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ABSTRACT. Prior work of Feng—Yun—Zhang [FYZ25a)] established a (Higher) Arithmetic
Hirzebruch Proportionality Principle, expressing the arithmetic volumes of moduli stacks
of shtukas in terms of differential operators applied to L-functions. This formula involves
certain “eigenweights” which were calculated in simple cases, but not in general. Using tools
from algebraic combinatorics, we connect these eigenweights to the representation theory of
the symmetric group, and determine them in general.
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1. INTRODUCTION

1.1. Arithmetic Hirzebruch Proportionality. The famous Hirzebruch Proportionality Prin-
ciple [Hir58] expresses the Chern numbers of an automorphic vector bundle on a compact locally

symmetric space as a multiple of the corresponding Chern numbers on the compact dual va-

riety, with proportionality constant given by the value of an L-function. Mumford

generalized Hirzebruch’s formula to non-compact locally symmetric spaces.

Recently, joint work of the author with Yun and Zhang in [FYZ25al investigated an extension
of this principle, which we call “Arithmetic Hirzebruch Proportionality”. It relates the “arith-
metic volume” of Chern classes on arithmetic moduli spaces to differential operators applied
to an L-function. This principle manifests in both the number field setting (where it is closely
related to classical Hirzebruch(-Mumford) Proportionality) and the function field setting. The
precise differential operator appearing in Arithmetic Hirzebruch Proportionality is governed by
certain fundamental structure constants that we call eigenweights. These were calculated for
some examples in [F'YZ25a)], and the purpose of this paper is to determine them in general.

1.1.1. An example of Arithmetic Hirzebruch Proportionality. For concreteness, we illustrate a
special case of the main result of [FYZ25a]. Let X be a smooth, projective, geometrically
connected curve of genus g over F,, and G be a semisimple reductive group of rank n over X.

All the core ideas of this paper were fully generated by Aletheia, a math-research agent powered by Gemini
Deep Think and coded by the author (see . Aside from building Aletheia, the author’s contribution was to
rewrite the mathematical content into paper form.
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To G we can associate a multivariable L-function Zx ¢(s1,...,8,); when s1 = ... = s, = s,
this recovers the “L-function of the motive of G” in the sense of Gross [Gro97].

Let p be a minuscule dominant coweight of G, r > 0, and Sht’é; be the moduli stack of
G-shtukas on X with r legs of type u. For P, the corresponding parabolic subgroup of G,
pick a cohomology class n € H?Y (BP,) where N = dimG/P, + 1. The moduli stack Sht’c”;
carries r tautological “Hodge” bundles, and upon evaluating 7 on them we obtain tautological
characteristic classes ev}(n) for ¢ = 1,...,7. Then []/_,(evin) is a top cohomology class on
Shtg, and [FYZ25a, Theorem 5.5.9] implies that

vol(Shtf; , [ [ evin) = #mo(Bung) - g#~ D Hm & .7 Lxalst,...,sn)  (11.1)

=1

S1=...=8p=

where 0 is the differential operator

n

—logq) 126, (1.1.2)
pat 831

The weighting constants €;(n, 1) in are what we call etgenweights, as they are computed
as the eigenvalues of a certain “local77 operator V

Remark 1.1.2. The original motivation for this direction of research was to extend the Higher
Siegel-Weil formula of [EYZ24)] to the “singular terms”. For example, when G is a unitary
group, part of the special cycle ZZ(0) constructed in [FYZ25bl §4] can be interpreted as an
arithmetic volume, and the matching derivative of the L-function is part of the constant term
of the Siegel-Fisenstein series. In fact, such arithmetic volumes appear in more general sin-
gular coefficients; the corank-one Higher Siegel-Weil formula recently established in [FHM25]
crucially uses a special case of the result .

1.1.3. Arithmetic volume of Shimura varieties. In the number field setting, arithmetic volume
is interpreted as an Arakelov degree of automorphic vector bundles on Shimura varieties. This
has been computed in special cases, such as in [BH24| K05), HI4}. Our perspective gives a
uniform explanation for the constants arising in the resulting formulas (e.g., [K05, Conjecture
5.8]); this will be explained in a future work [FYZ26].

1.2. Definition of eigenweights. Let G be a split reductive group over Q, T' C G be a split
maximal torus, and X*(T) its character group. All cohomology groups will be Betti cohomology
formed with rational coefficients. Consider the graded ring

R = H*(BT) = Symq(X*(T)q)

where X*(T') is placed in degree 2. This has an obvious action of the Weyl group W, and
the invariant ring R" identifies with H*(BG). Let I ¢ R" be the augmentation ideal, and
V := I/I? be the first associated graded for the augmentation filtration on R"Y. This is a
slight renormalization of Gross’s “motive of G” [Gro97]; see [FYZ25al Remark 4.1.9] for the
comparison. The eigenweights are defined in [FYZ25al, §5.3] as the collection of eigenvalues
for a certain operator ﬁz on V; to keep this paper self-contained, we proceed to recall the
definition.

Let p € X,(T) be a minuscule coweight of G, and L, C P, be the associated Levi and
parabolic subgroups of G. Let W, be the Weyl group of L,. The map BP, — BG is a fiber
bundle for G/P,, so it induces a pushforward map on cohomology, which we denote

/ : R"» = H*(BP,) — H*(BG) = R
G/P,
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Since the coweight x can be viewed in X, (T') while R = Symq (X*(T')q), the partial derivative
Ou: R — R is defined, and it carries RW — RWu,

Definition 1.2.1. Let n € R"». The associated operator WZ on V is defined by the formula
V= [ wa,
G/P,

The eigenweights are the eigenvalues of the operator VZ on V.

Remark 1.2.2. There is a particular format of  which is most natural for the application to
arithmetic volumes in [FYZ25a], and is therefore the only type of 7 that we consider. Namely,
we begin with a Casimir element Q € Sym?(X*(T )q)"; for example, if G is semisimple then

2 is a Q-multiple of the Killing form (restricted to X*(T")q). Then we set t, := 0,(Q), and

n = tifdim G/Pu (The exponent is arranged so that WZ preserves the grading, otherwise

the eigenweights would automatically vanish). In this situation, we write e, (2, u) for the
eigenweights, indexed by a basis of eigenvectors for VE|

1.3. Calculation of eigenweights. In [FYZ25a)], the eigenweights are calculated in several
examples. For partitions or coweights, we use the notation

(coam ) = (e Wiy e e ey Ty e )
———
e; times
For groups of rank n, we have R = Q[x1,...,x,] and we take the Casimir element

,_1 - 2 w
Q.—§;xieR :

As we are interested in closed form descriptions of eigenweights, we do not discuss exceptional
groups; among them, only Eg and E7 admit minuscule coweights, and in those cases the eigen-
weights can be calculated by a finite algorithm.

1.3.1. Type A. Let G = GL,,. The minuscule coweights are (1™,0"™) for 1 < m < n. A
basis for V consists of the power sums py,...,p, in the {z1,...,2,}, and we denote €x(Q, )
the eigenweight associated to py.

For n > 2 and p = (1,0"71),[FYZ25al Proposition 4.4.1] shows that

() =(-1)""for k=1,2,...,n. (1.3.1)
For n > 3 and pu = (12,0"2), [FYZ25al, Proposition 5.4.1] shows that

1/2n—2 2n —3 2n —3 2n —3
Qu)=— — 2 — for k=1,2,...,n. (1.3.2
(€, 1) n(n—l) (n—k)+ (n—k—l) (n—k—2> o 20 )
For p = (1™,0"™ ™) with m > 3, [F'YZ25a)] did not calculate the eigenweights in closed form.
This is addressed by Theorem below. We shall see that the general results are much more
complex than the examples treated already in [FYZ25a]. However, there is a clean, uniform
answer in terms of the representation theory of symmetric groups. To formulate it, recall that
for the symmetric group S,., both
e irreducible representations of S, and
e conjugacy classes of S,

I'Note that this notation differs from [FYZ25a], where the eigenweights are instead denoted e (7, 1)
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are naturally indexed by partitions of r. For a partition 7 of r, let x™ be the character of
the corresponding irreducible representation. For another partition v of r, we write x™(v) for
the value of x™ on the conjugacy class of S, indexed by v. Below, addition of partitions is
entrywise, with the shorter partition padded by zeros.

Theorem 1.3.2. Let G = GL,, and fir 1 < m < n. Consider the minuscule coweight p =
(1™,0"=™). Let N = m(n—m)+1 be the arithmetic dimension of G/P,. For Q:= 3" a2,
the eigenweights ar
min(k—1,m—1)
a(Qp) = (DA Y (I ) fork=1,...n (1.3.3)
j=0
m k=1,

where 7; (k) is the partition (k—j,17) and vy is the partition (k—1,1V), and Ay, := {1 P

Remark 1.3.3. For any specific choice of parameters, the quantity (|1.3.3) is easy to compute
algorithmically using the Murnaghan—Nakayama Rule [Sta24l, §7.17] (recalled in §3.2.6). In

particular, we spell out in how to recover the results (1.3.1) and (1.3.2) of [FYZ254] for

the special cases m =1 and m = 2.

1.3.4. Type B. For G = SOg,1, there is a unique minuscule coweight, represented by u =
(1,07=1). A basis for V consists of the power sum polynomials py,...,p, in the {22,... 22},
and we denote €;(Q, 1) the eigenweight associated to py. In [FYZ25al §5.2], the eigenweights
for @ = 33" | 27 are calculated to be

ex(Qu)=—-4fork=1,2,...,n.

1.3.5. Type C. For G = PSp,,,, there is a unique minuscule spin coweight, corresponding to
the spin representation of the dual group Spin,, ;. For this u, [FYZ25a] did not calculate
the associated eigenweights. This is addressed by our next theorem. A basis for V consists
of the power sums polynomials pg2), ., p? in the {z%,...,22}, and we denote €, (€2, i) the

eigenweight associated to p,(f).

Theorem 1.3.6. Fizn > 2 and let G = PSp,,,, pn = (n,n—1,...,1). Let u be the minuscule
(spin) coweight of G and N = ("'QH) + 1 be the arithmetic dimension of G/P,. For Q :=
%Z?:l 22, the eigenweights are

k—1
ek(Qa p’) - (71)N7127N Z(il)jx%rj(k)ern (Vk) fOT’ k= ]-7 27 EEERL2 (134)
j=0

where mi(k) = (k — j,17) as in Theorem and vy = (2k — 1,1V).
1.3.7. Type D. For G = PSOs,,, there are three minuscule coweights. A basis for V consists
of the power sum polynomials p§2), ... ,pf}l in the {z%,...,22} as well as the Pfaffian Pf :=

X1Zo - Tpn, and we denote € (Q, p) (resp. eps) the eigenweight associated to p,(f) (resp. Pf).
The standard coweight (corresponding to the standard representation of SOs,) is represented
by p=(1,0""1). For Q@ = > | 22, [EYZ254] calculates its eigenweights to be

ex(Qu)=4fork=1,2,...,n—1 and eps = 2. (1.3.5)

2As usual, the wuse of exponents in partitions indicates repetitions, e.g., (n — m)™ means
(n—m,n—m,...,n—m).

m times



There are also two spin coweights, corresponding to the two spin representations of Spin,,,,
which [FYZ25a] did not calculate in closed form. This is addressed by our next Theorem.

Theorem 1.3.8. Fizn > 2 and let G = PSOqy,, §, = (n —1,...,1). Let p be either of the
spinor minuscule coweights of G, and N := (g) +1 be the arithmetic dimension of G/P,,. Take

Q=122

2
(1) If n is odd, then the eigenweights are

k—1
er(Q ) = ()N NN )W () for k=1,2,...,n— 1 (1.3.6)
§=0

ancﬁ

epe(Q, 1) = (—1)N—1gn—2-N ((Z) + 1) H?_f(gf)i = (1.3.7)

where 7;(k) = (k — j,19) and vy, = (2k — 1,1%) as in Theorem .
(2) If n = 2m is even, then for k # m the eigenweight attached to pf)

(1.3.6)). The elements pg) and Pf are not eigenvectors for ﬁz, but we calculate the action of

VZ on their 2-dimensional span, in (5.2.14)).

Remark 1.3.9. Theorem 2) addresses a question raised in [FYZ25al, namely whether
the VZ commute as p ranges over different minuscule coweights, when G is semisimple. This
property is of interest because it is an assumption needed for the main result of [FYZ25a] (in
all types other than Da,,, it is implied by formal considerations). Our calculations show that
the commutativity does not necessarily hold in type Ds,,. For the standard minuscule coweight
= wy of PSOuy,, [FYZ25a] showed that P2 and Pf are eigenvectors for VZIV, with distinct
eigenvalues. However, we prove that the matrix (5.2.14)) is not diagonal in general (§5.3).

is the same expression

1.4. Acknowledgments. The author was supported by the NSF (grants DMS-2302520 and
DMS-2441922), the Simons Foundation, and the Alfred P. Sloan Foundation. The author is
indebted to Zhiwei Yun and Wei Zhang for a stimulating collaboration which led to the problem
studied here, and Trieu Trinh for technical help. This work was done in collaboration with the
Superhuman Reasoning team at Google DeepMind led by Thang Luong.

2. THE ORIGIN STORY

The mathematical content of this paper was entirely generated, end-to-end, by an internal
reasoning agent at Google DeepMind codenamed Aletheia, implemented by the author using a
Gemini Deep Think checkpoint as a base model. For transparency, the original prompts and
model responses can be found at ddé TONY: [insert link]. The paper itself was rewritten
by the human author, starting from Aletheia’s output. However, by comparing the paper to
the model outputs linked above, the reader can verify that Aletheia’s original output is already
complete and correct in mathematical content. Thus, aside from building Aletheia, the author’s
only contribution to this paper was to fiddle with the exposition, and to write an Introduction
and some examples for the Appendix.

nY,
3The factor H(zi)
Hi:l (2i—1)n—i

metric group associated to the partition d,.

in (1.3.7) arises as the dimension of the irreducible representation of the sym-
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3. EIGENWEIGHTS FOR TYPE A

3.1. Setup. Fix n > 2 and let G = GL,. Then we have R & Q[X*(T)] & Qlz1,...,Zn],
with degxz; = 2. The Weyl group W can be identified with the symmetric group S, and its
natural action on R is via permutation of the x;. Let X := {z1,...,z,}. The invariant ring
RWY = H*(BG) is the ring of symmetric polynomials in X. Let p;(X) = D enex z§ be the ith
power sum in X. Then we have

RY = Q[py(X), ..., pn(X)]
and the {p;(X)}™ , form a basis for V = I/I?, where we recall that I C R is the augmentation
ideal.

3.1.1. Minuscule coweight. Fix 1 < m < n and the minuscule coweight p = (1™,0™"~™) where
n > m. Let A= {z1,...,2,,} C X. The invariant ring H*(BP,) = H*(BL,,) = R"* consists of
polynomials symmetric separately in the first m variables A := {z1,...,2,,} and the remaining
n —m variables B := {Zy41,..., Tn}-

The associated Levi subgroup is L, = GL,,, X GL;,—;,,, whose Weyl group is W, = S;, X Sp—m.-
The flag variety G/P, identifies with Gr(m,n), and has dimension D,, := m(n —m). We let
N:=D,+1.

3.1.2. Differential operator. The differential operator J,, expressed in these terms is

m
0

8“:28@'

This operator carries R to RW».

3.1.3. Casimir. We work with the normalization Q = 2 >°" | 22 of the Casimir element. Then
we have

ty=0u(Q) =1+ +a, € R
For a set S, let p;(S) = > g s" be the ith power sum in S. Thus ¢, = p1(A) and n = p1(A)".

?.2. Plroof of Theorem We consider the operator ﬁz on V := I/I? defined by the
ormula

() = / (11 (A)V0, 1),
G/P,

Note that V = I/I? is 1-dimensional in each degree where it is non-zero. The power sums
p1(X),...,pn(X) are a homogeneous basis for this grading, so we know a priori that they will
be eigenvectors. We wish to find the associated eigenweights e (€2, pt) such that

Vi (pr(X)) = e (0 w)pr(X)  (mod I2).
Fork=1,...,n, we haveﬁ

a n m
Soak=k> 2 =kpeoa(A). (3.2.1)

aﬂpk(X) - Z 81‘, - N
=1 j=1 i=1
Next we consider
Vo) =k [ () g (4). (322)
G/P,
For a partition v = (y1,...,vm), we define
P(A) = Py (A)pos (A) .-y (A). (3.23)

4even for k = 1, since po(A) = m
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In these terms, we can rewrite p1 (A)Npr_1(A) = Arp,, (A), where vy, is the partitiorﬂ (k—1,1N)

and
=1
A= m k ,
1 k>1.

3.2.1. Recollections on Schur polynomials. We recall some definitions related to partitions and
Schur polynomials. A reference is [Sta24] §7.10]. Let w# = (m; > 72 > ... > m) be a partition.
We write
len(w) :=1, |w|:=m+m+...+m.

The Young diagram of w has m; boxes in the first row, 7o boxes in the second row, etc. A
Semistandard Young Tableau (SSYT) T is a filling of the Young diagram with integers from
{1,2,...,k} such that entries increase weakly along rows and strictly down each column. A
Standard Young Tableau (SYT) is a SSYT where moreover the entries increase strictly along
rOws.

For a partition m, we denote by SSYT(, k) the set of SSYT for 7 with entries in {1,...,k}.
To T € SSYT(m, k), we define

k
zT = Hzf, n; = number of times that ¢ appears in T'.
=1

The Schur polynomial in {x1,...,z;} associated to a partition 7 is

Se({z1, .. 2k}) = Z zT.

TESSYT(n,k)

3.2.2. Integration. The pushforward map BP, — BG induces on cohomology a map
/ : R"» — RV,

Lemma 3.2.3. Let I1:= ((n —m)™) be the m x (n —m) rectangular partition. Then we have

_(_1\Dsu S)\_H(X) ADII,
/| L= {

0 otherwise.

This Lemma resembles results in [Ful98, §14], but we did not find an exact reference in the
literature.

Proof. The Vandermonde determinant for a set of variables Y = {y1,...,y,} is denoted by
AV)= T @i—w)
1<i<j<r

Let R, € H5(G/P,) = R"u be the G-equivariant top Chern class of the tangent bundle of
G/P,. Explicitly, we have

R, = [ acBR™ (3.2.4)
(o, ;) <0
where the product runs over roots of G. In this case, we have explicitly

Ry =02 T @ =)

=1 j=m+1

5for k = 1, we interpret this as v; = (1V).
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Recall that we defined X := {z1,...,z,} and A := {z1,..., 2, }. Write B := {@mq1,...,Tn}
so that X = A U B. Then we have the relation

AX)=AA)-AB) [T TI @i — =) = ()P AA)AB)R,. (3.2.5)
i=1 j=m+1

For a set of variables Y = (yi,...,y,) and a partition v = (v1,...,7), write Y7 :=
y{*...yJr. Next we invoke the Weyl Character Formula for Schur polynomials, also known
as Cauchy’s bialternant formula [Sta24] Theorem 7.15.1], which says that for 6, = (r — 1,7 —
2,...,0),

Ay -+, (Y)

SV(Y) = A(Y)

,  where ay(Y) = Z sgn(w)w(Y™). (3.2.6)
weS,
Note that we may view A(B) = as,_,. (B).
By [FYZ25a, Lemma 5.4.4] (which is essentially Atiyah-Bott localization for partial flag

varieties) for any f € R"», we have
/ F= Y w(f/R). (3.2.7)
G/ Py weW/W,

Here the sum is over a set of representatives of W/W,, which is well-defined since f/9R, is
Wu—invariantﬂ Substituting f = sx(A) = axys,, (A)/A(A) into (3.2.7), we obtain

fonr o= 2 v(50)= 3, v (S,)

weW/W,, H weEW/W,,
(3-2-5) D AX+6,, (A)A(B>
=V (_1)Du ATOm VT 2.
(=1)7 Z A(X) (3:2.8)
weW /W,

Since w(A(X)) = sgn(w)A(X), we can pull the denominator out of the summation with a sign

change, thus rewriting (3.2.8]) as

/G . sx(A) = AX > sen(w)w (axis,, (A)A(B)). (3.2.9)

weW /W,

Note that ax+s,, (A)A(B) = axys,, (A)as, ., (B) is already antisymmetrized with respect to
the subgroup W, = S,, X Sy—_m, meaning that

axts, (A)as, ., (B) = ( Z Sgn(U)U(A’\H’")) Z Sgn(T)T(B‘S"*"‘)

0ESm TESn—m

Therefore, further symmetrizing over W/W,, can be rewritten as an antisymmetrization over
all of W:

Z sgn(w)w (axts,, (A)as, . (B)) = Z sgn(p)p (A)"H;"LB‘S”*”‘). (3.2.10)
'wGW/WH pPES,

By definition, we have

Am
m

n—m—1_n—m—2 0

A0m BOn—m — LA1tm—1_Ax+m—2
A B =1z x5 S S A R

6The element f/9R, is understood in the fraction field of R, but the identity implicitly mandates that the
sum above will lie in RV .
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Let v be the exponent vector (A +m —1,..., \p,n —m — 1,...,0). Then (3.2.10) can be
written as a,(X), and inserting this into (3.2.9) gives

_ Dua"Y(X)
/G/PH SA(A) _( 1) A(X)

It remains to show that

ay(X)  Jsa-n(X) A2,
AX) o otherwise.

By its definition as an antisymmetrization, it is clear that a,(X) vanishes if the components of
~ are not distinct. The first m components of (A +m—1,..., Ay, n—m—1,...,0) are strictly
decreasing (since A is a partition), and the last n—m components are clearly strictly decreasing,.
Hence 7 is strictly decreasing if and only if the m-th component is strictly greater than the
(m + 1)-st component, i.e., A,;, > n —m. Given that len(\) < m, this condition is equivalent
to A containing the rectangular partition II = ((n —m)™). This shows that fG/Pu sx(4) =0if
A2 IL
Finally, suppose A D II. Then we have

Y=0n=A+m-—nda+m—n,...,\p, +m —n,0,0,...,0)

which is precisely the partition A — II. This completes the proof.
O

3.2.4. Frobenius character formula. For a partition v of an integer M, let p, be as in .
The irreducible representations of Sy, are indexed by partitions of M. For a partition 7 of M,
let x™ be the corresponding character. For a partition v of M, we denote by x™(v) the value of
x”™ on the conjugacy class of Sy, corresponding to v. We have the Frobenius character formula
[FH91l, p.49, §4.1], (see also [Mac95l (7.8)] for a reference with a proof)

po(A) = Y X"(1)sx(A), (3.2.11)
=1

where the sum runs over partitions © of M. Note that s,(A) vanishes automatically if = has
more than m parts, so the sum could be restricted to partitions with at most m parts; we shall
use this below. Abbreviate vy, := (k—1,1"). Inserting (3.2.11)) into (3.2.3) with M = N+k—1,
we find that

T (pu(X)) = ks /G e =D D /G X (4)

|m|=k+m(n—m)

Then applying Lemma we obtain
Vae(X) = (D) kA > XT()sen(X) = (=D)PekA, Y X (w)sK(X).

|m|=k+m(n—m) |m|=k
len(m)<m len(m)<m
wOII
(3.2.12)
Lemma 3.2.5. In I/I? we have
((k

sr(X) =X (,E D pe(X) (mod I2).

Proof. An alternate form of the Frobenius character formula [Mac95l Proof of (7.6)(i)] says

s2(X) = 25 X ()pu(X) (3.2.13)
lv|=k
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where the sum runs over all partitions v of k = ||, and z, is the size of the centralizer of a
permutation with cycle type v. Explicitly, if v = (1™*,2™2...) then z, = [[,i"m;!. All the
terms lie in I? except the one indexed by v = (k), and we see that z, = k in this case, which
gives the result. (Il

Inserting Lemma [3.2.5|into (3.2.12)), we obtain that

Vaoe(X) = (=) A, Y0 X)X (R)pk(X)  (mod 7). (3.2.14)

Tk
len(w)<m

This gives a formula for the eigenweight associated to py,

= (-1 Ae D> X)X (). (3.2.15)
|m|=k
len(w)<m

3.2.6. Application of the Murnaghan—Nakayama Rule. Next we will simplify x™((k)) using the
Murnaghan—Nakayama Rule [Sta24] §7.17], which gives a recursive algorithm for computing
X" (v) for general partitions 7 and v. For the convenience of the reader, we recall its formulation.

Given a Young diagram D, a border strip (also called rim hook) ( is a connected path of
boxes along the outer rim of D that satisfies the conditions:

e It is “connected,” meaning all its boxes touch at an edge.
e It does not contain any 2 x 2 square of boxes.
e Removing the border strip leaves a valid Young diagram denoted 7\ S3.

The height of a border strip is defined as
height(f) = (Number of rows the strip occupies) — 1.

Let v = (vy,va,...,v). For each border strip 8, let w \ 8 be the partition obtained by
removing the border strip § from the Young diagram of 7. Let v/ := (1s,...) be the partition
obtained by removing v; from v. The Murnaghan—Nakayama rule says that

XT('(I/) _ Z (_l)height(B)Xﬂ-\B(V/)
|Bl=v1

where the sum runs over all border strips 5 of length ;. The base cases are determined by
Xw (@) =1, and if at any step a border strip of the required size does not exist, then that entire
branch of the calculation contributes 0.

Example 3.2.7. We compute x(*321)((3,17)) using the Murnaghan-Nakayama rule. There
are 3 border strips in the Young diagram for (4,3,2,1).

Hence we have

K32 (3,17) = (~1) (22D (A7) 4y BIAD (17T) 4, E9 (17)),
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Each of the inner summands can be computed by the Hook Length Formula.

513 713121 51413 |1
412 3 3121
3|1 2

1 1

This gives x(>221(17) = x43)(17) = 14 and 411 (17) = 20. Therefore, we conclude that

X(4’3’271)(3» 17) = (_1)1(14 + 20 + 14) -

Lemma 3.2.8. Suppose w is a partition of k. Then x™((k)) vanishes unless 1 = m;(k) =
(k —j,19) for j =0,1,...,k — 1, in which case we have

K ((R) = (1)

Proof. By the Murnaghan—Nakayama rule, the character x”((k)) is non-zero only if 7 is a border
strip for itself, which occurs if and only if 7 is a hook. The partitions of k which are hooks are
mj(k) = (k—j,17) for j =0,...,k — 1. Since 7; has height j, the Murnaghan-Nakayama rule
implies that x™ ((k)) = (—1)7. O

We apply Lemma to simplify (3.2.15). Note that the constraint len(r) = j+1 < m
implies j < m — 1. Putting these observations into (3.2.15)), we arrive at the desired formula

min(k—1,m—1)
= (1P A Y (—L)Ixm BT,
§=0

This finally completes the proof of Theorem [1.3.2 (]

3.3. Examples. We explain how Theorem specializes to the results of [FYZ25a] for m =1
and m = 2.

3.3.1. The case m = 1. Fix n > 2 and m = 1. Applying Theorem the sum only has a
contribution from j = 0, in which case, 7; = (k), and 7;(k) + (n — m)™ = (n + k — 1). Thus
we have

€ = (_1)n—1X(n+k—1)((k -1, 1n))
which by the Murnaghan-Nakayama rule equals (—1)"~*x((1?) = (=1)"~!. This recovers
[FYZ25a), Proposition 4.4.1].

3.3.2. The case m = 2. Fix n > 3 and m = 2. Assume k > 2; the case £ = 1 is similar
but simpler, with some notation changes needed. We have II = (n — 2,n — 2) and v =
(k —1,12(»=2)+1) Note that (—1)V~1 = (=1)2("=2) = 1 in this case.

Applying Theorem we see that only j = 0 and j = 1 contribute to the sum. Thus we
have

€ = X(k+n—2,n—2)((k —1, 12(n—2)+1)) _ X(k+n—37n—1)((k —1, 12(n—2)+1))' (331)

We evaluate these using the Murnaghan-Nakayama rule.

e First we calculate xy(*+7=27=2)((k —1,12(»=2)+1)), The only possible border strips are
horizontal (height 0) of size k — 1 in the first row, or (if ¥ < n) the second row, giving

X(k+n72,n72)((k 1, 12(n—2)+1)) _ X(nfl,n72) (I1d) + X(k+n72,n7k71)(ld)'



12 TONY FENG

e Next we calculate the term x*+7=32=1((k — 1, 12(*=2)+1)) The only border strip is
a horizontal one (height 0) in the second row. Thus we have

X(k+n73,n71)((k —1, 12(n72)+1)) _ X(k+n73,n7k) (Id)
Plugging these back into (3.3.1)), we arrive at

€ = X(nfl,n72) (Id) + X(k+n72,nfk71)(1d) _ X(k+n73,n7k) (Id) (332)
For a partition of the form A = (A1, A2), the Hook Length Formula (5.2.11) specializes to
) NI(A — X+ 1)
dim(A, o) = ———F——=
lm( 1 2) (Al + 1)'A2'
In particular, we have:
2n — 3)12
(n—1,n—2) 1d) = (
X (Id) nl(n —2)!
(2n — 3)!(2k)

(k+n—2,n—k—1) Id) =
X ) = G =i —k =)

(2n — 3)1(2k — 2)

(k+n—3,n—k) Id) =
X ) = G m=m—n)

Substituting these into (3.3.2), we obtain

(2n — 3)12 (2n — 3)!(2k) (2n — 3)1(2k — 2)
€k = + — . (3.3.3)
nln—2)  (k+n—-Dn—-k-1)! (k+n—-2)(n—k)!
After some tedious simplification, this agrees with ([1.3.2)), thus recovering [FYZ25al, Proposition
5.4.1].

4. EIGENWEIGHTS FOR TYPE C

4.1. Setup. Fix n > 1 and let G = PSp,,,. Then we have R = H*(BT; Q) = Q[z1,...,Zx],
with degz; = 2. The Weyl group W (Type C,,) consists of signed permutations on the x;.
Let X := {z1,...,2,} and X® := {2%,...,22}. The invariant ring is R = Q[p?), . ,pg)]
where

p,(f) = pr(X@) s the k-th power sum in X2,

~—~
deg 4k

A basis for V:= I/1? is {p,(f)}zzl.

4.1.1. Minuscule coweights. The unique minuscule coweight of G is p = %(17 ..., 1). The Levi
subgroup L, is of type A,_1, and its Weyl group is W, = S,,. The invariant ring Rk is the
ring of symmetric polynomials in X. The dimension of G/P, is D,, := (";1) Let N := D, +1.

4.1.2. Differential operator. The differential operator 0, expressed in these terms is

1<~ 0

This operator carries RV to RWx.

4.1.3. Casimir. We take the Casimir element Q0 = 1 3" | 2?. Then we have
1 1
ty = 0u(Q) = 5(331 +...4z,) = §p1(X),

where again p; refers to the ith power sum. Thus n = 2=Vp, (X)V.
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4.2. Proof of Theorem We consider the operator WZ on V := I/I? defined by the

formula
V=2V / (1 (X)V0, f).
G/PM

Note that V = I/I? is 1-dimensional in each degree where it is non-zero. Recalling that
X@) .= {23,...,22}, the power sums {p§2) = p;(X@)17_, form a homogeneous degree basis
for V, so they are eigenvectors for VZ. We wish to find the associated eigenweights e (2, 1)
such that

Vo)) = ex(Qppl”  (mod I?).
4.2.1. Integration. Let p, = (n,n—1,...,1).

Lemma 4.2.2. Let \ be a partition with at most n parts. The Gysin map acts on Schur
polynomials as follows:

/ (X) (—1)Pus (X@)) if X\ =27 + p,, for some partition T,
S =
G/P, A 0 otherwise.

Proof. We will apply [EYZ25a, Lemma 5.4.4] to sx(X). In preparation, we analyze sx(X)/%R,,.
By the bialternant formula (3.2.6), we have s)(X) = axts, (X)/A(X). Writing R (X) :=
[Ii<;(zi + x;), we have
R, = (—1)Pr [Je) [J (i + 25) = (~1)Pr2ren(X)RT(X).
i=1 i<j
Observe the identity A(X®)) = A(X)RT(X). Hence we may rewrite

s\(X) _ (=D)Pranis, (X) (=1)Prarts, (X)

R, 27, (X)AX)RH(X)  2me,(X)A(X®?)’

The quotient W/W),, is the group K = {£1}" of sign changes on X. Then Px = 5= > ;0 ()
can be interpreted as the projection operator onto the K-invariant subspace RX = Q[X (2)].

Note that A(X () is W-invariant (hence K-invariant). Applying these observations, [FYZ25a,

Lemma 5.4.4] says that
(=1)Pn <GA+6 (X))
X) = P = . 4.2.1
/C;/PH S/\( ) A(X(2)) K en(X) ( )

Let hy(X) := ay(X)/en(X) = > cs. sgn(w) X *M=01") The operator Px extracts the mono-
mials with purely even exponents. A term X* in h,(X) has exponent 8 = w(y) — (1"). This is
even if and only if w(7) is purely odd, which is equivalent to « itself being purely odd. Hence
we see that if A + d,, is not purely odd, then fG/P“ sx(X) =0.

If A+ 4, is purely odd, we may write A + d§, = 2k + (1™) for another partition k. Since
A+ 0, is strictly decreasing, k is also strictly decreasing. Since w(\ + d,) — (1) = 2w(k) is
even, hyts, (X) is K-invariant, and Pg (hats, (X)) = hats, (X). Hence

haes, () = 3 sen(w) X0 = 3 7 sgn(w)(X @) = a,(xX).
wES, wWESy,

Putting this into (4.2.1)), we find that

a (X))
/G/pu () = 02K ke
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where A + 4, = 2k + (1™). Since k is strictly decreasing, we can write x = 7 + d,, for a unique
partition 7. By another application of ([3.2.6), we recognize a,(X®)/A(X®)) = 5,(X®?)

where A = 27 + p,,. This completes the proof.

4.2.3. Action on pg). We calculate the action of 7; on pg) for k=1,...,n. Note that

3up§€2) Z 8% Z 2k _ kaQk U~ kpok_ L(X).

i=1
Hence we have

Vipd) =2k p1(X) N par 1 (X) = 27Nk P (X)),
G/P, G/P,

where v, = (2k — 1,1V).
Applying the Frobenius character formula (3.2.11]), we see that

Vo) = (0PN S ) /G )

[A|=2k—14+N

O

By Lemma the sum is concentrated on A\ such that A\ = 27 + p,, which implies that

|| = k. So we have

Va) = (1P 2Nk Y T () s (X)),
|7|=k

We project this expression onto V = I/I%. By (3.2.13)), when |7| = k > 0 we have

s (X?) = W(Iik))l%(f) (mod I2).

Substituting this back into (4.2.2)) gives

Vi) = (022N | ST (k)X () | pf) (mod 12).
|m|=k

As we saw in Lemma|3.2.8 x™((k)) is non-zero only if 7 = m;(k) = (k j, lj) forj=0,...

in which case we have x™ ) ((k)) = (—1)7. Substituting this into , we obtain

er(Q ) = (~1)Pr2 NZ XTI ().

This completes the proof of Theorem [1.3.6
Example 4.2.4. For n = 3, Theorem |1.3.6| gives

(€1,€0,€3) =274 (8,5,8)
and for n = 4, Theorem [1.3.6| gives

(€1,€0,€3,€4) = 27% - (44,19, 28,41).

(4.2.2)
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5. EIGENWEIGHTS FOR TYPE D

5.1. Setup. Let G = PSOg, with n > 2. Then R = Q[x1,...,z,] with deg(z;) = 2. Let
X = {21,...,2,} and X@ := {22 ... 22}, The Weyl group W = W(D,,) consists of even

signed permutations of X. The invariant ring is RV = Q[p§2), ceey pﬁfﬂl, ], where

@) ._ )y = ~ ok — ‘
p =pp(XY) = x; and Pf =11
7 2 2=l

deg 4k

The first augmentation quotient V = I/I? has basis p(lz), ..., Pf.

5.1.1. Minuscule coweights. In terms of the usual presentation of the D,, root system & =
{%x; £ z;|i # j}, the minuscule coweights are:

e wy =(1,0,...,0), corresponding to the vector representation of SOg,,.

e wy=1(1,1,...,1) and wy_; = £(1,1,...,1,—1). These correspond to the two spinor
representations of Spin,,. They are exchanged by the order 2 outer automorphism
coming from the flip of the Dynkin diagram.

The eigenweights for wy were computed in [FYZ25al]. Here we will undertake the computation
of eigenweights of the spinor coweights, which is substantially more difficult. Since these are
exchanged by an automorphism, their associated eigenweights will coincide, so it suffices to
focus on p:=wy.

The Levi subgroup L, is of type A,_1, and its Weyl group is W, = S,,. The invariant ring
RWe is the ring of symmetric polynomials in X. The dimension of G/P, is D, := (72’) Let
N:=D,+1

5.1.2. Differential operator. The differential operator J,, expressed in these terms is

I~ 0
aﬂ:iz;al‘l

This operator carries RV to RWx.
5.1.3. Casimir. We take the Casimir element Q = 1 >°" | 22. Then we have
1 1
t, =0,(Q) = §(x1 +...4z,) = ipl(X)'
Thus n = 2= Vp (X)V.

?2. Proof of Theorem We consider the operator VZ on V := I/I? defined by the
ormula

V() =2 /G | X)),

Note that V = I/I? is 1-dimensional in each degree where it is non-zero, unless n = 2m is
even, in which case the 2n = 4m-graded piece V,, is spanned by pg) and Pf. Hence if n is odd,
then {p?), e ,pflh Pf} forms a homogeneous basis for V, so we know a priori that they will

be eigenvectors. We wish to find the associated eigenweights € (2, 1) and ep¢ (€2, 1) such that

Vi) = (@ up  (mod I2)  and  V(Pf) = eps(2, ) Pf (mod I?).
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When n = 2m, this is still the case except in grading degree 2n, where Vy,, is spanned by pg)

and Pf. On Vs, the action of ﬁz on Vg, has the form

Am Bm
[ B) son

whose entries we will calculate explicitly. In particular, we will show that By, and C), can be
non-zero, which implies that Vv need not commute with Vv, addressing a question from
[EY7Z254).

5.2.1. Integration. We consider the integration map f G/P, applied to Schur polynomials in X.
M

Lemma 5.2.2. Recall that §,, = (n—1,n—2,...,0). Let X be a partition with at most n parts.
(1) If N+ 6, has entries of mized parity, then

/ sx(X) = 0.
G/P,
(2) Case E (Even): If A+ 0, = 2k for some partition k, then

/ sa(X) = (_1)Du2nflsﬂ_(X(2))
G/P,

where T := Kk — &,. We write Ag(m) := 27 + 0.
(3) Case O (0dd): If A+ 6, =2k + (1™) for some partition k, then

/ sa(X) = (=1)Pr2n 1 Pf s, (X @)
G/P,

where T := Kk — &,. We write \o(7) := 27 + 0, + (1™).

Proof. We prepare to apply [EYZ25a, Lemma 5.4.4]. We have W/W,, = K, the group of even
sign changes of X. In particular, |K| = 2""!. We have

K= (D I @i+ay).
1<i<j<n
Let A(X) = [[,<icj<n(zi — ;) be the Vandermonde determinant. Using the bialternant
formula (3.2.6), [FYZ25a, Lemma 5.4.4] says that

axts, (X)
s(X)=)Y o () . 5.2.2)
/G/P,L 27 amm, (
Observing that A(X®)) = (=1)Pr» A(X)R,,, we can rewrite (5.2.2) as

[ o= e 3 oo, (x) (5.2.3)
a/p, S\ = A(X(Q)) KO’ AN+, . /N

[2AS

Set v := A+ d,. The action of o = (0;)7_; € K on a,(X) is

olay (X)) = 3 senlw)([] o, X7,

wES, j=1

Therefore, the sum over K vanishes unless the character o — [] j U;’j is trivial on K, which
occurs if and only if all 7; have the same parity. This proves assertion (1).
If the v; do all have the same parity, then we have o(a, (X)) = a,(X) for all o € K, so that

Y olaris, (X)) = 2" tarss, (X).
cEK
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Suppose we are in Case F, with A + §,, = 2k. Then we may write
axts, (X) = a2e(X) = ax(X?) = arp5, (XP) for m =k —0,.
Putting this into (5.2.3) yields

X(2)>
X) = (-1 Du2n—la’7"+5n( — (-1 Dﬂ2n—1 . X(2) )
/G/Pf“) ()P e = (PP s (X))

For Case O, the result follows from a similar analysis, using that Pf = z129 -z, = pym (X).
O

5.2.3. Action on pgf), We analyze the action of ﬁz on the generators {pgf)}lgkgn,l and Pf
modulo I%. For a partition m with |7| = k > 0, we have from Lemma that

s (X®) = Xﬂ(}i’“)) P2 (mod I?). (5.2.4)

By Lemma X™((k)) vanishes unless 7 = 7;(k) = (k — j,17) for 0 < j < k, in which case
we have x™(F)((k)) = (-1)7.
For 1 <k <n-—1, we have (’9#(]3,(5)) = kpar—1(X). Then
10,02 = 2" Nkpy (X)N por_1(X) = 2~ Vkp,, (X), (5.2.5)

where v, = (2k — 1,1%V) is a partition of N + 2k — 1. By the Frobenius character formula
(13.2.11)), we can rewrite

(X)) = > X (X).

IA|=N-+2k-1
Substituting this into (5.2.5)), we have
Vo) =2VE Y X/\(Vk)/ sx(X). (5.2.6)
[A|=N+2k—1 G/ P

We use Lemma [5.2.2] to evaluate [ s,(X). By Lemma 1), the only contribution is from A
such that A + §,, is in either Case E or Case O.

Case E If A = 27 + §,,, then from |A| = (}) + 2k we must have |7| = k. In this case, applying
Lemma implies that the contribution of A to (5.2.6)) is

(fl)DHQ’NkXA(yk)/ sa(X). (5.2.7)
G/P,

Using the Frobenius character formula (5.2.4) and Lemma [3.2.8] we find that the
contribution from Case E to (5.2.6) is

k—1
1 x T((k 1 i om
((-0Peror == 5 e g DY 00 ()i S (a5 1) )2,
|| =k j=0
(5.2.8)
Case O If A = 27 + 6, + (1), then from [A| = (}) + 2k we must have 2|r| = 2k — n. This
is only possible if n is even, say n = 2m, and k > m. Lemma [5.2.2] asserts that
the resulting term is a scalar multiple of Pf s, (X(?). Modulo I?, this vanishes unless
|7] = 0 (as Pf € I). In that non-vanishing case, we must have k = m, = = (}, and
A=Xo(0) =6, + (1™). We then have
ﬁZ(pg)) = Amp@) + C,, Pf (mod I?),

m
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where as in (5.2.8]) we have
k—1
A, = (_1)Du2n—1—N Z(_l)]XQﬂ'j(k)—i-én (Vk)a
§=0

and
Cr = (=1)Pem2r 1Nyt ). (5.2.9)

5.2.4. Action on Pf. Next we consider ﬁZ(Pf). We have

1 1
8M(Pf) = ien_l(X) = 58(177,—1)()().
Thus we are contemplating
Y, (Pf) = 2*N*1/ P1(X)V 511y (X). (5.2.10)
G/P,

We may view p1(X) = s(1)(X). The Littlewood-Richardson rule gives a formula for the
product of two Schur polynomials; we need it only for the case where one partition has a single
part, which is given by Pieri’s rule [Sta24] Theorem 7.15.7]. Tterating it yields

nX)Vs,(X) = Y Pa(X),
N

where f*/ is the number of Standard Young Tableaux (SYT) of skew shape /v with size N
(for the definitions, see [Sta24l §7.10]). In these terms, the integrand of (5.2.10) may be written
as

pl(X)Nau(Pf) — Z f-)\/(l'nfl)s/\(X).
ADv
[Al=|v]+N

Hence we have

— N n—1
VAPD = (-pPe2 NS et [ ),
)\2(17171) G/PH
IM=(5)+n
We analyze the inner integral using Lemma [3.2.5] The only contributions come from Case E
and Case O, and we consider each in turn.
Case O Since [A| = ("F'), we must have || = 0. Thus the only possibility is A = &, + (1").
Let us call p,, := d,, + (1™). In this case, the skew shape A\/(1"71) is a disjoint union of
the single cell (n,1) and the shifted staircase p,—1. Therefore, we have

pon/ 77 ((Z) F1) e,

The dimension of the irreducible character x* of Sy is given by the Hook Length
Formula [Sag01, Theorem 10.3.2 and Theorem 2.5.2]

N!

H hA(Z7])

(i,7)€Young diagram(\)

Y M(Id) = dim x* = (5.2.11)

For the partition p,—_1, the Hook Length Formula gives



19

bnd...| 5|3 |1
s3]
5031
fpn—lz (g)' 311
[T (20 — 1) 1]

F1GURE 1. Hook lengths for
the partition p,_1
Hence the contribution to (5.2.10]) from Case O is

(1)Du2"2N(<Z) + 1) = 1((23)i e -(Pf). (5.2.12)

Case E This occurs only if n = 2m is even. Since [A| = (5) +n = 2|7| + (), we see that
|r| = m. By (5.2.4) and the paragraph following it, s,(X®) = 0 (mod I?) unless
m=m;(k)=(k—j,17) for 0 < j < k, so the contribution of Case E to ﬁZ(Pf) is

n—2—N m—1
D 2

((_1), — Z(_1)J'f27fj<m>+5n/<1"’1>)p53). (5.2.13)
j=0

5.2.5. Summary. If n is odd, then we have

Ek(Q,ﬂ) ( #271 1— NZ 271'] (k)+6n (Vk)

and

epe(2 1) = (1)D“2n2N<<;L) + 1) Hp—l((;;)! =

If n = 2m is even, the same formulas hold for e, when k # m, while the action of V on Vo,
is given by the matrix

1ypugio (S DS ) LT (- )FMTﬁAW) .

— n n n | i
) o) 3 () ) e

We have completed the proof of Theorem O
% 1%

5.3. Examples. For G = PSOg, we will calculate the off-diagonal entries of the matrix ([5.2.14)),
and in particular show that they are both non-vanishing. Here m = 2 and v, = (3,17). Note
that (—1)V~! = (—=1)% =1 in this case.
The lower left entry is
Cy=2"%.2. X(4’3’2’1)((37 17)).

In Example we computed x(+321((3,17)) = —48, so we find that

Co =273 (—48) =

Next we consider the upper right entry,

By—274. i . ((_1)0f(27f0(2)+54)/(13) n (_1)1f(27r1(2)+54)/(13)> .
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o We have 2my(2) + 04 = 2(2) 4+ (3,2,1,0) = (7,2,1). The skew shape (7,2,1)/(1,1,1) is
the partition (6,1). By the Hook Length formula (see figure below), we have

f(7,2,1)/(1,1,1) _ f(ﬁ,l) — 6.

2|1

75|4|3|2|1\ 5431\
1

e We have 2m1(2) + 04 = 2(1,1) + (3,2,1,0) = (5,4,1). The skew shape (5,4,1)/(1,1,1)
is the partition (4,3). By the Hook Length formula (see figure above), we have

FEAD/QLY)  p43) 1y,

In conclusion, we find that

By = 2—6(f(7,2,1)/(1,1,1) _ f(5’4’1)/(1’1’1)) — 96, (6—14) =

Continuing in this way, one finds that in this case (5.2.14]) is

u-(% 75

The eigenweights are 4 and 2. As a sanity check, this matches the results (1.3.5]), which must
be the case by the triality automorphism of the D4 root system.

REFERENCES

[BH24] Jan Hendrik Bruinier and Benjamin Howard, Arithmetic volumes of unitary Shimura varieties, 2024,
To appear in Memoirs of the AMS.

[FH91] William Fulton and Joe Harris, Representation theory, Graduate Texts in Mathematics, vol. 129,
Springer-Verlag, New York, 1991, A first course, Readings in Mathematics.

[FHM25] Tony Feng, Benjamin Howard, and Mikayel Mkrtchyan, Higher Siegel-Weil formula for unitary
groups II: corank one terms, 2025.

[Ful9g] William Fulton, Intersection theory, second ed., Ergebnisse der Mathematik und ihrer Grenzgebiete.
3. Folge. A Series of Modern Surveys in Mathematics [Results in Mathematics and Related Areas.
3rd Series. A Series of Modern Surveys in Mathematics], vol. 2, Springer-Verlag, Berlin, 1998.

[FYZ24] Tony Feng, Zhiwei Yun, and Wei Zhang, Higher Siegel-Weil formula for unitary groups: the non-
singular terms, Invent. Math. 235 (2024), no. 2, 569-668.

[FYZ25a] , Arithmetic volumes of moduli stacks of shtukas, 2025.

[FYZ25b] , Higher theta series for unitary groups over function fields, Ann. Sci. Ec. Norm. Supér. (4)
58 (2025), no. 2, 275-388.

[FYZ26] | Arithmetic Hirzebruch Proportionality, 2026, In preparation.

[Gro97]  Benedict H. Gross, On the motive of a reductive group, Invent. Math. 130 (1997), no. 2, 287-313.

[Hi4] Fritz Hormann, The geometric and arithmetic volume of Shimura varieties of orthogonal type, CRM
Monograph Series, vol. 35, American Mathematical Society, Providence, RI, 2014.

[Hir58] Friedrich Hirzebruch, Automorphe Formen und der Satz von Riemann-Roch, Symposium interna-
cional de topologia algebraica International symposium on algebraic topology, Universidad Nacional
Auténoma de México and UNESCO, México, 1958, pp. 129-144.

[KﬁS} Kai Kohler, A Hirzebruch proportionality principle in Arakelov geometry, Number fields and function
fields—two parallel worlds, Progr. Math., vol. 239, Birkhauser Boston, Boston, MA, 2005, pp. 237—
268.

[Mac95] 1. G. Macdonald, Symmetric functions and Hall polynomials, second ed., Oxford Mathematical Mono-
graphs, The Clarendon Press, Oxford University Press, New York, 1995, With contributions by A.
Zelevinsky, Oxford Science Publications.

[Mum?77] D. Mumford, Hirzebruch’s proportionality theorem in the noncompact case, Invent. Math. 42 (1977),
239-272.

[Sag01]  Bruce E. Sagan, The symmetric group, second ed., Graduate Texts in Mathematics, vol. 203, Springer-
Verlag, New York, 2001, Representations, combinatorial algorithms, and symmetric functions.



21

[Sta24] Richard P. Stanley, Enumerative combinatorics. Vol. 2, Cambridge Studies in Advanced Mathemat-
ics, vol. 208, Cambridge University Press, Cambridge, [2024] (©)2024, Second edition [of 1676282],
With an appendix by Sergey Fomin.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA BERKELEY, UNIVERSITY DRIVE, BERKELEY, CA
94720
Email address: fengt@berkeley.edu



	1. Introduction
	2. The origin story
	3. Eigenweights for type A
	4. Eigenweights for type C
	5. Eigenweights for type D
	References

