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Abstract. This is the second of two papers dedicated to the explicit computation of the Fargues–Scholze
correspondence. We compute the Tate cohomology of cuspidal representations arising from Yu’s construc-
tion. Combining this with modular functoriality in the Local Langlands Correspondence, and the partial
characterization of the Local Langlands Correspondence established in the first paper, we compare the
Fargues–Scholze and Kaletha parametrizations. Among the consequences (and under an assumption ex-
pected to be supplied in forthcoming work), we deduce that the Fargues–Scholze correspondence has finite
fibers and is surjective onto inertial L-parameters.
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1. Introduction

This paper is the second half of a two-paper series which aims to explicitly compute the Fargues–Scholze
parameters, at least on inertia, for cuspidal representations arising from Yu’s construction [Yu01]. We
encourage the reader to read [CF26a, §1.1], which sets the motivation and context for our work, before
proceeding further.

Let F be a non-archimedean local field of residue characteristic p, and let G be a connected reductive
F -group. Throughout this introduction, we will assume that G splits after a tamely ramified extension of F
and p does not divide the order of the absolute Weyl group Ω of G. Let ℓ ̸= p be a prime number.

1.1. The main theorems. In [CF26a] we defined, following and extending work of Kaletha [Kal19, Kal21], a
partial form of an explicit Local Langlands Correspondence for irreducible cuspidal representations of G(F )
over k ∈ {Qℓ,Fℓ}. More precisely, to any such representation π we constructed an inertial L-parameter
[CF26a, Definition 7.2.12]

ρKal
I (π) : IF → LG(k).

If π is moreover non-singular [CF26a, Definition 7.2.10], we defined a full L-parameter

ρKal(π) :WF → LG(k).
1
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For example, ρKal
I (π) is constructed by attaching a torus-character pair (T, θ) to π and then defining

ρKal
I (π) =

(
IF

Lθ−−→ LT (k)
LjT,G−−−−→ LG(k)

)
,

where LjT,G : LT → LG is a certain L-embedding coming from [FKS23]; see [CF26a, Definition 4.5.1].
On the other hand, for any such π we also have a Fargues–Scholze parameter from [FS21],

ρFS(π) :WF → LG(k).

In this paper, we prove the following comparison of the two constructions.

Theorem 1.1.1 (Theorem 10.1.1). Let π be an irreducible cuspidal k-representation of G(F ), and let T be
a torus attached to π as above.

(1) If T is maximally unramified, then ρFS(π)|IF ∼ ρKal
I (π). If moreover π is non-singular, then

ρFS(π) ∼ ρKal(π).

(2) Assume Hypothesis 4.1.4 for cyclic base change at all primes ℓ ̸= p. Then we have

ρFS(π)|IF ∼ ρKal
I (π). (1.1.1)

Let T0 be the maximal unramified F -subtorus of T . If moreover π is non-singular, then there is an
explicit integer N , depending only on the image of T in ZG(T0)ad, such that

ρFS(π)|WFN
∼ ρKal(π)|WFN

. (1.1.2)

(3) Assume Hypothesis 4.1.4 for cyclic base change at all primes ℓ ̸= p. The representation π is non-
singular if and only if ρFS(π) is irreducible.1

As explained in [CF26a, §1.1], a proof of Hypothesis 4.1.4 is expected in a forthcoming revision to [Fen24],
at which point the results of this paper will be totally unconditional. In the current literature, it is proven
for ℓ > 5 by the combination of [Fen24] and [Wei26].

Remark 1.1.2. The integer N in Theorem 1.1.1 is the same as the one appearing in [CF26a, Theorem 1.3.1];
as mentioned there, it is not difficult to compute in examples, and it is often “small”; for instance, it is at most
4 if G ∼= G2. We note that Theorem 1.1.1(3) implies that the Fargues–Scholze L-packet of an irreducible
L-parameter consists of non-singular cuspidal representations; this has been expected since at least [Kal21].

The following consequence of Theorem 1.1.1 has been expected since [FS21]; we note that (1) relies on
the fact that we have computed ρFS(π)|IF for all cuspidal π, not just the non-singular ones from [Kal21].

Corollary 1.1.3. Assume Hypothesis 4.1.4 for cyclic base change at all primes ℓ ̸= p.
(1) (Theorem 10.2.1) ρFS preserves depth and has finite fibers.
(2) (Theorem 10.3.1) If ρ : WF → LG(k) is an irreducible L-parameter, then there exists an irreducible

smooth k-representation π of G(F ) such that ρFS(π)|IF ∼ ρ|IF .

1.2. Related work. A broad overview of progress on the Local Langlands Correspondence, thanks to work
of many authors, is documented in [CF26a]. Here we discuss some results that are most closely related to
ours.

For depth 0 cuspidal representations, the restriction of the Fargues–Scholze parameter to inertia has been
computed by Eteve [Ete23, Theorem 2.3.9] for split groups over local function fields, and conditionally by
Fu [Fu26, Theorem 1.0.6] for unramified groups over arbitrary non-archimedean local fields. Zhu [Zhu25,
§5.3.4] computes the parameters of regular depth 0 supercuspidals for his own version of the Local Langlands
Correspondence, identifying them with the DeBacker–Reeder parameters for unramified groups of adjoint
type with Qℓ-coefficients. The work of Gleason–Hamann–Ivanov–Lourenço–Zou [GHI+26] makes it plausible
that one will eventually be able to deduce the same comparison for Fargues–Scholze from Zhu’s work.

1An L-parameter is irreducible if and only if it does not normalize any proper parabolic of Ĝ. Such L-parameters are referred
to as elliptic in [FS21, Definition X.2.1] and supercuspidal in [Kal21, Definition 4.1.1]. Our terminology is more standard in
the algebraic groups literature (see, e.g., [BMR05], which uses LG-ir as an abbreviation), and it originates from Serre. It is
convenient for our purposes because inertial L-parameters are irreducible in some important cases, but it seems inapt to call
these elliptic or supercuspidal.
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In another direction, Gan–Harris–Sawin and Beuzart-Plessis [GHSBP24, Theorem 1.4] prove a weak form
of depth preservation, namely that if F is a function field whose residue field is not too small and G is un-
ramified, then there are many π for which ρFS(π) is wildly ramified.2 A stronger version of Corollary 1.1.3(2)
(namely, the same statement without restriction to inertia) is also proven by Beuzart-Plessis–Harris–Thorne
[BPHT25] in the case that F is a function field, G is unramified and semisimple, and p does not divide
the order of the absolute Weyl group of G, under the hypothesis that a version of the stable twisted trace
formula holds over function fields. By work of Li-Huerta [LH24], this implies a certain surjectivity statement
onto not-very-ramified L-parameters when F is p-adic of “large” ramification degree.

Corollary 1.1.3 is of particular interest in view of recent work of Hansen–Mann [HM26] which proves
the categorical local Langlands conjecture of [FS21] for GLn (under a hypothesis on compatibility with
Eisenstein series) and provides a strategy for proving the categorical local Langlands conjecture in general.
This strategy requires a number of “soft” inputs as in Corollary 1.1.3.3

For k = Qℓ, several comparisons of ρFS with classical local Langlands correspondences are known after
semisimplification. For GLn, this follows from Fargues–Scholze [FS21, Theorem I.9.6(viii)–(ix)]; for its inner
forms over p-adic fields, it is due to Hansen–Kaletha–Weinstein [HKW22, Theorem 1.0.3]. Hamann [Ham25,
Theorem 1.1 and Corollary 8.3] treated GSp4, Sp4, and their inner forms when F/Qp is unramified and
p > 2. Bertoloni Meli–Hamann–Nguyen [BMHN24, Theorem 1.1] treated odd-dimensional unitary and
unitary similitude groups over Qp attached to its unramified quadratic extension. Peng [Pen26, Theorem A]
treated special orthogonal and unitary groups splitting over an unramified extension, for unramified F/Qp

and p > 2. Daniels–van Hoften–Kim–Zhang [DvHKZ26, Theorem II] removed these restrictions on p and F
for unitary groups, odd special orthogonal groups, their inner forms, inner forms of GSp4, and pure inner
forms of quasi-split even special orthogonal groups, partially using [Han26].

However, the compatibilities established in the preceding paragraph do not imply our results, even for
the specific families of classical groups covered there, because compatibility of the classical Local Langlands
correspondence with Kaletha’s explicit correspondence is not known in general. In fact, our results can
be turned around to imply this compatibility in many cases: combining them with Theorem 1.1.1, under
its hypotheses and for the groups covered by these comparison theorems, implies that ρKal

I agrees with
the restriction to IF of the semisimplification of the classical correspondences of Arthur [Art13], Mok and
Kaletha–Mínguez–Shin–White [Mok15, KMSW14], Chen–Zou [CZ21], Ishimoto [Ish24], Gan–Takeda [GT10,
GT11], Gan–Tantono [GT14], and Choiy [Cho17].

The following theorem strengthens Theorem 1.1.1 in a special case.

Theorem 1.2.1 (Theorem 10.4.3). Suppose GFunr ∼= SLn, and let π be a non-singular cuspidal k-
representation of G(F ). Then ρFS(π) ∼ ρKal(π).

We emphasize that our proof of Theorem 1.2.1 is purely local. Theorem 1.2.1 implies in particular that if
G is an inner form of SLn or an unramified special unitary group, then ρKal agrees with the correspondence
deduced from the classical ones for inner forms of GLn or unramified unitary groups.

Remark 1.2.2. If G is an inner form of GLn, then [FS21, Theorem I.9.6 (ix)] and [HKW22, Theorem
1.0.3] show that ρFS agrees with the semisimplification of the classical Local Langlands Correspondence ρcl,
while [OT21, Theorem 1.1] and [Tok23, Theorem 0.1] show that ρKal agrees with ρcl; these combine to prove
Theorem 1.2.1 when G is an inner form of SLn (or even GLn). On the other hand, if G is an inner form of
an unramified special unitary group, then to our knowledge ρKal has not previously been compared to the
classical Local Langlands Correspondence of Mok [Mok15] and Kaletha–Mínguez–Shin–White [KMSW14],
and thus Theorem 1.2.1 is new in this case despite [DvHKZ26, Theorem II].

1.3. Functoriality results. The conclusion of Theorem 1.1.1 is a consequence of [CF26a, Theorem 1.3.1],
and the proof involves checking the hypotheses of the latter. In view of the results of [FS21, Theorem I.9.6],
the important hypotheses to check are (5) and (4), which say respectively that ρFS satisfies functoriality
with respect to descent to unramified twisted Levis and certain small degree base change. We will boot-
strap these from the two general functoriality results to which we have access, namely compatibility with

2Strictly speaking, [GHSBP24] concerns the Genestier–Lafforgue Local Langlands Correspondence [GL18], but this was
shown to agree with Fargues–Scholze by Li-Huerta [LH23].

3See the definition of “well-understood” groups in [HM26, Definition 6.1.1]. Our results do not establish any of the conditions
(i)-(v) of that definition in full, but they do establish the first sentence of (i) and half of (iv) when G splits after a tamely
ramified extension and p does not divide the order of the absolute Weyl group and π 7→ ϕπ is any map satisfying (v).
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parabolic induction [FS21, Theorem I.9.6(viii)] and modular functoriality, using [Fen24, Theorem 1.3.1] in
its established range and Hypothesis 4.1.4 for the remaining small-degree base changes at primes ℓ ̸= p.

Theorem 1.3.1 (Theorem 9.3.1). There exists a positive integer C (depending on G) such that for every
prime ℓ > C, every cyclic extension E/F of degree ℓ, and every tame irreducible cuspidal k-representation π
of G(F ), there is an explicit tame irreducible cuspidal k-representation πE of G(E) such that ρFS(πE)|IE ∼
ρFS(π)|IE . Moreover, C can be chosen such that if ρFS(π) is irreducible, then we have ρFS(πE) ∼ ρFS(π)|WE

.

The constant C in Theorem 1.3.1 is in principle effective, but we have made no effort to optimize it or
make it explicit. Although we expect Theorem 1.3.1 to have other applications, for our purposes its main
interest comes from the role it plays in the proof of the following theorem. A slight technical strengthening
(Theorem 9.4.1) implies hypothesis (5) of [CF26a, Theorem 1.3.1].

Theorem 1.3.2 (Theorem 9.4.1). Let π be an irreducible cuspidal k-representation of G(F ), let T ⊂ G be
a maximal F -torus associated to π, and suppose that T ∩Gder is not totally ramified. There exists a proper
unramified twisted Levi F -subgroup M ⊊ G and an irreducible cuspidal k-representation πM of M(F ) such
that

ρKal
I (π) ∼ LjM,G ◦ ρKal

I (πM ) (1.3.1)
and

ρFS(π)|IF ∼ LjM,G ◦ ρFS(πM )|IF . (1.3.2)
If π is non-singular, then πM is non-singular and

ρKal(π) ∼ LjM,G ◦ ρKal(πM ).

The proofs of Theorems 1.3.1 and 1.3.2 appear to be quite robust; we expect them to extend to give similar
functoriality results in any setting in which one has an explicit construction of cuspidal representations. For
instance, the arguments should also apply to the constructions of [FS25] and [Tak26], which go beyond Yu’s
construction when p is small (especially p = 2), but they should even apply to constructions which exhibit
more wildly ramified behavior, such as those for small p in [BK93], [SS08], [Ste08]. In [Cot26, §5], the
first-named author uses this strategy to compute the Fargues–Scholze L-parameters of depth 0 non-singular
cuspidal representations of arbitrary connected reductive F -groups.

Finally, the following theorem supplies the small-degree base change used in Theorem 1.1.1.

Theorem 1.3.3 (Corollary 7.2.2). If ℓ is not good for G, assume Hypothesis 4.1.4 for cyclic base change at
the fixed prime ℓ ̸= p. Let π be a toral cuspidal k-representation of G(F ) with finite order central character,
let T ⊂ G be a maximal F -torus associated to π, and let E/F be a cyclic extension of degree ℓ such that TE
is elliptic. Then there exists a toral cuspidal k-representation πE such that

ρKal(πE) ∼ ρKal(π)|WE

and
ρFS(πE) ∼ ρFS(π)|WE

(mod ℓ).

In particular, Theorem 1.3.3 shows (under its hypotheses) that ρFS(πE)|PF
∼ ρFS(π)|PF

; see [Cot26,
Lemma 5.3.2]. This provides hypothesis (4) in [CF26a, Theorem 1.3.1] and is thereby enough to complete
the proof of Theorem 1.1.1. If one wishes to extend the proof of Theorem 1.1.1 to a more wild construction
(and, in particular, beyond Yu’s construction), at present it appears that the most difficult step would be to
generalize Theorem 1.3.3 to (especially ramified) cyclic extensions of degree p.

1.4. Discussion of the proofs. Our methods are completely different from those of prior works (recalled
in §1.2). Notably, they are purely local and representation-theoretic. The starting point is the theory of
modular functoriality as developed in [Fen24], building on ideas of Treumann–Venkatesh [TV16]. This refers
to functoriality along a homomorphism LH → LG where H is a connected reductive group arising as the
σ-fixed points of a prime order ℓ automorphism σ ∈ Aut(G), and the L-groups LH and LG are regarded over
k = Fℓ. We emphasize that it is crucial that the same ℓ appears as both the order of σ and the characteristic
of k. The adjective “modular” refers to the phenomenon that this functoriality only exists in the defining
characteristic ℓ, thanks to miracles of modular arithmetic.

It is highly non-obvious that under the given assumptions defining H ⊂ G, there is a matching “σ-
dual homomorphism LHk → LGk” defined over k. This was proven in some cases by [TV16] under the
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(presumably artificial) assumptions that G is simply connected and H is semisimple, and G does not contain
factors of type E6. In [Fen24], it is proven without group-theoretic assumptions, but under (presumably
artificial) assumptions excluding very small ℓ. A forthcoming revision to [Fen24] is expected to eliminate
these conditions.

Example 1.4.1 (Spectral endoscopy). An important class of examples of modular functoriality arise when
σ is an inner automorphism, so H is the centralizer of an element of G(F ). We refer to this situation as
spectral endoscopy, and we call Ȟ a spectral endoscopic group for Ǧ. The name comes from the resemblance
to endoscopy, in which (roughly) we would say that H is an endoscopic group for G if Ȟ is the centralizer of
a semisimple element of Ǧ. Thus, spectral endoscopy is endoscopy with the roles of the group and its dual
group reversed.

We will crucially exploit the miracle that unlike in endoscopy, there is a canonical conjugacy class of
σ-dual homomorphisms LHk → LGk in the setting of spectral endoscopy. At first glance, this appears to
be obviously wrong, as the group theory should work in the same way as in the usual theory of endoscopy.
Indeed, a commonly cited example in endoscopy is that H = Sp2a× Sp2b can arise as the centralizer of an
order 2 element of G = Sp2a+2b. Then the σ-dual homomorphism is a finite map

SO2a+1 × SO2b+1 → SO2a+2b+1 .

The existence of such a finite homomorphism goes against the grain, but the key point is that it only exists
in characteristic 2. For more details, see Example 4.2.1.

Modular functoriality says that Tate cohomology realizes descent (in the sense of Langlands functoriality)
from G to H. More precisely, Hypothesis 4.1.4 at the fixed prime ℓ ̸= p asserts that for any irreducible
Π ∈ Repsmk G(F ) whose isomorphism class is fixed by σ, so that the G(F )-action on Π extends to a G(F )⋊⟨σ⟩-
action, every irreducible H(F )-subquotient π of the Tate cohomology group T0(σ,Π) has the property that

ρFS(Π(ℓ)) ∼
(
Lψ ◦ ρFS(π)

)ss
, (1.4.1)

where Π(ℓ) = Π⊗k,Frℓ k is the coefficient Frobenius twist and (·)ss denotes semisimplification in LG. At the
time of writing, Hypothesis 4.1.4 is only written in [Fen24] when ℓ is large enough (with explicit bounds)
relative to G. A forthcoming revision to [Fen24] is expected to prove Hypothesis 4.1.4 for all ℓ ̸= p. Some
of our main results can be proven unconditionally from the version of Hypothesis 4.1.4 which is currently
available in the literature, and we indicate where this is so.

In the setting above, since H has smaller dimension, we can hope to understand ρFS(Π) inductively using
(1.4.1), by understanding T0(σ,Π) and Lψ. This is the strategy that we will follow, but its execution is
subtle. One reason is that modular functoriality forces us to work in positive characteristic, and to use
automorphisms with order equal to that characteristic. For a given group and prime ℓ, there may be few
(e.g., no) such automorphisms. Furthermore, even when they exist, the prime ℓ must then be “small” (i.e.,
non-banal) relative to G, so that reduction modulo ℓ loses information. The solution to these problems has
two key ingredients.

(1) Scholze’s independence of ℓ results [Sch26, Theorem 1.1] allow us to “glue” congruences modulo
several different primes in order to obtain characteristic 0 information.

(2) Using degree ℓ cyclic base change modulo ℓ and another instance of modular functoriality, we can
pass to unramified extensions where our groups acquire more torsion elements, and we can thereby
be put into the situation of spectral endoscopy by [Cot26, Lemma 5.3.5].

In particular, although the applications described above are to representation theory with characteristic 0
coefficients, the proofs make essential use of miracles occurring in positive characteristic. It is striking that
this seemingly transient information, apparently so delicate that it can only exist in specific characteristics,
is simultaneously powerful enough to accumulate to highly nontrivial knowledge of the Fargues–Scholze
correspondence in characteristic zero.

To prove Theorem 1.3.1, modular functoriality reduces one to a problem of computing Tate cohomology of
Yu’s construction. In particular, we have to control the Tate cohomology of Deligne–Lusztig representations,
which boils down to the link between Tate cohomology and the Glauberman correspondence, established in
[Cot26, Corollary 3.5.5, Lemma 3.5.11]. To prove Theorem 1.3.2, we first base change to reduce to the setting
of spectral endoscopy for a very large prime, and then we apply modular functoriality again. Again we have
to control the Tate cohomology of Deligne–Lusztig representations, and now this boils down to the link
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between Tate cohomology and Deligne–Lusztig restriction established in [Cot26, Proposition 3.4.1]. Thus,
the moral reason that this works is the phenomenon highlighted in [Cot26] that Tate cohomology realizes
a type of modular functoriality for finite groups, unifying the modular reductions of various other known
constructions in the spirit of “Langlands functoriality” for finite reductive groups.

1.5. Sign characters. One important theme of the explicit Local Langlands parametrization is the necessity
of certain subtle sign characters, e.g., as seen in [FKS23]. These sign characters must arise “naturally” in
the comparison to the Fargues–Scholze correspondence, and our proof does offer some (partial) conceptual
explanation of their provenance.

Indeed, the FKS sign character itself arises as a product of other sign characters, and this decomposition is
at least partly present in our analysis. This is discussed in some detail in [CF26a, §1.5]. From our perspective,
part of the FKS sign character arises to correct a discrepancy between the L-embeddings defined in [FKS23,
§4.2] for G and for various unramified twisted Levi subgroups of G. Another part arises from the Weil-
Heisenberg representation, as we now describe.

In order to execute the strategy sketched in §1.4, we need to compute the Tate cohomology of cuspidal
representations arising from Yu’s construction. These are compact inductions of tensor products of depth 0
cuspidals and Weil–Heisenberg representations, and so we eventually need to understand the Tate cohomology
of Weil–Heisenberg representations. One factor in the FKS sign character, namely ϵ♯,x (introduced as ϵramx,r/2
in [DS18, §4.3]), is ultimately seen to arise from the Tate cohomology of Weil–Heisenberg representations,
as a consequence of certain sign characters appearing in [Gér77]; see Proposition 6.4.3 and Lemma 7.3.2.

1.6. Outline of the paper. We now describe the various sections of this paper in some detail.
In §2, we record the notation that we will use in the body of the paper.
In §3, we prove a number of technical results concerning L-parameters which will be needed to apply

modular functoriality; in particular, we prove a number results giving a prior bounds on the orders of the
images of (inertial) L-parameters. In §4, we prove that the σ-dual homomorphisms of [Fen24] are compatible
with a number of natural operations onG, and we bootstrap these compatibilities to give (partial) calculations
in our situations of interest. Some calculations are relegated to Appendix A.

In §5, we prove a certain surprisingly subtle compatibility of Tate cohomology with tensor products. The
proofs are mainly combinatorial. In §6, we compute the Tate cohomology of Weil–Heisenberg representations
using the results of [Gér77], and we describe a certain sign character which intervenes in the calculation.

In §7, we combine all of the previous calculations to describe the Tate cohomology of cuspidal representa-
tions arising from Yu’s construction in three important situations: base change of large prime degree, base
change of small prime degree for toral cuspidal representations, and descent to unramified twisted Levis
under some hypotheses. Using these, we obtain our main explicit results on modular functoriality, including
Theorem 1.3.3.

In §8, we establish a certain compatibility of Yu’s construction with parabolic induction; the relevance of
this to the overall strategy is explained in detail there. This relies in Appendix B, which extends certain
results of [KY17] and [Oha24] from characteristic 0 coefficients to positive characteristic coefficients.

The most important part of this paper is §9, which combines all of the preceding sections to prove
Theorems 1.3.1 and 1.3.2. Finally, in §10, we use [CF26a, Theorem 10.2.1] to deduce Theorem 1.1.1,
Corollary 1.1.3, and Theorem 1.2.1.

Throughout this paper, we pay special attention to the case that p is small, and thus all results are stated
in greater generality than in the introduction.

1.7. AI methodology. After a draft of this paper was mostly written, AI tools were used (by the second
author only) to proofread, reorganize, revise, and create figures. Among the mathematically substantive
contributions, GPT 5.2 found and corrected a mistake in the proof of (5.1.4). Later, GPT 5.5 unearthed
a gap in the material of §8, and then filled it by providing the ideas behind Lemmas 8.2.1 and 8.2.2. The
material of Appendix B consists of a technical extension of existing results in the literature (with roughly
the same proofs); a first draft of it was produced (again by the second author) with the help of GPT 5.6.
All other statements and proofs in this paper originate from its human authors.

1.8. Acknowledgements. We thank Jeff Adler, Adèle Bourgeois, Charlotte Chan, Stephen DeBacker, Jes-
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2. Notation and conventions

We will use the terminology of paraductive group schemes from [Cot26]. We will also use the terminology
for Yu’s construction from [CF26a], which differs slightly from the usual conventions; in particular, the
twisted Levis in a Yu datum are not required to be pairwise distinct, and the depth 0 term need not be
irreducible. Our notation follows that of [CF26a], which we repeat below for the reader’s convenience.

2.1. Local fields. Let F be a local field with ring of integers OF and residue field Fq of characteristic p > 0.
We fix a separable closure F/F . A separable algebraic extension of F is always understood as a subfield
of F . For any finite separable field extension E/F and integer n ≥ 1, we denote by En the unramified
subextension of F/E of degree n. We write F unr ⊂ F for the maximal unramified extension of F . The
absolute value is normalized by |a|F = q−v(a), where v is the normalized valuation of F .

We write WF for the Weil group of F , IF ◁WF for the inertia subgroup, and PF ◁WF for the wild inertia
subgroup.

We write Fr for geometric Frobenius in WF /IF , and also for a chosen lift to WF .
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2.2. Reductive groups. We denote by G a connected reductive group over F . (Our convention is that
reductive groups over fields are not necessarily assumed to be connected.) All representations and characters
of G(F ) are understood to be smooth unless otherwise stated. We write Repsmk G(F ), or Repk(G(F )), for
the category of smooth k-representations of G(F ). If C ⊂ G is a closed subscheme, then we denote by ZG(C)
(resp. NG(C)) the scheme-theoretic centralizer (resp. normalizer) of C in G.

If H is a group scheme of finite type over a field k, then we use H◦ to denote the identity component of
H. The notation H0, which is sometimes used instead of H◦, will be reserved for Yu’s construction. We
write π0(H) = H/H◦ for the group scheme of connected components and Hred for the underlying reduced
subscheme.

For a connected reductive group H, we write Z(H) for its center, Hder for its derived subgroup, Had =
H/Z(H) for its adjoint quotient, and Hab = H/Hder for its abelianization. We write rkH for its absolute
rank. For semisimple H, π1(H) denotes its algebraic fundamental group. We use g = Lie(G) and Lie∗(G)
for the linear dual of Lie(G).

If T is an F -torus, then T (F )b denotes the maximal bounded subgroup of T (F ).
If P = MU is a parabolic F -subgroup of G and W is a smooth representation of M(F ) over one of the

coefficient rings considered in this paper, then we write

IGP (W ) := Ind
G(F )
P (F )(W ⊗ δ

−1/2
P )

for normalized parabolic induction, where W is inflated to P (F ) and δP is the modulus character. We make
compatible choices of square roots of q in Qℓ, Zℓ, and Fℓ. We use ind for ordinary induction in finite or
finite-index settings and c-Ind for compact induction.

2.3. Dual groups. The Langlands dual group Ĝ is regarded over Z[1/p], though we will often base change
to a field of characteristic ̸= p without changing the notation. In §4 we use the notation Ǧ for the Tannakian
dual group, which is the same reductive group as Ĝ but with a different convention for the Galois action,
which can be trivialized upon choosing a square root of the cyclotomic character [FS21, §VI.11].

We write LG for the L-group of G, usually as Ĝ⋊W0 for a chosen finite quotient W0 of WF through which
the action on Ĝ factors. If ρ1, ρ2 are (inertial) L-parameters valued in LG(k), then ρ1 ∼ ρ2 means that ρ1
and ρ2 are Ĝ(k)-conjugate. We reserve equality of L-parameters for actual equality of chosen representatives
by homomorphisms.

2.4. Bruhat–Tits buildings. We let B(G) denote the extended Bruhat–Tits building of G over F . For a
point x ∈ B(G), we let [x] = [x]G denote the corresponding point of B(Gder). Let Gx (resp. G[x]) denote the
smooth separated OF -group scheme with generic fiber G and Gx(OF ) = G(F )x (resp. G[x](OF ) = G(F )[x]),
the stabilizer of x (resp. [x]) in G(F ), as in [KP23, Remark 8.3.4]. Note that Gx is of finite type, but G[x]

might not be. Let Gx (resp. G[x]) denote the quotient of the special fiber of Gx (resp. G[x]) by the unipotent
radical of its identity component.

For r ≥ 0, the notations G(F )x,r and G(F )x,r+ refer to the Moy–Prasad filtration at x; analogous notation
is used for the Lie algebra. We implicitly use the normalized valuation v of F in this definition; however, if
E/F is a finite separable extension then G(E)x,r and G(E)x,r+ will be defined using the unique extension
of v to E. Thus G(F )x,r = G(E)x,r ∩G(F ).

2.5. Coefficients. We use k for coefficient rings, which need not be fields. Our coefficient prime ℓ is always
distinct from p. We write Zℓ for the valuation ring of Qℓ, with residue field Fℓ.

For a k-algebra k′ and a k-module or representation V , we write Vk′ = V ⊗k k′. Subscripts on group
schemes and homomorphisms likewise indicate base change.

Let Frℓ : Fℓ → Fℓ be a 7→ aℓ. If V is a representation over Fℓ, then V (ℓ) := V ⊗Fℓ,Frℓ
Fℓ denotes its

Frobenius twist. Thus, for an Fℓ-valued character χ, we have χ(ℓ) = Frℓ ◦χ.

3. Generalities on L-parameters

In this section, we establish abstract group-theoretic results which will be applied to L-groups and other
groups arising from L-parameters. The main goal is to prove a priori bounds on the prime numbers dividing
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the orders of the images of irreducible (i.e., supercuspidal or elliptic) L-parameters. This will be neces-
sary later for showing that L-parameters with characteristic 0 coefficients can be probed effectively using
congruences.

If k is a field and H is a smooth affine k-group scheme, then we will say that H is reductive provided
that its identity component H◦ is reductive. In other words, we do not require reductive groups to be
connected. Similarly, we will say that H is semisimple if H◦ is semisimple. This generality is meant to
accommodate two separate situations: first, in the following sections, we will often wish to consider the
“finite form” LG = Ĝ⋊W0 of an L-group, where W0 is a finite quotient of the Weil group WF . Second, even
when working entirely inside Ĝ, we will often wish to consider centralizers which may fail to be connected.

3.1. Finiteness results in group theory. We begin with a number of abstract finiteness results which
will ultimately be applied to L-parameters. Recall the notion of semisimple homomorphism Γ → H(k) from
[CF26a, §10.1]; such a map is semisimple if and only if the image of Γ is H-cr in the sense of [BMR05].

Lemma 3.1.1. Let k be an algebraically closed field, let H be a reductive k-group, and let n be a positive
integer. Then up to H◦(k)-conjugacy there are only finitely many finite subgroups of H(k) of order n for
which the inclusion map is semisimple. If n is invertible in k, then the inclusion map of any finite subgroup
of order n is semisimple.

Proof. There are only finitely many isomorphism classes of finite groups of order n, so it is enough to
show that if Γ is one such finite group then there are only finitely many conjugacy classes of semisimple
homomorphisms Γ → H(k). Let H be the k-scheme parameterizing homomorphisms Γ → H, so H //H
is finite by [Cot24b, Theorem 1.1] (taking H = G and Γ′ = 1). This is enough for the first claim since
(H //H)(k) parameterizes closed orbits in H , and closed orbits correspond to semisimple homomorphisms
by [BMR05, Corollary 3.7, §6.3].

Now suppose n is invertible in k. In this case, the result is [BMR05, Lemma 2.6], but we give a slightly
different proof for convenience. Every orbit map H◦ → H is smooth by [DHKM25, Lemma A.1], so every
H◦-orbit in H is open. Since each orbit is the complement of the union of the other orbits, it follows that
every orbit is closed, as desired. □

Lemma 3.1.2. Let k be an algebraically closed field, let H be a reductive k-group, and let n be a positive
integer. There exists a positive integer N such that for every finite subgroup Γ0 ⊂ H(k) of order n such that
the inclusion map Γ0 → H is semisimple and every element h ∈ H(k) normalizing Γ0 such that ZH(Γ0, h)
is finite, the group ⟨Γ0, h⟩ is finite of order ≤ N .

Proof. By Lemma 3.1.1, there are only finitely many H◦(k)-conjugacy classes of finite subgroups Γ0 ⊂ H(k)
of order n such that Γ0 → H is semisimple; thus there is a positive integer N0 such that NH(Γ0)/ZH(Γ0)

◦
red

is of order ≤ N0 for all such Γ0.
Temporarily fix a pair (Γ0, h) as in the lemma statement and let Γ = ⟨Γ0, h⟩, so Γ is a subgroup of

H(k) containing Γ0 as a normal subgroup. Note that h normalizes the group ZH(Γ0)
◦
red, which is connected

reductive by [BMR05, Proposition 3.12], and (ZH(Γ0)
◦
red)

h is finite by hypothesis, so [CF26a, Lemma 10.1.1]
implies that ZH(Γ0)

◦
red is a torus. In particular, the reduced centralizer ZH(Γ)red is of order bounded only in

terms of Γ0 and the image of h in π0(NH(Γ0)) (since the Aut scheme of a torus is étale). Since π0(NH(Γ0))
is finite, it follows that there is a positive integer N1 such that the order of ZH(Γ) is ≤ N1 for all pairs
(Γ0, h).

By the first paragraph, hN0! centralizes Γ0; thus hN0! ∈ ZH(Γ0, h). By the second paragraph, hN0!N1! = 1.
Thus we may take N = N0!N1!n. □

Lemma 3.1.2 is sufficient for the proof of Theorem 1.1.1, but for the sake of cleaner statements below we
will prove a slightly refined finiteness statement when k is of characteristic 0.

Lemma 3.1.3. Let k be an algebraically closed field, and let d, n ∈ Z. There are only finitely many isomor-
phism classes of reductive k-groups H such that dimH ≤ d and |π0(H)| ≤ n.

Proof. It is enough to show that there are only finitely many H with dimH = d and |π0(H)| = n. Recall
that H◦ is determined by (H◦)der, the maximal central torus ZH◦ , and the intersection (H◦)der∩ZH◦ . Note
that (H◦)der is determined up to isomorphism by its root datum, of which there are only finitely many
possibilities; the torus ZH◦ is determined by its dimension, which is ≤ d; and the intersection (H◦)der ∩ZH◦
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is a subgroup of the finite multiplicative type k-group scheme Z((H◦)der), so it admits only finitely many
possibilities. This settles the case n = 1.

In general, let (B, T ) be a Borel-torus pair in H◦. By [Cot24b, Lemma 3.3] and the conjugacy of Borel-
torus pairs in H◦, there is a subgroup E ⊂ NH(B, T ) such that E ∩ H◦ = T [n] and H = H◦ · E. If T [n]
acts on H◦ ×E on the right by (h, x) · t = (ht, t−1x), then the multiplication map (H◦ ×E)/T [n] → H is a
scheme-theoretic isomorphism, under which the multiplication of H is given by

(h1, x1) · (h2, x2) = (h1 · x1h2, x1x2).

Thus H is determined by H◦, E, the action of E on H◦, and the embedding T [n] ⊂ E. There are only
finitely many possibilities for H◦ by the first paragraph. The group E admits only finitely many possible
isomorphism classes since its order can be bounded in terms of dimH and |π0(H)| and its identity component
is of multiplicative type. For a given E, there are only finitely many actions of E on H◦ preserving a
Borel-torus pair by Lemma 3.1.1, since each such action corresponds to a semisimple k-homomorphism
E → AutH◦/k. Finally, there are only finitely many embeddings T [n] ⊂ E. This proves the lemma. □

Lemma 3.1.4. Let k be a field of characteristic 0, and let H be a reductive k-group. There exists a positive
integer N such that for every finite subgroup Γ0 ⊂ H(k) and every element h ∈ H(k) normalizing Γ0 such
that ZH(Γ0, h) is finite, the group ⟨Γ0, h⟩ is finite, and the only prime numbers dividing its order divide
N · |Γ0|.

Proof. We may and do assume that k is algebraically closed. Since k is of characteristic 0, Jordan’s theorem
implies that there exists an integer N0 such that every finite subgroup Γ ⊂ H(k) admits an abelian normal
subgroup ∆ ⊂ Γ of index dividing N0. By [SS70, Chapter II, Theorem 5.17], there is a maximal k-torus
T ⊂ H which is normalized by ∆. If e is the exponent of (NH(T )/T )(k), then the group of eth powers in
∆ is a characteristic subgroup which is contained in T (k). If N1 = N0e

dimT |(NH(T )/T )(k)|, then it follows
that each such Γ admits an abelian normal subgroup of index dividing N1 which lies in the group of k-points
of a maximal k-torus of H.

Next, let T ⊂ H be a maximal k-torus. As ∆0 ranges over all finite subgroups of T (k), we claim
that the isomorphism class of the normalizer NH(∆0)/∆0 ranges over only finitely many reductive k-
groups. Indeed, dim(NH(∆0)/∆0) ≤ dimH, and the component group π0(NH(∆0)/∆0) is a subquotient
of the finite group π0(NH(ZH(∆0)

◦)). This has cardinality which is bounded independently of ∆0 because
|π0(NH(ZH(∆0)

◦))| ≤ |NH(T )/T |, so the claim follows from Lemma 3.1.3.
Finally, let Γ0 ⊂ H(k) and h ∈ H(k) be as in the lemma statement, and let Γ = ⟨Γ0, h⟩. Since k has

characteristic 0, the inclusion Γ0 → H is semisimple by Lemma 3.1.1; hence Lemma 3.1.2, applied with
n = |Γ0|, shows that Γ is finite. By the first paragraph, there is an abelian normal subgroup ∆ ⊂ Γ of index
dividing N1 such that ∆ lies in a maximal torus of H. Let ∆0 = ∆∩Γ0, so ∆0 is an abelian normal subgroup
of Γ, and note that by the second paragraph and Lemma 3.1.2, there is an integer N depending only on H
such that the order of the image of Γ in NH(∆0)/∆0 is of order dividing N . Thus γN ∈ ∆0 for all γ ∈ Γ, so
the prime numbers dividing the order of γ all divide N · |∆0|, which divides N · |Γ0|. □

Lemma 3.1.5. Let k be a field, and let H be a reductive k-group. There exists an integer N such that for
every finite subgroup Γ ⊂ H(k) of order prime to char k, we have |π0(NH(Γ)/Γ)| ≤ N .

Proof. We may and do assume that k is algebraically closed, so H is split. Suppose first that char k = ℓ > 0,
so there is a split reductive group scheme H over the ring W (k) of Witt vectors such that H ∼= Hk.
The Hom scheme Hom(Γ,H) is smooth by [DHKM25, Lemma A.1], so the inclusion Γ ⊂ H(k) lifts to an
inclusion Γ ⊂ H(W (k)). By [DHKM25, Lemma A.1] again, each orbit map H → Hom(Γ,H) is smooth. If
Ω ⊂ Hom(Γ,H) is the open subscheme consisting of monic homomorphisms, then Aut(Γ) acts freely on Ω,
so the quotient map Ω → Ω/Aut(Γ) is étale. It follows that the orbit map H → Ω/Aut(Γ) through the
inclusion Γ ⊂ H(W (k)) is smooth. Thus NH(Γ), being a fiber of this map, is smooth over W (k), and hence
so is NH(Γ)/Γ. Since each fiber of NH(Γ)/Γ has reductive identity component, [Con14, Proposition 3.1.3]
shows that |π0(NH(Γ)/Γ)| ≤ |π0(NHW (k)[1/ℓ]

(Γ)/Γ)|. Thus we may and do assume char k = 0.
Let S ⊂ ZH(Γ) be a maximal k-torus, and let M = NH(S), so Γ ⊂M(k). If T ⊂ H is a maximal k-torus,

then π0(M) is a subquotient of NH(T )/T , and in particular its order is bounded independently of Γ. By
Lemma 3.1.3, we may therefore pass from H to M/S and from Γ to its image to assume that ZH(Γ), and
hence also NH(Γ), is finite.
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As in the proof of Lemma 3.1.4, there exists an integer N1 depending only on H such that NH(Γ) admits
a normal subgroup ∆ of index ≤ N1 which lies in the group of k-points of a maximal k-torus T of H.
Observe that the normalizer NH(∆) contains T , so its component group is a subquotient of NH(T )/T and
in particular is of order bounded independently of ∆. Since NH(Γ) ⊂ NH(∆), Lemma 3.1.3 and induction
on dimH allow us to pass from H to NH(∆) to assume that ∆ is normal in H. It follows that ∆ is central
in H◦, so NH(∆ ∩ Γ) is an open k-subgroup scheme of H; since NH(Γ) ⊂ NH(∆ ∩ Γ), we may further
assume that ∆∩Γ is normal in H. The map NH(Γ)/(∆∩Γ) → NH/(∆∩Γ)(Γ/(∆∩Γ)) is injective, and since
Γ/(∆ ∩ Γ) is of order ≤ N1, the result therefore follows from Lemma 3.1.1 and Lemma 3.1.3. □

3.2. Irreducible L-parameters. Throughout this section, we fix a finite quotient W0 of WF through
which the action on Ĝ factors. Let LG denote the reductive group Ĝ⋊W0. Recall the notion of irreducible
homomorphism Γ → H(k) from [CF26a, §10.1]; this is slightly less restrictive than the condition that the
image of Γ in H(k) is H-ir in the sense of [BMR05].

Lemma 3.2.1. If ρ : WF → LG(Zℓ) is an L-parameter such that ρFℓ
is irreducible, then ρQℓ

is irreducible.
Conversely, if ρ(WF ) is finite of order prime to ℓ and ρQℓ

is irreducible, then ρFℓ
is irreducible.

Proof. If ρQℓ
is not irreducible, then by definition there is a proper parabolic Qℓ-subgroup P0 ⊂ ĜQℓ

such
that ρ(WF ) normalizes P0. Since the scheme of parabolic subgroup schemes of Ĝ satisfies the valuative
criterion of properness [Con14, Corollary 5.2.9], it follows that ρ(WF ) normalizes a parabolic Zℓ-subgroup
scheme P of Ĝ and hence also the special fiber PFℓ

, contradicting irreducibility of ρFℓ
.

For the converse, note that ρFℓ
is semisimple by Lemma 3.1.1, and ZĜ(ρ(WF )) is flat by [DHKM25,

Lemma A.1], so we conclude by [CF26a, Lemma 10.1.7]. □

Lemma 3.2.2. Let k ∈ {Fℓ,Qℓ}. If ρ : WF → LG(k) is a semisimple L-parameter, then ρ(IF ) is finite.
Moreover, there exists a constant C, depending only on Ĝ and |W0|, such that if either k = Qℓ or ℓ > C,
then ρ(w) is semisimple for all w ∈WF .

Proof. Note first that ρ(PF ) is finite and consists of semisimple elements since ℓ ̸= p. If k = Fℓ, then it is
clear that ρ(IF ) is finite; by [DHKM25, Lemma 2.2], it is enough in the case k = Qℓ to show that every
element of ρ(IF ) is semisimple, so we reduce to proving the second claim. By Lemma 3.1.3 and Lemma 3.1.5,
there is an integer N depending only on Ĝ and |W0| such that

|π0(NLG(ρ(PF ))/ρ(PF ))| ≤ N.

Let s ∈ IF lift a pro-generator of IF /PF , and let ρ(s) = xu be the Jordan decomposition of ρ(s), where u
is unipotent. If ℓ > N , then since ℓ ̸= p we have u ∈ NĜ(ρ(PF ))

◦ = ZĜ(ρ(PF ))
◦. By the Hilbert–Mumford

criterion, there is a cocharacter λ : Gm → ZĜ(ρ(PF )) such that limt→0 λ(t)uλ(t)
−1 = 1. Since ρ|IF is

semisimple by [BMR05, Theorem 3.10], it follows that u = 1, i.e., ρ(s) is semisimple. In particular, ρ(IF ) is
finite as above. Precisely the same argument shows that if ℓ > N then ρ(Frn) is semisimple if n ∈ Z and
Frn ∈ WF is a lift of the nth power of Frobenius in WF /IF . Since every element of WF is such a lift, we
conclude that C = N works. □

Lemma 3.2.3. Let k ∈ {Fℓ,Qℓ}, and let ρ : WF → LG(k) be a semisimple L-parameter. If G is semisimple
and ρ is irreducible, then there is a positive integer B, depending only on Ĝ and |W0| (not on F ), such that
every prime dividing |ρ(WF )| either divides |ρ(IF )| or is at most B. In particular, there is a positive integer
N , depending only on Ĝ, the set of prime divisors of |ρ(IF )|, and |W0| (not on F ), such that every prime
dividing |ρ(WF )| is at most N .

Proof. If k = Fℓ, then by flatness of the moduli space of L-parameters [DHKM25, Theorem 4.1 i)] and
Lemma 3.2.1, there is some ρ̃0 : WF → LG(Zℓ) lifting ρ; let ρ̃ : WF → LG(Qℓ) be a semisimplification of
(ρ̃0)Qℓ

. By Lemma 3.1.3 and Lemma 3.1.4, there is some N0 depending only on Ĝ and |W0| such that the
only prime numbers dividing |ρ̃(WF )| divide N0 · |ρ̃(IF )|. If ℓ > C, where C is as in Lemma 3.2.2, then ℓ
does not divide the order of |ρ(WF )|. Thus one can take B = max(N0, C) and N = max(N0, C,D), where
D is the largest squarefree divisor of |ρ(IF )|. □

The following lemma will allow us to apply Lemma 3.2.3 effectively in practice.
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Lemma 3.2.4. There exists an integer N depending only on Ĝ, |W0|, and q such that for every prime
number ℓ ≥ N , every k ∈ {Qℓ,Fℓ}, and every semisimple L-parameter ρ : WFℓ

→ LG(k), the image ρ(IF ) is
of order not divisible by ℓ.

Proof. Note that given Ĝ and |W0|, there are only finitely many possibilities for LG up to isomorphism,
so we need only show the existence of some N for a fixed LG. Let C be the constant from Lemma 3.2.2.
Choose an embedding ι : LG→ GLn, and let N = max(qn + 1, C + 1). If ℓ ≥ N , then qi ̸≡ 1 (mod ℓ) for all
1 ≤ i ≤ n. This implies qiℓ ̸≡ 1 (mod ℓ) for all 1 ≤ i ≤ n. If ρ is as above and σ ∈ IF is a pro-generator of
IF /PF of pro-order prime to p, then ρ(σ)q

ℓ

is conjugate to ρ(σ) by the defining relation of WFℓ
. If α1, . . . , αn

are the eigenvalues of ι(ρ(σ)), then for each j there is some 1 ≤ i ≤ n such that αq
iℓ

j = αj , i.e., αj is a
(qiℓ− 1)th root of unity. So the choice of ℓ implies that ℓ does not divide the order of the semisimple part of
ρ(σ). Since N > p, to show ℓ ∤ |ρ(IF )| it suffices to show that ρ(σ) is semisimple. But now this follows from
Lemma 3.2.2 after passing from LG to GLn, since N > n+ 1. □

Finally, we record three technical lemmas which will only be used in the proof of Theorem 9.4.1.

Lemma 3.2.5. Let H be a reductive Zℓ-group scheme, and let α be a Zℓ-automorphism of H such that
(Hα

Fℓ
)◦red is a torus. Then (Hα

Qℓ

)◦ is a torus, and the schematic closure of (Hα
Qℓ

)◦ in H is a Zℓ-torus with
special fiber (Hα

Fℓ
)◦red.

Proof. Recall from [Con14, Theorem 7.1.9] that the Aut scheme AutH/Zℓ
has identity component Had, and

the quotient AutH/Zℓ
/Had is representable by an étale-locally constant Zℓ-group scheme. Let C be the

connected component of AutH/Zℓ
through which the section α factors, so C is a smooth affine Zℓ-scheme.

Let α0 denote a pinning-preserving Zℓ-automorphism of H which factors through C. By [ALRR22, Theorem
1.1(1), (4)], the fixed point scheme Hα0 is Zℓ-flat, and for each field k over Zℓ, the k-group scheme (Hα0

k )◦red
is connected reductive. By [PY06, Proposition 3.4], if Z0 is the schematic closure of (Hα0

Qℓ

)◦ in H, then the

normalization Z̃0 of Z0 is smooth. Since the normalization map is finite, the induced map (Z̃0)
◦
Fℓ

→ (Hα0

Fℓ
)◦red

of smooth Fℓ-group schemes has finite kernel, so it is surjective for dimension reasons, and it follows that
(Z̃0)

◦
Fℓ

is a connected reductive group of the same rank as (Hα0

Fℓ
)◦red. In particular, Z̃0 is a reductive Zℓ-group

scheme by [Con14, Proposition 3.1.3], so the rank of (Z̃0)Fℓ
is equal to the rank of (Z̃0)Qℓ

= (Hα0

Qℓ

)◦; call
this rank r.

By [XZ19, Remark 5.2.2(1)], since (Hα
Fℓ
)◦red is a torus, it follows that dim(Hα

Fℓ
) = r. It follows from upper-

semicontinuity of fiber dimension that dim(Hα
Qℓ

) ≤ r, and the previous paragraph shows dim(Hα
Qℓ

) ≥ r (using
[XZ19, Remark 5.2.2(1)] again). Moreover, (Hα

Qℓ

)◦ is a torus: if Z is the schematic closure of (Hα
Qℓ

)◦ in

H, then (ZFℓ
)◦red is an Fℓ-torus since it is a smooth Fℓ-group scheme contained in (Hα

Fℓ
)◦red. By [SGA3II,

Exposé X, Théorème 8.8], it follows that Z is a Zℓ-torus, as desired. □

Lemma 3.2.6. Let ρ1, ρ2 : WF → LG(Zℓ) be L-parameters, and write ρi for the reduction of ρi modulo the
maximal ideal of Zℓ. Suppose that

(1) ρ1|IF = ρ2|IF ,
(2) ZĜFℓ

(ρ1(IF ))
◦
red is a torus.

Then ρ1 and ρ2 induce the same conjugation action of WF on ZĜFℓ

(ρ1(IF ))
◦
red if and only if ρ1 and ρ2

induce the same conjugation action of WF on ZĜQℓ

(ρ1(IF ))
◦.

Proof. By [BCT24, Corollary 3.7], the Zℓ-group scheme ZP := ZĜ(ρ1(PF )) is smooth affine and its relative
identity component Z◦

P is reductive. Let s ∈ IF lift a pro-generator of IF /PF . Since IF is topologically gener-
ated by PF and s, we have ZĜ(ρ1(IF )) = (ZP )ρ1(s), and ((ZP )ρ1(s))◦ = ((Z◦

P )
ρ1(s))◦. Since ZĜFℓ

(ρ1(IF ))
◦
red

is a torus by hypothesis, Lemma 3.2.5 shows that if Z denotes the schematic closure of ZĜQℓ

(ρ1(IF ))
◦ in Ĝ

then Z is a Zℓ-torus with special fiber ZĜFℓ

(ρ1(IF ))
◦
red. For w ∈ WF and j ∈ {1, 2}, conjugation by ρj(w)
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preserves the generic fiber ZĜQℓ

(ρ1(IF ))
◦ and hence also its schematic closure Z. Since tori have étale Aut

schemes, the result follows. □

Lemma 3.2.7. Let H ⊂ G be an unramified twisted Levi, let k ∈ {Fℓ,Qℓ} for a prime ℓ ̸= p, let
LjH,G : LH → LG be the canonical L-embedding over k from [CF26a, Definition 4.5.1], and let ρH : WF →
LH(k) be a semisimple L-parameter. If ρ := LjH,G ◦ ρH , then the ranks of ZĜ(ρ(IF ))

◦
red and ZĤ(ρH(IF ))

◦
red

are equal. In particular, if ZĜ(ρ(IF ))
◦
red is a torus, then

ZĜ(ρ(IF ))
◦
red = LjH,G(ZĤ(ρH(IF ))

◦
red).

Proof. We will use LjH,G to identify Ĥ with a Levi subgroup of Ĝ. Since the maximal central torus Z of Ĥ
is contained in ZĜ(ρ(PF )), we see that ZĤ(ρH(PF ))

◦ is a Levi subgroup of ZĜ(ρ(PF ))
◦, and thus the ranks

of these two groups are the same. By [CF26a, Lemma 10.1.10], there is a ρH(IF )-stable Borel-torus pair
(B̂H , T̂ ) in ZĤ(ρH(PF ))

◦, and (T̂ ρH(IF ))◦red is a maximal torus of ZĤ(ρH(IF ))
◦
red. Since H is an unramified

twisted Levi, there is some ρ(IF )-stable parabolic P̂ ⊂ ZĜ(ρ(PF ))
◦ with Levi ZĤ(ρ(PF ))

◦; if Û is the
unipotent radical of P̂ , then B̂ := B̂H Û is a ρ(IF )-stable Borel subgroup of ZĜ(ρ(PF ))

◦ containing T̂ , so
another application of [CF26a, Lemma 10.1.10] shows that (T̂ IF )◦red is a maximal torus of ZĜ(ρ(IF ))

◦
red. Thus

ZĤ(ρH(IF ))
◦
red and ZĜ(ρ(IF ))

◦
red have the same rank. The final claim follows immediately from this. □

4. Spectral endoscopy and L-homomorphisms

In this section, we compute the σ-dual homomorphism Lψ : LH → LG from [Fen24, Theorem 1.3.1] in
some cases. We will use the Tannakian dual notation Ǧ, Ȟ, Ť from §2. This is the same underlying reductive
group as the corresponding Ĝ-notation, but with the geometric c-group convention for the Galois action.

4.1. Recollections on modular functoriality. Throughout this section, we work under the following
ansatz:

Ansatz 4.1.1. Let G be a connected reductive group over a local field F of residue characteristic p. Let
σ ∈ Aut(G) be an automorphism of prime order ℓ ̸= p whose fixed point subgroup Gσ =: H is connected
reductive.

4.1.1. The σ-dual homomorphism. We consider the dual groups cHk,
cGk over k := Fℓ. In the situation

of Ansatz 4.1.1, we expect the existence of a canonical map of c-groups (as discussed in [TV14, §7.8] and
[Fen24, §5.6])

cψ : cHk → cGk. (4.1.1)

called the “σ-dual homomorphism”. To relate this to the more standard formulations of the Local Langlands
Correspondence in terms of the L-group, we choose a square root of the residue field cardinality4 of F
in k in order to specify a square root of the mod-ℓ cyclotomic character χcyc : WF → k×. This choice
determines isomorphisms cHk

∼= LHk and cGk ∼= LGk by [Zhu17, Lemma 5.5.7], allowing us to view the
σ-dual homomorphism instead as a homomorphism

Lψ : LHk → LGk. (4.1.2)

Remark 4.1.2. In the first ArXiv version of [Fen24], cψ was constructed under a technical hypothesis that
“all tilting modules of Ǧ and Ȟ are relative parity”. This technical hypothesis was in turn established for
all ℓ larger than certain constants b(Ǧ) and b(Ȟ) explained in loc. cit. Later, [Wei26] proved the technical
hypothesis for all primes ℓ which are good for Ǧ and Ȟ (cf. [Wei26, §1.2]). This is a condition on root
systems only: ℓ is good for Ǧ if it is good for each almost simple factor; all primes are good for any torus,
and the good primes for semisimple root systems are depicted in Figure 4.1.1. Finally, the construction of
cψ is expected for all primes ℓ in a forthcoming revision of [Fen24].

4This choice will usually not matter, but it does intervene at one point: the compatibility of the formation of Lψ with base
change, cf. [CF26a, Remark 5.2.3].
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Φ An Bn, Cn, Dn G2, F4, E6, E7 E8

good ℓ all ℓ ℓ > 2 ℓ > 3 ℓ > 5

Figure 4.1.1. Good primes for each root system.

Remark 4.1.3. Without restriction on ℓ, but under the assumption that G is simply connected and H
is semisimple5, a σ-dual homomorphism is constructed in [TV16, §1.3], except possibly in cases where
(LieG,LieH) contains a factor of the form (e6, sl

3
3) or (e6, sl6 × sl2) or (e6, sp8). The approach of [TV16]

is orthogonal to that of [Fen24], and it has not yet been checked that in cases of overlap, the two σ-dual
homomorphisms agree. This would be of independent interest to check, but it has no relevance to this paper.

The following Hypothesis can be attributed to Treumann–Venkatesh [TV16, Conjecture 6.3], although it
is not precisely formulated in loc. cit.

Hypothesis 4.1.4 (Modular functoriality). Let Π be an irreducible smooth representation of G(F ) over k
whose isomorphism class is fixed by σ, so that the G(F )-action on Π extends uniquely to a G(F )⋊⟨σ⟩-action
[TV16, Proposition 6.1]. Then for each j ∈ Z/2Z and every H(F )-irreducible subquotient π of Tj(Π), the
σ-dual homomorphism satisfies

ρFS(Π(ℓ)) ∼
(
Lψ ◦ ρFS(π)

)ss
.

This hypothesis follows from the existing [Fen24, Theorem 1.3.1] for sufficiently large primes. With the
relative-parity result of [Wei26] recalled in Remark 4.1.2, it holds whenever ℓ is good for G and H. In these
cases we cite [Fen24] directly. A proof for all primes is expected in a forthcoming revision of [Fen24].

4.2. Spectral endoscopic groups. Consider the special case of §4.1 where σ ∈ Aut(G) is inner, say of the
form g 7→ sgs−1 for s ∈ G(F ). Thus H = ZG(s). Then we will call LH a spectral endoscopic group for LG.
The name comes from the resemblance to endoscopy, in which we would say that H is an endoscopic group
for G if Ȟ is the centralizer of a semisimple element of Ǧ. Thus, spectral endoscopy is essentially endoscopy
with the roles of the group and its dual group reversed.

But unlike in endoscopy, there is also a canonical conjugacy class of morphisms from the spectral endo-
scopic group to LG, namely the σ-dual homomorphism of (4.1.1). This homomorphism typically does not
lift to characteristic 0 (or even to Artinian rings); it is a miracle of modular arithmetic.

Example 4.2.1. Let a, b ≥ 1 be integers and assume p ̸= 2. We define the symplectic group Sp2n /F by

Jn =

(
0 Idn

− Idn 0

)
, Sp2n(R) = {g ∈ GL2n(R) :

tgJng = Jn}

for every F -algebra R.
Let V = F 2a+2b, with ordered basis e1, . . . , ea+b, f1, . . . , fa+b having Gram matrix Ja+b. Set Wa =

⟨e1, . . . , ea, f1, . . . , fa⟩ and Wb = ⟨ea+1, . . . , ea+b, fa+1, . . . , fa+b⟩, so that V = Wa ⊥ Wb. Let G = Sp(V ) ∼=
Sp2a+2b, and let s act as Id onWa and − Id onWb. In the ordered basis e1, . . . , ea+b, fa+1, . . . , fa+b, f1, . . . , fa,
we have

s =

Ida
− Id2b

Ida

 .

Since p ̸= 2, the subspaces Wa and Wb are the two eigenspaces of s. Consequently, an element of G commutes
with s if and only if it preserves both subspaces. Thus conjugation by s gives an order ℓ = 2 automorphism
σ ∈ Aut(G) such that Gσ = H = Sp2a× Sp2b. In this case, the σ-dual homomorphism is a map

SO2a+1 × SO2b+1 → SO2a+2b+1

which is finite onto its image. The traditional wisdom is that no such map exists, but recall that we are only
looking for such a map in characteristic ℓ = 2. Here, there is indeed an “exceptional” homomorphism of the
desired shape.

To see this, recall that SO2a+1 is the group of determinant-1 isometries of the standard split quadratic
form Qa = x20 + x1x2 + . . .+ x2a−1x2a on a vector space Va of dimension 2a+ 1, while SO2b+1 is the group

5The latter condition rules out the main use case in this paper, namely the case that H is an unramified twisted Levi
subgroup of G.
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of determinant-1 isometries of the standard split quadratic form Qb = y20 + y1y2 + . . .+ y2b−1y2b on a vector
space Vb of dimension 2b+1. The sum of these quadratic forms has rank 2a+2b+2 in characteristics other
than 2, but in characteristic 2 the quadratic form Qa + Qb on Va ⊕ Vb has a one-dimensional radical (cut
out by the conditions x0 = y0 and the vanishing of the other coordinates), and the action on this quotient
induces an injection

SO2a+1 × SO2b+1 ↪→ SO2a+2b+1 . (4.2.1)

Finally, the connected part of the σ-dual homomorphism Lψ : Ȟ → Ǧ is not (4.2.1) but rather its composition
with the ℓ-power Frobenius Frℓ on Ȟ.

4.3. Properties of the σ-dual homomorphism. The σ-dual homomorphism is constructed in a highly
indirect manner in [Fen24, §5.6]. We will need to establish more explicit information about it.

4.3.1. Compatibility with field extensions.

Lemma 4.3.1. Let E/F be a finite separable field extension. If σ is an F -automorphism of G of order ℓ,
H = Gσ is connected, and cψ : cH → cG is the σ-dual homomorphism, then

cψ|Ȟ⋊WE
∼ cψE . (4.3.1)

Consequently, Lψ : LH → LG satisfies
Lψ|Ĥ⋊WE2

∼ LψE |Ĥ⋊WE2
. (4.3.2)

Proof. The compatibility for cψ is [Fen24, Lemma 5.6.4]. Next, recall from the discussion of §4.1.1 that the
passage from cψ to Lψ depends on the choice of square root of the residue cardinality, used to specify a
square root of the mod-ℓ cyclotomic character. This choice introduces an ambiguity of sign that is killed by
squaring, hence disappears after restricting from WE to WE2

, which implies (4.3.2). □

Remark 4.3.2. It is not generally true that LjT,G|WE
∼ LjTE ,GE

for a finite extension E/F , even if E/F
is unramified; see [CF26a, Remark 5.2.3].

4.3.2. Compatibility with Frobenius. We require a preliminary observation about the (normalized) Brauer
functor,

b̃r : Sat(HckG,Div1
X
; k) → Sat(HckH,Div1

X
; k),

from [Fen24, §§5.3–5.5]. Here the Satake category Sat(HckG,Div1
X
; k) is defined as in [FS21, Definition VI.7.8].

Let an abstract cyclic group Σ of order ℓ act trivially on G, so any generator σ ∈ Σ has trivial image in
Aut(G). Although this situation technically lies outside the ansatz of [Fen24] where σ is required to have
prime order ℓ, the constructions there extend easily to it. Indeed, the inclusion of fixed points is nothing
but the identity map. The Smith-Treumann localization for the identity map is simply projection to the
Tate category, which admits an obvious perverse t-exact lift by the identity functor. Hence the normalized
Brauer functor is intertwined under Geometric Satake with the functor

V 7→ T0(V ⊗ℓ) ∼= V (ℓ)

as in [Fen24, Example 3.7.2]. In other words, this is pullback along the L-homomorphism

Frℓ :
cG −→ cG, (g, w) 7−→ (Frℓ(g), w).

We may transport this identity from the c-group to the L-group, using (A.2.5). The answer takes the form

ρFS(π(ℓ)) ∼ z · Frℓ ◦ρFS(π) (4.3.3)

where the cocycle z : WF → Z(Ĝder)(k)
WF is given by

z(w) = (2ρ∨
Ĝ
)
(
χ1/2
cyc (w)

ℓ/χ1/2
cyc (w)

)
,

where χ1/2
cyc : WF → k× is the chosen unramified square root of the cyclotomic character, and ρ∨

Ĝ
is the half

sum of the positive coroots of Ĝ.
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4.3.3. Compatibility with passage to Levis. The proof of [Fen24, Lemma 5.5.2] can be repeated essentially
verbatim for more general constant terms associated to a σ-stable pair of parabolic subgroup and Levi. We
record the result for convenient reference.

Lemma 4.3.3. Let M be an F -rational Levi subgroup of G and let P be an F -rational parabolic subgroup
of G with Levi M . Assume that M and P are σ-stable. Then Pσ is a parabolic subgroup of H with Levi
subgroup Mσ. There is a commutative square of symmetric monoidal functors,

Sat(HckG,Div1
X
; k) Sat(HckH,Div1

X
; k)

Sat(HckM,Div1
X
; k) Sat(HckMσ,Div1

X
; k)

b̃r

CTP [degP ] CTPσ [degPσ ]

b̃r

(4.3.4)

Here, if UP denotes the unipotent radical of P , then degP (ν) = ⟨2ρUP
, ν⟩, and degPσ is defined similarly.

Lemma 4.3.4. Let M be an F -rational Levi subgroup of G and P be an F -rational parabolic subgroup of G
with Levi M . Suppose σ is an inner automorphism of G of order ℓ stabilizing (P,M), and put H = Gσ. Let
cψG : cH → cG and cψM : cMσ → cM be the associated σ-dual homomorphisms. Then

cψG ◦ cjMσ,H ∼ cjM,G ◦ cψM .
Here cjM,G and cjMσ,H are the standard embeddings from Proposition A.3.1. In particular, if H ⊂M , then
Mσ = H and

cψG ∼ cjM,G ◦ cψM .

Proof. Apply Tannakian reconstruction directly to (4.3.4). By definition,
• b̃rG is Tannakian dual to cψ∗

G,
• b̃rM is Tannakian dual to cψ∗

M , and
• the two constant term functors are Tannakian dual to cjM,G and cjMσ,H , by Proposition A.3.1.

Therefore, passing to the Tannakian dual of (4.3.4) gives the result. □

Example 4.3.5. Suppose in the setting of Lemma 4.3.4 that H =M . Then §4.3.2 identifies b̃rM ∼= Fr∗ℓ , so
we obtain

cψG ∼ cjM,G ◦ Frℓ = Frℓ ◦cjM,G.

4.4. L-embeddings of unramified twisted Levi subgroups. Recall that if H is an unramified twisted
Levi, then there is a canonical L-embedding

LjH,G : LH → LG (4.4.1)

defined using the minimally ramified set of χ-data, as in [CF26a, Definition 4.5.1].

Proposition 4.4.1. Let σ be an inner automorphism of G of order ℓ, and suppose that H = Gσ is an
unramified twisted Levi F -subgroup of G. Let Lψ : LH → LG be the associated σ-dual homomorphism. Then

(1) Lψ|Ĥ⋊IF ∼ Frℓ ◦LjH,G|Ĥ⋊IF .
(2) There exists a cocycle z : WF /IF → Z(Ĥ ∩ Ĝder)(k)

IF such that
Lψ ∼ z · Frℓ ◦LjH,G.

Proof. If E/F is a finite unramified field extension and LψE is the σ-dual homomorphism corresponding to
the E-automorphism σE of GE , then Lemma 4.3.1 shows that

Lψ|Ĥ⋊IF ∼ LψE |Ĥ⋊IF . (4.4.2)

If E is chosen such that HE is a Levi E-subgroup of GE , then Lemma 4.3.4, Example 4.3.5, and [CF26a,
Lemma 4.5.2(1)] show that6

LψE |Ĥ⋊IF ∼ Frℓ ◦LjHE ,GE
|Ĥ⋊IF . (4.4.3)

Combining (4.4.2) and (4.4.3) with [CF26a, Lemma 5.2.2] yields (1).

6Below, we implicitly use that the translation between the c-group and L-group inserts an unramified modulus character,
which restricts trivially to inertia. See Lemma A.2.1, Remark A.3.2, and Example 4.3.5.
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If G is a torus, then (2) holds by §4.3.2, since the c-group and L-group are canonically isomorphic in this
case. By [Fen24, §5.6.3], the formation of cψ is compatible with central isogenies; the isomorphism between
the c-group and L-group is functorial for them (independently of the choice of √q), so the same holds for
Lψ.

Put Z = Z(G)◦red and consider the σ-equivariant central isogeny Gsc × Z → G. The induced action
of σ on Gsc has connected fixed subgroup by [Ste68, Theorem 8.1], and acts trivially on Z, so Gσsc and
Zσ are connected. By compatibility of the σ-dual homomorphisms with central isogenies and [CF26a,
Lemma 4.5.2(2)], we reduce to the case G = Gsc×T for a torus T . Similarly, [Fen24, §5.6.2] shows that cψ is
compatible with products, and the isomorphism of c-groups and L-groups is similarly compatible. [CF26a,
Lemma 4.5.2(3)] gives the same compatibility for LjH,G. Thus by the settled torus case we may assume that
G is semisimple, where (2) follows from (1).

□

In order to apply Proposition 4.4.1 in practice, we require the following technical result to guarantee that
Gσ is connected if the prime ℓ is suitably large.

Lemma 4.4.2. Let t ∈ G(F ) be a semisimple element of finite order n. If n is coprime to #π1(Gder), then
its centralizer is connected reductive. In particular, if gcd(n,#π1(Gad)) = 1, then Gσ surjects onto (Gad)

σ.

Proof. The first statement is standard and is proven in, for instance, [Ste75, Lemma 2.14(b), Corollary
2.16(c)]. The second statement follows for dimension reasons from the first. □

5. Calculating Tate cohomology of tensor products

Throughout this section, let ℓ be a prime, let k be a field of characteristic ℓ, and let σ generate a cyclic
group of order ℓ. Write k[σ] for the group algebra of ⟨σ⟩, and set

Nσ := 1 + σ + · · ·+ σℓ−1 = (σ − 1)ℓ−1.

For a k[σ]-module M , write

T0(σ,M) :=
ker(σ − 1 |M)

NσM
, T1(σ,M) :=

ker(Nσ |M)

(σ − 1)M
,

where the indices are taken in Z/2Z. We will write Ti(M) in place of Ti(σ,M) if σ is clear from context.
All tensor products in this section carry the diagonal σ-action. If M is a representation of Γ ⋊ ⟨σ⟩, then
Ti(M) is naturally a representation of Γσ.

We are interested in the behavior of Tate cohomology with respect to tensor products. Unfortunately,
cup product maps in Tate cohomology are often trivial.

Example 5.0.1. Let ℓ = 3, and let V = W = k[σ]/(σ − 1)2 = ke1 ⊕ ke2, where e2 = 1 and e1 = σ − 1.
We claim that the map ⌣ : T0(V )⊗ T0(W ) → T0(V ⊗k W ) is trivial. To see this, note first that T0(V ) =
T0(W ) = ke1. Next, note that V ⊗k W has basis ei,j for i, j ∈ {1, 2}, where

(σ − 1)e1,1 = 0,

(σ − 1)e1,2 = e1,1,

(σ − 1)e2,1 = e1,1,

(σ − 1)e2,2 = e1,1 + e1,2 + e2,1.

From this, we see that (V ⊗k W )σ has basis {e1,1, e1,2 − e2,1}, while Nσ(V ⊗k W ) = ke1,1. The map
⌣ : T0(V )⊗k T0(W ) → T0(V ⊗k W ) is induced by the map v ⊗ w 7→ v ⊗ w, so indeed it vanishes.

Recall from [Cot26, Definition 3.5.3] that a finitely generated k[σ]-module is minimal if it is isomorphic
to k⊕r ⊕ k[σ]⊕s, and it is maximal if it is isomorphic to(

k[σ]/((σ − 1)ℓ−1)
)⊕r ⊕ k[σ]⊕s

for some r, s ≥ 0. It is extremal if it is minimal or maximal. We will see below (Corollary 5.2.2) that cup
products interact with extremal k[σ]-modules in a rather simple way. In particular, because the modules V
and W in Example 5.0.1 are maximal, the map ⌣ : T1(V )⊗kT1(W ) → T0(V ⊗kW ) is injective. Since T0(V )
and T1(V ) have isomorphic semisimplifications ([Cot26, Lemma 3.1.2]), this is enough in applications.
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5.1. Cup products. Recall that if V and W are k[σ]-modules, then there exist natural cup product maps

⌣i,j : T
i(V )⊗k Tj(W ) → Ti+j(V ⊗k W )

for i, j ∈ Z/2Z. If ij = 0, then ⌣i,j is given by v ⊗ w 7→ v ⊗ w, while on the other hand ⌣1,1 is given
by v ⊗ w 7→

∑
0≤a<b≤ℓ σ

av ⊗ σbw; see [CE56, XII.7, page 252]. The following lemma is elementary and
combinatorial in nature but the details are surprisingly complicated.

Lemma 5.1.1. Let V and W be finitely generated k[σ]-modules, and let 1 ≤ m1, . . . ,ma ≤ ℓ and 1 ≤
n1, . . . , nb ≤ ℓ be the sizes of the Jordan blocks of σ on V and W , respectively. Then

(1) dimk Im (⌣0,1) = #{(i, j) ∈ [1, a]× [1, b] : mi ≤ nj < ℓ},
(2) dimk Im (⌣0,0) = #{(i, j) ∈ [1, a]× [1, b] : mi + nj ≤ ℓ},
(3) dimk Im (⌣1,1) = #{(i, j) ∈ [1, a]× [1, b] : mi + nj ≥ ℓ,max(mi, nj) < ℓ}.

In particular, if T0(V ) ̸= 0 and T0(W ) ̸= 0, then T0(V ⊗kW ) ̸= 0, T1(V ⊗kW ) ̸= 0, one of the maps ⌣0,1

and ⌣1,0 is nonzero, and one of ⌣0,0 and ⌣1,1 is nonzero.

Proof. By passing to direct summands of V and W , we may assume that V and W are indecomposable
k[σ]-modules, say of k-dimensions m and n, respectively. If m = ℓ or n = ℓ, then Ti(V ) = 0 or Ti(W ) = 0
for all i by [Cot26, Lemma 3.1.3], in which case the claims are clear. So assume m < ℓ and n < ℓ.
Let e1, . . . , em be a k-basis for V , and let f1, . . . , fn be a k-basis for W , such that (σ − 1)ei = ei−1 and
(σ−1)fi = fi−1 for all i, where by convention e0 = 0 and f0 = 0. Note that then T0(V ) = ke1, T0(W ) = kf1,
T1(V ) = V/(

⊕m−1
i=1 kei), and T1(W ) =W/(

⊕n−1
i=1 kfi). If gi,j := ei ⊗ fj , then we have

(σ − 1)gi,j = gi−1,j−1 + gi−1,j + gi,j−1, (5.1.1)

where again by convention gi,j = 0 if either i ≤ 0 or j ≤ 0.
We will analyze the three relevant cup products separately. By the above, the map ⌣0,1 is nonzero if and

only if the class of g1,n = e1 ⊗ fn is nonzero in

T1(V ⊗k W ) = ker(Nσ | V ⊗k W )/(σ − 1)(V ⊗k W ).

Similarly,⌣0,0 is nonzero if and only if g1,1 /∈ Nσ(V⊗kW ), and⌣1,1 is nonzero if and only if
∑

0≤i<j≤ℓ σ
iem⊗

σjfn /∈ Nσ(V ⊗k W ). We must prove that:

(1) g1,n has nonzero image in T1(V ⊗k W ) if and only if m ≤ n,
(2) g1,1 has nonzero image in T0(V ⊗k W ) if and only if m+ n ≤ ℓ,
(3)

∑
0≤i<j≤ℓ σ

iem ⊗ σjfn has nonzero image in T0(V ⊗k W ) if and only if m+ n ≥ ℓ.

Note that the final claims of the lemma follow immediately from (1), (2), (3), and [Cot26, Lemma 3.1.3].
We first prove (1). As a special case of (5.1.1), note that

(σ − 1)(gi,1) = gi−1,1

for 1 ≤ i ≤ m, so gi,1 ∈ (σ − 1)(V ⊗k W ) for 1 ≤ i ≤ m− 1. Similarly, we have

(σ − 1)(gi,2) = gi−1,1 + gi−1,2 + gi,1,

so gi,2 ∈ (σ−1)(V ⊗kW ) for 1 ≤ i ≤ m−2. Arguing inductively in this way, we find that gi,j ∈ (σ−1)(V ⊗kW )
for 1 ≤ i ≤ m− j. If m > n, then it follows that g1,n is trivial in T1(V ⊗kW ), as desired; so suppose for the
remainder of the proof that m ≤ n.

For 1 ≤ d ≤ m+ n− 1, let Sd denote the k[σ]-submodule of V ⊗k W spanned as a k-vector space by the
elements gi,j with i+ j − 1 ≤ d. For d ≤ 0, we set Sd = 0. It is clear from (5.1.1) that (σ − 1)Sd+1 ⊂ Sd for
all d (see Figure 5.1.1).
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i

j

g1,1

g1,n

gm,1

gm,n

gm,n−m+1

gi,j

Figure 5.1.1. The basis gi,j = ei ⊗ fj arranged on an (i, j)-grid. The filtration Sd is the
region i+j−1 ≤ d to the “lower-left” of the dashed line. Since (σ−1) moves down/left/down-
left, one has (σ − 1)Sd+1 ⊂ Sd.

Conversely, one sees visibly from Figure 5.1.1 that if u ∈ V ⊗k W is such that (σ − 1)(u) ∈ Sn, then
u ∈ Sn+1. From (5.1.1), we see that if u ∈ Sn+1, and (σ − 1)u ≡

∑
i+j=n+1 di,jgi,j (mod Sn−1), then∑

i+j=n+1(−1)idi,j = 0. Thus g1,n ̸∈ (1− σ)Sn+1, as desired.
Next we establish (2). By [Cot26, Lemma 3.1.1], we have Nσ = (σ − 1)ℓ−1, so

Nσ(V ⊗k W ) = (σ − 1)ℓ−1(Sm+n−1) ⊂ Sm+n−ℓ. (5.1.2)

Thus if m+n ≤ ℓ, then Nσ(V ⊗kW ) = 0 and in particular g1,1 has nonzero image in T0(V ⊗kW ). Conversely,
suppose m+ n > ℓ. Then ℓ− n+ 1 ≤ m, and (5.1.2) shows that

Nσ(gℓ−n+1,n) ∈ S1 = kg1,1.

It remains to show that this element is nonzero.
We first perform the binomial calculation once in the “universal” case V = k[σ],W = k[σ], i.e., working

in k[σ]⊗k k[σ]. Let δ := σ − 1, and in k[σ]⊗k k[σ] set

hi,j = δℓ−i ⊗ δℓ−j , 1 ≤ i, j ≤ ℓ.

Let Td be the span of the hi,j with i+ j − 1 ≤ d. Expanding σr = (1 + δ)r gives

Nσ(hℓ,ℓ) =

ℓ−1∑
r=0

∑
0≤a,b≤r

(
r

a

)(
r

b

)
hℓ−a,ℓ−b.

Since Nσ = δℓ−1 and δTd ⊂ Td−1, we have Nσ(hℓ,ℓ) ∈ Tℓ. Define sn by the congruence

Nσ(hℓ,ℓ) ≡
ℓ∑

n=1

snhn,ℓ−n+1 (mod Tℓ−1),

so we have

sn :=

ℓ−1∑
r=1

(
r

ℓ− n

)(
r

n− 1

)
,

where we interpret
(
r
a

)
= 0 if r < a. Applying δ for the diagonal action and reducing modulo Tℓ−2 gives

0 = δNσ(hℓ,ℓ) ≡
ℓ−1∑
n=1

(sn + sn+1)hn,ℓ−n (mod Tℓ−2).
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Here we used that δ(hr,ℓ−r+1) = hr−1,ℓ−r+1 + hr,ℓ−r + hr−1,ℓ−r, and the last term lies in Tℓ−2. The classes
of the hn,ℓ−n for 1 ≤ n ≤ ℓ− 1 are linearly independent modulo Tℓ−2, so sn+1 = −sn for all n. Since sℓ = 1,
it follows that sn ̸= 0 for every n.

Now return to general V ⊗k W . This admits a quotient map from k[σ]⊗k k[σ], sending

hℓ−m+i,ℓ−n+j 7−→ gi,j .

In particular, h2ℓ−m−n+1,ℓ maps to gℓ−n+1,n and hℓ−m+1,ℓ−n+1 maps to g1,1. The same expansion as above
shows that the coefficient of hℓ−m+1,ℓ−n+1 in Nσ(h2ℓ−m−n+1,ℓ) is sn. Applying the quotient map, we obtain

Nσ(gℓ−n+1,n) = sng1,1.

Since sn ̸= 0, this shows that g1,1 ∈ Nσ(V ⊗kW ). Hence g1,1 has zero image in T0(V ⊗kW ) when m+n > ℓ,
proving (2).

Finally, we prove (3). One computes

⌣1,1 (em ⊗ fn) =
∑

0≤i<j≤ℓ

σiem ⊗ σjfn =
∑

0≤i<j≤ℓ
0≤a≤i
0≤b≤j

(
i

a

)(
j

b

)
gm−a,n−b

=
∑

0≤a,b≤ℓ−1

 ∑
a≤i<j≤ℓ
b≤j

(
i

a

)(
j

b

) gm−a,n−b.

(5.1.3)

We first show that Im (⌣1,1) ⊂ Sm+n−ℓ+1; this immediately implies that ⌣1,1= 0 if m+ n < ℓ.
It is equivalent to show that ∑

0≤i<j≤ℓ

(
i

a

)(
j

b

)
≡ 0 (mod ℓ) (5.1.4)

whenever a, b ≥ 0 satisfy a+ b < ℓ− 2. Using the “hockey-stick identity”, we obtain

∑
0≤i<j≤ℓ

(
i

a

)(
j

b

)
=

ℓ∑
j=1

(
j

a+ 1

)(
j

b

)
,

where we interpret
(
j
c

)
= 0 whenever j < c. This sum is the coefficient of xa+1yb in the polynomial

f(x, y) =
∑ℓ
j=1(1 + x)j(1 + y)j ∈ Fℓ[x, y]. Let z := (1 + x)(1 + y)− 1, so we have

f(x, y) =

ℓ∑
j=1

(1 + z)j =
(1 + z)((1 + z)ℓ − 1)

z
= (x+ y + xy)ℓ−1 + (x+ y + xy)ℓ.

The coefficients of this polynomial vanish in degree below ℓ− 1, and thus the coefficient of xa+1yb vanishes
whenever a+ b < ℓ− 2, as desired.

Now it remains to show that if m+ n ≥ ℓ, then (5.1.3) does not lie in Nσ(V ⊗k W ). As before, we have
Nσ(V ⊗kW ) ⊂ Sm+n−ℓ, and the quotient Sm+n−ℓ+1/Sm+n−ℓ has basis given by the nonzero gm−a,n−b with
a+ b = ℓ− 2. Since m+ n ≥ ℓ, we can find such a, b with 0 ≤ a ≤ m− 1 and 0 ≤ b ≤ n− 1. It is therefore
enough to show that the coefficient of gm−a,n−b is nonzero for such an a. This is equivalent to the assertion

ta :=
∑

a≤i<j≤ℓ
ℓ−a−2≤j

(
i

a

)(
j

ℓ− a− 2

)
̸≡ 0 (mod ℓ)

whenever 0 ≤ a ≤ ℓ − 2. But the previous paragraph shows that ta is the coefficient of xa+1yℓ−a−2 in the
polynomial f(x, y) above, which is

(
ℓ−1
a+1

)
̸≡ 0 (mod ℓ). □
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5.2. Tensor products of Jordan blocks. Substantial work has been done to describe tensor products of
Jordan blocks in positive characteristic in an algorithmic manner; see for instance [Sri64]. We will only need
the following result, which can be proven directly.

Lemma 5.2.1. Let 1 ≤ a, b ≤ ℓ, and let V = k[σ]/((σ − 1)a) and W = k[σ]/((σ − 1)b).
(1) If a = 1, then the map ⌣0,0 : T

0(V )⊗k T0(W ) = V ⊗k T0(W ) → T0(V ⊗k W ) is an isomorphism.
(2) If b = ℓ, then V ⊗k W ∼=W⊕a and thus T0(V ⊗k W ) = T1(V ⊗k W ) = 0.
(3) If b = ℓ−1, then V ⊗kW ∼= k[σ]/((σ−1)ℓ−a)⊕k[σ]⊕a−1 as k[σ]-modules, and the map ⌣1,1 : T

1(V )⊗k
T1(W ) → T0(V ⊗k W ) is an isomorphism.

Proof. The statement (1) is clear. For (2), note that W is the regular representation of k[σ], and the tensor
product of any representation of a finite group with the regular representation is a direct sum of copies
of the regular representation. Hence the result follows from vanishing of Tate cohomology of the regular
representation.

Next we prove (3). If a = ℓ, then both claims follow from (2) and symmetry, so assume a < ℓ. We
determine the Jordan decomposition of σ acting on V ⊗k W by computing the dimension of ker(σ − 1) and
the dimension of Im (Nσ). We will prove that dimk ker(σ−1|V ⊗kW ) ≤ a and dimk Im (Nσ|V ⊗kW ) ≥ a−1.
By [Cot26, Lemma 3.1.3], we have T0(V ⊗k W ) ̸= 0, so these two inequalities must actually be equalities,
and thus dimk T

0(V ⊗k W ) = 1. Since dimk V ⊗k W = a(ℓ− 1) = (a− 1)ℓ+ (ℓ− a), it follows by applying
[Cot26, Lemma 3.1.3] again that V ⊗k W admits a− 1 Jordan blocks of size ℓ and one of size ℓ− a, which
establishes the first point of (3). The second point of (3) follows from the first point and Lemma 5.1.1(3).

First, we show dimk ker(σ − 1|V ⊗k W ) ≤ a. For 1 ≤ i ≤ a and 1 ≤ j ≤ ℓ − 1, let ei,j = (σ − 1)a−i ⊗
(σ − 1)ℓ−1−j ∈ V ⊗k W , so the ei,j form a k-basis for V ⊗k W and (σ − 1)ei,j = ei−1,j−1 + ei−1,j + ei,j−1,
where by convention ei,j = 0 for i = 0 or j = 0. We claim that the map ker(σ − 1|V ⊗kW ) → k⊕a given by
v 7→ (ci,1)1≤i≤a, where ci,j is the coefficient of ei,j in v, is injective; this implies the desired inequality. For
this, suppose that ci,1 = 0 for all i. We will show by induction on d that ci,d = 0 for all i, the case d = 1
being clear by assumption. For 1 ≤ d ≤ ℓ − 1, let Ud denote the k-subspace of V ⊗k W spanned by those
ei,j with j ≥ d (see Figure 5.2.1). For 1 ≤ d ≤ ℓ− 2, the induction hypothesis gives

(σ − 1)v ≡
∑

1≤i≤a

(ci+1,d+1 + ci,d+1)ei,d (mod Ud+1),

where by convention ca+1,d+1 = 0. Taking i = a gives ca,d+1 = 0, and inducting downwards on i we see
ci,d+1 = 0 for all i, as desired.

Next, we show dimk Im (Nσ|V ⊗kW ) ≥ a− 1. For 0 ≤ d ≤ a− 1, let Ld denote the k-subspace of V ⊗kW
spanned by ei,j with i ≤ d (see Figure 5.2.1).

i

j

Ud = ⟨ei,j : j ≥ d⟩

Ld = ⟨ei,j : i ≤ d⟩

Figure 5.2.1. The two filtrations used for the proof of Lemma 5.2.1(3): Ud (upper rows)
and Ld (left-hand columns).

One shows easily by induction on i that if d ≤ a− 2 then

σi(ed+2,ℓ−1) ≡
i∑

j=0

(
i

j

)
ed+2,ℓ−1−j + i

i∑
j=0

(
i

j

)
ed+1,ℓ−1−j (mod Ld).
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Thus the coefficient of ed+2,ℓ−1−j in Nσ(ed+2,ℓ−1) is
∑ℓ−1
i=j

(
i
j

)
=
(
ℓ
j+1

)
≡ 0 (mod ℓ) since 0 ≤ j < ℓ− 1. On

the other hand, the coefficient of ed+1,1 is

ℓ− 2 + (ℓ− 1)2 ≡ −1 (mod ℓ).

We therefore see thatNσ(e2,ℓ−1), . . . , Nσ(ea,ℓ−1) are k-linearly independent, and it follows that dimk Im (Nσ|V⊗k
W ) ≥ a− 1, as desired. □

Corollary 5.2.2. Let V and W be finitely generated k[σ]-modules, and for i, j ∈ Z/2Z let ⌣i,j : T
i(V )⊗k

Tj(W ) → Ti+j(V ⊗k W ) be the cup product map.

(1) If V is minimal, then ⌣0,0 and ⌣0,1 are isomorphisms.
(2) If W is maximal, then ⌣0,1 and ⌣1,1 are isomorphisms.

Proof. Both points are immediate from Lemma 5.1.1 and Lemma 5.2.1 after decomposing V and W into
indecomposable k[σ]-modules. □

Corollary 5.2.3. Assume that k is algebraically closed. Let K be a group7, let σ be an order ℓ automorphism
of K, let V be a finite-dimensional k[K ⋊ ⟨σ⟩]-module, and let W1, . . . ,Wn be finite-dimensional irreducible
k[K ⋊ ⟨σ⟩]-modules. Suppose that Wi is an extremal k[σ]-module for each 1 ≤ i ≤ n. Then there exist
j1, . . . , jn ∈ Z/2Z such that for each i ∈ Z/2Z, we have

Ti+
∑n

m=1 jm

(
V ⊗

n⊗
m=1

Wm

)
∼= Ti(V )⊗

n⊗
m=1

Tjm(Wm)

as Kσ-representations.

Proof. Let jm = 0 if Wm is minimal, and let jm = 1 if Wm is maximal and not minimal. It follows from
Lemma 5.2.1 and induction on n that if

∑n
m=1 jm = 0 then

⊗n
m=1Wm is minimal, and otherwise it is

maximal. By Corollary 5.2.2, it follows that

⌣i,
∑n

m=1 jm
: Ti(V )⊗ T

∑n
m=1 jm

(
n⊗

m=1

Wm

)
→ Ti+

∑n
m=1 jm

(
V ⊗

n⊗
m=1

Wm

)

is an isomorphism of Kσ-representations (since the cup product maps are evidently Kσ-equivariant). By the
same reasoning, it follows by Corollary 5.2.2 and induction on n that

T
∑n

m=1 jm

(
n⊗

m=1

Wm

)
∼=

n⊗
m=1

Tjm(Wm)

as Kσ-representations. Combining these two isomorphisms yields the claim. □

6. Tate cohomology of Weil–Heisenberg representations

For the most part, to apply the results of [Fen24] we need only show that Tate cohomology is “large”.
Using [Cot26, Lemma 3.1.3], it is easy to see that the Tate cohomology of a Heisenberg representation is
nonzero, and since irreducible representations of Heisenberg groups are classified by their central characters it
is therefore easy to exhibit an irreducible constituent. However, in the setting of Yu’s construction, it is also
necessary to understand the Tate cohomology of the Weil representation. To control this, we need a more
refined understanding of the Tate cohomology of Heisenberg representations, for which we will ultimately
use [Cot26, Theorem 3.5.4].

7In the application below, K will be a compact open subgroup of a reductive p-adic group arising from (the twisted version
of) Yu’s construction of tame cuspidal representations [Yu01], [FKS23].
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6.1. Definition of the Weil–Heisenberg representation. Let ℓ ̸= p be distinct prime numbers such
that p ̸= 2,8 let q be a power of p, let (V,B) be a finite-dimensional symplectic space over Fq, and let σ
be a symplectic automorphism of V of order ℓ. Let V0 := V σ, and let B0 = B|V0 . Let V ♯ := V × Fq and
V ♯0 := V0 × Fq (with multiplication (v, a) · (w, b) = (v + w, a + b + 1

2B(v, w))) denote the corresponding
Heisenberg groups. Then σ induces an automorphism of V ♯ by σ(v, c) = (σ(v), c), so that (V ♯)σ = V ♯0 .

In this section, we will use Sp(V ) to denote the symplectic group as a connected reductive Fq-group, and
we will use Sp(V ) to denote its set of Fq-points.

Let ϕ : Fq → F
×
ℓ be a nontrivial character, and let Wϕ (resp. W0,ϕ) denote the unique irreducible Fℓ-

representation of V ♯ (resp. V ♯0 ) with central character ϕ. Recall that Wϕ (resp. W0,ϕ) extends canonically to
a representation of Sp(V )⋉V ♯ (resp. Sp(V0)⋉V ♯0 ), called the Weil–Heisenberg representation and exposed in
great detail in [Gér77]. We remark that [Gér77] works throughout with complex coefficients, but by applying
[Ser77, Part III, §15.5, Proposition 43] to representations of the Heisenberg group, and then extending actions
to the symplectic group as usual, the results apply equally well over any field of characteristic not equal to
p.

6.2. Calculation of Tate cohomology. Using the element σ ∈ Sp(V ), one can consider the Tate coho-
mology Tj(Wϕ) for j ∈ Z/2Z.

Lemma 6.2.1. For j ∈ Z/2Z, the Tate cohomology Tj(Wϕ) is isomorphic to W0,ϕ as an Sp(V0) ⋉ V ♯0 -
representation. Moreover, the action of σ on Wϕ is extremal in the sense of [Cot26, Definition 3.5.3].

Proof. We will first show that the action of σ on Wϕ is extremal and Tj(Wϕ) is isomorphic to W0,ϕ as a
V ♯0 -representation. Observe that V ♯0 acts on Tj(Wϕ) with central character ϕ, so every irreducible constituent
of Tj(Wϕ) is isomorphic to W0,ϕ. Thus we are reduced to the claim that Tj(Wϕ) is irreducible. Note that
Wϕ is the special fiber of a Zℓ-representation Wϕ of Sp(V ) ⋉ V ♯ by [Fin22, Lemma 2.5], where (Wϕ)Qℓ

is
the usual Weil–Heisenberg representation as in [Gér77]. By [Cot26, Corollary 3.5.5] and the fact that the
Glauberman correspondence sends irreducible characters to irreducible characters, the claim follows.

Next we show that the induced action of Sp(V0) on Tj(Wϕ) realizes the Weil representation. If either
dimFq V0 ̸= 2 or q ̸= 3, then there is a unique action of Sp(V0) ⋉ V ♯0 on W0,ϕ extending the Heisenberg
representation of V ♯0 since Sp(V0) is a perfect group, and we conclude that the given action of Sp(V0) is the
Weil representation.

Hence it remains to handle the case dimFq
V0 = 2 and q = 3, in which case ℓ ̸= 3. Since the abelianization

of Sp(V0) ∼= SL2(F3) is cyclic of order 3, Schur’s Lemma implies that any two actions of Sp(V0)⋉V ♯0 on W0,ϕ

extending the Heisenberg representation of V ♯0 can only differ by a character of Sp(V0) valued in µ3(Fℓ).
Moreover, Sp(V0) is of order 24, and if u ∈ Sp(V0) is of order 3 then the (trace) character of the Weil
representation on u is nonzero by [Gér77, Theorem 4.4]. Thus it suffices to show that the value of the Brauer
character λ of Tj(Wϕ) on a single such element u agrees with the value of the Brauer character of W0,ϕ on
u. By [Gér77, Theorem 4.9.1(c)], the value of the Brauer character of W0,ϕ on u is 1+2ζ for a primitive 3rd
root of unity ζ, so it suffices to show λ(u) ∈ {±(1 + 2ζ)}. If χ is the ordinary character of (Wϕ)Qℓ

, then by
[Cot26, Theorem 3.5.4] (applied to Γ = Sp(V )⋉ V ♯ and ∆ = {1} × V ♯) there is some ϵ ∈ {±1} such that

χ(σ ◦ u) = ϵλ(u). (6.2.1)

If V0,+ is the unique line in V0 which is fixed by u and V1 = V ⊥
0,+/V0,+ (the perpendicular being taken in V ),

then by [Gér77, Theorem 4.9.1(c)] we have

χ(σ ◦ u) = (1 + 2ζ) TrW1,ϕ
(σ), (6.2.2)

where W1,ϕ is the Heisenberg representation of V ♯1 with central character ϕ. Since σ acts without fixed point
on V1, [Gér77, Theorem 4.9.1(a)] shows that TrW1,ϕ

(σ) ∈ {±1}. Combining (6.2.1) and (6.2.2), we see that
λ(u) ∈ {±(1 + 2ζ)}, as desired. □

8The assumption p ̸= 2 can likely be weakened using the formalism of Fintzen–Schwein [FS25] and Takaya [Tak26], but we
do not pursue this here.
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6.3. A sign character. Let V1 denote the unique σ-stable complement of V0 in V , so there are natural
inclusions

Sp(V0)× 1 ⊂ Sp(V )σ ⊂ Sp(V0)× Sp(V1) ⊂ Sp(V ).

Let r : Sp(V )σ → Sp(V0) denote the restriction map, so we have Sp(V )σ ∼= Sp(V0) × ker(r). This induces
an isomorphism

Sp(V )σ ∼= Sp(V0)× ker(r)(Fq). (6.3.1)
The action of Sp(V ) on Wϕ induces a natural action of Sp(V )σ on Tj(Wϕ). The action of Sp(V0) was
determined in Lemma 6.2.1, so it remains to compute the action of ker(r)(Fq).

We first recall some notation from [Gér77, §4]. Since ℓ ̸= p, the element σ is semisimple, so we may choose
a maximal Fq-torus T ⊂ Sp(V ) containing σ. Let P denote the set of characters TFq

→ Gm which appear
as weights for the action of TFq

on VFq
. Note that P is closed under negation, thanks to the symplectic

structure on V . Let Γ := Gal(Fq/Fq), and let Σ := Γ× {±1}, so Γ and Σ act on P in a natural way. If ω is
a Γ-orbit on P , then we will say that ω is symmetric if ω = −ω, and ω is asymmetric if ω ̸= −ω.

If Ω is a Σ-orbit on P , let qΩ := q|Ω|/2, and let TΩ denote the subtorus of T which is the intersection of
the kernels of the elements α ∈ P − Ω. Note that the obvious multiplication map induces

T ∼=
∏

Ω∈P/Σ

TΩ. (6.3.2)

Let Pi, for i ∈ {0, 1}, denote the set of weights for TFq
on (Vi)Fq

. Then P = P0 ⊔ P1, and the isomorphism
(6.3.2) restricts to an isomorphism

T ∩ ker(r) ∼=
∏

Ω∈P1/Σ

TΩ.

If α ∈ Ω, let Fα denote the extension of Fq corresponding to the Galois orbit of α, and define a character
χTΩ : T (Fq) → Z

×
ℓ by

χTΩ(t) =

{
sgnF×

α
(α(t)) if α is asymmetric,

sgnF1
α
(α(t)) if α is symmetric

for all t ∈ T (Fq), where sgnF×
α

(resp. sgnF1
α
) is the unique nontrivial sign character of F×

α (resp. F1
α, the

unique subgroup of F×
α of order qΩ + 1). It is clear from the definition that χTΩ is independent of the choice

of α ∈ Ω, and that χTΩ|TΩ′ (Fq) = 1 whenever Ω ̸= Ω′. Hence we may define

χT =
∏

Ω∈P/Σ

χTΩ.

6.4. The residual action. We write χ for the composition of a Z
×
ℓ -valued character χ with the quotient

map Z
×
ℓ → F

×
ℓ . Retain the notation of the previous subsection.

Lemma 6.4.1. For j ∈ Z/2Z, the ker(r)(Fq)-action on Tj(Wϕ) is through a character θ of the quotient
ker(r)ab(Fq), and we have

θ|∏
Ω∈P1/Σ TΩ(Fq) = χT . (6.4.1)

Proof. Note first that ker(r)(Fq) commutes with V ♯0 . Lemma 6.2.1 shows that Tj(Wϕ) is an irreducible V ♯0 -
representation, so ker(r)(Fq) acts on Tj(Wϕ) through a character θ by Schur’s lemma. Moreover, applying
[Cot26, Theorem 3.5.4] with Γ = Sp(V )⋉ V ♯ and ∆ = {1} × V ♯, we see that if χ is the ordinary character
of (Wϕ)Qℓ

, then there is a sign ϵ ∈ {±1} such that for any g ∈ ker(r)(Fq)ℓ′ we have

|V0|1/2 · θ(g) = ϵχ(σ ◦ g) (6.4.2)

since dimTj(Wϕ) = |V0|1/2.
Since ker(r)(Fq) acts through a character, its action formally factors through ker(r)(Fq)ab. However, the

lemma asserts the a priori stronger statement that the action factors through ker(r)ab(Fq).9 We now prove
this claim. Note that (ker(r)der)Fq

is a product of special linear groups if ℓ is odd and a product of symplectic

9If q > 3, then ker(r)ab(Fq) = ker(r)(Fq)ab, so the claim is only nontrivial in the case q = 3. However, the argument we
give is uniform in q.
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groups if ℓ = 2, hence in particular it is simply connected. Recall (see for instance the references in [FS25,
Theorem C.1, Proposition C.3]) that ker(r)der(Fq) is generated by the unipotent elements of ker(r)(Fq). It
therefore suffices to show that if u ∈ ker(r)(Fq) is unipotent then θ(u) = 1; we will prove this by induction
on dimV0. Note that any such u commutes with σ, stabilizes V0 and V1, and acts trivially on V0.

Suppose first that dimV0 = 0, so σ and σ ◦ u both act without fixed points on V . Then [Gér77, Theorem
4.9.1(a)] shows that

χ(σ ◦ u) ∈ {±1}.
By (6.4.2), it follows that θ(u) ∈ {±1}, so θ(u) = 1 since p is odd and u is of p-power order. Next suppose
dimV0 > 0, and let V+ ⊂ V0 be a line. Since u acts trivially on V0, we see that σ ◦ u also acts trivially
on V0. Let V ′ be a σ-stable complement of V+ in V ⊥

+ containing V1; then V ′ is equal to (V ′ ∩ V0) ⊕ V1 by
semisimplicity of σ. See Figure 6.4.1.

Set U := V ′∩V0, and choose a line V− ⊂ V0 such that V ′⊥ = V+⊕V−. Then the relevant subspaces are arranged
as follows:

V+ U = V ′ ∩ V0 V1 V−

V ⊥
+ = V+ ⊕ V ′

V ′ = U ⊕ V1

V ′⊥ = V+ ⊕ V− ⊂ V0

blue blocks lie in V0

orange block is V1

Figure 6.4.1. The block decomposition used in the induction step.

But V1 is σ ◦ u-stable and σ ◦ u acts trivially on V0, so indeed V ′ is also σ ◦ u-stable. If χ′ denotes the
character for the Weil representation corresponding to V ′ and for any g ∈ Sp(V ) stabilizing V ′ we let g′
denote the image of g in Sp(V ′), then by [Gér77, Theorem 4.9.1(c)] we have

χ(σ) =
∑

y∈V ′⊥/V+

ϕ

(
B(σy, y)

2

)
χ′(σ′),

where y denotes any lift of y to V ′⊥. Similarly,

χ(σ ◦ u) =
∑

y∈V ′⊥/V+

ϕ

(
B((σ ◦ u)y, y)

2

)
χ′(σ′ ◦ u′).

By the induction hypothesis we have χ′(σ′) = χ′(σ′ ◦ u′), so it suffices to show B(σy, y) = B((σ ◦ u)y, y) for
all y ∈ V ′⊥. But V ′⊥ ⊂ V0, so σy = (σ ◦ u)y for any y ∈ V ′⊥ and we have completed the induction.

Now we prove (6.4.1). If ℓ = 2 then both sides are necessarily the trivial character, so the claim is trivial.
Therefore we may suppose ℓ ̸= 2. Since θ is an F

×
ℓ -valued character, it suffices to show that the restriction of

θ to (T ∩ ker(r))(Fq)ℓ′ is equal to the restriction of χT . From now on, fix t ∈ (T ∩ ker(r))(Fq)ℓ′ . By [Gér77,
Corollary 4.8.1], we have

χ(σ ◦ t) = (−1)l(V,T ;σ◦t)qN(V ;σ◦t)χT (σ ◦ t), (6.4.3)
where l(V, T ;σ ◦ t) is the number of orbits ω ∈ P/Γ such that the action of σ ◦ t on Vω =

∑
α∈ω Vα is

nontrivial, and N(V ;σ ◦ t) = 1
2 dimker(σ ◦ t− 1). Observe first that

χT (σ ◦ t) = χT (t)

since χT is an order 2 character and σ is of odd order. Next, note that

qN(V ;σ◦t) = qN(V ;σ) = |V0|1/2

since V σ◦t = V σ = V0: indeed, the automorphism σ ◦ t acts trivially on V0, and conversely, if σ acts
nontrivially on some Vω, then since t is of order prime to σ it follows that σ ◦ t also acts nontrivially on Vω.
This also shows that

l(V, T ;σ ◦ t) = l(V, T ;σ).

By taking g = 1 in (6.4.2), and comparing with (6.4.3), we find

ϵ = (−1)l(V,T ;σ).



26 SEAN COTNER AND TONY FENG

Combining all of these observations with (6.4.2), we obtain

|V0|1/2 · θ(t) = (−1)l(V,T ;σ)χ(σ ◦ t) = |V0|1/2 · χT (t),
which shows θ|(T∩ker(r))(Fq)ℓ′

= χT |(T∩ker(r))(Fq)ℓ′
, as desired. □

The decomposition P = P0 ⊔ P1 induces a factorization

χT =
∏

Ω∈P0/Σ

χTΩ
∏

Ω∈P1/Σ

χTΩ.

Definition 6.4.2. Define a character χT1 : T (Fq) → Z
×
ℓ by

χT1 =
∏

Ω∈P1/Σ

χTΩ. (6.4.4)

Note that χT1 |∏Ω∈P0/Σ TΩ(Fq) = 1, while χT1 and χT have the same restriction to
∏

Ω∈P1/Σ
TΩ(Fq).

Using the isomorphism Sp(V )σ ∼= Sp(V0) × ker(r)(Fq) from (6.3.1), we will regard the character θ of
Lemma 6.4.1 as a character of Sp(V )σ. Then Lemma 6.4.1 says that

θ|T (Fq) = χT1 . (6.4.5)

If T ⊂ Sp(V ) is a maximal Fq-torus with σ ∈ T (Fq), then the map T ∩ ker(r) → ker(r)ab is surjective with
torus kernel, so by Lang’s theorem the map (T ∩ ker(r))(Fq) → ker(r)ab(Fq) is surjective. Hence θ is the
unique character on ker(r)ab(Fq) satisfying the equation (6.4.5) for any (equivalently, all) such T . We define
χ1 := θ as above.

Proposition 6.4.3. For j ∈ Z/2Z, the Fℓ-representation of Sp(V )σ ⋉ V ♯0 on Tj(Wϕ) is isomorphic to
W0,ϕ ⊗ χ1.

Proof. This follows from the previous paragraph and Lemmas 6.2.1 and 6.4.1. □

6.5. Restriction of scalars. For later considerations with Yu’s construction, we need to understand the
behavior of χ1 with respect to a form of restriction of scalars. Maintaining the preceding notation, let
Vp = V considered as an Fp-vector space. We define a symplectic form Bp on Vp by sending x, y ∈ Vp to
Bp(x, y) = TrFq/Fp

(B(x, y)). This induces a natural inclusion map ip : Sp(V ) → Sp(Vp). If σ ∈ Sp(V ) is
any element, then ip induces an inclusion map Sp(V )σ → Sp(Vp)

ip(σ).

Lemma 6.5.1. Let σ ∈ Sp(V ) be of order ℓ, and let χ1 (resp. χ1,p) denote the sign character from Definition
6.4.2 of Sp(V )σ (resp. Sp(Vp)ip(σ)) corresponding to σ (resp. ip(σ)). Then χ1 = χ1,p ◦ ip.

Proof. Let Σp = Gal(Fp/Fp)×{±1} and Σq = Gal(Fq/Fq)×{±1}. View Sp(V,B) as the group of Fp-points
of ResFq/Fp

Sp(V,B). Then ip arises from a monic Fp-homomorphism

jp : ResFq/Fp
Sp(V,B) → Sp(Vp, Bp).

If q = pr and dimFq
(V ) = n, then dimFp

(Vp) = rn. Thus, if T0 ⊂ Sp(V,B) is a maximal Fq-torus
containing σ, then jp(ResFq/Fp

T0) ⊂ Sp(Vp, Bp) is a maximal Fp-torus containing ip(σ). Fix such a T0, let
T = ResFq/Fp

T0, and identify T with its image under jp.
After base change to Fp, there are natural decompositions

TFp

∼=
∏

j : Fq→Fp

T0 ⊗Fq,j Fp and Vp ⊗Fp
Fp ∼=

∏
j : Fq→Fp

V ⊗Fq,j Fp.

Under these decompositions, the action of T on Vp is the product of the actions of T0⊗Fq,jFp on V ⊗Fq,jFp.
Let P1,q denote the set of weights for T0,Fq

on V1 ⊗Fq
Fq, and let P1,p denote the set of weights for TFp

on V1 ⊗Fp
Fp. Since the preceding decompositions are σ-equivariant, they identify

P1,p
∼=

∐
j : Fq→Fp

P1,q.

If ω ⊂ P1,q is a Gal(Fq/Fq)-orbit, then
∐
j ω is a Gal(Fp/Fp)-orbit in P1,p. This gives a natural bijection

P1,p/Σp ∼= P1,q/Σq preserving symmetric and asymmetric orbits.
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Given α ∈ P1,p (resp. β ∈ P1,q), let Fp,α (resp. Fq,β) denote the extension of Fp (resp. Fq) corresponding
to the Galois orbit of α (resp. β). Suppose α lies in the copy of the orbit of β indexed by an embedding
j : Fq → Fp. For the extension of j to Fq,β determined by α, we have

Fp,α = j(Fq,β) and α(ip(t)) = j(β(t)) for t ∈ T (Fp) = T0(Fq).

In the symmetric case, the orders defining F1
p,α and F1

q,β agree, so j(F1
q,β) = F1

p,α. Since the sign characters
are invariant under field automorphisms, we have

sgnF×
p,α

(α(ip(t))) = sgnF×
q,β

(β(t)) and sgnF1
p,α

(α(ip(t))) = sgnF1
q,β

(β(t)).

These observations combine to show that for t ∈ T (Fp) = T0(Fq), we have

χ1,p(ip(t)) =
∏

α∈(P1,p)asym/Σp

sgnF×
p,α

(α(ip(t))) ·
∏

α∈(P1,p)sym/Σp

sgnF1
p,α

(α(ip(t)))

=
∏

β∈(P1,q)asym/Σq

sgnF×
q,β

(β(t)) ·
∏

β∈(P1,q)sym/Σq

sgnF1
q,β

(β(t))

= χ1(t),

as desired. □

7. Tate cohomology of tame cuspidal representations

In this section, we use the formalism developed in [Cot26, §3] and Section 5, as well as the calculations of
[Cot26], to compute the Tate cohomology for some cuspidal Fℓ-representations arising from Yu’s construction.
Using [Fen24, Theorem 1.3.1], these calculations give rise to explicit modular functoriality results for ρFS.
Namely, we will prove analogues of [CF26a, Propositions 8.2.3, 8.3.1, and Theorem 9.3.3] modulo certain
prime numbers. In §9, we will combine these statements (and one more modular functoriality result from
the next section) to prove characteristic 0 functoriality for descent to unramified twisted Levis.

We fix a connected reductive F -group G which splits after a tamely ramified extension of F , and we
assume that p ̸= 2.

7.1. Large prime degree unramified base change. In this section, we prove analogues of the results of
[CF26a, §8.2] for ρFS. Recalling the setting, we take k = Fℓ or Zℓ; when k = Zℓ, we assume that every ϕi
has finite order prime to ℓ. We let ℓ be a banal prime for G such that ℓ > rkG+ 1. Since ℓ is banal for G,
it is also banal for GFℓ

by [Cot26, Proposition 4.1.2(2)]. Throughout, let

Ψ = ((Gi)0≤i≤d, x, (ri)0≤i≤d, τ, (ϕi)0≤i≤d)

be an irreducible Yu datum for G with coefficients in k, and assume that Ψ is normalized in the sense of
[Kal19, Definition 3.7.1]. Recall the base changed Yu datum

Ψℓ = ((Giℓ), xℓ, (rℓ,i), τℓ, (ϕℓ,i))

defined in [CF26a, §8.2].

Theorem 7.1.1. Let ℓ be a banal prime for G such that ℓ > rkG+ 1, let Ψ be an irreducible Yu datum for
G over Fℓ, and let σ be a generator for Gal(Fℓ/F ). Then Ta(σ, π(Ψℓ)) admits the Frobenius twist π(Ψ)(ℓ)

as a direct summand for each a ∈ Z/2.

Proof. We briefly recall the notation from [CF26a, §6]. Define (cf. [CF26a, (6.2.1)])

Kℓ = G0(Fℓ)[x]G
1(Fℓ)x, r02 · · ·Gd(Fℓ)x, rd−1

2
.

Let ϵℓ =
∏d
i=1 ϵ

Gi/Gi−1

x,Fℓ
be the sign character on Kℓ defined in [FKS23] (cf. [CF26a, §6.5]). For each

0 ≤ i ≤ d − 1, we let ϕ̂ℓ,i be the F
×
ℓ -valued character of G0(Fℓ)[x]G

i(Fℓ)x,0G(Fℓ)x, ri2 + associated to ϕℓ,i

(cf. [CF26a, §6.2]). For 1 ≤ i ≤ d, we have groups Jℓ,i and J+
ℓ,i (cf. [CF26a, Lemma 6.4.4]), and the group

Vℓ,i = Jℓ,i/J
+
ℓ,i (cf. [CF26a, Lemma 6.3.1]) is an Fp-vector space equipped with a symplectic form

⟨a, b⟩ℓ,i = ψ
−1

(ϕ̂ℓ,i−1(aba
−1b−1)) for a, b ∈ Vℓ,i.
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For 0 ≤ i ≤ d− 1, let Vϕ̂ℓ,i
denote the Heisenberg representation of Jℓ,i+1/(J

+
ℓ,i+1 ∩ ker ϕ̂ℓ,i) with central

character induced by ϕ̂ℓ,i|J+
ℓ,i+1

, as in [CF26a, §6.3]. This can be inflated to a representation of Kℓ as follows:
the group Jℓ,i+1 acts on Vϕ̂ℓ,i

through the Heisenberg representation; if j ̸= i, then Jℓ,j+1 acts on Vϕ̂ℓ,i

through ϕ̂ℓ,i|Jℓ,j+1
; finally, G0(Fℓ)[x] acts on Vϕ̂ℓ,i

through ϕℓ,i times the Weil representation arising from the
map defined in [CF26a, §6.3]:

G0(Fℓ)[x]/G
0(Fℓ)x,0+ → Sp(Vℓ,i+1).

We have then

π(Ψℓ) = c-Ind
G(Fℓ)
Kℓ

(ϵℓ ⊗ τℓ ⊗
d−1⊗
i=0

Vϕ̂ℓ,i
⊗ ϕℓ,d).

We now begin the calculation. Fix a ∈ Z/2Z. By [Cot26, Lemma 5.2.1], the Tate cohomology Ta(σ, π(Ψℓ))

admits c-Ind
G(F )
Kσ

ℓ
(Ta(σ, ϵℓ ⊗ τℓ ⊗

⊗d−1
i=0 Vϕ̂ℓ,i

⊗ ϕℓ,d)) as a direct summand. By [CF26a, Lemma 6.4.2(2)], we
have

Kσ
ℓ = G0(F )[x]G

1(F )x, r02 · · ·Gd(F )
x,

rd−1
2
,

which is the group K (cf. [CF26a, (6.2.1)]) appearing in Yu’s construction for Ψ. Similarly, [CF26a,
Lemma 6.4.4(2)] shows that Ji = Jσℓ,i and J+

i = (J+
ℓ,i)

σ are the groups appearing in Yu’s construction
for Ψ. If Vi = Ji/J

+
i (as in [CF26a, Lemma 6.3.1]), then the special isomorphism for Jℓ,i/(J+

ℓ,i ∩ ker ϕ̂ℓ,i−1)

restricts to the special isomorphism for Ji/(J+
i ∩ ker ϕ̂i−1) by [CF26a, Lemma 6.4.5(2)].

By Corollary 5.2.3, applicable because of Lemma 6.2.1, there exist elements m,n0, . . . , nd−1 ∈ Z/2Z such
that m+

∑d−1
i=0 ni = a and such that the cup product map defines an isomorphism

Ta(ϵℓ ⊗ τℓ ⊗
d−1⊗
i=0

Vϕ̂ℓ,i
⊗ ϕℓ,d) ∼= ϵℓ|K · ϕℓ,d|KTm(τℓ)⊗

d−1⊗
i=0

Tni(Vϕ̂ℓ,i
).

Note that ϵℓ|K =
∏d
i=1 ϵ

Gi/Gi−1

x,F by [CF26a, Lemma 5.2.1]. If ℓ = 2, then both sign characters are trivial; if
ℓ is odd, then passage to the ℓ-Frobenius twist affects neither character. We have ϕℓ,d|K = ϕℓd by [CF26a,
Proposition 7.1.2], and because of the construction in [CF26a, §8.2], [Cot26, Lemma 3.5.11] identifies Tm(τℓ)
with τ (ℓ).

Observe that V σℓ,i+1 = Vi+1, so Proposition 6.4.3 identifies Tni(Vϕ̂ℓ,i
) with the Weil–Heisenberg repre-

sentation attached to Vi+1, twisted by a residual character χ1,i of order at most two. It remains to check
that this twist is trivial under the G0(F )[x]-action. [CF26a, Lemma 6.3.2] shows that the action of G0(F )[x]
on Vℓ,i+1 factors through Sp(Vi+1, Bi+1)(Fq), which is generated by unipotent elements (which have order
p ̸= 2). Therefore, the restriction of the quadratic twist to G0(F )[x] is trivial. Thus K acts on Tni(Vϕ̂ℓ,i

)

in the following way: Ji+1 acts through the Heisenberg representation with central character induced by
ϕ̂ℓi |J+

i+1
by [CF26a, Lemma 6.4.3]; for j ̸= i, the group Jj+1 acts through ϕ̂ℓi |Jj+1

; and G0(F )[x] acts through

ϕℓ,i|G0(F )[x]
= ϕℓi |G0(F )[x]

times the Weil representation of G0(F )[x] through the map

G0(F )[x] → Sp(Vi+1).

These observations combine to show

ϵℓ|K · Tm(τℓ)⊗
d−1⊗
i=0

Tni(Vϕ̂ℓ,i
)⊗ ϕℓ,d|K = ϵ(ℓ) ⊗ τ (ℓ) ⊗

d−1⊗
i=0

V
(ℓ)

ϕ̂i
⊗ ϕ

(ℓ)
d .

Since the compact induction of the left side is a direct summand of Ta(π(Ψℓ)), the theorem follows. □

Corollary 7.1.2. Let ℓ be a banal prime for G such that ℓ > rkG+ 1, and let Ψ be a Yu datum for G over
Fℓ. Then we have

ρFS(π(Ψ))|WFℓ
∼ ρFS(π(Ψℓ)).

Proof. Since ℓ > rkG+1, the prime ℓ is good for G and for ResFℓ/F (GFℓ
). Thus [Fen24, Theorem 1.3.1] ap-

plies (Remark 4.1.2). Combining it with Theorem 7.1.1, compatibility with Weil restriction [FS21, Theorem
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I.9.6(vii)], and (A.3.7) gives the following conjugacy; [CF26a, Lemma 10.1.6(1)] removes the semisimplifica-
tion:

ρFS(π(Ψ)(ℓ))|WFℓ
∼ ρFS(π(Ψℓ)

(ℓ)).

Apply (4.3.3) and the inverse of Frobenius to obtain the corollary. □

7.2. Small prime degree base change. In this section, we prove analogues of the results of [CF26a, §8.3]
for ρFS. We take k = Fℓ, assume that G0 = T is a torus, and assume that Ψ is normalized in the sense of
[Kal19, Definition 3.7.1]. Let E/F be a Galois extension of prime degree ℓ ̸= p such that TE is an elliptic
E-torus of GE , and let σ be a generator of Gal(E/F ).

Recall the Yu datum ΨE = ((GiE), xE , (rE,i), τE , (ϕE,i)) defined in [CF26a, §8.3].

Theorem 7.2.1. In the setting above, Ta(σ, π(ΨE)) admits π(Ψ(ℓ)) as a direct summand for each a ∈ Z/2.

Proof. Let ϵF , ϵF,♯,x, ϵE , and ϵE,♯,x be the sign characters as in the definition of ΨE . With notation as in
[CF26a, §6], we have (cf. [CF26a, (6.5.1)])

π(ΨE) = c-Ind
G(E)
KE

(ϵE ⊗ τE ⊗
d−1⊗
i=0

Vϕ̂E,i
⊗ ϕE,d),

where (cf. [CF26a, (6.2.1)])

KE = G0(E)[x]G
1(E)x, r02 · · ·Gd(E)

x,
rd−1

2
.

By [CF26a, Lemma 6.4.2], we have Kσ
E = K, where K is the compact open subgroup of G(F ) constructed in

precisely the same way asKE but with F in place of E. Thus by [Cot26, Lemma 5.2.1] and Corollary 5.2.3, for
a given a ∈ Z/2Z there existm,n0, . . . , nd−1 ∈ Z/2Z such thatm+

∑d−1
i=0 ni = a and the G(F )-representation

Ta(π(ΨE)) admits

c-Ind
G(F )
K (ϵE ⊗ τE ⊗

d−1⊗
i=0

Tni(Vϕ̂E,i
)⊗ ϕE,d)

as a direct summand. By construction of ΨE and [CF26a, Proposition 7.1.2], we have (ϵEϵE,♯,xτE)|K =
ϵF ϵF,♯,xτ

ℓ and ϕE,d|K = ϕℓd|K . Thus the argument in the proof of Theorem 7.1.1 shows that Tni(Vϕ̂E,i
) is

isomorphic to V (ℓ)

ϕ̂i
⊗ ϵE,♯,xϵF,♯,x as a K-representation, with action as in Yu’s construction applied to Ψ (cf.

[CF26a, §6.3 and Lemma 6.4.5]). Combining these observations yields the theorem. □

Corollary 7.2.2. In the setting of Theorem 7.2.1, assume Hypothesis 4.1.4 at the prime ℓ = [E : F ] ̸= p
for G ⊂ ResE/F (GE) with the action induced by σ if ℓ is not good for G. Then we have

ρFS(π(Ψ))|WE
∼ ρFS(π(ΨE)).

Proof. By Theorem 7.2.1, the representation π(Ψ)(ℓ) is an irreducible subquotient of Ta(σ, π(ΨE)). If ℓ is
good for G, we apply [Fen24, Theorem 1.3.1], with Remark 4.1.2; otherwise we use Hypothesis 4.1.4 at the
prime ℓ = [E : F ] ̸= p. In either case, [CF26a, Lemma 10.1.6(1)] removes the semisimplification and gives

Lψ ◦ ρFS(π(Ψ)(ℓ)) ∼ ρFS(π(ΨE)
(ℓ)),

where π(ΨE)(ℓ) is regarded as a representation of G′(F ) = G(E). Compatibility of ρFS with Weil restriction
[FS21, Theorem I.9.6(vii)] and the cyclic base-change formula (A.3.7) imply that

ρFS(π(Ψ)(ℓ))|WE
∼ ρFS(π(ΨE)

(ℓ)),

where now π(ΨE)
(ℓ) is regarded as a representation of G(E). The corollary then follows from compatibility

of ρFS is compatible with Frobenius twist. □

7.3. Descent to unramified twisted Levis. In this subsection, we prove analogues of the results of
[CF26a, §9] for ρFS.
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7.3.1. The setting. Throughout, we take k = Zℓ and we assume that the Yu datum Ψ⊗Zℓ
Qℓ is irreducible.

We fix the following situation, which will remain in force through Corollary 7.3.4. Let H ⊂ G be an
unramified twisted Levi, and suppose that there exists [(T, θ)] ∈ T0(Ψ ⊗Zℓ

Qℓ) (in the notation of [CF26a,
Definition 7.2.1]) such that T is elliptic in G0 and T ⊂ H ∩ G0. Fix an element s ∈ H(F ) of order ℓ such
that H = ZG(s)

10, and let σ denote the automorphism of G induced by conjugation by s. For 0 ≤ i ≤ d, set
Hi = Gi ∩H and ϕH,i = ϕi|Hi(F ). We record the following observations.

(1) Each Hi is a twisted Levi F -subgroup of H, and ZH0/ZH is anisotropic: this follows from the
assumption that T is an elliptic maximal torus of G.

(2) Via any choice of embedding B(H0) ⊂ B(G0), the point x lies in B(H0). The image [x] of x in
B(H0

der) is a vertex, since [x] is the point associated to the elliptic maximally unramified maximal
F -torus T : see [KP23, Remark 16.7].

(3) ϕH,i is Hi+1-generic of depth ri for all 0 ≤ i < d by [CF26a, Lemma 9.3.1].
For simplicity, we will use ϵG (resp. ϵH) to refer to the sign character constructed from ((Gi), x, (ri)) (resp.
((Hi), x, (ri))); see [CF26a, §§3.3 and 6.5].

7.3.2. The twisting characters. For 0 ≤ i ≤ d− 1, recall from [CF26a, §6.3] the symplectic Fp-vector space
Vi+1: by the Moy–Prasad isomorphism (cf. [CF26a, (6.3.1)]) we have

Vi+1
∼= gi+1(F )x, ri2 /

(
gi+1(F )x, ri2 + + gi(F )x, ri2

)
,

and if X∗
i ∈ Lie∗(Gi)G

i

(F )x,−ri denotes the generic functional associated to ϕi then the symplectic form
on Vi+1 is equal to the map (v, w) 7→ TrFq/Fp

X∗
i ([v, w]) by [CF26a, Lemma 6.3.1]. Note that Vi+1 is

an Fq-vector space in a natural way, the map (v, w) 7→ X∗
i ([v, w]) is a symplectic form, and there is a

natural inclusion SpFq
(Vi+1) ⊂ SpFp

(Vi+1), where the subscripts Fq and Fp are used to distinguish the two
symplectic forms. It is clear that σ ∈ SpFq

(Vi+1).

Definition 7.3.1. For 0 ≤ i ≤ d−1, let χ̃1,i denote the sign character of SpFq
(Vi+1)

σ from Definition 6.4.2,
applied to the Fq-symplectic space Vi+1 and the element σ ∈ SpFq

(Vi+1). Let ai : H0(F )[x] → SpFq
(Vi+1)

σ

be the natural map, and define the characters

ηi = χ̃1,i ◦ ai, ξH = ϵG|H0(F )[x]
ϵH

d−1∏
i=0

ηi

of H0(F )[x].

The following lemma is the key computation of this subsection. We will use SpFq
(Vi+1) (resp. SpFp

(Vi+1))
to denote the symplectic group of Vi+1 (resp. Vi+1,p, in the notation of §6.5), considered as an algebraic group
over Fq (resp. Fp).

Lemma 7.3.2. If ϵi = ϵ
Gi+1/Gi,H
♯,x as in [CF26a, Lemma 3.2.2], then

ηi ≡ ϵi|H0(F )[x]
(mod ℓ). (7.3.1)

Thus, if TH ⊂ H0 is a tamely ramified maximal F -torus with x ∈ B(TH), then

ξH |TH(F )[x]
≡ (ϵGϵHϵG,♯,xϵH,♯,x)|TH(F )[x]

(mod ℓ).

Proof. We may and do assume that G is of adjoint type, so [x] = x. First, we claim that if fi+1 : G
0

x →
SpFq

(Vi+1) is the Fq-homomorphism defined in [CF26a, Lemma 6.3.2], then for every tamely ramified
maximal F -torus S ⊂ G0 with x ∈ B(S), the image of Sx under fi+1 lies in a maximal Fq-torus of SpFq

(Vi+1).
For this, note that the Kottwitz isomorphism [KP23, Corollary 11.7.2] and the fact that S is tame imply
that π0(Sx)(Fq) is of order prime to p. Thus fi+1(Sx(Fq)) is a subgroup of SpFq

(Vi+1)(Fq) consisting of
semisimple elements, so it is a classical fact that fi+1(Sx) lies in a maximal Fq-torus of SpFq

(Vi+1). If
S ⊂ H0, then this torus can be chosen to lie in SpFq

(Vi+1)
σ.

Now one can argue as in the proof of [CF26a, Lemma 3.2.2]. If ℓ = 2, then both sides of (7.3.1) are trivial,
so assume that ℓ is odd. Choose a tamely ramified maximal F -torus TH ⊂ H0 such that x ∈ B(TH), and let

10For a given H, such an element s might not exist, so this includes an extra hypothesis on the data.
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Si be a maximal Fq-torus of SpFq
(Vi+1)

σ such that fi+1(TH) ⊂ Si. Let Zi ⊂ SpFq
(Vi+1)

σ be the maximal
central Fq-torus.

Let Vi+1,0 := V σi+1 and Vi+1,1 := V ⊥
i+1,0, so Vi+1 = Vi+1,0 ⊕ Vi+1,1. Let Si be the set of weights for the

action of (Zi)Fq
on (Vi+1,1)Fq

, equipped with its natural action of Γ = Gal(Fq/Fq). Let

(Vi+1,1)Fq
=
⊕
O∈Si

(Vi+1,1)O

be the weight space decomposition for Zi. Since Zi is central in SpFq
(Vi+1)

σ, every summand is (H
0

x)Fq
-

stable; define χO = det(−|(Vi+1,1)O). Then [FKS23, Proposition 5.1.13] describes a character ϵSi
: H

0

x(Fq) →
{±1} associated to Si and the natural map Si → X∗((H

0

x)Fq
) given by O 7→ χO.

Since ℓ ̸= p, taking σ-invariants is exact, so [CF26a, Lemmas 6.4.4(1) and 6.3.1] identify Vi+1,1 ≃ Vi+1/V
σ
i+1

with the quotient V in [CF26a, Lemma 3.2.2]. Applying [FKS23, Remark 5.1.12] to the restriction maps
from the weights of Si on Vi+1,1 to the weights of Zi and TH as in the proof of [CF26a, Lemma 3.2.2], we
see that the restriction of ϵSi

to TH(F )[x] is equal to the restrictions of the left and right sides of (7.3.1),
respectively. Since TH is arbitrary, [FKS23, Lemma 3.5] shows that this property uniquely determines ηi,
proving (7.3.1). □

7.3.3. The descent theorem. Let τH,0 be a cuspidal irreducible Fℓ-representation of H
0

[x](Fq), and set τH :=
τH,0 ⊗ ξH . Define

ΨH,τH = ((Hi), x, (ri), τH , (ϕH,i)), (7.3.2)

where ϕH,i is the mod ℓ reduction of ϕH,i. It is easy to check that ΨH,τH is a Yu datum for H over Fℓ, and
if Ψ is normalized then so is ΨH,τH . Recall the pair [(T, θ)] ∈ T0(Ψ ⊗Zℓ

Qℓ) fixed at the beginning of this
section.

Theorem 7.3.3. Keep the setting of §7.3.1. Suppose [G
0

[x](Fq) : (G
0

[x])
◦(Fq) ·Z(G

0

[x])(Fq)] is prime to ℓ and
ℓ is good for G and θ is of finite order prime to ℓ and the Qℓ-representation τ ⊗Zℓ

Qℓ is defined over a finite
extension of Qunr

ℓ of degree prime to ℓ− 1. Then there exists a cuspidal irreducible Fℓ-representation τH,0 of
H

0

[x](Fq), whose Brauer character occurs with nonzero coefficient in the ℓ-modular reduction of the Lusztig

restriction ∗R
G

0
[x]

H
0
[x]

(τ ⊗Zℓ
Qℓ), such that for every a ∈ Z/2Z the representation π(ΨH,τH ) is an irreducible

subquotient of Ta(σ, π(Ψ)⊗Zℓ
Fℓ).

Proof. We use all of the notation introduced in [CF26a, §6] freely, and we write KG (resp. KH) for the
compact open subgroup (cf. [CF26a, (6.2.1)]) of G (resp. of H) constructed from Ψ (resp. from ΨH,τH ; this
subgroup does not depend on the choice of τH,0). By definition (cf. [CF26a, (6.5.1)], with ϕ̂i as in [CF26a,
§6.2] and Vϕ̂i

as in [CF26a, §6.3]), we have

π(Ψ) = c-Ind
G(F )
KG

(ϵG ⊗ τ ⊗
d−1⊗
i=0

Vϕ̂i
⊗ ϕd).

Since T ⊂ H0, the point x lies in B(H0) and thus the finite order central element s fixes x, so s ∈ G0(F )[x] ⊂
KG; we regard each tensor factor of the inducing representation as aKG⋊⟨σ⟩-module by letting σ act through
s. In particular, Corollary 5.2.3 applies below with first factor the possibly reducible module ϵG ⊗ τFℓ

.
Fix a ∈ Z/2Z. By [Cot26, Lemma 5.2.1] and Corollary 5.2.3 (applicable because of Lemma 6.2.1), there

exist m,n0, . . . , nd−1 ∈ Z/2Z such that m+
∑d−1
i=0 ni = a and such that the Tate cohomology Ta(σ, π(Ψ)⊗Zℓ

Fℓ) admits the following representation as a direct summand:

c-Ind
H(F )
Kσ

G
(ϵG ⊗ Tm(τ ⊗Zℓ

Fℓ)⊗
d−1⊗
i=0

Tni(Vϕ̂i
⊗Zℓ

Fℓ)⊗ ϕd) (7.3.3)

By [CF26a, Lemma 6.4.2(1)], we have Kσ
G = KH .
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By assumption on τ ⊗Zℓ
Qℓ, we may apply [Cot26, Proposition 3.4.1(2)] to the character of the generic

fiber τ ⊗Zℓ
Qℓ and to the same lattice τ used to form Tate cohomology to obtain the inequality of characters

(with notation as in [Cot26, §3.2])

χTm(σ,τ⊗Zℓ
Fℓ)

≥

∣∣∣∣∣∗RG0
[x]

H
0
[x]

(τ ⊗Zℓ
Qℓ)

∣∣∣∣∣
for both m ∈ Z/2. Note that the assumption on τ ⊗Zℓ

Qℓ implies that the depth 0 character of T (F )[x]
associated to Ψ ⊗Zℓ

Qℓ in [CF26a, §7.2] is of finite order prime to ℓ. By the assumption [(T, θ)] ∈ T0(Ψ),

the representation τ ⊗Zℓ
Qℓ has nonzero pairing with R

G[x]

T [x]
(θ0). By [Cot26, Proposition 3.4.1] (using that

ℓ is good), it follows that there is an irreducible Fℓ-representation τH,0 of H
0

[x](Fq) whose Brauer character

occurs with nonzero coefficient in ∗R
G

0
[x]

H
0
[x]

(τ ⊗Zℓ
Qℓ). Thus Tm(τ ⊗Zℓ

Fℓ) admits τH,0 as an irreducible

constituent. The representation τ ⊗Zℓ
Fℓ is cuspidal since τ ⊗Zℓ

Qℓ is cuspidal, so τH,0 is cuspidal by [Cot26,
Proposition 3.4.2].

Next, fix 0 ≤ i ≤ d − 1; we will compute Tni(Vϕ̂i
). By Proposition 6.4.3, the Sp(Vi+1)

σ ⋉ (V σi+1)
♯-

representation Tni(Vϕ̂i
) is isomorphic to the tensor product of the Weil–Heisenberg representation of Sp(V σi+1)⋉

(V σi+1)
♯ (under the restriction map Sp(Vi+1)

σ → Sp(V σi+1)) and a certain {±1}-valued character χ1,i of
Sp(Vi+1)

σ. By Lemma 6.5.1, applied to the Fq-symplectic structure on Vi+1 recalled in §7.3.2, we have
χ̃1,i = χ1,i|SpFq

(Vi+1)σ , with χ̃1,i as in Definition 7.3.1. In particular, with notation from Definition 7.3.1,
the action of H0(F )[x] on Tni(Vϕ̂i

) through ai is the twist by ηi of its action on the Weil–Heisenberg rep-
resentation of Sp(V σi+1) ⋉ (V σi+1)

♯. This Weil–Heisenberg representation is isomorphic to Vϕ̂H,i
by [CF26a,

Lemmas 6.4.4(1), 6.4.3(1), and 6.4.5(1)]: the first shows Ji+1(G⃗)
σ = Ji+1(H⃗) and J+

i+1(G⃗)
σ = J+

i+1(H⃗); the
second shows that ϕ̂H,i is the restriction of ϕ̂i; and the third relates the special isomorphisms used in the
construction. Thus, as a KH -representation, Tni(Vϕ̂i

) has an irreducible constituent isomorphic to Vϕ̂H,i
⊗ηi.

We have now seen that the H(F )-representation in (7.3.3) has as an irreducible subquotient

c-Ind
H(F )
KH

(ϵG|KH
⊗ τH,0 ⊗

d−1⊗
i=0

(Vϕ̂H,i
⊗ ηi)⊗ ϕd|KH

).

Since τH = τH,0 ⊗ ξH and ϵ2H = 1, the factor ϵG|H0(F )[x]
⊗ τH,0 ⊗

∏d−1
i=0 ηi is equal to ϵH ⊗ τH . Thus indeed

π(ΨH,τH ) is an irreducible subquotient of Ta(π(Ψ)⊗Zℓ
Fℓ). □

Corollary 7.3.4. Under the hypotheses of Theorem 7.3.3, there exists some τH,0 such that, for some irre-
ducible subquotient π0 of π(Ψ)⊗Zℓ

Fℓ, there is a cocycle z : WF /IF → Z(Ĥ ∩ Ĝder)(Fℓ)
IF such that

ρFS(π0) ∼
(
z · LjH,G ◦ ρFS(π(ΨH,τH ))

)ss
, (7.3.4)

where LjH,G : LH → LG is the canonical L-embedding as in [CF26a, Definition 4.5.1]. If ℓ > rkG + 1, the
superscript ss can be omitted.

Proof. Since ΨH,τH is an irreducible Yu datum, the representation π(ΨH,τH ) is irreducible, so Theorem 7.3.3
says that π(ΨH,τH ) itself occurs as an irreducible subquotient of Ta(σ, π(Ψ) ⊗Zℓ

Fℓ) for both a ∈ Z/2Z.
The representation π(Ψ) ⊗Zℓ

Fℓ is admissible of finite length: by [CF26a, Lemma 7.3.1(1) and (2)], its
irreducible subquotients are the (irreducible by [Fin22, Theorem 3.1]) representations attached by Yu’s
construction to the finitely many irreducible subquotients of τ ⊗Zℓ

Fℓ. By [Cot26, Lemma 3.1.4], there is
an irreducible subquotient π0 of π(Ψ) ⊗Zℓ

Fℓ, with σ-stable isomorphism class, such that π(ΨH,τH ) is an
irreducible subquotient of Ta(σ, π0). Since ℓ is good for G, it is also good for H and hence for their dual
groups. Thus we may apply [Fen24, Theorem 1.3.1] (cf. §4.1) to the irreducible representation π0, giving(

Lψ ◦ ρFS(π(ΨH,τH ))
)ss ∼ ρFS(π

(ℓ)
0 ) ∼ z · Frℓ ◦ρFS(π0), (7.3.5)

for some cocycle z : WF → Z(Ĝder)(Fℓ)
WF , where the second conjugacy is (4.3.3). Proposition 4.4.1(2) gives

a cocycle z0 : WF /IF → Z(Ĥ ∩ Ĝder)(Fℓ)
IF such that Lψ ∼ z0 · Frℓ ◦LjH,G. Comparing with (7.3.5) and
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applying the inverse of Frobenius yields (7.3.4). (The cocycle appearing in (4.3.3) is unramified and valued
in Z(Ĝder) ⊂ Z(Ĥ ∩ Ĝder), so it may be absorbed in z.) Finally, [CF26a, Lemma 10.1.6(3)] removes the
semisimplification when ℓ > rkG+ 1. □

8. Compatibility with parabolic induction

The main technical result of this paper (Theorem 9.4.1) is a functoriality result for Qℓ-representations π
of G(F ) with respect to descent to unramified twisted Levis H(F ) of G(F ). The rough goal of the proof is
to use the modular functoriality results of §7 and independence of ℓ [Sch26, Theorem 1.1] to reduce to the
case that ℓ is “large”, then apply Corollary 7.3.4. From π, we use Tate cohomology to extract an explicit
Fℓ-representation πH of H(F ) such that (for instance)

ρFS(π)|IF ≡ ρFS(πH)|IF (mod ℓ).

This is nearly enough to obtain a functoriality result with Qℓ-coefficients, but this argument does not
produce a Qℓ-representation πH such that πH occurs in the mod ℓ reduction of some Zℓ-lattice in πH . If πH
is non-singular, then it is not difficult to construct such a πH , but in general we do not know how to do this.

To explain the situation, suppose ΨH = ((Hi), x, (ri), τH , (ϕH,i)) is a Yu datum for H(F ) over Fℓ such
that πH ∼= π(ΨH). The natural way to obtain a lift πH would be to find a cuspidal Qℓ-representation τH
of H [x](Fq) such that τH occurs in the mod ℓ reduction of a lattice in τH and let πH = π(ΨH), where
ΨH = ((Hi), x, (ri), τH , (ϕH,i)) and ϕH,i is the Teichmüller lift of ϕH,i. We do not know whether such a τH
exists; see [Cot26, Question 2.10.4]. (What is true is that there often exist non-cuspidal such τH .) Thus we
need a way around this problem.

First, by [Ser77, Part III, no. 16.1, Theorem 33], there is some (not necessarily cuspidal) Qℓ-representation
τH of H [x](Fq) such that τH occurs in the mod ℓ reduction of τH . Using uniqueness of cuspidal supports
for paraductive Fq-group schemes ([Cot26, Lemma 2.10.2]), one shows that there is a Levi F -subgroup
L ⊂ H such that x ∈ B(L) and a cuspidal Qℓ-representation τL of L[x]G(Fq) such that τH occurs in the
parabolic induction of τL, and from this one obtains a Yu datum ΨL for L over Qℓ.

11 This is the same
construction as in [CF26a, §9], and [CF26a, Theorem 9.3.3] relates ρKal(ΨL) to ρKal(ΨH). It remains to
relate ρFS(π(ΨL)) to ρFS(π(ΨH)), for which the obvious tool is compatibility with parabolic induction [FS21,
Theorem I.9.6(viii)]. The main result for this purpose is Proposition 8.3.1, which shows that π(ΨH) occurs
in the parabolic induction of π(ΨL)⊗χ for some unramified character χ, and from this we deduce the crucial
lifting result Corollary 8.4.1.

In this section, we retain the standing hypothesis p ̸= 2.

8.1. The setting. We fix the following situation, which will remain in force through the proof of Propo-
sition 8.3.1 below. Let H be a connected reductive group over F , and let L be a Levi F -subgroup of a
parabolic F -subgroup P of H. Let

ΨH = ((Hi)0≤i≤d, x, (ri), τH , (ϕi))

be an irreducible Yu datum for H over Fℓ. Let P = LU be an F -parabolic subgroup of H, let P be the
parabolic opposite to P with respect to L, and let U be its unipotent radical. Fix a commutative diagram
of embeddings

B(L0) B(L1) · · · B(L)

B(H0) B(H1) · · · B(H)

and suppose that x ∈ B(L0) under the embeddings B(L0) ⊂ B(H0).12 We will use ι0 to denote any of these
chosen embeddings. For 0 ≤ i ≤ d, set

Li = L ∩Hi, P i = P ∩Hi, U i = U ∩Hi, U
i
= U ∩Hi.

11This is slightly incorrect for technical reasons, both because L[x]G
̸= L[x]L

and because one must twist by a sign character
to get the correct Yu datum for functoriality.

12We emphasize that x is a point of B(H0) chosen in advance, and since Z(H0)/Z(H) is anisotropic, no group defined below
using the Moy–Prasad filtration (for Hi or Li) below depends on the choice of these embeddings.
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We assume that
• the image [x]L in B((L0)der) is a vertex, and
• Z(L0)/Z(L) is anisotropic, i.e., condition (1) in the definition of a Yu datum ([CF26a, §6.1]) for the

sequence (Li).
In the applications in this paper, the two displayed hypotheses will be verified using [CF26a, Lemmas 9.1.2
and 9.1.1].

Choose an irreducible cuspidal Fℓ-representation τL of L
0

[x]L(Fq), and let

ΨL = ((Li), x, (ri), τL, (ϕi|Li(F ))).

Observe that ΨL is a Yu datum for L over Fℓ by [CF26a, Lemma 9.3.1] and the above assumptions.

8.2. Some technical preliminaries. The following two technical lemmas will be used to pass from a family
of representations to a single member. Let k be an algebraically closed field of characteristic ̸= p.

Lemma 8.2.1. Let A be a commutative noetherian k-algebra, and let X be a smooth A-representation
of H(F ). Assume that X is admissible, i.e., XJ is a finitely generated A-module for every compact open
subgroup J ⊂ H(F ). Let V be an irreducible subquotient of X on which A acts through a character χ : A→ k,
and let m = kerχ. Then there is an integer n ≥ 1 such that V is an irreducible subquotient of X/mnX.

Proof. Choose A-stable H(F )-subrepresentations V ′′ ⊂ V ′ ⊂ X with V ′/V ′′ ≃ V , and choose a compact
open pro-p subgroup J ⊂ H(F ) with V J ̸= 0.

Since J is pro-p and char k ̸= p, averaging over J is an A-linear projection X → XJ . Hence (bX)J = bXJ

for every ideal b ⊂ A.
The module XJ is finitely generated over the noetherian ring A, and (V ′)J ⊂ XJ is a submodule with

m (V ′)J ⊂ (V ′′)J , because A acts on V through χ. By the Artin–Rees lemma, there is n ≥ 1 with

(mnX)J ∩ (V ′)J = mn(XJ) ∩ (V ′)J ⊂ m (V ′)J ⊂ (V ′′)J . (8.2.1)

Consider the image of V ′ in X/mnX. Its quotient by the image of V ′′ is

V ′/(V ′′ + V ′ ∩mnX), (8.2.2)

which is a quotient of V ′/V ′′ ≃ V , hence either 0 or V . Since k is of characteristic ̸= p, the formation
of J-invariants is exact, so (8.2.1) shows that the image of V ′ ∩ mnX in V has trivial J-invariants. Since
V J ̸= 0 and V is irreducible, it follows that V ′′ + V ′ ∩ mnX ̸= V ′, so (8.2.2) is a nonzero quotient of V ,
hence isomorphic to V . Thus V is an irreducible subquotient of X/mnX. □

Lemma 8.2.2. Let K0 ⊴ K1 ⊂ L(F ) be open subgroups such that
(1) K0 is compact modulo Z(L)(F ) ∩K0,
(2) K ′

0 := (Z(L)(F ) ∩K1)K0 is of finite index in K1.
Let M0 be a smooth k-representation of K0 of finite length, and let V be an irreducible subquotient of
IHP
(
c-Ind

L(F )
K0

M0

)
. Then there is an irreducible subquotient M1 of c-IndK1

K0
M0 such that V is an irreducible

subquotient of IHP
(
c-Ind

L(F )
K1

M1

)
.

Proof. Note that c-IndL(F )
K0

M0 is a finitely generated k-representation of L(F ) since K0 ⊂ L(F ) is open. Let
A be the image of the Bernstein center ZL of Repk(L(F )) in Endk(c-Ind

L(F )
K0

M0), so A is a finitely generated
k-algebra and c-Ind

L(F )
K0

M0 is an admissible A-representation of L(F ) by [DHKM24, Theorem 1.2]. Thus
IHP (c-Ind

L(F )
K0

M0) is an admissible A-representation by [Vig96, Chapitre II, no. 2.1 (i)]. Note that A acts on
V through a character χ : A → k by Schur’s lemma, so if m = kerχ then Lemma 8.2.1 shows that there is
some n such that V is an irreducible subquotient of

IHP (c-Ind
L(F )
K0

M0)⊗A A/mn ∼= IHP ((c-Ind
L(F )
K0

M0)⊗A A/mn). (8.2.3)

We may and do assume that M0 is an irreducible k-representation of K0. By (1), the k-vector space M0 is
finite-dimensional. Choose a k-representation M ′

0 of K ′
0 extending M0, and let ζ : Z(L)(F )∩K1 → k× be the

central character of M ′
0 (which exists by Schur’s lemma). There is a homomorphism k[Z(L)(F ) ∩K1] → A
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whose image is a finitely generated k-algebra B (since ζ is smooth); let p ⊂ B be the preimage of m. Note
that

c-IndK1

K0
M0

∼= c-IndK1

K′
0
(M ′

0 ⊗k k[K ′
0/K0]),

so c-IndK1

K0
M0 is a finitely generated B-module by (2). Thus M ′

0⊗k (k[K ′
0/K0]⊗BB/pn) is finite-dimensional

over k. Since

c-Ind
L(F )
K0

(M0)⊗B B/pn ∼= c-Ind
L(F )
K1

(c-IndK1

K′
0
(M ′

0 ⊗k (k[K ′
0/K0]⊗B B/pn)))

surjects onto c-Ind
L(F )
K0

(M0)⊗AA/mn, the result follows by a filtration argument from (8.2.3) and exactness
of IHP [Vig96, Chapitre II, no. 2.1 (v)] and the fact that K ′

0 is of finite index in K1. □

8.3. The main result. Write ϵH and ϵL for the FKS characters [CF26a, (3.3.1)] attached to the towers
(Hi) and (Li), respectively. The following proposition is the main result of this section.

Proposition 8.3.1. Keep the setting of §8.1. Let τL,0 be an irreducible cuspidal Fℓ-representation of

L
0

[x]H (Fq), and suppose that τH is an irreducible subquotient of the parabolic induction ind
H

0
[x]H

(Fq)

P
0
[x]H

(Fq)
(τL,0).

Then there exists an irreducible cuspidal Fℓ-representation τL of L
0

[x]L(Fq) such that, writing

ΨL = ((Li), x, (ri), τL, (ϕi|Li(F )))

for the resulting Yu datum for L over Fℓ, the following conditions hold.

(1) The restriction of τL to L0(F )[x]H admits τL,0⊗ ϵHϵLϵH⃗,L♯,x as an irreducible subrepresentation, where

ϵH⃗,L♯,x is the sign character from [CF26a, (3.3.4)].
(2) π(ΨH) is an irreducible subquotient of IHP (π(ΨL)).

Proof. As mentioned above, any irreducible cuspidal Fℓ-representation of L
0

[x]L(Fq) completes ((Li), x, (ri), (ϕi|Li(F )))
to a Yu datum for L, so the content of the proposition is the construction of a particular τL and the proof
that it satisfies conditions (1) and (2). The proof proceeds in four major steps.

(Step 1) We define a compact-mod-center open subgroup KL,P ⊂ H(F ) which interpolates between the
compact-mod-center subgroup defined in Yu’s construction for ΨH and the corresponding one for L.

(Step 2) We use Appendix B to embed a certain representation π of H(F ) compactly induced from KL,P

into the normalized parabolic induction of a certain finitely generated representation of L(F ), and
we relate the latter to representations of the form π(ΨL).

(Step 3) We relate π to π(ΨH), which requires wrestling with some sign issues.
(Step 4) We conclude using Lemma 8.2.2.
Now we start the proof in earnest.

Step 1. The subgroups KL,P and KKY,+
L,P . For 1 ≤ i ≤ d, define

Ki
L,P = U

i
(F )x, ri−1

2 +L
i(F )x, ri−1

2
U i(F )x, ri−1

2
⊂ Hi(F ),

and set
K0
L,P := U

0
(F )x,0+L

0(F )[x]HU
0(F )x ⊂ H0(F )[x]H . (8.3.1)

It is easy to see that Ki
L,P is a group for all 0 ≤ i ≤ d. For i > 0, we have

Ki
L,P = (Ki

L,P ∩ U i(F ))(Ki
L,P ∩ Li(F ))(Ki

L,P ∩ U i(F )) (8.3.2)

and Ki
L,P ∩ L(F ) = Li(F )x,ri−1/2.

Next, we define the compact-mod-center subgroups

KL,P := K0
L,PK

1
L,P · · ·Kd

L,P (8.3.3)

and
K+
L,P := U

0
(F )x,0+L

0(F )x,0+U
0(F )x

·
d∏
i=1

U
i
(F )x, ri−1

2 +L
i(F )x, ri−1

2 +U
i(F )x, ri−1

2
.

(8.3.4)
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KL,P

0

r0/2

r1/2

Φ(H0, T )

Φ(H1, T )

Φ(H2, T )

U directions L directions U directions

K+
L,P

0

r0/2

r1/2

U directions L directions U directions
boundary included
boundary omitted

Figure 8.3.1. Comparison of KL,P and K+
L,P .

See Figure 8.3.1 for a cartoon of these subgroups; note K+
L,P ⊂ KL,P .

We need to compare K+
L,P to the group appearing in Proposition B.2.3, which is defined in terms of the

generic embeddings of [KY17]. Choose a rational cocharacter ν valued in Z(L0) such that ⟨α, ν⟩ > 0 for
every root α occurring in Lie(U), let xL be the point of B(L0) such that ι0(xL) = x, and let ι be the shift
of ι0 determined by the property that ι(xL) = x + δν for some very small δ > 0, so ι is generic for all of
the depths 0, r0/2, . . . , rd−1/2. For each real number s, we have Uα(F )x+δν,s = Uα(F )x,s−δ⟨α,ν⟩, so δ can be
chosen small enough such that for all s among 0, r0/2, . . . , rd−1/2 we have

Uα(F )x+δν,s =

{
Uα(F )x,s+ if α ∈ Lie(U),

Uα(F )x,s if α ∈ Lie(U).

Comparing (8.3.4) and (B.2.1) therefore shows K+
L,P = K+.

Finally, we define13

KL := L0(F )[x]HL
1(F )x, r02 · · ·Ld(F )

x,
rd−1

2
, K+

L := L0(F )x,0+L
1(F )x, r02 + · · ·Ld(F )

x,
rd−1

2 +
.

Multiplying (8.3.2) over i > 0, together with (8.3.1), yields

KL,P = (KL,P ∩ U(F ))KL (KL,P ∩ U(F )), KL,P ∩ L(F ) = KL. (8.3.5)

Similarly, we have

K+
L,P =

(
K+
L,P ∩ U(F )

)
K+
L

(
K+
L,P ∩ U(F )

)
, K+

L,P ∩ L(F ) = K+
L . (8.3.6)

Step 2. Covers and the injection into parabolic induction. Let ϕL,i = ϕi|Li(F ) for all i, and let χ : L0(F )[x]H/L
0(F )x,0+ →

F
×
ℓ be a character. Consider the tensor product

ρL,P (χ) := ϵL ⊗ τL,0χ⊗
d−1⊗
i=0

Vϕ̂L,i
⊗ ϕL,d,

with notation as in Yu’s construction. By (8.3.5), the representation ρL,P (χ) extends to KL,P by inflation;
we use the same notation for this inflated representation.

By (8.3.5) and the definition of ρL,P (χ), the pair (KL,P , ρL,P (χ)) satisfies conditions (i) and (ii) of
Definition B.2.1 for P = LU . By Corollary B.2.4, Corollary B.2.5, and Proposition B.3.3, applied with

13When d = 0, the convention is that K+
L = L0(F )x,0+.
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G = H, M = L, K = KL,P , and ρM = ρL,P (χ)|KL
, there is an H(F )-equivariant injection

c-Ind
H(F )
KL,P

ρL,P (χ) ↪→ IHP

(
c-Ind

L(F )
KL

ρL,P (χ)|KL

)
(8.3.7)

of H(F )-representations.
Step 3. Calculation of the compact induction. We now want to show that the left-hand side of (8.3.7)

admits π(ΨH) as an irreducible subquotient for some choice of χ. Let

KL,P (0) := H0(F )[x]HH
1(F )x, r02 · · ·Hd(F )

x,
rd−1

2
. (8.3.8)

This is the compact-mod-center subgroup that appears in Yu’s construction for ΨH . Define a decreasing
filtration of groups KL,P (0) ⊃ . . . ⊃ KL,P (d+ 1) = KL,P via

KL,P (i) := K0
L,PK

1
L,P · · ·Ki−1

L,PH
i(F )x, ri−1

2
· · ·Hd(F )

x,
rd−1

2
(8.3.9)

for 1 ≤ i ≤ d.
By transitivity of induction, we have

c-Ind
H(F )
KL,P

(ρL,P (χ)) = c-Ind
H(F )
KL,P (d)(c-Ind

KL,P (d)
KL,P

(ρL,P (χ))).

If d > 0 then all terms in the tensor product on the right side extend to KL,P (d) except Vϕ̂L,d−1
, so by the

projection formula we have

c-Ind
KL,P (d)
KL,P

(ρL,P (χ)) ∼= ϵL ⊗ τL,0χ⊗
d−2⊗
i=0

Vϕ̂L,i
⊗ ind

KL,P (d)
KL,P

(Vϕ̂L,d−1
)⊗ ϕL,d.

Using the same reasoning inductively along with the relation

c-Ind
H(F )
KL,P (i+1) = c-Ind

H(F )
KL,P (i) ◦ c-Ind

KL,P (i)

KL,P (i+1),

we conclude that

c-Ind
H(F )
KL,P

(ρL,P (χ))

∼= c-Ind
H(F )
KL,P (1)

(
ϵL ⊗ τL,0χ⊗

d⊗
i=1

ind
KL,P (i)

KL,P (i+1)(Vϕ̂L,i−1
)⊗ ϕL,d

)
. (8.3.10)

We now explicate the action of KL,P (1) on each term ind
KL,P (i)

KL,P (i+1)(Vϕ̂L,i−1
) above. For j ̸= i, j > 0, the

action of Hj(F )
x,

rj−1
2

is evidently given by ϕ̂i−1|Hj(F )
x,

rj−1
2

. Let

∆P,H := ϵHϵLϵ
H⃗,L
♯,x = ϵHϵL

d−1∏
i=0

ϵi

as a sign character of L0(F )[x]H , where ϵi = ϵ
Hi+1/Hi,L
♯,x is the character defined by [CF26a, Lemma 3.2.2].

We view ∆P,H as a character of KL,P (i) by inflation. By [Gér77, Theorem 2.4(b)]14 and the description of
ϵi−1 given in [CF26a, Lemma 3.2.2] (see also Lemma 7.3.2), the action of L0(F )[x]HU

0(F )xH
i(F )x, ri−1

2
on

ind
KL,P (i)

KL,P (i+1)(Vϕ̂L,i−1
) is isomorphic to the twist by ϵi−1 of the restriction of Vϕ̂i−1

. Consequently, we have

c-Ind
H(F )
KL,P (1)(ϵL ⊗ τL,0∆P,H ⊗

d⊗
i=1

ind
KL,P (i)

KL,P (i+1)(Vϕ̂L,i−1
)⊗ ϕL,d)

∼= c-Ind
H(F )
KL,P (0)(ϵH ⊗ ind

H
0
[x]H

(Fq)

P
0
[x]H

(Fq)
(τL,0)⊗

d−1⊗
i=0

Vϕ̂i
⊗ ϕd). (8.3.11)

Combining (8.3.7), (8.3.10), and (8.3.11), we find that π(ΨH) is an irreducible subquotient of IHP (c-Ind
L(F )
KL

(ρL,P (∆P,H))).

14There is a famous (series of) typo(s) in the printed statement of this theorem; see [Fin21a, Footnote 1 on page 2] for
the correct statement as given here, which is easily extracted from the proof of [Gér77, Theorem 2.4(b)]. Although [Gér77,
Theorem 2.4(b)] is phrased for complex coefficients, it is valid over k = Fℓ: both sides of the isomorphism restrict irreducibly
to the underlying finite Heisenberg p-group, and since ℓ ̸= p, reduction modulo ℓ preserves both this irreducibility and the
isomorphism class of the restriction.
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Step 4: conclusion. Let τL,1 be an irreducible representation of ZL0(F )L0(F )[x]H which extends τL,0∆P,H ,
and observe that

c-Ind
L(F )
KL

(ρL,P (∆P,H))

∼= c-Ind
L(F )
ZL0 (F )KL

(ϵL ⊗ τL,1 ⊗
d−1⊗
i=0

Vϕ̂L,i
⊗ ϕL,d ⊗ Fℓ[ZL0(F )L0(F )[x]H/L

0(F )[x]H ]). (8.3.12)

By (8.3.12), Step 3, and Lemma 8.2.2, there is a character θ : ZL0(F )L0(F )[x]H/L
0(F )[x]H → F

×
ℓ (necessarily

of depth 0) such that π(ΨH) is an irreducible subquotient of

IHP (c-Ind
L(F )
ZL0 (F )KL

(ϵL ⊗ τL,1θ ⊗
d−1⊗
i=0

Vϕ̂L,i
⊗ ϕL,d)).

Note that ϵL, Vϕ̂L,i
, and ϕL,d all extend to K(L⃗, x, r⃗), so it follows that there is some irreducible L

0

[x]L(Fq)-

representation τL whose restriction to L
0

[x]H (Fq) ·Z(L
0

[x]L)(Fq) admits τL,1θ as an irreducible subquotient. If
ΨL = ((Li), x, (ri), τL, (ϕL,i)) is the resulting irreducible Yu datum for L, then ΨL satisfies the desiderata. □

8.4. Lifting to characteristic zero. The following corollary is the main consequence of Proposition 8.3.1
that will be used later.

Corollary 8.4.1. Let Ψ be a normalized irreducible Yu datum for G over Fℓ. There exists a Levi factor L
of a parabolic F -subgroup P ⊂ G, a normalized Yu datum ΨL for L over Zℓ with irreducible generic fiber,
and a normalized irreducible Yu datum ΨL for L over Fℓ, such that

(1) π(ΨL) is an irreducible subquotient of π(ΨL ⊗Zℓ
Fℓ),

(2) π(Ψ) is an irreducible subquotient of IGP (π(ΨL)),
(3) ρKal

I (Ψ) ∼ LjL,G ◦ ρKal
I (ΨL),

(4) ρFS(π(Ψ)) ∼ LjL,G ◦ ρFS(π(ΨL)).
If Ψ is F -non-singular, then we can take L = P = G and ΨL = Ψ.

Proof. We write Ψ = ((Gi), x, (ri), τ , (ϕi)) as usual. Let τ̃ be an irreducible Qℓ-representation of G
0

[x](Fq)

such that τ is an irreducible constituent of the ℓ-modular reduction of τ̃ ; this exists by [Ser77, Part III,
no. 16.1, Theorem 33]. Let ϕi : Gi(F ) → Z

×
ℓ be the Teichmüller lift of ϕi, so each ϕi is normalized. By

[Cot26, Lemma 2.10.2], there exists a split Fq-torus S
◦ ⊂ G

0

[x] which is the maximal split central Fq-torus

in L := Z
G

0
[x]
(S

◦
), a parabolic Fq-subgroup P

◦
of (G

0

[x])
◦ with Levi L

◦
, and an irreducible cuspidal Qℓ-

representation τ̃L,0 of L(Fq) such that τ̃ is an irreducible constituent of ind
G

0
[x](Fq)

P (Fq)
(τ̃L,0), where P = L · P ◦

.
Let τL,0 be an irreducible constituent of the ℓ-modular reduction of τ̃L,0 such that τ is an irreducible

subquotient of ind
G

0
[x](Fq)

P (Fq)
(τL,0).

Let S be an OF -subtorus of G0
[x] lifting S

◦
, as in [CF26a, §7.2], and let S be the generic fiber of S, so S is

an F -split subtorus of G0. Let L = ZG(S), and let P be a parabolic F -subgroup of G with Levi L. Note that
the bulleted assumptions of §8.1 hold by [CF26a, Lemmas 9.1.2 and 9.1.1]. By Proposition 8.3.1, applied
with H = G and the Levi subgroup L, there is an irreducible Yu datum ΨL,τL

= ((Li), x, (ri), τL, (ϕi,L)) for
L over Fℓ, where ϕi,L = ϕi|Li(F ) for all 0 ≤ i ≤ d, such that

(A) τL|L0(F )[x]
admits τL,0 ⊗ ϵGϵLϵ

G⃗,L
♯,x as an irreducible subrepresentation, where ϵG⃗,L♯,x is as in [CF26a,

(3.3.4)],
(B) π(Ψ) is an irreducible subquotient of IGP (π(ΨL,τL

)).

By [Cot26, Lemma 2.10.3], if τ̃L is an irreducible cuspidal Qℓ-representation of L
0

[x]L(Fq) with a stable Zℓ-
lattice ΛL whose reduction admits τL as an irreducible subquotient, then there is a generalized maximal
torus-character pair (TL,1, η1) as in [CF26a, (9.2.3)–(9.2.4)], i.e., τL ∈ E(L0

[x]L , [TL,1, η1]) and η1|TL(Fq)
=

η0ϵGϵLϵ
G⃗,L
♯,x . Let

ΨL,ΛL
= ((Li), x, (ri),ΛL, (ϕi,L)),
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where ϕi,L = ϕi|Li(F ) as above. The inclusions Lider → Gider lift to the simply connected covers, so ΨL,ΛL

and ΨL,τL
are normalized. We have now proven (1) and (2). Now [CF26a, Theorem 9.3.3] gives

ρKal
I (Ψ) ∼ LjL,G ◦ ρKal

I (ΨL),

proving (3). Finally, (4) follows from (2) and [FS21, Theorem I.9.6(viii)]. □

9. Functoriality for the Fargues–Scholze correspondence

In this section, we will establish certain characteristic 0 functoriality statements for “large” prime degree
cyclic field extensions and for descent to unramified twisted Levis. The rough idea is that the results of
§7 give rise to functoriality statements modulo “large” primes, and [Cot26, Lemma 5.3.2] shows that such
congruences can be lifted to characteristic 0.

Recall the notation ρKal
I and T (Ψ) from [CF26a, §7.2]; also recall from §2 that Fℓ/F denotes the unramified

extension of degree ℓ.

9.1. Modular reduction. We will need to know that the formation of Fargues–Scholze parameter is com-
patible with reduction modulo ℓ (even when said reduction is not irreducible).

Lemma 9.1.1. Let Π be an irreducible smooth representation of G(F ) over Qℓ, and let Λ ⊂ Π be a G(F )-
stable Zℓ-lattice. For every irreducible G(F )-subquotient Π′ of Λ⊗Zℓ

Fℓ, we have ρFS(Π′) ∼ ρFS(Π)
ss
.

Proof. The L-parameter ρFS(Π) ∈ H1(WF , Ĝ(Qℓ)) corresponds to a character χΠ : ExcQℓ
(WF , Ĝ) → Qℓ.

Since integral excursion operators preserve Λ (the Fargues–Scholze construction is defined with Zℓ[
√
q]-

coefficients and maps to the integral Bernstein center; cf. [FS21, Chapter IX]), it follows that χΠ restricts to
a Zℓ-algebra homomorphism ExcZℓ

(WF , Ĝ) → Zℓ. We therefore obtain a character

χΠ := χΠ ⊗Zℓ
Fℓ : ExcFℓ

(WF , Ĝ) → Fℓ.

This defines the semisimplified mod ℓ reduction ρFS(Π)ss ∈ H1(WF , Ĝ(Fℓ)). If Π := Λ⊗Zℓ
Fℓ, then it follows

that every modular excursion operator acts on Π through χΠ. Hence, for every irreducible constituent Π′ of
Π

ss
, the parameter ρFS(Π′) satisfies ρFS(Π′) ∼ ρFS(Π)

ss
, as desired. □

9.2. Independence of ℓ. Our argument will require “sewing” information from different primes. To do this,
we fix isomorphisms Qℓ

∼= C. For primes ℓ, ℓ′ ̸= p, this immediately allows us to convert between smooth
representations of G(F ) over Qℓ and Qℓ′ . Similarly, we can convert between semisimple L-parameters
WF → LG(k) for k ∈ {C} ∪ {Qℓ : ℓ ̸= p}. It is not obvious that the Fargues–Scholze correspondence
is compatible with these conversions, but that is established in [Sch26]. The more precise statement is as
follows.

Theorem 9.2.1 ([Sch26, Theorem 1.2]). For a coefficient field k, let Z(G; k) be the Bernstein center of
G(F ) with coefficients in k. Then there is a map

FSG : Exc(WF , ĜQ(
√
q)) → Z(G;Q(

√
q))

which after base extension to Qℓ for any ℓ ̸= p recovers the map

Exc(WF , ĜQℓ(
√
q)) → Z(G;Qℓ(

√
q)).

Fixing √
q ∈ Q for simplicity of notation, a character χ : Exc(WF , ĜQ) → Q thus induces a charac-

ter χQℓ
: Exc(WF , ĜQℓ

) → Qℓ for each ℓ ̸= p. This in turn induces a compatible system of (ρχ)Qℓ
∈

H1(WF , Ĝ(Qℓ)) for each ℓ ̸= p. In particular, irreducibility of a single (ρχ)Qℓ
is equivalent to irreducibility

of all (ρχ)Qℓ
.

If χ restricts to a Zℓ-valued character on Exc(WF , ĜZℓ
), then this integral character can be base-changed

to Fℓ. This corresponds to a semisimple L-parameter which we denote (ρχ)Fℓ
; informally, it is the “semisim-

plification of the mod ℓ reduction of χQℓ
” (cf. §9.1).
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9.3. Functoriality for base change of large prime degree. First we show the existence of a cyclic base
change lifting along extensions of sufficiently large prime degree.

Theorem 9.3.1. Let G be a connected reductive group over F , and assume that p ̸= 2. There exists a
positive integer C, depending only on G/F , such that for every prime ℓ ̸= p with ℓ > C, every k ∈ {Qℓ,Fℓ},
and every normalized irreducible Yu datum Ψ for G over k, there is an explicit normalized irreducible Yu
datum Ψℓ for GFℓ

over k such that

ρFS(π(Ψℓ))|IF ∼ ρFS(π(Ψ))|IF and ρKal
I (Ψℓ) ∼ ρKal

I (Ψ).

Moreover:
(1) If Ψ is non-singular, then so is Ψℓ, and ρKal(Ψℓ) ∼ ρKal(Ψ)|WFℓ

.
(2) If Sπ := ZĜ(ρ

FS(π(Ψ))|IF )◦red is a torus, then there exist representatives such that ρFS(π(Ψℓ))|IF =

ρFS(π(Ψ))|IF and such that ρFS(π(Ψ)) and ρFS(π(Ψℓ)) induce the same conjugation action of WFℓ

on Sπ.
(3) ρFS(π(Ψ)) is irreducible if and only if ρFS(π(Ψℓ)) is irreducible, and in this case ρFS(π(Ψℓ)) ∼

ρFS(π(Ψ))|WFℓ
.

Proof. Let
Ψ = ((Gi)0≤i≤d, x, (ri)0≤i≤d, τ, (ϕi)0≤i≤d)

be the Yu datum chosen in the statement. We begin with some preparations to simplify the form of Ψ.
Recall that ρFS, ρKal

I , and ρKal are all compatible with twists by characters, so we may assume that π(Ψ)
has finite order central character ζ; we may further choose C large enough (independently of Ψ) such that
the prime numbers dividing the order of ζ are ≤ C. By [CF26a, Proposition 6.6.3 and Lemma 6.6.5], if C
is large enough then we may replace Ψ by a G-equivalent Yu datum to assume that each ϕi has finite order
prime to ℓ and the central character of τ has finite order prime to ℓ. In particular, if k = Qℓ then Ψ may
be assumed to be the generic fiber of a normalized Yu datum Ψ0 for G over Zℓ. Similarly, if k = Fℓ then
Ψ may be assumed to be the special fiber of some such Ψ0. Set Ψ := Ψ0 ⊗Zℓ

Fℓ, and let τ denote its depth
0 representation. We also choose C large enough so that [Fen24, Theorem 1.3.1] applies for G. We may
further assume that any ℓ > C is banal; note that ℓ is also banal for G(Fℓ) by [Cot26, Proposition 4.1.2(2)].

Let (Ψ0)ℓ be the “base change” Yu datum constructed from Ψ0 in [CF26a, §8.2]. Set Ψℓ = (Ψ0)ℓ ⊗Zℓ
Fℓ,

and let τ ℓ denote its depth 0 representation. If k = Qℓ, we set Ψℓ = (Ψ0)ℓ ⊗Zℓ
Qℓ, while if k = Fℓ we set

Ψℓ = Ψℓ. Note that Ψℓ is normalized. Let Ω denote the absolute Weyl group of G. If C is chosen to be
larger than rkG+ 1 and |Ω|2, then [CF26a, Proposition 8.2.3] yields the claims for ρKal

I and ρKal.
Next we analyze ρFS. If τ is non-singular and ℓ > rkG + 1, then τ ℓ is also non-singular by [Cot26,

Proposition 4.3.4(1)–(2)] and the fact that composition with Frℓ preserves non-singularity. By Corollary 7.1.2,
we have

ρFS(π(Ψℓ)) ∼ ρFS(π(Ψ))|WFℓ
. (9.3.1)

For (2), note first that the set of prime numbers dividing the order of ρFS(π(Ψ))(IF ) is bounded independently
of Ψ by [DHKM25, Lemma 2.2] and Lemma 3.2.2. By Lemma 3.2.4, we may choose C large enough that for
each ℓ > C, the order of ρFS(π(Ψℓ))(IF ) is prime to ℓ. By [Cot26, Lemma 5.3.2] and (9.3.1), it follows that
if ℓ > C then ZĜ(ρ

FS(π(Ψ))|IF )◦red is a torus if and only if ZĜ(ρ
FS(π(Ψℓ))|IF )◦red is a torus, and similarly

for ρFS(π(Ψ)) and ρFS(π(Ψℓ)). We may assume that (9.3.1) is an equality, so (2) follows from Lemma 3.2.6,
and the irreducibility assertion in (3) follows from [CF26a, Lemma 10.1.7].

Now suppose that ρFS(π(Ψ)) is irreducible. By Lemma 3.2.3, if f : LG → LG/Z(Ĝ) is the quotient map
then we may choose C large enough that for each ℓ > C, the only prime numbers dividing the order of
f(ρFS(π(Ψℓ))(WFℓ

)) either divide the order of f(ρFS(π(Ψ))(IF )) or are ≤ C. If h : LG → LG/Ĝder is the
quotient map, then by compatibility with central characters and the Kummer sequence, every prime dividing
the order of either h(ρFS(π(Ψ))(WF )) or h(ρFS(π(Ψℓ))(WFℓ

)) divides ord(ζ) · |W0|, so every prime dividing
either order is at most C if C > |W0|. If C is chosen larger than the order of Z(Ĝder), then (3) follows. □

9.4. Descent to unramified twisted Levis. Throughout this section, let

Ψ = ((Gi)0≤i≤d, x, (ri)0≤i≤d, τ, (ϕi)0≤i≤d)

be a normalized irreducible Yu datum for G with coefficients in a field k ∈ {Qℓ,Fℓ}.
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Theorem 9.4.1. Assume p ̸= 2. Let π = π(Ψ). Suppose that G0∩Gder is not a totally ramified torus. Then
there exists a proper unramified twisted Levi F -subgroup M ⊂ G and a normalized irreducible Yu datum ΨM
for M over k such that

(1) The following two Ĝ(k)-conjugacy relations hold:

ρFS(π)|IF ∼ LjM,G ◦ ρFS(π(ΨM ))|IF , (9.4.1)

ρKal
I (Ψ) ∼ LjM,G ◦ ρKal

I (ΨM ).

(2) Assuming in addition that Sπ := ZĜ(ρ
FS(π)(IF ))

◦
red is a torus, then there are representatives of

ρFS(π) and ρFS(πH) such that equality holds in (9.4.1) and such that ρFS(π) and LjM,G◦ρFS(π(ΨM ))
induce the same conjugation action of WF on Sπ.

(3) If Ψ is non-singular, then ΨM is non-singular and

ρKal(Ψ) ∼ LjM,G ◦ ρKal(ΨM ).

(4) If k is a field, then ρFS(π) is irreducible if and only if LjM,G ◦ ρFS(π(ΨM )) is irreducible, and in this
case there is a cocycle z : WF /IF → Z(M̂ ∩ Ĝder)(k)

IF such that

ρFS(π) ∼ z · LjM,G ◦ ρFS(π(ΨM )).

Moreover, if k = Qℓ and π has central character valued in Z
×
ℓ , then we may choose ΨM such that it extends

to a Yu datum for M over Zℓ.

Remark 9.4.2. We expect that the cocycle in Theorem 9.4.1(4) can be chosen to be a coboundary (and thus
removed from the statement), but this would require a more precise calculation of σ-dual homomorphisms
than is given in Proposition 4.4.1. Fortunately, this is not needed for the upcoming calculation of L-
parameters in Theorem 10.1.1.

9.4.1. First reductions. The proof of Theorem 9.4.1 occupies the remainder of this subsection; we will retain
its hypotheses and notation throughout.

Lemma 9.4.3. It suffices to prove Theorem 9.4.1 under the additional assumptions that k = Qℓ, that each
ϕi is of finite order, and that π has finite order central character.

Proof. First, we show that if the result holds for k = Qℓ, then it holds for k = Fℓ. Thus assume for
the moment that k = Fℓ. By Corollary 8.4.1, there is a parabolic F -subgroup P ⊂ G with Levi factor L
and normalized irreducible Yu data ΨL and ΨL for L over Fℓ and Zℓ, respectively, such that π(ΨL) is an
irreducible subquotient of π(ΨL)⊗Zℓ

Fℓ and π is an irreducible subquotient of IGP (π(ΨL)) and we have

ρFS(π)|IF ∼ LjL,G ◦ ρFS(π(ΨL))|IF and ρKal
I (Ψ) ∼ LjL,G ◦ ρKal

I (ΨL).

By [Vig96, Chapitre II, no. 2.1] and [DHKM24, Corollary 1.5(1)], the normalized parabolic inductions
IGP (π(ΨL) ⊗Zℓ

Qℓ) and IGP (π(ΨL) ⊗Zℓ
Fℓ) are of finite length. Moreover, IGP is exact (by [Vig96, Chapitre

II, no. 2.1]) and sends flat Zℓ-modules to flat Zℓ-modules (by definition), so there is some smooth Zℓ-
representation π̃ of G(F ) which occurs as a subquotient of IGP (π(ΨL)) such that π̃ ⊗Zℓ

Qℓ is irreducible
and π is an irreducible subquotient of π̃ ⊗Zℓ

Fℓ. By Lemma 9.1.1 and induction on the semisimple rank of
G, we may therefore pass from (G,Ψ) to (L,ΨL) in (1). For (2), note that if Sπ is a torus, then so is Sπ̃
by Lemma 3.2.5. Thus we can reduce to k = Qℓ by Lemma 3.2.6. For (3) and (4), note that L = G by
Corollary 8.4.1, so the reduction to k = Qℓ is clear.

By twisting by a character of G(F ), we may assume that π has finite order central character. By [CF26a,
Lemmas 6.6.1, Proposition 6.6.3, and 6.6.5], we may then pass to an equivalent Yu datum to assume that
each ϕi is of finite order. □

Throughout the remainder of this section, we will assume that the hypotheses of Lemma 9.4.3 hold.
Call an F -torus S′ simple if X∗(S′

F
)⊗Z Q is a simple Q[Gal(F/F )]-module, or equivalently if S′ admits

no nontrivial proper F -subtorus. Fix a class [(T, θ)] ∈ T0(Ψ), with notation as in [CF26a, Definition 7.2.1].
By hypothesis, the intersection G0 ∩Gder is not a totally ramified torus. Since T is a maximally unramified
F -torus of G0 by construction, it follows that the maximal unramified F -torus T0 of T ∩Gder is nontrivial.
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Choose a simple F -subtorus S ⊂ T0, and let H = ZG(S), so H is a proper unramified twisted Levi F -
subgroup of G. The unramified twisted Levi M of Theorem 9.4.1 will be found as an F -Levi subgroup of
H.

Note that
• T is a maximally unramified elliptic15 maximal F -torus of G0 with x ∈ B(T ), and there is a character

θ0 : T [x](Fq) → Q
×
ℓ such that τ is an irreducible constituent of R

G
0
[x]

T [x]
(θ0) and θ = θ0 ·

∏d
i=0 ϕi|T (F )[x]

.
Since each ϕi is of finite order, so is θ0.

• The point x lies in B(T ) ⊂ B(H), and Z(H0)/Z(H) is anisotropic because T is elliptic.

Let Z be the center of G
0

[x]. Below, we will regard LG as Ĝ⋊W0, where W0 is a finite quotient of WF such
that the map LjH,G factors through a map Ĥ ⋊W0 → Ĝ⋊W0.

9.4.2. The candidate data. For each maximal Fq-torus S
◦ ⊂ H

0

[x], set S = S
◦·Z. For a character η0 : S(Fq) →

Q
×
ℓ , let E(H0

[x], [S, η0]) denote the corresponding semi-rational Lusztig series from [Cot26, Definition 2.8.2].
Consider the set

XH :=
⋃

E(G0
[x],[S,η0])=E(G0

[x],[T [x],θ0])

E(H0

[x], [S, η0]), (9.4.2)

where the union is over H
0

[x](Fq)-conjugacy classes of torus-character pairs (S, η0). The set XH is finite by
[Cot26, Lemma 2.8.3].

We define a set YH of Yu data for H constructed from Ψ via the procedure in [CF26a, §9], which we now
recall concisely. The construction has the following shape:

(1) τH,0 ∈ XH (2) (M
0
, τM,0)

(3) (M,Q) (4) τM (5) ΨM ∈ YH .

cuspidal
support

lift to an F -Levi

sign
twisting extension

where the steps are detailed as follows.
(1) Choose τH,0 ∈ XH .
(2) Choose a split Fq-torus T 0 ⊂ (H

0

[x])
◦, let M

0
= Z

H
0
[x]
(T 0), let Q

◦
be a parabolic Fq-subgroup

of (H
0

[x])
◦ with Levi (M

0
)◦, let Q = M

0 · Q◦
, and let τM,0 be a cuspidal Qℓ-representation of

M
0
(Fq) such that τH,0 is an irreducible constituent of ind

H
0
[x](Fq)

Q(Fq)
(τM,0). Such data exist, and the

pair (M
0
, τM,0) is unique up to H

0

[x](Fq)-conjugacy, by [Cot26, Lemma 2.10.2].
(3) Next, choose a split F -torus T0 ⊂ H0 lifting T 0, let M = ZH(T0), set M0 := M ∩G0, and let Q be

a parabolic F -subgroup of H with Levi factor M lifting Q
◦
. [CF26a, Lemmas 9.1.1 and 9.1.2], with

(S
◦
,S, L) replaced by (T 0, T0,M), show that T0 is the maximal F -split central torus of M0, that

Z(M0)/Z(M) is anisotropic, and that [x]M0 is a vertex of B(M0
der). The torus T0, and thereby also

the subgroup M , is unique up to G(F )-conjugacy by deformation theory for tori [SGA3II, Exp. IX,
Corollaire 7.3].

(4) Choose a generalized maximal torus-character pair (TM , θM,0) with τM,0 ∈ E(M0
, [TM , θM,0]) and

an irreducible Qℓ-representation τM of M
0

[x]M (Fq) whose restriction to M
0

[x](Fq) = M
0
(Fq) admits

τM,0 ⊗ ϵGϵM ϵ
G⃗,M
♯,x , with notation as in [CF26a, §§3.3 and 6.5]. Thus [Cot26, Lemma 2.10.3] shows

that if TM,1 = Z
M

0
[x]M

(TM ) then there is a character

θM,1 : TM,1(Fq) → Q
×
ℓ extending θM,0 · (ϵGϵM ϵG,♯,xϵM,♯,x)|TM (Fq)

15Here we use that k = Qℓ and that [(T, θ)] ∈ T0(Ψ), not just T (Ψ).
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such that
τM ∈ E

(
M

0

[x]M ,
[
TM,1, θM,1

])
, (9.4.3)

(5) We set
ΨM = ((M i), x, (ri), τM , (ϕi|Mi(F ))), M i :=M ∩Gi.

Observe that ΨM is a normalized Yu datum by [CF26a, Proposition 9.3.2].
Let YH be the set of all Yu data ΨM obtained by carrying out this construction, as τH,0 runs through XH .
We declare two elements ΨM and ΨM ′ of YH to be inertially equivalent if there is some g ∈ G(F ) such that
M = gM ′g−1 and there is an unramified character χ : M(F ) → Q

×
ℓ such that π(ΨM ) ∼= gπ(ΨM ′)⊗ χ.

Lemma 9.4.4. The set YH consists of finitely many inertial equivalence classes, and each inertial equiva-
lence class contains some Yu datum ΨM such that π(ΨM ) has finite order central character.

Proof. The set XH is finite by [Cot26, Lemma 2.8.3], so fix τH,0. By construction, the subgroup M con-
structed in (3) is unique up to G(F )-conjugacy. Note that the semi-rational Lusztig series (9.4.3) is finite by
definition, and there are only finitely many choices of θM,1 up to twist by an unramified character of M(F ).
For the final claim, note that for any choice of θM,1 as above, there is a character χ0 of M

0

[x]M (Fq)/M
0

[x](Fq)

such that θM,1χ0|TM,1(Fq)
is of finite order. Moreover, for each such χ0 there is an unramified character χ

of M(F ) such that χ0χ|M0
[x]M

(Fq)
is of finite order; the claim follows. □

Lemma 9.4.5. Let ΨM ∈ YH .
(1) We have

ρKal
I (Ψ) ∼ LjM,G ◦ ρKal

I (ΨM ).

(2) If Ψ is non-singular, then ΨM is non-singular, M = H, and

ρKal(Ψ) ∼ LjH,G ◦ ρKal(ΨM ).

Proof. Note that the construction above is an instance of the construction of the descended Yu datum
preceding [CF26a, Theorem 9.3.3], so that theorem gives the claims. □

By Lemma 9.4.5, it suffices to prove the following proposition.

Proposition 9.4.6. If the hypotheses of Lemma 9.4.3 hold and H = ZG(S) is as above, then there is some
ΨM ∈ YH such that (9.4.1) holds, as do conclusions (2) and (4) of Theorem 9.4.1.

To prove this, we make a few further reductions.

9.4.3. Base change to a spectral endoscopic situation. We want to use Theorem 7.3.3 to prove Theorem 9.4.1,
so we must reduce to a setting in which its hypotheses hold. The following lemma shows that our construction
of H is well-suited for this.

Lemma 9.4.7. Let S0 be a non-central simple F -subtorus of G. Then S0 ∩ Z(G) is finite, and there is an
integer N0 with the following property: for every field extension E/F such that (S0)E is a simple E-torus,
and every t ∈ S0(E) of finite order greater than N0 and coprime to #π1(Gder), we have ZGE

(t) = HE.

Proof. The identity component of (S0 ∩ Z(G))red is an F -subtorus of S0, proper because S0 ̸⊂ Z(G), hence
trivial because S0 is simple. Therefore S0 ∩ Z(G) is finite, proving the first part of the assertion.

Let E/F be an extension such that (S0)E is a simple E-torus. Fix a maximal torus T ⊃ (S0)F of GF ,
and let Φ = Φ(GF , TF ). For a subset Φ0 ⊂ Φ, let KΦ0 =

⋂
α∈Φ0

kerα|(S0)F
⊂ (S0)F , and let N0 be the

maximum of #(S0 ∩ Z(G))(F ) and of #KΦ0(F ) over the subsets Φ0 for which KΦ0 is finite.
If t ∈ S0(E) is of finite order larger than N0, then we claim that α(t) ̸= 1 for all α ∈ Φ with α|S0 ̸= 0.

If not, then t lies in KΦ0
(E) for Φ0 the Gal(E/E)-orbit of some nonzero α. By construction KΦ0

is stable
under Gal(E/E), so (KΦ0

)◦red is an E-subtorus of (S0)E , proper because α|S0
̸= 0, hence trivial because

(S0)E is simple. Thus KΦ0
is finite, hence of order at most N0 by definition, contradicting the assumption

about the order of t. Now we have established that the roots of ZGE
(t)◦ are exactly the roots vanishing on

S0, which are the roots of H (as H = ZG(S0)); therefore ZGE
(t)◦ = HE . Since the order of t is coprime to

#π1(Gder), the centralizer ZGE
(t) is connected by Lemma 4.4.2, so ZGE

(t) = HE . □

The following lemma reduces Theorem 9.4.1 to the case where Ȟ is a spectral endoscopic group of Ǧ.
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Lemma 9.4.8. To prove Proposition 9.4.6, it suffices to prove it whenever, in addition to its hypotheses,
the following conditions hold:

(1) there exists an element t ∈ S(F ) of order ℓ such that H = ZG(t);
(2) τ is defined over Qunr

ℓ ;
(3) ℓ is large enough so that the following are satisfied:

• ℓ is larger than rkG+ 1 and large enough so that [Fen24, Theorem 1.3.1] applies for G and H,
• ℓ divides neither #π1(Gder) nor #π1(M

′
ad) for any Levi subgroup M ′ ⊂ GF , and

• ℓ does not divide the order of θ0, of any ϕi, of any η0 appearing in (9.4.2), or of any character
θ′0 of a generalized maximal torus-character pair (T

′
, θ′0) in G

0

[x] with τ ∈ E(G0

[x], [T
′
, θ′0]), or of

π0(T
′ ∩ Z) for any such pair.

• ℓ does not divide [G
0

[x](Fqn) : (G
0

[x])
◦(Fqn) · Z(G

0

[x])(Fqn)] for any n ≥ 1.
(4) ℓ does not divide the order of ρ(IF ), where ρ is any of the maps ρFS(π(Ψ)), ρKal

I (Ψ), LjM,G ◦
ρFS(π(ΨM )), and LjM,G ◦ ρKal

I (ΨM ) for any ΨM ∈ YH . Moreover, whenever a map ρ in the
preceding list is irreducible, ℓ is larger than the corresponding integer N of Lemma 3.2.3 attached to
|(f ◦ ρ)(IF )|, where f : LG→ LG/Z(Ĝ) is the quotient map.

Proof. For each inertial equivalence class in YH , choose a representative ΨM such that τM factors through
a finite quotient; such representatives exist by Lemma 9.4.4. Since there are only finitely many such classes,
we may choose an integer a such that τ and every chosen τM factor through quotient groups of order at
most a. Let N > a be a positive integer large enough that each prime ℓ > N satisfies the conditions in (3)
and (4)16, and such that N is larger than

• the integer N0 of Lemma 9.4.7(2) and rkG+ 1,
• the constants C appearing in [Cot26, Corollary 4.4.1] and Theorem 9.3.1 for all twisted Levi F -

subgroups of G,
• the constant A appearing in [Cot26, Proposition 4.3.4].

By [Cot26, Lemma 5.3.5], there is a prime ℓ1 > N different from p such that S(Fℓ1) contains an element
t of prime order ℓ0 > N different from p. These two primes play different roles:

• ℓ1 is the degree of the auxiliary unramified base change Fℓ1/F , and is large enough for the base
change results to apply (in particular ℓ1 is banal for G, being larger than the constant C);

• the prime ℓ0 is the order of the torsion element t and will become the characteristic of the coefficient
field to which we apply Tate cohomology; it is not banal for G(Fℓ1), as it divides #S(Fℓ1)tors.

Since ℓ1 > rkG+ 1, the argument in the proof of [Cot26, Lemma 4.2.1(1)] shows that the Frobenius action
on X∗(SF ) ⊗Z Q has order prime to ℓ1, so the torus SFℓ1

is simple. Since ℓ0 > N0 and ℓ0 ∤ #π1(Gder) by
construction, Lemma 9.4.7(2) implies that HFℓ1

= ZGFℓ1
(t).

Passing from Qℓ to Qℓ1 by independence of ℓ for ρFS and applying Theorem 9.3.1 with E = Fℓ1 (permissible
since ℓ1 > N ≥ C), we obtain a Yu datum

Ψℓ1 = ((Giℓ1), x, (ri), τℓ1 , (ϕℓ1,i))

for GE over Qℓ1 such that, using that IE = IF because E/F is unramified,

ρFS(π(Ψℓ1))|IF ∼ ρFS(π(Ψ))|IF and ρKal
I (Ψℓ1) ∼ ρKal

I (Ψ).

Note that the base change [(TFℓ1
, θ ◦ NmFℓ1

/F )] lies in T0(Ψℓ1); this follows from the final claim of [Cot26,
Proposition 4.3.4], the definition of T0, and the assumpion ℓ1 > N ≥ A. Now let ΨM = ((M i), x, (ri), τM , (ϕi)) ∈
YH be one of the representatives chosen above. By Theorem 9.3.1 again, the Yu datum

ΨM,ℓ1 = ((M i
ℓ1), x, (ri), τM,ℓ1 , (ϕi,ℓ1)),

from [CF26a, §8.2] has the property that

ρFS(π(ΨM,ℓ1))|IF ∼ ρFS(π(ΨM ))|IF and ρKal
I (ΨM,ℓ1) ∼ ρKal

I (ΨM ).

16For the fourth bulleted condition in (3), note that the desired index can be bounded in terms of [G0
[x] : (G

0
[x])

◦ · Z(G0
[x])]

and H1(Fqn , Z(G
0
[x]) ∩ ((G

0
[x])

◦)der), both of which are bounded independently of n.
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Recall from [CF26a, Definition 8.2.2] that τℓ1 is constructed as follows (since by choice of a the represen-
tation τ factors through a quotient group Q of G

0

[x](Fq) of order prime to ℓ1):
(i) Let τ denote the ℓ1-modular reduction of τ ,
(ii) let τ ′ℓ1 denote the representation of G

0

[x](Fqℓ1 ) obtained from τ by the Glauberman correspondence
of [Cot26, §3.5.3],

(iii) let (τ ′ℓ1)
(ℓ1) be the ℓ1-Frobenius twist of τ ′ℓ1 , and

(iv) let τℓ1 denote the unique irreducible lift of (τ ′ℓ1)
(ℓ1) which factors through a finite quotient of

G
0

[x](Fqℓ1 ) of order prime to ℓ1.
A completely similar description applies to each τM,ℓ1 arising from these chosen representatives. Since ℓ0 > N
is prime to the orders of the fixed finite quotients supporting τ and the chosen τM , [Cot26, Lemmas 3.5.14
and 3.5.15] show that τℓ1 and every resulting τM,ℓ1 are defined over Qunr

ℓ0
.

Fix a pair (S, η0) as above, let η′0,ℓ1 be the unique Gal(Fqℓ1 /Fq)-stable character of S(Fqℓ1 ) extending η0
(which exists by [Cot26, Proposition 4.3.4(1)]), and let η0,ℓ1 = η′ℓ10,ℓ1

. By [Cot26, Corollary 4.4.1] and [Ser77,
Part III, no. 15.5, Proposition 43], the map

E(H0

[x], [S, η0]) → E((H0

[x])Fqℓ1
, [SF

qℓ1
, η0,ℓ1 ])

induced by the Glauberman correspondence and the above procedure of reducing modulo ℓ1, passing to a
Frobenius twist, and lifting, is bijective. By [Cot26, Corollary 4.4.2], the H

0

[x](Fq)-conjugacy classes of pairs
(S, η0) appearing in (9.4.2) are unchanged upon passage to Fℓ1 . By the uniqueness of cuspidal supports in
[Cot26, Lemma 2.10.2], this identifies the set XH with the corresponding set XH,Fℓ1

over Fℓ1 , and similarly
it identifies the inertial equivalence classes in YH with those in the corresponding set YH,Fℓ1

over Fℓ1 . Thus,
up to unramified twist, the corresponding data may be taken to be the base changes of the representatives
chosen above. By assumption, it follows that there exists some ΨM,ℓ1 such that

ρFS(π(Ψℓ1))|IF ∼ LjM,G ◦ ρFS(π(ΨM,ℓ1))|IF .
We have thereby reduced Theorem 9.4.1(1) to the corresponding statement over Fℓ1 .

Now suppose that SΨ := ZĜ(ρ
FS(π(Ψ))(IF ))

◦
red is a torus and Theorem 9.4.1(2) holds for Ψℓ1 and ΨM,ℓ1

in place of Ψ and ΨM . Passing again from Qℓ to Qℓ1 , we may apply Theorem 9.3.1(2) to pass to conjugates
such that ρFS(π(Ψ))|IF = ρFS(π(Ψℓ1))|IF and the actions of WFℓ1

on SΨ through ρFS(π(Ψ)) and ρFS(π(Ψℓ1))
are equal, and similarly for LjM,G◦ρFS(π(ΨM )) and LjM,G◦ρFS(π(ΨM,ℓ1)). But the action of WF on SΨ is of
order prime to ℓ1 since ℓ1 > rkG+1 by assumption, so if the actions of ρFS(π(Ψℓ1)) and LjM,G◦ρFS(π(ΨM,ℓ1))
on SΨ agree then the same is true of the actions of WF through ρFS(π(Ψ)) and LjM,G ◦ ρFS(π(ΨM )). This
reduces Theorem 9.4.1(1) and (2) from F to Fℓ1 . By passing from Qℓ to Qℓ0 , using independence of ℓ
again, we have now arranged that ℓ satisfies conditions (1)–(4). Reducing Theorem 9.4.1(4) to this setting
is completely similar; the one additional ingredient is Lemma 3.2.3. □

9.4.4. Modular descent to H. Recall that we have now reduced to the case that k = Qℓ, and each ϕi and
the central character of τ have finite order. Thus we may fix an integral model ΨZℓ

= ((Gi), x, (ri), τZℓ
, (ϕi))

of Ψ, which will be used to define the mod ℓ reduction. Let Hi := Gi ∩H and ϕH,i := ϕi|Hi(F ), and let ξH
be the twisting character of Definition 7.3.1. Write ϕH,i for the reduction of ϕH,i and continue to write ξH
for its reduction. For each cuspidal irreducible Fℓ-representation τH,0 of H

0

[x](Fq), set τH := τH,0 ⊗ ξH and
ΨH := ΨH,τH

, as in (7.3.2).

Lemma 9.4.9. With notation as above, assume that conditions (1)–(4) of Lemma 9.4.8 hold; write t ∈ S(F )

for the element in condition (1). Then there exists a cuspidal irreducible Fℓ-representation τH,0 of H
0

[x](Fq)
with the following two properties:

(1) there is an irreducible Qℓ-representation τH,0 ∈ XH , with XH as defined in (9.4.2), such that τH,0 is
an irreducible constituent of the ℓ-modular reduction of τH,0;

(2) for every irreducible subquotient π of the ℓ-modular reduction of π(Ψ), there exists a cocycle z : WF /IF →
Z(Ĥ ∩ Ĝder)(Fℓ)

IF such that

ρFS(π) ∼ z · LjH,G ◦ ρFS(π(ΨH)).
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Proof. The integral model ΨZℓ
places us in the setting of §7.3.1 with s = t: the element t has order ℓ with

H = ZG(t) by condition (1) of Lemma 9.4.8, the generic fiber of ΨZℓ
is the irreducible datum Ψ, ℓ is odd

(condition (3)), and H ∩G0 contains the elliptic maximally unramified maximal F -torus T .
We verify the hypotheses of Theorem 7.3.3. The quotient Z(H0)/Z(H) is anisotropic since T is elliptic

in G. The generic fiber τ of τZℓ
is defined over Qunr

ℓ by condition (2) of Lemma 9.4.8. Moreover, we
have T0(ΨZℓ

⊗Zℓ
Qℓ) = T0(Ψ), and every representative character of every class in this set has the form

θ′0 ·
∏
i ϕi for a generalized maximal torus-character pair (T

′
, θ′0) in G

0

[x] whose semi-rational Lusztig series
contains τ ; all these characters, including θ′0, have finite order not divisible by ℓ by condition (3). The index
[G

0

[x](Fq) : (G
0

[x])
◦(Fq) · Z(G

0

[x])(Fq)] is prime to ℓ by the fourth bullet in condition (3). Finally, ℓ is good
for G by condition (3).

All hypotheses of Theorem 7.3.3 are now verified. Moreover, ℓ is good for Ǧ and Ȟ, and ℓ ∤ #π1(M ′
ad)

for every Levi subgroup M ′ ⊂ G containing H, and ℓ > rkG + 1 by condition (3) in Lemma 9.4.8. Corol-
lary 7.3.4 therefore shows that there exists a cuspidal irreducible Fℓ-representation τH,0 of H

0

[x](Fq) as in

Theorem 7.3.3, so that its Brauer character occurs with nonzero coefficient in ∗R
G

0
[x]

H
0
[x]

(τ), and such that con-

clusion (2) of the present lemma holds for one irreducible subquotient of the reduction of π(Ψ). Lemma 9.1.1
shows that all such subquotients have the same Fargues–Scholze parameter, so conclusion (2) holds for every
irreducible subquotient.

It remains to prove (1). Since the Brauer character of τH,0 occurs in ∗R
G

0
[x]

H
0
[x]

(τ), there are an irreducible Qℓ-

representation τH,0 and an H
0

[x](Fq)-stable lattice ΛH,0 ⊂ τH,0 such that τH,0 is a Jordan–Hölder constituent
of ΛH,0 ⊗Zℓ

Fℓ and 〈
τH,0,

∗R
G

0
[x]

H
0
[x]

(τ)

〉
̸= 0.

By [Cot26, Corollary 2.8.6], this implies that τH,0 ∈ XH . □

9.4.5. Conclusion of the proof. Finally, we prove Theorem 9.4.1. As observed above, we have already reduced
to proving Proposition 9.4.6.

Proof of Proposition 9.4.6. By Lemma 9.4.8, we may and do assume that conditions (1)–(4) of that lemma
hold; write t ∈ S(F ) for the element in condition (1). Let τH,0, τH,0, and ΨH be as in Lemma 9.4.9, with
τH,0 ∈ XH , and let ΨM = ((M i), x, (ri), τM , (ϕi)) ∈ YH and τM,0 ∈ E(M0

, [TM , θM,0]) be as constructed in
§9.4.2. Let Q be a parabolic F -subgroup of H with Levi M as in loc. cit. and let (TM,1, θM,1) be a generalized
maximal torus-character pair in M

0

[x]M constructed in loc. cit. satisfying (9.4.3). Recall that τH = τH,0⊗ ξH
is the depth 0 representation of ΨH , where ξH = ϵGϵHϵ

G⃗,H
♯,x after reduction modulo ℓ by Lemma 7.3.2; the

sign characters ϵ are as in [CF26a, §§3.3 and 6.5].

By the construction of §9.4.2, τH,0 is an irreducible constituent of ind
H

0
[x](Fq)

Q(Fq)
(τM,0). Choose an M

0
(Fq)-

stable lattice ΛM,0 ⊂ τM,0. Since parabolic induction is exact and commutes with reduction modulo ℓ, there
is an irreducible constituent τM,0 of

(
ΛM,0 ⊗Zℓ

Fℓ
)ss

such that

τH,0 is an irreducible subquotient of ind
H

0
[x](Fq)

Q(Fq)
(τM,0). (9.4.4)

Exactness of finite Jacquet functors modulo ℓ ̸= p and [Cot26, Lemma 2.10.1] imply that τM,0 is cuspidal.
Set

σM,0 := τM,0 ⊗ ξH |
M

0
(Fq)

. (9.4.5)

Since τM,0 is cuspidal and ξH is a character, the twist σM,0 is also cuspidal, and twisting (9.4.4) by ξH shows

that τH is an irreducible subquotient of ind
H

0
[x](Fq)

Q(Fq)
(σM,0).

For the pair M ⊂ H, the bulleted hypotheses of §8.1, required for Proposition 8.3.1, are the content of
[CF26a, Lemmas 9.1.2 and 9.1.1]. Proposition 8.3.1, applied with ambient group H, Levi M , parabolic Q,
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and the representations τH and σM,0, shows that there is a Yu datum ΨM = ((M i), x, (ri), τM , (ϕH,i|Mi(F )))

for M over Fℓ such that

σM,0 ⊗ ϵHϵM ϵ
H⃗,M
♯,x ⊂ τM |M0(F )[x]H

, and (9.4.6)

π(ΨH) is an irreducible subquotient of IHQ (π(ΨM )). (9.4.7)

Observe that

ξHϵHϵM ϵ
H⃗,M
♯,x = ϵGϵM ϵ

G⃗,M
♯,x

by definition, so by (9.4.6) and the construction of ΨM , we may and do assume that τM is an irreducible
constituent of the ℓ-modular reduction of τM . Thus [CF26a, Lemma 7.3.1(1)] and exactness properties of
Yu’s construction give

π(ΨM ) is an irreducible subquotient of the reduction of π(ΨM ). (9.4.8)

Let π be an irreducible subquotient of the ℓ-modular reduction of π(Ψ); since π(Ψ) is irreducible,
Lemma 9.1.1 identifies ρFS(π) with the semisimplified reduction of ρFS(π(Ψ)). By Lemma 9.4.9(2), by
(9.4.7) and the compatibility of ρFS with parabolic induction [FS21, Theorem I.9.6(viii)], and by (9.4.8)
and Lemma 9.1.1 again (applied to the irreducible representation π(ΨM )), there is a cocycle z : WF /IF →
Z(Ĥ ∩ Ĝder)(Fℓ)

IF such that

ρFS(π(Ψ))
ss
∼ z · LjH,G ◦ LjM,H ◦ ρFS(π(ΨM ))

ss
. (9.4.9)

Restricting (9.4.9) to IF and applying [CF26a, Proposition 5.3.2] therefore gives

ρFS(π(Ψ))
ss
|IF ∼ LjM,G ◦ ρFS(π(ΨM ))

ss
|IF . (9.4.10)

By condition (4) of Lemma 9.4.8, the groups ρFS(π(Ψ))(IF ) and ρFS(π(ΨM ))(IF ) are finite of order prime
to ℓ. In view of (9.4.10), [Cot26, Lemma 5.3.2] implies (1).

For conclusion (2) of the theorem, suppose that SΨ is a torus. Note that by Lemma 3.2.7, we have
SΨ ⊂ Ĥ. Since ℓ does not divide the order of ρFS(π(Ψ))(IF ) nor ρFS(π(ΨM ))(IF ) as above, restricting
(9.4.9) to IF and applying [Cot26, Lemma 5.3.2], we may pass to conjugates to assume

ρFS(π(Ψ))|IF = LjH,G ◦ LjM,H ◦ ρFS(π(ΨM ))|IF

as inertial L-parameters valued in LG(Zℓ). By [BCT24, Corollary 3.7], their common inertial centralizer
in ĜZℓ

is smooth over Zℓ. The conjugating element in (9.4.9) therefore lifts from the special fiber of this
centralizer, so after conjugating ρFS(π(Ψ)) by such a lift we may assume that (9.4.9) is an equality. The
cocycle z appearing in (9.4.9) acts trivially by conjugation on SΨ, so (9.4.9) identifies the actions of the two
reduced parameters on SΨ, and (2) follows from Lemma 3.2.6.

Finally, we prove (4). The first clause of (4) follows immediately from (2) and [CF26a, Lemma 10.1.9].
Thus LjM,G ◦ ρFS(π(ΨM )) is irreducible, so the containment M ⊂ H must be an equality. The displayed
conjugacy follows from precisely the same argument which showed (1), using Proposition 4.4.1(2) and the fact
that the orders of ρFS(π(Ψ))(WF ) and ρFS(π(ΨM ))(WF ) are prime to ℓ by conditions (3)-(4) of Lemma 9.4.8
(arguing as in the last paragraph of the proof of Theorem 9.3.1). □

10. Calculation of Fargues–Scholze parameters

This section is the culmination of the paper. We will use [CF26a, Theorem 10.2.1] to pin down ρFS on
inertia. We then deduce a number of “soft” corollaries, including that ρFS has finite fibers when G splits
after a tamely ramified extension of F and p does not divide the order of the absolute Weyl group of G.

We continue to use the notation T (Ψ) and ρKal
I (Ψ) from [CF26a, §7.2], as well as the embeddings LjT,G

associated to a Yu datum as in [CF26a, Definition 4.5.1]. As in §2, if n is a positive integer then Fn denotes
the unramified degree n extension of F .
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10.1. The main calculation. The following theorem is the main result of this paper.

Theorem 10.1.1. Assume Hypothesis 4.1.4 for cyclic base change at all primes ℓ ̸= p. Assume p ̸= 2, and
let G be a connected reductive group over F . Let Ψ be a normalized irreducible Yu datum for G over a ring
k ∈ {Qℓ,Fℓ}, and let π := π(Ψ) be the corresponding tame cuspidal representation of G(F ) over k.

Let [(T, θ)] ∈ T (Ψ), let T0 be the maximal unramified subtorus of T , and let n be the ramification degree
of the splitting field of T ∩ ZG(T0)der. Suppose that the extension F (µn)/F is of degree prime to p17.

(1) Recalling that ∼ denotes Ĝ(k)-conjugacy, we have

ρFS(π)|IF ∼ ρKal
I (Ψ).

Set SΨ := ZĜ(ρ
FS(π)(IF ))

◦
red. Therefore, by [CF26a, Lemma 10.1.11(2)], Ψ is non-singular if and

only if SΨ is a torus.
(2) Suppose that p is good for ZG(T0) and Ψ is F -non-singular. Let

X = X∗((T/Z(ZG(T0))
◦
red)F )IF and Xad = X∗((T/Z(ZG(T0)))F )IF .

If N is the least integer such that the map

H1(WF /IF ,Hom(Xad, k
×)) → H1(WFN

/IF ,Hom(X, k×))

is trivial, then
ρFS(π)|WFN

∼ ρKal(Ψ)|WFN
.

Moreover, there exist representatives such that ρFS(π)|IF = ρKal(Ψ)|IF and the actions of WF on SΨ

through ρFS(π) and ρKal(Ψ) are the same. In particular, if Ψ0 is a normalized irreducible Yu datum
for G over k then ρFS(π(Ψ0)) is irreducible if and only if Ψ0 is non-singular.

Proof. The conclusion of this theorem is the same as the conclusion of [CF26a, Theorem 10.2.1] in the case
ρ = ρFS. The assumed cyclic-base-change instances of Hypothesis 4.1.4 at all primes ℓ ̸= p, together with
the established cases of [Fen24, Theorem 1.3.1], allow us to take S = {p}. Thus we need only verify the
hypotheses of that theorem:

(1) Compatibility with local Langlands for tori is [FS21, Theorem I.9.6(i)].
(2) Compatibility with character twisting and central characters is [FS21, Theorem I.9.6(ii), (iii)].
(3) Compatibility with homomorphisms which induce an isomorphism on adjoint groups is [FS21, The-

orem I.9.6(v)].
(4) The analogue of [CF26a, Proposition 8.3.1] is Corollary 7.2.2.
(5) The analogue of [CF26a, Theorem 9.3.3] is Theorem 9.4.1.

This completes the proof. □

10.2. Finiteness of the Fargues–Scholze correspondence. In this section, we show that the calculation
of ρFS(π)|PF

for k-representations π arising from Yu’s construction of G(F ) is already sufficient to show that
ρFS has finite fibers in significant generality.

Theorem 10.2.1. Assume Hypothesis 4.1.4 for cyclic base change at all primes ℓ ̸= p. Suppose that G
splits after a tamely ramified extension of F and p does not divide the order of the absolute Weyl group Ω of
G. Then ρFS preserves depth and has finite fibers.

Proof. Let k be a field among Qℓ and Fℓ, and fix a semisimple L-parameter φ : WF → LG(k); we want
to show that (ρFS)−1(φ) is finite. Let P1, . . . , Pn ⊂ G be representatives for the G(F )-conjugacy classes of
parabolic F -subgroups of G such that φ normalizes P̂i ⊂ Ĝ, and for each i choose a Levi factor Li ⊂ Pi.
If π is an irreducible k-representation of G(F ) such that ρFS(π) ∼ φ, then since ρFS is compatible with
parabolic induction, there is some i and some irreducible cuspidal k-representation τi of Li(F ) such that π is
an irreducible subquotient of the normalized parabolic induction IGPi

(τi). By [DHKM24, Corollary 2.4] (see
also [Cot24b, Theorem 1.1] and [Cot25, Lemma 3.13]), for each i there are only finitely many semisimple
L-parameters ψ : WF → LLi(k) up to L̂i(k)-conjugacy such that φ ∼ LjLi,G ◦ ψ. Thus by passing from G
to each Li separately, it suffices to show that (ρFS)−1(φ) contains only finitely many irreducible cuspidal

17For instance, this holds if p does not divide the order of the absolute Weyl group Ω of ZG(T0): indeed, n divides the order
of Ω, and [Fin21b, §2, Table 1] shows that if ℓ is a prime number dividing |Ω|, then every smaller prime also divides |Ω|. Thus
the degree of F (µn)/F is only divisible by primes dividing |Ω|.
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k-representations of G(F ). Since ρFS is compatible with twists by characters, we may and do assume that
the composition of φ with LG→ LG/Ĝder has finite image.

If G is a torus, then the result is clear; otherwise note that the classification of root systems shows that
p ∤ |Ω| implies that p ̸= 2, that p is good for G, and that p ∤ |π1(Gder)|. Then [Fin21b, Theorem 8.1]
and [Fin22, Theorem 4.1] imply that every irreducible cuspidal k-representation of G(F ) arises from Yu’s
construction. Suppose that

Ψ = ((Gi)0≤i≤d, x, (ri)0≤i≤d, τ, (ϕi)0≤i≤d)

is a Yu datum for G over k such that ρFS(π(Ψ)) ∼ φ. By [CF26a, Lemma 6.6.1], we may replace Ψ
by an irredundant datum defining the same representation, and thus assume Gi ̸= Gi+1 for all i. Since
p ∤ |π1(Gder)|, [Kal19, Lemma 3.7.2] allows us to replace Ψ with a normalized datum Ψ′ which is G-equivalent
to Ψ, and [CF26a, Proposition 6.6.3] gives π(Ψ′) ∼= π(Ψ). Thus we may assume that Ψ is both irredundant
and normalized.

Let [(T, θ)] ∈ T (Ψ). By Theorem 10.1.1(1), we have φ|PF
∼ LjT,G ◦ L(θ|T (F )b)|PF

. Let r be the depth
of φ, so r is the least real number such that φ|W s

F
is trivial for all s > r, where (W s

F )s∈R≥0
is the upper

numbering filtration of WF . Note that Lθ is also of depth r by [CF26a, Lemma 7.2.4]. By [Yu09, Theorem
7.10], this implies that θ is also of depth r, i.e., r is minimal such that θ|T (F )r+ is trivial. But θ is of depth
rd by construction, so rd = r. This already establishes depth preservation.

It is enough to show that, up to equivalence, there are only finitely many Ψ as above. We start with the
following sequence of observations.

(1) There are only finitely many tamely ramified twisted Levi sequences G0 ⊊ G1 ⊊ · · · ⊊ Gd up to
G(F )-conjugacy since there are only finitely many tamely ramified maximal F -tori in G up to G(F )-
conjugacy, and each twisted Levi subgroup is determined by a tamely ramified maximal torus and a
subset of the absolute root system.

(2) If G0 ⊂ G is a twisted Levi F -subgroup, then there are only finitely many vertices x ∈ B(G0
der) up

to G0(F )-conjugacy since each vertex is G0(F )-conjugate to a vertex in a chosen alcove.
(3) If (Gi)0≤i≤d is fixed, then there are only finitely many sequences (ri)0≤i≤d such that rd = r, since

the jumps in the Moy–Prasad filtration for Gi(F )[x] are discrete.
(4) If G0 ⊂ G is a twisted Levi F -subgroup and x ∈ B(G0) and N is an integer, then there are only

finitely many irreducible cuspidal k-representations of G0(F )[x]/G
0(F )x,0+ with fixed restriction to

Z(G)(F ) since G0(F )[x]/(G
0(F )x,0+ · Z(G)(F )) is finite.

(5) If (Gi)0≤i≤d and (ri)0≤i≤d are given and (Ni)0≤i≤d is a sequence of integers, then there are only
finitely many choices of (ϕi)0≤i≤d such that each ϕi is of order ≤ Ni.

By (1), (2), and (3), it is enough to prove that there are only finitely many Ψ as above with prescribed (Gi),
x, and (ri). By [CF26a, Lemma 6.6.5], there is some sequence (Ni) of integers, depending only on (Gi), x,
and (ri), such that any such Ψ is equivalent to a Yu datum with ϕi of order ≤ Ni for each i. By (5), it is
therefore enough to show that there are only finitely many Ψ such that (ϕi) is also prescribed. For any such
Ψ, the construction of the pairs [(T, θ)] ∈ T (Ψ) and the compatibility of ρFS with central characters shows
that the central character of τ is of bounded order, and thus the theorem follows from (4). □

10.3. Surjectivity on inertial L-parameters.

Theorem 10.3.1. Assume Hypothesis 4.1.4 for cyclic base change at all primes ℓ ̸= p. Suppose that G
splits after a tamely ramified extension of F , and p does not divide the order of the absolute Weyl group of
G. Let k ∈ {Qℓ,Fℓ}, and let φ : WF → LG(k) be a semisimple L-parameter. If φ is irreducible, then there
exists an irreducible k-representation π of G(F ) such that

ρFS(π)|IF ∼ φ|IF . (10.3.1)

If G is quasi-split, then the same conclusion holds without assuming that φ is irreducible.

Proof. The second statement follows from the first and compatibility of ρFS with parabolic induction, so we
will assume that φ is irreducible. If G is a torus, then the result is clear. Otherwise, the assumption on the
absolute Weyl group implies that p ̸= 2, that p is good for G, and that p does not divide |π1(Gder)|.

If k = Qℓ, set φ0 = φ. If k = Fℓ, then [DHKM25, Theorem 1.3, Theorem 1.6] gives a lift φ̃ : WF → LG(Zℓ)
of φ; set φ0 = φ̃Qℓ

. In the latter case, Lemma 3.2.1 shows that φ0 is irreducible. Using compatibility with
character twists, we may assume that the composition of φ0 with LG→ LG/Ĝder has finite image.
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By [Kal21, Lemma 4.1.3, Proposition 4.1.8, §4.2], there is a non-singular irreducible Yu datum Ψ for
G over Qℓ such that ρKal(Ψ) ∼ φ0. After applying [CF26a, Lemma 6.6.1] to reduce to the case that Ψ is
irredundant, [Kal19, Lemma 3.7.2] (the statement of which assumes, but the proof of which does not use, that
k is of characteristic 0) allows us to replace Ψ by a normalized G-equivalent datum; [CF26a, Proposition 6.6.3
and Lemma 7.2.13] show that this does not change π(Ψ) or ρKal(Ψ). By the hypothesis on the absolute Weyl
group, Theorem 10.1.1 gives

ρFS(π(Ψ))|WFN
∼ φ0|WFN

for some N . Compatibility with central characters shows that π(Ψ) has finite-order central character.
[CF26a, Lemma 6.6.5] and the construction of π(Ψ) therefore show that there is a G(F )-stable Zℓ-lattice
Λ ⊂ π(Ψ). If k = Qℓ, take π = π(Ψ). If k = Fℓ, let π be an irreducible subquotient of Λ ⊗Zℓ

Fℓ. Since
IF ⊂WFN

, Lemma 9.1.1 and the choice of φ̃ show that π satisfies (10.3.1). □

Remark 10.3.2. Under Hypothesis 4.1.4 for cyclic base change at all primes ℓ ̸= p, Theorem 10.3.1 has not
been seriously optimized; for certain groups which split under unramified extensions [CF26a, Examples 10.2.6
and 10.2.8] show that one can find π such that ρFS(π)|WFN

∼ φ|WFN
for relatively small N .

One can also obtain much sharper results for particular parameters. For instance, if φ|IF factors through
a maximal torus of Ĝ, then one can find π such that

ρFS(π) ∼ φ.

This follows from the same argument as the proof of Theorem 10.3.1, noting that the integer N in Theo-
rem 10.1.1 is equal to 1 for any Ψ constructed in the proof in this case.

Remark 10.3.3. Assuming Hypothesis 4.1.4 for cyclic base change at all primes ℓ ̸= p, [Cot24a, Theorem
1.2] and Theorem 10.3.1 imply that if G splits after a tamely ramified extension of F and p does not divide
the order of the absolute Weyl group of G, then every connected component of the scheme of cocycles
Z1(WF , Ĝ) admits a cocycle lying in the image of ρFS.18

10.4. Groups of type A. For groups of absolute type A, we can strengthen the comparison in Theo-
rem 10.1.1. We will show that if GFunr ∼= SLn for some n, then (under very weak hypotheses on p) in fact
ρFS(π(Ψ)) ∼ ρKal(Ψ) for all non-singular irreducible Yu data Ψ, extending [CF26a, Example 10.2.3]. While
this is already known by other methods for some such groups G, our proof is purely local and also covers
new cases. See Remark 1.2.2 for a discussion of related prior results.

Lemma 10.4.1. Let G be a connected reductive F -group such that GFunr ∼= GLn for some n, let f : LG →
LG/Ĝder denote the quotient map, and let k ∈ {Qℓ,Fℓ}. Let φ1, φ2 : WF → LG(k) be two L-parameters such
that

(1) φ1|IF ∼ φ2|IF ,
(2) f ◦ φ1 ∼ f ◦ φ2,
(3) φ1 is irreducible.

Then there exists a cocycle z : WF /IF → Z(Ĝder)(k) such that φ2 ∼ z · φ1.

Proof. By (1), we may conjugate to assume that φ1|IF = φ2|IF . By (2) and the fact that Z(Ĝ) → Ĝ/Ĝder

is a surjection on whose source and target IF acts trivially, we may and do further assume f ◦ φ1 = f ◦ φ2.
By (3) and [CF26a, Lemma 10.1.9], the group Ŝ := ZĜ(φ1(IF ))

◦
red is a torus and, if Fr ∈ WF is a lift of

Frobenius, then Ŝφ1(Fr)/Z(Ĝ)φ1(Fr) is finite. But [SS70, III, 3.22] shows that the centralizer of any subset
of GLn is connected, and the fact that GLn is an open subscheme of its Lie algebra shows that every such
centralizer is smooth. So in fact Ŝ = ZĜ(φ1(IF )).

Since φ1|IF = φ2|IF and f ◦φ1 = f ◦φ2, there is a cocycle z : WF /IF → (Ŝ∩Ĝder)(k) such that φ2 = z ·φ1.
Note that Ŝ ∩ Ĝder = (Ŝ ∩ Ĝder)

◦
red ·Z(Ĝder) since Ŝ is a torus. Since (Ŝ ∩ Ĝder)

◦
red(k)

φ1(Fr) is finite, [Cot26,
Lemma 5.3.4] shows that there is some t0 ∈ (Ŝ ∩ Ĝder)

◦
red(k) such that t0φ1(Fr)t

−1
0 ∈ φ2(Fr) · Z(Ĝder). So

we may conjugate to assume z is valued in Z(Ĝder)(k), as desired. □

18The invariant α in [Cot24a, Theorem 1.2] (which is taken from [DHKM25, §4]) is trivial in this case: indeed, Z
Ĝ
(ρ(PF ))

is connected under the hypotheses on p.
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Lemma 10.4.2. Let G be a connected reductive F -group such that GFunr ∼= SLn for some n. Then there
exists an embedding G ⊂ G̃, where G̃ is a connected reductive F -group such that G̃Funr ∼= GLn.

Proof. Recall that GLn = SLn×µnGm, where the embedding µn → SLn×Gm is given by z 7→ (z, z−1).
Thus the claim is that there is a 1-dimensional unramified F -torus T into which Z(G) embeds. Note that
Gal(F/F ) acts on X∗(Z(G)F ) through Gal(F2/F ) since the group of outer automorphisms of SLn is either
trivial (if n = 2) or Z/2 (otherwise), and the nontrivial element either acts trivially or by inversion. If the
action is trivial, we may take T = Gm; if the action is by inversion, we may take T = Res1F2/F Gm. □

Theorem 10.4.3. Suppose p ̸= 2, let G be a connected reductive F -group such that GFunr ∼= SLn for
some n, let k ∈ {Qℓ,Fℓ}, and let Ψ be a non-singular normalized irreducible Yu datum for G over k. If
p ∤ [F (µm) : F ] for all m ≤ n (e.g., p > n), then ρFS(π(Ψ)) ∼ ρKal(Ψ).

Proof. Let Ψ = ((Gi), x, (ri), τ, (ϕi)) be the given Yu datum. Choose an embeddingG ⊂ G̃ as in Lemma 10.4.2.
For each i, let G̃i = Gi · Z(G̃), let x̃ ∈ B(G̃) be a point mapping to x ∈ B(G), let r̃i = ri for all i, let τ̃ be a
k-representation of G̃0(F )[x̃] which is trivial on G̃0(F )x̃,0+ and whose restriction to G0(F )[x] admits τ as an
irreducible constituent, and let ϕ̃i be a character of G̃i(F ) extending ϕi; this exists since Ψ is normalized. Let
Ψ̃ = ((G̃i), x̃, (r̃i), τ̃ , (ϕ̃i)). All groups occurring in the application of Theorem 10.1.1 to G̃ have only type-
A almost simple factors, so every prime is good for them. Thus the required cyclic-base-change instances
of Hypothesis 4.1.4 at all primes ℓ ̸= p follow from [Fen24, Theorem 1.3.1] and [Wei26] (Remark 4.1.2).
Theorem 10.1.1 therefore applies by our assumptions on p and gives

ρFS(π(Ψ̃))|IF ∼ ρKal(Ψ̃)|IF
and ρFS(π(Ψ̃)) is irreducible. By compatibility of ρFS and ρKal with maps which induce isomorphisms of
adjoint groups ([CF26a, Lemma 7.4.1] and [FS21, Theorem I.9.6(v)]) and Lemma 10.4.1, it follows that if
h : LG̃→ LG is the natural map, then

ρFS(π(Ψ)) ∼ h ◦ ρFS(π(Ψ̃)) ∼ h ◦ ρKal(Ψ̃) ∼ ρKal(Ψ).

This proves the claim. □

Appendix A. Generalities on L-homomorphisms

In this section we discuss some generalities on the Tannaka dual perspective of L-homomorphisms. Let k
be a commutative ring.

A.1. Admissible homomorphisms. We begin with a general lemma. Let Γ be a topological group, and
let M and G be affine group schemes over k equipped with continuous Γ-actions. We write

M ⋊ Γ −→ Γ, G⋊ Γ −→ Γ

for the corresponding semidirect products, with distinguished sections

sM (w) = (1, w), sG(w) = (1, w).

We say that a homomorphism M ⋊ Γ → G⋊ Γ is admissible if it lies over the identity on Γ.

Lemma A.1.1. Let
Φ: M ⋊ Γ −→ G⋊ Γ

be an admissible homomorphism. There exist unique maps i : M → G, c : Γ → G such that

Φ(m,w) =
(
i(m)c(w), w

)
(A.1.1)

for all m ∈ M and w ∈ Γ. The map i is a homomorphism, and c is a 1-cocycle. Moreover, the following
conditions are equivalent:

(i) Φ preserves the distinguished sections;
(ii) c(w) = 1 for every w ∈ Γ;
(iii) i is Γ-equivariant and Φ(m,w) = (i(m), w).

If i is already Γ-equivariant, then every value of c centralizes i(M).
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Proof. Set

Φ(m, 1) = (i(m), 1), Φ(1, w) = (c(w), w).

Since (m,w) = (m, 1)(1, w), formula (A.1.1) follows. Applying Φ to (1, w)(1, w′) = (1, ww′) shows that c is
a 1-cocycle. Finally,

Φ(sM (w)) = (c(w), w),

so (i) is equivalent to (ii). Clearly (ii) is equivalent to (iii). The final claim is clear. □

Let us say that Φ is untwisted if the equivalent conditions (i), (ii), (iii) are satisfied.

Lemma A.1.2. Let Φ be an admissible homomorphism. The G-conjugation class of Φ has an untwisted
representative if and only if c is a coboundary.

Proof. Let g ∈ G(k). We have

(g, 1)(i(m)c(w), w)(g−1, 1) =
(
gi(m)c(w)wg−1, w

)
,

which implies that the maps ig and cg associated to Φg = (g, 1)Φ(g, 1)−1 satisfy

ig = Ad(g) ◦ i, cg(w) = g c(w)wg−1,

proving the claim. □

A.2. Tannaka duality. Next we study the nature of admissible homomorphisms arising from (relative)
Tannaka duality over a topological group Γ. Let Repk(Γ) be the category of finite-dimensional continuous
representations of Γ over k.

Let CG be a k-linear tensor category over Repk(Γ) with relative fiber functor

ωG : CG −→ Repk(Γ).

The relative Tannaka duality formalism of [FS21, Proposition VI.10.2] associates an affine group scheme
internal to Repk(Γ). The usual forgetful fiber functor gives a group scheme Ǧ over k with a Γ-action. This
action defines the semidirect product Ǧ(k) ⋊ Γ, with canonical section sG : Γ → Ǧ(k) ⋊ Γ, sG(γ) = (1, γ).
Under relative Tannaka duality, restriction along sG identifies with ωG.

Now suppose that CH is another tensor category over Repk(Γ) with relative fiber functor ωH : CH −→
Repk(Γ). Suppose that F : CG −→ CH is a symmetric monoidal functor equipped with a specified tensor
isomorphism

η : ωG
∼−→ ωH ◦ F (A.2.1)

in Repk(Γ). Then Tannaka duality associates to (CH , ωH) a group scheme Ȟ internal to Repk(Γ) whose
semidirect product Ȟ(k)⋊ Γ has canonical section sH(γ) = (1, γ), and to (F, η) a morphism of affine group
schemes iF : Ȟ −→ Ǧ internal to Repk(Γ). For an algebra R and a ∈ Aut⊗(R⊗ ωH), it is given by

(iF (a))X = η−1
X aF (X) ηX , X ∈ CG. (A.2.2)

Because η is a morphism of Γ-representations, (A.2.2) is Γ-equivariant. It therefore induces a homomorphism
of semidirect products given by

Φ(h, γ) =
(
iF (h), γ

)
. (A.2.3)

In summary, a homomorphism Φ: Ȟ(k) ⋊ Γ → Ǧ(k) ⋊ Γ arising in this way is always admissible and
untwisted. Note however that in some cases we may want to conjugate iF (for example when H is a torus,
we may want to conjugate iF to become the canonical embedding of the abstract Cartan), in which case
Lemma A.1.2 shows that the corresponding homomorphism can become twisted by a coboundary with respect
to the original Φ.
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A.2.1. Passage from c-groups to L-groups. We now specialize the preceding discussion to Γ = WF and to
the geometric c-groups occurring in Fargues–Scholze. In this setting (A.2.3) is the c-group homomorphism

cψ(h,w) =
(
iF (h), w

)
. (A.2.4)

The usual pinned L-group is isomorphic to the c-group, but there is no canonical isomorphism; it depends
on a square root of the cyclotomic character [Zhu17, Lemma 5.5.7]. We now record the resulting cocycle for
the L-group explicitly.

For a reductive F -group J , choose an isomorphism over WF

αJ :
LJ

∼−→ cJ

coming from a fixed square root of the cyclotomic character. After identifying the identity components,
there is a uniquely determined function aJ : WF → Ĵ such that

αJ(j, w) =
(
jaJ(w), w

)
. (A.2.5)

The precise description of aJ depends on the convention used for the c-group, but the following transport
formula is convention-independent once (A.2.5) is fixed.

Lemma A.2.1. Assume that the c-group homomorphism is given by (A.2.4), and let
Lψ = α−1

G ◦ cψ ◦ αH .
Then, in the corresponding pinned L-group coordinates,

Lψ(h,w) =
(
iF (h)cψ(w), w

)
, cψ(w) = iF (aH(w))aG(w)

−1. (A.2.6)

In particular, the transported map has trivial cocycle if and only if

iF (aH(w)) = aG(w) for every w ∈WF . (A.2.7)

Proof. By (A.2.5),
αH(h,w) = (haH(w), w).

Applying cψ and then α−1
G gives

(h,w) 7−→
(
iF (h)iF (aH(w)), w

)
7−→

(
iF (h)iF (aH(w))aG(w)

−1, w
)
,

which is (A.2.6). □

Combining Lemmas A.1.2 and A.2.1, if one replaces iF by Ad(g) ◦ iF , then the cocycle becomes

cψ,g(w) = g iF (aH(w))aG(w)
−1 wg−1. (A.2.8)

A.3. Example calculations of the L-homomorphism.

A.3.1. The constant term functor. Let P ⊂ G be a parabolic subgroup defined over F , with Levi quotient
M , and let

CTP [degP ] : Sat(GrG,Div1
X
; k) −→ Sat(GrM,Div1

X
; k) (A.3.1)

be the normalized constant term functor, so CTP [degP ] is exact and symmetric monoidal. Geometric Satake
identifies its restriction to a geometric fiber with restriction of representations along the standard dual Levi
homomorphism

jM,G : M̌ −→ Ǧ.

Moreover, the cohomological comparison defining constant terms gives a specified tensor isomorphism, as in
the constant term compatibility of [FS21, §VI.3 and §VI.11],

ηP : ωG
∼−→ ωM ◦ CTP [degP ] (A.3.2)

in Repk(WF ).

Proposition A.3.1. The c-homomorphism dual to (A.3.1) is
cjM,G : cM −→ cG, (m,w) 7−→

(
jM,G(m), w

)
. (A.3.3)

Proof. Apply the relative Tannakian construction to the pair (CTP [degP ], ηP ). Formula (A.2.2) identifies
the induced connected homomorphism with jM,G, and the fact that (A.3.2) is a morphism in Repk(WF )
implies that the map jM,G is WF -equivariant for the actions defining the c-groups. Lemma A.1.1 then gives
(A.3.3). □
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Remark A.3.2. It is important that Proposition A.3.1 is a statement about c-groups. If one transports the
map to the L-groups, Lemma A.2.1 gives

LjM,G(m,w) =
(
jM,G(m)cP (w), w

)
, cP (w) = jM,G(aM (w))aG(w)

−1. (A.3.4)

Equivalently, cP is dual to the modulus character, as follows. If UP denotes the unipotent radical of P , set

δP,alg(m) = det
(
Ad(m) | LieUP

)
∈ X∗(M), δP (m) = |δP,alg(m)|F .

Let δ̂P,alg ∈ X∗(Z(M̂)) be the cocharacter dual to δP,alg. With the square root convention used in (A.2.5),

cP (w) = δ̂P,alg
(
χ1/2
cyc (w)

)
.

A.3.2. Cyclic base change and the diagonal homomorphism. Let E/F be a cyclic extension of degree ℓ, let
Γ = Gal(E/F ) = ⟨σ⟩, and let H be a connected reductive group over F . Put

G = ResE/F (HE).

Note that there is a natural action of Γ on G under which GΓ ∼= H.
Recall that E is understood to be a subfield of a fixed separable closure of F . The product pinning gives

an isomorphism Ĝ
∼−→
∏
γ∈Γ Ĥγ . If w̄ denotes the image of w ∈WF in Γ, the standard WF -action is

w(hγ)γ∈Γ =
(
whw̄−1γ

)
γ∈Γ

. (A.3.5)

Let ∆: Ĥ −→ Ĝ be the diagonal map.
It is computed in [Fen24, Proposition 5.8.2] that the σ-dual homomorphism has the form

cψ(h,w) =
(
∆(h), w

)
. (A.3.6)

We claim that after choosing the same square root of the cyclotomic character for H and G, and using the
product pinning on Ĝ, the transported usual L-homomorphism is also

Lψ(h,w) =
(
∆(h), w

)
. (A.3.7)

To see this, use Lemma A.2.1: note that we have aG(w) = ∆(aH(w)) for all w ∈ WF , so the cψ(w) from
Lemma A.2.1 satisfies

cψ(w) = ∆(aH(w))aG(w)
−1 = 1.

Putting this into Lemma A.2.1 yields (A.3.7).

Appendix B. Kim–Yu covers with modular coefficients

The purpose of this appendix is to adapt certain technical results of Kim–Yu [KY17] and Ohara [Oha24],
which are stated with characteristic zero coefficients, to modular coefficients.

B.1. Coefficient conventions. Let ℓ ̸= p and k = Fℓ, and fix a choice of q1/2 ∈ k. Fix a parabolic F -
subgroup P = MU of a connected reductive group G and a smooth k-representation V of P (F ). We write
VU for the space of U(F )-coinvariants of V . Following the convention in [Oha24, §2], normalized Jacquet
functor and normalized induction are defined as

rGP (V ) = VU ⊗ δ
1/2
P , IGP (W ) = Ind

G(F )
P (F )(W ⊗ δ

−1/2
P ),

where δP is the modulus character of P (F ).

Lemma B.1.1. Let H be a finite Heisenberg p-group with center C. Let A and A be subgroups such that
A ∩ C = A ∩ C = {1}. Let ψ : C → k× be a character for which

(xC, yC) 7−→ ψ([x, y])

is a nondegenerate alternating pairing on H/C, and assume that the images of A and A are complementary
Lagrangians for this pairing. Let X be a k[H]-module on which C acts by ψ. If v ∈ XA is nonzero, then∑
ā∈A āv ̸= 0.

Proof. Same as the proof of [KY17, Lemma 5.5]. □
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B.2. The Kim–Yu cover criterion over k. We use the notation of [KY17, §6], so P =MU is the opposite
parabolic for P with Levi M . Fix a Yu datum

Ψ =
(
(Gj)0≤j≤d, y, (rj)0≤j≤d, τ, (ϕj)0≤j≤d

)
for G over k. We will assume that the maximal split central subtorus Zs(M) of M is contained in G0. Define
a sequence of twisted Levis (M j)0≤j≤d in M =Md by

M j := ZGj

(
Zs(M)

)
=M ∩Gj .

Note that Z(M0)/Z(M) is anisotropic by the assumption Zs(M) ⊂ G0. Let {ι} be an s⃗-generic diagram of
building embeddings as in [KY17, §3.5] for19

s⃗ =
(
0,
r0
2
, . . . ,

rd−1

2

)
.

If H is one of the groups Gj , then H(F )
{ι}
y,a denotes the Moy–Prasad subgroup formed at the image of y

under the diagram {ι}, and H(F )
{ι}
[y] denotes the stabilizer of the same image in the reduced building of H.

Define20

K+ := G0(F )
{ι}
y,0+G

1(F )
{ι}
y,

r0
2 +

· · ·Gd(F ){ι}
y,

rd−1
2 +

. (B.2.1)

For 0 ≤ j < d, let
ϕ̂
{ι}
j : G0(F )

{ι}
[y] G

j(F )
{ι}
y,0 G(F )

{ι}
y,

rj
2 +

−→ k×

be the extension of ϕj defined in [CF26a, §6.2] (following [Yu01, §4]), formed using the diagram {ι}, and set
ϕ̂
{ι}
d = ϕd. Define the character

θ =

d∏
j=0

ϕ̂
{ι}
j

∣∣∣
K+

: K+ −→ k×. (B.2.2)

Definition B.2.1 (Blondel cover condition over k). Let K ⊂ G(F ) be an open subgroup which is compact
mod center, let KM = K ∩M(F ), and let ρ and ρM be finite-dimensional smooth k-representations of K
and KM on the same underlying vector space. We say that (K, ρ) is a Blondel G-cover of (KM , ρM ) over
k for the fixed parabolic P = MU if, writing P = MU for the opposite parabolic, the following conditions
hold:

(i) K = (K ∩ U(F ))(K ∩M(F ))(K ∩ U(F )).
(ii) ρ|KM

= ρM , and K ∩ U(F ) and K ∩ U(F ) act trivially on ρ.
(iii) For every smooth k-representation V of G(F ), the Jacquet map jU : V → VU induces an injection

HomK(ρ, V ) ↪→ HomKM
(ρM , VU ). (B.2.3)

Remark B.2.2. With characteristic zero coefficients, Definition B.2.1 is made in [KY17, Definition 4.2]
under the name “G-cover”. It is equivalent to Bushnell–Kutzko’s notion ofG-cover [BK98, §8] in characteristic
zero, by [Blo97, Théorème 1], but not in positive characteristic.

The following is the analogue of [KY17, Theorem 6.3] over k. Note that loc. cit. uses the character θ ·ϕ−1
d

in place of θ, but it is obvious that these formulations are equivalent.

Proposition B.2.3 (Kim–Yu). The pair (K+, θ) is a Blondel G-cover of (K+
M , θM ) over k in the sense of

Definition B.2.1 for the fixed parabolic P =MU .

Proof. Conditions (i) and (ii) are [KY17, Lemma 6.2]; the proof of the latter makes no mention of the
coefficients. It remains to prove (iii); we will sketch the argument from [KY17], indicating the necessary
ingredients. The proof of [KY17, Theorem 6.3] is by induction on the length d of the Yu datum. For d = 0,
[KY17, Theorem 6.3] reduces to [KY17, Proposition 3.3], which is a reformulation of [MP96, Proposition
6.7]: for a 0-generic embedding of buildings, the Jacquet map gives a bijection

V Gy,0+
∼−→ (VU )

My,0+ . (B.2.4)

19When d = 0, this means s⃗ = (0).
20With the convention that K+ = G0(F )

{ι}
y,0+ when d = 0.



56 SEAN COTNER AND TONY FENG

The proof of (B.2.4) uses only averaging over compact open subgroups of the unipotent radical, hence it
carries over to k because ℓ ̸= p.

Before proceeding to the inductive step, we define some notation. Choose γ ∈ X∗(Zs(M
0)) ⊗ R with

⟨α, γ⟩ > 0 for every root α of Zs(M0) on LieU , where Zs(M0) denotes the maximal F -split subtorus of the
center of M0. For t ∈ R, let {ι}tγ be the shifted diagram of embeddings of [KY17, §3.6], and define K+(t)
and θ(t) by the formulas (B.2.1) and (B.2.2) with {ι} replaced by {ι}tγ . Let

· · · < t−1 < t0 < t1 < t2 < · · ·
be a sequence of real numbers such that limn→∞ tn = ∞ and limn→−∞ tn = −∞ and K+(t) is constant in
the intervals (ti, ti+1), chosen so that 0 ∈ (t0, t1). Set

K+(ti, ti+1) := K+(t), θ(ti, ti+1) := θ(t) for any t ∈ (ti, ti+1).

For the inductive step d ≥ 1, Kim–Yu define Ni = K+(ti−1, ti) ∩ U and N i = K+(ti−1, ti) ∩ U , and form
the groups K+(ti−1, ti) = NiK

+
MN i. If v is a nonzero vector on which K+ acts through θ, then Kim–Yu

prove that
∫
Ni
xvdx is a nonzero vector on which K+(ti−1, ti) acts by θ(ti−1, ti); since

⋃
i≥0Ni = U(F ), this

is enough to show that v has nonzero image in VU . Their proof uses only averages over pro-p groups and
Lemma B.1.1, which still make sense over k because ℓ ̸= p. So the canonical map V → VU is injective on
the (K+, θ)-isotypic vectors. Equivalently, the induced map

HomK+(θ, V ) −→ HomK+
M
(θM , VU )

is injective, which is (B.2.3) for (K+, θ). □

The next corollary is the obvious analogue of [KY17, Corollary 6.4] over k.

Corollary B.2.4. Let K be an open subgroup of G(F ) which is compact mod center, and let ρ be a finite-
dimensional smooth k-representation of K. Suppose that for the fixed parabolic P = MU , conditions (i)
and (ii) of Definition B.2.1 hold; suppose also that K ⊃ K+ and that ρ|K+ is θ-isotypic. Then (K, ρ) is a
Blondel G-cover of (KM , ρ|KM

) over k.

Proof. Let V be a smooth k-representation of G(F ). To prove that (B.2.3) is injective, let T ∈ HomK(ρ, V )
and suppose that jU ◦ T = 0. Since K+ acts on ρ through θ, the image of T lies in the (K+, θ)-eigenspace
of V . Proposition B.2.3 says that jU is injective on this eigenspace, so T = 0. □

Corollary B.2.5. In the situation of Corollary B.2.4, the dual pair (K, ρ∨) is a Blondel G-cover of
(KM , (ρ|KM

)∨) over k.

Proof. Conditions (i) and (ii) in Definition B.2.1 are clear. Note thatK+ acts on ρ∨ by θ−1, so Corollary B.2.4
proves the claim. □

B.3. A substitute for type theory over k. For a central closed subgroup Z ⊂ G(F ), a closed subgroup
N ⊂ G(F ), and a k-vector space V , let C∞

c (N\G(F ), Z, V ) denote the k-vector space of locally constant
V -valued functions φ : N\G(F ) → V which are compactly supported modulo Z and are smooth in the sense
that there is some compact open subgroup K ⊂ G(F ) such that φ(Nh) = φ(Nhg) for all h ∈ G(F ) and all
g ∈ K. Equip C∞

c (N\G(F ), Z, V ) with the right G(F )-action given by

(φ · g)(Nh) = φ(Nhg−1),

so C∞
c (N\G(F ), Z, V ) is a smooth k-representation of G(F ). If M ⊂ G(F ) is another closed subgroup

normalizing N , then there is a left M -action on C∞
c (N\G(F ), Z, V ) given by

(m · φ)(Nh) = φ(Nm−1h).

In particular, C∞
c (G(F ), Z, V ) admits commuting left and right G(F )-actions.

Observe that if K is a compact-mod-center open subgroup of G(F ) and Z = K ∩ Z(G)(F ) and (ρ, Vρ) is
a smooth representation of K, then

c-Ind
G(F )
K (ρ) ∼= C∞

c (G(F ), Z, Vρ)
K ,

where the K-action is given by
(k · φ)(g) = ρ(k)φ(k−1g),

and the isomorphism intertwines the right G(F )-actions.
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For a given Z, let
λU : C∞

c (G(F ), Z, k) −→ C∞
c (U(F )\G(F ), Z, k)

denote the map

λU (h)(g) =

∫
U(F )

h(ug) du, (B.3.1)

where du is a fixed k-valued Haar measure. We equip C∞
c (U(F )\G(F ), Z, k) with the M(F )-action

(m ⋆ φ)(g) = δP (m)−1φ(m−1g). (B.3.2)

The following result is recorded in the case Z = 1 in [Dat09, Remarque 3.4].

Lemma B.3.1. The map λU is U(F )-invariant and induces an M(F )-equivariant isomorphism (with respect
to the usual left action on the left side and the action (B.3.2) on the right side)

C∞
c (G(F ), Z, k)U

∼−→ C∞
c (U(F )\G(F ), Z, k). (B.3.3)

Proof. Since U(F ) is unimodular, it is clear from the definition (B.3.1) that λU is P (F )-equivariant and
thus factors through C∞

c (G(F ), Z, k)U . Injectivity follows directly from the definition of coinvariants. For
surjectivity, choose a compact open subgroup U0 ⊂ U(F ), and rescale du to assume vol(U0) = 1. The
key claim is that there exists a continuous Z-equivariant section σ : U(F )\G(F ) → G(F ) to the natural
projection. Granting this, we define f̃ : G(F ) → k by

f̃(uσ(g)) =

{
f(g) if u ∈ U0,

0 otherwise

for u ∈ U(F ) and g ∈ U(F )\G(F ). Since σ is Z-equivariant, it is clear that f̃ has compact support
modulo Z. To see that f̃ is smooth, let K be a compact open subgroup of G(F ) and note that the map
c : supp f × K → U(F ) given by (g, h) 7→ σ(g)hσ(gh)−1 has compact image: this follows again from Z-
equivariance of σ. By shrinking K, we may therefore assume that c factors through U0, and we may further
assume that f is right K-invariant. But then for g ∈ G(F ) and h ∈ K we have

σ(g)h = u0σ(gh)

for some u0 ∈ U0, and thus

f̃(uσ(g)h) = f̃(uu0σ(gh)) =

{
f(gh) = f(g) if uu0 ∈ U0,

0 otherwise.

It follows that f̃ is K-invariant, as desired.
Now we check that σ exists. First, recall that the multiplication map U(F ) ×M(F ) × U(F ) → G(F ) is

a homeomorphism to an open subset Ω of G(F ). For each g ∈ G(F ), there is a Z-equivariant continuous
section tg : U(F )\Ωg → Ωg given by

tg(umug) = mug

for u ∈ U(F ), m ∈ M(F ), and u ∈ U(F ). It is an exercise in point-set topology (using the fact that
U(F )Z\G(F ) is locally compact, Hausdorff, and totally disconnected) to check that G(F ) is the disjoint
union of U(F )Z-stable open subsets, each of which is contained in some Ωg. Using this, one can patch
together the various tg to obtain a section σ as claimed. □

Lemma B.3.2. Let KM ⊂M(F ) be an open subgroup such that KM/(KM ∩ Z(G)(F )) is compact, and let
ρM be a finite-dimensional smooth k-representation of KM . Let Inf(ρM ) denote the inflation of ρM from
KM to U(F )KM . The map

IU,1 : F 7−→
[
g 7−→

[
m 7−→ δP (m)1/2F (mg)

]]
(B.3.4)

is a G(F )-equivariant isomorphism

c-Ind
G(F )
U(F )KM

Inf(ρM )
∼−→ IGP

(
c-Ind

M(F )
KM

ρM

)
.

Proof. As mentioned in the proof of [Oha24, Lemma 3.2], the map F 7→ [g 7→ F (g)(1)] is easily checked to
define the inverse isomorphism. □
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Proposition B.3.3. Let K ⊂ G(F ) be a compact-mod-center open subgroup of G(F ), and let ρ be a finite-
dimensional smooth k-representation of K. Assume that (K, ρ) satisfies conditions (i) and (ii) of Defini-
tion B.2.1 for P = MU , where ρM = ρ|KM

. Assume furthermore that the dual pair (K, ρ∨) is a Blondel
G-cover of (KM , ρ

∨
M ) over k for P . Then the map

IU,2 : c-Ind
G(F )
K ρ→ c-Ind

G(F )
U(F )KM

Inf(ρM ) (B.3.5)

given by

f 7−→

[
g 7−→

∫
U(F )

f(ug) du

]
(B.3.6)

is injective. Consequently, IU = IU,1 ◦ IU,2 gives an injection

c-Ind
G(F )
K ρ ↪→ IGP

(
c-Ind

M(F )
KM

ρM

)
. (B.3.7)

Remark B.3.4. This is an analogue of [Oha24, Proposition 3.3], which says that over C the analogous
map (B.3.7) is actually an isomorphism when K is compact. The proof of loc. cit. uses the fact that
smooth representations of compact groups are semisimple, which is only true with characteristic 0 coefficients.
However, it turns out that our applications will only require injectivity, and this follows from Ohara’s
argument. The result over C was also proven abstractly in [BS20, Lemma B.3] using type theory, which is
the reason for the title of this subsection.

Proof. First, we will show that the integral in (B.3.6) is well-defined. Put Z = K ∩ Z(G)(F ). Since
K/Z is compact, supp(f) is compact modulo Z. The closed embedding U(F ) ↪→ G(F )/Z implies that
U(F )g ∩ supp(f) is compact for each g, so local constancy of f gives the claim. Assumptions (i) and (ii) in
Definition B.2.1 imply

IU,2(f)(umg) = ρM (m)IU,2(f)(g) (u ∈ U(F ), m ∈ KM ),

where δP (m) = 1 because KM is compact mod center. The function IU,2(f) has compact support modulo
U(F )KM : indeed, supp(IU,2(f)) ⊂ U(F ) supp(f), and supp(f) is compact modulo Z ⊂ KM . Thus (B.3.6)
lands in c-Ind

G(F )
U(F )KM

Inf(ρM ).
Since ρ is finite-dimensional, there is a natural G(F )-equivariant isomorphism

c-Ind
G(F )
K ρ

∼−→ HomK(ρ∨, C∞
c (G(F ), Z, k)), f 7−→

[
λ 7→ (g 7→ λ(f(g)))

]
. (B.3.8)

Likewise, since the action of U(F ) on ρM is trivial, we have

c-Ind
G(F )
U(F )KM

Inf(ρM )
∼−→ HomKM

(ρ∨M , C
∞
c (U(F )\G(F ), Z, k)). (B.3.9)

Under (B.3.8) and (B.3.9), the map IU,2 is the map induced by

λU : HomK(ρ∨, C∞
c (G(F ), Z, k)) −→ HomKM

(ρ∨M , C
∞
c (U(F )\G(F ), Z, k)).

By Lemma B.3.1, this is exactly the instance V = C∞
c (G(F ), Z, k) of Definition B.2.1 for (K, ρ∨). Hence

IU,2 is injective, and we conclude by Lemma B.3.2. □
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