @Dy z], & z).

which is exactly the condition defining the pullback of C) to Hk’ .
~ d
Similar reasoning shows that C} agrees with the pullback of C to Hk}qo' ]
d

5.3. Hecke stacks for projective bundles. Let us now reconsider Lemma [2.5.1] and its proof. There we
saw that the map fI*™ in (5.2.1)) could be identified with
Mgernl,o o~ H P, — B’(Ii{erm,o7 (531)
1<i<d
where each
P, =P & %) L5 BYo™°
is the P'-bundle defined by distinguished line bundles #; and % on BL™°  and the fiber products in (5.3.1)

are taken over the base lg’g e - Fach bundle map p; has two distinguished sections, defined by the two

summands in #; @ ¥;. To spell this out, recall that a point of P;(R) consists of a
(Q7 P, 'I/17 - 7:17&) c B?Crm,o(R)
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together with a rank one R-module local direct summand of (Q® P)|,, which we denote by L|,, C (Q®P)|.’.
We define

e 0, — P; to be the closed substack cut out by the condition L|I; = Q|$;,
e 0o; — P; to be the closed substack cut out by the condition L|,; = P|,/.

From the above discussion, we see that the bottom face of (5.2.1)) can be identified with

[, P+ [IL, Hkp, —— [IL, P,

| l e (5.3.2)

BIe™  Hicgpume —— B,
d

in which Hk};i is the moduli stack of points (5.2.2)), together with inclusions of rank one local direct summands
as in (5.2.4). Here and throughout the subsection, the products are formed over the appropriate base (which

in (5.3.2) means the term vertically below). For any 1 < r < d we denote by
d d d d
(TTHkb ), =TT (kb 1) and (T Hh, )z = [T (b, 1)
i=1 i=1 i=1 i=1

the fibers of H?Zl Hk})i over the incidence divisors I, and I}, respectively (Definition .

Lemma 5.3.1. Fiz 1 <r <d. Ifi## r then all horizontal arrows in the diagram

h h
P, «+—°— Hkp |;, —>— P,

LTk

g{lj—lerm,o =~ Ir = g{li-lerm,o

are isomorphisms. If i = r then only the lower horizontal arrows are isomorphisms, and there is a decompo-
sition
Hkp, |1, = hg ' (0,) UhT " (o0,)
as a union of closed substacks. Moreover, the morphisms hg and hy restrict to isomorphisms
ho:hyt(co,) =P; and hy:hy'(0,) =P,
A similar result holds with I, replaced by I}, except now
Hkp, |12 = hg ' (00,) URTH(0,).
Proof. We show first that the bottom horizontal arrows in the diagram are isomorphisms. This is done most
easily by exhibiting their inverses. Suppose we have a point
(Q,P,2),....2h) € ggcrm’o(R).
The inverse to the leftward arrow sends this to the point defined by 2’ = /. and
Py=P, Pyp=P(=2'), Pi=Ploa) -2,
while the inverse to the rightward sends it to the point defined by 2’ = z/. and
Py=P(z' —o(a')), Pijp=P(o(2'), P=P

Now we turn to the upper horizontal arrows in the diagram. An R-valued point of the divisor Hk%,i |1, is
given by a point (5.2.2)) with 2’ = 2/, and inclusions of rank one local direct summands

Lol «——— Lijaley ———— Lalu

j j j (5.3.3)

(Q& Py)lor +— (Q® Prja)|ler —— (Q® P1)lu

as in (5.2.4). In this diagram the bottom horizontal arrows are induced by the natural maps

!
T

P() — Po(—{L';,) = P1/2 = Pl(—O'(.’E )) Emd Pl.
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If ¢ # r then the divisors z; and z’ = z] are disjoint, the bottom horizontal arrows in are
isomorphisms, and each of the local direct summands in the top row is uniquely determined by the other
two. From this it is clear that the arrows labeled hg and A in the statement of the Lemma are isomorphisms.

Now suppose ¢ = 7, so that 2’ = 2} = /.. In this case the bottom row of becomes

(Q® Po)lar 222 (Q & Prya)luy —— (Q® Pl

The line L, /2|x£ is uniquely determined by L, |x/i , and its image under the leftward arrow must be contained
in L0|m; .

The divisor hj!(c0;) consists of those diagrams for which Li[,s = Pi[,;. When this happens,
L, /2|ffi- =P /2\% is in the kernel of the leftward arrow, and L0|m£ can be chosen arbitrarily. It follows that
hg restricts to an isomorphism hl_l(ooi) ~P,.

The divisor hy*(0;) consists of those diagrams for which Lo|,s = @|.;. When this holds, the line
Ly «; can be chosen arbitrarily, and then Ly 2 is determined by that choice. It follows that h; restricts to
an isomorphism ho_l(OZ-) ~P,.

No matter what the direct summands are in the top row of (5.3.3), they must satisfy either Lo|,s = Qo
or Li|,s = Pily;. Indeed, suppose the second equality fails. The image of Ly/a|.; # Pi/2l.; under the
leftward arrow is then Q|x; , which must therefore be contained in L0|$i-' It follows that L0|$i- = Q\x; . This
shows that the union of hy'(0;) and h; ' (o0;) is all of Hk%,i |7,

The analysis with I,. replaced by I* is entirely similar. ]

Lemma 5.3.2. Fiz 1 <r <d. The local comparison divisors of Definition [5.2-1, when regarded as closed
substacks of

d
1~ ol
Hl Hsz - Hkﬂgerm,o [}
admit factorizations Cy = Hle C,,i and Cr = H?Zl Cy;, in which
S e O AR T e LN A
ho (0) ifi=r ’ hy “(0or) ifi=r.
Proof. This is a direct translation of Definition [5.2.1] into the notation of Lemma|[5.3.1 ]

5.4. Proof of Theorem At last we combine the results proved above to prove Theorem Recall
that we are trying to prove that

Lrey € Endpp(a, ) (Rma Q)
acts as (2d — 2¢) ® w on the summand

Hf (—i) @ H (Bunyt 1)) [dim Ag] C PR™ 7 (Qp).

The proof takes place after base changing all k-stacks to &, so we henceforth omit the base change from the
notation.

5.4.1. Reduction to the regular semisimple locus. As a first reduction, recall from (3.1.2)) that
‘%i = IC-Ad(K(Zi’O|A§)'

As an endomorphism of an IC sheaf is determined by its restriction to the generic locus, it suffices to prove
the analogous result over the regular semisimple locus A$ C Ajg.

5.4.2. Reduction to a covering. Define .Zfl as the fiber product
Aq —— (X))t
l l (5.4.1)

(o) (e}
— XO.
Ai =g X
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If we pull back the entire diagram (4.5.1]) along ,Zg — Ay, the result is a diagram of correspondences

M§ HK g7, M
fa l fa
Ta .Z; x Bunys(qy —— /Tg X Hk%ﬁ(l) — .,Zfi x Bunyt (1) Ta (542)
A AS AS.

The comparison divisor C' — Hk}w pulls back to a divisor C < Hki%, whose fundamental class determines,
d
exactly as in (4.5.2)), a cohomological correspondence

7~ng [C] S COI‘I“JZZ (R%d!Qg, R%d!Q@) = EndDg(ﬂg)(R%d!Qf)'
By pulling back the isomorphism ({3.1.4)) along jf} — Ay, we obtain

CR™TaQe) [-m] = P Ky°(=i)l 5 © B (Bungi))[—j] € DAY
dim Ag+2i+j=m
We note that each Kfl’o| o 1s a constant local system, by construction.

Thanks to Lemma|[5.1.1} the Base Change Theorem for cohomological correspondences [FYZ23, Theorem
5.1.3] applies, and says that the pullback of I'j¢] = 7ai[C] along A5 — A5 agrees with 74 [C]. The assertion
that an endomorphism of a local system is a particular scalar can be checked after pullback along a cover (or
indeed, along any map whose image intersects every connected component non-emptily). Hence, in order to
prove Theorem m it suffices to prove that 74[C] acts as (2d — 2i) ® w on the summand

K (=) 1, © B (Buny 1))[=] € ("R"FaQo)[-m] (5.4.3)

5.4.3. Completion of the proof. Return to the diagram ([5.2.1). In and we gave a detailed analysis
of the lower face of that diagram, and that analysis allows us to understand the structure of the top face.

For example, the identification of the bottom face with shows that the top face has a similar
structure, allowing us to identify with

d d d
Hi:l P; Hi,:l Hk%’, Hi:l P;
p=l_[!’7\) l A{p,
7 A Bungs 1) —— A3 x Hiy () —— A3 x Bunys(r) 7 (5.4.4)
A5 A5 As.

Again, products are formed over their respective bases, found by following the arrows in the diagram. Here
each P!-bundle p; : P; — A x Bunyyi(qy is defined as the pullback along the morphism

erm,o

Av(oi X BunUT(l) — 81;

in of the bundle of the same name in , and similarly for Hk};i. In particular, each P; comes
equipped with two distinguished sections to the bundle map, whose images we again denote by 0;,00; < P;.

For any 1 < r < d there are incidence divisors I, I < Ag X Bunyy(q), defined as the pullbacks of the
incidence divisors of Definition Equivalently, I, is the pullback of the diagonal along

; pr.xId
—

A x Hky gy = (X)%° x X X' x X',

and similarly for I; but with pr, x Id replaced by pr, x o.
Similarly, we may pull back the local comparison divisors of Definition to obtain divisors (for all
1<r<d)

d
C,,Cr — Hk', = [ [ Hkp,,

4We are actually invoking a relatively easy special case of the Theorem, since all the relevant commutative squares are in
fact Cartesian.
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which factor as C, = H?Zl Cyr; and Cf = H?Zl Cr; by Lemma The diagram ([5.4.4)) restricts to

d o d
1_.[1',:1 P; Cr Hf,:1 P;
T “13 X Bunys (1) =1 = ./‘Tfi x Bunyr(q) Ta (545)
j?i / jg j?i

The isomorphisms in the middle row are clear from the definition of the incidence divisor and the morphisms
in (4.1.1). The top row is the product of morphisms

Pi Cr,i Pz

These are isomorphisms if ¢ # r. When i = r the rightward arrow is an isomorphism, but the leftward arrow
contracts Cy, to the divisor 0,, C P,. These claims are clear from Lemmas and There is a
similar picture with C,, I,, and 0, replaced by C}, I, and oco,. Lemma tells us that

C=CiU---UCUCFU---LUC,

and we are reduced to computing the endomorphism of R7yQ, associated to each divisor on the right hand
side.

The endomorphism 7g[Cy] can be computed as the image of the fundamental class [C,] under the com-
position from upper left to lower right in the commutative diagram

Corrc, (Qe, Qe) Corrge (Qr, Qo)

o
Ma

Rpl J{R]Td!

Corry, (RpQr, RpiQp) —— Corf,zszle( )(Rfd!Qz,Rﬁz!Qf)

COI“I“A“E (R%d!Qg, R%d!Qg) _ EndDZ(ﬂg)(R%d!Qé)'

For this computation, regard the three horizontal rightward isomorphisms in (5.4.5)) as identifications. The
diagram then takes the form

d Br d d
Hi:l P; H;:1 P; Hi:l P;
T | 7
Ta .Zj} x Bungyr (g o jlvf} x Bunyi () == ./TZ x Buny+ () Ta (546)
/ la \
A Aq Ag

where a is projection to the first factor, and w, is the automorphism
we(E a2, .. 1k, L) = (€ a2, ... 20, L(x. — o).
There is a factorization 3, =[], B, in which S, ; : P; — P, is an isomorphism if ¢ # r, and has image 0, if
L=
These identifications allow us to regard Rp[C,.] as an element of

Corry, (RpQe, RpQy) = CorfgngunUT(l) (Rp1Qe, RpQy)

= Hom g, (w;Rp Qe Rpi Qo)

XBunUJr(l)

where it is easy to make explicit. Let us abbreviate

d
K = (Q)(Q: & Qi(~1)) € DAAY),

i=1
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and denote by b, : K — K the endomorphism that is the identity on the tensor factors indexed by i # r,
but is

id
Qe & Qu(—1) =25 Q& Qu(—1)
on the r*! tensor factor. If we use the canonical RpsQr = Q; @ Q(—1) to identify

d
RpiQr = Q) RpiQr = K K Q, € DA(Aj x Bunyy (1))
=1

(as in the proof of Proposition , then Rp[C}] is identified with the morphism

W RPQr = K Muw'Q, 22 K K Q, = RpiQy. (5.4.7)

Here i, : w:Qy = Qg is the canonical isomorphism.
Applying proper base change to the bottom half of ([5.4.6)), we have a canonical isomorphism of functors
Rar = Ray o w}, and the composition

; . « Ray)(ir ; .
P HI(Bunyi(1))[—j] = RayQe = Ray(w;Qe) 2 RayQ, = @) I (Bunys 1)) [

Jj=0 Jj=0

is the involution w from (4.5.6). Applying Ray throughout (5.4.7) therefore shows that the endomorphism
Tar[Cr] has the explicit form

Ra Qe = K © (D B (Buny: 1y)[—] == K @ @)W (Bunyi1))[~j] = RiaQr.
J=0 j>0

The same holds with C, replaced by C}.
As in the proof of Proposition there are canonical isomorphisms

d

Dri -l =K= H Kl (5.4.8)

i=1 Sc{l,...,d} i€S

The endomorphism b, € End(K) kills those summands ), g Q¢(—1) for which » € S, and acts as the
identity on those for which r ¢ S. Elementary combinatorics then shows that by + - - +bgq € End(K) acts as
multiplication by d—i on the summand of (5.4.8) supported in cohomological degree 2i, namely K;°(—1i)

The conclusion is that the endomorphism 74 [C1] + - - - + Tar[Cy] of
R7a Qe = @ (PR™TaQe)[—m]
meZ

acts as (d —4) ® w on the summand (5.4.3). The same is true if every C, is replaced by Cj, completing the
proof. O

‘jg'

6. HECKE ACTION OF THE UNIVERSAL BUNDLE

In this section, we will prove Theorem The key step is to understand how cohomological correspon-
dences behave under pullback along the vertical arrows in the diagram

M e—— HKY ———— M

| | |

BunUT(l) — Hk%ﬁ(l) —_— BunUf(l)

extracted from . Although the cohomological correspondence c1(£""V) appearing in Theorem is
not such a pullback, it can be related to one that is.

The cohomological correspondence c; (£y1(1)) appearing in Theorem does arise as such a pullback,
and the results proved here, especially Proposition [6.2.1] will be essential for proving Theorem [£.5.4) in §7]
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6.1. Hecke action on Bunys+(;). Let us consider in more detail the Hecke correspondence

h h
BunUf(l) <—O Hk%ﬁ(l) —1> BHHUT(l)
from (4.1.1). Both morphisms are smooth and proper of relative dimension 1, and so, exactly as in (4.5.1)),

there is an induced isomorphism

Corrma | (Qe, Qe) = H* (Hky: 1))(1):

Since Bunyy(qy is proper, the pushforward of cohomological correspondences

COHHkllml) (Qe, Qo) = Corrgpec(i) (MQe,Bunyy ) WQLBuny; ) — End(H* (Bunyt 1))™°"

is defined, where a : Bunyt;y — Spec(k) is the structure morphism. In particular, any class
ce 2(Hk%ﬁ(1))(1) induces a Frobenius-equivariant endomorphism

[e: H*(Bunysi(q)) — H*(Bunys ) (6.1.1)

given explicitly, as in Remark [£.5.1] by
a— hy(c- hja). (6.1.2)
Here we again remind the reader of the conventions for cohomology from
Let us compute the endomorphism for a simple choice of ¢. Denote by

p:Hkgi () = X' (6.1.3)

the morphism sending a point (z/, L) as in (4.1.2)) to the underlying 2’. Equivalently, using the identification
of Remark [{.11] it is the projection map

Hk{i () = X' x Bungr(q) — X',
Proposition 6.1.1. If M is any line bundle on X', the endomorphism
Le,(peomy: H (BunUf(l)) — H*(BunUf(l)),
induced by c¢1(p*™M) € Hz(Hk%ﬁ(l))(l), is equal to degx, (M) - w, where w is the order two automorphism
(@5.9).

Proof. Let us base change all of our k-stacks to k, and omit the base change from the notation. By additivity,
we are immediately reduced to the case where 9 = Ox. (') for a single closed point 2’ € X’. The first
Chern class ¢1 (p*9M) is then equal to the cycle class of the divisor

{z'} x Bunyt (1) C X' x Bunyy gy & Hkllﬁ(l) .
It is clear from Remark that the two arrows in restrict to isomorphisms
Bunyy (g Lo {2} x Buny+ () LN Bunyy(qy,
and so the endomorphism induced by ¢ = ¢;(p*9M) is simply the map on cohomology induced by the
automorphism
hyo hal : Buny+ () = Bunyq(y) .
This automorphism sends £ — L(o(z') — ), and so induces on cohomology. O

6.2. Compatibility of Hecke actions. Fix d > 0.
For a cohomology class ¢ € H 2(Hk%ﬁ(1))(1), let us again consider the endomorphism I'c from (6.1.1). If

we denote by ¢y € H? (Hk}\/ld)(l) the pullback of ¢ along the morphism
Hk},, Hkyi (1),
the construction (4.5.2) defines an endomorphism
FCM S EndDg(Ad)(RTrde5>.
Now return to the Frobenius-equivariant isomorphism

Rrima(Q) = D Hi(—) @ W (Bung;)dim A
dim Ag+2i+j=m
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of perverse sheaves on Ad % from Corollary- It would be natural to expect that the endomorphism I,
of the left hand side respects this decomposition, and acts as Id ® I'c on each summand on the right, but
this expectation is too naive. Instead, we have the following weaker statement.

Proposition 6.2.1. The endomorphism I'c,, of PR™mq(Qe) respects the filtration (4.5.5)), and its semisim-
plification acts by
Id® T, on the summand K} (—i) ® Hj(BunUf(l))[dim Aqgl.

Remark 6.2.2. The statement and proof of Proposition [6.2.1] are the same if one starts instead with
a geometric cohomology class ¢ € H?(Hk{; 1))(1), except of course the endomorphism I'c need not be
Frobenius-equivariant, and I';,, is only defined after base change to A, z. This minor variant of Proposition
will be used in §6.5] ’

We will prove Proposition by reducing it to Proposition below. That latter Proposition will
then be proved in §6.4] The proof is not formal, and uses the detailed analysis of the geometry of the Hecke
correspondences (4.3.2)) that was carried out in In we will deduce Theorem as a consequence

of Propositions and

6.2.1. A corollary. Before all of this, we record a Corollary of Proposition that will be needed in the
proof of Theorem Let 991 be a line bundle on X', and denote by p the composition

i, B3 g €3,
By the construction of §4.5.1} we obtain an endomorphism I';, (,-on) € Endpp(a,) (R7ar(Qe)).-

Corollary 6.2.3. The endomorphism

Le, (pramy € Endpea,) PR™ 7 (Qe))
preserves the filtration (4.5.5), and its semisimplification acts by degx, (IM) - w.

Proof. This follows from Propositions [6.1.1f and 6.2.1|, by taking ¢ € HZ(Hk%ﬁ(l))(l) to be the first Chern
class of the pullback of 9t along (6.1.3)). ]

6.3. A series of reductions. We reduce Proposition [6.2.1] to the more tractable Proposition [6.3.1] stated
below.

6.3.1. Reduction to k. The statement of Proposition only involves the base change of PR™74(Qy) to
A, 7. Henceforth we base change all k stacks to k, and omit the base change from the notation.
We fix an isomorphism Qy(1) = Qy, to avoid cluttering the notation with Tate twists.

6.3.2. Reduction to the reqular semisimple locus. We are examining an endomorphism of a perverse sheaf on
Ag, which is expressed as the direct sum of intermediate extensions of (shifted) local systems on the regular
semisimple locus A5 C Ay.

The filtration is the intermediate extension of a filtration on the local system on the regular
semisimple locus. Therefore, it suffices to prove Proposition after restriction to the regular semisimple
locus Aj.

6.3.3. Reduction to a covering. Since the assertion is now about an endomorphism of a local system, it can
be checked after pulling back along the cover A — Aj from (5.4.1).

6.3.4. Reduction to a stalk. Since the assertion is about an endomorphism of a local system, it suffices to
show that I'¢,, acts in the correct way on the stalk of PR™m(Qy) at every geometric point

a:= (& a,2') € A5(k), (6.3.1)
where 2’ = (2,...,2/) € (X')%°(k) is a tuple of points whose associated (multiplicity-free) Cartier divisor
i+t o)+ +o(a) (6.3.2)

is the support divisor of the Hermitian torsion sheaf @ := coker(a : £ = ¢*&V) on X'.
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The endomorphism I';,, we are studying arises from the diagram (4.5.1)), and by our reductions so far
we may replace this diagram with the fiber over a of the diagram (5.4.2)). We once again identify this last
diagram with (5.4.4)), so that the fiber over a takes the form

d ho d
[Ty Pi e IIi-, Hkp, —>H

I':m J, 1)71_[ Pi

Ta BunUT 1) HkU?(l) —_ BU-UUT 1 (633)
Spec(k) Spec(k) Sch (k).

Here each P; = P(%; @ 7;) is the projective bundle associated to a pair of line bundles on Buny+(y). Tracing
back to their origins in Lemma the fibers of #; and ¥; at a point £ € Bunyt(q)(k) are the k-vector
spaces Q|,, and P,/ respectively, where () and P are the Hermitian torsion sheaves on X’ from . Note
that P depends on both £ and £, but @ depends only on £. In particular, as £ is fixed, #; is (noncanonically)
trivial.
As in denote by

0' 'BUHUT(U 4)P (634)
the section determined by #; C #; ® ¥;. Regarding this also as a Cartier divisor on P;, we denote its cycle
class by [0;] € H?(P;), and denote by

pi € HY(ITP:)
the pullback of [0;] along the projection to the i*" factor in []P;. For any u € H*(Bunys+ (1)) and any subset
S = {i1,...,ia} C{l,...d}, we abbreviate

Fix a class ¢ € H? (Hk%ﬁ(l)), and denote by c¢p € H?([] Hk%)i) its pullback. Exactly as in the definition
B2 of
[c : H(Bunysi(y)) — H*(Bunys(q)),

there is an associated endomorphism

Pep : H([[P:) = H* (] P2)-
The following Proposition, which we will prove in relates these.
Proposition 6.3.1. For all u € H*(Buny+()) and all S C {1,...,d}, we have

Tep(uBs) € Te(u)Bs + Y urfr
TCS

for some classes ur € H*(Bunys ().

Proof that Proposition implies Proposition [6.2.1] Exactly as in the proof of Proposition [2.5.2] espe-
cially (2.5.8)), we have isomorphisms

Rpir(Qe) = R%pa(Qe) © R%pin(Qe)[—2]
= QZ,BunUT(l) D QZ,BunU»r(l) <_1>

in D%(Bunyy(yy) for all 1 < i < d. Using the Kiinneth formula

Rpi(Qy) = ®sz' Qo)

and applying Rai, we obtain a canonical isomorphlsm of graded vector spaces

d
Rz,1(Qe) = <® (Qee Qe<—1>)> ® P H/ (Buny:))[-j]- (6.3.6)

i=1 §>0

The expression in parenthesis is canonically identified with the stalk of % (—i) at our fixed geometric point

(6.3.1]), by the proof of Proposition m
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In concrete terms, what (6.3.6)) says is that any cohomology class in
RZ1(Qe) = H™(I[Py) (6.3.7)

can be expressed as a linear combination of products of pullbacks from H* (BunUf(l)) and the classes
Bi,...,Bq. In other words, H™ (][ P;) is spanned by classes of the form ufSs.
The filtration (4.5.5)) induced’| a filtration on (6.3.7]), which is the one for which

FaHm(H Pz) C Hm(H Pz)

is the subspace spanned by all ufSg with #5 < a.
By construction, the endomorphism I';,, on the left hand side of (6.3.7) agrees with the I'., defined on
the right hand side, and combining all of this reduces Proposition to Proposition [6.3.1 (]

6.4. Proof of Proposition For a smooth proper k-stack Y of pure dimension N, we have the trace
map

/ N (Y) - Qg (6.4.1)
Y

of Poincaré duality (recall we have fixed Qg(1) = Qg, to suppress Tate twists). We extend this to a linear
functional on the full cohomology ring of Y, vanishing outside of top degree.

6.4.1. Geometry of Hecke stacks. For each 1 < ¢ < d, we obtain from (6.3.3) a diagram

It h
P, « " _ Hkh, — P,

pll l lpi (6.4.2)

BunUT(l) — Hk%ﬁ-(l) —_— BunUT(l).

To make this a bit more explicit, fix a k-valued point (2, £) of
Hky () = X' x Bungy(y),

as in Remark Using the € fixed in (6.3.1)), we first use £ to construct the complementary line bundle
D of (2.3.1), and then the Hermitian torsion sheaves @ and P on X; from (2.4.1). Set Py = P, and then
use z’ to form the diagram of torsion coherent sheaves

PO — Po(—xl) = P1/2 = Pl(—O'(.’EI)) E— Pl, (643)
exactly as in (5.1.3)), all having the same multiplicity-free support divisor (6.3.2)). To give a k-valued point
of Hkll?i above (2, £) is to give inclusions

Lolyy ¢—— Lijaley ———— Lalu

j j j (6.4.4)

Q@ Po)le; ¢+ (Q® Prya)le; —— (Q® P1)ly
of rank one local direct summands as in (5.2.4).

6.4.2. Pullback of the zero sections. We want to understand the pullback of the cycle class [0;] to Hk},i along
the arrows hg and h; in (6.4.2). Regarding points of Hk%ﬁ(l) = X' x Bunyt () as pairs (2, £), and recalling
that we have fixed the points in (6.3.2]), there are incidence divisors

I;, I} — Hkyi () (6.4.5)
defined by 2’ = 2} and 2’ = o(z}), respectively.

50ver the regular semisimple locus of Ay, Rmy1Qy is a direct sum of shifted local systems on a smooth space, and so its
perverse cohomology sheaves and usual cohomology sheaves agree up to a shift of indices.
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Lemma 6.4.1. There is a section
v
whose associated divisor satisfies
ho'(0;) =07 +D;  and  hy'(0;) =07 + Df

for smooth divisors D; and D} on Hk%)i supported above I; and I}, respectively. Moreover, the preimages of
D; and D} under HHk%;.j — Hk%,i are again smooth divisors.

Proof. This is similar to the analysis of the diagram carried out in the proof of Lemma Using
the above description of (6.4.2), the divisor Ay '(0;) is cut out by the condition Lo|,s = @ on the diagram
(6.4.4]), while hfl(Oi) is cut out by the condition L[, = Q.

The desired section O? is the one defined by the diagram

Lole; = Lijola; = Lilay = Qlay-

The divisor D; is defined by the conditions 2’ = 2} and Lo|.; = Q|,;, while Dy is defined by 2" = o(z;) and
The incidence divisor I; is smooth because it is carried isomorphically to the smooth k-stack Bunys+ ;) by

projection to the second factor in Hk%ﬂ(l) >~ X' x Bunyi ;). As D; has the structure of a P'-bundle over I,
it is smooth.
The preimage of D; under HHki;j — P;is

D, <[] (Hk;j

J#i

1) ) (6.4.6)

where all fiber products are taken over I;. From the above description of the diagram (6.4.2)), it is easy to
see that Hk%,i — Hkyt(q) is a Pl-bundle away from [; U I}, and it follows that for j # i the fiber Hk%,j |7, is
a Pl-bundle over I;. We deduce that (6.4.6) is a product of P!-bundles over I;, so is smooth.

Similar arguments prove the smoothness claims concerning D;. |

6.4.3. Smoothness of the Hecke stack. We will need to integrate, in the sense of (6.4.1]), cohomology classes
on the stack HHk%)i from (6.3.3)). In order to make sense of this we need to know that this latter stack is
smooth. This is a consequence of the smoothness of Bunyy () and the following Lemma.

Lemma 6.4.2. The composition

1 Hxe, Hk{jt (1) & X' x Bunyi(qy 2 Bunyi (6.4.7)
is smooth, where the isomorphism is that of Remark [{.1.1]
Proof. First we check that the fibers of are smooth, using the above description of . A geometric

point L € BunUT(l)(k) determines torsion coherent sheaves @ and P on XIE’ both with multiplicity-free
support divisor (6.3.2)). To give a k-point of the fiber (T] Hk%:)i)/; is to give a point 2’ € X’(k), together with
a d-tuple of diagrams (6.4.4)), indexed by 1 < i < d. In particular, there is a natural morphism

(JTHkp,)e = X' x [[PU(Q& Po)l)- (6.4.8)

For each index 1 < r < d, let U, C X’ be the open subscheme of points 2’ that are disjoint from all
points in the support divisor , except possibly a!.. Let U¥ = o(U,) C X' be the open subscheme of
points z’ that are disjoint from all points in the support divisor 7 except possibly o(z).). Denote by
V;, Vi C ([[Hkp,) their preimages under the map to X’ in (6.4.8). As the U, and U} cover X, in order
to prove the smoothness of (][] Hk%)i) ¢ it suffices to prove the smoothness of each V, and V.

For ease of notation, let us explain why V7 is smooth, the other cases being entirely similar. At a point of
V1 the bottom horizontal arrows in are isomorphisms for all ¢ > 1, because 2’ is distinct from both z
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and o(z;). Hence each diagram indexed by i > 1 is completely determined by the line Lo[,s C (Q @ Po)|s-
The diagram (6.4.4) indexed by ¢ = 1 has the form

LO‘I/I A —— Ll/2|m/1 Ll|1:’1
(Q® Po)lay «—— (Q® Po(—2"))|sy == (Q® Fo(o(z') — a'))|a,

and such diagrams are parametrized by the blowup of X’ x P((Q @ Fy)|.) at the ordered pair consisting
of the point z} € X’ and the line Q|,; C (Q ® Fy)|,;- The conclusion is that the restriction of (6.4.8) to a
morphism

Vi = U x [[P(Q @ Py)la),

identifies V7 with the blowup of the codomain along the smooth codimension two subscheme

{27} < {Qlay C Q@ Po)loy } x [[PUQ & Po)lar),
i>1
and therefore V7 is smooth.

Having proved that each fiber of is smooth, it suffices to prove that has the structure
of a fiber bundle. This amounts to understanding how the Hermitian torsion sheaves () and P vary with
Le BunUf(l)(E). Certainly @ does not vary at all, as it depends only on the fixed . By construction,
P depends only on the fibers of £ at the points of . The fiber £|z; is the restriction of the universal
line bundle to

Bunys 1y = Bunyy ) x{z}} C Buny gy xX’,

so is locally constant as £ varies. The fiber £|U($; y is locally constant for the same reason. Because @ and
P are locally constant as £ varies, so are the fibers of (6.4.7)). O

6.4.4. Comparison of integrals. For a subset T C {1,...,d}, let T denote its complement.
Lemma 6.4.3. Fiz u,v € H*(Bunys(y)) and subsets S, T C {1,...,d}. If S=T then

/ uﬂs-vﬁTc:/ U .
I1P;: Bun

ut(1)

IfSUTe C{1,...,d}, the integral on the left is 0.
Proof. Case (1): If S =T then

/HPi, us v = /HPj pr(w)-p () B fa= /Bun w-v.

ut(1)

The first equality is immediate from the definition (6.3.5). The second follows from the observation that
B1---Ba € HQd(H P;) is the cycle class of a section to p : [[P; — Bunyi (1), namely the product the zero

sections (6.3.4)).
Case (2): If SUT® C {1,...,d}, then fix an index j ¢ SUT*°. The cohomology class uf3s - vBre arises as

a pullback along the morphism

i#]
The target of this morphism has lower dimension than the source, and so if uf8g - v87e is in the top degree
cohomology of [[P;, it must vanish. Hence the integral on the left vanishes. O

Lemma 6.4.4. Fir u,v € H*(Bunys(y)) and subsets S, T C {1,...,d}. If S=T then

/H  TepluBs) - v = [ T

ut )
IfSUTe C{1,...,d}, the integral on the left is 0.
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Proof. Recall that I'c, (ufs) = hu(cp - hi(uBs)), and so
/ Pep(ufs) - vBre = / cp - hi(uBs) - hi(vBre). (6.4.9)
[1P: [1Hkg,

If SUT® C {1,...,d} then the integral on the right vanishes by the same reasoning as in Case (2) of the
proof of Lemma [6.4.3] We may therefore assume that S = T, and that the class u - v has top degree on
BunUT(l).

Denote by [07] € H? (Hk%;i) the cycle class of the divisor from Lemma and by

p7 € B([[Hkp,)

its pullback. By the same reasoning as Case (1) of the proof of Lemma we have

/ cP~h8(p*u)~h1‘(p*v)~6§7--~5§7=/ ¢ hf(u) - B ()
[THkg, Hkiﬁu)

= / C(u) - v. (6.4.10)
Bun

ut(1)

(By abuse of notation, the maps ho and hy in the integral over Hk%ﬁ(l) are the unlabeled arrows in the

middle row of (6.3.3)).)
Denoting by ¢ : [] Hk%)i — H* (Hkllﬁ(l)) the morphism in (6.3.3), we may write

cp - ho(p*u) - Ri(p™v) = ¢ ()

for some top degree class o € H* (Hk%ﬁ(l)). Comparing ((6.4.9) with (6.4.10)), we see that the proof is complete
once we show that

/ q*(a) - hi(Bs) - b (Bse) :/ g () BY - 55 (6.4.11)
TTHK,

[1Hkp,
Denote by
E=FEU---UEgUE;U---UE} C | ] Hkp,

the union of the preimages of the divisors Dy, ..., Dq and D7, ..., D} from Lemma (the union is disjoint,
because these divisors lie above the incidence divisors (6.4.5)), which are pairwise disjoint), and denote by

f:E < ][ Hkp,
the inclusion. It follows from Lemma, that F is smooth, and that
ho(B:) =67 + AIE] and  hi(Bi) = B + AlE]

where [E;],[E}] € H°(E) are the fundamental classes of E; and Ef. Repeatedly applying the relation
(fix) - y= filz- f*y), we find that we may write

hi(Bs) - hi(Bse) = BY -+ B + fie

for some € € H*(F).
To complete the proof of (6.4.11]), note that

/HHk;q*(o‘)'f!GZ/Ef*(q*(a))-e:o,

because the composition go f: E — Hk%ﬁ(l) factors through the union of all incidence divisors (6.4.5), and
the pullback of a to this union vanishes for degree reasons. ]
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6.4.5. Completion of the proof. Fix u € H*(Bunys(;)) and a subset S C {1,...,d}.
Proof of Proposition[6.3.1 The discussion surrounding (6.3.7)) allows us to write
Tep(uBs) =Te(w)Bs+ > urBr
RC{1,....d}

for some classes ug € H*(Bunys+(q)). We want to show that ug = 0 for any R that is not properly contained
in S, so let us rewrite this as

Tep(ufs) =Te(w)Bs + Y urBr+ Y urBr, (6.4.12)
RCS REZ
where
Z:={RC{l,...,d}:ug # 0 and R is not a proper subset of S}.
To show that Z is empty, we argue by contradiction. Fix a T' € # of maximal cardinality.
As T is not a proper subset of S, either S =T or SUT® C {1,...,d}. In either case Lemmas and
imply

/ Lo (uBs) - vBre = / T'e(u)Bs - vBre
T1P; 11

i

for every v € H*(Bunyt(1)). Another application of Lemma shows that

Z/HP.URﬂR'UBTCov

RCS

because each R in the sum satisfies RUT® C {1,...d}. Combining (6.4.12)) with the last two equalities, we
deduce that

> / upBr - vBre =0 (6.4.13)
Rrez’ 1TP:
for all v € H*(Bunyt(1)).

On the other hand, it follows from Lemma that

Z /HP_URBR.UETC _\/HP,UTﬂT.vﬂTC :/ ur - v. (6414)

REZ Bungi

Indeed, the terms in the sum vanish for all R € # with RUT® C {1,...,d}, and the only R € # for which
RUT¢=/{1,...,d} is R =T (because the maximality of T implies #R + #T°¢ < d, which forces the union
to be disjoint).
Comparing with shows that
/ ur-v =20
Bunyi q

for all choices of v € H*(Bunyt (1)), which implies ur = 0. Of course this contradicts T' € %, completing the
proof of Proposition [6.3.1 ]

6.5. Proof of Theorem [4.5.3 Having completed the proof of Proposition we now use it to prove
Theorem Theorem is a statement about perverse sheaves on A+, so we base change all k-stacks

to k, and omit the base change from the notation.
The proof will make use of the following observation. Consider the morphism

fa:Hk),, = Ag x Hke ) (6.5.1)
from (4.5.1). Any line bundle 9t on the target determines an endomorphism
Lo, (gzom) € Endppa,) (RmarQr)

by the construction (4.5.2). If we fix a geometric point a = (£,a) € A4(k), the action of this endomorphism
on the stalk (RmgQy)q only depends on the restriction of 9 to the fiber

Hk%ﬁ(l) = {a} x Hk%ﬁ(n C Ag x Hk%ﬁu) : (6.5.2)



HIGHER SIEGEL-WEIL FORMULA FOR UNITARY GROUPS II 47

Proof of Theorem[].5.3 Fix a geometric point a = (€, a) of Ay as above, and recall from the mor-
phism p : Hk%ﬁ(l) — X'. Applying Propositions and to
¢ = c1(det p*€) € H? (Hky(1))(1)
and its pullback ¢ € H? (Hk}\,ld)(l), we find that
Iep € Endpya, ) (PR™7a1(Qe))
respects the filtration , and its semisimplification acts as
IdeT =deg(é) @w = (—d+ (n — 1) degx (wx)) @ w

on the summand 7} (—i) ® H’ (Bunys (1))[dim Aqg).
An endomorphism of an IC-extension of a local system is determined by its action on stalks. Therefore,
because a is arbitrary, to prove Theorem it suffices to show that

T, (et ewivy € Endpo(a,)("R™mar(Qr))

induces the same endomorphism as I'c,, on the stalk at a.
Recalling Definition the universal vector bundle £"™V is the pullback of another (universal) vector
bundle along the composition

Hihy, 2% Ag x Hkby ) 228 Ay x X,

Pulling back the determinant of this bundle along only the second arrow, we obtain a line bundle 9T on
Ag X Hk%ﬁ(l) satisfying det £"V 2 f*MN. For tautological reasons, the restriction of 9 to the fiber (6.5.2)
is det p*€&.
Pulling back det £ along the composition
Aq x Hkiyy gy — Hky ) = X'

therefore yields another line bundle 9 whose restriction to the fiber (6.5.2) agrees with the restriction of
M, and whose further pullback along (6.5.1)) has first Chern class c4.
By the observation made at the beginning of §6.5] the two endomorphisms

Fcl(detguniv) = FC1(f5fm) and FCM = Fq(f:i‘im’)

of PR™741(Qy) induce the same endomorphism on the stalk at a, completing the proof. |

7. HECKE ACTION OF THE TAUTOLOGICAL BUNDLE

In this section we prove Theorem [4.5.4] The proof follows the same strategy as insofar as it uses
Proposition to relate an endomorphism of PR™m4(Qy) to a simpler endomorphism of H*(Bunys(q)).
The difference is that in this case the simpler endomorphism requires a significant amount of effort to
compute.

7.1. A more general setting. We remind the reader that n : A} — {£1} is the unramified Hecke character
determined by the étale double cover v : X’ — X. Using the convention of [FYZ24l §2.6], we also regard

n: Pic(X) — {£1}.
In @ only, we consider the following generalization of (2.1.1]). Fix a line bundle
N € Pic(X).
Using the notation of [FYZ25| §3.1.1], let
BunU*(l) = BunU(l))m@w; (7.1.1)
be the moduli stack whose R-points, for any k-algebra R, are line bundles £ on X, equipped with a Hermitian
isomorphism £ ® o¢*L£ = v*MN.
The obvious generalization of gives a Hecke correspondence
BU.I’IU*(l) (ﬂ Hk%*(l) h—1> BU.DU*(l), (712)

and everything in @ holds verbatim with Bunys(q) replaced by Bunys ;). This includes the construction
of the order two automorphism w from (4.5.6).
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Remark 7.1.1. Taking 9 = w?{” in recovers the stack Bunyy+ () of . The extra generality
obtained by allowing 91 to vary will never be used in the proofs of our main results. We allow it here solely
because Proposition [7.3.3] and Corollary [7.3.4] are of independent interest, so we formulate and prove them
in this greater generality.

7.2. Cohomology of Prym varieties. Let Prymg, be the fiber over 91 € Picx(k) of the norm map
Nm: Picxs — Picx between Picard stacks. Generalizing Remark [£.1.1] there are canonical identifications
BU.HU*(l) <h—0 Hk[lj*(l) L} BunU*(l)
| | | .

Prymy «—— X’ x Prymy, —— Prymy,

defined as follows. The outside equalities identify a point of Bunys (1), consisting of a line bundle £ € Pic(X")
and a Hermitian isomorphism £ ® o*£ = v*N, with the point of Prymy, defined by £ with its induced
isomorphism Nmy/,x(£) = 9. The middle equality sends a point of Hk%*(l), consisting of a modification
([@1.2), to the point (2/,L) of X’ x Prymy. The bottom horizontal arrows are

L (2, L) L(o(z") —2").
For any choice of 9, Prymg,; has two geometric connected components, which we denote by Prymg'1 and
Prymg;. The labeling is arbitrary, except in the special case 91 = Ox, in which case
Prym := Prymg,,

has a group structure, and we always take Prym™ to be the neutral component.

As explained in [FYZ24] Lemma 2.13], the k-rationality of the components depends on n(N). If n(MN) = 1,
the two components Prym§ are both defined over k; if n(91) = —1, there is only one connected component
over k.

The tensor product of line bundles makes each Prymgt1 into a Prym™-torsor. As explained in the discussion
leading to [FYZ25, (10.16)], any trivialization of this torsor over k determines a canonical isomorphism

H™(Prymj,) = H™(Prym™) (7.2.2)
independent of the choice of trivialization. As a special case, we find a canonical isomorphism
H!(Prym~) = H'(Prym™).
Abbreviating
Vi=H'(X")"="",
the Abel-Jacobi map AJ : X’ — Prym™, normalized by AJ(2’) = Ox(o(2')—1'), determines an isomorphism
H' (Prym™) 25 HY (X/)7="1 = V.
Combining all of this, we obtain canonical isomorphisms
H™(Bunys (1)) = H™(Prymg;) & H™ (Prymy;)
=~ H™(Prym™*) @ H™(Prym™)

o (/\mv) ® (/\mv) . (7.2.3)
Tracing through the construction of (7.2.3)), one finds that the automorphism
w: H* (BunU*(l)) — H*(BUI’IU*(D) (724)
from (4.5.6) acts as (a,b) — (b,a) on the final expression in (7.2.3)).

Let us also explicate the Frobenius action on H*(Prymg,). If () = 1, then the Frobenius preserves the
direct sum decomposition in and acts on each via its natural action on V. If n(N) = —1, the Frobenius
exchanges the two summands. In fact, we have the following proposition:

Proposition 7.2.1. Let M € Picx (k) satisfy n(M) = —1. Then for any i > 0, Tr(Frpyym,,, H'(Prymy)) =0,
and
Tr(Frprym,, ow, H (Prymy)) = Tr(Frp,ym, H' (Prym))
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Proof. Tt is proved in [FYZ25, Lemma 2.13] that under the assumption 7(0M) = —1, Frp,ym,, exchanges the
two geometric connected components of Prymy,;. This proves the first claim.

For the second, as in the proof of [FYZ25, Lemma 2.14] it suffices to consider the case M = O(z) for
an inert closed point € X. Following the notation from loc. cit, let x x5 k = {x1,...,24} be the set of
geometric points above x, and 2’ xy k = {z],...,25,} be the set of geometric points above z’, where 2’ is
the unique closed point of X’ above x; moreover, we enumerate the {z;} and {z}} in a manner compatible
with the Frobenius and Galois actions as in loc. cit. In particular, F = Ox (2} +- - - +2/;) defines an element

of Prymy, (k).

As Prymy,; is a Prym-torsor, there is an isomorphism of k-schemes actz : Prymy ~ Prymg, 7 defined by
acting on F. Both Prymgz and Prymmﬁ carry Frobenius endomorphisms, however they are not intertwined
under actr. Instead, for any £ € Prymg, we have

Frprymy, (£ ® F) = Frprym (L) @ Frprymy, (F) = actz(Frprym (£) @ Frprym,, (F) @ F ).
Therefore under the isomorphism actz, Frpyym,, corresponds to the endomorphism of Prym given by
L+ Frprym (L) @ Frprym,, (F) @ F L.

It remains to prove that the endomorphism of Prymy given by translation by Frpyym, (F) ® F ~! € Prymg
acts on H*(Prym) as the automorphism w. It is proved in loc. cit that Frprymm(]:) ®F e Plrym%7 from
which the claim follows, as translation by elements in Prym% acts on cohomology as w. O

7.3. Hecke action of tautological bundles on Buny.(;). Recall from @ that for each
ce H 2(Hk%p(1))(1), there is a Frobenius-equivariant endomorphism
I'c € End(H*(Bunys(y))).

In Proposition we calculated this action when c¢ is the first Chern class of a line bundle from X'. In
this subsection, we undertake the more difficult calculation where ¢ is instead the first Chern class of the
tautological bundle £y (1) from Definition @ This calculation can, with enough work, be extracted as a
special case of the method of [FYZal.

7.3.1. Relation to the Poincaré bundle. As a first step, consider the Poincaré line bundle & on X’ X Prym,y,,
whose pullback along an R-valued point (2, £) is the rank one projective R-module L.

Lemma 7.3.1. The isomorphism Hk%p(l) >~ X’ x Prymy, from identifies
oy & 27 @ pri(wyr @ M),
where pry : X' x Prymg, — X' is the projection to the first factor.
Proof. The pullback of £y (1) along an R-valued point (2',£) € X’ x Prymy, is the projective R-module
L(o(x') = a")or) = L0(2")]o@) = (L@ wWx)lo@) = (07L)]er @ wit o
Using the Hermitian isomorphism £ ® o*£ = v*N, this last line bundle is isomorphic to
L7w ® (wxr @V N,
which is what we needed to prove. (|
7.3.2. The class 3. Recall that we abbreviate V := H!(X’")°=~1. Denote by
P: V1)V — Qq

the pairing

V() eV cHY(X')(1) @ HY(X') = H*(X)(1) = Q¢
of Poincaré duality. Define a cohomology class

B=> v ev()aV,
J

where {v;} is any basis of V(1), and {v7} is the dual basis of V with respect to 9. By the discussion leading
to (7.2.3)), we may regard § as an element of

BeV(l)®V c H(X')(1) @ H (Prymy) € H3(X’ x Prymg)(1). (7.3.1)
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Consider the diagram
Prymg% o X Pryrngﬁ;t SIEN Prymd; (7.3.2)
obtained by restricting (|7.2.1) to connected components. Exactly as in the discussion leading to ,

the cohomology class 8 in (|7.3.1]) can be viewed as a cohomological correspondence, and so defines (for any
m > 0) a homomorphism

Hm(Prymfﬁ) —1}—> H" (Prymg;).
As we have identified both sides with A™ V in , we may view it as an endomorphism
N've Hm(Prymm) L2, {m (Prymd) = AV (7.3.3)
Lemma 7.3.2. The endomorphism ((7.3.3)) is multiplication by m — degy (wx).

Proof. We calculate the effect of the arrows in (7.3.2]) on cohomology.
For any a € H'(Prymy;,) 2 V, it is clear that

hi(a) =1®a € H(X') @ HY (Prym%) € HY(X' x PrymZ).
It follows that we have a commutative diagram

H™(Prymg) M HO(X) @ H™ (PrymZ) —2s HY(X')(1) ® H™ ! (Prym)

A"V VDo ANV,

in which the bottom horizontal arrow sends a = a; A --- A a,, to

B-hi(a) = v;@ @ Aay A Aap). (7.3.4)
i

Now we turn to the analysis of hy. The map h; factors as

X' x Prymi, ATx1d, Prym~ x Prym% — Prymg,

where the final arrow is the tensor product of line bundles on X’. Using the isomorphisms (7.2.2)), the
induced pullback

H'(Prymg,) — H'(Prym™ x Prym3)
on cohomology is identified with the coproduct

H!(Prym™) — H'(Prym™ x Prym™)
determined by the group law on Prym™. For any abelian variety B, the coproduct

H'(B) —» HY(B x B) = (H°(B) ® H'(B)) & (H'(B) ® H(B))

is given by b — 1®b+b®1. Tracing through our identifications, it follows that for any class b € H' (Prymg;) =
V we have

Ri(b)=10b+b21€ (QaV)a (Ve Q)
~ (HY(X')® Hl(Prymi)) o (H (X)) ® HO(Prymg%))
=~ H(X' x Prymg).

Abbreviate d := dimV = degy(wx). From the above description of hf in cohomological degree 1, it
follows that we have a commutative diagram

H4™(Prymg;) S SN H?=™(X" x Prymg)

&

H'(X') @ H¥~1(Prymg)

J

/\d—m V V ® /\d—m—l V
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in which pr is projection to the Kunneth factor, and the bottom horizontal arrow sends b = by A+ Abg_m

to
d—m

hT(b) = Z (_1)i_1bi & (bl AR /\37; VANRERAN bd,m).
i=1
The above calculation shows that (7.3.4]) satisfies

B h?i(a) ~hi(b)

ZZ 1) 4h (v, b)) (07 Aay Ao A Aby A= Abi A Abg_m)
J

=1
d—m
=N (=)™ Aay A Aam AbL Ao Abi A Abg_m
=1
alA---/\am/\bl/\n-/\bd,m
=1
= (m —d)(a-b),

where we have used ) ; ¥(vj,b;)v? = b;, and the above equalities are understood in

H2(X' x PrymZ)(1) = H2(X')(1) ® HY(PrymZ) = /\ V.
By definition of hy, = hyy, we must therefore have
hu(B - ho(a)) -b = (m —d)(a - b),
as elements of Hd(Prym§) =~ /\dV, and this must hold for all choices of b. This can only happen if
hu(8 - (@) = (m — d)a.
Comparing with , this is what we needed to prove. O

7.3.3. The action on Buny. (). Recall the tautological bundle £y.(qy from Definition @ By the construc-
tion (6.1.1)), its first Chern class

c1(lu-1)) € Hz(HkIlJ*(l))(l)
induces an endomorphism

Fcl (ZU*(I)) - H* (BUIIU*(U) — H* (BUIIU*(U). (735)
Proposition 7.3.3. For any m > 0, we have the equality
Fc1(ZU*(1)) = (degX (m) - 2m) -w

of endomorphisms of H™ (Bunysx(1y). Here w is the automorphism (7.2.4)), and N € Pic(X) is the line bundle
fized in (7.1.1).

Proof. According to [FYZ25, Lemma 10.5], we have the equality
€1 (‘@|X'XPrym§) = 2ﬂ + degx(m> Y
in H?(X'" x Prymg)(1), where 7 is the cycle class of the divisor
{2} x Pryrngft C X' x Prymf;

determined by any closed point =’ € Xé. Using Lemma and arguing as in the proof of Proposition
[6-13] to compute the action of ~, the induced homomorphism

/\ V= Hm(Prymm) — H™(Prymd;) & /\ 14

is multiplication by 2m — 2degy (wx) + degx (). Using the identification

o™ Bung- ) = (\"V) @ (A"V)
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from , we find that the cohomological correspondence
c1(2) € HA(X' x Prymy)(1) 2 H(Hkb. (1))(1)
induces the endomorphism
(2m —2degy (wx) +degyx (D)) - w : H" (Buny+ (1)) — H™ (Buny.(y)). (7.3.6)
By Lemma we have the equality of first Chern classes
c1(lys1)) = —e1(2) + e1(p* (wxr @ V™ N)).

Converting from cohomological correspondences to endomorphisms as above, the first term —c;i (&) in-
duces the negative of the endomorphism (7.3.6]), while from Proposition we see that the second term
c1(p* (wyr ® v*N)) induces the endomorphism

degy (wyr @V*N) - w = (—2degy (wx) + 2deg (N)) - w.

of H™(Bunyy«(1)). Adding these together completes the proof of the Proposition. ]
Corollary 7.3.4. The endomorphism L, (s, ) from (7.3.5)) satisfies
2 A" T sde
D (0™ (T g ) © Fr B (Bungs 1)) = oz ds [q d gX(m)L(2s,n)L:O (7.3.7)
m>0

if (=1)" =n(M). Otherwise, the sum on the left hand side is 0.
Proof. Tf (=1)" # n(MN), it is clear from the characterization of w in (7.2.4) and Proposition that
Tr(w" o Fr, H™ (Buny«(1))) = 0,

and so the vanishing of the left hand side follows from Proposition [7.3.3]
Now assume that (—1)" = n(M) holds, so that Propositions and imply

do=nm- Tr(T'Z, (440 ) © Fr, H™ (Buny- (1))

m>0
= > (=1)™ - (degx (M) — 2m)" - Tr(Fr, H™ (Prym)).
m>0
On the other hand, writing a4, ..., as_o for the eigenvalues of Fr acting on V = H'(X’)?=~!, we have
2g—2
L(s;) = [[ (1 =g ™)
i=1
= Z (=™ Tr(Fr, /\mV) -q ™
m>0
=271 Z - Tr(Fr, H™(Prym)) - ¢~ ™,
m>0
where we have used (7.2.3)) for the final equality. The claim follows. O

Remark 7.3.5. Upon applying the Lefschetz trace formula of [FYZ24, Proposition 11.8], Corollary
recovers [FYZ24, Theorem 10.2]. The original proof of loc. cit. was more difficult and complicated than the
one given here. Moreover, we shall see that the present approach is more flexible, as it can be incorporated
into the calculation of the degrees of corank one special cycles.

7.4. Proof of Theorem We now take 91 = wX , so that Buny« (1) = Bunyyi(q). Abbreviate
c=c1(lyi(y)) € H? (Hkyt 1)) (1)

for the first Chern class of the tautological bundle of Definition As in we pull it back to a class
cm = e1(byr(n) € H?(Hkjy, ) (1).

This latter class is, by abuse of notation, the first Chern class of the line bundle /y: ;) on Hk}\,t , from
Definition 4.4.3]
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Proof of Theorem[}.5.7} Asin the cohomology class ¢ determines an endomorphism I, of H’ (Bunys(qy)-
This is the same as the endomorphism in Proposition [7.3.3] so is given by the explicit formula

Fe=(-2j+(2—n)degy(wx)) - w.

Again as in the cohomology class ¢y determines an endomorphism T'c,, of PR™7m4(Qy). This is the
same as the endomorphism in the statement of Theorem [4.5.4]
Proposition tells us that I'c,, respects the filtration (4.5.5)), and its semisimplification acts by

Id®I'c on the summand J¢; (—i) ® H (Buny+ (1)) [dim Aq],

so we are done. O

8. CYCLES ON MODULI SPACES OF SHTUKAS

In this section we recall from [FYZ24] the construction of corank one special cycles on the moduli space
of Hermitian shtukas. We then prove the fundamental Theorem [B:3.1] which expresses the intersection
multiplicities of these cycles against tautological bundles in terms of sheaves on the Hitchin base A.

8.1. Compositions of correspondences. Given any correspondence of the form
Yy o mkl My,
we define the “r-legged version” HkY as the iterated fibered product

Hk%/ X h1,Y,ho Hk%/ Xh1,Y,ho + -+ Xh1,Y,ho Hk%/ . (811)

r factors
We regard this as a correspondence
Y &2 HKg Iy (8.1.2)
where hg is the projection from (8.1.1)) to the leftmost factor of Hk%/ followed by hg, and h,. is the projection
from (8.1.1)) to the rightmost factor Hks- followed by hy. When 7 = 0, the correspondence Hk}, is understood
to mean Y, and (8.1.2)) becomes

y My My

Applying the above construction to the Hecke correspondences (4.3.2)) yields a similar r-legged analogue
of that diagram, and in particular morphisms

HKy — Hk () = Hk]1 o) - (8.1.3)

For example, a point (7, Fe) € Hkyy(,,)(R) consists of a diagram of modifications
b b
‘7:1/2 ‘7:3/2 ]:ﬁ_1/2

r’l/ \'(jﬂi) mé/ ‘732/ X(ﬂji,) (8.1.4)
Fo Fi aE Fro1 Fr

of rank n vector bundles on X7, each as in (4.2.1)), with z/,...,z;. € X'(R) and Fo,...,F, € Buny,(R).
To simplify notation, we will shorten (8.1.4]) to

We will not similarly spell out the points of the other two iterated Hecke stacks in (8.1.3)), but we do note
that the commutativity of (4.3.6)) implies that the Hitchin fibration (2.1.6) sits in a commutative diagram

HK,

(8.1.5)
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8.2. Shtukas and corank one special cycles. Recall from [FYZ24, §6.3] the Deligne-Mumford stack of
rank n Hermitian shtukas with » > 0 legs. A point
(4, Fo, ) € Sht{y(,) (R) (8.2.1)

defined over a k-algebra R consists of an underlying point (z3, Fe) € Hk{y(,,)(R) as in (8.1.4), together with
an isomorphism ¢ : F, = 7F; respecting Hermitian structures. Here 7(—) denotes Frobenius twist. More
generally, associated to each of the iterated Hecke stacks in (8.1.3) is a similarly defined moduli space of
shtukas, related by morphisms

| | |

Hk}\/l E— Hk%(ﬂ) Lﬂ) Hk{ff(l) .

The arrows labeled det! are defined by taking the twisted determinant (2.1.3)) of each F;.
For any (€,a) € A(k), consisting of a rank n — 1 vector bundle £ on X’ and an injective Hermitian
morphism a : & — 0*EY, we define the corank one special cycle Z%(a) as the fiber product

ZL(a) — Shty,
| |Em3
Spec(k) 22 A,

More explicitly, a point (), Fe,te, @) € Z£(a)(R) consists of an underlying point (8.2.1)) and a commutative
diagram

Er Er - Er Er
lto ltl lt,. lfto (8.2.2)
Fo ----- > Fp ===-- PP y Fr —— " Fo,

in which each ¢; respects Hermitian structures, in the sense that o*tY o t; = a.

Remark 8.2.1. Although our M does not agree (Remark [2.1.2)) with the stack of the same name in [FYZ24],
our Z¢(a) does agree with the stack of the same name in [EYZ24] §7.2]. This is because the morphism a in
the pair (£, a) € A(k) is injective, by definition of A.

Proposition 8.2.2. The k-stack ZZ(a) is proper.
Proof. The twisted determinant (2.1.3)) defines a morphism

det: ZZ(a) — Sht{y; y) (8.2.3)
sending a point (8.2.2)) to
etf
det! (Fo) ——-- det!(F1) - ... == dett(F,) —22PL 7 qett (7).

We will exhibit (8.2.3) as a composition of proper morphisms. Because Sht{ﬁ(l) is a proper k-stack (an
immediate consequence of the properness of Bunm(l)), this will prove the claim.
Recall that for a k-algebra R, a point (L) € Shtyi(1)(R) consists of a sequence of modifications

Lo —---- > L -——-- S y L ——— Lo (8.2.4)

of line bundles Lo, ..., L, € Bunyt(1)(R), which each modification having the form

’ ’

T o(z)
Li<— £Z+1/2 —Lin

as in (4.1.2). The line bundles
D; :=det(c"Er) ® L; and D2+1/2 :=det(c*ER) ® £2+1/2 (8.2.5)
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on Xy, are then similarly related by modifications

b U(I;)
i+1/2 > Diy1

with the property that the Hermitian pairings on D; and D;41 from ([2.3.2)) restrict to the same Hermitian
pairing on D’ Recalling the doubling map from Definition we now have morphisms of torsion

i+1/2°
coherent sheaves

Dj<~— D

T (ER B D4 )9)Y L O (Er®D)” | o (Er® D)

gREBD?+1/2 ERGBDEJH/Z Er®D; i
and
o* (& EBDIZ v *(E D, \Y *(E D. Vi
(Er b+1/2) o*(Er @ bz+1) L (Er ® Dit1) =Db(&,a,Lit1)- (8.2.7)
Er®D ) EROD ) ErR®Dip1

Consider the stack C — Sht{;+ ;) whose fiber over (L) € Sht{;s(;) parametrizes coherent subsheaves

o (E® DE+1/2)V

SR@DE

0*(53 D Dl)v

L; C
Er®D;

and LE+1/2 -
+1/2

(for all 4 € {0,...,r} and i € {0,...,r — 1}, respectively) such that

e FEach L; is a Lagrangian subsheaf.
e Each Lg 412 18 contained in the image of the injection <— from (8.2.6), and maps to L; under the

surjection — from (|8.2.6]).
e Each L? +1/2 is contained in the image of the injection <= from (8.2.7), and maps to L;+1 under the

surjection — from (8.2.7)).

The map C — Sht%f(l) is proper, being cut out by closed conditions in a product of partial flag varieties.
Now we claim that (8.2.3) can be factored as

in which the first arrow is a closed immersion. To define the first arrow, fix an R-valued point (8.2.2)) of
ZZ(a). Recall that the modifications in F, have the form

z’ o(z')
Fi ¢ ‘le?+1/2 » it

described in ([#.2.1)). The image of this point under (8.2.3) is a UT(1)-shtuka (8.2.4)), from which we construct
the line bundles (8.2.5)). The complementary line trick from associates to our point (8.2.2), functorially
in R, a sequence of injections

SR@Dz (—>./T'.7, gO'*.EV ‘—)0*(5]{@1)1)\/

— F7

i11/27 and so we obtain a second sequence

The first arrow in the sequence restricts to a map Er @DE +1/2
of injections
b b * b * b
ER® D] 19 = Firrjo = 0 (Fip1ye)” = 0" (ER® D))",

7

related to the first by a commutative diagram

EROD; ¢ ERODY, y —— ER B Dipy

J £ £

F « CF s s Frix (8.2.9)

J £ l

0*(53@1)1')\/ — 0*(53@D5+1/2)v — 0*(5R@Di+1)v
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The first arrow in (8.2.8) is now defined by sending the point (8:2.2)) of Z%(a)(R) to the UT(1)-shtuka (8:2.4)),
together with the subsheaves

Fi o*(Er ® Dy)Y b Fliye 0" (Er ® D}y )"
L, = and Li+1/2 = : . .
Er ®D; Er®D; (CJ,REBDZ'+1/2 5R@Di+1/2

It remains to show that the first arrow in (8.2.8)) is a closed immersion. From a point (L, Le) € C(R), we

can reconstruct vector bundles F; and ]-'Zb 1)2 fitting into a diagram of the form (8.2.9) by pulling back along

the quotient maps. Then by the same argument as in the proof of Proposition the point (L, L) lies
in the image of Z%(a)(R) if and only if the following conditions are satisfied:

e Each L; is balanced in Db(€, a, £;).
e The isomorphjsm D, & ™Dy carries L, to " Lg.

e Denoting by L; the preimage of L; under the surjection in (8.2.6)), each torsion sheaf L; / LE 41)2 is of

length 1 supported at z, and each Zi+1/L5+1/2 is of length 1 supported at o(z}).
As these are each evidently closed conditions, we are done. O
8.3. Calculation of Grothendieck-Lefschetz trace. Fix a d > 0, and a point
a:=(&,a) € Aq(k)

consisting of a rank n — 1 vector bundle £ on X’ and a Hermitian morphism a : £ — 0*€". The associated
special cycle

has expected dimension r, but this expectation need not be fulfilled. To correct for this, in [FYZ25] §4] one
finds the construction of a virtual fundamental class

[2£(a)]"™ € CH,(ZE(a)).
Denote by ¢; the pullback of the line bundle i,y from Definition along the i*" projection
Sht gy — Hkiy( -

These are the tautological bundles (1, ..., ¢, defined in [FYZ25| §4.3].
Fix a line bundle & on X’, and abbreviate

do := d(&) = degx (wx) — deg(&o)
as in ((1.1.2). We now use the intersection pairing of ([1.1.5) to form the 0-cycle class

<H apio*éy ' ® fi)) -[ZE(a)]""" € CHo(ZE(a)),
i=1

where

is the i*? leg map. By the properness of Z¢(a) proved in Proposition the above 0-cycle has a well-defined
degree.

Theorem 8.3.1. Recall the shifted perverse sheaf #;} € D%(Aq) from ([3.1.2)). The degree

deg <<H apio @ m) : [ZE(CL)]V“> (8.3.1)

vanishes for odd r, and for even r is given by

E31) =

d
2 dr ‘ | -
Tog ) o7 oo [ £28,1) - 30 Te(Fra, () a7,

1=
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Proof. Recalling the tautological bundle ¢, on M, from Definition abbreviate
¢ :=c1(bpm) — c1(p*o*&) € H*(Hkl,)(1) -

Here p : Hk}\,td — X' is the natural map. As explained in this class may be viewed as a cohomological
correspondence, and may be pushed forward along the Hitchin fibration 7y : My — Ay to obtain an
endomorphism

Le=Te (ep) — Lerprogo) € Endpra,)(RrarQy).
It follows from the Lefschetz trace formula of [FYZ24, Proposition 11.8] that
B31) = Tr (FT o Frq, (R7aQ0)a)
=3 (=1)" Tr (I} o Frq, ("R 71Qr)a)
meZ

where I'l = I'c o --- o I'; is the r-fold composition of endomorphisms, and PR™7yQ, are the perverse
cohomology sheaves of Ry Q.
On the other hand, we know from Corollary that for every m there is a Frobenius-equivariant
isomorphism
R"rynQp & @ Hi(—i) @ Hj(BunUf(l))[dim Aqg).
dim Ag+2i+j=m
The endomorphisms I';, (¢,,) and ['¢, (po+g,) Were computed, up to semisimplification, in Corollary

and Corollary respectively. Combining those results, we find that the endomorphism I'; respects the
filtration (4.5.5)), and its semisimplification acts as

T = (d+dy—2i—2j)@w

on the summand £} (—i)q ® H7 (Buny+(q))[dim Ag]. Recall that w is the order two automorphism (4.5.6).
We are only interested in the traces of these endomorphisms, composed with Frobenius. Passage to the
semisimplification does not affect the trace, so upon combining this information, we find that

@31 = > (—1) - Tr (T 0 Frq, #7 (—i)a @ H (Bunyi(1)))

1,720

= > (=1 - (d+do — 2i — 2j)" - Te(Fra, £ (—i)a) - Tr(w” o Fr, B (Bunyy (1))
i,7>0

If r is odd then, as in the proof of Corollary we have
Tr(w" o Fr, Hj(BunUf(l))) =0
for all 7 > 0, and we are done. This leaves the case where r is even, so that w” = Id. In this case, we have
B33 = > (~1) - (d+do —2i = 25)" - Tr(Fra, 4 (—i)a) - Te(Fr, B (Bunyi (),
3,j>0

and the claim follows from the identity

1 ; ; _sj
Do) = 5 S (1) Te(F, 1 (Bungy ) -4
j=0
already used in the proof of Corollary O

9. EISENSTEIN SERIES AND DENSITY POLYNOMIALS

We now turn to the analytic side of our calculations. We recall the construction of Siegel Eisenstein
series on quasi-split unitary groups, the expression of their nonsingular Fourier coefficients in terms of
representation densities, and the expression of their corank one Fourier coefficients in terms of nonsingular
coefficients of Eisenstein series on a lower rank group. Nothing here is really new, but the precise formulas
we need are not easily found in the literature.
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9.1. Eisenstein series on quasi-split unitary groups. Recall from the quadratic character 7 :
A} — {£1} corresponding to the extension of function fields F’/F. Fix an unramified Hecke character

x:Ay — C*, (9.1.1)

whose restriction yg = X|A; is a power of 7.
We recall some notation from [FY7Z24] §2]. For an integer m > 1, we denote by

H,, = U(m, m) - RQSFI/F GLa2p,

the rank 2m quasi-split unitary group over F, as in [FYZ24, §2.1], and by P,,, = M,,, N, its standard Siegel
parabolic. Thus the Levi factor and unipotent radical have adelic points

(%

M) = {mi@) = (* 1)) s € GLutar ]

Ny (Ar) = {n(ﬁ) = <1m 1i> 1B e Hermm(AF)} .

In the usual way, we associate an Eisenstein series

E(g,8,X)m = > (195 0)m
7€ P (F)\H (F)

on H,,(Ar) to the unramified section

Hp, (A m+3
(I)(ga SaX)m S Im(87X) = Indpm((Alf)) (X ' ‘ \F )a

normalized by ® (12, 8, X)m = 1. Although we will never explicitly need it, this Eisenstein series satisfies a
functional equation in s — —s: see [EYZ25, Remark 10.1].
After fixing a nontrivial additive character vy : kK — C*, this Eisenstein series has a Fourier expansion

E(g,8,X)m = > Er(g,8,X)m.
TeHerm,, (Fwr)

exactly as in [FYZ24] §2.2], whose coefficients are indexed by m x m Hermitian matrices with entries in the
one-dimensional F’-vector space of rational 1-forms on X'.

As in [FYZ24, §2.6], given a rank m vector bundle £ on X’ and a (not necessarily injective) Hermitian
morphism a : £ — 0*€Y, we define a Fourier coefficient

E(g,a)(8,X)m := Er(m(a), s, X)m (9.1.2)

by fixing a trivialization (F')™ 2 Eps of the space of rational sections of &, taking T to be the matrix of the
pairing a : £ ® 0*€ — wxs with respect to this trivialization, and choosing o € GL,,(Ap/) in such a way
that for every closed point w € X’ the above trivialization identifies the lattice o, O, C (F},)™ with the
completed stalk of £ at w. h

9.2. Density polynomials and non-singular coefficients. When the character satisfies xo = n™,
it is explained in [F'YZ24, §2] how to express the Fourier coefficient associated to a non-singular pair
(€, a) in terms of certain density polynomials. In this subsection, we recall these formulas and explain how
to extend them to the case yo = ™.

Denote by | X| the set of closed points of X. Fix a v € |X]|, a uniformizer w, € F, of the corresponding
completion of F', and denote by g, = #k, the cardinality of residue field of v. For an integer a > 0, define a
polynomial

a—1
my(a,T) = [ (1 = m(@)'¢iT) € Z[T] (9.2.1)
i=0
of degree a.

Given a torsion Hermitian sheaf @ € Herm(k) on X', the completed stalk @, is a torsion Hermitian

module for Op; /OF,. Define the local density polynomial

Den(T,Q,) = Y. Ton O, (1+/1),T), (9.2.2)
ICcI+cQ,
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where I runs over all totally isotropic Or,-submodules of @, and

1
t (I /1) = 5 dimg, (/1) ®oy, ky) € Z.

Here we are effectively taking the Cho-Yamauchi formula of [FYZ24, Theorem 2.3 (3)], which is the uni-
tary version of the formula pioneered in the quadratic setting in [CY20], as our working definition of the
local density polynomial; compare with [FYZ24, Remark 2.4]. We will also need the twisted local density
polynomial

Denn(Ta Qv) = Deﬂ(ﬂv (WU)T; Qv) (923)
which does not appear in [FYZ24].
The global density polynomial is defined by
Den(T,Q) := [] Den(T%"),Q,), (9.2.4)
ve|X|
and similarly the twisted global density polynomial is defined by
Den,(T,Q) := [[ Den, (T, Q,). (9.2.5)
ve|X|
Given a pair (€, a) consisting of a vector bundle £ on X’ and an injective Hermitian morphism a : £ —
o*&V, set
Den(T, &) := Den(T, Q) (9.2.6)
Den, (T, &) := Den, (T, Q)

where @ := coker(a) is the torsion Hermitian sheaf associated to (€,a). Our interest in these polynomials
stems from their close connection with the Eisenstein series of the previous subsection.

Proposition 9.2.1. For any pair (€,a) consisting of a rank m vector bundle € on X' and an injective
Hermitian morphism a : € — o*EV, the Fourier coefficient (9.1.2)) is given by

XdetE q(sfg)d(f)qusdegx(wx) Den q_2575 ZfX — ym
Fe (o), - X0t(E) _[pen(@>.8) ifxo=n

Zm(8, X0) Den, (q72°,€) i xo = 0™,
where d(E) and L (s, Xo0) are defined in the introduction, cf. (1.1.2) and (1.1.4).

Proof. The case xo = n™ is [FYZ24, Theorem 2.8], and we explain the changes needed for the other case.
By [FYZ24l (2.15)], there is a factorization

m

Bt ay (5,X),, = x(det(£))g(s~ 5 g=omdenx(x) T] Wi, (1, 5, ®,)
ve|X|
as a product of the local Whittaker functions of [FYZ24l (2.2)], where T, € Herm,, (F),,wp, ) is the matrix of
the local Hermitian Op;-lattice £, obtained by completing the stalks of £ at the points of X’ above v € | X|.
This holds for both xg = 7™ and xo = n™*!.
If xo = n™ then [FYZ24, Lemma 2.7] tells us that

1

Wr,(1,s,®,) = Den(q, *,&,) - | | ———+.
T( 1) (U U) _1;[11@(28"'7/,771)

If xo = n™*! we can apply [Che24d, Lemma 2.3.1] to obtain
O 1
1,s,9,) =D “28) | —mM8Mm——.
WTv( Sy ) enn(qv & ) };[1 LU(QS ¥ i,771+1)
The proposition follows immediately. ([l

The following functional equation tells us that both polynomials in (9.2.6]) have palindromic coefficients.
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Proposition 9.2.2 (Functional equation). For any pair (€,a) consisting of a vector bundle & on X' and an
injective Hermitian morphism a : € — o*EV, the global density polynomial Den(T, E) satisfies the functional
equation

Den(T, &) = T Den(1/T, €).

The same functional equation holds for the twisted global density polynomial Deny, (T, E).
Proof. Fix a QQ € Hermyg(k). There are local functional equations
Den(T, Q,) = (n(w,)T) ="M@ Den(1/T, Q)
Den, (T, Q,) = T8 @) Den, (1/T, Q,),
where length is taken as an Op, -module, so that 2d = Zvel)ﬁgth(Qv)' The first of these is [FYZ24]
52.3)

Remark 2.6], and the second is immediate from the definition
The local functional equations imply the global functional equations

Den(T, Q) = T%Den(1/T, Q) - H n(wv)%length(Qv)
vE|X|
Den, (T, Q) = T" Den, (1/T, Q),
and [FYZ24, Lemma 11.13] implies that the product over v € |X| on the right hand side of the first equality

is 1 whenever Q = coker(a : & — 0*&V) is the cokernel of a Hermitian morphism of vector bundles. O

Remark 9.2.3. These local and global functional equations can also be deduced from results stated in
§10.1] See especially (10.1.2) and Theorem [10.1.1

Example 9.2.4. Suppose that Q € Hermy(k) is supported above a single closed point v € |X| of degree

one. Directly from the definitions one finds Den, (T, Q) = 1 + T, while
1+7T ifwvissplit
1—-T ifwisinert.

Den(T, Q) = {

In the case where v is inert in X’ the coefficients of Den(T, Q) are not palindromic, but this does not
contradict Proposition Instead, it demonstrates that it is impossible to express such a @ as the
cokernel of a Hermitian morphism of vector bundles on X’ (it would be possible if we relaxed our standing
assumption that X’ — X is unramified).

9.3. Singular Fourier coefficients. We now explain how to express the corank one Fourier coefficients of
the Eisenstein series FE(g, s, X)m on H,,,(Ar) in terms of the non-singular Fourier coefficients of the Eisenstein
series F(g, s, X)m-1 on H,,_1(A ). The latter are known by Proposition

Suppose we are given an exact sequence of vector bundles

05E& —=E—=E =0
with £ and £° having ranks m and m — 1, respectively. Suppose we are also given an injective Hermitian
morphism a’ : £” — ¢*(£?)Y, and denote by a the composition
£ Yy o7 (e = eV,

Proposition 9.3.1. We have the equality

g™sdeex@x) 2 (s, x0) - Eg,a) (8, X)m

= X(Eo)q 7 T derlo)gmsdeax ©x) £ (5, x0) - Bign a0y (5 + 1/2,X)m-1

+ x(E0)q'# ) BBl gmedenx () £ (s, x0) - Ees vy (=5 + 1/2,X)m-1,

where £, (s, xo0) is defined by .

Proof. There is a general method to express the corank r Fourier coefficients of E(g, s, x)m in terms of
non-singular coefficients of E(g, s, X)m—r, explained in [GST9 §5.2.2]. The particular case of corank one is
spelled out in detail in [Che24d| §2.4], at least in the number field setting. In the function field setting, the
case m = 2 is spelled out in detail in [CH25l §2.5]. As the proof of the proposition in the generality stated
here requires no new ideas, we leave the details of the calculation to the interested reader. O
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10. GEOMETRIZATION OF TWISTED DENSITY POLYNOMIALS

One of the main technical results of [FYZ24] is the geometrization of the density polynomials Den (7, Q) of
in the sense of the sheaf-function correspondence. In other words, [FYZ24] constructs a polynomial with
coefficients being perverse sheaves on Herms,, such that the trace of Frobenius on the stalk at @@ € Hermog(k)
is Den(T', Q). In this section we do the same for the twisted density polynomials Den, (T, Q).

10.1. Statement of the result. Recall from the perverse sheaf
Spros™ ¢ DY (Hermyy),

with its Springer action of the group Wy = (Z/2Z)? x Sy.
Given a pair of integers a,b > 0 such that a + b = d, we regard W, x W, C Wy in the obvious way. If we
denote by
Xa: (Z2/272)* — {£1}
the character obtained by summing the coordinates and then applying the identification (Z/2Z) 2 usy, then
the (o X trivy)-isotypic component
HSpr, , := (Spriterm)xaBtrivy = gy form (10.1.1)

for the action of (Z/2Z)* x (Z/2Z)" C W, is a perverse sheaf on Hermag, and carries an action of W, x Wj. In
particular, it carries an action of the subgroup S, x Sy. According to [FYZ24] Theorem 5.3 and Proposition
12.3], for any @ € Hermy,(k) we have the equality of polynomials
Den(T,Q) = Y Tr(Frq, (HSpry*)q) - T°. (10.1.2)
a+b=d
In the special case where (a,b) = (0, d), the perverse sheaf HSpr, , agrees with the sheaf
HSpr, := (Sprgjm)(zmz)d (10.1.3)
from [FYZ24l, Definition 4.7]. The following variant of (10.1.2)) expresses the twisted global density polyno-
mials of in terms of the perverse sheaves
%i _ (Sprgjrm)wixwdq _ HSprj'iXSd—i c Dg(Hermgd)

from (B11) and (3:23).

Theorem 10.1.1. For any Q € Hermyq(k), we have the equality of polynomials
d

Den, (T,Q) = Y _ Tr(Frq, (#)q) - T".
=0

The proof of Theorem [10.1.1] will be given in after we prove some preliminary results.

10.2. Comparison of Springer fibers. We need to strengthen some results from [FYZ24, §4] on the

structure of the stalks of Sprgjrm. This requires first recalling a substantial amount of notation from loc. cit..

10.2.1. Hermitian Springer fibers. For QQ € Hermag(k), let Bgerm be the Hermitian Springer fiber defined in
[FYZ24l §4.4]. Tt is the k-scheme classifying complete flags of Ox -modules
0CQICQ2C...CRQ2a-1CQRa=0
satisfying Qo4—; = Qi under the Hermitian form on Q. This is just the fiber over Q of the morphism (3.2.1)),
and so by proper base change there are isomorphisms (as graded Qg-vector spaces)
(Spryg™)q = (RTL™Qr)q = H (BG™). (10.2.1)
Denote by supp(Q) the support divisor of @, a divisor on X/E of degree 2d, and by

Z'={z e X'(k):Q|. # 0}
the set of points in the support of this divisor (awkwardly, the support of the support divisor). As explained
in [FYZ24l §4.4], there is a natural decomposition

B™ = || BE™) (10.2.2)
yEn(2)
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as a disjoint union of open and closed subschemes, indexed by the set 2(Z’) of functions

g {1,2,...,2d} > 7'

satisfying 3/(2d + 1 — i) = 0%/ () and the equality Z?il y'(i) = supp(Q) of divisors on Xé.

10.2.2. Correspondence of Springer bases. Recall from and [FYZ24, §4.5] the diagram
Hermsoy LI Lagrgd ELIEN Cohyg, (10.2.3)

where Cohy is the moduli space of length d torsion coherent sheaves on X. The points of Lagrgd(/;;) above
Q are in bijection with subsets Z# C Z’ satisfying

Z'=7Z'Uo(ZY), (10.2.4)
by sending Z* to the Lagrangian subsheaf Q|z:+ C Q. The map b; sends this Lagrangian subsheaf to the
torsion coherent sheaf B

Q" = v.(Q|z:) € Cohg(k) (10.2.5)
on Xz, supported on the set

Z =v(Z") c X(k).
(The notation Q" here is not consistent with the usage in the proof of Proposition but is consistent
with [FYZ24] §4.6.1].)

10.2.3. General linear Springer fibers. Fixing one Z! as above, and hence a Q° € Cohy(k), let Bgs be the
Springer fiber defined in [FYZ24] §3.3]. This is the k-scheme parametrizing complete flags of O x-modules

0CQICQaC...CQRI1CQ=Q"

As explained in [FYZ24] §3.3], there is a natural decomposition

Byp = || Boy) (10.2.6)

yeN(2)

as a disjoint union of open and closed substacks, indexed by the set ¥(Z) of functions

y:{1,2,...,d} = Z
satisfying the equality Zle y(i) = supp(Q®) of degree d divisors on X%. The support divisor supp(Q”) is
actually independent of the choice of Z#, as it agrees with the image of Q under the support map (2.2.1)).

10.2.4. Isomorphisms of Springer fibers. Because of the relation , the double cover v : X' — X
restricts to a bijection v : Z# — Z. For each y € %(Z), we get a y* € %(Z') by defining y*(i) = y(i)*
to be the unique lift of y(i) in Z* for i € {1,...,d}, and then extending 3* to {1,...,2d} by the equation
y#(2d + 1 — i) = oy (i). This defines an injection

:
2(2) 5 2(2))
whose image we denote by X(Z*%) C X(Z’). In other words, ¥(Z*#) C £(Z’) is the subset of those y' € ¥X(Z")
for which y/(i) € Z* for all i € {1,2,...,d}.
According to [FYZ24l (4.1)], for every y € X(Z) there is a canonical isomorphism
Yzt gyt BQb (y) = Bgem‘(y”)~

By varying y and using (10.2.2)) and (10.2.6]), we obtain a canonical open and closed immersion

Yz B <= BoT™ (10.2.7)
with image Uy/ez(zﬁ) Bge”m(y’). In particular, there is an induced injection
izt H(Bgy) < H*(BG™), (10.2.8)
whose image is (canonically) a direct summand. The pullback
Ve H(BG™™) — H*(Bgy), (10.2.9)

is just the projection to this summand.
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Herm

10.2.5. Equivariance for Springer action. The sheaf Spry carries a Springer action of Wy = (Z/2Z)% % Sy.
Hence, by ((10.2.1]), so does H*(Bgerm). Analogously, the discussion of [FYZ24, §3.2] provides us with a
perverse sheaf

Spr, € D2(Cohy)
carrying a Springer action of Sg, and related to H*(Bgs) by the obvious analogue of (10.2.1). In particular,
there is a Springer action of Sy on H* (B ).

We realize Wy as the group of permutations of {1,...,2d} commuting with the involution i — 2d + 1 — 1.
The subgroup Sq C Wy is realized as the subgroup of permutations that stabilize {1,...,d}. We then let
Wy act on X(Z') by precomposition.

We want to show that (10.2.8) and (10.2.9)) are Sg-equivariant for the Springer actions on source and
target, and induce (using Frobenius reciprocity) an isomorphism of Wy-representations

Indg“H*(Bg,) = H*(Bo™™).
Note that taking (Z/2Z)%invariants on both sides yields the weaker result
* ~J * rm d
H*(Bg) = H*(Bg™™)#/2%)

already proved in [FYZ24 §4.6.1], but this weaker result will not suffice for our purposes. The following
Lemma is a first step towards the stronger result.

Lemma 10.2.1. The image of (10.2.8) is stable under the Springer action of the subgroup Sq C Wy, and
satisfies

H(BG™) = € u-iz(H (Bg)). (10.2.10)
ue(Z/2Z)4

Proof. Recalling the decomposition ((10.2.2f), the image of ([10.2.8]) is
@ H* (Bgerm(y/)) c H* (Bgerm)'
y'eX(Zt)

Given this, the claim is a formal consequence of [FYZ24, Lemma 4.9], the stability of £(Z#) C $(Z’) under
Sg, and the decomposition

S(2)= || uw-n(2h. O
u€(Z/2Z)4

The next result improves [FYZ24l Proposition 4.11].
Proposition 10.2.2. Recalling (10.2.3)), there is a canonical Sy-equivariant morphism
b Spras™ — bt Spr, (10.2.11)

of perverse sheaves on Lagrgd. For every character x of the subgroup (Z/2Z)¢ C Wy, this isomorphism
restricts to an isomorphism
(bySpros™ )X = b*Spr,, (10.2.12)

where the left hand side is the x-isotypic component.
Proof. The desired morphism (10.2.11)) is constructed in the proof of [FYZ24, Proposition 4.11], but the

Sg-equivariance is not established there. )
Directly from the construction in loc. cit., we see that at a geometric point L € Lagrgd(k) with images

Q € Hermyg(k) and Q" € Cohy(k),
the induced morphism
H*(BE™) 2 (b5Spryg ™) — (bSpry) = H*(Bg») (10.2.13)

on stalks agrees with Equivalently, this morphism is projection to the u = id factor in the decom-
position
H (BE™) = € u-H*(Bg)
u€e(Z/22Z)4
of , where we now omit the injection iz: from the notation for simplicity.
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Let x be any character of (Z/2Z)% C W,. Projection to the u = id summand above restricts to an
isomorphism
H (BHe™)X = H* (B ),
and hence (because it is true on stalks) the morphism ([10.2.11)) restricts to an isomorphism ((10.2.12). The
proof of [FYZ24] Proposition 4.11] shows that the right hand side of (10.2.12)) is the middle extension of a
local system on a dense open substack of Lagrgd7 hence the same is true of the left hand side. As this holds

for all characters y, the same is also true of bSprole™

To check that is Sg-equivariant, it now suffices to check this on the level of stalks over the dense
open substack of Lagr ", on which L has multiplicity-free support divisor. In other words, it suffices to prove
the Sg-equivariance of under the assumption that @ and Q° each have multiplicity-free support
divisors. But in this case the source and target of carry actions of Sy and Wy, respectively, and the
map is Sg-equivariant by construction. O

Remark 10.2.3. Proposition [10.2.2] can be restated as saying that there is a canonical Wy-equivariant
isomorphism of perverse sheaves

by Sproerm = Ind?id (b1Spry).

The right hand side is defined, as a perverse sheaf, by taking the direct sum of copies of b7Spr, indexed by
(Z/2Z)% = W4/S,. The action of Wy is then defined in such a way that Frobenius reciprocity holds.

Corollary 10.2.4. The morphisms
ige t H*(Bg) <= H*(BGT™)  and vy, : H(BG™™) — H*(Bgy)

induced by (10.2.7)) are equivariant for the Springer Sq-actions on source and target. They induce an iso-
morphism of Wg-representations

H*(BET™) = Ind g (H* (Bg» )
(which depends on the choice of Z*).

Proof. The map v, agrees with ((10.2.13)), so its S4-equivariance is a consequence of Proposition 10.2.2l The

equivariance of iz is a formal consequence of the fact that its image is S4-stable (Lemma [10.2.1), and that
it admits the Sg-equivariant section 77, .
The final claim is a consequence of the first and the decomposition ((10.2.10)). |

10.3. Comparison of Frobenius actions. The results of the previous subsection were over k. Now we
work over k to track Frobenius actions. Fix a Hermitian torsion sheaf @ € Hermoy(k) defined over k.

We continue with the notation of the previous subsection, so that Z' C X'(k) is the set of points in the
support of the base change Q7. As in ((10.2.5)), each subset Z% C 7' satisfying (10.2.4]) determines a torsion
coherent sheaf

v (Qrlz2) € Cohgy(k).

and [FYZ24, Lemma é.12] and its proof show that, up to isomorphism, there is a unique Q° € Cohy(k)
whose base change to k is isomorphic to v, (Q%|z:)-
Recall the Sj-equivariant morphisms

ige : H (Bgy) = H*(BE™™) and 7y, : HY(BH™) — H*(Bg»)

of Corollary [10.2.4l Because Q and @Q° are defined over k, the Springer fibers Bge”’“ and B, are k-varieties,
and so the source and target of each map carries an action of Frobenius.

10.3.1. Choice of section. To describe how these maps interact with the Frobenius actions, we choose Z 1 as
in [FYZ24, §4.6.1]. That is, set Z = v(Z’) C X(k), and let |Z| C X and |Z’| C X’ be the sets of closed
points below the points of Z and Z’, respectively. For each v € |Z], fix an z/ € Z’ above it, and then set

x, = v(z)) € Z. Having made such choices, set

Z8 = {Fr'(z)) ;v e |Zand 0 <i < deg(v)}. (10.3.1)
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10.3.2. Twisting element. For any y € $(Z), let t, € (Z/2Z)? be the element determined by

1 if y(i) =z, f inert Z
(i*h-coordinate of t,) = ify(0) ) @y for some inert v € |Z] (10.3.2)
0 otherwise.
For a character x : (Z/2Z)% — {£1}, let
ty : H* (Bgs) — H*(Bg) (10.3.3)

be the automorphism that acts as multiplication by x(t,) on the direct summand indexed by y in the
decomposition

H'(Bg:) = €D H*(By: (v))
yeX(2)

induced by ((10.2.6)).

The group Sy acts as automorphisms of the character group of (Z/2Z)%. To be precise, if ¢; is the character
that is nontrivial on the i*" component and trivial on all other components, then s € Sy acts as s-€; = €s(i)-
It is immediate from the definitions that the diagram

H(Bg) = 1 (Bgy)

commutes for any character x : (Z/2Z)% — {£1}. In particular, t, commutes with the action of the stabilizer
Stab(x) C Sq.

10.3.3. Frobenius action. We now prove a generalization of [FYZ24] Proposition 4.13]. More precisely loc. cit.
is the case x = 1 of the following Proposition.

Proposition 10.3.1. For any character x : (Z/2Z)* — {£1} we have a commutative diagram

H* (Bgerm)x Fr H* (Bgerm)x

‘Y}nl l’@u

H*(BQb) 00—tX> H*(BQb) T) H*(BQb)

in which the vertical arrows are isomorphisms of vector spaces, equivariant with respect to the action of the
stabilizer Stab(x) C Sg. The Sg-equivariant operator 6 : H*(Bgs) — H*(Bgs ), which depends on Z* but not
on x, is that of [EYZ24], Proposition 4.13].

Proof. The claim that the vertical arrows are Stab(x)-equivariant isomorphisms follows immediately from
Corollary Thus it suffices to prove the commutativity of the diagram.

Denote the inverse of the bijection v : Z# =5 Z by x ~ 2!, and similarly for the inverse of the induced
bijection ¥(Z*) — %(Z). Because of our particular choice of Z%, for any x € Z we have (cf. the second
paragraph of the proof of [FYZ24 Proposition 4.13])

Fr(z)!) if F =z, f i Z
Fir(s?) = {o( r(x)¥) if Fr(z) = z, for some inert v € |Z| (10.3.4)

Fr(z)! otherwise.
As in the proof of [FYZ24), Proposition 4.13], for each y € 3(Z) there is a unique 7, € (Z/2Z)? for which
Fr(y)* = Fr(y?) - 7,

as elements of ¥(Z'). Using (10.3.4)), we see that 7, is the tuple whose j*" component is 1 if Fr(y(j)) = z,
for some inert v € |Z|, and is 0 otherwise. In other words, we have

7y = tery). (10.3.5)
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Using and Corollary the desired commutativity follows from the commutativity of the
diagram
S (BE™ (Fr(y)¢)) — > H* (B (Fr(y?)) -~ B (BE™ (49))
Y2k me(y)t i Vie(28),Fr(yh) i Vb J/
H*(BQb (Fr(y))) T@J)) H*(BQb (Fr(y))) B H*(BQb (¥)),

found in the proof of [FYZ24l Proposition 4.13]. See especially the diagram (4.7) of loc. cit..

O
10.4. Proof of Theorem [10.1.1} For a fixed @ € Hermsy(k), Theorem [10.1.1]is equivalent to the equality
Den,(T,Q) = Y Tr(Frq, (HSpry* %)) - T (10.4.1)

a+b=d

The basic idea for proving ((10.4.1)) is to deduce it from the known equality (10.1.2f), by using Proposition
10.3.1| to directly compare the traces of Frobenius on the stalks of the perverse sheaves HSprasbeSb and

HSprdaXS".

10.4.1. The case of a split point. The following two Propositions carry out this comparison in the special
case where (@ is supported above a single closed point of X.

Proposition 10.4.1. Assume that Q) is supported above a single closed point v € X that splits in X'. For
all a,b > 0 satisfying a + b = d, we have

Tr(Frq, (HSpri"bX ) q) = Tr(Frg, (HSpr5****)g).
Proof. Fix a geometric point 2/, € X'(k) above v, and let Z* C X'(k) be the subset (10.3.1)).

Now choose a character x : (Z/2Z)% — {£1}. Because |Z| = {v} contains only split places, the element

ty € (Z/2Z)¢ from (10.3.2)) is trivial for all y € %(Z). In particular, the automorphism ¢, from (10.3.3) is
trivial. Applying Proposition [10.3.1|to both x and the trivial character of (Z/2Z)¢, we find an isomorphism

H* (Bgerm)x ~ H* (Bgerm) (Z/2Z)%

that respects the Frobenius operators on and source and target, as well as the action of the stabilizer
Stab(x) C Sq.

Applying this to the character x = o X triv, of (Z/2Z)* x (Z/2Z)", and using (10.2.1)), we obtain an
isomorphism

(HSpr, ;) = (HSpr,)q,
equivariant with respect to both Frg and the Springer action of S, x Sp. The claim follows immediately. [

10.4.2. The case of an inert point. Next we turn to the more difficult calculation where @ is supported over
a single inert point.

Proposition 10.4.2. Assume that Q) is supported above a single closed point v € X that is inert in X', and
fix a,b >0 satisfying a + b = d. If deg(v) divides a, then

Te(Fro, (HSpry*™)q) = (=1) “#) Ta(Frq, (HSprj***)q).
If deg(v) does not divide a, then both traces are 0.

Proof. Fix a geometric point 2/, € X'(k) above v, and let Z* C X'(k) be the subset (10.3.1)).
The decomposition (10.2.6[) induces a direct sum decomposition

H'(By)= P H By ()

yeEN(2)

= D D u-H*(Bg: (y))

YE(SaxSp)\B(Z) \u€(SaxSp)/(SaxSp)NStab(y)
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Here we are using [F'YZ24, Lemma 3.5], which proves that the Springer action of Sq on H*(Bg») permutes the
summands H*(Bgs (y)) in a way compatible with the natural action of Sq on ¥(Z) through precomposition.
By taking fixed points for the Springer action of S, x S, C Sy throughout, we obtain an isomorphism

H* (B, )5 %5 = b V(y) (10.4.2)
y€(SaxSp)\E(2)
in which we have set
V(y) — H* (BQb (y))(SaXSb)ﬁStab(y).
Each summand V(y) in (10.4.2) is stable under the operator 6 from Proposition [10.3.1} Pullback along
Frobenius permutes the summands in (10.4.2)) according to the rule
Fr: V(y) = V(Er™ (y)),
where the action of Fr on ¥(Z) is induced by the natural permutation action of Fr on the set Z C X (k) of
all geometric points above v. It follows that
Tr (Fro 6, H*(Bgy )5 *%) = > Tr (Frof,V(y)). (10.4.3)

YE(SaxSp)\X(Z)
Fr(y)=y

Each summand V(y) is also stable under the automorphism ¢, meriv, from (10.3.3]), which acts as multipli-

cation by the scalar (x, ® trivy)(t,). Hence the same reasoning also shows

Tr (Fro 0 oty ®riv,, H* (Bgs )% *5") (10.4.4)

= > (Xa R trivy)(t,) - Tr (Fro 6,V (y)).
YE(Sa X Sp)\X(2)
Fr(y)=y

The crux of the proof of Proposition [10.4.2]is the following combinatorial Lemma.
Lemma 10.4.3. If there is a y € 3(Z) whose (S, X Sp)-orbit is stable under the action of Fr, then deg(v)

divides a and
Xa X trivy)(t,) = (=1 a/ deg(v) 10.4.5
y

Proof. Let v' € X’ be the unique closed point above v € X. Let e be the length of @ as an Ox/ ,-module,
so that d = edeg(v). Partition
{1,...,d} =B U+ U Bgeg (o)
where By = {1,...,e}, Bo={e+1,...,2¢}, and so on. Let yg € X(Z) be the element defined by
T, ifi e Bl
| Fr(w) if i € By
yo(i) =4 .

Frdeg(”)_l(wv) if i € Baeg(v)-
The stabilizer of yq is
Stab(yo) = Se X -+ X S, C Sy,
—_—————
deg(v) times

and every element of X(Z) has the form yo o s™! for a unique s € Sq/Stab(yo). The tuple t,,0s-1 € (Z/2Z)%

from (|10.3.2)) has the explicit form

1 ifd B
(i*™M-coordinate of ¢, ,.-1) = Hee S( ) (10.4.6)
0 otherwise,

and the action of Fr on $(Z) is given by Fr(ygos™1) = yoo(s7) ™! where v € Sy is any permutation restricting
to bijections

Beg(v) ~ Baeg(v)-1 — +++ =+ Ba = By.
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If y =ypos 1 € (S, x Sp)\X(Z) is fixed by Fr, then s = sy as elements of (S, x Sy)\Sa/Stab(yo), and
hence there is a p € S, x S}, for which
s € syStab(yo).
The permutation p restricts to bijections
$(Bry1) N {1,...,a} & s(By) N {1,...,a}
for all 1 <k < deg(v), and it follows that

deg(v)
{1,....a} = || (s(Be)n{1,....a})
k=1
is a partition of {1,...,a} into deg(v) subsets, each of the same cardinality.

In particular deg(v) divides a, and s(B1) N {1,...,a} has a/deg(v) elements. Recalling (10.4.6), we
see that among the first a coordinates of t, = t, -1, exactly a/deg(v) of them are equal to 1, proving

(10.4.5). 0

We can now complete the proof of Proposition|[10.4.2} Combining (10.4.3)) and (10.4.4) with Lemma|10.4.3
shows that

Tr(Fr o 0, H* (B )5 *%) = (=1)» €O Tr(Fr 0 0 0, siriv, . H* (B )% ) (10.4.7)
if deg(v) divides a, and otherwise both traces are 0.

Applying Proposition [10.3.1| twice, once with y the trivial character of (Z/2Z)? and once with y =
Xa X trivy, shows that there are (S, X Sp)-equivariant isomorphisms

0* (Bgerm)(Z/QZ)d ~ * (BQb) ~ H* (Bgerm)xalﬁtrivb’
under which the operator Fr on the first and last cohomology spaces agree with the operators Fr o 8 and
Frof oty Riv,, respectively, on H*(Bgs ). Proposition {10.4.2 follows by combining these isomorphisms, the
equality (10.4.7)), and the isomorphism ((10.2.1]). O

10.4.3. The general case. At last, we prove the main result of

Proof of Theorem [10.1.1] Recall that we must prove the equality of polynomials (10.4.1]). First suppose that
Q is supported above a single closed point v € X. In particular, (9.2.4) and (9.2.5) simplify to

Den(T, Q) = Den(T9¢™ @Q,) and Den,(T,Q) = Den, (7™ Q,).
If v is split in X', it is clear from the definitions of that Den, (T, Q) = Den(7, Q). Hence (10.4.1]

follows by combining (10.1.2)) and Proposition [10.4.1}
If v is inert in X', the equality (10.1.2]) implies that the local density polynomial of @, is

Den(T,Q,) = > Tr(Frq, (HSprjy ™)q) - T/ des(v),

a+b=d
deg(v)la

By Proposition [10.4.2} the twisted local density polynomial (9.2.3) is therefore equal to
Den, (T, Qy) = Den(-T, Q,)

= Z Tr(Frq, (HSprg“XSb)Q) ./ des(v),
a+b=d
deg(v)|a
The desired equality (10.4.1)) follows by replacing 7' with 79¢€(*)  and using the final claim of Proposition
10.4.2
We have now proved ((10.4.1]) when @ is supported above a single closed point of X. For the general case,
one decomposes @ as a direct sum of Hermitian torsion sheaves on X’ with pairwise disjoint supports, each
supported above a single closed point of X. The left hand side of ((10.4.1}) is multiplicative with respect to
5.23)

this decomposition, as one sees immediately from the definition (| . Hence we are reduced to proving
that the right hand side has this same multiplicative property.
Using (10.2.1)), and applying Proposition|10.3.1|to the trivial character x, we have isomorphisms of graded
vector spaces
(HSpI‘dSa XSb)Q o~ [q* (Bgerm)Wa X Wp o~ ¥ (BQb )Sa ><Sb'



HIGHER SIEGEL-WEIL FORMULA FOR UNITARY GROUPS II 69

Recalling the operator 6 from Proposition [10.3.1} it follows that the right hand side of ((10.4.1)) is equal to

> Te(Frof, H*(Bg,)S*5) - T (10.4.8)
a+b=d
The proof that is multiplicative with respect to the support decomposition of Q” is virtually
identical to similar multiplicative properties proved in [FYZ24]. More precisely, one first proves this multi-
plicativity for
> Te(Fr, H (Bg, )% - T
a+b=d
using the same argument as in [FYZ24, Lemma 5.4]; in fact, the proof in our case can be simplified somewhat,
because we are taking (S, X Sp)-invariants, rather than taking isotypic components with respect to nontrivial
characters. Then one deduces the multiplicativity of in the same way that [FYZ24, Proposition

5.5(1)] is deduced from [FYZ24, Lemma 5.4]. As these arguments involve no new ideas, we omit the details.
O

11. THE MAIN RESULTS
Fix an integer n > 1, and an unramified Hecke character x : Ay, — C*, whose restriction xo = x| AX
satisfies xg = n™.

11.1. Intersection with the tautological bundles. Fix a pair (£,a) consisting of a rank n — 1 vector
bundle on X’ and an injective Hermitian morphism a : £ — ¢*&V. As in associated to this data there
is a finite and unramified special cycle
proper over k by Proposition [8:2.2] and a virtual fundamental class

(ZE(a)]"" € CH,(2E(a)

in the Chow group of r-dimensional cycles. For any line bundle & on X', we consider the degree of the
0-cycle class

(H 01(1030*5(;1 ®€i)> . [Zg(a,)]Vir € CHy(Z:(a)) (11.1.1)
i=1
of Theorem [R3.1]
Proposition 11.1.1. The degree of is 0 if v is odd, and is
2 @ sd(Eo)+sd(E) 1—9s
L(2 D s £
Tog a7 @5 ol (25.1) Deny a7, €)]
if s even.

Proof. Abbreviate d := d(£), and let @) := coker(a) € Hermg4(k) be the image of (£,a) € Ag(k) under
(2.2.2). Recall also the perverse sheaf

= (Sprfsr™) W Wt € D (Hermay)
from (3.1.1) and (3.2.3). By Theorem the degree of (11.1.1]) vanishes if r is odd, and is equal to

2 d
(logq)" ds"

d
a0 s, m) YT Te(Fro, (4)q)a 2|
- i=0

if r is even. The claim therefore follows from Theorem [T0.1.11 O

Using Proposition we can rewrite the equality of Proposition [11.1.1]in terms of the (&, a)-Fourier
coefficient of the Eisenstein series E(g, s, X)n—1 on H,_; from

Theorem 11.1.2. The degree of (11.1.1) is 0 if r is odd, and is
2. g3 ld(E)Fdegx (wx)] gr

x(det(€)) - (log q) ds"

if v is even.

_ [ e (o) 42008 (E0) 2 (5, x0) e ) (5 + 1/2, X1 (11.1.2)
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Proof. If we abbreviate

A(s,€) = ¢ *ME L(—2s,m)Den, (¢* 11, &), (11.1.3)
then Proposition [11.1.1] implies that the degree of ({11.1.1)) vanishes if r is odd, and is
2 4 —sd(E)
sd(E0) A (5, € } 11.1.4
(log q)™ ds™ ls=0 [q (5,€) ( )

if r is even. The functional equation
g2 t2)desx (@) [(25 4 1,m) = L(—2s,7)
together with the functional equation for twisted local densities (Proposition [9.2.2)) allow us to rewrite

(11.1.3)) as
Als, &) = gD 2t desx(@x) [(25 4 1,m)Den, (g7, €),
and taking m = n — 1 in Proposition shows that

A5, €) = x(det(£)) g UOE+rHDderx () 2 (5 o) B oy (5 + 1/2, )1 (11.1.5)
Using this one sees that (|11.1.2)) is equal to (11.1.4)). O

11.2. Corank one higher Siegel-Weil formula. We will now recast Theorem|11.1.2|as a relation between
corank one special cycles and corank one Fourier coefficients of the Eisenstein series E(g, s, x)» on H,, defined

in
Fix a pair (£,a) as before, except now assume that £ is a rank n vector bundle on X', and that the
Hermitian map a : £ — 0*£Y has rank n — 1. Once again, there is an associated finite and unramified
morphism
but in contrast to the situation of §11.1] the virtual fundamental class from [FYZ25] §4]
[2E(a)]"™ € CHo(Z¢(a))

now lies in the Chow group of 0-cycles.

First, we will digest the definition of the virtual fundamental class [Z%(a)]""". It is easy to see that
& := ker(a) and &£” := £/&, are vector bundles on X’ of ranks 1 and n — 1, respectively, and that there is a
unique injective Hermitian morphism a” : £” — 0*(£”)" for which the composition

£ & Lo (e = oreY
is equal to a. In particular, the entire discussion of can be applied to the pair (Eb, ab).
Lemma 11.2.1. There is a canonical isomorphism of Sht%(n)—stacks
£ (0") = Z5(a),

and the induced isomorphism on Chow groups of 0-cycles identifies
(H c1 (pfa*é{l ® EZ-)) [ g,,(a")]"ir = [ZL(a)]"™. (11.2.1)
i=1

Here the left hand side is the intersection (I1.1.1)), but with (£,a) replaced by (E°,a”).

Proof. This is [CH25, Lemma 3.2.5]. In that reference it is assumed that £ splits as the orthogonal direct
sum & @ &, with & endowed with the zero map & — a*&y, but the same proof works essentially verbatim
in the slightly greater generality asserted here.

]
Theorem 11.2.2. The stack Z%(a) is proper over k, and the 0-cycle [ZE(a)]"™" has degree
. 1 q%d(g) dr
deg [Z5(a)]F = : 4 ( nsdegx (X) (s vo) Eg o (5, ) 11.2.2
eg[ S(a’)] (]-qu>r X(det(é’)) ds™ |s=0 q n(S XO) (&, )(5 X)VL ( )

Both sides are 0 if v is odd.
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Proof. Proposition [8.2.2] tells us that Zg, (ab) is a proper k-stack, and by Lemma [11.2.1| the same is true of
Z(a). By Theorem [11.1.2] (and its proof), the degree of (11.2.1)) vanishes if r is odd, and is

_2 4
(logq)" ds"

if 7 is even. Here A(s, &) is defined by (T1.1.5), but with (£,a) replaced by (£°,a°) throughout. On the
other hand, Proposition |9.3.1| can be rewritten as

qns dch(wX)'j/ﬂn(& XO) ’ E(E,a) (Sa X)’Vl
_ X(go)qf%d(fo)qfsd(fo)q[%+(n+1)s] degx (@x) & (5, X0) Eger.ar) (5 + 1/2, X)n—1
+ X(go)q—%d(é’o)qsd(é'o)q[%—(n—i-l)s} degX(wx)gn(_& XO)E(Eb,a")(_S + 1/27 X)nfl

_ x(det())
R

_ [q*5d<50>A(s, sb)} (11.2.3)

[q_Sd(go)A(S,gb) + qu(go)A(—s,gb)].

The final expression is visibly an even function of s, and it follows that right hand side of (11.2.2)) vanishes
if r is odd, and is equal to (11.2.3)) if r is even. O

11.3. Applications. We derive some corollaries of Theorem following [CH25]. Because Theorem
only applies to pairs (€, a) of corank one, the corollaries will be limited to statements about special
cycles on the moduli space Sht{j@), and their connections with automorphic forms on the quasi-split unitary
group H; = U(1,1) over F from

Let K1 C H1(AF) be the standard maximal compact open subgroup. Exactly as in , any unramified
automorphic form

f : Hl(F)\Hl(AF)/Kl — C

is determined by its Fourier coefficients fg ,) € C, which are indexed by pairs (£,a) consisting of a line
bundle £ on X’ and a Hermitian morphism a : £ — o*£V.

Fix an unramified Hecke character x : A5, — C* whose restriction xo := x| A is the trivial character,
and let F(g, s, X)2 be the Eisenstein series on Ha(A ) from The doubling kernel

D(913927 S7X) = E(i0(91792>7 S7X)2

is the unramified automorphic form on Hi(Afr) x Hi(AF) obtained by pulling back this Eisenstein series
along the standard embedding i : H; x Hy — Hy from [CH25| (2.4.1)]. As in [CH25| (4.2.5)], the doubling
kernel has Fourier coeflicients

Dieyan)Ean)(5:X) = Y. Eea)(s,X)2 (11.3.1)
a=(% )
indexed by pairs (£1,a;1) and (€2, az), in which each &; is a line bundle on X', and each a; : & — o*& is
a Hermitian morphism. On the right hand side & := &; & &, and the sum is over all Hermitian morphisms
a: &€ — 0*&Y for which the composition

£ 8 08 Y oY @y B oty
agrees with a; for both i € {1, 2}.

Our first corollary of Theorem |11.2.2 expresses the Fourier coefficients ((11.3.1]) in terms of intersection
multiplicities of special cycles on Shty;). Let us fix pairs (€1,a1) and (£2,az2) as above, and assume that
as : E2 — 0*&F is injective. By Proposition the special cycle Z (az2) on Sht{}@) is a proper k-stack,
and we obtain cycle classes in middle codimension

(2%, (a1)]"" € CH"(Shtyyp))  and (28, (a2)]"™" € CHL(Shtyg)).
The second Chow group here is the Chow group with proper support, and this allows us to use the composition

CH (Sht(y(5)) x CHZ(Sht}y o)) — CHZ (Shtyp) =5 Q

to attach an intersection multiplicity to these two cycle classes.
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Corollary 11.3.1. For any pairs (€1,a1) and (E,a2) as above (in particular, with as injective), we have
deg ([2¢, (a)]"™ - [2¢, (a2)]"™)
]_ qd(‘sl)qd(‘€2) d"”

(logq)™ x(&1)x(E2) ds™
Both sides are 0 if r is odd.

_ (q2sdegx(wx)$2(s’XO)D(£17a1)7(€2,a2)(s’X)) )

Proof. In the special case where ag is an isomorphism, this is [CH25, Theorem 3.3.1(2)]. The same argument
applies here. Briefly, by [FYZ25, Theorem 7.1] we have the equality

(28, (@)]™ - [2E,(a2)]™ = Y [EE(@)]"™ € CHY (Shtiy o)),
a=(% az)
where £ = & @ . The assumption that as is injective guarantees that every a : & — o*£V appearing in

the sum has corank zero or one. Applying [FYZ24, Theorem 1.1] to the corank zero terms, and Theorem
11.2.2 to the corank one terms, we find that (11.2.2) holds (with n = 2) for every term in the sum. The

claim follows by comparing this with ((11.3.1]). O

The remaining corollaries of Theorem [11.2.2] are closely related to the following special case of the Mod-
ularity Conjecture of [FYZ25, Conjecture 4.15].

Conjecture 11.3.2. As (€,a) varies over all pairs consisting of a line bundle £ on X' and a Hermitian
morphism a : £ — o*EV, the rescaled classes

X(€) - q~ ") - [Z£(a)]™ € CH"(Sht{;(g))c (11.3.2)
are the Fourier coefficients of an unramified automorphic form
Z"X: Hy(F)\H1(AFr)/K; — CH"(Shty o)) c- (11.3.3)

More precisely, there exists a function (11.3.3)) with the following property: for any linear functional \ on
the Chow group, the unramified automorphic form A\(Z™X) := X o Z™X has Fourier coefficients

MZ™) e,y = X(E) - a1 - M[ZE(a)]).

Our second corollary of Theorem|11.2.2|provides evidence for the above modularity conjecture, by showing
that the cycle classes (|11.3.2)) become the coefficients of an automorphic form after applying particular linear
functionals to them.

Corollary 11.3.3. Fiz a pair (£2,a2) consisting of a line bundle & on X' and an injective Hermitian
morphism as : E; — o*&Y. As (€,a) varies over all line bundles £ on X' equipped with a Hermitian
morphism a : £ — o*EV, the scalars

X(&) - q~ ") - deg ([ZE(a)]"™ - [2E, (a2)]")

are the Fourier coefficients of an unramified automorphic form on Hy(AFp).

Proof. In the special case where ag is an isomorphism, this is [CH25, Theorem 3.3.1(3)]. The proof of the
general case is identical: start with the automorphic form

1 qd(gQ) d 2s deg x (wx)
(logq)r : X(SQ) . ds”™ ls—o (q X $2(57X0)D(gla92a57x))

on Hi(Ar) x Hi(AFr), and take its (Es, as)-Fourier coefficient in the variable go. It follows from Corollary
11.3.1] that the resulting form in the variable g; has the desired Fourier coefficients. O

Our final corollary of Theorem [11.2.2]is conditional on Conjecture [11.3.2] which we now assume to hold.
Suppose 7 is an unramified irreducible cuspidal automorphic representation of Hy(AFr), and f € 7 is a
K;-fixed automorphic form. Following ideas of Kudla, Conjecture [11.3.2] allows us to define the arithmetic
theta lift

)= | £(9)27(g) dg € CH" (Shtfy ). (11.3.4)
Hi(F)\H1(AFr)/K1

A theorem of Harder implies that f is a compactly supported function on Hy(F)\Hi(AF), so the integral is
actually a finite sum.
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Corollary 11.3.4. Assume Conjecture|11.3.3 Fix a pair (E2,a2) consisting of a line bundle &y on X' and
an injective Hermitian morphism ag : Eo — 0*&Y. For any f € 7 fized by K1, we have the equality

deg (9"X(f) - [2E,(az2)]'™)
qd(SQ) d’l"
(logq)™ ds”
where f(e, —ay) 15 the (€2, —ag)-Fourier coefficient of f, and L(s,BC(m) ® x) is the twisted base-change
L-function.

= f(es,—az) - (qQSdeg(“X)L(s +1/2,BC(n) ® x)) ,

s=0

Proof. In the special case where as is an isomorphism, this is [CH25, Theorem 3.3.1(4)]. The proof given
there shows that this result is a formal consequence of Corollary[11.3.1}and the duplication formula of [CH25|
Theorem 2.4.2], and so applies here as well. (|

Remark 11.3.5. A form of the Modularity Conjecture has been announced in [EYZb]. It differs slightly
from [EYZ25, Conjecture 4.15], but implies it whenever £ has corank one, which in particular includes
Conjecture [11.3.2] Therefore, Corollary should soon become unconditional.

11.4. Generalization with similitude factors. In this subsection, we will explain how the results can be
generalized to shtukas for unitary groups with similitude factors. The main new feature of this case is that
it supports examples where interesting identities are obtained for odd r. All the arguments adapt essentially
verbatim, so we will omit them.

11.4.1. Hitchin base. Fix an integer n > 1 and let £ be a line bundle on X. We refer to [FYZ25, Sections
2.3 and 2.4] for a detailed discussion of the notions of Hermitian bundles and unitary shtukas with similitude
factor £. In particular, the Hitchin base Ag is the stack whose R-points parametrize diagrams

EL *EY QUL
where

o & is rank n — 1 vector bundle on X7,
e a is a Hermitian morphism that is injective fiberwise over Spec(R).

11.4.2. Shtukas. There is a moduli space of rank m unitary shtukas with similitude factor £, denoted
Sht{y(),e- The case £ = Ox recovers the Shtyy,) = Sht{(,) o, discussed in the preceding parts of this

paper.
11.4.3. Special cycles. For each (€,a) € Ag(k) and r > 0, there is a special cycle
Z¢ o(a) — Shtyy,) e
equipped with a virtual fundamental class
(2% ()] € CH,(Z5 ¢(a)),

as defined in [F'YZ25] §4]. For each 1 <4 < r, there is tautological line bundle £; on Zg ,(a) [FYZ25, §4.3,
Remark 4.7], whose definition is essentially identical to the case £ = Ox that we have discussed.
The proof of Proposition adapts to show:

Proposition 11.4.1. For any (£,a) € Ag(k), the k-stack Zg o(a) is proper.
Consequently, there is a well-defined degree morphism CHj (Zg (@) = Q.

11.4.4. Intersection numbers. Given a vector bundle £ on X', we will use the notation
de(&') = 1k(£")(degx (wx) + degx (£)) — degx/ (£7),
generalizing (|1.1.2]). For any line bundle & on X', consider the class

(H alpio’E' ® m) (25 o(@)]"" € CHo(2F o(a) (11.4.1)
=1

in the Chow group of 0-cycles on Z¢ ¢(a). The following generalization of Theorem can be proved in
an identical manner.
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Theorem 11.4.2. The degree of (11.4.1) is 0 if (—=1)" # n(L)", and is

2 d"
(log g)™ ds™

. {quE(SO)+SdE(E)L(ZS, 77) Denn(q172s’ 5)

if (=1)" =n(€)".

11.4.5. Relation to Fourier coefficients of Fisenstein series. Finally, we can relate the expression appearing
in Theorem to Eisenstein series on the quasi-split unitary similitude group GU(n — 1,n — 1) over F,
as follows. We refer to [FYZ25] §9.1 and 9.2] for a detailed discussion of the relevant Eisenstein series. In
particular, it depends on the choice of two Hecke characters, which (following the notation of loc. cit) we
denote x,xo0 : AR, — Cxﬂ The choice of xq is arbitrary, while x is assumed to satisfy x| Ax = n™. This
differs from the assumption x| AX T 7"~ ! made in [FYZ25, §9], which leads to the appearance of Den,, in
equation below.

Upon making the above choices, and using the normalized spherical section ® as in [FYZ25, Equation
9.1], the discussion in [FYZ25, §9.1] defines an Eisenstein series that we will denote by

E(ga S, (Xa XO))n—l-

Moreover, [FYZ25, Theorem 9.1], combined with the modification necessitated by x|, x = n™ (as in the
F

second part of Proposition [9.2.1)), shows that for (£,a) € Ae(k), we have the following explicit formula for
the Fourier coefficients of our Eisenstein series:

Beo.m) (5, (6 x0) 1 = O NEDANE) o styane) sty dosiox pon, (42 6). (11.4.2)
% (5,1

The renormalized Eisenstein series

= oiﬂn—l(sa n)

. n (—s+251)de(E)+s(n—1) degwx
E ol = Ere e.o (5 (6 X0))n_
(€2 06 x0)n-1 (XOn”)(s)x(dets)q 2 (e.£0(5 (6 X0))n1

then satisfies
E(S,E,a) (87 (X» XO))nfl = Den?’/(q_287 g) (1143)

We can now rewrite Theorem |11.4.2in terms of E(‘g,g’a)(s, (X5 X0))n—1-

Theorem 11.4.3. The degree of (11.4.1) is 0 if (—1)" # n(L)", and is

2 dr
(log q)" ds™

i [qu*‘(SO)*Sd*‘(S)L(%, MEe e.a(s—1/2,(x, Xo))n—l}

APPENDIX A. FORMULAS FOR LOCAL DENSITY POLYNOMIALS

The goal of this Appendix is to explain how the sheaf-theoretic interpretation of density polyno-
mials proved in [F'YZ24] can be used to derive more explicit formulae for them. We then show these explicit
formulae can be used to derive further inductive formulae, amenable to computation. These formulae are
not used directly in the main body of the paper, although they were useful for generating examples that
aided the authors’ investigation of twisted density polynomials.

Finally, we explain how to deduce the analogous formulas for density polynomials of Hermitian lattices
in the more classical p-adic setting. In the p-adic setting these formulas also follow from known results of
Hironaka [Hir99].

Throughout this Appendix, ¢ always denotes an odd prime power.

6The notation xo0 was used in the main body of the paper with a different meaning. It is unrelated to the present use of xo,
which is chosen to match the notation with [FYZ25, §9].
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A.1. Universal density polynomials. Let O := Fp[[w]] and O := F,[[@]] be power series rings in
the variable w, so that O/Qy is an unramified quadratic extension of complete equicharacteristic discrete
valuation rings. We recall the following combinatorial parametrization of torsion Hermitian O-modules.

Proposition A.1.1. The set of isomorphism classes of torsion Hermitian O-modules of F2-length d is in
bijection with the set of partitions A of d, via the map associating to Q its Jordan type as a torsion O-module.

Proof. This is a special case of [FYZ24 Lemma 4.12]. O

In this context, we will denote the torsion Hermitian O-module corresponding to a partition A by Q.
Torsion Og-modules of F ;-length d are also parametrized by partitions A of d, via Jordan type; for a partition
A the corresponding torsion Ogp-module will be denoted by Q'j\

Given a partition A, we will denote its length by t()), and given either a torsion Hermitian O-module or
torsion Op-module @ of Jordan type A, we set

This definition is consistent with [FYZ24] §2.4].

We now define certain universal density polynomials. As in we take the formula of [FYZ24, Theorem
2.3 (3)], which is the unitary analogue of [CY20, Theorem 1.1], as our definition of density polynomials.
These are universal in the sense that, while their definitions depend on a fixed choice of odd prime power g,
they will eventually turn out to also be polynomial in the parameter q.

Definition A.1.2. Let A be a partition of d > 0.
(1) For € € {£1} and t > 0, we define the polynomial
t—1

m(q,t,T) == [[(1 = (eq)'T) € Z[TY.
=0

(2) Let QK be the torsion Oy-module of Jordan type A. The split density polynomial is
Den® (g, \,T):= ) Thoo oo @/ Tnt (g, 1(1y/ 1), T) € Z[T].
OCI1CIQCQ§

Here the summation is over all chains of submodules I; C Iz, and £o,(I;) is the length of I; as an
Op-module.
(3) Let Q» be the torsion Hermitian O-module of Jordan type A. The inert density polynomial is

Den™ (¢, A\, T) = Y T*Wm=(q,t(I*/I),T) € Z[T).
0CICQx
Here the summation is over all isotropic submodules I C @, and ¢n(I) is the length of I as an
O-module.

Remark A.1.3. Asin the main body of the paper, suppose X’ — X is a finite étale double cover of smooth,
projective, geometrically connected curves over the finite field k = F,. Let () be a Hermitian torsion sheaf
on X'  as in For every closed point v € X, the local density polynomial (9.2.2)) satisfies

Den(T, Qv) = Deni (QU7 Avs T)7

where ¢, is the cardinality of the residue field of v. If v is inert in X', the sign is —, and A, is the Jordan
type of the completed stalk of @ at the unique point of X’ above v. If v is split in X, the sign is +, and A,
is the Jordan type of the completed stalk of Q at either of two points of X’ above v. When v is inert in X’
this equality is immediate from the definition . When v is split it follows from [FYZ24, Remark 2.5].

To express Den™ (¢, A\, T) as polynomials in both ¢ and T, we introduce certain universal polynomials.
Definition A.1.4. Given an integer d > 0, a partition A of d, and an integer 0 < a < d, let
Sub, A () € Z[t]

be the unique polynomial with the following property: for any odd prime power ¢, Sub, x(¢) equals the
number of length a submodules in the finite torsion F,[[w]]-module with Jordan type A.
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The existence of such polynomials is well-known, and implicit in the universality of Hall polynomials; see
for example [Mac95, Chapter II]. We will express both the split and non-split density polynomials in terms
of the Sub,»(g).

A.2. Split density polynomials. Let us begin with the split case.

Proposition A.2.1. For any partition A of d > 0, we have
Den™ (¢, \,T) ZSuba Al

Proof. This can be deduced from ([10.1.2)), as in the proof of Proposition below; however, let us give
an elementary proof. First we will slightly rephrase the desired equality. In the notation of Definition
and abbreviating ¢ = {p, for length as an Op-module, for any submodules Iy C Iy C Q';\ we have

t(I2/11)—1
T Bt (g, (I /1)), T) = T - T*=4) - [T (1-¢'T)
i=0
t(I2/11)—1
_ Td . TZ(11)7Z(12)+t(Ig/Il) . H (T71 - ql)
i=0
=Tt (L)1, T7).
Here, for a torsion Op-module I, we have set

t(I)—1
m(1,T) = TO D TT (1 - ¢).

=0

Therefore, upon dividing both sides by 7% and replacing T by 7! (and using that the RHS is palindromic),
we are reduced to showing

Z 12/11, ZSubJ,\

OCllClzCQK

By definition, the RHS equals ZICQ& T For a fixed I C Qg\, by grouping T on the RHS with the
I> = I terms on the LHS, we see that it suffices to prove the identity

> wmt/n,T)="1"

ocl,cI

for any finite Og-module I of length b. This last identity can be equivalently written as

> w1, 1) =T,

oclcI

because the multisets of submodules and quotients of I coincide (as multisets of isomorphism classes of
torsion modules). We will prove this equality by verifying that both sides take the same values on T = ¢,
for any a > 0. In this case the right-hand side equals ¢®°, which can be interpreted as # Hom(Og, I).

On the other hand, we can calculate # Hom(O§, I) in the following alternative way. The data of a map
0§ — I is equivalent to the data of a pair (I, f), where I1 C I is its image, and f : Of — I is a surjection.
It suffices to verify that the number of such surjections equals

t([l)—l

mt(11,¢%) = ¢TI T (¢ =),
i=0

By Nakayama’s lemma, a Op-module homomorphism Of — I; is a surjection if and only if it is a surjection
upon reduction mod w. Therefore we must prove that the number of surjections k* — I /o & k) equals
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H:(:%)fl(q“ —¢"), as then the ¢*(“{1)=t1)) term simply counts all the lifts of a given surjection mod w to
a map Of — I;. Finally, we have

w1 = 1] -1aLom)

alg t(t—1)/2 i
= q' -1
tly(a —t)l, Zl;[l( )

a

_ qt(tfl)/2 H (qi _ 1)

1=a—t+1
t—1
- H(qa - qz)7
=0

where the first equality describes a surjection as the choice of kernel and an isomorphism between the cokernel
and the target. O

A.3. Inert density polynomials. We now move towards an analogue of Proposition for the inert
density polynomials. In contrast to the proof of Proposition the methods will be global in nature.

As in the main body of the paper, let X’ — X be a finite étale double cover of smooth, projective,
geometrically connected curves over the finite field k¥ = F,. As in [FYZ24] §3], denote by Cohy the moduli
stack of torsion coherent sheaves on X of length d. Let Spr, be the Springer sheaf of [FYZ24, Corollary 3.4],
a perverse sheaf on Cohg with an action of the symmetric group Sy.

As in for an integer a < d, denote by Coh,cq the moduli space parametrizing pairs (I C @), in
which @ € Cohy is a length d torsion sheaf on X, and I C @ is a length a subsheaf. The forgetful morphism
Cohycq — Cohy will be denoted by 7q4. As already noted in , we have an isomorphism of perverse
sheaves on Cohy,

R(maca)«(Qe) = Spri "%, (A.3.1)
Hence, for any @ € Cohg(k), the geometric cohomology of the fiber
Suba(Q) = m,24(Q)
is canonically identified, as a graded Q-vector space, with the stalk of (A.3.1)) at (a geometric point above)
Q.

Proposition A.3.1. Let @ € Cohgy(k) be supported over a single k-rational point of X, with Jordan type
a partition A of d. For any a < d, the geometric cohomology of Sub,(Q) vanishes in odd degrees, and the
Poincaré polynomial of Sub,(Q) in even degrees is

> dimH* (Suby (Q)) - ' = Subg,x(1).

Moreover, the Frobenius acts on H?(Sub,(Q)) by multiplication by q*.
Proof. As in §10.2] let By be the k-scheme parametrizing complete flags of O x-modules

0CQ1CQ2C...CQRY-1CQy=Q,

so that H*(Bg) = (Spry), as graded Qy-vector spaces. By [Spa76], the full Springer fiber By has a paving
by affine Spacesﬂ This implies that the odd cohomology of By vanishes, and that Frobenius acts on H?(Bg)
by multiplication by ¢*. Hence the same is true of

H* (Sub, (Q)) = (Spry*™*=*)q = H*(Bg)S+*%.

7[Spa’76| works over an algebraically closed field, but the construction of the paving does not use this, and works as well
over k.

8We can avoid invoking the affine space stratification of Bg by instead using the fact that the pullback map H*(B) — H*(Bg)
is surjective (where B is the full flag variety). This reduces proving the odd cohomology vanishing and Frobenius action
statements for the full flag variety BB, where the affine space stratification can be provided easily.
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It remains to prove that the Poincaré polynomial

P(t):= Y _ dimH*(Sub,(Q)) - ¢'

satisfies P(t) = Subga(t). From the above description of the Frobenius action on H*(Sub,(Q)) and
the Grothendieck-Lefschetz trace formula, we know that # Sub,(Q)(k) = P(gq). On the other hand,
# Sub,(Q) (k) = Subg,(¢) holds by definition of the polynomial Sub, x(t), hence we have

P(q) = Subg x(q)-

It now suffices to show that the polynomial P depends only on a and A, and not on the curve X or its
field of definition £ = F,. For then the equality P(q) = Subg,x(¢) must hold for any odd prime power g,
which implies P(t) = Subg, x(t).

This follows from the well-known fact that P can be expressed via so-called Kostka-Foulkes polynomials
depending on a and A only: see [Lus81] and [Ach21l Chapter 8]. More precisely, as a graded Sy-representation,
the geometric cohomology of the full Springer fiber By can be expressed as

H*(Bg) = @ My, BV,
w

where the summation is over partitions p of d, V* is the irreducible representation of S; corresponding to
i, and the graded multiplicity space M) , has Poincaré polynomial equal to the modified Kostka-Foulkes

polynomial f(,\,u(t). By taking S, x S4_,-invariants, one sees that H*(Sub,(Q)) similarly depends only on
a and . 0

Recall from (|10.1.3|) the perverse sheaf
HSpr, := (Sprgderm)(z/zz)d € Db(Hermyy),
endowed with its Springer action of the subgroup Sy of Wy := (Z/2Z)% x S,.

Proposition A.3.2. Let Q € Hermoy(k) be supported above a single k-rational point v € X, inert in X',
with Jordan type given by a partition X of d. Then for any 0 < a < d,

Tr(Frq, (HSpry* ***~*)g) = Subyx(—q)-

Proof. Let Q° € Cohy(k) be as in §10.3 In particular, Q° is a length d torsion coherent sheaf on X supported
v, and its Jordan type is also A.
Taking x to be the trivial character in Proposition the graded vector spaces

(HSprSe > 54=) 2 H* (BHem) (2/22) (5 xS1)

and
Sa S, —a ~ * a —a
(Spry* ™™™ gr = H (Bgs) 554 = H* (Suba ("))
are isomorphic, but the Frobenius actions differ by an automorphism 6. Going back to the definition of 6
from [FYZ24] Proposition 4.13], our assumption that @) is supported above a single inert k-rational point

of X implies that 6 acts as 1 on H*(Sub,(Q")) and as —1 on H**2(Sub,(Q")). Combining this with
yields the claim. O

Proposition A.3.3. For any odd prime power q and partition A of d, there is an equality

d

Den™ (g, A, T) = » (=1)*Sub, x(—q) - T*.
a=0

Proof. Choose the étale double cover X’ — X of smooth, projective, geometrically irreducible curves over
F, in such a way that there exists a torsion Hermitian sheaf @ on X' satisfying

e () is supported above a single F,-rational point v € X, inert in X’,
e the completed stalk of @ at the unique point of X’ above v has Jordan type .
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Such data exist for any odd prime power ¢ and partition A (although for a fixed X’ — X such a @ need not
exist). For such choices, we have

Den™ (¢, \,T) = Den(T, Q)
= Y Tr(Frg, (HSprSy ) - T°

a+b=d
= Z (-1 Tr(Fro, (HSprgaXSb)Q> T,
a-+b=d
where the first equality is by Remark the second is (|10.1.2)), and the third is Proposition [10.4.2
Combining this with Proposition completes the proof. O

Propositions and immediately imply the following Corollary.

Corollary A.3.4. The density polynomials Deni(q, A, T') interpolate into polynomials in both ¢ and T, and
these polynomaials are related by
Den (¢, \,T) = Den™ (—¢, A\, =T)).

A.4. Induction formulae. In this subsection, we explain how Propositions [A:2.1] and [A:3:3] can be used
to prove induction formulae for density polynomials. First we recall without proof a standard lemma on
submodules in direct sums of O = F[[w]]-modules.

Lemma A.4.1. Let A and B be finite O-modules. The data of a submodule I C A ® B of length ¢ is
equivalent to the data of (I, Is, f), where

e I} C A and Iy C B are submodules satisfying £(I1) + £(I2) = ¢,

e f: I} — B/I; is a morphism of O-modules.
The bijection sends I to the triple (I, Is, f) with Iy = im(I — A), I = I N (0® B), and the function
f(a) = pa2(a). Herea is any lift of a € I C A to I, and ps is projection to the second factor in A® B.

We can now prove an inductive formula for the polynomials Sub, x(t).

Proposition A.4.2. Fiz a partition A = (a1 > ag > -+ > ay,). For any m > a1 and a < |\| we have the
equality

Subg, (m,2) (£) = Subg_1,(m—1,2)(t) + ¢* Subg,x(t). (A.4.1)
Here (k,\) is the partition obtained by inserting k into the list (a1 > ag > -+ > ay,) at the appropriate spot
to maintain the descending ordering.

Proof. Tt suffices to prove the equality for any prime power t = ¢q. Let Q = @, be the length |\| torsion
O-module of Jordan type A, and let @, be the cyclic O-module of length m.

The left-hand side of counts the number of length a submodules in @ & @,,. By Lemma
this number equals

a
S #IiCcQ f i I = Qu/Qai}).
i=0
where [; runs over all submodules I; C @ of length i, and the summation over 7 is with the understanding
that if Q,,/Q.—; does not make sense, i.e. a —i > m, the corresponding term is zero.
The term Sub(,_1) (m—1,1)(¢) on the right-hand side of (A.4.1) counts the number of length a — 1 sub-
modules in Q & Qp,—1. By Lemma [A4T] again, this number equals
a—1
Z #HLCQ, f: i = Qm-1/Qa-1-4)},
i=0
with the same caveat on the summation over ¢ as above.
The terms with the same value of 7 in both sums coincide, therefore the difference equals the ¢ = a term
from the first sum, which is

Suba,(m,/\)(Q) - SUbafl,(mfl,)\) (q) = #{(Ia C Q: f 2y — Qm})

By our assumption that m > aq, for any length a submodule I, C @) we have
#Hom(ly, Qm) = |1a] = ¢*.
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Therefore
SUba,(m,)\) (Q) - SUbafl,(mfl,)\) (q) = Z qa = qa Suba,)\(Q)a
I,CQ
as desired. O

We can use this identity to give simple proofs of the following induction formulae for local density poly-
nomials. Part (1) of the following corollary appears as the split case of [Che24al Proposition 9.3.2], with a
different proof method.

Proposition A.4.3. Let A= (a1 > ag > -+ > ay,). Then for any m > a1, the following identities hold:
(1) Den*(q, (m,\),T) = T Den* (q, (m — 1, X),T) + Den™ (¢, A, ¢T).
(2) Den™ (g, (m,A),T) = =T'Den” (¢, (m — 1, A),T) + Den™ (¢, A, —¢T').

Proof. For any partition u, we have by Proposition that

1]
Den* (g, 41, T) = > Subg,u(q) - T*.
a=0

The equality (1) follows by applying Proposition and (2) follows from (1) using Corollary O

As a corollary, we obtain the following induction formula, as proved via different methods in [Ter13]
Theorem 5.1] and the inert case of [Che24al, Proposition 9.3.2]; see also [LZ22, Proposition 3.7.1].

Corollary A.4.4. Given a partition A and m > a1 + 1, the following identity holds:
Den (g, (m,\),T) = T?Den" (¢, (m — 2,\),T) + (1 — T)Den™ (¢, \, —qT).
Proof. This follows by applying Proposition [A.4.3](2) twice:
Den™ (q,(m,\),T) = =T Den" (¢q,(m — 1,A),T) + Den™ (g, \, —¢T)
=T?Den (q,(m — 2,)),T) + (1 — T)Den (g, \, —qT),
where we used the hypothesis m — 1 > a; to justify the second application. O

A.5. The mixed characteristic case. Let F//Fj be an unramified quadratic extension of local fields, with
rings of integers denoted O/Oy, and residue fields Fy2 /F, of odd characteristic. The goal of this subsection
is to state and prove a version of Proposition for Hermitian O-lattices. We emphasize that we are now
allowing Oy to be either of mixed characteristic or equal characteristic.

Fix a uniformizing parameter w of Oy. For any Hermitian O-lattice L of rank n, there is a unique sequence
of integers a; > as - -+ > a, > 0 such that L is the orthogonal direct sum

L= @<wai>a

where (w?) is a rank 1 O-lattice with a generator of Hermitian norm ww®. If we discard the a; that equal 0, the
rest of the a; form a partition, which we denote by type(L). Conversely, given a partition A of some integer
d > 0 with length of A at most n, we denote by L, the corresponding rank n lattice with type(Ly) = A.
This defines a bijection between the sets of isomorphism classes of rank n Hermitian O-lattices and the set
of partitions of length at most n.

We will also use the “type” notation in the following context. Given a finitely generated torsion O-module
M, there is a unique partition A = a; > as > ... such that

M = @0/@%).

We will write type(M) = A. The two usages of “type” are consistent in the following sense: given a Hermitian
O-lattice L, we have

type(L) = type(L"/L),
where LV is the dual lattice of L.

Given a Hermitian O-lattice L, there is an associated local density polynomial Den(L,T) [FYZ24, §2.3-
2.4]. If Fy has nonzero characteristic, so that Oy = F,[[w]], the Cho-Yamauchi formula of [FYZ24] Remark
2.4] implies

Den(L,T) = Den™ (¢, A, T), (A.5.1)
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where A = type(L).

We will give two proofs of Proposition below, providing a coefficient-by-coefficient formula for
Den(L,T). The first proof, assuming that char(Fy) = 0, is based on a formula of Hironaka [Hir99]. Hironaka
systematically assumes that Fy has characteristic 0, and the authors have not checked if the same methods
can be applied to the equal characteristic setting. The second proof is entirely different. The idea is to show
that Den(L,T) is, in a suitable sense, independent of the characteristic of Fy. This will allow us to deduce
Proposition in both the equal and mixed characteristic cases, from Proposition

Proposition A.5.1. For any Hermitian O-lattice L of type A, we have
Al
Den(L, T) = @D(~1)* Subg(—q) - T*.
a=0
Proof of Proposition assuming char(Fy) = 0. Tt follows from [Hir99 Corollary 3.3] that for any j > 0,
using notation from loc. cit.,

en(OQ™ti ) ]
W = g(_l)@—l)l#lq—ﬂ#\N;\(_q—l)
= Z(—l)'“' - (—q) I .Nﬁ\(_q—l).

H<A
It follows from [Mac95, Chapters 2 and 3] that N;}(¢~") equals

#{I C Qx : type(]) = p},
where Q) is the torsion F[[w]]-module of Jordan type A. Therefore

en(O™+i [A] ‘
IW =) (—1)"Subg,x(—q)(—q) 7"

a=0
The defining property of the polynomial Den(L,T') is that
» Den(O™*J, L)
Den(L, (—q) ™) = —om~ % 2)
en( ) ( Q) ) ])en((/),m_;'_]7 Om) )
completing the proof. O
We now begin our second proof of Proposition

Definition A.5.2. Let f be a function on the set of isomorphism classes of triples
(00 C 07 L)

where Oy C O is an unramified quadratic extension of complete discrete valuation rings with finite residue
fields of odd characteristic, and L is a Hermitian O-lattice of rank n. We say that f is characteristic-
independent if it only depends on the cardinality of the residue field of Oy and the partition type(L).

Remark A.5.3. A characteristic-independent f is insensitive to the characteristic of the field of fractions
of Oy (hence the name) and is determined by its values on triples of the form (Fy[[w]] C F2([[w]], L).

Let O be a complete discrete valuation ring with residue field F2. For a partition A, let My be the
torsion O-module with Jordan type A. Given an integer d, a partition A of d, and a sequence of partitions

{mi} = {po, - - p—1} with >° |u;| = d, we set
FI(O {pi},\) =#{0=1IyCc Iy C I, C--- CI) = My : type(Li11/1;) = i)}

It is well-known that the numbers F1(O, {;}, A) are characteristic-independent, i.e. only depend on ¢, {y;}
and A: this is because they can be expressed via Hall polynomials, which are characteristic-independent, see
[Mac95l, Chapters 2]. This will be a key tool in the proof of

Proposition A.5.4. Given integers d > 2 and n, consider the set P(d,< n) of partitions of d with length
at most n. Then the space of functions on P(d,< n) is spanned by the functions F1(O,{u;}, —), where {u;}
runs over all sequences of partitions with total size d, with each u; of length at most n, and {p;} # {(d)}
(i.e., there is more than one partition).
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Proof. Given a partition A € P(d, < n), consider the dual partition A =mny > .-+ > ng. Let v; be the
partition 1 > 1 > --- > 1 consisting of n; copies of 1. The function F1(O, {v;}, —) takes the value 1 on A,
and is supported on partitions that are equal to or below A in the dominance order. (Note that n > ny > n;,
therefore each v; has length at most n.) By induction on the dominance order, this allows us to express
each indicator function 1y as a linear combination of functions of the form F1(O, {y;}, —). This proves the
claim. (]

Proposition A.5.5. Let p and v be partitions of length at most n. The function N(u,v) that sends a triple
(Og C O, L) to the integer

#{Lc L c (L) c LY :type(L'/L) = p and type((L')" /L") = v}
is characteristic-independent.

Proof. We will prove this by induction first on the size of A = type(L), then on the size of u = type(L’).

For the base case, consider N(u,v) with = (1). In this case the set of all colength-1 lattices L C L' is
in bijection with P(L ®o Fg2). The integral lattices L’ correspond to the subset Y C P(L ®¢ Fg2) of lines
that are isotropic under the natural Hermitian pairing on L ®o Fz2. Moreover, one can directly check that
under this bijection, one can control the type of L', i.e. for any v, if we denote by Y,, C Y the subset of lines
such that the corresponding lattice L’ has type v, then the cardinality of Y, is characteristic-independent,
i.e. only depends on ¢, v and type(L). This shows the 1 = (1) base case.

For the inductive step, we proceed as follows. Given a sequence of partitions po, ..., ur—1 with > |u;| =
|p| =d > 2, and {u;} # {(d)} (i-e. k> 2), consider the function N({u;},v) that sends (Og C O, L) to

#{L=LoC L1 C-CLy=L :type(L') =v and type(Li+1/L;) = pu;}.

Then N({u:},v)(Op C O, L) can be computed as follows: we first choose L C Ly with type(L1/L) = p1, and
then choose the remaining sequence of lattices containing L;. Because |type(L1)| < | type(L)|, the inductive
hypothesis implies that the count of lattices containing L, is characteristic-independent. This shows that
N({pi},v) is also characteristic-independent.

On the other hand, we can compute N ({y;},v)(Op C O, L) by first choosing L C L = L with type(L’) =
v, and then choosing the rest of the flag in the torsion module L'/L. Therefore we have

N{ub )0y c O,L) = 3 N(u,v)(Op C O,L)-FUO, {jii}, )-
neP(d,<n)

By for any p € P(d, < n) the indicator function 1, can be expressed as a linear combination of
the functions F1(O, {u;}, —). This implies that the numbers N ({u;},v)(Op C O, L) determine N (u, v)(Op C
O, L) uniquely. We know that the N({u;},v)(Og C O, L) are characteristic-independent by induction, and
F1(O, {;}, i) are characteristic-independent by the universality of the Hall algebra. By induction, this
implies that the functions N(u,v) are characteristic-independent. O

Corollary A.5.6. The function sending a triple (Og C O, L) to the polynomial Den(L,T) is characteristic-
independent.

Proof. The Cho-Yamauchi formula [FYZ24] (2.7)] expresses Den(L,T') as a weighted sum over lattices L’
satisfying

Lcl c()cLY,
where the weights depend only on the types of L'/L and (L’)V/L'. By Proposition [A.5.5] this counting
problem is characteristic-independent, therefore so is Den(L,T). O

Proof of Proposition[A.5.1] in general. As in the statement of Proposition suppose L is a Hermitian
O-lattice of type A. Recalling that F, C F,2 are the residue fields of Oy C O, form the quadratic extension
F,[[@]] C F2[[w]] of equicharacteristic complete discrete valuation rings, and fix a Hermitian F 2 [[w]]-lattice
Ly of type A. Corollary implies the first equality in

Den(L,T) = Den(Ly,T) Den™ (¢, A\, T),

and so the claim follows from Proposition [A23:3] O
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