LOCAL LANGLANDS FUNCTORIALITY FOR YU’S SUPERCUSPIDALS II:

FARGUES-SCHOLZE’S PARAMETRIZATION

SEAN COTNER AND TONY FENG

AssTrACT. This is the second of two papers dedicated to the explicit computation of the Fargues—Scholze
correspondence. We compute the Tate cohomology of cuspidal representations arising from Yu’s construc-
tion. Combining this with modular functoriality in the Local Langlands Correspondence, and the partial
characterization of the Local Langlands Correspondence established in the first paper, we compare the
Fargues—Scholze and Kaletha parametrizations. Among the consequences (and under an assumption ex-
pected to be supplied in forthcoming work), we deduce that the Fargues—Scholze correspondence has finite
fibers and is surjective onto inertial L-parameters.
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This paper is the second half of a two-paper series which aims to explicitly compute the Fargues—Scholze
parameters, at least on inertia, for cuspidal representations arising from Yu’s construction [YuOI]. We
encourage the reader to read §1.1], which sets the motivation and context for our work, before

proceeding further.

Let F' be a non-archimedean local field of residue characteristic p, and let G be a connected reductive

F-group. Throughout this introduction, we will assume that G splits after a tamely ramified extension of F'
and p does not divide the order of the absolute Weyl group 2 of G. Let ¢ # p be a prime number.

1.1. The main theorems. In [CE26a] we defined, following and extending work of Kaletha [Kal19] , 8

partial form of an explicit Local Langlands Correspondence for irreducible cuspidal representations of G(F')

over k € {Q,,Fy}. More precisely, to any such representation 7= we constructed an inertial L-parameter

[CTF264), Definition 7.2.12]
pRel(n) Ip — LG(E).

If 7 is moreover non-singular [CF26al, Definition 7.2.10|, we defined a full L-parameter

Py Wr — FG(E).
1
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For example, p}{al(w) is constructed by attaching a torus-character pair (T, 0) to 7 and then defining

P () = (IF Lo, Ly Lirs, LG(k)) ,

where Ljr g: YT — LG is a certain L-embedding coming from [FKS23]; see [CF26al Definition 4.5.1].
On the other hand, for any such 7 we also have a Fargues—Scholze parameter from [FS21],
PES(m) : Wp — LG(k).
In this paper, we prove the following comparison of the two constructions.
Theorem 1.1.1 (Theorem [10.1.1)). Let m be an irreducible cuspidal k-representation of G(F), and let T be
a torus attached to w as above.

(1) If T is mazimally unramified, then p">(7)|1, ~ pXa(x). If moreover 7 is non-singular, then

P () ~ e ().
(2) Assume Hypothesis for cyclic base change at all primes £ # p. Then we have

P () e ~ o (7). (1.1.1)
Let Ty be the maximal unramified F-subtorus of T'. If moreover w is non-singular, then there is an
explicit integer N, depending only on the image of T in Zg(Tp)aa, such that

P () Wy ~ P (M) Wiy - (1.1.2)
(8) Assume Hypothesis for cyclic base change at all primes ¢ # p. The representation 7 is non-
singular if and only if p*> () is irreducz'bleﬂ

As explained in [CF26a), §1.1], a proof of Hypothesis is expected in a forthcoming revision to [Fen24],
at which point the results of this paper will be totally unconditional. In the current literature, it is proven
for £ > 5 by the combination of [Fen24| and [Wei26].

Remark 1.1.2. The integer N in Theoremis the same as the one appearing in [CF26al, Theorem 1.3.1];
as mentioned there, it is not difficult to compute in examples, and it is often “small”; for instance, it is at most
4 if G =2 Gy. We note that Theorem m&) implies that the Fargues—Scholze L-packet of an irreducible
L-parameter consists of non-singular cuspidal representations; this has been expected since at least [Kal21].

The following consequence of Theorem has been expected since [FS21]; we note that (1) relies on
the fact that we have computed p*S(r)|;, for all cuspidal 7, not just the non-singular ones from [Kal21].

Corollary 1.1.3. Assume Hypothesis[{.1.) for cyclic base change at all primes { # p.

(1) (Theorem|10.2.1) p¥S preserves depth and has finite fibers.
(2) (Theorem |10.3.1) If p: Wr — LG(k) is an irreducible L-parameter, then there exists an irreducible
smooth k-representation m of G(F) such that p*>(7)|1, ~ pl1,-

1.2. Related work. A broad overview of progress on the Local Langlands Correspondence, thanks to work
of many authors, is documented in [CF26al]. Here we discuss some results that are most closely related to
ours.

For depth 0 cuspidal representations, the restriction of the Fargues—Scholze parameter to inertia has been
computed by Eteve [Ete23] Theorem 2.3.9] for split groups over local function fields, and conditionally by
Fu [Fu26, Theorem 1.0.6] for unramified groups over arbitrary non-archimedean local fields. Zhu [Zhu25|
§5.3.4] computes the parameters of regular depth 0 supercuspidals for his own version of the Local Langlands
Correspondence, identifying them with the DeBacker—Reeder parameters for unramified groups of adjoint
type with Q,-coefficients. The work of Gleason-Hamann-Ivanov-Lourengo-Zou |[GHI*26] makes it plausible
that one will eventually be able to deduce the same comparison for Fargues—Scholze from Zhu’s work.

1An L-parameter is irreducible if and only if it does not normalize any proper parabolic of G. Such L-parameters are referred
to as elliptic in [FF'S21], Definition X.2.1| and supercuspidal in [Kal21l Definition 4.1.1]. Our terminology is more standard in
the algebraic groups literature (see, e.g., [BMRO5|, which uses L@-ir as an abbreviation), and it originates from Serre. It is
convenient for our purposes because inertial L-parameters are irreducible in some important cases, but it seems inapt to call
these elliptic or supercuspidal.
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In another direction, Gan—Harris—Sawin and Beuzart-Plessis [GHSBP24] Theorem 1.4] prove a weak form
of depth preservation, namely that if F'is a function field whose residue field is not too small and G is un-
ramified, then there are many 7 for which p™(7) is wildly ramiﬁedﬂ A stronger version of Corollary 2)
(namely, the same statement without restriction to inertia) is also proven by Beuzart-Plessis—Harris—Thorne
[BPHT25| in the case that F' is a function field, G is unramified and semisimple, and p does not divide
the order of the absolute Weyl group of GG, under the hypothesis that a version of the stable twisted trace
formula holds over function fields. By work of Li-Huerta [LH24], this implies a certain surjectivity statement
onto not-very-ramified L-parameters when F' is p-adic of “large” ramification degree.

Corollary is of particular interest in view of recent work of Hansen-Mann [HM26] which proves
the categorical local Langlands conjecture of [FS21] for GL,, (under a hypothesis on compatibility with
Eisenstein series) and provides a strategy for proving the categorical local Langlands conjecture in general.
This strategy requires a number of “soft” inputs as in Corollary

For k = Q,, several comparisons of p> with classical local Langlands correspondences are known after
semisimplification. For GL,,, this follows from Fargues—Scholze [FS21] Theorem 1.9.6(viii)—(ix)]; for its inner
forms over p-adic fields, it is due to Hansen—Kaletha—Weinstein [HKW22, Theorem 1.0.3]. Hamann [Ham25|
Theorem 1.1 and Corollary 8.3] treated GSp,, Sp,, and their inner forms when F/Q, is unramified and
p > 2. Bertoloni Meli-Hamann—Nguyen [BMHN24, Theorem 1.1] treated odd-dimensional unitary and
unitary similitude groups over Q, attached to its unramified quadratic extension. Peng [Pen26, Theorem A
treated special orthogonal and unitary groups splitting over an unramified extension, for unramified F/Q,,
and p > 2. Daniels—van Hoften-Kim—-Zhang [DvHKZ26l Theorem II] removed these restrictions on p and F
for unitary groups, odd special orthogonal groups, their inner forms, inner forms of GSp,, and pure inner
forms of quasi-split even special orthogonal groups, partially using [Han26].

However, the compatibilities established in the preceding paragraph do not imply our results, even for
the specific families of classical groups covered there, because compatibility of the classical Local Langlands
correspondence with Kaletha’s explicit correspondence is not known in general. In fact, our results can
be turned around to imply this compatibility in many cases: combining them with Theorem [.I.T} under
its hypotheses and for the groups covered by these comparison theorems, implies that p¥31 agrees with
the restriction to Iy of the semisimplification of the classical correspondences of Arthur [Art13], Mok and
Kaletha-Minguez—Shin-White [Mok15, KMSW14|, Chen—Zou [CZ21], Ishimoto [Ish24], Gan-Takeda [GT10l
GT11], Gan-Tantono [GT14], and Choiy [CholT].

The following theorem strengthens Theorem [[.1.1]in a special case.

Theorem 1.2.1 (Theorem [10.4.3). Suppose Gpur = SL,, and let © be a non-singular cuspidal k-
representation of G(F). Then p'S(m) ~ p¥al(r).

We emphasize that our proof of Theorem [1.2.1]is purely local. Theorem implies in particular that if
G is an inner form of SL,, or an unramified special unitary group, then p¥2! agrees with the correspondence
deduced from the classical ones for inner forms of GL,, or unramified unitary groups.

Remark 1.2.2. If G is an inner form of GL,, then [ES21, Theorem 1.9.6 (ix)] and [HKW22, Theorem
1.0.3] show that pS agrees with the semisimplification of the classical Local Langlands Correspondence p°,
while [OT21] Theorem 1.1] and [Tok23, Theorem 0.1] show that p¥a! agrees with p°'; these combine to prove
Theorem when G is an inner form of SL,, (or even GL,). On the other hand, if G is an inner form of
an unramified special unitary group, then to our knowledge p¥® has not previously been compared to the
classical Local Langlands Correspondence of Mok [Mok15| and Kaletha-Minguez—Shin—-White [KMSW14],
and thus Theorem is new in this case despite [DvHKZ26, Theorem II].

1.3. Functoriality results. The conclusion of Theorem is a consequence of [CF26al, Theorem 1.3.1],
and the proof involves checking the hypotheses of the latter. In view of the results of [FS21, Theorem 1.9.6],
the important hypotheses to check are (5) and (4), which say respectively that p¥S satisfies functoriality
with respect to descent to unramified twisted Levis and certain small degree base change. We will boot-
strap these from the two general functoriality results to which we have access, namely compatibility with

2Strictly speaking, |[GHSBP24| concerns the Genestier—Lafforgue Local Langlands Correspondence [GLI§|, but this was
shown to agree with Fargues—Scholze by Li-Huerta [LH23|.

3See the definition of “well-understood” groups in [HM26, Definition 6.1.1]. Our results do not establish any of the conditions
(i)-(v) of that definition in full, but they do establish the first sentence of (i) and half of (iv) when G splits after a tamely
ramified extension and p does not divide the order of the absolute Weyl group and 7 — ¢ is any map satisfying (v).
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parabolic induction [FS21, Theorem 1.9.6(viii)] and modular functoriality, using [Fen24, Theorem 1.3.1] in
its established range and Hypothesis for the remaining small-degree base changes at primes ¢ # p.

Theorem 1.3.1 (Theorem [9.3.1). There exists a positive integer C' (depending on G) such that for every
prime £ > C, every cyclic extension E/F of degree {, and every tame irreducible cuspidal k-representation
of G(F), there is an explicit tame irreducible cuspidal k-representation mg of G(E) such that p¥S(rg)|1, ~
p¥3(7)| 1, - Moreover, C' can be chosen such that if p¥(r) is irreducible, then we have p¥>(ng) ~ p¥S(7)|w, -

The constant C' in Theorem [I.3:1] is in principle effective, but we have made no effort to optimize it or
make it explicit. Although we expect Theorem [I.3.1] to have other applications, for our purposes its main
interest comes from the role it plays in the proof of the following theorem. A slight technical strengthening
(Theorem [9.4.1)) implies hypothesis (5) of [CE26a, Theorem 1.3.1].

Theorem 1.3.2 (Theorem . Let 7 be an irreducible cuspidal k-representation of G(F), let T C G be
a mazimal F-torus associated to m, and suppose that T N Ger s not totally ramified. There exists a proper
unramified twisted Levi F-subgroup M C G and an irreducible cuspidal k-representation wyr of M(F) such
that
pr(m) ~ Fiva o pr (mar) (1.3.1)
and
P () e ~ Finra 0 p" (man) 1 (1.3.2)
If w is non-singular, then s is non-singular and

Kal(

PR () ~ Ljnrg o pM ().

The proofs of Theorems|[I.3.1]and appear to be quite robust; we expect them to extend to give similar
functoriality results in any setting in which one has an explicit construction of cuspidal representations. For
instance, the arguments should also apply to the constructions of [FS25] and [Tak26|, which go beyond Yu’s
construction when p is small (especially p = 2), but they should even apply to constructions which exhibit
more wildly ramified behavior, such as those for small p in [BK93|], [SS08], [Ste08]. In [Cot26, §5], the
first-named author uses this strategy to compute the Fargues—Scholze L-parameters of depth 0 non-singular
cuspidal representations of arbitrary connected reductive F-groups.

Finally, the following theorem supplies the small-degree base change used in Theorem [I.1.1]

Theorem 1.3.3 (Corollary . If 0 is not good for G, assume Hypothesisfor cyclic base change at
the fized prime £ # p. Let w be a toral cuspidal k-representation of G(F) with finite order central character,
let T C G be a marimal F-torus associated to w, and let E/F be a cyclic extension of degree ¢ such that Tk
is elliptic. Then there exists a toral cuspidal k-representation wg such that

PR (mg) ~ PN () W

and
P (rE) ~ p" () |lwy  (mod ).

In particular, Theorem m shows (under its hypotheses) that p™S(mg)|p, ~ p¥S(7)|p,; see [Cot26]
Lemma 5.3.2]. This provides hypothesis (4) in [CE26al, Theorem 1.3.1] and is thereby enough to complete
the proof of Theorem If one wishes to extend the proof of Theorem to a more wild construction
(and, in particular, beyond Yu’s construction), at present it appears that the most difficult step would be to
generalize Theorem to (especially ramified) cyclic extensions of degree p.

1.4. Discussion of the proofs. Our methods are completely different from those of prior works (recalled
in . Notably, they are purely local and representation-theoretic. The starting point is the theory of
modular functoriality as developed in [Fen24], building on ideas of Treumann—Venkatesh [TV16]. This refers
to functoriality along a homomorphism “H — “G where H is a connected reductive group arising as the
o-fixed points of a prime order ¢ automorphism ¢ € Aut(G), and the L-groups “H and “G are regarded over
k = F,. We emphasize that it is crucial that the same ¢ appears as both the order of o and the characteristic
of k. The adjective “modular” refers to the phenomenon that this functoriality only exists in the defining
characteristic £, thanks to miracles of modular arithmetic.

It is highly non-obvious that under the given assumptions defining H C G, there is a matching “o-
dual homomorphism “H; — G} defined over k. This was proven in some cases by [TV16] under the
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(presumably artificial) assumptions that G is simply connected and H is semisimple, and G does not contain
factors of type Eg. In [Fen24|, it is proven without group-theoretic assumptions, but under (presumably
artificial) assumptions excluding very small ¢. A forthcoming revision to [Fen24| is expected to eliminate
these conditions.

Example 1.4.1 (Spectral endoscopy). An important class of examples of modular functoriality arise when
o is an inner automorphism, so H is the centralizer of an element of G(F). We refer to this situation as
spectral endoscopy, and we call H a spectral endoscopic group for G. The name comes from the resemblance
to endoscopy, in which (roughly) we would say that H is an endoscopic group for G if H is the centralizer of
a semisimple element of G. Thus, spectral endoscopy is endoscopy with the roles of the group and its dual
group reversed.

We will crucially exploit the miracle that unlike in endoscopy, there is a canonical conjugacy class of
o-dual homomorphisms *Hj;, — G}, in the setting of spectral endoscopy. At first glance, this appears to
be obviously wrong, as the group theory should work in the same way as in the usual theory of endoscopy.
Indeed, a commonly cited example in endoscopy is that H = Sp,, X Spy;, can arise as the centralizer of an
order 2 element of G = Sp,, ,5;,. Then the o-dual homomorphism is a finite map

SO24+41 X SO2p41 — SO2442p41 -

The existence of such a finite homomorphism goes against the grain, but the key point is that it only exists
in characteristic 2. For more details, see Example

Modular functoriality says that Tate cohomology realizes descent (in the sense of Langlands functoriality)
from G to H. More precisely, Hypothesis at the fixed prime ¢ # p asserts that for any irreducible
IT € Repy™ G(F') whose isomorphism class is fixed by o, so that the G(F')-action on IT extends to a G(F) x {o)-
action, every irreducible H (F)-subquotient 7 of the Tate cohomology group T(o,II) has the property that

PEIIO) ~ (Hp 0 pPS ()™, (L4.1)

where TI) = I ®;, 7y, k is the coefficient Frobenius twist and (-)** denotes semisimplification in “G. At the
time of writing, Hypothesis is only written in [Fen24]| when ¢ is large enough (with explicit bounds)
relative to G. A forthcoming revision to [Fen24) is expected to prove Hypothesis for all £ # p. Some
of our main results can be proven unconditionally from the version of Hypothesis [{.1.4] which is currently
available in the literature, and we indicate where this is so.

In the setting above, since H has smaller dimension, we can hope to understand p¥S(IT) inductively using
, by understanding T®(o, 1) and 1. This is the strategy that we will follow, but its execution is
subtle. One reason is that modular functoriality forces us to work in positive characteristic, and to use
automorphisms with order equal to that characteristic. For a given group and prime ¢, there may be few
(e.g., no) such automorphisms. Furthermore, even when they exist, the prime ¢ must then be “small” (i.e.,
non-banal) relative to G, so that reduction modulo ¢ loses information. The solution to these problems has
two key ingredients.

(1) Scholze’s independence of ¢ results [Sch26l Theorem 1.1] allow us to “glue” congruences modulo
several different primes in order to obtain characteristic 0 information.

(2) Using degree ¢ cyclic base change modulo ¢ and another instance of modular functoriality, we can
pass to unramified extensions where our groups acquire more torsion elements, and we can thereby
be put into the situation of spectral endoscopy by [Cot26, Lemma 5.3.5].

In particular, although the applications described above are to representation theory with characteristic 0
coeflicients, the proofs make essential use of miracles occurring in positive characteristic. It is striking that
this seemingly transient information, apparently so delicate that it can only exist in specific characteristics,
is simultaneously powerful enough to accumulate to highly nontrivial knowledge of the Fargues—Scholze
correspondence in characteristic zero.

To prove Theorem [[.3.1] modular functoriality reduces one to a problem of computing Tate cohomology of
Yu’s construction. In particular, we have to control the Tate cohomology of Deligne-Lusztig representations,
which boils down to the link between Tate cohomology and the Glauberman correspondence, established in
[Cot26, Corollary 3.5.5, Lemma 3.5.11]. To prove Theorem we first base change to reduce to the setting
of spectral endoscopy for a very large prime, and then we apply modular functoriality again. Again we have
to control the Tate cohomology of Deligne-Lusztig representations, and now this boils down to the link
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between Tate cohomology and Deligne—Lusztig restriction established in [Cot26, Proposition 3.4.1]. Thus,
the moral reason that this works is the phenomenon highlighted in [Cot26] that Tate cohomology realizes
a type of modular functoriality for finite groups, unifying the modular reductions of various other known
constructions in the spirit of “Langlands functoriality” for finite reductive groups.

1.5. Sign characters. One important theme of the explicit Local Langlands parametrization is the necessity
of certain subtle sign characters, e.g., as seen in [FKS23|. These sign characters must arise “naturally” in
the comparison to the Fargues—Scholze correspondence, and our proof does offer some (partial) conceptual
explanation of their provenance.

Indeed, the FKS sign character itself arises as a product of other sign characters, and this decomposition is
at least partly present in our analysis. This is discussed in some detail in [CF26al §1.5]. From our perspective,
part of the FKS sign character arises to correct a discrepancy between the L-embeddings defined in [FKS23|
§4.2| for G and for various unramified twisted Levi subgroups of G. Another part arises from the Weil-
Heisenberg representation, as we now describe.

In order to execute the strategy sketched in we need to compute the Tate cohomology of cuspidal
representations arising from Yu’s construction. These are compact inductions of tensor products of depth 0
cuspidals and Weil-Heisenberg representations, and so we eventually need to understand the Tate cohomology
of Weil-Heisenberg representations. One factor in the FKS sign character, namely ¢, , (introduced as e;*ff‘/Q
in [DS18, §4.3]), is ultimately seen to arise from the Tate cohomology of Weil-Heisenberg representations,
as a consequence of certain sign characters appearing in [Gér77; see Proposition and Lemma |7.3.2

1.6. Outline of the paper. We now describe the various sections of this paper in some detail.

In §2] we record the notation that we will use in the body of the paper.

In we prove a number of technical results concerning L-parameters which will be needed to apply
modular functoriality; in particular, we prove a number results giving a prior bounds on the orders of the
images of (inertial) L-parameters. In §4] we prove that the o-dual homomorphisms of [Fen24] are compatible
with a number of natural operations on G, and we bootstrap these compatibilities to give (partial) calculations
in our situations of interest. Some calculations are relegated to Appendix [A]

In we prove a certain surprisingly subtle compatibility of Tate cohomology with tensor products. The
proofs are mainly combinatorial. In we compute the Tate cohomology of Weil-Heisenberg representations
using the results of [Gér77|, and we describe a certain sign character which intervenes in the calculation.

In 7 we combine all of the previous calculations to describe the Tate cohomology of cuspidal representa-
tions arising from Yu’s construction in three important situations: base change of large prime degree, base
change of small prime degree for toral cuspidal representations, and descent to unramified twisted Levis
under some hypotheses. Using these, we obtain our main explicit results on modular functoriality, including
Theorem [[.3.3]

In §8 we establish a certain compatibility of Yu’s construction with parabolic induction; the relevance of
this to the overall strategy is explained in detail there. This relies in Appendix [B] which extends certain
results of [KY17] and [Oha24] from characteristic 0 coefficients to positive characteristic coefficients.

The most important part of this paper is which combines all of the preceding sections to prove
Theorems [1.3.1] and Finally, in we use [CF26a, Theorem 10.2.1] to deduce Theorem [I.1.1]
Corollary [I.1.3] and Theorem [I.2.1

Throughout this paper, we pay special attention to the case that p is small, and thus all results are stated
in greater generality than in the introduction.

1.7. AT methodology. After a draft of this paper was mostly written, Al tools were used (by the second
author only) to proofread, reorganize, revise, and create figures. Among the mathematically substantive
contributions, GPT 5.2 found and corrected a mistake in the proof of . Later, GPT 5.5 unearthed
a gap in the material of §8] and then filled it by providing the ideas behind Lemmas and The
material of Appendix [B| consists of a technical extension of existing results in the literature (with roughly
the same proofs); a first draft of it was produced (again by the second author) with the help of GPT 5.6.
All other statements and proofs in this paper originate from its human authors.

1.8. Acknowledgements. We thank Jeff Adler, Adéle Bourgeois, Charlotte Chan, Stephen DeBacker, Jes-
sica Fintzen, Michael Harris, Alex Hazeltine, Alex Ivanov, Josh Lansky, Monica Nevins, Sian Nie, Peter
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2. NOTATION AND CONVENTIONS

We will use the terminology of paraductive group schemes from [Cot26]. We will also use the terminology
for Yu’s construction from [CEF26a], which differs slightly from the usual conventions; in particular, the
twisted Levis in a Yu datum are not required to be pairwise distinct, and the depth 0 term need not be
irreducible. Our notation follows that of [CE26al, which we repeat below for the reader’s convenience.

2.1. Local fields. Let F' be a local field with ring of integers O and residue field F, of characteristic p > 0.
We fix a separable closure F//F. A separable algebraic extension of F is always understood as a subfield
of F. For any finite separable field extension E/F and integer n > 1, we denote by E, the unramified
subextension of F'/E of degree n. We write F"" C F for the maximal unramified extension of F. The
absolute value is normalized by |a|r = ¢~*(%), where v is the normalized valuation of F.

We write W for the Weil group of F', Ir <Wp for the inertia subgroup, and Pr <Wp for the wild inertia
subgroup.

We write Fr for geometric Frobenius in Wr/Ir, and also for a chosen lift to Wg.
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2.2. Reductive groups. We denote by G a connected reductive group over F. (Our convention is that
reductive groups over fields are not necessarily assumed to be connected.) All representations and characters
of G(F) are understood to be smooth unless otherwise stated. We write Rep} " G(F), or Rep,(G(F)), for
the category of smooth k-representations of G(F'). If C' C G is a closed subscheme, then we denote by Zg(C)
(resp. Ng(C')) the scheme-theoretic centralizer (resp. normalizer) of C' in G.

If H is a group scheme of finite type over a field k, then we use H° to denote the identity component of
H. The notation H°, which is sometimes used instead of H°, will be reserved for Yu’s construction. We
write mo(H) = H/H® for the group scheme of connected components and Hyeq for the underlying reduced
subscheme.

For a connected reductive group H, we write Z(H) for its center, Hge, for its derived subgroup, H.q =
H/Z(H) for its adjoint quotient, and H,, = H/Hge for its abelianization. We write rk H for its absolute
rank. For semisimple H, 71 (H) denotes its algebraic fundamental group. We use g = Lie(G) and Lie*(G)
for the linear dual of Lie(G).

If T is an F-torus, then T(F);, denotes the maximal bounded subgroup of T'(F).

If P = MU is a parabolic F-subgroup of G and W is a smooth representation of M (F') over one of the
coeflicient rings considered in this paper, then we write

G(F ~1/2
IS (W) = Indii (W @ 0p7%)
for normalized parabolic induction, where W is inflated to P(F') and dp is the modulus character. We make
compatible choices of square roots of ¢ in Q,, Z¢, and F,. We use ind for ordinary induction in finite or
finite-index settings and c-Ind for compact induction.

2.3. Dual groups. The Langlands dual group G is regarded over Z[1/p], though we will often base change
to a field of characteristic # p without changing the notation. In §4|we use the notation G for the Tannakian
dual group, which is the same reductive group as G but with a different convention for the Galois action,
which can be trivialized upon choosing a square root of the cyclotomic character [FS21] §VI.11].

We write “G for the L-group of G, usually as G Wy for a chosen finite quotient Wy of Wx through which
the action on G factors. If py, po are (inertial) L-parameters valued in “G(k), then p; ~ ps means that p;
and po are G (k)-conjugate. We reserve equality of L-parameters for actual equality of chosen representatives
by homomorphisms.

2.4. Bruhat—Tits buildings. We let B(G) denote the extended Bruhat-Tits building of G over F. For a
point ¥ € B(G), we let [z] = [z]¢ denote the corresponding point of B(Gqer). Let Gu (vesp. Gp,)) denote the
smooth separated Op-group scheme with generic fiber G and G,(Or) = G(F), (resp. G;j(OFr) = G(F)[1)),
the stabilizer of x (resp. [z]) in G(F), as in [KP23, Remark 8.3.4]. Note that G, is of finite type, but G,
might not be. Let G, (resp. é[r]) denote the quotient of the special fiber of G, (resp. Gj;)) by the unipotent
radical of its identity component.

For r > 0, the notations G(F),,, and G(F'); -+ refer to the Moy—Prasad filtration at x; analogous notation
is used for the Lie algebra. We implicitly use the normalized valuation v of F' in this definition; however, if
E/F is a finite separable extension then G(E), , and G(E), 4+ will be defined using the unique extension
of v to E. Thus G(F)y, = G(E)z,r NG(F).

2.5. Coefficients. We use k for coefficient rings, which need not be fields. Our coefficient prime ¢ is always
distinct from p. We write Z, for the valuation ring of Q,, with residue field Fy.

For a k-algebra k' and a k-module or representation V', we write Vir = V ®; k’. Subscripts on group
schemes and homomorphisms likewise indicate base change.

Let Frp: Fy > Fybea— af. IfVis a representation over Fy, then veo =y OF, Fr, F, denotes its

Frobenius twist. Thus, for an F,-valued character x, we have x(©) = Fryoy.

3. GENERALITIES ON L-PARAMETERS

In this section, we establish abstract group-theoretic results which will be applied to L-groups and other
groups arising from L-parameters. The main goal is to prove a priori bounds on the prime numbers dividing
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the orders of the images of irreducible (i.e., supercuspidal or elliptic) L-parameters. This will be neces-
sary later for showing that L-parameters with characteristic 0 coefficients can be probed effectively using
congruences.

If k is a field and H is a smooth affine k-group scheme, then we will say that H is reductive provided
that its identity component H® is reductive. In other words, we do not require reductive groups to be
connected. Similarly, we will say that H is semisimple if H° is semisimple. This generality is meant to
accommodate two separate situations: first, in the following sections, we will often wish to consider the
“finite form” LG = G x Wo of an L-group, where Wy is a finite quotient of the Weil group Wg. Second, even
when working entirely inside @, we will often wish to consider centralizers which may fail to be connected.

3.1. Finiteness results in group theory. We begin with a number of abstract finiteness results which
will ultimately be applied to L-parameters. Recall the notion of semisimple homomorphism I' — H (k) from
[CF264al, §10.1]; such a map is semisimple if and only if the image of T" is H-cr in the sense of [BMRO5].

Lemma 3.1.1. Let k be an algebraically closed field, let H be a reductive k-group, and let n be a positive
integer. Then up to H°(k)-conjugacy there are only finitely many finite subgroups of H(k) of order n for
which the inclusion map is semisimple. If n is invertible in k, then the inclusion map of any finite subgroup
of order n is semisimple.

Proof. There are only finitely many isomorphism classes of finite groups of order n, so it is enough to
show that if I' is one such finite group then there are only finitely many conjugacy classes of semisimple
homomorphisms I' — H (k). Let .# be the k-scheme parameterizing homomorphisms I' — H, so ¢ //H
is finite by [Cot24bl Theorem 1.1] (taking H = G and I = 1). This is enough for the first claim since
(A //H)(k) parameterizes closed orbits in #, and closed orbits correspond to semisimple homomorphisms
by [BMRO5, Corollary 3.7, §6.3].

Now suppose n is invertible in k. In this case, the result is [BMRO05, Lemma 2.6], but we give a slightly
different proof for convenience. Every orbit map H°® — J# is smooth by [DHKM25, Lemma A.1], so every
He-orbit in 7 is open. Since each orbit is the complement of the union of the other orbits, it follows that
every orbit is closed, as desired. O

Lemma 3.1.2. Let k be an algebraically closed field, let H be a reductive k-group, and let n be a positive
integer. There exists a positive integer N such that for every finite subgroup T'o C H(k) of order n such that
the inclusion map Ty — H is semisimple and every element h € H(k) normalizing Ty such that Zg(To, h)
is finite, the group (Lo, h) is finite of order < N.

Proof. By Lemma there are only finitely many H°(k)-conjugacy classes of finite subgroups I'g C H(k)
of order n such that I'y — H is semisimple; thus there is a positive integer Ny such that Ng(To)/Zx (Fo)fed
is of order < Ny for all such T'g.

Temporarily fix a pair (I'g,h) as in the lemma statement and let I' = (T'g, h), so I' is a subgroup of
H (k) containing I'y as a normal subgroup. Note that h normalizes the group Zg (I'o)5.q, which is connected
reductive by [BMROS, Proposition 3.12], and (Zy (T)%,4)" is finite by hypothesis, so [CF26al, Lemma 10.1.1]
implies that Zg(I'9)5,, is a torus. In particular, the reduced centralizer Zg (I')yeq is of order bounded only in
terms of I'y and the image of h in 7o(Ng(Iy)) (since the Aut scheme of a torus is étale). Since mo(Ng (o))
is finite, it follows that there is a positive integer N7 such that the order of Zy(I') is < N; for all pairs
(To, ).

By the first paragraph, h™No' centralizes T'g; thus h'¥o' € Zy (T, h). By the second paragraph, h¥No'Nt! =1,
Thus we may take N = Ny!N;!n. a

Lemma [3:1.2]is sufficient for the proof of Theorem [I.I.T] but for the sake of cleaner statements below we
will prove a slightly refined finiteness statement when k is of characteristic 0.

Lemma 3.1.3. Let k be an algebraically closed field, and let d,n € Z. There are only finitely many isomor-
phism classes of reductive k-groups H such that dim H < d and |mo(H)| < n.

Proof. Tt is enough to show that there are only finitely many H with dim H = d and |mo(H)| = n. Recall
that H® is determined by (H°)q4er, the maximal central torus Zgo, and the intersection (H®)qer N Zgo. Note
that (H®)qer is determined up to isomorphism by its root datum, of which there are only finitely many
possibilities; the torus Zg- is determined by its dimension, which is < d; and the intersection (H®)qer N Zpro



10 SEAN COTNER AND TONY FENG

is a subgroup of the finite multiplicative type k-group scheme Z((H®)ger), so it admits only finitely many
possibilities. This settles the case n = 1.

In general, let (B, T) be a Borel-torus pair in H°. By [Cot24b, Lemma 3.3] and the conjugacy of Borel-
torus pairs in H°, there is a subgroup E C Ny (B,T) such that EN H® = T[n] and H = H° - E. If T[n|
acts on H° x E on the right by (h,z) -t = (ht,t~1z), then the multiplication map (H® x E)/T[n] — H is a
scheme-theoretic isomorphism, under which the multiplication of H is given by

(hi,z1) - (he,z2) = (h1 - " ha, z122).

Thus H is determined by H°, E, the action of E on H®, and the embedding T'[n] C E. There are only
finitely many possibilities for H° by the first paragraph. The group E admits only finitely many possible
isomorphism classes since its order can be bounded in terms of dim H and |mo(H )| and its identity component
is of multiplicative type. For a given E, there are only finitely many actions of £ on H° preserving a
Borel-torus pair by Lemma |3.1.1] since each such action corresponds to a semisimple k-homomorphism
E — Autgo ;. Finally, there are only finitely many embeddings T'[n] C E. This proves the lemma. O

Lemma 3.1.4. Let k be a field of characteristic 0, and let H be a reductive k-group. There exists a positive
integer N such that for every finite subgroup T'o C H(k) and every element h € H(k) normalizing Ty such
that Zg(To, h) is finite, the group (To,h) is finite, and the only prime numbers dividing its order divide
N - |Tol.

Proof. We may and do assume that k is algebraically closed. Since k is of characteristic 0, Jordan’s theorem
implies that there exists an integer Ny such that every finite subgroup I' C H (k) admits an abelian normal
subgroup A C T' of index dividing Ny. By [SS70, Chapter II, Theorem 5.17], there is a maximal k-torus
T C H which is normalized by A. If e is the exponent of (Ng(T)/T)(k), then the group of eth powers in
A is a characteristic subgroup which is contained in T'(k). If Ny = Noed™T|(Ny(T)/T)(k)|, then it follows
that each such I' admits an abelian normal subgroup of index dividing N7 which lies in the group of k-points
of a maximal k-torus of H.

Next, let T C H be a maximal k-torus. As A ranges over all finite subgroups of T'(k), we claim
that the isomorphism class of the normalizer Np(Ag)/A¢ ranges over only finitely many reductive k-
groups. Indeed, dim(Ng(Ao)/Ap) < dim H, and the component group mo(Nu(Ag)/Ag) is a subquotient
of the finite group mo(Ng(Zg(Ag)®)). This has cardinality which is bounded independently of Aj because
1m0(Nu(Zp(Ao)°))| < |Nu(T)/T), so the claim follows from Lemma [3.1.3]

Finally, let I'y C H(k) and h € H(k) be as in the lemma statement, and let I' = (I'g, h). Since k has
characteristic 0, the inclusion I'y — H is semisimple by Lemma hence Lemma [3.1.2] applied with
n = |Tgl|, shows that T is finite. By the first paragraph, there is an abelian normal subgroup A C T of index
dividing N; such that A lies in a maximal torus of H. Let Ag = ANTy, so Ay is an abelian normal subgroup
of I', and note that by the second paragraph and Lemma [3.1.2] there is an integer N depending only on H
such that the order of the image of I in Nz (Ag)/Ag is of order dividing N. Thus vV € A for all v € T, so
the prime numbers dividing the order of v all divide N - |Ag|, which divides N - |T|. O

Lemma 3.1.5. Let k be a field, and let H be a reductive k-group. There exists an integer N such that for
every finite subgroup I’ C H(k) of order prime to chark, we have |mo(Ng(T')/T)| < N.

Proof. We may and do assume that k is algebraically closed, so H is split. Suppose first that chark = ¢ > 0,
so there is a split reductive group scheme H over the ring W (k) of Witt vectors such that H = Hj.
The Hom scheme Hom(T', ) is smooth by [DHKM25, Lemma A.1], so the inclusion I C H (k) lifts to an
inclusion I' € H(W(k)). By [DHKM25| Lemma A.1] again, each orbit map H — Hom(T', H) is smooth. If
Q C Hom(T', H) is the open subscheme consisting of monic homomorphisms, then Aut(T") acts freely on €,
so the quotient map Q — Q/ Aut(T") is étale. It follows that the orbit map H — €/ Aut(I') through the
inclusion I' € H(W (k)) is smooth. Thus Ny (I'), being a fiber of this map, is smooth over W (k), and hence
so is Ny (T")/T. Since each fiber of Ny (T')/T has reductive identity component, [Conl4] Proposition 3.1.3|
shows that [mo(Ng (I')/T)] < [m0(N#tyy 4y, (I)/T)]. Thus we may and do assume char k = 0.

Let S € Zy(T') be a maximal k-torus, and let M = Ny (S),soI' C M (k). If T C H is a maximal k-torus,
then mo(M) is a subquotient of Ny (T)/T, and in particular its order is bounded independently of I'. By
Lemma we may therefore pass from H to M/S and from T to its image to assume that Zy(T'), and
hence also Ny (), is finite.
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As in the proof of Lemma there exists an integer Ny depending only on H such that Ny (T') admits
a normal subgroup A of index < N; which lies in the group of k-points of a maximal k-torus T of H.
Observe that the normalizer Ny (A) contains T, so its component group is a subquotient of Ny (T')/T and
in particular is of order bounded independently of A. Since Ny (') C Ngy(A), Lemma and induction
on dim H allow us to pass from H to Ny (A) to assume that A is normal in H. It follows that A is central
in H°, so Ng(ANT) is an open k-subgroup scheme of H; since Ng(I') C Ng(ANT), we may further
assume that ANT is normal in H. The map Ny (I')/(ANT) = Ng/anr)(I'/(ANT)) is injective, and since
T'/(ANT) is of order < Ny, the result therefore follows from Lemma and Lemma O

3.2. Irreducible L-parameters. Throughout this section, we fix a finite quotient Wy of Wpr through
which the action on G factors. Let LG denote the reductive group G Wo. Recall the notion of irreducible
homomorphism I' — H (k) from [CF26al §10.1]; this is slightly less restrictive than the condition that the
image of T" in H (k) is H-ir in the sense of [BMRO5].

Lemma 3.2.1. If p: Wr — LG(Z) is an L-parameter such that P, is irreducible, then rq, s irreducible.
Conversely, if p(Wg) is finite of order prime to £ and rg, is irreducible, then pg, is irreducible.

Proof. 1f ra, is not irreducible, then by definition there is a proper parabolic Q,-subgroup Py C G\QZ such

that p(Wg) normalizes Py. Since the scheme of parabolic subgroup schemes of G satisfies the valuative
criterion of properness [Conl4, Corollary 5.2.9], it follows that p(Wr) normalizes a parabolic Zg-subgroup
scheme P of G and hence also the special fiber Pg,, contradicting irreducibility of PF,-

For the converse, note that pg, is semisimple by Lemma and Zz(p(Wr)) is flat by [DHKM?25,
Lemma A.1], so we conclude by [CF26a, Lemma 10.1.7]. O

Lemma 3.2.2. Let k € {Fy,Q,}. If p: Wr — LG(k) is a semisimple L-parameter, then p(Ir) is finite.
Moreover, there exists a constant C, depending only on G and |Wy|, such that if either k = Q, or £ > C,
then p(w) is semisimple for all w € Wg.

Proof. Note first that p(Pp) is finite and consists of semisimple elements since £ # p- Itk = Fy, then it is
clear that p(Ir) is finite; by [DHKM25, Lemma 2.2], it is enough in the case k = Q, to show that every
element of p(Ig) is semisimple, so we reduce to proving the second claim. By Lemma and Lemmam

there is an integer N depending only on G and |[Wo| such that

mo(Nea(p(Pr))/p(Pr))| < N.

Let s € Ip lift a pro-generator of Ir/Pr, and let p(s) = zu be the Jordan decomposition of p(s), where u
is unipotent. If £ > IV, then since £ # p we have u € Ngz(p(Pr))° = Zz(p(Pr))°. By the Hilbert-Mumford
criterion, there is a cocharacter A\: G, — Zz(p(Pr)) such that lim;_0 A(t)ur(t)™* = 1. Since p|r, is
semisimple by [BMRO05, Theorem 3.10], it follows that u = 1, i.e., p(s) is semisimple. In particular, p(Ir) is
finite as above. Precisely the same argument shows that if £ > N then p(Fr™) is semisimple if n € Z and
Fr" € W is a lift of the nth power of Frobenius in Wr/Ir. Since every element of Wr is such a lift, we
conclude that C' = N works. ]

Lemma 3.2.3. Let k € {F;,Q,}, and let p: Wp — LG (k) be a semisimple L-parameter. If G is semisimple
and p is irreducible, then there is a positive integer B, depending only on G and [Wy| (not on F), such that
every prime diwviding |p(Wr)| either divides |p(Ir)| or is at most B. In particular, there is a positive integer

N, depending only on G, the set of prime divisors of |p(Ir)|, and [Wy| (not on F), such that every prime
dividing |p(WF)| is at most N.

Proof. If k = Fy, then by flatness of the moduli space of L-parameters [DHKM25, Theorem 4.1 i)] and
Lemma [3.2.1] there is some po: Wr — LG(Z,) lifting p; let p: Wr — “G(Q,) be a semisimplification of
('50>64' By Lemma |3.1.3| and Lemma there is some Ny depending only on G and |[Wo| such that the
only prime numbers dividing |p(Wr)| divide Ny - |p(IF)|. If £ > C, where C is as in Lemma then ¢
does not divide the order of |p(WFr)|. Thus one can take B = max(Ny, C) and N = max(Ny, C, D), where
D is the largest squarefree divisor of |p(Ip)|. O

The following lemma will allow us to apply Lemma [3:2.3] effectively in practice.
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Lemma 3.2.4. There exists an integer N depending only on CAT', [Wol, and q such that for every prime
number £ > N, every k € {Q,,Fy}, and every semisimple L-parameter p: Wg, — LG(k), the image p(Ir) is
of order not divisible by £.

Proof. Note that given G and |[Wol|, there are only finitely many possibilities for “G up to isomorphism,
so we need only show the existence of some N for a fixed “G. Let C be the constant from Lemma
Choose an embedding ¢: *G — GL,,, and let N = max(¢q" +1,C +1). If £ > N, then ¢* Z 1 (mod /) for all
1 <4 < n. This implies ¢* # 1 (mod ¢) for all 1 < i < n. If p is as above and o € I is a pro-generator of
I/ Pr of pro-order prime to p, then p(a)qk is conjugate to p(o) by the defining relation of Wg,. If aq, ..., ay
are the eigenvalues of ((p(c)), then for each j there is some 1 < ¢ < n such that 0/]1-12 =y, le., aj is a

(¢** — 1)th root of unity. So the choice of £ implies that ¢ does not divide the order of the semisimple part of
p(o). Since N > p, to show £t |p(Ip)| it suffices to show that p(c) is semisimple. But now this follows from
Lemma, after passing from “G to GL,,, since N > n + 1. O

Finally, we record three technical lemmas which will only be used in the proof of Theorem [9.4.1]

Lemma 3.2.5. Let H be a reductive Zy-group scheme, and let o be a Zg-automorphism of H such that
(H%Z)fed is a torus. Then (H% )° is a torus, and the schematic closure of (H% )° in H is a Zg-torus with
2 13

special fiber (H%é )2.q-

Proof. Recall from [Conl4, Theorem 7.1.9] that the Aut scheme Aut, /Z, has identity component H??, and
the quotient Aut,, /Z, /H? is representable by an étale-locally constant Z,-group scheme. Let C be the
connected component of Aut, /74 through which the section « factors, so C' is a smooth affine Z-scheme.

Let ag denote a pinning-preserving Zg—aut@lorphism of H which factors through C. By [ALRR22 Theorem

1.1(1), (4)], the fixed point scheme H* is Z,-flat, and for each field k over Zj, the k-group scheme (H,°)2 4

is connected reductive. By [PY06] Proposition 3.4], if Z; is the schematic closure of (H%O)O in H, then the
£

normalization Zg of Zy is smooth. Since the normalization map is finite, the induced map (ZNO)%Z = (Hg)7ea
. 4
of smooth F-group schemes has finite kernel, so it is surjective for dimension reasons, and it follows that
(ZO)OE is a connected reductive group of the same rank as (H%Z’);’ed. In particular, Zj is a reductive Zy-group
scheme by [Conl4l Proposition 3.1.3], so the rank of (Zvo)f2 is equal to the rank of (ZNO)QZ = (H%O)O; call
14

this rank r.

By [XZ19, Remark 5.2.2(1)], since (H%Z)fed is a torus, it follows that dim(H%Z) = r. It follows from upper-
semicontinuity of fiber dimension that dim(H% ) < r, and the previous paragraph shows dim(H% ) > r (using

£ 14
[XZ19, Remark 5.2.2(1)] again). Moreover, (H% )° is a torus: if Z is the schematic closure of (H% )° in
14 14

H, then (Zf,)7eq is an Fy-torus since it is a smooth Fy-group scheme contained in (Hg )i.q- By [SGA3L

Exposé X, Théoréme 8.8|, it follows that Z is a Z,-torus, as desired. |

Lemma 3.2.6. Let p1,p2: Wrp — LG(ZZ) be L-parameters, and write p; for the reduction of p; modulo the
mazimal ideal of Zy. Suppose that

(1) p1|1F = pQIIF;
(2) 7. (3y(Ir))oug is @ torus.

Fy
Then py and py induce the same conjugation action of Wg on Z@f (P1(Ir))Sq if and only if p1 and pa

induce the same conjugation action of Wr on Z@@ (p1(Ir))°.

Proof. By [BCT24, Corollary 3.7], the Zs-group scheme Zp = Zz(p1(Pr)) is smooth affine and its relative

identity component Z3 is reductive. Let s € Iy lift a pro-generator of I/ Pp. Since I is topologically gener-

ated by P and s, we have Zg(p1(Ir)) = (2p)21(9), and ((Zp)7(®))° = ((22)714))°. Since Zg_ (7y(Ir))q
Fy

is a torus by hypothesis, Lemma |3.2.5[ shows that if Z denotes the schematic closure of Z@6 (p1(Ir))° in G

¢

then Z is a Z,-torus with special fiber Z@f (P1(IF))oq- For w € Wg and j € {1, 2}, conjugation by pj(w)
4
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preserves the generic fiber Z@6 (p1(IF))° and hence also its schematic closure Z. Since tori have étale Aut

schemes, the result follows. ‘ O

Lemma 3.2.7. Let H C G be an unramified twisted Levi, let k € {F¢,Q,} for a prime { # p, let
Ligg: YH — LG be the canonical L-embedding over k from [CF26al, Definition 4.5.1], and let pgr: Wr —
LH(k) be a semisimple L-parameter. If p = Yjg copy, then the ranks of Zg(p(Ir))geq and Zg(pr(IF))eeq
are equal. In particular, if Zg(p(IF))req 15 a torus, then

Zg(p(Ir))iea = “inc(Zg(pr(IF)) ea)-

Proof. We will use Lj ¢ to identify H with a Levi subgroup of G. Since the maximal central torus Z of H
is contained in Zz(p(Pr)), we see that Zg(pu(Pr))° is a Levi subgroup of Zz(p(Pr))°, and thus the ranks
of these two groups are the same. By [CF26al, Lemma 10.1.10|, there is a pg(IF)-stable Borel-torus pair
(§H,T\) in Z5(pu(Pr))°, and (f”H(IF))ﬁed is a maximal torus of Zg(pm(IF))seq- Since H is an unramified
twisted Levi, there is some p(Ir)-stable parabolic P C Z&(p(Pr))° with Levi Zg(p(Pr))°; if U is the
unipotent radical of P, then B := ByU is a p(Ir)-stable Borel subgroup of Z&(p(Pr))° containing T, so
another application of [CEF26al, Lemma 10.1.10| shows that (fIF)fed is a maximal torus of Zz(p(IF))req. Thus
Zg(pr(IF))seq and Z5(p(IF))seq have the same rank. The final claim follows immediately from this. O

4. SPECTRAL ENDOSCOPY AND L-HOMOMORPHISMS

In this section, we compute the o-dual homomorphism *1): “H — LG from [Fen24, Theorem 1.3.1] in
some cases. We will use the Tannakian dual notation G, H,T from This is the same underlying reductive
group as the corresponding G-notation, but with the geometric c-group convention for the Galois action.

4.1. Recollections on modular functoriality. Throughout this section, we work under the following
ansatz:

Ansatz 4.1.1. Let G be a connected reductive group over a local field F' of residue characteristic p. Let
o € Aut(G) be an automorphism of prime order ¢ # p whose fixed point subgroup G° =: H is connected
reductive.

4.1.1. The o-dual homomorphism. We consider the dual groups ¢Hy, G}, over k := F,. In the situation
of Ansatz we expect the existence of a canonical map of c-groups (as discussed in [TVI4] §7.8] and
[Fen24l, §5.6])

Cw: ch — ch- (4.1.1)

called the “o-dual homomorphism”. To relate this to the more standard formulations of the Local Langlands
Correspondence in terms of the L-group, we choose a square root of the residue field cardinalitgﬂ of F
in k in order to specify a square root of the mod-¢ cyclotomic character x¢yc: Wrp — k*. This choice
determines isomorphisms “Hj, = “H and °Gj = “G}, by [Zhul7, Lemma 5.5.7], allowing us to view the

o-dual homomorphism instead as a homomorphism
Ly:tH, = LGy, (4.1.2)

Remark 4.1.2. In the first ArXiv version of [Fen24|, i) was constructed under a technical hypothesis that
“all tilting modules of G and H are relative parity”. This technical hypothesis was in turn established for
all £ larger than certain constants b(G) and b(H) explained in loc. cit. Later, [Wei26] proved the technical
hypothesis for all primes ¢ which are good for G' and H (cf. [Wei26l §1.2]). This is a condition on root
systems only: £ is good for G if it is good for each almost simple factor; all primes are good for any torus,
and the good primes for semisimple root systems are depicted in Figure [{.1.1] Finally, the construction of
4 is expected for all primes £ in a forthcoming revision of [Fen24].

4This choice will usually not matter, but it does intervene at one point: the compatibility of the formation of L4 with base
change, cf. [CE26a, Remark 5.2.3].
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@ An | Bn,Cn, Dy | G2, Fy, B, B | Ej
good £ | all ¢ £>2 >3 £>5

FIGURE 4.1.1. Good primes for each root system.

Remark 4.1.3. Without restriction on ¢, but under the assumption that G is simply connected and H
is semisimpl{l, a o-dual homomorphism is constructed in [TV16, §1.3], except possibly in cases where
(Lie G, Lie H) contains a factor of the form (eg,s3) or (es,sls x sly) or (eg,spg). The approach of [TVIG
is orthogonal to that of [Fen24], and it has not yet been checked that in cases of overlap, the two o-dual
homomorphisms agree. This would be of independent interest to check, but it has no relevance to this paper.

The following Hypothesis can be attributed to Treumann—Venkatesh [TV16, Conjecture 6.3|, although it
is not precisely formulated in loc. cit.

Hypothesis 4.1.4 (Modular functoriality). Let II be an irreducible smooth representation of G(F') over k
whose isomorphism class is fixed by o, so that the G(F)-action on II extends uniquely to a G(F') x (o)-action
[TV16l Proposition 6.1]. Then for each j € Z/2Z and every H(F)-irreducible subquotient 7 of T7(II), the
o-dual homomorphism satisfies -
PFSIO) ~ (Mo pFS(m))™.
This hypothesis follows from the existing [Fen24, Theorem 1.3.1] for sufficiently large primes. With the
relative-parity result of [Wei26] recalled in Remark it holds whenever ¢ is good for G and H. In these
cases we cite [Fen24] directly. A proof for all primes is expected in a forthcoming revision of [Fen24].

4.2. Spectral endoscopic groups. Consider the special case of §4.1| where o € Aut(G) is inner, say of the
form g+ sgs™! for s € G(F). Thus H = Zg(s). Then we will call “H a spectral endoscopic group for LG.
The name comes from the resemblance to endoscopy, in which we would say that H is an endoscopic group
for G if H is the centralizer of a semisimple element of G. Thus, spectral endoscopy is essentially endoscopy
with the roles of the group and its dual group reversed.

But unlike in endoscopy, there is also a canonical conjugacy class of morphisms from the spectral endo-
scopic group to G, namely the o-dual homomorphism of . This homomorphism typically does not
lift to characteristic O (or even to Artinian rings); it is a miracle of modular arithmetic.

Example 4.2.1. Let a,b > 1 be integers and assume p # 2. We define the symplectic group Sp,,, /F' by

0 1d,,
n = <_Idn 0 ) ’ Sp2n(R) = {g € GLQH(R) : thng = Jn}

for every F-algebra R.

Let V = F29%20 with ordered basis ey,...,€att, fi,--., fass having Gram matrix J,,p. Set W,
(€1, . y€ay f1y-vs fa) and Wy = (€ai1, .-, €atbs fat1s---s fatb), sO that V =W, L W,. Let G = Sp(V)
SPaq 25, and let s act as Id on W, and — Id on W,. In the ordered basis e, ..., €att, fat1, -+, fatbs f1,- -5 fa,
we have

Il

1d,
S = - Idgb
Id,
Since p # 2, the subspaces W, and W, are the two eigenspaces of s. Consequently, an element of G commutes
with s if and only if it preserves both subspaces. Thus conjugation by s gives an order £ = 2 automorphism
o € Aut(G) such that G = H = Spy, X Spgp. In this case, the o-dual homomorphism is a map

SO2441 X SO2p+1 —+ SO24426+1

which is finite onto its image. The traditional wisdom is that no such map exists, but recall that we are only
looking for such a map in characteristic £ = 2. Here, there is indeed an “exceptional” homomorphism of the
desired shape.

To see this, recall that SOg,1 is the group of determinant-1 isometries of the standard split quadratic
form Q, = x3 + 122 + ... + Taq_172, ON a vector space V, of dimension 2a + 1, while SO, 1 is the group

5The latter condition rules out the main use case in this paper, namely the case that H is an unramified twisted Levi
subgroup of G.
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of determinant-1 isometries of the standard split quadratic form Qp = y3 + Y192 + . .. + Y2p_1Y2p ON a vector
space V; of dimension 2b+ 1. The sum of these quadratic forms has rank 2a + 2b+ 2 in characteristics other
than 2, but in characteristic 2 the quadratic form @, + @, on V, & V; has a one-dimensional radical (cut
out by the conditions z¢p = yp and the vanishing of the other coordinates), and the action on this quotient
induces an injection

SOQ(H_l X SOQ()J,_l — SOQa+2b+1 . (421)

Finally, the connected part of the o-dual homomorphism “+: H — G is not (4.2.1]) but rather its composition
with the /-power Frobenius Frp on H.

4.3. Properties of the o-dual homomorphism. The o-dual homomorphism is constructed in a highly
indirect manner in [Fen24l, §5.6]. We will need to establish more explicit information about it.

4.3.1. Compatibility with field extensions.

Lemma 4.3.1. Let E/F be a finite separable field extension. If o is an F-automorphism of G of order ¢,
H = G? is connected, and “p: “H — °G is the o-dual homomorphism, then

Dlgaw, ~ “VE- (4.3.1)
Consequently, “1p: YH — LG satisfies

L L
wlﬁxWEQ ~ ¢E|H>4WE2- (4.3.2)

Proof. The compatibility for °¢) is [Fen24, Lemma 5.6.4]. Next, recall from the discussion of that the
passage from 1y to “¢) depends on the choice of square root of the residue cardinality, used to specify a
square root of the mod-¢ cyclotomic character. This choice introduces an ambiguity of sign that is killed by
squaring, hence disappears after restricting from Wg to Wg,, which implies . ]

Remark 4.3.2. It is not generally true that Ljr glw, ~ Ljr, ¢, for a finite extension E/F, even if E/F
is unramified; see [CF264, Remark 5.2.3].

4.3.2. Compatibility with Frobenius. We require a preliminary observation about the (normalized) Brauer
functor,

br: Sat(Hcke pivt i k) — Sat(Heky pivt 1K),

from [Fen24, §§5.3-5.5]. Here the Satake category Sat(Hckg pivi 3 k) is defined as in [FS21] Definition VI.7.8].

Let an abstract cyclic group X of order ¢ act trivially on G, so any generator o € ¥ has trivial image in
Aut(G). Although this situation technically lies outside the ansatz of [Fen24]| where o is required to have
prime order ¢, the constructions there extend easily to it. Indeed, the inclusion of fixed points is nothing
but the identity map. The Smith-Treumann localization for the identity map is simply projection to the
Tate category, which admits an obvious perverse t-exact lift by the identity functor. Hence the normalized
Brauer functor is intertwined under Geometric Satake with the functor

Vs TO(VeH) = v
as in [Fen24, Example 3.7.2]. In other words, this is pullback along the L-homomorphism
Fry: °G — G, (g,w) — (Fre(g),w).

We may transport this identity from the c-group to the L-group, using . The answer takes the form

P () ~ 2 Frpop™S(m) (4.3.3)
where the cocycle z: Wp — Z(Gaer)(k)VF is given by

2(w) = (2p%) (e (w)* /x2(w)),

where Xi§2 : Wg — k* is the chosen unramified square root of the cyclotomic character, and p\é is the half

sum of the positive coroots of G.
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4.3.3. Compatibility with passage to Levis. The proof of [Fen24, Lemma 5.5.2] can be repeated essentially
verbatim for more general constant terms associated to a o-stable pair of parabolic subgroup and Levi. We
record the result for convenient reference.

Lemma 4.3.3. Let M be an F-rational Levi subgroup of G and let P be an F-rational parabolic subgroup
of G with Levi M. Assume that M and P are o-stable. Then P is a parabolic subgroup of H with Levi
subgroup M. There is a commutative square of symmetric monoidal functors,

Sat(Heke i k) —2— Sat(Hoky piva : k)
CTp [degp]l JCTpa [deg po] (4.3.4)
Sat(Hckys pivt 5 k) b, Sat(Hckpso pivt i k)

Here, if Up denotes the unipotent radical of P, then degp(v) = (2py,,v), and degp. is defined similarly.

Lemma 4.3.4. Let M be an F-rational Levi subgroup of G and P be an F-rational parabolic subgroup of G
with Levi M. Suppose o is an inner automorphism of G of order € stabilizing (P, M), and put H = G°. Let
“g: “H — °G and “Ypr: M — °M be the associated o-dual homomorphisms. Then
‘g o “dme v ~ “Jm,g o “YUum.
Here “ja,q and “jue m are the standard embeddings from Proposition[A.3.1 In particular, if H C M, then
M? = H and
“Pa ~ “jm o Yu-
Proof. Apply Tannakian reconstruction directly to (4.3.4)). By definition,
° bNTG is Tannakian dual to ¢,

e br)s is Tannakian dual to “y},, and
e the two constant term functors are Tannakian dual to “ja,¢ and “jae m, by Proposition [A-31]

Therefore, passing to the Tannakian dual of (4.3.4) gives the result. O
Example 4.3.5. Suppose in the setting of Lemma m that H = M. Then 3. identifies l;“M = Fry, so

we obtain
“hg ~ “jm,g o Fro = Fre oy c.
4.4. L-embeddings of unramified twisted Levi subgroups. Recall that if H is an unramified twisted
Levi, then there is a canonical L-embedding
Ling:*H - *G (4.4.1)

defined using the minimally ramified set of x-data, as in [CF26al Definition 4.5.1].
Proposition 4.4.1. Let o be an inner automorphism of G of order {, and suppose that H = G° is an
unramified twisted Levi F-subgroup of G. Let T4y "H — LG be the associated o-dual homomorphism. Then

(1) Lw‘ﬁxfp ~ Fr[ OLjH)G|FI>4IF'

(2) There exists a cocycle z: Wg/Ip — Z(H N Gaer)(k)'F such that

“p ~ 2 Fryojp .

Proof. If E/F is a finite unramified field extension and “+ g is the o-dual homomorphism corresponding to
the E-automorphism op of G, then Lemma [£.3.1] shows that

Ld}|f1>«1F NL¢E|I§N[F~ (4.4.2)

If E is chosen such that Hg is a Levi E-subgroup of Gg, then Lemma Example and [CEF26al
Lemma 4.5.2(1)] show thaﬁ

L’(/}E|I"\I><IIF NF‘IZ OLjHE;GE|E[>q[F‘ (44.3)

Combining (4.4.2) and (4.4.3) with [CE26al Lemma 5.2.2] yields (1).

6Below7 we implicitly use that the translation between the c-group and L-group inserts an unramified modulus character,

which restricts trivially to inertia. See Lemma , Remark , and Example M
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If G is a torus, then (2) holds by since the c-group and L-group are canonically isomorphic in this
case. By [Fen24| §5.6.3], the formation of ¢ is compatible with central isogenies; the isomorphism between
the c-group and L-group is functorial for them (independently of the choice of |/g), so the same holds for
L

.

Put Z = Z(G),4 and consider the o-equivariant central isogeny Gsc X Z — G. The induced action
of o on Gy has connected fixed subgroup by [Ste68, Theorem 8.1], and acts trivially on Z, so GZ. and
Z° are connected. By compatibility of the s-dual homomorphisms with central isogenies and [CF26a),
Lemma 4.5.2(2)], we reduce to the case G = Gs. x T for a torus 7. Similarly, [Fen24| §5.6.2] shows that “¢ is
compatible with products, and the isomorphism of c-groups and L-groups is similarly compatible. [CEF26al
Lemma 4.5.2(3)] gives the same compatibility for jy . Thus by the settled torus case we may assume that

G is semisimple, where (2) follows from (1).
O

In order to apply Proposition [£.4.1]in practice, we require the following technical result to guarantee that
G is connected if the prime £ is suitably large.

Lemma 4.4.2. Lett € G(F) be a semisimple element of finite order n. If n is coprime to #m1(Gaer), then
its centralizer is connected reductive. In particular, if ged(n, #m1(Gaq)) = 1, then G7 surjects onto (Gaq)?.

Proof. The first statement is standard and is proven in, for instance, [Ste75, Lemma 2.14(b), Corollary
2.16(c)]. The second statement follows for dimension reasons from the first. O

5. CALCULATING TATE COHOMOLOGY OF TENSOR PRODUCTS

Throughout this section, let ¢ be a prime, let k be a field of characteristic ¢, and let ¢ generate a cyclic
group of order ¢. Write k[o] for the group algebra of (o), and set
Ny=1l40+---+0""1=(0-1))°""L
For a k[o]-module M, write
ker(oc — 1| M) ker(N, | M)
To, M) = —— > THo, M) = ——2—~
(07 ) NO-M ? (0—? ) (O' _ 1)M I

where the indices are taken in Z/2Z. We will write T*(M) in place of T%(o, M) if o is clear from context.
All tensor products in this section carry the diagonal o-action. If M is a representation of I' x (o), then
T?(M) is naturally a representation of I'°.

We are interested in the behavior of Tate cohomology with respect to tensor products. Unfortunately,
cup product maps in Tate cohomology are often trivial.

Example 5.0.1. Let £ = 3, and let V = W = k[o]/(0 — 1)? = ke; ® key, where e = 1 and e; = 0 — 1.
We claim that the map —: T(V) @ TO(W) — TV ®; W) is trivial. To see this, note first that T°(V) =
TO(W) = ke;. Next, note that V ®; W has basis e; ; for i, j € {1,2}, where

(0 —1)e11 =0,

(0 —1e12 =e1n,

(0 —1)ez1 = e,

(0 —1)eap =e11+e12+e21.
From this, we see that (V @i W)? has basis {e11,e12 — e21}, while No(V ®; W) = kei 1. The map
—: TYV) @ TO(W) — T%(V @, W) is induced by the map v ® w + v ® w, so indeed it vanishes.

Recall from [Cot26, Definition 3.5.3] that a finitely generated k[o]-module is minimal if it is isomorphic
to k%" @ k[o]®*, and it is mazimal if it is isomorphic to

(klo]/((0 — 1)) @ k[o]®®

for some 7,5 > 0. It is extremal if it is minimal or maximal. We will see below (Corollary that cup
products interact with extremal k[o]-modules in a rather simple way. In particular, because the modules V'
and W in Example[5.0.1]are maximal, the map —: T'(V) @5 TH(W) — T(V ®;, W) is injective. Since T°(V')
and T*(V) have isomorphic semisimplifications (JCot26, Lemma 3.1.2]), this is enough in applications.
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5.1. Cup products. Recall that if V and W are k[o]-modules, then there exist natural cup product maps
~i,j - TZ(V) Rk TJ(W) — T”j(V Rk W)

for i,j € Z/2Z. If ij = 0, then —, ; is given by v ® w +— v ® w, while on the other hand — ; is given

by v ® w — ZO§a<b§Z 0% ® o’w; see [CES6, XIL7, page 252]. The following lemma is elementary and

combinatorial in nature but the details are surprisingly complicated.

Lemma 5.1.1. Let V and W be finitely generated klo]-modules, and let 1 < mq,...,m, < £ and 1 <
ni,...,np < £ be the sizes of the Jordan blocks of o on V' and W, respectively. Then

(1) dimg Im (—01) = #{(2,4) € [1,a] x [1,b]: m; < n; < {},
(2) dimg Im (~—o,0) = #{(2,7) € [1,a] x [1,b]: m; +n; < £},
(3) dimg Im (~~1,) = #{(4,7) € [1,a] x [1,0]: m; +n; > ¢, max(m;,n;) < £}.

In particular, if TO(V) # 0 and T°(W) 0, then TO(V @, W) # 0, TH(V @, W) # 0, one of the maps —o 1

and —1,0 5 nonzero, and one of —q o and 1,1 is nonzero.

Proof. By passing to direct summands of V and W, we may assume that V and W are indecomposable
k[o]-modules, say of k-dimensions m and n, respectively. If m = £ or n = ¢, then T*(V) =0 or TH(W) =0
for all ¢ by [Cot26, Lemma 3.1.3], in which case the claims are clear. So assume m < ¢ and n < /.
Let e1,...,em, be a k-basis for V, and let f1,..., f, be a k-basis for W, such that (¢ — 1)e; = e¢;—1 and
(0—1)f; = fi_1 for all i, where by convention ey = 0 and fo = 0. Note that then T°(V) = key, TO(W) = kf1,
TYV) = V/(®"" ke;), and THW) = W/(@)" kfi). If gij = e; ® f;, then we have

(0 —=1)gi; = gi—1,j—1+ Gi—1,; + i j—1, (5.1.1)

where again by convention g; ; = 0 if either 4 <0 or j < 0.
We will analyze the three relevant cup products separately. By the above, the map — ; is nonzero if and
only if the class of g1, = €1 ® f, is nonzero in

Tl(V @ W) =ker(Ny | V@ W)/(c —1)(V @, W).

Similarly, ~—¢ ¢ is nonzero if and only if g1 1 ¢ N, (V®,W), and ~—1 1 is nonzero if and only if Zo<i<j<€ ole,®
07 fn & N, (V @ W). We must prove that:

(1) g1, has nonzero image in T*(V ®; W) if and only if m < n,
(2) g1.1 has nonzero image in T(V ®; W) if and only if m +n < ¢,
(3) Do<icj<r o'ey, @ o’ f,, has nonzero image in TO(V ®; W) if and only if m +n > £.

Note that the final claims of the lemma follow immediately from (1), (2), (3), and [Cot26, Lemma 3.1.3].
We first prove (1). As a special case of (5.1.1]), note that

(0 —1)(gi1) = gi—1,1

for 1<i<m,sog1€(c—1)(V,W)forl<i<m—1. Similarly, we have

(6 —=1)(9i2) = gi—11 + gi—1.2+ gin,

50 gi2 € (0—1)(V®pW) for 1 <i < m—2. Arguing inductively in this way, we find that g; ; € (c—1)(V®,W)
for 1 <i <m—j. If m > n, then it follows that g; ,, is trivial in T1(V ®; W), as desired; so suppose for the
remainder of the proof that m < n.

For 1 <d<m+mn—1,let Sy denote the k[o]-submodule of V ®; W spanned as a k-vector space by the
elements g; ; with i +j —1 < d. For d <0, we set Sg = 0. It is clear from that (¢ — 1)Sgq11 C Sy for
all d (see Figure |5.1.1)).
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gi,n 9m,n
. . .

91,1 Im,1

FIGURE 5.1.1. The basis g; ; = e; ® f; arranged on an (i, j)-grid. The filtration Sy is the
region i+7—1 < d to the “lower-left” of the dashed line. Since (¢ —1) moves down/left /down-
left, one has (¢ —1)Sg41 C Sq.

Conversely, one sees visibly from Figure that if w € V ®; W is such that (o — 1)(u) € S, then
u € Spy1. From , we see that if u € Sp41, and (0 — 1)u = Zi+j=n+1 d; ;9;; (mod S,_1), then
Zi+j:n+1<_1)idi7j =0. Thus g1, & (1 — 0)Sp+1, as desired.

Next we establish (2). By [Cot26, Lemma 3.1.1], we have N, = (o — 1)*~1, so

No(V@r W)= (0 -1 YSmin-1) C Smin_e- (5.1.2)

Thus if m+n < £, then N,(V®, W) = 0 and in particular g; ; has nonzero image in T°(V @, W). Conversely,
suppose m +mn > £. Then { —n+ 1 < m, and (5.1.2) shows that

Na'(géfn+1,n) € Sl = k91,1~

It remains to show that this element is nonzero.
We first perform the binomial calculation once in the “universal” case V' = k[o], W = k[o], i.e., working
in k[o] ® klo]. Let 6 := o — 1, and in k[o] ®y k[o] set

hi;=0""®§7, 1<i,j<Ct.
Let T, be the span of the h; ; with i +j — 1 < d. Expanding ¢” = (1 + )" gives
G T\ [T
No(hee) = ;OSGZ;ST (a) <b) he—a,o—b-

Since N, = ¢! and 6T, C Ty_1, we have Ny (hey) € Ty. Define s,, by the congruence

14
Na(hf,é) = Z thn,ﬂ—n-‘rl (mOd Té—l)a
n=1

w2 (0)00)

r=1

so we have

where we interpret (2) =0 if r < a. Applying ¢ for the diagonal action and reducing modulo T,_5 gives
—1
O = 5Na(hg7g) = Z(Sn + 5n+1)hn,€—n (mod Tg_g).

n=1
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Here we used that 6(hy¢—ry1) = hr—10—r41 + Rro—r + Br—1 ¢—r, and the last term lies in Ty_5. The classes
of the hy, ¢—,, for 1 <n < £—1 are linearly independent modulo Ty_3, so 5,41 = —s,, for all n. Since s, =1,
it follows that s, # 0 for every n.

Now return to general V ®;, W. This admits a quotient map from k[o] ®y k[o], sending

héfm+i,£7n+j —> Gi,j-

In particular, ho¢—m—n+1, maps to ge—n+1,n and hy_pmi1¢—n+1 maps to g1,1. The same expansion as above
shows that the coefficient of hy_y+1,0—n+1 In No(hor—m—n+1.¢) iS Sn. Applying the quotient map, we obtain

No(ge—n-s-l,n) = Snd1,1-
Since s, # 0, this shows that g1 1 € N,(V ®; W). Hence g1 1 has zero image in T®(V ®; W) when m+n > £,

proving (2).
Finally, we prove (3). One computes

~1,1 (em ® fn) = Z O'iem & O'jfn = Z <;) <i>gm—a,7L—b

0<i<j<t 0<i<j<t

(5.1.3)

= [ £.00]

0<a,b<t—1 \ a<i<j<t
b<j

We first show that Im (~~1,1) C Sy4n—r+1; this immediately implies that —1 1=0if m+n < £.
It is equivalent to show that

> (;) (Z) =0 (mod /) (5.1.4)

0<i<j<e

whenever a,b > 0 satisfy a + b < £ — 2. Using the “hockey-stick identity”, we obtain

2 005626

where we interpret (Jc) = 0 whenever j < c¢. This sum is the coefficient of z"" 4" in the polynomial
flz,y) = Eﬁzl(l +2)7(1+y)) € Fyla,y]. Let 2 := (1+2)(1+y) — 1, so we have

_ (142 + z)f—1)

14
fla,y)=> (1+2) =@ +y+ay) T+ (@ +y+ay)

j=1
The coefficients of this polynomial vanish in degree below ¢ — 1, and thus the coefficient of 2*T1y® vanishes
whenever a + b < £ — 2, as desired.

Now it remains to show that if m +n > £, then does not lie in N,(V ®; W). As before, we have
No(V@r W) C Sygn—r, and the quotient Sy, 4n—_r+1/Sm+n—e¢ has basis given by the nonzero g,,—_q n—p with
a+b=/{—2. Since m+n > ¢, we can find such a,b with 0 <a<m —1and 0 <b<n—1. It is therefore
enough to show that the coefficient of gy,—q n—p is nonzero for such an a. This is equivalent to the assertion

we X (D(,21-,)#0 mean

a<i<j</t
l—a—2<j

whenever 0 < a < ¢ — 2. But the previous paragraph shows that t, is the coefficient of z**t19~*=2 in the
polynomial f(z,y) above, which is (ﬁj) # 0 (mod ?). |
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5.2. Tensor products of Jordan blocks. Substantial work has been done to describe tensor products of
Jordan blocks in positive characteristic in an algorithmic manner; see for instance [Sri64]. We will only need
the following result, which can be proven directly.

Lemma 5.2.1. Let 1 < a,b< /¥, and let V = k[o]/((c — 1)) and W = k[o]/((c — 1)).
(1) If a =1, then the map —q: TO(V) @, TO(W) =V @5 TO(W) — TV @i W) is an isomorphism.
(2) If b= 1, then V @, W =2 W% and thus TO(V @ W) = THV @ W) = 0.
(3) Ifb= (-1, then VerW = k[o]/((0—1)""2)@k[o]®?~! as k[o]-modules, and the map —1 1: TH(V)®y,
THW) — TV @k W) is an isomorphism.

Proof. The statement (1) is clear. For (2), note that W is the regular representation of k[o], and the tensor
product of any representation of a finite group with the regular representation is a direct sum of copies
of the regular representation. Hence the result follows from vanishing of Tate cohomology of the regular
representation.

Next we prove (3). If a = ¢, then both claims follow from (2) and symmetry, so assume a < £. We
determine the Jordan decomposition of o acting on V ®; W by computing the dimension of ker(c — 1) and
the dimension of Im (N, ). We will prove that dimy ker(c — 1|V ®; W) < a and dimy, Im (N, |V @, W) > a—1.
By [Cot26, Lemma 3.1.3], we have T°(V ®;, W) # 0, so these two inequalities must actually be equalities,
and thus dimy T°(V ®; W) = 1. Since dimy V @, W = a(f — 1) = (a — 1)¢ + (£ — a), it follows by applying
[Cot26, Lemma 3.1.3] again that V ®; W admits @ — 1 Jordan blocks of size ¢ and one of size £ — a, which
establishes the first point of (3). The second point of (3) follows from the first point and Lemma [5.1.1}(3).

First, we show dimgker(c — 1|V @, W) <a. For 1 <i<agand 1 <j</{—1lete;; = (6 —1)""'®
(0 —1)*"177 € V@, W, so the e, ; form a k-basis for V ®@; W and (0 — 1)e; j = €;—1,j-1 + €i—1; + €ij—1,
where by convention e; ; = 0 for i = 0 or j = 0. We claim that the map ker(o — 1|V ®; W) — k%* given by
v — (¢i1)1<i<a, Where ¢; ; is the coefficient of e; ; in v, is injective; this implies the desired inequality. For
this, suppose that ¢;; = 0 for all . We will show by induction on d that ¢; 4 = 0 for all 4, the case d =1
being clear by assumption. For 1 < d < ¢ — 1, let U; denote the k-subspace of V ®; W spanned by those
e;,; with j > d (see Figure . For 1 <d < ¢ — 2, the induction hypothesis gives

(0’ — 1)1} = Z (Ci+1,d+1 + Ci,d+1)ei,d (mod Ud+1)7
1<i<a
where by convention c,11,4+1 = 0. Taking i = a gives ¢4,4+1 = 0, and inducting downwards on i we see
ci,d+1 = 0 for all 7, as desired.
Next, we show dimy Im (N, |V ®; W) >a—1. For 0 < d < a—1, let Ly denote the k-subspace of V ®@; W
spanned by e; ; with ¢ < d (see Figure .

Ug = (eij:j>d)

Ld = <67;1_7’ HE) S d>

i

FIGURE 5.2.1. The two filtrations used for the proof of Lemma 3): Uy (upper rows)
and Ly (left-hand columns).

One shows easily by induction on 4 that if d < a — 2 then

%

, i ) i
o'(ed2,0-1) = E (j) €d+2,6—1—j + 1 g <]) €dt10—1—; (mod Lg).
=0

=0
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Thus the coefficient of egy2¢—1—; in Ny(eqi2,0-1) is Zf;; (;) = (jf‘rl) =0 (mod ¢) since 0 < j < {¢—1. On
the other hand, the coefficient of eq41,; is

(—24+({—-1)*=-1 (mod ¥¢).

We therefore see that N, (e2,0-1), - .., Ny(€q,0—1) are k-linearly independent, and it follows that dimy Im (N, |V ®y
W) > a—1, as desired. O

Corollary 5.2.2. Let V and W be finitely generated k[c]-modules, and for i, j € Z/2Z let —; ;: T'(V) ®y
TI(W) — THI(V @, W) be the cup product map.

(1) If V is minimal, then —q o and ~—¢ 1 are isomorphisms.
(2) If W is mazimal, then ~—¢ 1 and ~—11 are isomorphisms.

Proof. Both points are immediate from Lemma [5.1.1] and Lemma [5.2.1] after decomposing V' and W into
indecomposable k[o]-modules. O

Corollary 5.2.3. Assume that k is algebraically closed. Let K be a grou;ﬂ let o be an order £ automorphism
of K, let V be a finite-dimensional k[K x (o)]-module, and let Wy, ..., W, be finite-dimensional irreducible
E[K x (o)]-modules. Suppose that W; is an extremal k[o]-module for each 1 < i < n. Then there exist
J1y---yin € Z/2Z such that for each i € Z /27, we have

n n
T m=r Jm <V ® ) Wm> = TH(V) @ Q) T/ (Win)
m=1

m=1
as K7 -representations.

Proof. Let j,, = 0 if W, is minimal, and let j,, = 1 if W,, is maximal and not minimal. It follows from
Lemma and induction on n that if > _, j,, = 0 then @ _, W, is minimal, and otherwise it is
maximal. By Corollary it follows that

—isn gt THV) @ TZm=1dm (@ Wm> — T X Im <V ® ) Wm>

m=1 m=1

is an isomorphism of K?-representations (since the cup product maps are evidently K?-equivariant). By the
same reasoning, it follows by Corollary [5.2.2] and induction on n that

TS dm (é Wm) o é Tim (W)
m=1 m=1

as K7-representations. Combining these two isomorphisms yields the claim. |

6. TATE COHOMOLOGY OF WEIL-HEISENBERG REPRESENTATIONS

For the most part, to apply the results of [Fen24] we need only show that Tate cohomology is “large”.
Using [Cot26, Lemma 3.1.3|, it is easy to see that the Tate cohomology of a Heisenberg representation is
nonzero, and since irreducible representations of Heisenberg groups are classified by their central characters it
is therefore easy to exhibit an irreducible constituent. However, in the setting of Yu’s construction, it is also
necessary to understand the Tate cohomology of the Weil representation. To control this, we need a more
refined understanding of the Tate cohomology of Heisenberg representations, for which we will ultimately
use [Cot26, Theorem 3.5.4].

"In the application below, K will be a compact open subgroup of a reductive p-adic group arising from (the twisted version
of) Yu’s construction of tame cuspidal representations [YuOI], [FKS23].
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6.1. Definition of the Weil-Heisenberg representation. Let ¢ # p be distinct prime numbers such
that p # 2E| let ¢ be a power of p, let (V, B) be a finite-dimensional symplectic space over F,, and let o
be a symplectic automorphism of V of order £. Let Vy := V7, and let By = Bly,. Let V¥ :=V x F, and
Vbﬁ = Vp x Fy (with multiplication (v,a) - (w,b) = (v+ w,a+ b+ 2+B(v,w))) denote the corresponding
Heisenberg groups. Then o induces an automorphism of V¥ by o(v, ¢) = ((v), ¢), so that (V#)7 = V.

In this section, we will use Sp(V') to denote the symplectic group as a connected reductive F,-group, and
we will use Sp(V') to denote its set of F,-points.

Let ¢: F; — sz be a nontrivial character, and let Wy (resp. Wy 4) denote the unique irreducible F-
representation of V¥ (resp. VOﬁ ) with central character ¢. Recall that W, (resp. Wy 4) extends canonically to
a representation of Sp(V) x V¥ (resp. Sp(Vp) x Voﬁ)7 called the Weil-Heisenberg representation and exposed in
great detail in [Gér77]. We remark that [Gér77| works throughout with complex coefficients, but by applying
[Ser77, Part ITI, §15.5, Proposition 43] to representations of the Heisenberg group, and then extending actions
to the symplectic group as usual, the results apply equally well over any field of characteristic not equal to
p.

6.2. Calculation of Tate cohomology. Using the element o € Sp(V'), one can consider the Tate coho-
mology T (W) for j € Z/2Z.

Lemma 6.2.1. For j € Z/2Z, the Tate cohomology T?(Wy) is isomorphic to Wy 4 as an Sp(Vp) X Vou—
representation. Moreover, the action of o on Wy is extremal in the sense of [Cot26l Definition 3.5.3].

Proof. We will first show that the action of o on Wy is extremal and T7(W,) is isomorphic to Wy 4 as a
Voﬁ—representation. Observe that VOtt acts on T7 (W) with central character ¢, so every irreducible constituent
of T7(Wy) is isomorphic to Wy 4. Thus we are reduced to the claim that T7 (W) is irreducible. Note that
W, is the special fiber of a Z-representation Wy of Sp(V) x V¥ by [Fin22, Lemma 2.5], where Ws)g, is
the usual Weil-Heisenberg representation as in [Gér77]. By [Cot26, Corollary 3.5.5] and the fact that the
Glauberman correspondence sends irreducible characters to irreducible characters, the claim follows.

Next we show that the induced action of Sp(Vp) on T (W) realizes the Weil representation. If either
dimg, Vo # 2 or ¢ # 3, then there is a unique action of Sp(Vj) x VO’j on Wy 4 extending the Heisenberg
representation of VOrj since Sp(Vp) is a perfect group, and we conclude that the given action of Sp(Vjy) is the
Weil representation.

Hence it remains to handle the case dimp, Vo = 2 and ¢ = 3, in which case £ # 3. Since the abelianization
of Sp(Vy) = SLy(F3) is cyclic of order 3, Schur’s Lemma implies that any two actions of Sp(Vp) x VOti on Wy 4
extending the Heisenberg representation of V¢ can only differ by a character of Sp(Vp) valued in pus(Fy).
Moreover, Sp(Vp) is of order 24, and if u € Sp(Vp) is of order 3 then the (trace) character of the Weil
representation on u is nonzero by [Gér77, Theorem 4.4]. Thus it suffices to show that the value of the Brauer
character X of T7(W) on a single such element u agrees with the value of the Brauer character of Wy 4 on
u. By [Gér77, Theorem 4.9.1(c)], the value of the Brauer character of Wy 4 on w is 1+ 2(¢ for a primitive 3rd
root of unity ¢, so it suffices to show A(u) € {£(1+ 2¢)}. If x is the ordinary character of (W¢)6[, then by

[Cot26, Theorem 3.5.4] (applied to T' = Sp(V) x V*# and A = {1} x V#) there is some ¢ € {1} such that
Xx(oou) = e(u). (6.2.1)

If Vp 4 is the unique line in V{) which is fixed by v and V; = I/'(JJ,-+/V07+ (the perpendicular being taken in V),
then by [Gér77, Theorem 4.9.1(c)] we have

x(oou) = (1+2¢) Trw, ,(0), (6.2.2)

where W 4 is the Heisenberg representation of Vlji with central character ¢. Since o acts without fixed point
on V1, [Gér77, Theorem 4.9.1(a)] shows that Try, ,(o) € {£1}. Combining (6.2.1]) and (6.2.2)), we see that
Au) € {£(1 +2¢)}, as desired. O

8The assumption p # 2 can likely be weakened using the formalism of Fintzen—Schwein [FS25] and Takaya [Tak26], but we
do not pursue this here.
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6.3. A sign character. Let V] denote the unique o-stable complement of V{ in V, so there are natural
inclusions
Sp(Vo) x 1 € Sp(V))? C Sp(Vo) x Sp(V1) € Sp(V).
Let r: Sp(V)? — Sp(Vh) denote the restriction map, so we have Sp(V)? = Sp(Vy) x ker(r). This induces
an isomorphism
Sp(V)? = Sp(Wo) x ker(r)(F,). (6.3.1)
The action of Sp(V) on W, induces a natural action of Sp(V)? on T7(W,). The action of Sp(Vy) was
determined in Lemma so it remains to compute the action of ker(r)(F,).
We first recall some notation from [Gér77, §4]. Since £ # p, the element o is semisimple, so we may choose
a maximal Fg-torus T' C Sp(V') containing o. Let P denote the set of characters qu — G,,, which appear
as weights for the action of qu on qu. Note that P is closed under negation, thanks to the symplectic
structure on V. Let I' :== Gal(F,/F,), and let ¥ := ' x {£1}, so I' and ¥ act on P in a natural way. If w is
a [-orbit on P, then we will say that w is symmetric if w = —w, and w is asymmetric if w # —w.
If Q is a Z-orbit on P, let gq = ¢/2l/2, and let Ty denote the subtorus of 7' which is the intersection of
the kernels of the elements a € P — ). Note that the obvious multiplication map induces

r= 1] 7o (6.3.2)
QeP/s

Let Py, for i € {0,1}, denote the set of weights for qu on (Vq;)fq. Then P = Py L Py, and the isomorphism
(6.3.2)) restricts to an isomorphism

T Nker(r) = H Tq.

QepP /%
If a € Q, let F,, denote the extension of F, corresponding to the Galois orbit of o, and define a character
T 5 X
xa: T(Fy) = Z, by
7 sghpx (a(t)) if o is asymmetric,
Xo(t) = “ e .

sgng: (a(t)) if a is symmetric

for all t € T(F,), where sgnpx (resp. sgng: ) is the unique nontrivial sign character of F (resp. F/,, the

unique subgroup of FX of order g + 1). It is clear from the definition that xg is independent of the choice
of a € Q, and that XgTﬂTQ,(Fq) = 1 whenever 2 # Q. Hence we may define

X'= 1] xé-

QeP/s

6.4. The residual action. We write  for the composition of a ZZX -valued character x with the quotient

map ZZ — F; . Retain the notation of the previous subsection.

Lemma 6.4.1. For j € Z/2Z, the ker(r)(F,)-action on T7(Wy) is through a character 6 of the quotient
ker(r)an(Fgq), and we have

—T
9|HQ€P1/E To(Fy) = X - (6.4.1)

Proof. Note first that ker(r)(F,) commutes with Voﬁ. Lemma shows that T7(W,) is an irreducible Voﬂ—
representation, so ker(r)(F,) acts on T7(W,) through a character 6 by Schur’s lemma. Moreover, applying
[Cot26, Theorem 3.5.4] with I' = Sp(V) x V# and A = {1} x V¥, we see that if y is the ordinary character
of (Ws)gq, then there is a sign € € {£1} such that for any g € ker(r)(Fq)¢ we have

Vol'/2 - 0(9) = ex(o 0 g) (6.4.2)

since dim T7 (W) = |Vo|'/2.

Since ker(r)(F,) acts through a character, its action formally factors through ker(r)(F;)a,. However, the
lemma asserts the a priori stronger statement that the action factors through ker(r) ab(Fq)H We now prove
this claim. Note that (ker(r)der)fq is a product of special linear groups if £ is odd and a product of symplectic

9f ¢ > 3, then ker(r)ap(Fq) = ker(r)(Fq)ap, so the claim is only nontrivial in the case ¢ = 3. However, the argument we
give is uniform in gq.
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groups if £ = 2, hence in particular it is simply connected. Recall (see for instance the references in [FS25|
Theorem C.1, Proposition C.3]) that ker(r)qe:(Fy) is generated by the unipotent elements of ker(r)(F,). It
therefore suffices to show that if u € ker(r)(F,) is unipotent then 6(u) = 1; we will prove this by induction
on dim V{y. Note that any such v commutes with o, stabilizes Vj and Vi, and acts trivially on Vj.

Suppose first that dim Vy = 0, so o and o o u both act without fixed points on V. Then [Gér77, Theorem
4.9.1(a)] shows that

x(oou) e {£1}.

By (6.4.2), it follows that 6(u) € {£1}, so 6(u) = 1 since p is odd and u is of p-power order. Next suppose
dimVy > 0, and let V; C Vg be a line. Since w acts trivially on V, we see that ¢ o u also acts trivially
on Vy. Let V' be a o-stable complement of V. in Vi containing V;; then V' is equal to (V' N Vy) @ Vi by
semisimplicity of o. See Figure [6.4.1

Set U := V'NVp, and choose a line V_ C V; such that V'* =V, @ V_. Then the relevant subspaces are arranged
as follows:

Vi=VioV’
[ 1
o blue blocks lie in Vj
- U=v'nh Vi Ve orange block is V;
[ |
Vi=UoW

——————— Vit =VieV. cV
FIGURE 6.4.1. The block decomposition used in the induction step.

But V4 is 0 o u-stable and o o u acts trivially on Vj, so indeed V' is also o o u-stable. If x’ denotes the
character for the Weil representation corresponding to V' and for any g € Sp(V) stabilizing V' we let ¢
denote the image of g in Sp(V”), then by [Gér77, Theorem 4.9.1(c)|] we have

o= 3 (B v,

yev’/+/vy

where y denotes any lift of 7 to V'+. Similarly,

B
X(g—ou):f Z ¢(((0’02’U,)y7y)> X/(O'/O’LLI).
geVIL /vy
By the induction hypothesis we have x'(¢’) = x'(¢’ o ), so it suffices to show B(oy,y) = B((c ou)y,y) for
all y € V'*+. But V'*+ C Vo, so oy = (0 o u)y for any y € V'+ and we have completed the induction.
Now we prove (6.4.1)). If £ = 2 then both sides are necessarily the trivial character, so the claim is trivial.

Therefore we may suppose £ # 2. Since 6 is an FZ -valued character, it suffices to show that the restriction of
0 to (T Nker(r))(F,)e is equal to the restriction of . From now on, fix t € (T Nker(r))(F,)e. By [Gér7T,
Corollary 4.8.1], we have

X(J o t) _ (_1)l(V,T;oot)qN(V;oot)XT(O, o t), (643)
where I(V,T;0 o t) is the number of orbits w € P/T such that the action of cot on V,, = > . Vq is
nontrivial, and N(V;o0 ot) = § dimker(c ot — 1). Observe first that

X" (o ot) =x"(t)
since T is an order 2 character and o is of odd order. Next, note that
N(Vioot) _ qN(V;a) _ |VO|1/2

acw

q
since Vo = V7 = V;: indeed, the automorphism o ot acts trivially on V;, and conversely, if o acts
nontrivially on some V,,, then since t is of order prime to ¢ it follows that o o ¢ also acts nontrivially on V.
This also shows that

(V,T;00t)=1V,T;0).
By taking g =1 in , and comparing with , we find

€ — (_I)Z(V,T;cr).
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Combining all of these observations with (6.4.2)), we obtain
Vol'/2 - 0(t) = (1! T x (o 0 t) = [Vo|'/2 - X" (8),
which shows 0|(Tﬂker(r))(Fq)[/ = XT|(Tﬂker(r))(Fq)//7 as desired. O

The decomposition P = P, U P; induces a factorization

X'= 11 x& II x&

QePRy /X QepP, /%
Definition 6.4.2. Define a character x?: T(F,) — ZZX by
= 1] x& (6.4.4)
QepP, /%

Note that )(1T|1—[Q€PO/Z To(F,) = 1, while x¥ and xT have the same restriction to HQePl/E To(F,).

Using the isomorphism Sp(V)7 = Sp(Vy) x ker(r)(F,) from (6.3.1), we will regard the character 6 of
Lemma as a character of Sp(V)?. Then Lemma [6.4.1] says that

0lr®,) = X1 - (6.4.5)
If T  Sp(V) is a maximal F,-torus with o € T'(F,), then the map T Nker(r) — ker(r),p is surjective with
torus kernel, so by Lang’s theorem the map (7' N ker(r))(F,) — ker(r)a,(F,) is surjective. Hence 6 is the
unique character on ker(r)., (F,) satistying the equation (6.4.5) for any (equivalently, all) such T'. We define
X1 = 0 as above.

Proposition 6.4.3. For j € Z/2Z, the Fy-representation of Sp(V)? x VOjj on TI(Wy) is isomorphic to
W07¢ ® X1-

Proof. This follows from the previous paragraph and Lemmas and O

6.5. Restriction of scalars. For later considerations with Yu’s construction, we need to understand the
behavior of y; with respect to a form of restriction of scalars. Maintaining the preceding notation, let
Vp = V considered as an F,-vector space. We define a symplectic form B, on V,, by sending z,y € V,, to
By(z,y) = Trg,/r,(B(x,y)). This induces a natural inclusion map i,: Sp(V) — Sp(V,). If o € Sp(V) is
any element, then ¢, induces an inclusion map Sp(V)? — Sp(V},)iP(U).

Lemma 6.5.1. Let o € Sp(V) be of order ¢, and let x1 (resp. x1,p) denote the sign character from Definition
of Sp(V))? (resp. Sp(V,,)»(?)) corresponding to o (resp. i,(c)). Then x1 = X1.p 0 ip.
Proof. Let ¥, = Gal(F,/F,) x {£1} and X, = Gal(F,/F,) x {£1}. View Sp(V, B) as the group of F,-points
of Resr_/F, Sp(V, B). Then i, arises from a monic F,-homomorphism

Jp+ Resp /F, Sp(V,B) — Sp(V},, B,).

If ¢ = p" and dimg, (V) = n, then dimg (V) = rn. Thus, if Ty C Sp(V,B) is a maximal F,-torus
containing o, then j,(Resg /¢, To) C Sp(V;, Bp) is a maximal F-torus containing i, (o). Fix such a Tp, let
T = Resp, /¥, To, and identify T' with its image under jj,.

After base change to Fp, there are natural decompositions

Tfp = H To QF,,j Fp and Vp F, Fp = H 14 OF,,j Fp.
j: Fq—F, j: Fy—F,

Under these decompositions, the action of T" on V}, is the product of the actions of Ty ®r, Fp on Vg, ; Fp.

Let P 4 denote the set of weights for 7T, z on Vi ®p, Fq, and let P, denote the set of weights for T3

- g P
on Vi ®@p, F;,. Since the preceding decompositions are o-equivariant, they identify
ISV H Py .
VE Fq—>fp

If w C P g is a Gal(Fq/Fg)-orbit, then [[;w is a Gal(F,/F,)-orbit in Pp ;. This gives a natural bijection
P /%, = P 4/%, preserving symmetric and asymmetric orbits.
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Given « € Py, (vesp. B € P1 ), let Fp, , (vesp. Fy 3) denote the extension of F,, (resp. F) corresponding
to the G:ilois orbit of a (resp. ). Suppose « lies in the copy of the orbit of 8 indexed by an embedding
j: Fq = F,. For the extension of j to Fy g determined by o, we have

Fpa=jFgp) and a(ip(t) =j(B(t)) forteT(F,) =To(Fy).

In the symmetric case, the orders defining le,’a and F;,ﬁ agree, SO j(F}Lﬁ) = lev,a' Since the sign characters
are invariant under field automorphisms, we have

sengs (a(iy(1)) = sgngs (5(1) and sgngy (alip(1))) = sene | (B(0).

These observations combine to show that for ¢t € T(F,) = Ty (F,), we have

X1,p(ip(t)) = II sgngx (a(ip(t) - [T senms (a(i,(t))

O’E(Pl,p)asym/zp @E(Pl,p)sym/zp
= I see 3@)- [I seum (50)
ﬂE(Pl,q)asym/Eq Be(Pl‘q)sym/Zq
= Xl(t)7
as desired. 0

7. TATE COHOMOLOGY OF TAME CUSPIDAL REPRESENTATIONS

In this section, we use the formalism developed in [Cot26], §3] and Section [5} as well as the calculations of
[Cot26], to compute the Tate cohomology for some cuspidal Fy-representations arising from Yu’s construction.
Using [Fen24, Theorem 1.3.1], these calculations give rise to explicit modular functoriality results for p>.

Namely, we will prove analogues of [CEF26al, Propositions 8.2.3, 8.3.1, and Theorem 9.3.3] modulo certain

prime numbers. In §9) we will combine these statements (and one more modular functoriality result from

the next section) to prove characteristic 0 functoriality for descent to unramified twisted Levis.
We fix a connected reductive F-group G which splits after a tamely ramified extension of F', and we
assume that p # 2.

7.1. Large prime degree unramified base change. In this section, we prove analogues of the results of
[CF26al, §8.2] for pS. Recalling the setting, we take k = F, or Z;; when k = Z,, we assume that every ¢;
has finite order prime to £. We let ¢ be a banal prime for G such that ¢ > rk G 4 1. Since /¢ is banal for G,
it is also banal for G, by [Cot26], Proposition 4.1.2(2)]. Throughout, let

U = ((G"ozizar T, (ri)oi<as T, (di)o<i<a)

be an irreducible Yu datum for G with coefficients in k, and assume that ¥ is normalized in the sense of
[Kal19, Definition 3.7.1]. Recall the base changed Yu datum

\IIZ = ((G;)ﬂ Ty, (rf,i)v T, ((bf,z))
defined in [CE264, §8.2].

Theorem 7.1.1. Let £ be a banal prime for G such that £ >tk G + 1, let ¥ be an irreducible Yu datum for
G over Fy, and let o be a generator for Gal(Fy/F). Then T%(o,m(¥,)) admits the Frobenius twist m(¥)®
as a direct summand for each a € Z/2.

Proof. We briefly recall the notation from [CE26al, §6]. Define (cf. [CF26al, (6.2.1)])
Ky = GY(F) )G (Fr)y,r - - G(Fy)

Td—1 .
T, —5~

Let ¢ = Hle ei%flil be the sign character on K, defined in [FKS23] (cf. [CEF26a, §6.5]). For each
0<i<d-1, welet (EM be the F;—valued character of GO(Fg)[r]Gi(Fg)%oG(F@)z’%_,'_ associated to ¢,
(cf. [CE26al, §6.2]). For 1 < i < d, we have groups J;; and JZ'i (cf. [CF26al, Lemma 6.4.4]), and the group
Voi= JM/JZ_i (cf. [CF26al Lemma 6.3.1]) is an Fp-vector spa(;e equipped with a symplectic form

(a,b)e; =0 (dpi_1(aba='b"1))  fora,be Vi,
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For0 <¢:<d—1, let Vd;w denote the Heisenberg representation of JZ,Hl/(JZiH N ker (Eg,i) with central
character induced by q[)g,i\(];r , as in [CF26al, §6.3]. This can be inflated to a representation of K as follows:
i1
the group Jy 41 acts on Vjv,v through the Heisenberg representation; if j # ¢, then Jy ;11 acts on V@

through (Zg p ; finally, GO(F, g)[x] acts on V@ ~through ¢, ; times the Weil representation arising from the
map defined in [CF26&, §6.3]:

GO(FE)[:c]/GO (F)z,0+ = SP(Vi,it1)-

We have then
d—1

7'('(‘1/@) = C—IndgiFk)(Gg RTe ® ® V&;“ ® ¢g7d).
i=0
We now begin the calculation. Fix a € Z/2Z. By [Cot26l Lemma 5.2.1], the Tate cohomology T(c, 7(¥;))
admits c-IndKa (T“(a @R ® ®d ! V5,.® ¢e,q)) as a direct summand. By [CF26a, Lemma 6.4.2(2)], we
have

Kf = GO (F) G (F)grg - GUF), ras,
which is the group K (cf. [CF26al, (6.2.1)]) appearing in Yu’s construction for W. Similarly, [CEF26al
Lemma 6.4.4(2)] shows that J; = J7; and J = (JZZ.)” are the groups appearing in Yu’s construction
for W. If V; = J;/J;" (as in [CF26al, Lemma 6.3.1]), then the special isomorphism for Jf,i/(JZz' N ker (Eg’i,l)

restricts to the special isomorphism for .J;/(.J;% N ker ggi_l) by [CE26al, Lemma 6.4.5(2)].
By Corollary H, 5.2.3] applicable because of Lemma“ there exist elements m, nog, ...,nq—1 € Z/27Z such

that m + ZZ o "i = @ and such that the cup product map defines an isomorphism

d—1

ee®Te®® L ®ra) = el - beal KT (T )@ T (V3 ,
i=0

-

Note that €| = Hle ei¥G1 by [CF26al Lemma 5.2.1]. If £ = 2, then both sign characters are trivial; if
¢ is odd, then passage to the (-Frobenius twist affects neither character. We have ¢y q|x = ¢ by [CF264,
Proposition 7.1.2], and because of the construction in [CEF26al §8.2], [Cot26, Lemma 3.5.11] identifies T™ (1)
with 7(6).

Observe that V7, ; = Viy1, so Proposition identifies T" (V3 ) with the Weil-Heisenberg repre-
sentation attached to V41, twisted by a residual character x;,; of order at most two. It remains to check
that this twist is trivial under the G°(F),-action. [CF26al, Lemma 6.3.2] shows that the action of G°(F)
on Vi 41 factors through Sp(Viy1, Bi+1)(Fy), which is generated by unipotent elements (which have order
p # 2). Therefore, the restriction of the quadratic twist to G(F),) is trivial. Thus K acts on ™ (V3, )

in the following way: J;4; acts through the Heisenberg representation with central character induced by
¢§‘Jﬁr1 by [CF26al Lemma 6.4.3]; for j # i, the group J;;1 acts through ¢f| Jj415 and G (F )[z] acts through
beilco(r),, = qﬁf\GO(F)[I] times the Weil representation of GY(F)j,) through the map

G*(F) () = Sp(Viga)-

These observations combine to show

d—1 d—1
erlic T (1) @ QT (V3, ) @ dralc =V 070 @ ®V$(f) ® ¢y
=0 i=0
Since the compact induction of the left side is a direct summand of T*(7(¥y)), the theorem follows. 0

Corollary 7.1.2. Let £ be a banal prime for G such that £ >tk G +1, and let ¥ be a Yu datum for G over
F,. Then we have

P (0w, ~ 7 ((T0)).

Proof. Since £ > rk G + 1, the prime £ is good for G and for Resg, ,p(GF,). Thus [Fen24, Theorem 1.3.1] ap-
plies (Remark- Comblmng it with Theorem |7 ‘ 7.1.1} compatibility with Weil restriction [ES21] Theorem
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1.9.6(vii)], and (A.3.7) gives the following conjugacy; [CF26a, Lemma 10.1.6(1)] removes the semisimplifica-
tion:

PP (W) )y, ~ p"5(w (W) ).
Apply (4.3.3) and the inverse of Frobenius to obtain the corollary. O

7.2. Small prime degree base change. In this section, we prove analogues of the results of [CF26al §8.3]
for p¥S. We take k = F, assume that G = T is a torus, and assume that ¥ is normalized in the sense of
[Kall9, Definition 3.7.1]. Let E/F be a Galois extension of prime degree ¢ # p such that T is an elliptic
E-torus of G, and let o be a generator of Gal(E/F).

Recall the Yu datum ¥ = ((G%), 2k, (rg,i), 7B, (¢£,:)) defined in [CF26al, §8.3].

Theorem 7.2.1. In the setting above, T (o, 7(Vg)) admits 7(¥®)) as a direct summand for each a € Z/2.

Proof. Let €r, €r 4., €E, and €gy . be the sign characters as in the definition of ¥g. With notation as in
[CF264), §6], we have (cf. [CE26al, (6.5.1)])
d—1
m(Ug) = c—Ind[G(;E)(eE RTE® ® V$E,i ® PE.d),
i=0
where (cf. [CF26al (6.2.1)])
K = G(E) G (E), .z - GU(E), ras.

2

By [CF26al, Lemma 6.4.2], we have K¢ = K, where K is the compact open subgroup of G(F') constructed in
precisely the same way as K g but with F' in place of E. Thus by [Cot26], Lemma 5.2.1] and Corollary for
a given a € Z/2Z there exist m, ng, ..., ng—1 € Z/27Z such that m—i—Z?z_Ol n; = a and the G(F)-representation
T(r(Vg)) admits

d—1

C—Il’ld?{(F)(EE RTE X ® T (V$E7) & ¢E,d)

i=0
as a direct summand. By construction of ¥y and [CE26al, Proposition 7.1.2], we have (egep s .Tr)|xk =
€F€F7ﬁ7m7'e and ¢p 4|k = ¢§|K. Thus the argument in the proof of Theorem shows that T"i(Vq;E’i) is
isomorphic to VA@ ® €g,2€F 4,0 88 & K-representation, with action as in Yu’s construction applied to ¥ (cf.
[CF26al, §6.3 and Lemma 6.4.5]). Combining these observations yields the theorem. a

Corollary 7.2.2. In the setting of Theorem assume Hypothesis at the prime ¢ = [E : F| # p
for G C Resg,p(GE) with the action induced by o if £ is not good for G. Then we have

P |wy ~ p(x(VE)).

Proof. By Theorem the representation 7(¥)® is an irreducible subquotient of T%(co,7(¥g)). If £ is
good for G, we apply [Fen24, Theorem 1.3.1], with Remark otherwise we use Hypothesis at the
prime ¢ = [E : F] # p. In either case, [CF26a, Lemma 10.1.6(1)] removes the semisimplification and gives

B o pfS(m()0) ~ p"(n(W) D),

where 7(U ) is regarded as a representation of G'(F) = G(F). Compatibility of pS with Weil restriction
[FS21] Theorem 1.9.6(vii)] and the cyclic base-change formula (A.3.7)) imply that

PP (W) Nl ~ p" S (w(WE) D),

where now 7(¥ ) is regarded as a representation of G(E). The corollary then follows from compatibility
of p¥S is compatible with Frobenius twist. O

7.3. Descent to unramified twisted Levis. In this subsection, we prove analogues of the results of
[CF26al, §9] for p*S.
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7.3.1. The setting. Throughout, we take k = Z, and we assume that the Yu datum ¥ @7z, Q, is irreducible.
We fix the following situation, which will remain in force through Corollary Let H C G be an
unramified twisted Levi, and suppose that there exists [(T),0)] € To(¥ ®7, Q,) (in the notation of [CF26al,
Definition 7.2.1]) such that T is elliptic in G® and T C H N G°. Fix an element s € H(F) of order ¢ such
that H = Zg(s)lm and let o denote the automorphism of GG induced by conjugation by s. For 0 < i < d, set
H'=G'NH and ¢pg,; = ¢i|gi(r). We record the following observations.

(1) Each H® is a twisted Levi F-subgroup of H, and Zpyo/Zy is anisotropic: this follows from the
assumption that T is an elliptic maximal torus of G.

(2) Via any choice of embedding B(H®) C B(G®), the point = lies in B(HY). The image [z] of x in
B(HY.,) is a vertex, since [z] is the point associated to the elliptic maximally unramified maximal
F-torus T see [KP23| Remark 16.7].

(3) ¢m,i is H'-generic of depth r; for all 0 < i < d by [CF26al, Lemma 9.3.1].

For simplicity, we will use eg (resp. €) to refer to the sign character constructed from ((G?),x, (r;)) (resp.
((H?),x,(r;))); see [CE26al §§3.3 and 6.5.

7.3.2. The twisting characters. For 0 < i < d — 1, recall from [CF26al §6.3] the symplectic F,-vector space
Vit1: by the Moy—Prasad isomorphism (cf. [CF26al, (6.3.1)]) we have

Vier 20 (F), s/ (07 (Flgs 48 (Fag )

and if X} € Lie*(G")% (F),._,, denotes the generic functional associated to ¢; then the symplectic form
on Viy is equal to the map (7,w) — Trg jp, X;([v,w]) by [CE26a, Lemma 6.3.1]. Note that Vi, is
an F,-vector space in a natural way, the map (U,w) — X/ ([v,w]) is a symplectic form, and there is a
natural inclusion Spg_(Vit1) C Spg, (Vit1), where the subscripts F, and F), are used to distinguish the two
symplectic forms. It is clear that o € Spg, (Vit1).

Definition 7.3.1. For 0 < i < d—1, let X1, denote the sign character of Squ (Vig1)? from Definition
applied to the F;-symplectic space V;;1 and the element o € Spg_(Vi41). Let a;: HO(F)py — Spg, (Vit1)?
be the natural map, and define the characters

d—1

mi=Xvioa,  &u=ecluory, en [ n
i=0

of HO (F) [x]-
The following lemma is the key computation of this subsection. We will use Spg, (Vi+1) (resp. Spg, (Vit1))

to denote the symplectic group of Vi1 (resp. Vit p, in the notation of §6.5)), considered as an algebraic group
over F, (resp. F,).

Lemma 7.3.2. Ife; = ef;ﬂ/ci’H as in [CF26al, Lemma 3.2.2|, then

i = €i|H0(F)[z] (mod g) (731)
Thus, if Ty C HC is a tamely ramified mazimal F-torus with x € B(Tg), then
fH‘TH(F)[I] = (EGEHGG,n,zEH,ﬁ,z)|TH(F)M (mod £).

Proof. We may and do assume that G is of adjoint type, so [¢] = z. First, we claim that if f;11: 62 —
Spr, (Vi+1) is the Fg-homomorphism defined in [CEF26a, Lemma 6.3.2], then for every tamely ramified
maximal F-torus S C G° with z € B(S), the image of S, under f;;1 lies in a maximal F-torus of Spg, (Vit1).
For this, note that the Kottwitz isomorphism [KP23| Corollary 11.7.2] and the fact that S is tame imply
that 7o (S,)(Fy) is of order prime to p. Thus fiy1(S.(F,)) is a subgroup of Spp, (Vi41)(Fy) consisting of
semisimple elements, so it is a classical fact that fi1(S;) lies in a maximal F,-torus of Squ (Vig1). If
S C H, then this torus can be chosen to lie in Spr, (Vi+1)?-

Now one can argue as in the proof of [CF26al Lemma 3.2.2]. If £ = 2, then both sides of are trivial,
so assume that ¢ is odd. Choose a tamely ramified maximal F-torus T C H° such that x € B(Ty), and let

OFor a given H, such an element s might not exist, so this includes an extra hypothesis on the data.
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S; be a maximal F ,-torus of Squ(ViH)U such that f;11(Tg) C S;. Let Z; C Squ (Vit1)? be the maximal
central F-torus.
Let Vit10 = V%, and Vip11 =V,

K3

JJ;LO, 50 Vit1 = Vig1,0 @ Vig1,1. Let &; be the set of weights for the

action of (Zi)fq on (Vi+171)fq, equipped with its natural action of I' = Gal(F,/F,). Let

Viri)w, = P Vina)o

[OISCH

be the weight space decomposition for Z;. Since Z; is central in Spg,_(Vit1)?, every summand is (Fg)fq—

stable; define xo = det(—|(Vit1,1)0). Then [FKS23| Proposition 5.1.13] describes a character eg, : Fg(Fq) —

{£1} associated to &; and the natural map &; — X*((Hg)fq) given by O — x0o.

Since £ # p, taking o-invariants is exact, so [CF26al Lemmas 6.4.4(1) and 6.3.1] identify Vi 11 ~ Vig1/V,7,
with the quotient V in [CF26a, Lemma 3.2.2]. Applying [FKS23, Remark 5.1.12] to the restriction maps
from the weights of S; on Vi1 to the weights of Z; and Ty as in the proof of [CF26al, Lemma 3.2.2|, we
see that the restriction of eg, to Ty (F)[,) is equal to the restrictions of the left and right sides of ,
respectively. Since Ty is arbitrary, [FKS23| Lemma 3.5] shows that this property uniquely determines 7;,

proving (7.3.1). O

7.3.3. The descent theorem. Let Ty ¢ be a cuspidal irreducible F-representation of FFz] (Fy), and set 7 =
TH,0 ® &p. Define

\IlH;TH = ((Hi)’x7 (ri)aTHa<$H,i)), (732)

where $H7i is the mod ¢ reduction of ¢y ;. It is easy to check that ¥y ., is a Yu datum for H over Fy, and

if ¥ is normalized then so is W ;. Recall the pair [(T,6)] € To(V @z, Q) fixed at the beginning of this
section.

Theorem 7.3.3. Keep the setting of . Suppose [@?ﬂ (Fy) : (@?w])O(Fq) . Z(é?w])(Fq)] is prime to £ and

¢ is good for G and 0 is of finite order prime to £ and the Q,-representation T ®z, Q 1s defined over a finite
extension of Qp™ of degree prime to £ — 1. Then there exists a cuspidal irreducible Fy-representation T o of

F?x] (F,), whose Brauer character occurs with nonzero coefficient in the ¢-modular reduction of the Lusztig
G —

restriction *RF[?I]] (T ®z, Qu), such that for every a € Z/2Z the representation m(Vp -, ) is an irreducible

subquotient of T¢(o, m(¥) ®7, F)).

Proof. We use all of the notation introduced in [CE26al §6] freely, and we write K¢ (resp. Ky) for the
compact open subgroup (cf. [CE26al (6.2.1)]) of G (resp. of H) constructed from ¥ (resp. from ¥g -, ; this
subgroup does not depend on the choice of 7). By definition (cf. [CE26al (6.5.1)], with ggz as in [CEF26al,
§6.2] and V3 as in [CF26a) §6.3]), we have

d—1
w(¥) = c—Indf((GF)(EG ®T® ® Vs, ® da).

i=0
Since T' C HY, the point z lies in B(H") and thus the finite order central element s fixes z, so s € G*(F)[y) C
K¢; we regard each tensor factor of the inducing representation as a K¢ x (o)-module by letting o act through
s. In particular, Corollary applies below with first factor the possibly reducible module e ® TF,-
Fix a € Z/2Z. By [Cot26, Lemma 5.2.1] and Corollary (applicable because of Lemma @ , there
exist m, ng, ..., ng—1 € Z/27Z such that m—i—zg;ol n; = a and such that the Tate cohomology T (o, w(¥) ®7z,

F/,) admits the following representation as a direct summand:

d—1
oIndiy" (e © T™(7 @7, Fr) © QT (V;, @7, Fr) ® ¢a) (7.3.3)
=0

By [CF26al Lemma 6.4.2(1)], we have KZ = K.
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By assumption on 7 ®g, Q,, we may apply [Cot26, Proposition 3.4.1(2)] to the character of the generic

fiber 7 ®gz, Q, and to the same lattice 7 used to form Tate cohomology to obtain the inequality of characters
(with notation as in [Cot26l §3.2])

G —
*Rﬁ[oz (T ®Z[ QZ)

XT"" (U’T®fz fz) Z .

for both m € Z/2. Note that the assumption on 7 ®z, Q, implies that the depth 0 character of T'(F')(;
associated to U @z, Q, in [CF26a, §7.2] is of finite order prime to £. By the assumption [(T,6)] € To(¥),

the representation T ®g, Q, has nonzero pairing with R;['”] (69). By [Cot26, Proposition 3.4.1] (using that
(=]

¢ is good), it follows that there is an irreducible F-representation 7y o of F?x] (Fy) whose Brauer character

. . . G = = . . .
occurs with nonzero coefficient in *Rﬁ[g] (T ®z, Q). Thus T™(1 @z, Fr) admits 750 as an irreducible
(]

constituent. The representation 7 ®z, F, is cuspidal since 7 ®7, Q, is cuspidal, so Ty ¢ is cuspidal by [Cot26],
Proposition 3.4.2].

Next, fix 0 < ¢ < d —1; we will compute T"(V3 ). By Proposition the Sp(Vit1)? x (V%)%
representation T (V@) is isomorphic to the tensor product of the Weil-Heisenberg representation of Sp(V,7 ;) x
(V%41)* (under the restriction map Sp(Vi4+1)® — Sp(V,%;)) and a certain {+1}-valued character x;; of
Sp(Vi4+1)?. By Lemma applied to the F,-symplectic structure on V;i; recalled in we have
X1, = X17i|Squ(Vi+l)a, with X1, as in Definition m In particular, with notation from Definition m
the action of HO(F )[z] ON T"”(Vgi) through a; is the twist by 7, of its action on the Weil-Heisenberg rep-
resentation of Sp(V,7 ;) x ( l{’H)ﬁ. This Weil-Heisenberg representation is isomorphic to V$H,7-, by [CE26al,

Lemmas 6.4.4(1), 6.4.3(1), and 6.4.5(1)]: the first shows J;;1(G)? = J;41(H) and Jit_l(é)g = J;_l(ﬁ); the

second shows that (/;;HJ' is the restriction of {51-; and the third relates the special isomorphisms used in the

construction. Thus, as a K y-representation, T™ (V@) has an irreducible constituent isomorphic to V$H,i ;.
We have now seen that the H(F)-representation in has as an irreducible subquotient

d—1
oIndf " (eclicy © 70 ® @ V3, ©m:) @ dalicy).
=0

Since 7 = T, ® g and €% = 1, the factor eG|H0(F)[I] Q TH,0 ® ]_[?:_01 7; is equal to eg ® 7. Thus indeed
(¥, ) is an irreducible subquotient of T*(7(¥) ®z, Fy). O

Corollary 7.3.4. Under the hypotheses of Theorem there exists some Tr o such that, for some irre-
ducible subquotient 7o of T(¥) ®7z, Fy, there is a cocycle z: Wp /Ip — Z(H N Gaer)(Fo)'F such that

p"S (7o) ~ (z- Limgo pFS(W(\I’H,TH)))SS, (7.3.4)

where Ljy c: H — LG is the canonical L-embedding as in [CE26a), Definition 4.5.1]. If £ > 1k G + 1, the
superscript ss can be omitted.

Proof. Since ¥y -, is an irreducible Yu datum, the representation (¥ ;,, ) is irreducible, so Theoremm
says that 7(Vg ., ) itself occurs as an irreducible subquotient of T%(c, 7(¥) @z, Fy) for both a € Z/2Z.
The representation 7(¥) @z F, is admissible of finite length: by [CF26a, Lemma 7.3.1(1) and (2)], its
irreducible subquotients are the (irreducible by [Fin22, Theorem 3.1]) representations attached by Yu’s
construction to the finitely many irreducible subquotients of 7 ®z, F;. By [Cot26, Lemma 3.1.4], there is
an irreducible subquotient 7y of w(¥) ®z, Fy, with o-stable isomorphism class, such that (Vg ., ) is an
irreducible subquotient of T%(o,7Ty). Since ¢ is good for G, it is also good for H and hence for their dual
groups. Thus we may apply [Fen24, Theorem 1.3.1] (cf. to the irreducible representation 7y, giving

(“ 0 p" S (1 (Wpr )™ ~ pPS(FY) ~ 2 Fry 0p™S(7o), (7.3.5)

for some cocycle z: Wp — Z(Gqer)(F¢)WT, where the second conjugacy is (£.3.3). Proposition 2) gives
a cocycle zo: Wr/Ip — Z(H N Gaer)(F¢)'F such that L9 ~ 2 - Fryoljy ¢. Comparing with (7.3.5) and
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applying the inverse of Frobenius yields (7.3.4). (The cocycle appearing in (4.3.3)) is unramified and valued

in Z(Gaer) C Z(H N Gger), so it may be absorbed in z.) Finally, [CF26a, Lemma 10.1.6(3)] removes the
semisimplification when ¢ > rk G + 1. O

8. COMPATIBILITY WITH PARABOLIC INDUCTION

The main technical result of this paper (Theorem is a functoriality result for Q,-representations m
of G(F) with respect to descent to unramified twisted Levis H(F') of G(F). The rough goal of the proof is
to use the modular functoriality results of §7| and independence of ¢ [Sch26, Theorem 1.1] to reduce to the
case that £ is “large”, then apply Corollary From 7, we use Tate cohomology to extract an explicit
F-representation 7z of H(F') such that (for instance)

PP ()1 = P (Tw) |1 (mod £).

This is nearly enough to obtain a functoriality result with Q,-coefficients, but this argument does not
produce a Ql—representation g such that 7 occurs in the mod ¢ reduction of some Z,-lattice in 7. If Ty
is non-singular, then it is not difficult to construct such a 7wy, but in general we do not know how to do this.

To explain the situation, suppose Uy = ((H"),z, (r;),Tn, (¢5;)) is a Yu datum for H(F) over F; such
that Ty = 7m(Vg). The natural way to obtain a lift 7z would be to find a cuspidal Q,-representation 75
of F[m] (F,) such that 7y occurs in the mod ¢ reduction of a lattice in 7y and let 7y = m(¥y), where
Uy = ((H"),2,(r:), 71, (¢m,:)) and ¢p; is the Teichmiiller lift of ¢ ;. We do not know whether such a 74
exists; see [Cot26l Question 2.10.4]. (What is true is that there often exist non-cuspidal such 7.) Thus we
need a way around this problem.

First, by [Ser77, Part IT1, no. 16.1, Theorem 33], there is some (not necessarily cuspidal) Q,-representation
Ty of F[m] (F,) such that 7y occurs in the mod ¢ reduction of 7. Using uniqueness of cuspidal supports
for paraductive F,-group schemes ([Cot26, Lemma 2.10.2]), one shows that there is a Levi F-subgroup
L C H such that # € B(L) and a cuspidal Q,-representation 77, of f[w]G(Fq) such that 75 occurs in the
parabolic induction of 77, and from this one obtains a Yu datum W for L over Q@ This is the same
construction as in [CF26al §9], and [CF26al, Theorem 9.3.3] relates p¥a/(¥y) to pXa!(Wy). It remains to
relate pS (7(V},)) to p¥S(7(¥g)), for which the obvious tool is compatibility with parabolic induction [FS21]
Theorem 1.9.6(viii)]. The main result for this purpose is Proposition which shows that (¥ ) occurs
in the parabolic induction of 7(W ) ®y for some unramified character x, and from this we deduce the crucial

lifting result Corollary
In this section, we retain the standing hypothesis p # 2.

8.1. The setting. We fix the following situation, which will remain in force through the proof of Propo-
sition B3] below. Let H be a connected reductive group over F, and let L be a Levi F-subgroup of a
parabolic F-subgroup P of H. Let

Uy = ((Ho<i<a, , (ri), 7, (61))

be an irreducible Yu datum for H over F,. Let P = LU be an F-parabolic subgroup of H, let P be the
parabolic opposite to P with respect to L, and let U be its unipotent radical. Fix a commutative diagram
of embeddings

B(L°) —— B(L') —— -+ —— B(L)

| | |

B(H®Y —— B(H') —— -+ —— B(H)
and suppose that x € B(L") under the embeddings B(L%) C B(HO)B We will use ¢g to denote any of these
chosen embeddings. For 0 < i < d, set

L'=LNH, P =PnH, U=UnH, U =UnH.

HThis is slightly incorrect for technical reasons, both because Z[I]G # Z[I]L and because one must twist by a sign character
to get the correct Yu datum for functoriality.

12We emphasize that  is a point of B(H®) chosen in advance, and since Z(H9)/Z(H) is anisotropic, no group defined below
using the Moy—Prasad filtration (for H? or L*) below depends on the choice of these embeddings.
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We assume that

e the image [z]y, in B((L")4er) is a vertex, and
e Z(L%)/Z(L) is anisotropic, i.e., condition (1) in the definition of a Yu datum (JCE264l §6.1]) for the
sequence (L?).

In the applications in this paper, the two displayed hypotheses will be verified using [CF26al Lemmas 9.1.2
and 9.1.1].

Choose an irreducible cuspidal F-representation 7, of f?xh (Fy), and let

V= ((Li)vxv (Ti)’TLa (¢2

Observe that ¥y, is a Yu datum for L over F, by [CF26a, Lemma 9.3.1] and the above assumptions.

Li(F)))-

8.2. Some technical preliminaries. The following two technical lemmas will be used to pass from a family
of representations to a single member. Let k& be an algebraically closed field of characteristic # p.

Lemma 8.2.1. Let A be a commutative noetherian k-algebra, and let X be a smooth A-representation
of H(F). Assume that X is admissible, i.e., X7 is a finitely generated A-module for every compact open
subgroup J C H(F). LetV be an irreducible subquotient of X on which A acts through a character x: A — k,
and let m = ker x. Then there is an integer n > 1 such that V is an irreducible subgquotient of X/m™X.

Proof. Choose A-stable H(F')-subrepresentations V" C V/ C X with V//V"” ~ V, and choose a compact
open pro-p subgroup J C H(F) with V7’ # 0.
Since J is pro-p and char k # p, averaging over J is an A-linear projection X — X“. Hence (bX)’ = bX’
for every ideal b C A.
The module X is finitely generated over the noetherian ring A, and (V)7 c X7 is a submodule with
m (V)7 c (V")’, because A acts on V through . By the Artin-Rees lemma, there is n > 1 with
W X) N (V) =m"( X)) n (V) cm V") < (V"). (8.2.1)
Consider the image of V/ in X/m™X. Its quotient by the image of V" is
V' /(V"+ V' nm"X), (8.2.2)

which is a quotient of V'/V” ~ V' hence either 0 or V. Since k is of characteristic # p, the formation
of J-invariants is exact, so shows that the image of V' N m"™X in V has trivial J-invariants. Since
V7 #£ 0 and V is irreducible, it follows that V" 4+ V' Nnm"X # V', so is a nonzero quotient of V,
hence isomorphic to V. Thus V is an irreducible subquotient of X/m"™X. O

Lemma 8.2.2. Let Ky < K1 C L(F') be open subgroups such that

(1) Ky is compact modulo Z(L)(F) N Ky,

(2) K= (Z(L)(F)NKy) Ky is of finite index in K.
Let My be a smooth k-representation of Ky of finite length, and let V' be an irreducible subquotient of
14 (C—Indf((oF) My). Then there is an irreducible subquotient My of C—Indlfg[l) My such that V' is an irreducible

subquotient of IH (C—Indf((lF) Ml).

Proof. Note that C—Indf((OF) M is a finitely generated k-representation of L(F') since Ky C L(F') is open. Let
A be the image of the Bernstein center 31, of Rep;, (L(F)) in Endy, (c—Indé(oF) My), so A is a finitely generated
k-algebra and c-Indf((OF) My is an admissible A-representation of L(F') by [DHKM24, Theorem 1.2]. Thus

4 (c—Indf((OF) M) is an admissible A-representation by [Vig96l Chapitre II, no. 2.1 (i)]. Note that A acts on
V through a character x: A — k by Schur’s lemma, so if m = ker x then Lemma shows that there is
some n such that V is an irreducible subquotient of

IH (c-Ind ") Mo) @4 A/m™ = TH ((c-Ind | My) @4 A/m™). (8.2.3)

We may and do assume that My is an irreducible k-representation of Ky. By (1), the k-vector space M is
finite-dimensional. Choose a k-representation M of K|j extending My, and let ¢: Z(L)(F)NK, — k™ be the
central character of M|, (which exists by Schur’s lemma). There is a homomorphism k[Z(L)(F) N K] — A
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whose image is a finitely generated k-algebra B (since ¢ is smooth); let p C B be the preimage of m. Note
that
c-Indj! My = c—IndI[gz (M} @y, k[K})/ Ko)),

SO c—Indgé M, is a finitely generated B-module by (2). Thus M{®y (k[K}/Ko|®p B/p™) is finite-dimensional
over k. Since

c-Ind; {7 (Mo) @ B/p" = e-Indi{" (e-Indjet (Mg @4 (K[K(/Ko] @5 B/p"))
surjects onto c—Indf((OF)(MO) ®4 A/m"™, the result follows by a filtration argument from (8.2.3]) and exactness
of TH [Vig96, Chapitre II, no. 2.1 (v)] and the fact that K}, is of finite index in Kj. O

8.3. The main result. Write ey and €7, for the FKS characters [CEF26al, (3.3.1)] attached to the towers
(H*) and (L?), respectively. The following proposition is the main result of this section.

Proposition 8.3.1. Keep the setting of . Let 11,0 be an irreducible cuspidal F@—re;tj“esentation of
f([)w]H(Fq), and suppose that Ty is an irreducible subquotient of the parabolic induction indi§]]H;§:; (TL,0)-
Then there exists an irreducible cuspidal Fy-representation 1, of Z?w]L(Fq) such that, writing '

Vp = (L), @, (ri), 7, (¢4

for the resulting Yu datum for L over Fy, the following conditions hold.

Li(F)))

(1) The restriction of 1, to LO(F)MH admits Tr, 0 ®6H6Leff as an irreducible subrepresentation, where

eff is the sign character from [CF26al (3.3.4)].
(2) m(Vy) is an irreducible subquotient of T2 (m(¥L)).

. . . . = . -0 ;
Proof. As mentioned above, any irreducible cuspidal Fy-representation of Ly, (F,) completes ((L*), z, (r:), (¢
to a Yu datum for L, so the content of the proposition is the construction of a particular 7;, and the proof
that it satisfies conditions (1) and (2). The proof proceeds in four major steps.

Li(F)))

(Step 1) We define a compact-mod-center open subgroup K p C H(F) which interpolates between the
compact-mod-center subgroup defined in Yu’s construction for ¥y and the corresponding one for L.

(Step 2) We use Appendix [B| to embed a certain representation 7 of H(F') compactly induced from K p
into the normalized parabolic induction of a certain finitely generated representation of L(F"), and
we relate the latter to representations of the form 7 (¥p,).

(Step 3) We relate 7 to m(¥ ), which requires wrestling with some sign issues.

(Step 4) We conclude using Lemma

Now we start the proof in earnest.
Step 1. The subgroups Ki p and Kf;"}. For 1 <i < d, define

Kpp=U(F), riz [L(F), s UNF), rios © HY(F),

and set o
KD p=U (Fao4+ LY (F)2), U (F)o C HY(F) ), - (8.3.1)

It is easy to see that KZ’P is a group for all 0 < i < d. For i > 0, we have
K}, p = (K} p N T (F))(K}, p N LH(F)) (K} p NU(F)) (8.3.2)

and K}J’P NL(F)= Li(F)m,TFl/g.
Next, we define the compact-mod-center subgroups

Krp=K]pKip---Kip (8.3.3)

and

(8.3.4)
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®(H?,T)
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— boundary included
= boundary omitted

FIGURE 8.3.1. Comparison of K p and KZF,P.

See Figure for a cartoon of these subgroups; note KIJ;P C K p.

We need to compare Kzr p to the group appearing in Proposition which is defined in terms of the
generic embeddings of [KY17]. Choose a rational cocharacter v valued in Z(L°) such that (a,v) > 0 for
every root a occurring in Lie(U), let x1, be the point of B(L®) such that ¢o(z1) = z, and let ¢ be the shift
of 19 determined by the property that ¢(x) = « + év for some very small § > 0, so ¢ is generic for all of
the depths 0,79/2,...,74_1/2. For each real number s, we have Uy (F)z450,s = Ua(F)z,s—5(a,v), 50 0 can be
chosen small enough such that for all s among 0,7¢/2,...,74-1/2 we have

Uo(F)z sy if a € Lie(U),

U,(F v,s —
a( )x+5 E {Ua (F)LS if a € Lie(U)‘

Comparing (8.3.4) and (B.2.1) therefore shows KZP =K.
Finally, we deﬁnﬂ

Kr = L°(F)jy,, L' (F)

o LYF), raa, Kp = LO(F)a0e LN (F)y may - LY(F)

1‘7

Multiplying (8.3.2)) over ¢ > 0, together with (8.3.1)), yields
Kpp=(KppnUF) Ky (KppNU(F)), KppnL(F)=Kg. (8.3.5)

Td—1 , -
T, =5+

Similarly, we have
K} p= (K pnUWF)) K] (K;pNUF)), KfpNL(F) =K. (8.3.6)

Step 2. Cowvers and the injection into parabolic induction. Let ¢, ; = ¢i|ri(p) for all i, and let x : LO(F)[I]H/LO(F)I70+ —
FZ be a character. Consider the tensor product
d—1
prr(x) = €L @ TLox ® (X) Vs, ®@oL.a;
i=0
with notation as in Yu’s construction. By (8.3.5]), the representation pr, p(x) extends to Ky, p by inflation;
we use the same notation for this inflated representation.
By (8.3.5) and the definition of pr p(x), the pair (K p,pr p(x)) satisfies conditions and of
Definition [B:2.1] for P = LU. By Corollary [B:2.4] Corollary [B:2.5, and Proposition [B.3:3] applied with

13When d = 0, the convention is that ICz' = LO(F)z,04-
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G=H, M=L,K=Kj p,and ppr = pr.p(X)|k,, there is an H(F')-equivariant injection

eInd} ") o p(x) = IH (c-Ind’LC(LF) o1 p ()] ch> (8.3.7)

of H(F)-representations.
Step 3. Calculation of the compact induction. We now want to show that the left-hand side of (8.3.7)
admits 7(¥ ) as an irreducible subquotient for some choice of x. Let

Ky,p(0) = HO(F) ), H' (F)g rg - HYF), ras . (8.3.8)

This is the compact-mod-center subgroup that appears in Yu’s construction for Wy. Define a decreasing
filtration of groups K, p(0) D ... D Ki p(d+1) = K p via

Krp(i) =K. pKpp-- Kz_;Hz(F)m“T—l - HY(F), ras (8.3.9)

» T2
for 1 <i<d.
By transitivity of induction, we have

de= 2 (pr.p(X))).

If d > 0 then all terms in the tensor product on the rlght side extend to Ky, p(d) except V$L ., SO by the
projection formula we have

e-Indjs ") (pr,p(x)) = e-Indg ") ) (e-In

d—2
eIndiey 7 (o, p () = e @ mrox © @V, , @ indie) 1 (V3

brL,d—1
=0

) ® L4

Using the same reasoning inductively along with the relation

H(F) H(F) Kr,p(3)
cIndy " iy = cIndge ") oc—IndKi;(iH),

we conclude that
o-Ind ") (pr, p(X))

> -na?(” )(1) <6L ®TLoX ® ® ind." ,’3&1)(‘/&,#1) ® ¢L,d> . (8.3.10)
1=1

We now explicate the action of K, p(1) on each term 1ndKz }}ZEZ)H)(V __1) above. For j # i, j > 0, the

action of H/(F)_ 1 is evidently given by gi_llHj(F) - Let
) 2 T, 55—

2

. d—1
Ap o e HIL _
P,H = €H‘5L€u7m = €EHE], €;
=0

Hi*1/gt L

as a sign character of LO(F s> is the character defined by [CF26al Lemma 3.2.2].

We view Ap p as a character of Ky, p(i) by inflation. By [Ger77 Theorem 2. 4(b)]E| and the description of
€i—1 given in [CE26al Lemma 3.2.2| (see also Lemrna , the action of LO(F), UY(F),H(F), ri-1 on
» T2

indgi ﬁ Eill)(v(gL,i—l) is isomorphic to the twist by €;_1 of the restriction of V5 . Consequently, we have

where ¢; = €4

K i
cIndg” )(1>(6L ®TLoAPH® ® deiliEiln(V&,H) ® ¢r.d)
i=1
. <Fq> ~
~ c-Indgii)(o)(eH ®in P[[ ]IH(F o) ® Q) V3, © ¢a)- (8.3.11)
wH i=0

Combining (8.3.7), (8.3.10), and (8.3.11)), we find that 7(¥ ) is an irreducible subquotient of IZ (C—Ind,%(LF) (pr.p(Ap.H))).

4 There is a famous (series of) typo(s) in the printed statement of this theorem; see [Fin2lal Footnote 1 on page 2| for
the correct statement as given here, which is easily extracted from the proof of [Gér77, Theorem 2.4(b)]. Although [GérT77,
Theorem 2.4(b)] is phrased for complex coefficients, it is valid over k = F,: both sides of the isomorphism restrict irreducibly
to the underlying finite Heisenberg p-group, and since ¢ # p, reduction modulo ¢ preserves both this irreducibility and the
isomorphism class of the restriction.
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Step 4: conclusion. Let 71,1 be an irreducible representation of Zpo (F)L°(F)(,,, which extends 77 0Ap #,
and observe that

C'Indch(LF)(PL,P(AP,H))
d—1
>~ c-Ind ;" Em (@71 ® RV,  ©01a®FelZro(F)LO(F)a), /LO(F)a), ). (8:3.12)
=0

By (8.3.12)), Step 3, and Lemma there is a character 6: Zpo(F)LY(F) 3, /LY (F) 2, — Fe (necessarily
of depth 0) such that 7(¥g) is an irreducible subquotient of

d—1
IP(CInd (F)IC (EL®TL19®®VAL ® ¢r.d))-

=0

Note that €er, V¢L7

representation 77, whose restriction to L[z] L(Fy)-Z (L[r] . )(Fg) admits 77,160 as an irreducible subquotient. If
Uy, = ((LY),z,(r;), 7L, (¢1.:)) is the resulting irreducible Yu datum for L, then W, satisfies the desiderata. O

and ¢r 4 all extend to K (L, z,7), so it follows that there is some irreducible L[z] L (Fy)-

8.4. Lifting to characteristic zero. The following corollary is the main consequence of Proposition [8.3.1
that will be used later.

Corollary 8.4.1. Let V be a normalized irreducible Yu datum for G over Fy. There exists a Levi factor L
of a parabolic F-subgroup P C G, a normalized Yu datum Y for L over Z, with irreducible generic fiber,
and a normalized irreducible Yu datum W, for L over Fy, such that

(1) ©(¥y) is an irreducible subquotient of m(Vp, ®7, Fy),

(2) () is an irreducible subquotient of 1§ (m(Vy)),

(3) p (W) ~ JL G op}“‘“(%),ﬁ

(4) P (x(¥)) ~ Fjrg o ptS (m(Wr)).
If W is F-non-singular, then we can take L = P =G and ¥y, = 0.

Proof. We write ¥ = ((G*), z, (r;),7, (¢;)) as usual. Let 7 be an irreducible Q,-representation of é?ﬂ (Fy)
such that 7 is an irreducible constituent of the ¢-modular reduction of 7; this exists by [Ser77, Part III,
no. 16.1, Theorem 33]. Let ¢;: G'(F) — ZZX be the Teichmiiller lift of ¢,, so each ¢; is normalized. By
[Cot26l, Lemma 2.10.2], there exists a split F,-torus S° c 5&1 which is the maximal split central F,-torus

in L = Zé?](go), a parabolic F,-subgroup P~ of (é?_ﬂ)o with Levi L°, and an irreducible cuspidal Q,-

representation 77, o of L(F,) such that 7 is an irreducible constituent of 1ndﬁ(F( ) 2 (71.0), where P =T - P°.

Let 71, be an irreducible constituent of the /-modular reduction of 7 such that 7 is an irreducible

Gy (Fg) _
subquotient of 1ndP[(Pl ) (TLo)-

Let S be an Op-subtorus of Q[Ow] lifting S°, asin [CF26al §7.2], and let S be the generic fiber of S, so S is
an F-split subtorus of G°. Let L = Z5(9), and let P be a parabolic F-subgroup of G with Levi L. Note that
the bulleted assumptions of hold by [CF26al Lemmas 9.1.2 and 9.1.1]. By Proposition applied
with H = G and the Levi subgroup L, there is an irreducible Yu datum ¥, =, = ((L'),z, (r:),TL, (¢; 1)) for

L over Fy, where ¢, ; = ¢ for all 0 < i < d, such that

(A) ?L|Lo(p)[z] admits 77, o ® eGeLeﬁg’UL as an irreducible subrepresentation, where euCi’EL is as in [CF26al,
(3.3.4)],
(B) m(¥) is an irreducible subquotient of I§(7(¥r 7, )).
By [Cot26, Lemma 2.10.3], if 77, is an irreducible cuspidal Q,-representation of Z?I]L (F,) with a stable Z,-
lattice A;, whose reduction admits 7 as an irreducible subquotient, then there is a generalized maximal
torus- character pair (T 1,m) as in [CF26al (9.2.3)-(9.2.4)], i.e., 71, € 5(Zﬁc]w [Tr.1,m]) and m 7 (F,) =

noegeLeﬁ .. Let
\I’LJ\L = ((Lz)7x7 (Ti)vALa (d)i,L))’
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where ¢; 1. = ¢;
and W, =, are normalized. We have now proven (1) and (2). Now [CF26al, Theorem 9.3.3] gives

P (W) ~ Fin.c o pf(Uy),
proving (3). Finally, (4) follows from (2) and [FS21, Theorem I1.9.6(viii)]. O

Li(r) as above. The inclusions L, — G, lift to the simply connected covers, so Wy x,

9. FUNCTORIALITY FOR THE FARGUES—SCHOLZE CORRESPONDENCE

In this section, we will establish certain characteristic 0 functoriality statements for “large” prime degree
cyclic field extensions and for descent to unramified twisted Levis. The rough idea is that the results of
give rise to functoriality statements modulo “large” primes, and [Cot26l Lemma 5.3.2] shows that such
congruences can be lifted to characteristic 0.

Recall the notation p¥! and 7/(¥) from [CF26al §7.2]; also recall from that F;/F denotes the unramified
extension of degree /.

9.1. Modular reduction. We will need to know that the formation of Fargues—Scholze parameter is com-
patible with reduction modulo ¢ (even when said reduction is not irreducible).

Lemma 9.1.1. Let II be an irreducible smooth representation of G(F) over Q,, and let A C 11 be a G(F)-

stable Zy-lattice. For every irreducible G(F)-subquotient II' of A ®z, Fy, we have pFS(IT') ~ pFS(II)

Proof. The L-parameter p*S(I) € H*(Wg,G(Q,)) corresponds to a character yii: Excq, Wr, @) - Q,.
Since integral excursion operators preserve A (the Fargues-Scholze construction is defined with Z,[,/ql-
coefficients and maps to the integral Bernstein center; cf. [FS21] Chapter IX]), it follows that yy restricts to
a Zs-algebra homomorphism Excz, (W, é) — Z,. We therefore obtain a character

X1 = XII ®Z1. Fy: EXCFK(WFvé) - Fe'

This defines the semisimplified mod ¢ reduction p*S(I)*s € HY (W, G(F,)). If II := Az, Fy, then it follows

that every modular excursion operator acts on II through ;. Hence, for every irreducible constituent IT’ of
SS

T, the parameter pFS(IT') satisfies pFS(IT') ~ pFS(II) , as desired. O

9.2. Independence of /. Our argument will require “sewing” information from different primes. To do this,
we fix isomorphisms Q, = C. For primes ¢, ¢’ # p, this immediately allows us to convert between smooth
representations of G(F) over Q, and Q. Similarly, we can convert between semisimple L-parameters
Wr — LG(k) for k € {C}U{Q, : £ # p}. It is not obvious that the Fargues—Scholze correspondence
is compatible with these conversions, but that is established in [Sch26]. The more precise statement is as
follows.

Theorem 9.2.1 ([Sch26, Theorem 1.2]). For a coefficient field k, let 3(G;k) be the Bernstein center of
G(F) with coefficients in k. Then there is a map

FS¢: EXC(WF,@Q(\/@) — 3(G:Q(Va))

which after base extension to Qg for any £ # p recovers the map
EXC(VVF7 GQe(\/a)) — B(Ga QZ(\/&))

Fixing /q € Q for simplicity of notation, a character y: EXC(WF,CAJQ) — Q thus induces a charac-
ter xq,: EXC(WF,GQE) — Q, for each ¢ # p. This in turn induces a compatible system of (PX)Qg €
HY (W, @(65)) for each ¢ # p. In particular, irreducibility of a single (PX)GZ is equivalent to irreducibility
of all (py)gq, - ~

If x restricts to a Zy-valued character on Exc(Wp, GZ)7 then this integral character can be base-changed

to Fy. This corresponds to a semisimple L-parameter which we denote (pX)E; informally, it is the “semisim-
plification of the mod ¢ reduction of xq,” (cf. §9.1).
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9.3. Functoriality for base change of large prime degree. First we show the existence of a cyclic base
change lifting along extensions of sufficiently large prime degree.

Theorem 9.3.1. Let G be a connected reductive group over F, and assume that p # 2. There ezists a
positive integer C, depending only on G/F, such that for every prime £ # p with £ > C, every k € {Q,, F¢},
and every normalized irreducible Yu datum VU for G over k, there is an explicit normalized irreducible Yu
datum VU, for Gg, over k such that
PO e ~ P (W) and  pF(We) ~ p7(D).
Moreover:
(1) If U is non-singular, then so is Wy, and p¥*(¥,) ~ pKal(\I')|WF[.
(2) If Sz == Zg(p" (7(V))|1,)%q is a torus, then there exist representatives such that p>(m(¥y))|r, =
PP (m ()1, and such that p™S(m(V)) and p¥S(7(V,)) induce the same conjugation action of W,
on Sy.
(3) pFS(m(W)) is irreducible if and only if p¥S(m(Vy)) is irreducible, and in this case p¥S(mw(¥y)) ~
P (1 () lw, -
Proof. Let
U = ((G")o<izd, T, (1i)o<i<ds Ts (#i)o<i<a)
be the Yu datum chosen in the statement. We begin with some preparations to simplify the form of .
Recall that pfS, plfal, and p¥2! are all compatible with twists by characters, so we may assume that 7(¥)
has finite order central character (; we may further choose C large enough (independently of W) such that
the prime numbers dividing the order of ¢ are < C. By [CF26al, Proposition 6.6.3 and Lemma 6.6.5], if C
is large enough then we may replace ¥ by a G-equivalent Yu datum to assume that each ¢; has finite order
prime to £ and the central character of 7 has finite order prime to £. In particular, if ¥ = Q, then ¥ may
be assumed to be the generic fiber of a normalized Yu datum V¥ for G over Z,. Similarly, if k¥ = F, then
U may be assumed to be the special fiber of some such ¥g. Set ¥ := ¥, ®7, F,, and let 7 denote its depth
0 representation. We also choose C' large enough so that [Fen24, Theorem 1.3.1] applies for G. We may
further assume that any ¢ > C is banal; note that ¢ is also banal for G(Fy) by [Cot26, Proposition 4.1.2(2)].

Let (W), be the “base change” Yu datum constructed from ¥, in [CF26al, §8.2]. Set ¥, = (¥y), ®7, Fy,
and let 7, denote its depth 0 representation. If k = Q,, we set ¥, = (¥g), ®7, Q,, while if k = F we set
U, = U,. Note that ¥, is normalized. Let Q denote the absolute Weyl group of G. If C is chosen to be
larger than tk G + 1 and |Q|?, then [CF26al, Proposition 8.2.3] yields the claims for pXa! and pKal.

Next we analyze p'S. If 7 is non-singular and ¢ > rkG + 1, then 7, is also non-singular by [Cot26]
Proposition 4.3.4(1)~(2)] and the fact that composition with Fry preserves non-singularity. By Corollary[7.1.2]
we have

oS (r(T0)) ~ P () vy, (9.3.1)
For (2), note first that the set of prime numbers dividing the order of o3 (7(¥))(IFr) is bounded independently
of ¥ by [DHKM25, Lemma 2.2] and Lemma [3.2.2] By Lemma [3.2.4] we may choose C' large enough that for
each ¢ > C, the order of p5(m(¥;))(IF) is prime to £. By [Cot26, Lemma 5.3.2] and (9.3.1), it follows that
if £ > C then Z5(p"(7(V))|1,)2%q is a torus if and only if Z5(p™ (m(Vr))|1,)%q is a torus, and similarly
for pFS(7(V)) and pF(7(¥;)). We may assume that is an equality, so (2) follows from Lemmam
and the irreducibility assertion in (3) follows from [CF26a, Lemma 10.1.7].

Now suppose that p¥S(7(¥)) is irreducible. By Lemma if f: LG — LG/Z(G) is the quotient map
then we may choose C' large enough that for each ¢ > C, the only prime numbers dividing the order of
F(p"S(m(Wy))(WE,)) either divide the order of f(p"S(7(¥))(Ir)) or are < C. If h: 'G — LG/Gger is the
quotient map, then by compatibility with central characters and the Kummer sequence, every prime dividing
the order of either h(p™(7(¥))(Wr)) or h(p™S(7(¥,))(Wg,)) divides ord(¢) - |Wp|, so every prime dividing
either order is at most C' if C > |Wy|. If C is chosen larger than the order of Z(@dcr), then (3) follows. O

9.4. Descent to unramified twisted Levis. Throughout this section, let
U = ((G")o<i<d, T, (Ti)o<i<d, T (di)o<i<a)

be a normalized irreducible Yu datum for G with coefficients in a field k € {Q,, F,}.



LOCAL LANGLANDS FUNCTORIALITY FOR YU’S SUPERCUSPIDALS II 41

Theorem 9.4.1. Assume p # 2. Let 7 = n(¥). Suppose that GO NG ger is not a totally ramified torus. Then
there exists a proper unramified twisted Levi F-subgroup M C G and a normalized irreducible Yu datum W,
for M over k such that

(1) The following two @(k)-conjugacy relations hold:
PP (M)1e ~ Pins © P73 (w1 (W ar))| 1, (9.4.1)

Py (W) ~ Einr o pF (W),

(2) Assuming in addition that Sz = Zg(p™(7)(Ip))Sq is a torus, then there are representatives of
pFS(m) and p¥5 (my) such that equality holds in (9.4.1)) and such that p¥>(7) and Ljpr.gop™ (m(War))
induce the same conjugation action of Wg on Sy.

(8) If ¥ is non-singular, then Vs is non-singular and
pKal(\I/) ~ LjM,G ° pKal(\IJM).

(4) If k is a field, then p¥S(x) is irreducible if and only if Ljar.q o pF5(m(War)) is irreducible, and in this
case there is a cocycle z: Wp /Ip — Z(M N Gaer)(k)'F such that

P8 () ~ 2z Ljara o p™S (m(War)).

Moreover, if k = Q, and Eas central character valued in ZZ, then we may choose VW, such that it extends
to a Yu datum for M over Z,.

Remark 9.4.2. We expect that the cocycle in Theorem 4) can be chosen to be a coboundary (and thus
removed from the statement), but this would require a more precise calculation of o-dual homomorphisms
than is given in Proposition [f:4.1] Fortunately, this is not needed for the upcoming calculation of L-
parameters in Theorem [10.1.1]

9.4.1. First reductions. The proof of Theorem [9.4.1] occupies the remainder of this subsection; we will retain
its hypotheses and notation throughout.

Lemma 9.4.3. It suffices to prove Theorem under the additional assumptions that k = Q,, that each
¢; is of finite order, and that ™ has finite order central character.

Proof. First, we show that if the result holds for k = Q,, then it holds for k¥ = F,. Thus assume for
the moment that k¥ = F,. By Corollary there is a parabolic F-subgroup P C G with Levi factor L
and normalized irreducible Yu data U and ¥, for L over F; and Z;,, respectively, such that W(@L) is an
irreducible subquotient of (V1) ®z, F, and 7 is an irreducible subquotient of IS (7(¥y)) and we have

P8 () 1p ~ Fin o p(m(Wr)),  and  pFN(W) ~ Yip g o pf(TL).

By [Vig96l Chapitre II, no. 2.1] and [DHKM24, Corollary 1.5(1)], the normalized parabolic inductions
IS (n(Vy) ®z, Q) and IS (n(Vy) @z, Fy) are of finite length. Moreover, IS is exact (by [Vigd6, Chapitre
II, no. 2.1]) and sends flat Z,-modules to flat Z,-modules (by definition), so there is some smooth Z-
representation 7 of G(F) which occurs as a subquotient of I§(m(¥)) such that 7 ®7, Q, is irreducible
and 7 is an irreducible subquotient of 7 ®7, F,. By Lemma and induction on the semisimple rank of
G, we may therefore pass from (G, V) to (L, ¥y) in (1). For (2), note that if S, is a torus, then so is Sz
by Lemma Thus we can reduce to k = Q, by Lemma For (3) and (4), note that L = G by
Corollary so the reduction to k = Q, is clear.

By twisting by a character of G(F'), we may assume that 7 has finite order central character. By [CF26al,
Lemmas 6.6.1, Proposition 6.6.3, and 6.6.5], we may then pass to an equivalent Yu datum to assume that
each ¢; is of finite order. O

Throughout the remainder of this section, we will assume that the hypotheses of Lemma [9.4.3] hold.

Call an F-torus S" simple if X*(S%) ®z Q is a simple Q[Gal(F/F)]-module, or equivalently if S’ admits
no nontrivial proper F-subtorus. Fix a class [(T,0)] € To(¥), with notation as in [CE264), Definition 7.2.1].
By hypothesis, the intersection G° N Gyqe, is not a totally ramified torus. Since T is a maximally unramified
F-torus of G° by construction, it follows that the maximal unramified F-torus Ty of T N Gqe, is nontrivial.
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Choose a simple F-subtorus S C Ty, and let H = Z5(S), so H is a proper unramified twisted Levi F-
subgroup of G. The unramified twisted Levi M of Theorem will be found as an F-Levi subgroup of
H.

Note that

e T is a maximally unramified elliptz'ﬁ maximal F-torus of G® with € B(T), and there is a character
=0
bo: Tz (Fg) — QZ such that 7 is an irreducible constituent of R%[I]] (6p) and 6 = 6 - H?:o bilr(F),-

Since each ¢; is of finite order, so is 6.
e The point x lies in B(T) C B(H), and Z(H°)/Z(H) is anisotropic because T is elliptic.

Let Z be the center of é&]. Below, we will regard “G as G Wo, where Wy is a finite quotient of W such
that the map LjH’G factors through a map H Wy — G Wo.

0
[z

9.4.2. The candidate data. For each maximal F ;-torus S'cH > set S =5"-Z. For a character no: S(Fy) —
40 J—

Q) let E(H 2] 1S, 70]) denote the corresponding semi-rational Lusztig series from [Cot26, Definition 2.8.2].
Consider the set

70 J—
xH = U E(H[at]v [S7n0])7 (942)
£(G o [Sm0))=E (G, [T1a.00))

where the union is over F?z] (F,)-conjugacy classes of torus-character pairs (S,70). The set Xy is finite by
[Cot26), Lemma 2.8.3].

We define a set 9 g of Yu data for H constructed from ¥ via the procedure in [CF26al, §9], which we now
recall concisely. The construction has the following shape:

cuspidal

(1) 70 € Xn 2) (31, 7ar0)

support

lift to an F—chi[

sign

(3) (M,Q) (4) T; (5) Yn €Y.

twisting extension

where the steps are detailed as follows.
(1) Choose Th,o € X
(2) Choose a split Fy-torus Ty C (ﬁ([)x])o, let M = Zﬁ[o](To)7 let Q° be a parabolic F,-subgroup

of (F([)x])o with Levi (HO)O, let Q = m - Q°, and let a0 be a cuspidal Q,-representation of
70

A (F,) such that 74 is an irreducible constituent of indg([;]SfQ)
pair (MO,TM@) is unique up to F[Ox] (Fg)-conjugacy, by [Cot26, Lemma 2.10.2].

(3) Next, choose a split F-torus Ty € HY lifting T, let M = Zy(Tp), set M° := M N G°, and let Q be
a parabolic F-subgroup of H with Levi factor M lifting @O. [CF26a, Lemmas 9.1.1 and 9.1.2], with
(58°,8, L) replaced by (To, T, M), show that Ty is the maximal F-split central torus of M©, that
Z(M®)/Z(M) is anisotropic, and that [z]y0 is a vertex of B(MJ,,). The torus Ty, and thereby also
the subgroup M, is unique up to G(F)-conjugacy by deformation theory for tori [SGA3, Exp. IX,
Corollaire 7.3].

(4) Choose a generalized maximal torus-character pair (TM,QM,O) with a7 € S(MO, [T, On,0]) and

an irreducible Q,-representation 7 of M&]M (F,) whose restriction to M?ﬂ (F,) = MO(Fq) admits

Mo @ GGeMef‘;CM, with notation as in [CF26al §§3.3 and 6.5]. Thus [Cot26, Lemma 2.10.3] shows
that if TMJ = ZM?] (TM) then there is a character
z]ng

(Tar0). Such data exist, and the

= —X .
91\/[,1: TM)l(Fq) — QZ extendlng 91%0 . (GGEMEG,ﬂ,zGJW,ﬁ,m)|TM(Fq)

I5Here we use that k = Q, and that [(T,0)] € To(¥), not just T(¥).
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such that
™™ € E (M[Oz]M, FMJ’ 0M,1]> s (943)
(5) We set
o = (M), 2, (r:), 7ars (Dl ari(r))) M':=MnG".

Observe that Uy, is a normalized Yu datum by [CF26al, Proposition 9.3.2].
Let Q9 u be the set of all Yu data W, obtained by carrying out this construction, as g, runs through Xg.
We declare two elements Wy, and Wy of Yy to be inertially equivalent if there is some g € G(F) such that
M = gM’g~" and there is an unramified character x: M(F) — Q;( such that 7(¥y) 2 9Im(Vrr) @ x.

Lemma 9.4.4. The set Qg consists of finitely many inertial equivalence classes, and each inertial equiva-
lence class contains some Yu datum Vs such that w(¥yr) has finite order central character.

Proof. The set X is finite by [Cot26, Lemma 2.8.3], so fix 7h . By construction, the subgroup M con-
structed in (3) is unique up to G(F')-conjugacy. Note that the semi-rational Lusztig series (9.4.3) is finite by
definition, and there are only finitely many choices of 8571 up to twist by an unramified character of M (F).
For the final claim, note that for any choice of 07,1 as above, there is a character xo of M?x] uw(Fq) /M([)I} (Fq)
such that 61 X0|TM (Fy) is of finite order. Moreover, for each such y( there is an unramified character x

of M(F) such that XOX\M?] is of finite order; the claim follows. O
zI M

(Fq)

Lemma 9.4.5. Let V), € Yp.
(1) We have
P (W) ~ Fine o pf (War).
(2) If U is non-singular, then Vs is non-singular, M = H, and

PEN(E) ~ Fja o P ().

Proof. Note that the construction above is an instance of the construction of the descended Yu datum
preceding [CF26a, Theorem 9.3.3], so that theorem gives the claims. ]

By Lemma [9.4.5] it suffices to prove the following proposition.

Proposition 9.4.6. If the hypotheses of Lemma hold and H = Z(S) is as above, then there is some
Uy € D such that (9.4.1) holds, as do conclusions (2) and (4) of Theorem|(9.4.1}

To prove this, we make a few further reductions.

9.4.3. Base change to a spectral endoscopic situation. We want to use Theorem [7.3.3]to prove Theorem [9.4.1]
so we must reduce to a setting in which its hypotheses hold. The following lemma shows that our construction
of H is well-suited for this.

Lemma 9.4.7. Let Sy be a non-central simple F-subtorus of G. Then Sy N Z(QG) is finite, and there is an
integer Ny with the following property: for every field extension E/F such that (So)g is a simple E-torus,
and every t € So(E) of finite order greater than No and coprime to #m1(Gaer), we have Zg,, (t) = Hg.

Proof. The identity component of (So N Z(G))req is an F-subtorus of Sy, proper because Sy ¢ Z(G), hence
trivial because Sy is simple. Therefore Sy N Z(G) is finite, proving the first part of the assertion.

Let E/F be an extension such that (So)g is a simple E-torus. Fix a maximal torus T' D (So)# of G,
and let ® = ®(Gx,Tx). For a subset &g C @, let Ko, = ﬂae% ker a\(so)F C (So)w, and let Ny be the
maximum of #(Sy N Z(G))(F) and of #Kg,(F) over the subsets ®, for which Kg, is finite.

If t € So(E) is of finite order larger than No, then we claim that a(t) # 1 for all @ € ® with «|g, # 0.
If not, then ¢ lies in Kg,(E) for ®y the Gal(E/E)-orbit of some nonzero a. By construction Kg, is stable
under Gal(E/E), so (Kg,)%y is an E-subtorus of (Sy)g, proper because als, # 0, hence trivial because
(So) g is simple. Thus Kg, is finite, hence of order at most Ny by definition, contradicting the assumption
about the order of ¢. Now we have established that the roots of Zg, (t)° are exactly the roots vanishing on
So, which are the roots of H (as H = Z¢(50)); therefore Z¢, (t)° = Hg. Since the order of ¢ is coprime to
#71(Gder), the centralizer Z¢, (t) is connected by Lemma [1.4.2] so Z¢, (t) = Hp. O

The following lemma reduces Theorem to the case where H is a spectral endoscopic group of G.
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Lemma 9.4.8. To prove Proposition |9.4.0, it suffices to prove it whenever, in addition to its hypotheses,
the following conditions hold:
(1) there exists an element t € S(F) of order ¢ such that H = Zg(t);
(2) T is defined over Q}™;
(8) £ is large enough so that the following are satisfied:
e ( is larger than tk G+ 1 and large enough so that [Fen24] Theorem 1.3.1] applies for G and H,
o ( divides neither #m1(Gaer) nor #mi (M) for any Levi subgroup M' C GF’ and
e ( does not divide the order of 8y, of any ¢;, of any 770 appearing in , or of any character

0}, of a generalized mazimal torus-character pair (T, ;) in G([)I] wzth TE E(ﬁ) [T 0], or of

7T0(T NZ) for any such pair.
e ( does not divide [@?I (Fgn) : (G?x]) (Fgn) - Z(é?x})( )] for any n > 1.
(4) ¢ does not divide the order of p(Ir), where p is any of the maps p*S(m(¥)), pKal(V), Ljipq o
S(r(War)), and Linrg o pXi (W) for any Wy € Yu. Moreover, whenever a map p in the
preceding list is irreducible, ¢ is larger than the corresponding integer N of Lemma[3.2-3 attached to
|(f o p)(Ip)|, where f: G — LG/ Z(G) is the quotient map.

Proof. For each inertial equivalence class in )y, choose a representative Wy, such that 7y, factors through
a finite quotient; such representatives exist by Lemma Since there are only finitely many such classes,
we may choose an integer a such that 7 and every chosen 7, factor through quotient groups of order at
most a. Let N > a be a positive integer large enough that each prime ¢ > N satisfies the conditions in (3)
and (4)@ and such that N is larger than

e the integer Ny of Lemma 2) and kG + 1,

e the constants C' appearing in [Cot26l Corollary 4.4.1] and Theorem for all twisted Levi F-
subgroups of G,

e the constant A appearing in [Cot26l Proposition 4.3.4].

By [Cot26] Lemma 5.3.5], there is a prime ¢; > N different from p such that S(Fy,) contains an element
t of prime order £y > N different from p. These two primes play different roles:

e (q is the degree of the auxiliary unramified base change Fy, /F, and is large enough for the base
change results to apply (in particular ¢; is banal for G, being larger than the constant C);

e the prime {j is the order of the torsion element ¢ and will become the characteristic of the coefficient
field to which we apply Tate cohomology; it is not banal for G(Fy,), as it divides #S(Fy, )tors-

Since ¢; > rk G + 1, the argument in the proof of [Cot26, Lemma 4.2.1(1)] shows that the Frobenius action
on X*(S%) ®z Q has order prime to ¢1, so the torus Sp, is simple. Since o > No and {o { #71(Gaer) by
construction, LeEmla (2) implies that Hp, = Zar,, (t).

Passing from Q, to Q,, by independence of ¢ for p and applying Theorem with £ = F,, (permissible
since ¢1 > N > (), we obtain a Yu datum

\I’& = ((G21)7 z, (ri)7 Tty s (¢51,i))
for Gg over le such that, using that Iy = Ir because E/F' is unramified,
B )le ~ @) and  pfM(y,) ~ pF(T).
Note that the base change [(Tr,, ,0 o Nmp, ,p)] lies in 7o(W¢, ); this follows from the final claim of [Cot26,

Proposition 4.3.4], the definition of 75, and the assumpion /1 > N > A. Now let W), = ((M?), z, (r;), Tar, (¢:))
i be one of the representatives chosen above. By Theorem [0.3.1] again, the Yu datum

\IJM,fl = ((M21)7 €, (’I"i), TM, Lty (¢i,(1))>
from [CF26al §8.2] has the property that
P (War e )lie ~ p S (m(Wa)) and  pf (Warg,) ~ o7 (W)

16For the fourth bulleted condition in (3), note that the desired index can be bounded in terms of [é([)z] : (é?z])o . Z(é([)z])]
and HY(Fgn, Z(é?ac]) N ((@?ﬁ])o)der), both of which are bounded independently of n.
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Recall from [CF26al, Definition 8.2.2] that 74, is constructed as follows (since by choice of a the represen-
tation 7 factors through a quotient group @ of é?w] (Fy) of order prime to ¢;):
(i) Let 7 denote the ¢;-modular reduction of 7,
(ii) let 7), denote the representation of é[oz} (F ¢, ) obtained from 7 by the Glauberman correspondence
of [Cot26], §3.5.3],
(iii) let (7},)“) be the £1-Frobenius twist of 7 , and
(iv) let 7, denote the unique irreducible lift of (7, )(*) which factors through a finite quotient of
é?z] (Fye) of order prime to /;.

A completely similar description applies to each Tas ¢, arising from these chosen representatives. Since {5 > N

is prime to the orders of the fixed finite quotients supporting 7 and the chosen 75, [Cot26, Lemmas 3.5.14

and 3.5.15] show that 7, and every resulting 7as o, are defined over Q;‘;“.

Fix a pair (S,70) as above, let 7, , be the unique Gal(F ¢, /F,)-stable character of S(F ., ) extending 7o
(which exists by [Cot26], Proposition 4.3.4(1)]), and let ng ¢, = 776‘}1. By [Cot26], Corollary 4.4.1] and [Sexr77,
Part III, no. 15.5, Proposition 43], the map

E(H ), [S,m0)) = E(H e+ [Se 1, 10.02))

induced by the Glauberman correspondence and the above procedure of reducing modulo ¢;, passing to a
Frobenius twist, and lifting, is bijective. By [Cot26, Corollary 4.4.2], the ﬁ?ﬂ (Fy)-conjugacy classes of pairs
(S,m0) appearing in are unchanged upon passage to Fy,. By the uniqueness of cuspidal supports in
[Cot26, Lemma 2.10.2], this identifies the set Xy with the corresponding set Xm,rF,, over Fy,, and similarly
it identifies the inertial equivalence classes in ) g with those in the corresponding set 9 g, r,, over Fy,. Thus,
up to unramified twist, the corresponding data may be taken to be the base changes of the representatives
chosen above. By assumption, it follows that there exists some W,/ ,, such that

P (Ve )lie ~ Y 0 P (T (Uare ) ip-
We have thereby reduced Theorem 1) to the corresponding statement over Fy, .

Now suppose that Sy = Zz(p"(7(¥))(IF))Seq is a torus and Theorem 2) holds for ¥y, and Uz,
in place of ¥ and ¥ ,. Passing again from Q, to le, we may apply Theorem 2) to pass to conjugates
such that p™> (7(¥))|r, = p(7(¥y,))|1, and the actions of W, on Sy through p™> (7 (¥)) and PP (m(Wy,))
are equal, and similarly for Zjpr.gop™ (m(¥ar)) and £jar.qopt™ (m(¥are, ). But the action of Wx on Sy is of
order prime to ¢; since £; > rk G+1 by assumption, so if the actions of p> (7 (W, )) and Ljrr.cop™™ (7(Vare,))
on Sy agree then the same is true of the actions of Wr through p™S(7(¥)) and Ljysq 0 p¥S(m(¥yy)). This
reduces Theorem (1) and (2) from F to F,,. By passing from Q, to 650, using independence of ¢
again, we have now arranged that ¢ satisfies conditions (1)-(4). Reducing Theorem [0.4.1(4) to this setting
is completely similar; the one additional ingredient is Lemma [3.2.3] O

9.4.4. Modular descent to H. Recall that we have now reduced to the case that k = Q,, and each ¢; and
the central character of 7 have finite order. Thus we may fix an integral model ¥z = (GY,z, (r:), 7z, (¢4))

of ¥, which will be used to define the mod ¢ reduction. Let H* :== G N H and ¢p; == Gilmi(ry, and let
be the twisting character of Definition Write aHz for the reduction of ¢5 ; and continue to write £g

for its reduction. For each cuspidal irreducible F-representation 7 o of F?z] (Fg), set T =T, ® &y and
WUy =Vy-,,asin (7.3.2).

Lemma 9.4.9. With notation as above, assume that conditions (1)-(4) of Lemma[9.4.8 hold; write t € S(F)
for the element in condition (1). Then there exists a cuspidal irreducible Fy-representation T ofﬁ?I] (Fy)
with the following two properties:

(1) there is an irreducible Q,-representation T o € X, with Xy as defined in (9.4.2)), such that T o is
an trreducible constituent of the £-modular reduction of Tro;

(2) for every irreducible subquotient T of the £-modular reduction of w(V), there exists a cocycle z: Wg /Ip —

Z(H N Gaer)(F)'F such that

PS5 (7) ~ 2 Figgo ™ (n(Ty)).
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Proof. The integral model W7z, places us in the setting of with s = t: the element ¢ has order £ with
H = Zg(t) by condition (1) of Lemma the generic fiber of ¥z is the irreducible datum W, £ is odd
(condition (3)), and H N G contains the elliptic maximally unramified maximal F-torus T

We verify the hypotheses of Theorem m The quotient Z(H®)/Z(H) is anisotropic since T is elliptic
in G. The generic fiber 7 of 7 is defined over Q;™ by condition (2) of Lemma Moreover, we

have To(¥z, ®7z, Q,) = To(¥), and every representative character of every class in this set has the form

0y - [1, i for a generalized maximal torus-character pair (T/, 6p) in é?x} whose semi-rational Lusztig series
contains 7; all these characters, including 6}, have finite order not divisible by ¢ by condition (3). The index
[é?z] (Fy) : (é?x])"(Fq) . Z(é?x])(Fq)] is prime to ¢ by the fourth bullet in condition (3). Finally, ¢ is good
for G by condition (3).

All hypotheses of Theorem are now verified. Moreover, £ is good for G' and H, and £ { #m; (M)

for every Levi subgroup M’ C G containing H, and £ > rk G + 1 by condition (3) in Lemma Corol-
lary |7.3.4] therefore shows that there exists a cuspidal irreducible Fy-representation 7o of H 7C] (Fy) as in

*0

Theorem |7.3.3] so that its Brauer character occurs with nonzero coefficient in *& (1), and such that con-
Hig

clusion (2) of the present lemma holds for one irreducible subquotient of the reduction of 7(¥). Lemma

shows that all such subquotients have the same Fargues—Scholze parameter, so conclusion (2) holds for every
irreducible subquotient.

*0
It remains to prove (1). Since the Brauer character of 7p ¢ occurs in *& (1), there are an irreducible Q,-
[=]

representation g ¢ and an F[x] (F,)-stable lattice Ao C 7h o such that 7g o is a Jordan-Holder constituent
of AH,O ®zz F@ and
50
(o RGP 0)) 0.
(=]
By [Cot26], Corollary 2.8.6], this implies that 779 € Xp. a

9.4.5. Conclusion of the proof. Finally, we prove Theorem[9.4.1] As observed above, we have already reduced
to proving Proposition [0.4.6]

Proof of Proposition[9.4.6. By Lemma we may and do assume that conditions (1)—(4) of that lemma
hold; write ¢t € S(F) for the element in condition (1). Let Tp 0, 7,0, and ¥y be as in Lemma with
T € Xu, and let Uy = (M), z, (13), o, (63)) € D and Tar0 € E(MO, [Tar,01r,0]) be as constructed in
3. Let @ be a parabolic F-subgroup of H with Levi M as in loc. cit. and let (T'ar.1,021,1) be a generalized
maximal torus-character pair in M?m] ., constructed in loc. cit. satisfying . Recall that Ty = TH o ® &

is the depth 0 representation of Wy, where £ = ege He?;ﬂH after reduction modulo ¢ by Lemma [7.3.2f the
sign characters € are as in [CF26al §§3.3 and 6.5].

By the construction of §9.4.2) 7 ¢ is an irreducible constituent of 1nd7( () q)(TM@). Choose an MO(Fq)-

stable lattice Aps,0 C Tarz,0. Since parabolic induction is exact and commutes with reduction modulo ¢, there
is an irreducible constituent Tas o of (A M0 ©7, F@)SS such that

0
Tr,0 is an irreducible subquotient of 1ndQ(F(f‘Q)(FM$0). (9.4.4)

Exactness of finite Jacquet functors modulo ¢ # p and [Cot26, Lemma 2.10.1] imply that Tas,o is cuspidal.
Set

OM0=TM0® gH‘HO(Fq)' (945)
Since Taz,0 is cuspidal and £ is a character, the twist T a0 is also cuspidal, and twisting (9.4.4) by g shows

F
that Ty is an irreducible subquotient of md@ () Q)(O' M70).

For the pair M C H, the bulleted hypotheses of §8.1] required for Proposition [8 are the content of
[CF26al, Lemmas 9.1.2 and 9.1.1]. Proposition applied with ambient group H, Levi M, parabolic @Q,
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and the representations 7y and 77,0, shows that there is a Yu datum Wy, = ((M?), z, (r;), T, (gHJ"Mi(F)))
for M over Fy such that

_ H.M _
oMo ®ememey . C TM|M0(F)[E]H, and (9.4.6)

7(¥g) is an irreducible subquotient of Ig (m(War)). (9.4.7)

Observe that
HM G,M
SHEHEME, , = €GEME,,

by definition, so by (9.4.6) and the construction of Wj,;, we may and do assume that 7, is an irreducible
constituent of the ¢-modular reduction of 7ps. Thus [CF26al Lemma 7.3.1(1)] and exactness properties of
Yu’s construction give

7(Wyy) is an irreducible subquotient of the reduction of 7(W ). (9.4.8)

Let 7 be an irreducible subquotient of the ¢-modular reduction of 7(¥); since w(¥) is irreducible,
Lemma identifies p¥S(7) with the semisimplified reduction of p¥S(7(¥)). By Lemma 2), by
and the compatibility of p' with parabolic induction [FS21, Theorem 1.9.6(viii)|, and by (9.4.8))
and Lemma again (applied to the irreducible representation w(Wyy)), there is a cocycle z: Wg/Ip —
Z(ﬁ N éder)(Fz)IF such that

S o, o oSS

PS(r(V)) ~z-LigaoljumoptS(n(Tar)) . (9.4.9)

Restricting (9.4.9) to Ir and applying [CF26a, Proposition 5.3.2] therefore gives

SS e, T SS

PPS(( ) |1y ~ “inra o PP (m(Uar)) i (9.4.10)

By condition (4) of Lemma the groups pS(7(¥))(Ir) and p¥S(7(¥y,))(IF) are finite of order prime
to £. In view of (9.4.10)), [Cot26, Lemma 5.3.2] implies (1).

For conclusion (2) of the theorem, suppose that S¢ is a torus. Note that by Lemma we have
Sy C H. Since ¢ does not divide the order of pFS(m(W¥))(Ir) nor pFS(m(¥y))(Ir) as above, restricting
to Ir and applying [Cot20, Lemma 5.3.2], we may pass to conjugates to assume

P (O = "imc o Mg 0 P (m(U )1

as inertial L-parameters valued in *G(Z,). By [BCT24, Corollary 3.7], their common inertial centralizer
in CA}’ZZ is smooth over Z,. The conjugating element in therefore lifts from the special fiber of this
centralizer, so after conjugating pS(7(¥)) by such a lift we may assume that is an equality. The
cocycle z appearing in acts trivially by conjugation on Sy, so identifies the actions of the two
reduced parameters on Sy, and (2) follows from Lemma

Finally, we prove (4). The first clause of (4) follows immediately from (2) and [CF26al Lemma 10.1.9].
Thus Ljyr g o pPS(m(Way)) is irreducible, so the containment M C H must be an equality. The displayed
conjugacy follows from precisely the same argument which showed (1), using Proposition M(Q) and the fact
that the orders of p™> (7 (W))(Wr) and p¥S(7(¥ ) (Wr) are prime to £ by conditions (3)-(4) of Lemma
(arguing as in the last paragraph of the proof of Theorem . |

10. CALCULATION OF FARGUES—SCHOLZE PARAMETERS

This section is the culmination of the paper. We will use [CF26a, Theorem 10.2.1] to pin down pS on
inertia. We then deduce a number of “soft” corollaries, including that p™™> has finite fibers when G splits
after a tamely ramified extension of F' and p does not divide the order of the absolute Weyl group of G.

We continue to use the notation 7(¥) and p¥a!(¥) from [CEF26a) §7.2], as well as the embeddings Lz ¢
associated to a Yu datum as in [CF26al, Definition 4.5.1]. As in §2| if n is a positive integer then F, denotes
the unramified degree n extension of F.
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10.1. The main calculation. The following theorem is the main result of this paper.

Theorem 10.1.1. Assume Hypothesis for cyclic base change at all primes { # p. Assume p # 2, and
let G be a connected reductive group over F. Let U be a normalized irreducible Yu datum for G over a ring
k€ {Qy,F¢}, and let w := (V) be the corresponding tame cuspidal representation of G(F) over k.

Let [(T,0)] € T(V), let Ty be the maximal unramified subtorus of T, and let n be the ramification degree
of the splitting field of T N Zg(To)der- Suppose that the extension F(uy,)/F is of degree prime to ﬂ

(1) Recalling that ~ denotes G(k)-conjugacy, we have

PP e ~ PF(D).
Set Sy = Zg(p"(7)(IF))%q. Therefore, by [CE26al Lemma 10.1.11(2)], ¥ is non-singular if and
only if Sy is a torus.
(2) Suppose that p is good for Zg(Ty) and ¥ is F-non-singular. Let

X =X ((T/2(Za(To)rea)p)ie - and - Xaa = Xu((T/Z(Zc(To)))7)1r-
If N is the least integer such that the map
H (Wg /Ir, Hom(Xaq, k) — H (Wg, /Ir, Hom(X, k™))
is trivial, then
P Wiy ~ P (0w -
Moreover, there exist representatives such that p¥S(r)|1, = p¥*(W)|;, and the actions of Wr on Sy

through p¥S(7t) and p¥*(¥) are the same. In particular, if Vo is a normalized irreducible Yu datum
for G over k then p¥S(m(Uy)) is irreducible if and only if ¥q is non-singular.

Proof. The conclusion of this theorem is the same as the conclusion of [CF26al, Theorem 10.2.1] in the case
p = p¥S. The assumed cyclic-base-change instances of Hypothesis at all primes ¢ # p, together with
the established cases of [Fen24, Theorem 1.3.1], allow us to take S = {p}. Thus we need only verify the
hypotheses of that theorem:

(1) Compatibility with local Langlands for tori is [FFS21, Theorem 1.9.6(i)].

(2) Compatibility with character twisting and central characters is [FS21, Theorem 1.9.6(ii), (iii)].

(3) Compatibility with homomorphisms which induce an isomorphism on adjoint groups is [FS21], The-
orem 1.9.6(v)].

(4) The analogue of [CF26al, Proposition 8.3.1] is Corollary
(5) The analogue of [CF26al, Theorem 9.3.3| is Theorem

This completes the proof. O

10.2. Finiteness of the Fargues—Scholze correspondence. In this section, we show that the calculation
of p¥S(7)|p, for k-representations 7 arising from Yu’s construction of G(F) is already sufficient to show that
p¥S has finite fibers in significant generality.

Theorem 10.2.1. Assume Hypothesis [{.1.4] for cyclic base change at all primes ¢ # p. Suppose that G
splits after a tamely ramified extension of F and p does not divide the order of the absolute Weyl group Q of
G. Then p"S preserves depth and has finite fibers.

Proof. Let k be a field among Q, and Fy, and fix a semisimple L-parameter ¢: Wrp — LG(k); we want
to show that (p™5)~!(¢) is finite. Let Py,..., P, C G be representatives for the G(F)-conjugacy classes of
parabolic F-subgroups of G such that ¢ normalizes 131’ C @, and for each i choose a Levi factor L; C P;.
If 7 is an irreducible k-representation of G(F) such that p™(m) ~ ¢, then since p™> is compatible with
parabolic induction, there is some ¢ and some irreducible cuspidal k-representation 7; of L;(F') such that 7 is
an irreducible subquotient of the normalized parabolic induction Igi (1;). By [DHKM24|, Corollary 2.4] (see
also [Cot24b, Theorem 1.1] and [Cot25, Lemma 3.13]), for each i there are only finitely many semisimple
L-parameters ¢: Wr — LL;(k) up to Ei(k)—conjugacy such that ¢ ~ £j. ¢ ot. Thus by passing from G
to each L; separately, it suffices to show that (p¥5)~!(y) contains only finitely many irreducible cuspidal

7For instance, this holds if p does not divide the order of the absolute Weyl group Q2 of Zg(Tp): indeed, n divides the order
of ©, and [Fin21Dl §2, Table 1] shows that if £ is a prime number dividing |Q2|, then every smaller prime also divides |[Q|. Thus
the degree of F'(uy)/F is only divisible by primes dividing |Q|.
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k-representations of G(F). Since p'™ is compatible with twists by characters, we may and do assume that
the composition of ¢ with G — "‘G/@der has finite image.

If G is a torus, then the result is clear; otherwise note that the classification of root systems shows that
p 1 || implies that p # 2, that p is good for G, and that p 1 |71(Gaer)|- Then [Fin21bl Theorem 8.1]
and |[Fin22, Theorem 4.1] imply that every irreducible cuspidal k-representation of G(F) arises from Yu’s
construction. Suppose that

U = ((G")o<i<d, @, (1i)o<i<d, T, ($i)o<i<d)
is a Yu datum for G over k such that p"S(7(¥)) ~ ¢. By [CF26a, Lemma 6.6.1], we may replace ¥
by an irredundant datum defining the same representation, and thus assume G* # G**! for all 4. Since
1|71 (Gaer)|, [Kall9, Lemma 3.7.2] allows us to replace ¥ with a normalized datum ¥’ which is G-equivalent
to ¥, and [CF26a, Proposition 6.6.3] gives m(¥’) = 7(¥). Thus we may assume that ¥ is both irredundant
and normalized.

Let [(T,0)] € T(¥). By Theorem 1), we have ¢|p, ~ Ljrc o L(0l7(r),)| s Let 7 be the depth
of ¢, so 7 is the least real number such that oy is trivial for all s > 7, where (W} )ser., is the upper
numbering filtration of Wr. Note that 6 is also of depth r by [CF26a, Lemma 7.2.4]. By [Yu09, Theorem
7.10], this implies that ¢ is also of depth r, i.e., 7 is minimal such that 0|y, is trivial. But 6 is of depth
rq by construction, so rq = r. This already establishes depth preservation.

It is enough to show that, up to equivalence, there are only finitely many ¥ as above. We start with the
following sequence of observations.

(1) There are only finitely many tamely ramified twisted Levi sequences G° C G* € --- € G? up to
G(F)-conjugacy since there are only finitely many tamely ramified maximal F-tori in G up to G(F)-
conjugacy, and each twisted Levi subgroup is determined by a tamely ramified maximal torus and a
subset of the absolute root system.

(2) If G° C G is a twisted Levi F-subgroup, then there are only finitely many vertices z € B(GY,,) up
to G°(F)-conjugacy since each vertex is GO(F)-conjugate to a vertex in a chosen alcove.

(3) If (G%)o<i<a is fixed, then there are only finitely many sequences (r;)o<i<a such that r4 = r, since
the jumps in the Moy-Prasad filtration for G*(F )[z) are discrete.

(4) If G C G is a twisted Levi F-subgroup and x € B(GY) and N is an integer, then there are only
finitely many irreducible cuspidal k-representations of GU(F)(;)/G°(F)4 04 with fixed restriction to
Z(G)(F) since GO(F )/ (G (F) g0+ - Z(G)(F)) is finite.

(5) If (G")o<i<a and (r;)o<i<a are given and (N;)o<i<q is a sequence of integers, then there are only
finitely many choices of (¢;)o<i<a such that each ¢; is of order < N;.

By (1), (2), and (3), it is enough to prove that there are only finitely many ¥ as above with prescribed (G?),
x, and (r;). By |[CE26al Lemma 6.6.5], there is some sequence (N;) of integers, depending only on (G%), z,
and (r;), such that any such ¥ is equivalent to a Yu datum with ¢; of order < N; for each 7. By (5), it is
therefore enough to show that there are only finitely many ¥ such that (¢;) is also prescribed. For any such
U, the construction of the pairs [(T,0)] € T(¥) and the compatibility of p¥S with central characters shows
that the central character of 7 is of bounded order, and thus the theorem follows from (4). O

10.3. Surjectivity on inertial L-parameters.

Theorem 10.3.1. Assume Hypothesis [{.1.7) for cyclic base change at all primes { # p. Suppose that G
splits after a tamely ramified extension of F, and p does not divide the order of the absolute Weyl group of
G. Let k € {Q,,F¢}, and let ¢: Wr — LG (k) be a semisimple L-parameter. If o is irreducible, then there
exists an irreducible k-representation © of G(F) such that

Sy ~ ol (10.3.1)
If G is quasi-split, then the same conclusion holds without assuming that ¢ is irreducible.
Proof. The second statement follows from the first and compatibility of p> with parabolic induction, so we
will assume that ¢ is irreducible. If G is a torus, then the result is clear. Otherwise, the assumption on the
absolute Weyl group implies that p # 2, that p is good for G, and that p does not divide |m1(Gaer)|-

If k = Q, set wo = p. If k = Fy, then [DHKM25, Theorem 1.3, Theorem 1.6] gives a lift : Wr — LG(Zy)
of ¢; set g = @5@' In the latter case, Lemma shows that g is irreducible. Using compatibility with

character twists, we may assume that the composition of p with *G — G/ @der has finite image.
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By |Kal21l Lemma 4.1.3, Proposition 4.1.8, §4.2], there is a non-singular irreducible Yu datum ¥ for
G over Q, such that p¥a!(W) ~ ¢y. After applying [CF26al Lemma 6.6.1] to reduce to the case that ¥ is
irredundant, [Kal19, Lemma 3.7.2| (the statement of which assumes, but the proof of which does not use, that
k is of characteristic 0) allows us to replace ¥ by a normalized G-equivalent datum; [CF26al Proposition 6.6.3
and Lemma 7.2.13| show that this does not change 7(¥) or p¥2!(¥). By the hypothesis on the absolute Weyl
group, Theorem gives

P (m(0)|wey, ~ wolwn,
for some N. Compatibility with central characters shows that 7(¥) has finite-order central character.
[CEF26al Lemma 6.6.5] and the construction of (V) therefore show that there is a G(F')-stable Z-lattice
A C (V). If k = Q, take 7 = 7(V). If k = Fy, let © be an 1rredu01ble subquotient of A ®7, F,. Since
Ir C Wgy, Lemma and the choice of ¢ show that m satisfies O

Remark 10.3.2. Under Hypothesis for cyclic base change at all primes £ # p, Theorem has not
been seriously optimized; for certain groups which split under unramified extensions [CF26a, Examples 10.2.6
and 10.2.8] show that one can find 7 such that pFS(ﬂ')|WFN ~ ¢|wy,, for relatively small N.

One can also obtain much sharper results for particular parameters. For instance, if ¢|,. factors through
a maximal torus of @7 then one can find 7 such that

P () ~ .

This follows from the same argument as the proof of Theorem [10.3.1} noting that the integer N in Theo-
rem [10.1.1]is equal to 1 for any ¥ constructed in the proof in this case.

Remark 10.3.3. Assuming Hypothesis for cyclic base change at all primes ¢ # p, [Cot24a, Theorem
1.2] and Theorem imply that if G splits after a tamely ramified extension of F' and p does not divide
the order of the absolute Weyl group of G, then every connected component of the scheme of cocycles
ZM (W, @) admits a cocycle lying in the image of pFS

10.4. Groups of type A. For groups of absolute type A, we can strengthen the comparison in Theo-
rem We will show that if Gpun & SL,, for some n, then (under very weak hypotheses on p) in fact
PP (m(¥)) ~ pXal(W) for all non-singular irreducible Yu data ¥, extending [CF26a, Example 10.2.3]. While
this is already known by other methods for some such groups G, our proof is purely local and also covers
new cases. See Remark for a discussion of related prior results.

Lemma 10.4.1. Let G be a connected reductive F-group such that Gpue = GL,, for some n, let f: “G —
LG /G aer denote the quotient map, and let k € {Q,, Fo}. Let o1, 02: Wp — LG (k) be two L-parameters such
that

(1) e1l1e ~ p2lip,
(2) fopr~ fops,
(8) @1 is irreducible.

Then there exists a cocycle z: Wg/Ip — Z(éder)(k) such that po ~ z - 1.

Proof. By (1), we may conjugate to assume that ¢1|r, = 2|r.. By (2) and the fact that Z(G ) — G/Gder
is a surjection on whose source and target Ir acts trivially, we may and do further assume f o ¢ = f o ps.
By (3) and [CF26a, Lemma 10.1.9], the group S = Z5 G(01(IF))eq 1s a torus and, if Fr € Wr is a lift of
Frobenius, then §%1(F0) /Z(G)?*@ ) s finite. But [SS70, I11, 3.22] shows that the centralizer of any subset
of GL,, is connected, and the fact that GL,, is an open subscheme of its Lie algebra shows that every such
centralizer is smooth. So in fact § = Zx alpr1(Ir)).

Since g01|1F a1, and fogol fo<p2, there is a cocycle z: Wp/Ip — (SﬂGder)( ) such that o = z- .
Note that § N Gger = (5N Gder)red Z(Ger) since S is a torus. Since (SN Gder)r d(k)‘pl(Fr) is finite, [Cot26],
Lemma 5.3.4] shows that there is some tg € (S n Gder)red(k) such that to(pl(Fr)tO € @o(Fr) - Z(@der). So
we may conjugate to assume z is valued in Z(Gqer)(k), as desired. O

18The invariant o in [Cot24a, Theorem 1.2] (which is taken from [DHKM25] §4]) is trivial in this case: indeed, Za(p(PF))
is connected under the hypotheses on p.
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Lemma 10.4.2. Let G be a connected reductive F'-group such that G punr = SLQ for some n. Then there
exists an embedding G C G, where G is a connected reductive F-group such that Gpunr =2 GL,.

Proof. Recall that GL,, = SL,, x**G,,, where the embedding s, — SL, XG,, is given by z — (z,271).
Thus the claim is that there is a 1-dimensional unramified F-torus T' into which Z(G) embeds. Note that
Gal(F/F) acts on X*(Z(G)F) through Gal(F,/F) since the group of outer automorphisms of SL,, is either
trivial (if n = 2) or Z/2 (otherwise), and the nontrivial element either acts trivially or by inversion. If the
action is trivial, we may take T' = G,,; if the action is by inversion, we may take T" = Res};Q/F G,,. (]

Theorem 10.4.3. Suppose p # 2, let G be a connected reductive F-group such that Gpue = SL,, for
some n, let k € {Qy,F¢}, and let ¥ be a non-singular normalized irreducible Yu datum for G over k. If
1 [F(pm) : F] for allm < n (e.g., p>n), then p'S(m(V)) ~ pXal ().

Proof. Let W = ((G%),z, (r;), 7, (¢;)) be the given Yu datum. Choose an embedding G C G as in Lemma/10.4.2
For each i, let G = G* - Z(G), let 7 € B(G) be a point mapping to x € B(G), let 7; = r; for all i, let 7 be a
k-representation of G°(F)z which is trivial on G°(F)z 04 and whose restriction to G(F)(,; admits 7 as an

irreducible constituent, and let 52 be a character of él(F ) extending ¢;; this exists since ¥ is normalized. Let
U = ((GY,7,(7;),7, (¢;)). All groups occurring in the application of Theorem [10.1.1/ to G have only type-
A almost simple factors, so every prime is good for them. Thus the required cyclic-base-change instances
of Hypothesis at all primes ¢ # p follow from [Fen24] Theorem 1.3.1] and [Wei26] (Remark [4.1.2)).
Theorem [10.1.1] therefore applies by our assumptions on p and gives
P (O)1p ~ PN (D) 1y
and pFS(W((Iv/)) is irreducible. By compatibility of pFS and p%® with maps which induce isomorphisms of
adjoint groups (JCEF26a, Lemma 7.4.1] and [ES21, Theorem 1.9.6(v)]) and Lemma [10.4.1] it follows that if
h: G — LG is the natural map, then
oS (r()) ~ h o pFS(r(E)) ~ ho oK (F) ~ plol(w).

This proves the claim. O

APPENDIX A. GENERALITIES ON L-HOMOMORPHISMS

In this section we discuss some generalities on the Tannaka dual perspective of L-homomorphisms. Let &
be a commutative ring.

A.1. Admissible homomorphisms. We begin with a general lemma. Let I" be a topological group, and
let M and G be affine group schemes over k equipped with continuous I'-actions. We write

MxT' —T, GxI' —7T

for the corresponding semidirect products, with distinguished sections
spu(w) = (1, w), sg(w) = (1,w).
We say that a homomorphism M x I' — G x I' is admissible if it lies over the identity on I'.
Lemma A.1.1. Let
P MxI'—GxT
be an admissible homomorphism. There exist unique maps i: M — G, ¢: I' = G such that
®(m,w) = (i(m)c(w), w) (A.1.1)

for all m € M and w € I'. The map i is a homomorphism, and c is a 1-cocycle. Moreover, the following

conditions are equivalent:

(i) @ preserves the distinguished sections;
(i) c(w) =1 for every w € T';
(1i) i is T-equivariant and ®(m,w) = (i(m),w).

If i is already T-equivariant, then every value of ¢ centralizes i(M).
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Proof. Set
®(m, 1) = (i(m), 1), D(1,w) = (c(w),w).

Since (m,w) = (m,1)(1, w), formula (A.1.1]) follows. Applying ® to (1,w)(1,w’) = (1,ww’) shows that ¢ is
a 1-cocycle. Finally,

P(sp(w)) = (c(w), w),

so (i) is equivalent to (ii). Clearly (ii) is equivalent to (iii). The final claim is clear. O

Let us say that ® is untwisted if the equivalent conditions (i), (ii), (iii) are satisfied.

Lemma A.1.2. Let ® be an admissible homomorphism. The G-conjugation class of ® has an untwisted
representative if and only if ¢ is a coboundary.

Proof. Let g € G(k). We have
(9, D)(i(m)c(w), w)(g™", 1) = (gi(m)c(w) g, w),
which implies that the maps 9 and ¢? associated to ®9 = (g,1)®(g, 1)~ ! satisfy
= Ad(g)oi,  (w)=gec(w) g,

proving the claim. O

A.2. Tannaka duality. Next we study the nature of admissible homomorphisms arising from (relative)
Tannaka duality over a topological group I'. Let Rep,(I') be the category of finite-dimensional continuous
representations of I' over k.

Let Cg be a k-linear tensor category over Rep, (I') with relative fiber functor

wa: Ce — Repy, ().

The relative Tannaka duality formalism of [FS21, Proposition VI.10.2| associates an affine group scheme
internal to Rep,,(T'). The usual forgetful fiber functor gives a group scheme G over k with a I'-action. This
action defines the semidirect product G(k) x T', with canonical section sg: I' — G(k) x T, sa(y) = (1,7).
Under relative Tannaka duality, restriction along s¢ identifies with wg.

Now suppose that Cy is another tensor category over Rep,(I') with relative fiber functor wy: Cy —
Rep,(T'). Suppose that F': C¢ — Cp is a symmetric monoidal functor equipped with a specified tensor
isomorphism

n:wg — wgoF (A.2.1)

in Repy(T"). Then Tannaka duality associates to (Cy,wp) a group scheme H internal to Rep, (T') whose
semidirect product H (k) x I" has canonical section sg(y) = (1,7), and to (F,n) a morphism of affine group
schemes ip: H — G internal to Rep,(T). For an algebra R and a € Aut®(R ® wg), it is given by

(ir(a)x =nx'arxynx, X €Ca. (A.2.2)

Because 7 is a morphism of I'-representations, (A.2.2)) is [-equivariant. It therefore induces a homomorphism
of semidirect products given by

®(h,~) = (ir(h),7). (A.2.3)

In summary, a homomorphism ®: H(k) x T' — G(k) x I' arising in this way is always admissible and
untwisted. Note however that in some cases we may want to conjugate ip (for example when H is a torus,
we may want to conjugate ir to become the canonical embedding of the abstract Cartan), in which case
Lemmal[A T.2shows that the corresponding homomorphism can become twisted by a coboundary with respect
to the original ®.
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A.2.1. Passage from c-groups to L-groups. We now specialize the preceding discussion to I' = Wr and to
the geometric c-groups occurring in Fargues—Scholze. In this setting (A.2.3)) is the c-group homomorphism

“(h,w) = (ir(h),w). (A.2.4)
The usual pinned L-group is isomorphic to the c-group, but there is no canonical isomorphism; it depends
on a square root of the cyclotomic character [Zhul7, Lemma 5.5.7]. We now record the resulting cocycle for
the L-group explicitly.
For a reductive F-group J, choose an isomorphism over Wg
aj: g Seg
coming from a fixed square root of the cyclotomic character. After identifying the identity components,
there is a uniquely determined function a;: Wr — J such that

ay(jw) = (jas(w),w). (A.2.5)

The precise description of a; depends on the convention used for the c-group, but the following transport
formula is convention-independent once (|A.2.5) is fixed.

Lemma A.2.1. Assume that the c-group homomorphism is given by (A.2.4]), and let
Loy = 0451 o%poay.
Then, in the corresponding pinned L-group coordinates,
Lp(h,w) = (ip(h)ey(w), w), cy(w) = ip(ag(w))ag(w)™ . (A.2.6)
In particular, the transported map has trivial cocycle if and only if
ir(ag(w)) = ag(w) for every w € Wg. (A.2.7)
Proof. By (R23),
ag(h,w) = (hag(w),w).
Applying ¢ and then aal gives
(h,w) — (irp(h)ip(an(w)), w) — (ip(h)ir(ag(w))ag(w) ™ w),
which is (A.2.6). O
Combining Lemmas and if one replaces ip by Ad(g) o ir, then the cocycle becomes
cprgw) = gir(an(w))ag(w) ™ g, (A.28)
A.3. Example calculations of the L-homomorphism.

A.3.1. The constant term functor. Let P C G be a parabolic subgroup defined over F', with Levi quotient
M, and let

CTp[degp]: Sat(Grg pivt i k) — Sat(Gras piyvt i k) (A.3.1)
be the normalized constant term functor, so CT p[degp] is exact and symmetric monoidal. Geometric Satake
identifies its restriction to a geometric fiber with restriction of representations along the standard dual Levi
homomorphism

jM,G: M — G

Moreover, the cohomological comparison defining constant terms gives a specified tensor isomorphism, as in
the constant term compatibility of [FS21l §VI.3 and §VI.11],

np: wg — wyr o CT p[deg p] (A.3.2)
in Rep;, (Wr).
Proposition A.3.1. The c-homomorphism dual to 18
‘Jma: ‘M — °G, (m,w) — (jar,c(m), w). (A.3.3)
Proof. Apply the relative Tannakian construction to the pair (CTp[degp],np). Formula identifies
the induced connected homomorphism with jas ¢, and the fact that is a morphism in Rep,(Wr)

implies that the map jas,¢ is Wrg-equivariant for the actions defining the c-groups. Lemma then gives
(A33). 0



54 SEAN COTNER AND TONY FENG

Remark A.3.2. It is important that Proposition[A:3:1]is a statement about c-groups. If one transports the
map to the L-groups, Lemma gives

Liva(m,w) = (jug(m)ep(w),w),  cp(w) = juclan(w))ag(w) ™. (A.3.4)

Equivalently, cp is dual to the modulus character, as follows. If Up denotes the unipotent radical of P, set
6p,aig(m) = det(Ad(m) | Lie Up) € X*(M), dp(m) = |0p,ag(m)|F.

Let gp7a1g € X, (Z(]\/i)) be the cocharacter dual to dp a1s. With the square root convention used in ,

cp(w) = dpag (X2 (w)).

A.3.2. Cyclic base change and the diagonal homomorphism. Let E/F be a cyclic extension of degree ¢, let
I'=Gal(E/F) = (o), and let H be a connected reductive group over F. Put

G = RQSE/F(HE).

Note that there is a natural action of I' on G under which GT = H.
Recall that E is understood to be a subfield of a fixed separable closure of F. The product pinning gives
an isomorphism G — H«/el“ H,. If w denotes the image of w € Wp in I, the standard Wg-action is

Y (hey)yer = (“’hmflv)ver. (A.3.5)

Let A: H —s G be the diagonal map.
It is computed in [Fen24l Proposition 5.8.2] that the o-dual homomorphism has the form

We claim that after choosing the same square root of the cyclotomic character for H and G, and using the
product pinning on G, the transported usual L-homomorphism is also

To see this, use Lemma note that we have ag(w) = A(ag(w)) for all w € Wg, so the ¢y (w) from
Lemma [A22.7] satisfies

cp(w) = Alag (w)ag(w) ™" = 1.
Putting this into Lemma yields (A.3.7).

APPENDIX B. KiIM—YU COVERS WITH MODULAR COEFFICIENTS
The purpose of this appendix is to adapt certain technical results of Kim—Yu [KY17] and Ohara [Oha24],

which are stated with characteristic zero coefficients, to modular coefficients.

B.1. Coefficient conventions. Let ¢ # p and k = Fy, and fix a choice of ¢'/2 € k. Fix a parabolic F-
subgroup P = MU of a connected reductive group G and a smooth k-representation V' of P(F'). We write
Vi for the space of U(F)-coinvariants of V. Following the convention in [Oha24l, §2], normalized Jacquet
functor and normalized induction are defined as

(V) = Ve 202 IEW) = mdSE (W 0 05,
where dp is the modulus character of P(F).

Lemma B.1.1. Let H be a finite Heisenberg p-group with center C'. Let A and A be subgroups such that
ANC =ANC ={1}. Let ¢: C — k> be a character for which

(xC,yC) — P([z,y])

is a nondegenerate alternating pairing on H/C, and assume that the images of A and A are complementary
Lagrangians for this pairing. Let X be a k[H]-module on which C acts by . If v € X4 is nonzero, then

Z&EZ av 7é 0.
Proof. Same as the proof of [KY17, Lemma 5.5]. |
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B.2. The Kim—Yu cover criterion over k. We use the notation of [KY17, §6], so P = MU is the opposite
parabolic for P with Levi M. Fix a Yu datum
U = (((Mo<j<as Y, (rj)o<j<as T ($5)o<i<a)

for G over k. We will assume that the maximal split central subtorus Zs(M) of M is contained in G°. Define
a sequence of twisted Levis (M7)o<;j<q in M = M< by

M7 = Zg; (Zs(M)) = M NG,

Note that Z(M")/Z(M) is anisotropic by the assumption Z(M) C G°. Let {¢} be an §-generic diagram of
building embeddings as in [KY17, §3.5] foﬁ

N To Td—1
S:(()’?,”" B )

If H is one of the groups G7, then H(F )Z{f{]; denotes the Moy—Prasad subgroup formed at the image of y

under the diagram {:}, and H(F ){L} denotes the stabilizer of the same image in the reduced building of H.

(]
Deﬁnep_nl

Kt = GO(F), 0, GH (), e GUF) s (B-2.1)

For 0 < j < d, let
97 GO GUR) GO,

J
2

s k>
be the extension of ¢; defined in [CE264l §6.2] (following [YuO1l, §4]), formed using the diagram {:}, and set
(E({j} = ¢4. Define the character

KT — k<. (B.2.2)
K+

d
o—TT 5
j=0
Definition B.2.1 (Blondel cover condition over k). Let K C G(F') be an open subgroup which is compact
mod center, let Ky = K N M(F), and let p and pys be finite-dimensional smooth k-representations of K
and Kjs on the same underlying vector space. We say that (K, p) is a Blondel G-cover of (K, par) over
k for the fixed parabolic P = MU if, writing P = MU for the opposite parabolic, the following conditions
hold:
(i) K=(KNU(F))(KNM(F))(KNU(F)).
(i) plry = pu, and K NU(F) and K NU(F) act trivially on p.
(iii) For every smooth k-representation V' of G(F), the Jacquet map jy: V — Vi induces an injection

Hompg (p, V) — Homg,, (par, Vir)- (B.2.3)
Remark B.2.2. With characteristic zero coefficients, Definition is made in [KY17, Definition 4.2]

under the name “G-cover”. It is equivalent to Bushnell-Kutzko’s notion of G-cover [BK98|, §8] in characteristic
zero, by [Blo97, Théoréme 1], but not in positive characteristic.

The following is the analogue of [KY17, Theorem 6.3] over k. Note that loc. cit. uses the character - ngl
in place of 8, but it is obvious that these formulations are equivalent.

Proposition B.2.3 (Kim-Yu). The pair (K*,0) is a Blondel G-cover of (K3;,00) over k in the sense of
Definition[B.2.1] for the fized parabolic P = MU.

Proof. Conditions and are |[KY1T7, Lemma 6.2|; the proof of the latter makes no mention of the
coeflicients. It remains to prove we will sketch the argument from [KY17|, indicating the necessary
ingredients. The proof of [KY17, Theorem 6.3] is by induction on the length d of the Yu datum. For d = 0,
[KY17, Theorem 6.3] reduces to [KY17, Proposition 3.3], which is a reformulation of [MP96, Proposition
6.7]: for a 0-generic embedding of buildings, the Jacquet map gives a bijection

VGt Zy (V) Muot (B.2.4)

9When d = 0, this means 5 = (0).
20With the convention that K+ = G’O(F)?{/L(}]Jr when d = 0.
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The proof of uses only averaging over compact open subgroups of the unipotent radical, hence it
carries over to k because ¢ # p.

Before proceeding to the inductive step, we define some notation. Choose v € X.(Z;(M")) ® R with
{a,7) > 0 for every root o of Zs(MP®) on LieU, where Z;(M?) denotes the maximal F-split subtorus of the
center of M. For t € R, let {¢}:, be the shifted diagram of embeddings of [KY17, §3.6], and define KT (t)
and 6(t) by the formulas (B:2.1) and (B.2:2) with {s} replaced by {¢}:,. Let

et <tg <t <ty <

be a sequence of real numbers such that lim, o t, = 0o and lim,_, o t, = —oo and K (¢) is constant in
the intervals (¢;,t,11), chosen so that 0 € (¢o,%1). Set
K*(ti ti1) = KT (t), O0(ti,tit1) = 0(t) for any t € (t;,tit1).

For the inductive step d > 1, Kim—Yu define N; = K*(t;_1,t;)NU and N; = K" (t;_1,t;) N U, and form
the groups K (t;_1,t;) = NiK]\t[Ni. If v is a nonzero vector on which KT acts through 6, then Kim-Yu
prove that fo zvdz is a nonzero vector on which K+ (¢;_1,t;) acts by 0(¢;_1,t;); since (J,~o N; = U(F), this
is enough to show that v has nonzero image in Vyy. Their proof uses only averages over pro-p groups and
Lemma which still make sense over k because ¢ # p. So the canonical map V — Vy; is injective on
the (KT, 6)-isotypic vectors. Equivalently, the induced map

Homg+(0,V) — Hom .+ (Or, Vr)

is injective, which is (B.2.3)) for (KT, 6). O
The next corollary is the obvious analogue of [KY17, Corollary 6.4] over k.

Corollary B.2.4. Let K be an open subgroup of G(F) which is compact mod center, and let p be a finite-
dimensional smooth k-representation of K. Suppose that for the fized parabolic P = MU, conditions
and of Deﬁm'tion hold; suppose also that K D KT and that p|g+ is 0-isotypic. Then (K,p) is a
Blondel G-cover of (K, pli,,) over k.

Proof. Let V be a smooth k-representation of G(F). To prove that (B.2.3) is injective, let T € Homg (p, V)
and suppose that ji o T = 0. Since KT acts on p through 6, the image of T lies in the (K, #)-eigenspace
of V. Proposition [B.2.3| says that jy is injective on this eigenspace, so T = 0. O
Corollary B.2.5. In the situation of Corollary the dual pair (K,pY) is a Blondel G-cover of
(KM7 (p|K1W)v) over k.

Proof. Conditions (i) and (ii) in Definition are clear. Note that KT acts on pV by 1, so Corollary
proves the claim. O

B.3. A substitute for type theory over k. For a central closed subgroup Z C G(F), a closed subgroup
N C G(F), and a k-vector space V, let C°(N\G(F), Z, V) denote the k-vector space of locally constant
V-valued functions ¢: N\G(F) — V which are compactly supported modulo Z and are smooth in the sense
that there is some compact open subgroup K C G(F) such that ¢(Nh) = ¢(Nhg) for all h € G(F') and all
g € K. Equip C°(N\G(F), Z,V) with the right G(F)-action given by
(¢ 9)(Nh) = o(Nhg™"),
so C°(N\G(F),Z,V) is a smooth k-representation of G(F). If M C G(F) is another closed subgroup
normalizing N, then there is a left M-action on C°(N\G(F), Z, V) given by
(m - @)(Nh) = o(Nm™"h).
In particular, C2°(G(F), Z, V) admits commuting left and right G(F')-actions.
Observe that if K is a compact-mod-center open subgroup of G(F') and Z = K N Z(G)(F) and (p,V,) is
a smooth representation of K, then
Ind§") (p) = C2(G(F), Z,V,)¥,
where the K-action is given by
(k- 9)(9) = p(k)p(k"g),
and the isomorphism intertwines the right G(F)-actions.
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For a given Z, let
denote the map

Moo = [ hlug)du (B31)
U(F)
where du is a fixed k-valued Haar measure. We equip C°(U(F)\G(F), Z, k) with the M (F')-action
(m*@)(g) = dp(m) = p(m™g). (B.3.2)

The following result is recorded in the case Z =1 in [Dat09, Remarque 3.4].

Lemma B.3.1. The map Ay is U(F)-invariant and induces an M (F)-equivariant isomorphism (with respect
to the usual left action on the left side and the action (B.3.2) on the right side)

CX(G(F), Z,k)y = CX(U(F\G(F), Z, k). (B.3.3)

Proof. Since U(F) is unimodular, it is clear from the definition that Ay is P(F')-equivariant and
thus factors through C*(G(F), Z,k)y. Injectivity follows directly from the definition of coinvariants. For
surjectivity, choose a compact open subgroup Uy C U(F'), and rescale du to assume vol(Uy) = 1. The
key claim is that there exists a continuous Z-equivariant section o: U(F)\G(F) — G(F) to the natural
projection. Granting this, we define f: G(F) — k by

~ g) if U
fluo(g)) = {g(g) otﬁefwi;Je’

for u € U(F) and g € U(F)\G(F). Since ¢ is Z-equivariant, it is clear that f has compact support
modulo Z. To see that fv is smooth, let K be a compact open subgroup of G(F') and note that the map
c: supp f x K — U(F) given by (g,h) — o(g)ho(gh)~! has compact image: this follows again from Z-
equivariance of o. By shrinking K, we may therefore assume that ¢ factors through Uy, and we may further
assume that f is right K-invariant. But then for g € G(F) and h € K we have

a(g)h = uoo(gh)
for some ug € Uy, and thus

Fluo() — Fumao(ah) — { g(ym = f(@) ftﬁszigo’

It follows that fis K-invariant, as desired.

Now we check that o exists. First, recall that the multiplication map U(F) x M(F) x U(F) — G(F) is
a homeomorphism to an open subset Q of G(F). For each g € G(F), there is a Z-equivariant continuous
section ty: U(F)\Slg — Qg given by

ty(umtg) = mug

for u € U(F), m € M(F), and w € U(F). It is an exercise in point-set topology (using the fact that
U(F)Z\G(F) is locally compact, Hausdorff, and totally disconnected) to check that G(F') is the disjoint
union of U(F)Z-stable open subsets, each of which is contained in some Qg. Using this, one can patch
together the various t, to obtain a section o as claimed. |

Lemma B.3.2. Let Kj; C M(F') be an open subgroup such that Ky /(Ky N Z(G)(F)) is compact, and let
pym be a finite-dimensional smooth k-representation of Ky;. Let Inf(pys) denote the inflation of par from
Ky to U(F)Kypr. The map

Iya: Frs [g — [m s 6p(m)1/2F(mg)H (B.3.4)
is a G(F)-equivariant isomorphism
G(F ~ M(F
c—IndUEFgKM Inf(pps) = IS (C—IndK]& )PM> .

Proof. As mentioned in the proof of [Oha24l Lemma 3.2], the map F — [g — F(g)(1)] is easily checked to
define the inverse isomorphism. O
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Proposition B.3.3. Let K C G(F) be a compact-mod-center open subgroup of G(F), and let p be a finite-
dimensional smooth k-representation of K. Assume that (K, p) satisfies conditions and of Defini-
tion for P = MU, where ppr = pli,,- Assume furthermore that the dual pair (K, pY) is a Blondel
G-cover of (K, pyy) over k for P. Then the map

G(F G(F
Iys: c—IndK( ),0 N C'IndUEFgKM Inf(par) (B.3.5)
given by

fr— g»—>/ f(ug) du (B.3.6)
U(F)
is injective. Consequently, Iy = Iy o Iy 2 gives an injection
c—Indg(F) p— IS (C—Ind%A(JF) pM> . (B.3.7)

Remark B.3.4. This is an analogue of [Oha24, Proposition 3.3], which says that over C the analogous
map is actually an isomorphism when K is compact. The proof of loc. cit. uses the fact that
smooth representations of compact groups are semisimple, which is only true with characteristic 0 coefficients.
However, it turns out that our applications will only require injectivity, and this follows from Ohara’s
argument. The result over C was also proven abstractly in [BS20, Lemma B.3] using type theory, which is
the reason for the title of this subsection.

Proof. First, we will show that the integral in (B.3.6) is well-defined. Put Z = K N Z(G)(F). Since
K/Z is compact, supp(f) is compact modulo Z. The closed embedding U(F) — G(F)/Z implies that
U(F)g Nsupp(f) is compact for each g, so local constancy of f gives the claim. Assumptions (i) and (ii) in

Definition imply
Ty (f)(umg) = pp(m)luz(f)(g)  (w € UF), m € Ky),
where dp(m) = 1 because Ky is compact mod center. The function Iy 2(f) has compact support modulo
U(F)Kp: indeed, supp(Iy2(f)) C U(F)supp(f), and supp(f) is compact modulo Z C Kj;. Thus (B.3.06)
lands in c—Ind(U;EgKM Inf(par).
Since p is finite-dimensional, there is a natural G(F)-equivariant isomorphism
Ind%) p 2 Homg (p¥, CX(G(F), Z,K)), [ [\ (g A(f(9))]. (B.3.8)

Likewise, since the action of U(F) on pj is trivial, we have

c-Indg() e, I (par) = Hompe,, (o), C(U(F)\G(F), Z, k). (B.3.9)
Under (B.3.8)) and (B.3.9)), the map Iy o is the map induced by

Av: Homg (p”,C*(G(F), Z,k)) — Homg,, (py, C(U(F)\G(F), Z, k).
By Lemma this is exactly the instance V' = C°(G(F), Z, k) of Definition for (K,pY). Hence
Iy is injective, and we conclude by Lemma [B.3.2] O
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