LOCAL LANGLANDS FUNCTORIALITY FOR YU’S SUPERCUSPIDALS I:
KALETHA’S PARAMETRIZATION

SEAN COTNER AND TONY FENG

AssTRrRACT. This is the first of two papers dedicated to the explicit computation of the Fargues—Scholze
correspondence. In this first part, we construct (inspired by, and extending, Kaletha’s explicit Local Lang-
lands Correspondence for non-singular supercuspidal representations) semisimple inertial L-parameters for
all cuspidal representations arising from Yu’s constructions, with arbitrary coefficients. We then establish
a characterization of this correspondence in terms of certain functoriality properties. This characterization
will be used in the sequel paper in order to compute the Fargues—Scholze correspondence after restriction

to inertia.
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1. INTRODUCTION

This paper is the first in a two-part series which computes the Fargues—Scholze correspondence [FS21] on
inertia for supercuspidal representations arising from Yu’s construction.

1.1. Informal preview of results. Let p be a prime and let G be a reductive group over a nonarchimedean
local field F' of residue characteristic p.

1.1.1. The Local Langlands Correspondence. The Local Langlands Correspondence (LLC) predicts a relation-
ship between the smooth irreducible representations of G(F') and the Galois representations (more generally,
L-parameters) into the L-group “G. Several rather distinct approaches to the LLC have now emerged, at
least in characteristic 0. In this paper, we focus on the following ones.

(1) The “classical” approach stemming from the seminal work of Laumon-Rapoport—Stuhler [LRS93],
Harris-Taylor [HT01], and Henniart [Hen00] on the Local Langlands Correspondence for GL,,. This
has been extended to certain other families of groups, as we shall review in §1.6]

(2) The “explicit” approach developed by Kaletha [Kall9|, [Kal21b]. This has earlier roots in the depth
0 correspondence of DeBacker—Reeder [DR09], and draws inspiration from the character formulas of
Adler—Spice and DeBacker—Spice [AS09, [DST8].

(3) The “geometric” approach of Fargues—Scholze [FS21], which is based on adapting the Geometric
Langlands program and Lafforgue’s work [Lafl8| to the Fargues-Fontaine curve. Other geometric
approaches due to Genestier-Lafforgue [GLI8| and Zhu [Zhu25] will also be reviewed in
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Each of these approaches has its own advantages and disadvantages. The classical approach furnishes
a complete Local Langlands Correspondence, but only for specific families of groups, and it is difficult to
make it explicit. Kaletha’s correspondence is explicit and applies uniformly to quite general groups, but only
for specific families of representations, and it carries technical assumptions (e.g., that p not be too small
relative to GG). The Fargues—Scholze correspondence is completely general and uniform in G, and it is part
of a broader categorical framework, but it is difficult to compute explicitly, and its fundamental expected
properties (such as surjectivity and finiteness of fibers) remain open in general. Therefore, it is of interest
and utility to reconcile these approaches. In this paper and its sequel [CF26b|, we will compare (2) and (3).

1.1.2. Our results. One of the main results [CE26D, Theorem 10.1.1] of this two-part series computes the
Fargues—Scholze correspondence on inertia for cuspidal representations arising from Yu’s construction, as-
suming a certain refinement of [Fen24] which is expected in a forthcoming revision (see . Moreover,
for non-singular cuspidal representations, we calculate the restriction of the Fargues—Scholze parameter
to an explicit finite index subgroup. The answer is compatible with Kaletha’s explicit Local Langlands
parametrization (when the latter is applicable).

In particular, when G splits after a tamely ramified extension and p does not divide the order of the
absolute Weyl group of G, work of Fintzen [Fin21b|, [Fin22], building on work of Kim [Kim07]|, shows that
Yu’s construction [YuOl] exhausts all cuspidal representations, so our results determine the Fargues—Scholze
parameters on inertia for all irreducible smooth representations of G(F'). In this case, we are also able to
deduce important qualitative consequences for the Fargues—Scholze correspondence, including;:

e [CE26b, Theorem 10.1.1(2)] A characterization of the representations with supercuspidal L-parameter.
e [CE26b, Theorem 10.2.1] Depth preservation, and finiteness of the fibers.
e [CF26bl, Theorem 10.3.1] Surjectivity onto inertial L-parameters.

There has been considerable recent progress towards some of these results in [DL26], [Ete23|, [Fu26],
[GHSBP24], and [BPHT25| under various hypotheses on F' and G, which we will recall in more detail in the
introduction to [CEF26b]. One motivation for the “soft” results bulleted above is that they are among the
inputs needed in the strategy of Hansen—Mann [HM26] to prove the categorical local Langlands conjecture of
[F'S21]. A depth 0 version of the categorical conjecture has already been established by other means by Zhu
[Zhu25] for his version of categorical local Langlands, and he has compared the resulting Local Langlands
Correspondence to DeBacker—Reeder in [Zhu25l §5.3.4] when G is unramified of adjoint type.

Remark 1.1.1. There has been much recent work on the compatibility of (3) with the semisimplifica-
tion of (1). In [FS21l Theorem 1.9.6(ix)|, Fargues—Scholze proved compatibility for G = GL,. Most re-
cently, Daniels—van Hoften—Kim—Zhang [DvHKZ26, Theorem II] (building on [FS21], [HKW22|, [BMHN24],
[Ham25], [Han26], and [Pen26]) establish this compatibility over arbitrary p-adic local fields for most inner
forms of classical groups. This does not imply our results, even for the groups to which it applies, because
the compatibility of (1) and (2) was only previously known in special cases [OT21], [Tok23], [Oi26]. We note
that our results imply inertial compatibility of (1) and (2) in the cases in which (1) and (3) are known to be
equivalent.

1.1.3. Our methods. Our methods are completely different from prior approaches. In particular, they are
purely local and representation-theoretic, and uniform in the group. The starting point is the theory of
modular functoriality as developed in [Fen24], building on ideas of Treumann—Venkatesh [TV16], which gives
concrete constructions of functorial (in the sense of Langlands) descents of F-representations in certain very
special situations.

The basic idea is to use modular functoriality to probe the Fargues—Scholze parameters modulo arbitrarily
large prime numbers. In particular, although the applications described above are to representation theory
with characteristic 0 coefficients, the proofs make essential use of miracles occurring in positive characteristic.

The precise statement of modular functoriality is formulated in [CE26b, Hypothesis 4.1.4]. At the time of
writing, [CF26b, Hypothesis 4.1.4] is only written in [Fen24] when ¢ is large enough (with explicit bounds)
relative to G. A forthcoming revision to [Fen24| is expected to prove [CF26bl Hypothesis 4.1.4] for all £ # p.
Some of our main results can be proven unconditionally from the version of [CF26b, Hypothesis 4.1.4] which
is currently available in the literature, and we indicate where this is the case, but the full strength of our
results requires the hypothesis for every prime ¢ # p.
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1.2. The role of this paper. Let us highlight some of the main outcomes of this paper. First, as noted
above, our strategy requires passage through positive characteristic coeflicients, even for the ultimate char-
acteristic 0 applications. Moreover, to obtain finiteness of L-packets, we need to (partially) compute the
Fargues—Scholze L-parameters of arbitrary cuspidal representations. Therefore, we define (following the
construction of Kaletha for non-singular supercuspidal representations with characteristic 0 coefficients)
explicit semisimplified inertial L-parameters for cuspidal representations with arbitrary coefﬁcientsﬂ For
“non-singular” cuspidal representations, we are able to define full L-parameters, which coincide with those
constructed by Kaletha.

One of the difficulties in comparing different approaches to the LLC is that, beyond the case of GL,,
there is no known list of properties characterizing it. One of our main results gives a partial characterization
of the explicit (inertial) L-parameters above, using known properties of p™> and two forms of functoriality
described below. This will be described in more detail shortly in Both of these forms of functoriality
will be verified in [CF26b| for the Fargues—Scholze correspondence.

Given a cuspidal representation m, we define “descents” of m to cuspidal representations of unramified
twisted Levi subgroups H of GG, under some hypotheses on H. These descents should be thought of as adjoint
to the “functorial transfer” corresponding to a natural L-homomorphism Ljy ¢: “H — G. Similarly, for
a cyclic f-extension F/F we define (under some hypotheses) a cuspidal representation 7g of G(FE), which
should be regarded as the “base change lifting” in the sense of Langlands. A major subtlety in both cases is
that the sign characters of [FKS23| show up in nontrivial ways in these constructions. This will be sketched

further in @

1.3. Kaletha’s parametrization. Throughout the rest of this introduction, we assume that G splits after
a tamely ramified extension of F' and that p does not divide the order of the absolute Weyl group of G. For an
algebraically closed field k of characteristic # p, let II(G)cusp denote the set of irreducible cuspidal smooth
k-representations of G(F') up to isomorphism, and let ®3°(G) denote the set of semisimple L-parameters
Wr — LG(k) up to G(k)-conjugation.

In [Kal21b], when k is of characteristic 0, Kaletha singled out a class Il (G)cusp,ns of irreducible super-
cuspidal smooth k-representations which he called non-singular, and he defined a map of sets

pKalt Hk(G)cusp,ns — (bis(G)

with the property that p¥2!(7) is always a supercuspidal L-parameter, i.e., there is no proper parabolic
subgroup of G normalized by p¥a!(1). Roughly, the recipe is as follows: from the representation 7, one can
extract a (G(F)-conjugacy class of) pair(s) (T,0) consisting of an elliptic maximal F-torus ' C G and a
character 6: T(F) — k*. From this, one defines

Ljr

pal(r) = (WF S (LR LG(k)) : (1.3.1)

where £0: Wr — LT (k) is the L-parameter arising from the LLC for tori and qugg: LT 5 L@ is a certain
L-embedding. One of the innovations of [Kal21b|, developed from [FKS23], is the definition of Zjr ¢, which
is highly non—canonicalﬂ Supporting evidence for this definition of p¥2!(7) comes from the Harish-Chandra
character formulas and from stability and the endoscopic character identities proved for certain endoscopic
elements in [FKS23, §4.3, Theorem 4.4.4] at least under additional technical hypotheses on F'.

The first goal of this paper is to extend Kaletha’s definition in two directions, as we explain in §7} first,
one can allow k to be of positive characteristic with few changes. Second, for arbitrary cuspidal 7, one can
still extract a pair (7', 6) and attempt to use to define a semisimple L-parameter. However, if 7 is
not non-singular, then this cannot be the “correct” semisimple L-parameter in general because it has finite
image mod center, while the correct L-parameter should not (in characteristic 0); moreover, the pair (7, 0)
is not unique, so this definition depends on a choice. We will show that both objections disappear for the

LA technical point is that our definitions are only made on the level of Yu data defining a cuspidal representation. There is
more than one Yu datum associated to a given representation, and we do not know that our definitions are independent of this
choice because we have not proven the analogue of [HMO8 Theorem 6.6], [Kall9, Corollary 3.5.5] with positive characteristic
coefficients. For the applications, this distinction will be irrelevant, so we will elide this in the remainder of the introduction.

°In particular, despite our notation, LjT,G depends on 7 and not just T'!
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inertial (semisimple) L-parameter

L L
pKal(n) = <1F = Lp(k) S, LG(k)) .
We propose pXal(r) as a construction of the “true” semisimple inertial L-parameter associated to m. The
following theorem, which will be stated far more precisely in Theorem [I0.2.1] gives some justification for
believing this.

Theorem 1.3.1 (Informal; see Theorem [10.2.1). Let k be an algebraically closed field of characteristic # p.
Suppose that for every finite tamely ramified extension E/F and every twisted Levi E-subgroup H C Gg, we
are given a map of sets

p=ppe,u: Hi(H)cusp — O3 (H)
satisfying the following conditions:

(1) Agreement with class field theory in the case of tori.

(2) Compatibility with formation of central characters.

(8) Compatibility with homomorphisms which are isomorphisms up to center.

(4) A weak form of the existence of base change liftings along certain cyclic extensions of prime degree
=% p for a certain class of cuspidal representations.

(5) FEzistence of descent to unramified twisted Levi subgroups.

Then

(4) o1y ~ () for all 7 € T(G)enep-
(B) If 7 is non-singular, then there is an explicit integer N (depending on m) such that

P Wiy ~ P () Wy - (1.3.2)
Moreover, p(m) is irreducible if and only if pR¥(m) is irreducible.

Remark 1.3.2. The integer N in depends on the torus T" associated to 7. If T is maximally unramified
(i.e., T contains a maximal unramified F-torus), then one can take N = 1. In Example we study the
case that T N Gge, is totally ramiﬁeﬂ and we show that if GG is an unramified form of GL, then one can
take N = r, while if G is an unramified form of SOg, 41, Sps,., or SO, then one can take N < 2flog, (2r)]
to be a power of 2. In Example [10.2.8] we give a brief indication of how to establish concrete bounds on N
when G is an unramified form of an exceptional group, if p is compatible with Weil restriction and products;
in all cases, one can show N < 36. We will show in [CF26b, Theorem 10.4.3] that if Gpunr = SL,., then one
can take N = 1.

Remark 1.3.3. In [CF26b|, we will apply Theorem to p = p¥S. Properties (1), (2), and (3) follow
from [F'S21, Theorem 1.9.6(i), (iii), (v)], and (5) uses the existing [Fen24l Theorem 1.3.1]. For (4), we assume
[CF26Dbl Hypothesis 4.1.4] for cyclic base change at all primes £ # p. As mentioned, this hypothesis is known
in many cases, and it is expected in general in a forthcoming revision of [Fen24]. Theorem gives a
sharper statement with more flexible hypotheses and explicit bounds.

The very rough idea of the proof of Theorem is to use (5) to reduce to the case that T'N Gqer is
totally ramified, then use (4) (which applies after this reduction) to pass to a field extension E/F such that
Tg is elliptic and maximally unramified. The a priori surprising feature of Theorem is that assumption
(4) will only concern wild inertia, so this naive argument only determines p(7)|p, a priori. However, once
one passes to the case that T'N Gge, is totally ramified, the situation becomes extremely rigid, to the point
that the L-parameter p(m) is almost completely determined by its restriction to Pp.

1.4. Functoriality. To make hypotheses (4) and (5) in Theorem more precise, we must specify the
sense in which they hold for pX# and pX2l. We start with (5).

3Using assumption (5) of Theorem|[10.2.1} one can reduce to this case by replacing G by an unramified twisted Levi. However,
the bounds become more complicated because these twisted Levis are products (up to center) of several smaller rank groups,
and the bound one obtains is roughly the least common multiple of the bounds associated to such factors.
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1.4.1. Unramified twisted Levis. Recall that a closed F-subgroup H C G is an unramified twisted Levi if
H becomes a Levi factor of a parabolic subgroup of G after passing to an unramified extension of F. For
such a subgroup H, there is a canonical L-embedding Ljpy c: YH — LG, whose definition we recall in

Definition £.5.1]

Theorem 1.4.1 (Theorem [9.3.3). Let 7 be an irreducible cuspidal k-representation of G(F), let (T,0) be
a torus-character pair associated to m as above, and let H C G be an unramified twisted Levi F-subgroup
containing T. Then there is an explicit finite set of pairs {(L,71)}, where L is a Levi F-subgroup of H and
71, is a cuspidal irreducible smooth k-representation of L(F') such that

() ~ i © ()

If  is non-singular, then L = H for every such pair, my is non-singular, and

Kal(ﬂ_H).

p () ~ L op
The existence of some pair (L, 7r) as in Theoremhas limited content, at least when G is quasi-split,
since [Kal21b] already shows that every irreducible L-parameter is in the image of p¥2!; the content of the
theorem is that 7, is constructed explicitly. The fact that this is subtle can be seen from Remark [9.4.2]
which shows that if 7 is non-singular and (T, 6) is the torus-character pair associated to m, then although
the pair (T, 0p) associated to mpy satisfies Ty = T, the character 0y need not be Ng(T')(F)-conjugate
to §. What is true is that 6y is conjugate to e for some sign character e: T(F) — k*, but € is generally
nontrivial and depends on 7; we will discuss this in §I.5] Beyond dealing with sign issues, the main content
in the construction of Theorem [I.4.1]is to carefully track the semi-rational Lusztig series associated to the
special fibers of Bruhat—Tits group schemes, as introduced in [Cot26, §2.8].
Assumption (5) in Theorem is a slight variant of the statement that Theorem holds with p

(resp. plr,.) in place of p¥al (resp. pial) for a single pair (L, wz).

1.4.2. Cyclic field extensions. Let E/F be a cyclic extension of degree £ # p. If 7 is an irreducible cuspidal
k-representation of G(F'), then we do not have a general recipe for producing a representation 7g of G(E)
such that p¥a!(7g) ~ p¥al(7)|yy,. Even for depth 0 representations, this appears to be complicated: see, for
example, the treatment of ramified U(2,1) in [ALIOL §7]. However, there are two situations in which matters
simplify considerably.

Theorem 1.4.2 (Proposition [8.2.3). Let m be an irreducible cuspidal k-representation of G(F'), let £ # p
be a prime, and let E/F be the unramified extension of degree (. If ¢ is sufficiently large, then there is an
explicit irreducible cuspidal k-representation 7y of G(E) such that

al 1
P (me) ~ pre ().
If m is non-singular, then my is non-singular and
PR 1) ~ P ().

Once again, the significance of Theorem is that the representation 7, is explicit. The construction
of 7y in Theorem involves the Glauberman correspondence [Gla68|, which, roughly speaking, provides
base change lifts for finite reductive groups under field extensions of large prime degreeﬁ Plugging this into
Yu’s construction leads to the existence of m,. The sign issues described above are relatively minor in this
case by Lemma [5.2.7] and Lemma [5.2:4]

Next, consider the case that 7 is toral, i.e., that the pair (T,6) associated to 7 is toral in the sense of
[CO25, Definition 3.7]E| Any toral irreducible cuspidal k-representation is non-singular.

Theorem 1.4.3 (Proposition. Let 7 be a toral irreducible cuspidal k-representation of G(F), let £ # p
be a prime, let (T,0) be a torus-character pair associated to 7, and let E/F be a cyclic extension of prime
degree ¢ # p such that Tg is elliptic. There is an explicit irreducible cuspidal k-representation mg of G(E)
such that if either £ is odd, or £ =2 and k = Fy, we have

PR () ~ ") W -

At is likely true that the “correct” base change lifting is given by Shintani descent. As explained in [Cot26l Remark 4.3.1],
Shintani descent and the Glauberman correspondence differ by a twist, which when reduced modulo ¢ corresponds to the
£-Frobenius endomorphism. Thus our construction also involves a certain twist.

5The word toral has two competing definitions in the literature; our definition is the less restrictive one.
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The same sign issues described above for unramified twisted Levis arise in the setting of Theorem [1.4.3]
particularly when E/F is ramified. If £ = 2, then one can still define a candidate base change lifting 7p for
arbitrary k, but the sign issues are even more severe; this is the reason for the restriction k = Fs.

Assumption (4) of Theorem is the statement that, in the setting of Theorem one has

p(w5)|pe ~ p(7)|pp-
We emphasize that this is a fairly weak hypothesis: it only concerns toral representations, and it only requires
functoriality after restriction to wild inertia. Although Theorem [I.4.3]shows that 7g is an actual base change
lifting of 7 from F to E, adding this as a further assumption to Theorem [I.3.1] does not significantly improve
. In any case, for the Fargues—Scholze correspondence we can only prove that mg is a base change
lifting of 7 in characteristic /.

1.5. Sign characters. One important theme of the explicit Local Langlands Correspondence is the necessity
of certain subtle sign characters, as alluded to above and treated definitively in [FKS23|. For simplicity, we
will assume in the following discussion that 7 is non-singular, but the issues are essentially the same in
general.

In the proof, we see sign characters arise in two independent ways. First, if T C H C G are as in
Theorem then there is a naive way to construct a candidate mp using Yu’s construction [Yu0I], which
we temporarily call 77, such that (7, 6) is a torus-character pair associated to m%;. From n’;, one obtains
an L-embedding Zjr pr: LT — L' H as above. However, in general,

Pirg o0 ¢ Fjnaotirm oo, (1.5.1)
so 7y cannot be the correct functorial descentﬂ This discrepancy gives rise to one sign character.

The second source of sign characters is (as explained in [FKS23]) that Yu’s construction should itself be
twisted by a sign character which depends on the data involved in the definition. This suggests that the
naive construction of 7, should also be twisted by a sign character; finding the “correct” twist, however,
requires a careful analysis of [FKS23|. The precise sign characters that intervene appear slightly ad hoc;
they will be partially explained by the Tate cohomology of the Weil representation in [CE26b], where they
will ultimately arise from the sign characters in [Gér77].

1.6. Context and related work. In this subsection we discuss further context on the different approaches
to the Local Langlands correspondence, and related work on their compatibility.

1.6.1. The classical approach. After the Local Langlands Correspondence was established for GL,, [LRS93,
HTO01, Hen00], it was extended to more general groups in work of many people.

Over p-adic fields (in characteristic 0), twisted endoscopy was used to extend the correspondence to
quasi-split symplectic and special orthogonal groups by Arthur [Art13], to quasi-split unitary groups by
Mok [Mok15|, and to their inner forms of unitary groups by Kaletha—Minguez—Shin—-White [KMSW14].
Moeglin-Renard [MR18, §3.6] establish the tempered correspondence for pure inner forms of quasi-split spe-
cial orthogonal and unitary groups. Applying the Langlands classification to these tempered correspondences,
including those for Levi subgroups, gives the correspondence for all irreducible representations

The theta correspondence gives another construction: for even orthogonal groups, this was used by Chen—
Zou [CZ21], and one can deduce a correspondence for special orthogonal groups up to outer automorphism.
Gan-Takeda and Gan-Tantono [GT11], [GT14] also deduce the correspondence for GSp, and its non-split
inner form; Gan-Takeda and Choiy treat Sp, and its non-split inner form [GT10,[Chol7]. For Go, Gan—Savin
[GS23] use an exceptional theta correspondence, while Aubert—Xu [AX22| Theorem 10.2.1] give an explicit
construction when p # 2, 3.

Other classical constructions include Hiraga—Saito’s work on inner forms of SL,, [HS12], completed over
arbitrary nonarchimedean local fields by Aubert-Baum-Plymen—Solleveld [ABPS16]. They use restriction
from inner forms of GL,, whose correspondence follows from the Jacquet-Langlands correspondence. For
split odd special orthogonal groups, Jiang—Soudry [JS03| established the correspondence for generic super-
cuspidal representations using local converse theorems and descent.

6Note that this does not contradict [Kal21al Proposition 6.9], which looks similar to the negation of this statement but
whose notation implicitly refers to different L-embeddings than those appearing in .

"For even special orthogonal groups, these endoscopic classifications retain the usual ambiguity under the outer automorphism
induced by the full orthogonal group.
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Over local fields of positive characteristic, the method of close fields has been used to construct a Local
Langlands correspondence in some situations: Ganapathy [Ganl5| treats GSp, when p > 2, Ganapathy—
Varma [GV17] treat split classical groups under bounds on p, and [ABPS16]| treats inner forms of SL,, without
such bounds. Gan—Lomeli [GL18] §7] give a different construction of parameter maps for quasi-split classical
groups using globalization and Lafforgue’s work, under some hypotheses.

In a different direction, for coeflicients of characteristic £ # p, Vignéras [Vig01] constructs the semisimple
correspondence for GL, (F) over an arbitrary nonarchimedean local field F. Her proof uses congruences
between automorphic representations following Khare [Kha0O1].

1.6.2. The geometric approach. The “geometric” approach to the Local Langlands Correspondence itself
divides into several different approaches.

The earliest is that of of Genestier—Lafforgue |[GL18|, which constructs a semisimplified Local Langlands
correspondence over function fields. It uses the global Langlands correspondence of V. Lafforgue [Laf18| plus
local-global compatibility. Later, Li-Huerta [LH23| has shown that the Genestier—Lafforgue and Fargues—
Scholze correspondences agree in this case.

Zhu [Zhu25] has developed his own approach to the categorical Local Langlands Conjecture. While this
does not yet have a “spectral action” (hence no construction of L-parameters attached to higher depth
representations), Zhu is able to construct a fully faithful embedding of depth zero blocks into the spectral
category. The recent work |GHIT 26| compares the relevant categories of sheaves in the approaches of Fargues—
Scholze and Zhu. For G = GL,, this had been done earlier by Ben-Zvi-Chen-Helm-Nadler [BZCHN24].

Building on Zhu’s work, Helm—Solleveld—Xu [HSX26], Theorem 1.2] construct fully faithful functors from
Bernstein blocks with generic supercuspidal support to ind-coherent sheaves on parameter stacks for a class
of quasi-split groups over p-adic fields that includes symplectic, special orthogonal, and unitary groups, and
G5. This in turn has applications to the Fargues—Scholze correspondence through the work of Hansen—Mann
[EM26].

1.7. Outline of the paper. We now give some details on the various sections appearing in this work.

In §2] we detail the various conventions on notations and definitions which we will use.

In §3] we recall the sign characters defined in [FKS23| which will be used throughout. In §4 we recall the
definition of sets of x-data and their associated L-embeddings from [LS87| (mainly following [Kal21a]), and
we define the particular L-embeddings which will be of use to us. In we establish certain compatibilities
between the sign characters of §3 and the L-embeddings of §] under base change and descent to unramified
twisted Levi subgroups, and in particular we show how to modify to a true statement. Since several
of the proofs involve rather long and complicated calculations, they are mostly relegated to Appendix [A]

In we recall the twisted Yu construction from [FKS23|, which involves modifying the classical Yu
construction [YuOl| with a certain sign character. With an eye towards applications to functoriality, we
carefully analyze the behavior of this construction under base change and passage to unramified twisted
Levis.

In §7] we describe our extension of Kaletha’s parametrization in detail, and we prove some basic compati-
bility results for it. In §8] we describe the explicit base change liftings required for Theorems and
and we prove those theorems. The proofs mainly involve applying the results of In we describe the
explicit descent to unramified twisted Levi subgroups used in Theorem and we prove that theorem. In
§9.4] we give an explicit example showing that the sign issues can be quite subtle.

Finally, in §I0] we prove Theorem [I.3.1] establishing a partial characterization of the LLC in terms of

Theorems [L.4.1] and [[.4.3]

1.8. AI methodology. After an initial draft of this paper was written, Al tools (specifically GPT 5.6 and
Claude Fable 5) were used for proofreading, revision, and the creation of all tables and figures. Finally, GPT
6 was used for literature search in order to give appropriate attributions in the introduction. Al tools were
not used in any other way.

1.9. Acknowledgements. We thank Jeff Adler, Adéle Bourgeois, Charlotte Chan, Stephen DeBacker, Jes-
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2. NOTATION AND CONVENTIONS

2.1. Local fields. Let F be a local field with ring of integers O and residue field F; of characteristic p > 0.
We fix a separable closure F'/F. A separable algebraic extension of F is always understood as a subfield
of F. For any finite separable field extension E/F and integer n > 1, we denote by E, the unramified
subextension of F/E of degree n. We write F*™ C F' for the maximal unramified extension of F. Unless
another field is specified, @ denotes a uniformizer of F.

We write W for the Weil group of F', Ir <Wp for the inertia subgroup, and Pr <Wp for the wild inertia
subgroup.

We write Fr for geometric Frobenius in Wr/Ir, and also for a chosen lift to Wg.

2.2. Reductive groups. We denote by G a connected reductive group over F. (Our convention is that
reductive groups over fields are not necessarily assumed to be connected.) All representations and characters
of G(F) are understood to be smooth unless otherwise stated. If C' C G is a closed subscheme, then we
denote by Zg(C) (resp. Ng(C)) the scheme-theoretic centralizer (resp. normalizer) of C' in G.

If H is a group scheme of finite type over a field k, then we use H° to denote the identity component of
H. The notation H°, which is sometimes used instead of H°, will be reserved for Yu’s construction. We
write mo(H) = H/HP® for the group scheme of connected components and Hyeq for the underlying reduced
subscheme. Similarly, if O is a discrete valuation ring and G is a smooth separated O-group scheme, then
we will use G° to denote the (open) relative identity component of G over O, a smooth finite type O-group
scheme with connected fibers.
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For a connected reductive group H, we write Z(H) for its center, Hye, for its derived subgroup, H,q =
H/Z(H) for its adjoint quotient, and H,, = H/Hge, for its abelianization. We write rk H for its absolute
rank. For semisimple H, 71 (H) denotes its algebraic fundamental group. We use g = Lie(G) and Lie*(G)
for the linear dual of Lie(G).

If T is an F-torus, then T'(F);, denotes the maximal bounded subgroup of T'(F).

We make compatible choices of square roots of ¢ in Q,, Zy, and F,. We use ind for ordinary induction in
finite or finite-index settings and c-Ind for compact induction.

2.3. Dual groups. The Langlands dual group G is regarded over Z[1/p], though we will often base change
to a field of characteristic # p without changing the notation.

We write LG = G x W for the L-group of GG, with the usual pinning-preserving action of Wy on G. If
p1, p2 are (inertial) L-parameters valued in “G(k), then p; ~ ps means that p; and py are G(k)-conjugate.
We reserve equality of L-parameters for actual equality of chosen representatives by homomorphisms.

2.4. Bruhat—Tits buildings. We let B(G) denote the extended Bruhat-Tits building of G over F. For a
point x € B(G), we let [z] = [z]g denote the corresponding point of B(Gqer). Let G, (vesp. Gy)) denote the
smooth separated Op-group scheme with generic fiber G and G,(OFr) = G(F), (resp. G;)(OFr) = G(F)[1)),
the stabilizer of x (resp. [z]) in G(F), as in [KP23| Remark 8.3.4]. Note that G, is of finite type, but G
might not be. Let G, (resp. é[:c]) denote the quotient of the special fiber of G, (resp. G|,)) by the unipotent
radical of its identity component.

For r > 0, the notations G(F),,, and G(F'); -+ refer to the Moy—Prasad filtration at x; analogous notation
is used for the Lie algebra. We implicitly use the normalized valuation v of F' in this definition; however, if
E/F is a finite separable extension then G(E),,, and G(E),; ,+ will be defined using the unique extension
of v to E. Thus G(F),, = G(E),» NG(F).

2.5. Coefficients. We use k for coefficient rings, which need not be fields. Our coefficient prime ¢ is always
distinct from p. We write Z, for the valuation ring of Q,, with residue field Fy.

For a k-algebra k' and a k-module or representation V', we write Vi = V ®, k’. Subscripts on group
schemes and homomorphisms likewise indicate base change.

3. THE FKS SIGN CHARACTER

There is a notorious sign error in [Yu01], noticed by Loren Spice and arising from a misprint in [Gér77,
Theorem 2.4(b)]; see the introduction to [Fin2la]. This has led to substantial “sign adjustments” in the
literature, the culmination of which is [FKS23|. The latter paper introduces a complicated sign character
€ = e and shows (among other things) that if Yu’s construction is adjusted by e then the errant results in
[YuO1] become valid.

The character € is the product of five individually complicated sign characters, called € ., €, 0, €f, €1,
and €, o in [FKS23]. The character €;, was introduced in [DS18|, §4.3]; the character €, first appeared
in [Kal21al Proposition 5.27]; and the character e, is the quotient of two sign characters which appear in
[Kall9, Definition 4.7.3].

Write F = F, for the residue field of F. Whenever a coefficient ring k € {Q,, Zy, Fy} is fixed in the
following constructions, we also fix once and for all an additive character ¢ = i: FF — k* which is

trivial on the maximal ideal pr C Op and whose restriction to Op is the inflation of a nontrivial character

Tr
0 Fy, — k* of the form F, B TLLN F, Y, kX, The characters w@z and v, are chosen to be compatible

with ¢z, by extension of scalars and reduction, respectively.

Assume that p # 2 and that G is a connected reductive F-group of adjoint type, and let M be a tamely
ramified twisted Levi F-subgroup of G. Fix an embedding B(M) C B(G) of enlarged Bruhat—Tits buildings,
and let = € B(M). Let M, be the smooth affine Op-group scheme with M, (Op) = M(F),, and let M,
be the quotient of its special fiber by the unipotent radical of its identity component. If T'C G is a tamely
ramified maximal torus, let T denote the analogous quotient of the special fiber of the finite-type Néron
model of T. Then [FKS23, Theorem 3.4] exhibits a sign character

/M M, (F) — {£1},

whose definition we now recall.
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3.1. Preliminary notions. For an F-torus T' C M, let ®(G#, Ty) (resp. ®((G/M )%, Tx)) denote the set
of nonzero weights (which we will call roots, even if T is not maximal) for the action of 7% on g (resp.
(g/m)7). Let I = Gal(F/F) and £ =T x {£1}, so ' and ¥ act on ®(Gx, Tz) and ®((G/M)F, Tx).

Definition 3.1.1. A root a € ®(G#, T) is said to be symmetric if —a lies in the I'-orbit of «; otherwise
« is said to be asymmetric. For each absolute root o € ®(G,T5), let F,, be the finite extension of F' such
that Gal(F/F,) is the stabilizer of o under the I'-action, and let Fl, be the subextension of F, such that
Gal(F/Fy,) is the (setwise) stabilizer of the set {#-a} under the I'-action.
A symmetric root « is unramified if the quadratic extension F, /FL,, is unramified; otherwise « is ramified.
Below we indicate the corresponding subsets of ®((G/M )z, T5) with self-explanatory subscripts, e.g.,
O((G/M)F, T'r)sym,unram denotes the subset of symmetric unramified roots in ®((G/M)w, TF).

Let F, (resp. F1,) denote the residue field of F,, (resp. Fi,). If o is unramified, so that F, # Fi,,
then let Fj, denote the kernel of the norm map Nmg_ /g, : F5 — FJ,. Let sgnpx (resp. sgnp1 ) denote the
unique nontrivial character FX — {£1} (resp. FL — {#£1}). Let ord,(a) = ord,(a)r denote the set of real
numbers ¢ such that go(Fo)z,+ S 8a(Fa)s,t-

If M C G is a twisted Levi F-subgroup, then we will write M. to denote the preimage of M N Gy, in
the universal cover Gg. — Gger-

3.2. Definition of the sign character. Fix a good elementﬁ X € Lie"(Msc,an)(F) C Lie* (M) (F), ie.,
an element such that there exists » € R such that

ord((X, Hy)) = —r  for all @ € ®((G/M)F, S7),

where S ranges over all tamely ramified maximal F-tori in M and H, = dav(l)ﬂ For a tamely ramified
maximal F-torus T C M such that « € B(T'), the character e/ M‘T(F) is characterized as a product

My = LS G S 62
where each term on the right hand side is a character of T(F). Remarkably, [FKS23, Theorem 3.4 and
Corollary 3.6] shows that there is a unique character S/M M, (F) — {#1} whose restriction to T(F) is
given by for every tamely ramified maximal F-torus T C M with z € B(T).

We now define the sign characters appearing in (3.2.1). Fix a tamely ramified maximal F-torus T C M
such that z € B(T), and fix v € T(F). Define first

o (1) = I1 senp ((7) - 11 s, (0(7)): (3.22)
a€P((G/M)FTF)asym /% a€®((G/M)7,TF)sym,unram /T
r/2€ordy (o) r/2€ordy (o)

Let Zp denote the maximal central torus of M, and for o € ®((G/M)x, TF) let apy = alz,,. Let
e(a/an) = e(a/ap)r denote the ramification degree of F,/F,,,, where F,,, is the finite extension of F
corresponding to ar. We extend the terminology of Definition [3.1.1] to the nonzero weights of Zy;: the field
Fy,,, is the fixed field of the setwise stabilizer of {£ay/} in T', and apy is symmetric ramified precisely when
—apy €T apy and F,,, /Fyi,,, is ramified. Define

EféM(V) - 11 sgipx (7)) - 11 sgnp: (a(7)).  (3.2.3)

a€®((G/M)FT5)asym /2 a€®((G/M)%,T5)sym,unram /T
am €P((G/M)g,(Zr)F)sym,ram am€R((G/M)F,(Zn)F)sym, ram
2te(a/anr) 2te(a/anr)

For a symmetric ramified root o € ®((G/M ), T%), choose a nonzero element X, € go(F,), and choose
7 € T' such that 7+ a = —a. It is observed in [Kall5, §3.1] that

[Xo, 7X0]

i (3.2.4)

Co =

8Here we follow the definitions in [FKS23], which differ from those of [Yu01]; see [FKS23, Remark 4.1.3] for a discussion of
the difference.

9Generic elements (the definition of which we will recall later) are good, so such elements will arise in the setting of Yu’s
construction.
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lies in FY,. Let

Kot Fio/Nmp,  p,, (F) = {£1}
denote the unique isomorphism. Replacing X, by aX,, with a € FJ, multiplies by ar(a) =
Nmp, /p,, (a). Thus kq(cq) is independent of the choice of X,; we denote it by f(gr)(ca). Moreover,
f(c,r) () depends only on the Gal(F/F)-orbit of a.. If p, denotes the maximal ideal of O, , then we define

G/M
™M) = 11 far)(a). (3.2.5)
O‘E‘:I)((G/M)fvTF)sym,ram/F
a('Y)E_l"Fpa
For any a € ®(Gx, Tx), let £y (oY) = Ly (a¥) € {1,2,3} denote the prime-to-p part of the normalized
square length of oV, as in [FKS23| Definition 5.4.1]. Let e, denote the ramification degree of F,/F. We

define then .
o 1/ () = H (_1)[FaiF]+1 Sglpx (eaty (av)), (3.2.6)

a€P((G/M) %, Tx)sym,ram /T’
a(y)€—1+pa

By |[FKS23, Lemma 5.6.5], the integer e(a/apr) is odd for every symmetric ramified root «, so the exponent
in (3.2.7) is an integer. Finally, define

M) = I1 St (1) (/20702 (3:2.7)
a€®((G/M),TF)sym,ram /T
a(y)e—14+pa
G/M

We have now defined e;/"" as a character of M, (F); inflation along M (F), — M,(F) gives a character
of M(F),. For a general connected reductive G, set Go,qg = G/Z(G) and let M,q be the image of M in Gaq.
If [x]¢ denotes the image of x in B(Gger) = B(Gaa), then we define (cf. [FKS23, Lemma 4.1.2 and Definition
4.1.10]):

Maq

G/M Efad/ P
€/ M(F) g — Maa(F)g), —— {£1}.

We emphasize that, despite the notation, the character Ez/

only does so through r.

depends on the good element X, although it

3.2.1. Unramified twisted Levis. We record here a couple of basic properties concerning the behavior of ef/
under passage to unramified twisted Levi subgroups of G this will be studied further in §5.1]

Lemma 3.2.1. Let H C G be an unramified twisted Levi, and let T C H be an F-subtorus containing Zy .
Every symmetric ramified root in ®(Gw, T) lies in ®(Hg, TF).

Proof. Choose a finite unramified extension E/F for which Hg is a Levi factor of an E-parabolic subgroup
P C Gg, and let U be the unipotent radical of P. Observe that

Gy, Tr) — (Hp, Ty) = ®(Up, Ty) U —9(Urs, Ty), (3.2.8)
where Gal(F/E) preserves the two summands. Thus the Gal(F/FE)-orbit of a weight « in (3.2.8)) cannot
contain —a, which implies that F, /Fy, is unramified. O

G/M

Kaletha has informed us that in general there is no character of M (F),, extending the characters €41
associated to the various tamely ramified maximal F-tori T' of M such that = € B(T). The following lemma
shows, among other things, that this is not the case if M is an unramified twisted Levi of G.

Lemma 3.2.2. Let M C G be a tamely ramified twisted Levi, and let H C G be an unramified twisted
Levi such that M N H contains a mazimal F-torus of G. Assume x € B(M N H). There exists a unique

character €, G/M.H of (M N H)(F)g) such that for each tamely ramified mazimal F-torus T of M N H such

that © € B(T'), the restriction of eG/ o T12)(Fy) is equal to ef/M fngﬂH. If

V= Q(F)z,g/ (Q(F)z,g+ + h( )w,g +m(F)I,§) s
and there exists a parabolic F-subgroup P C G with Levi factor H, and V. denotes the image ofp(F)w,% in

V, then

G/M,H
eﬁé = sgnpx odet(—|Vy).
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Proof. Uniqueness follows from [FKS23, Lemma 3.5], so we need only prove existence. We may and do
assume that G is of adjoint type, in which case [z]¢ = 2. We will apply [FKS23| Proposition 5.1.13]. Let
Zring be the maximal central F-subtorus of M N H. Following the notation of loc. cit., define

6 ={a e ®(G/(MUH))g, (Zunu)p): /2 € orde () }/Ip,

Note that & inherits a Y-action from the X-action on ®(Gw, (Zymnm)w). By Lemma [3.2.1) every root
a€ ®(G/(MUH))x (Zymnm)F) is either asymmetric or symmetric unramified; such an o is asymmetric if
and only if its image O, in & is asymmetric in the sense that O_, ¢ T'- O,. Observe the (M N H)(F'),-
equivariant decomposition

F, = @ Vo,

0e6
where Vp is the sum of the weight spaces for the action of Zy;ng(F) on VF corresponding to weights in O.
leen O € G, let Fp be the residue field of the fixed field of the stabilizer of O in I', and define a character
o: (MNH)(F), — F5 by
xo(7) = det(v, Vo).
Define Fio similarly, and let F{, = ker(Nmp, /r,: F5 — Fiy). Let Lo: Fy — F§/FX, be the
isomorphism which is inverse to the natural isomorphism ¢ + to(t)~!, where o € Gal(Fp/F1p) is the

nontrivial element.
By |[FKS23| Proposition 5.1.13], there is a character eg: (M N H)(F), — F* /F*2 which satisfies

es(=[[ Nmrgrixo(): [ Nmpor(Lo(xo(n)) (mod F*?)
OEG oym /S OEG ym /T

forall vy e (MNH)(F),. I T C MNH is a tamely ramified maximal F-torus such that z € B(T), then
applying [FKS23l Remark 5.1.12] to the ¥-equivariant surjection
{a e ®((G/(MUH))zTg): r/2 € ordy (o)} = &

and noting again Lemma L we see that the character eg restricts to T'(F), as ef/MeH/MmH as desired.

f,x
Now suppose that there ex1stb a parabolic F-subgroup P C G with Levi factor H, and let V. be as in the
lemma statement. Fix a tamely ramified maximal F-torus T of M N H such that © € B(T). Let ® denote
the set of roots o € ®((G/(M U H))w, T5) such that r/2 € ord,(«). We can decompose

v= P W,

wed/T
r/2€ordg (w)

where ord,(w) := ord,(«a) for any o € w, and

acw/Ip
The subspace V. of V' corresponds to a I'-stable subset ¥ C ® such that ® = ¥ U —W¥. We have therefore
det(t|V}) = H aft).
ac¥/Ip
Since U is I'-stable, every element of ® is asymmetric. Fix an orbit w € ®/T", and let o € w; without loss of

generality, we may assume w C . Then for ¢ € T',;(F,) we have

sghpx (det(¢[Vi N (Vi & Vow))) = H a(t)=1)/2
acw/Ip
= Nmp, /r, (a(t)(q—l)ﬂ)
= sgnpx (a(t)),
as desired. 0
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3.3. Sign characters associated to a twisted Levi tower. Suppose we are given a sequence G° C G C
- C G% = G of twisted Levi F-subgroups each of which splits after a tamely ramified extension of F. Fix
embeddings B(G°) € B(G") C --- C B(G%) and suppose = € B(G°)[" For every i, let [z]gi+1 be the image
of z in B(G4t!). Note

GO(F)[QT]G - GZ(F)[JC]G1:+1’
so the restriction in (3.3.1)) is defined. If we are given good (relative to G**') elements X} € Lie* (G, ,;,)(F)
of depth —r; for 0 < i < d — 1, then we define a character € = ¢ = eG(é,m,f') on GO(F)[QC] by

-1 _
€ — H 6§1+1/G1
i=0
Similarly, if T C G° is a tamely ramified maximal F-torus such that z € B(T), then the formulas (3.2.2)-
define characters of T'(F')[y),. We may therefore define a character €; , = €G3, = €G i of T(F)[z1¢
by

G

GO(F)a) - (3.3.1)

d—1
Gitl /gl
eo= ] ' Irtrp,- (3.3.2)
1=0

We define characters €, o, €¢, €, 1, and €, o of T'(F') completely analogously. Define also

[#]e
€ = €G,h = €5,06p,16p 2- (333)

Finally, if H C G is an unramified twisted Levi F-subgroup such that G° N H contains a maximal F-torus
of GG, then define

d—1
G,H Gt /G HNG !
o = €0 / \(GOmH)(F)[m]G (3.3.4)
i=0
with notation as in Lemma, [3.2.2|

4. x-DATA AND L-EMBEDDINGS

As mentioned in the introduction, the explicit (inertial) L-parameter associated to a supercuspidal Q,-
representation m = m(¥) arising from a Yu datum ¥ is obtained by first constructing a pair (T, 6) consisting
of a tamely ramified maximal F-torus T C G and a character §: T'(F) — QZ , and then defining p¥#!(¥) as
the composition of £0: Wr — LT(Q,) and an L-embedding Ljr c: T — L'G. When T is unramified, the
L-embedding Ljr ¢ is canonical, but in general it is not, and another innovation of [FKS23| is to select a
“good” choice of Ljr ¢ (depending on both T and 6).

We begin by recalling a number of definitions which originate from [LS87], though we will largely follow
[Kall9], [Kal21al], and [Kal21b]. Fix a tamely ramified F-torus S C G. Let ®(G, Sg) denote the set
of nonzero weights for the action of S on g. We follow the notation of let I' = Gal(F/F) and
¥ =T x {£1}, and for each nonzero weight o € ®(G, Sy), let F, be the fixed field of the stabilizer of o in
T, and let Fy, C F, be the fixed field of the (setwise) stabilizer of {+a}. Let

Ko * Fj;a/NmFa/Fia (F;) — {:l:l} (401)

denote the unique injection, which is an isomorphism if and only if « is symmetric. Throughout this section,
let k be a ring among Q, Zy, and Fy, where ¢ # p is a prime number. We choose once and for all a square
root of ¢ in k, and we will assume that the choices for Q,, Z,, and F, are compatible in the obvious sense.

4.1. x-data and a-data. In [LS87], the following definition is introduced.

Definition 4.1.1. A set of x-data (Xa)ae.@(GF“gF) for S with coefficients in k is a collection of continuous
homomorphisms xo: F} — k* satisfying the following properties for all o € ®(G, Sy).
(1) X—a = X;l‘
(2) Xoy(a) = Xa o7 !forallyel.
(3) XQ|F£Q = Kq if a is symmetric.
In some cases, there are canonical choices of y-data.

10T his property does not depend on the choice of embedding B(G°) C B(G).
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Definition 4.1.2. If (x4 ) is a set of y-data such that x, = 1 for all asymmetric a and x,, is the unramified
character F)* — k™ sending a uniformizer to —1 for all symmetric unramified roots «, then we will call (x4 )
minimally ramified. Given a set X = (Xa)a, we will let miny = (min x4 ). denote the unique minimally
ramified set of y-data such that min y, = x, for all symmetric ramified a.

If all roots for Sz are either asymmetric or symmetric unramified, then we will refer to the unique
minimally ramified set of x-data (xa)a as the canonical set of x-data.

Example 4.1.3. If S is unramified, or more generally if S becomes maximally unramified after a tame
extension of odd ramification degree, then every root in ®(Gg,Sg) is either asymmetric or symmetric
unramified and thus ®(Gz, S5) has a canonical set of x-data.

As we will soon recall, if M C G is a tamely ramified twisted Levi with maximal central torus Z, then a
set of y-data (x.) for Z can be used to induce a @(k)—conjugacy class of L-embeddings Lj, : “M — LG.

One of the key technical points in [Kal19] (resp. [Kal21b] and [FKS23]) is the definition of a set of x-data
(x,,) (resp. (x7)) associated to a non-singular torus-character pair (7',0). When T is unramified, this set of
x-data is the canonical set described above, but in general it depends on a number of subtle choices.

We now recall the notion of sets of a-data, introduced in [LS8T].

Definition 4.1.4 (JKall9, §4.6]). If M C G is a tamely ramified twisted Levi F-subgroup and T' C M is
a tamely ramified maximal F-torus, then a set of a-data {a.} for ®((G/M)w,TF) is an assignment to each
a € O((G/M)g,T5) of an element a, € F, such that ayq = Y(as) and a_q = —a, for all v € T' and all a.

4.2. The set of y-data associated to a quadruple. In this subsection, we assume p # 2. Let ¥ = (C;"7 x,T)
be a triple as at the end of and for each 0 < i < d — 1 suppose that we are given a good element
X; € Lie" (Gl ,,)(F)—p,. Fix a maximally unramified maximal F-torus T C G°. Recall the character
PO Fy, — Kk fixed in For each 0 < i < d— 1 and each a € ®((G"/G")#, T5), define a, € F) by
aq = (X}, Hy). As observed in [FKS23| Notation 4.2.2], for each 4 the collection of a, constitutes a set of
a-data for ®((G"*' /G, TF), and aq € F.

We now use this set of a-data to define a set of y-data (x/). By convention, set G=* = Z=! = T. Given
an integer —1 < i < d—1and o € @(G%17Tf) — @(G%, T%), let ; denote the restriction of a to the

maximal central torus ZZ of G%. Define X[\, = x¢ o, Fu, — k* as in [FKS23] Notation 4.2.2], as followsm

«@
(1) If a; is asymmetric, then x7, = 1.
(2) If a; is symmetric unramified, then x/,. is the unique unramified quadratic character.
(3) If a; is symmetric ramified, then x;,, is the unique tamely ramified character whose restriction to
Of, is the inflation of the quadratic character of the residue field F5,, whose restriction to F,, is
the Ka from , and which has the property that

ICi-; (Zva'(av)G’Q) = (_1)fai+1®Fai (¢0)7 (421)

where (¢, (a") is the prime-to-p part of the normalized squared length of aV (so lg () €
{1,2,3})"4 the positive integer f., is the degree of the residue field extension F,,/F, and for any
finite field extension F’/F, we define the normalized Gauss sumlﬂ

@F/ (’(/]0) = |:F\/|_1/2 Z SgnF/x (.’I;)'(/Jo(trF//Fq (m))
QJGF/X
Observe that x5, only depends on «; by [FKS23| Notation 4.2.2]. Finally, define xi; = X¢ o, = Xa,°Nmp, /F, -
We will call x¢. = X/(’(ijXT) = (X)) the set of x-data associated to (G,z,7 X,T). We note that if T
becomes maximally unramified in G after an extension of odd ramification degree, then x¢ is the canonical
set of y-data associated to T'.

H Another similar description of a set of x-data, also denoted by X'/, is described in the arXiv version of [Kal21bl §3.5|;
Kaletha has informed us that these are likely different, and that the definition in [FKS23] is the “correct” one.

12Since we have assumed p # 2 throughout this section, the subscript p’ is only relevant if p = 3 and G has a simple factor
of type Ga. The set of x-data introduced in [FKS23] §4.2] uses £g(a") in place of Kcyp/(av), but that section also assumes
that p does not divide the order of any bond in the absolute Dynkin diagram for G, which rules out the Go case above.

I3Recall that we have fixed a square root of q.



LOCAL LANGLANDS FUNCTORIALITY FOR YU’S SUPERCUSPIDALS I 15

4.3. The L-embedding associated to a set of y-data. We now drop the assumption p # 2 from the
previous section. As we have mentioned, from a set of y-data (x.) for the maximal central torus Z of a
tamely ramified twisted Levi M C G, we obtain a @(k)—conjugacy class © Jx: LM — LG of L-embeddings.
We recall this construction now, following [Kal21al §§3.3, 3.4, 6.1], but we will restrict the generality for
simplicity. The content below amounts essentially to unraveling the constructions in [Kal21al; because our
use of sets of y-data will be limited to a few rather concrete settings, we choose not to recall the notion of
gauges or the notations ¢, Sp/q> €tC.

4.3.1. The quasi-split case. Suppose first that G and M are quasi-split, and let (Tas, Bys) and (T, Bg) be
F-rational Borel pairs in M and G, respectively. Choose g € G(F) such that (Th)7 = g(Tg)F9~" and
(Bum)w C 9(Bg)gg~! and such that the system of simple absolute roots A((Ba)F, (Tar)w) for (Bar, Tr) is
contained in the system of simple absolute roots gA((Bg)# (ITc)g)g~ " for (9(Ba)w9~ ' 9(Ta)Fg™t). Given
v €T, define va1,¢ to be the image of g~'7(g) in the Weyl group Q(G#, (T¢)F)-

Choose a I'-stable pinning (E,ﬁ {Xav taea(ap (Ta)y)) for é, so we obtain a standard Levi k-subgroup

scheme M C G containing T with set of simple roots A(J\/i , f) dual to
9 A(BM)7 (Tr) )9 C AlGr, (Ta)p) = AG,T)".

Given v € I, let yg denote the pinned automorphism of G induced by v, and also use ya,¢ to denote the
element of Q(é, f) corresponding to the above element vy ¢ under the canonical isomorphism Q(é,f) =
Q(GF, (Ta)F)- Observe that A(]/W\, T) c A(G,T) is stable under the automorphism M, XY € QG,T) x
Aut(@,g,i {Xav}), but A(@7f) is not stable under vyas,¢ X yg in general.

Let n: Q(G,T) — N@(f)(k) denote the Tits section of the projection map N@(f)(k) — Q(G,T), given on
simple reflections s, by defining n(s,) = z4(1)z_o(—1)xs(1), where z1,, are the root subgroup homomor-
phisms determined by the chosen pinning, and defined in general by n(w) =n(s1)---n(s,) if w=s1---8, is
any reduced expression of w into simple reflections.

Let AC @ := ®((G/M)x, (Tv)5)/QU Mz, (T )F) be a chosen system of representatives for the ¥-orbits.

We now define a function Q = Q: Wr — Zg;(k), where Z; denotes the maximal central torus of M , using
the given set of y-data (Xa)a. We will define @), as a product

Qy=s" H Qx.or
a€cA

so it suffices to define s and each @) . Observe that there is a natural map
¢ = X.(Z53),

given by O — 3" ., a". If a € O, then we will abusively use @ to denote the image of O under this map.
We will also abuse notation by using « to refer to an element of A.

For each o € A, let W, be the stabilizer of o in Wr and let W, be the (setwise) stabilizer of the set
{£a}. Fix a system of representatives wi,...,w,, € Wg for the quotient Wi ,\Wg, and let vy € W, be
arbitrary. If « is symmetric, let v; € Wi, — W, be arbitrary. Define a function P: ® — {£1} by

P(3) = 1 ifﬁ:w;laforsomeaeAand1§z’§m,
—1 otherwise.

Let ®* C ® denote (the image in ® of) the positive system of roots corresponding to g(Bg)zg*. Using P,
for each w € Wr we define the set

Mw)={ae®: ac ot wla ¢ ot P(a) = Pw™'a) = 1}
U{a€e®:acd  wlaecd" Pla)=-1,Pw 'a)=1}.

Using this, for each w € W we define

swy= [[ a¥(-1) e zgzk).
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Now fix &« € A. For w € Wp and 1 < i < m, define u;(w) € Wiq by w; - w = u;(w) - w; for some (uniquely
determined) j. Similarly, for v € Wi, and ¢ € {0,1}, define v;(u) € Wy by v; - u = v;(u) - vj for some
(uniquely determined) j € {0,1}. We define

Qyalw) = [J(w; @) (xa(recr, (vo(us(w))))), (4.3.1)
i=1
where recg, : Wp, — F. is the reciprocity map from class field theory (normalized to send a lift of geometric
Frobenius to a uniformizer of F). We then define ©j, : “M — LG by

i (hyw) = (hQ(w)n(yarc), w), (4.3.2)

where v € T is the image of w € Wp. It is proven in [Kal2Tal Corollary 6.7] that LjX is an L-embedding.
This completes the construction in the case that G and M are quasi-split.

4.3.2. The general case. In the general case, let Gy be a quasi-split inner form of G. By |Kal2la, Lemma
6.4], there exists an inner twist ¢: Gof — G with the property that £ ~!(Mz%) is the base change to F of a
quasi-split twisted Levi My C Gy, and the restricted map &: M, 7 — Mg is an inner twist. The inner twist
¢ therefore induces compatible isomorphisms “M = LMy and “G =2 LGy. If xq is the set of y-data for the
maximal central torus Zy of My induced by x, then we define Lj, = L, via the above isomorphisms.

4.4. Dual L-homomorphisms. In the remainder of this subsection, fix a tamely ramified maximal F-
torus T' C G, and retain the notation of the previous subsection. The following remark partially explains
the otherwise somewhat mystifying formulas occurring in the definitions of L-embeddings given above.

Remark 4.4.1 (Explicit form of Shapiro’s lemma). Let I’ be a locally profinite group, let 'y C T be an
open subgroup of finite index, and let M be a locally profinite group equipped with a continuous I'g-action.
The continuous noncommutative Shapiro lemma gives a natural bijection H' (g, M) = H!(T, indF0 M). This
bijection can be described concretely on the level of cocycles as follows.

First, recall that indg0 M can be described as the space of I'g-equivariant functions f: ' — M, with
T-action given by (v f)(70) = f(707). Choose a set of representatives n1,...,n, € I" for T'o\I', and observe
that an element f € indII:0 M is determined by the elements f(11),..., f(n,). For v € ', we define n;(y) € T'y
by the equation

ni -y =ni(7) 1,
where j is uniquely determined. For 1-cocycles, the map in Shapiro’s lemma can be described on cocycles
as sending a 1-cocycle ¢g: I'g = M to the 1-cocycle ¢: T' — indgO M given by

c(7) (i) = co(ni(7))-

It is easy to check that c is a 1-cocycle and that it is independent of the choice of representatives 7y, ..., 7, up
to a coboundary. Moreover, the inverse bijection sends a 1-cocycle ¢ to the 1-cocycle I'y — M, v — ¢(v)(1).

Now we prove a technical lemma which will be necessary later. For each o € ®(G, T5), define an F-torus
Jo as in [Kal21al §3.1] as follows: if o is asymmetric, let J, = Resp, /p Gp; if o is symmetric, let

MFy/Fiq

N
Jo = Resp, /r Res},ﬂa/pia G, = ker(ResFa/F G, Resp, . /r Gm).

Observe that the root « is an F,-homomorphism Tr, — G,, which corresponds to an F-homomorphism
a: T — J,. In turn, this is dual to an L-homomorphism “«a: “J, — “T. Let aV: G,, — T denote the
cocharacter corresponding to «, and let a: ja — T be the restriction of Lo to dual groups.

Recall that the dual group of Resp, /r Gy can be described (functorially) as the space of functions
Wr \Wr = G,,. If a is symmetric, then ja can be described as the space of functions Wr \Wr — G,,
modulo pointwise multiplication by functions Wg, \Wp — G,.

Recall that k is a ring among Q,, Z¢, and Fy, where £ # p. For each a, let &,: F* — k* be a character.
If « is asymmetric, identify J,(F) with F* and set & = £,. If a is symmetric, assume that &, factors
through the surjection F} — F. given by t — tvy(t)~!, where F) := ker(Nmp, /p,  : F¥ — FZ,), and let

€ Ju(F)=Fi — Kk~
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be the factored character. Let ai Wr — ja(k) denote its dual cocycle. Let ga’oz Wg, — k™ be the

character corresponding to &, as a character of G, (Fy), and let &,: Wp — (Resg, /r Gm)" (k) be the
cocycle corresponding to &, as a character of (Resg, /p Gom)(F).

Lemma 4.4.2. We have

@o&l] = |wr— [Jw;'a") @ olvolus(w) | in B (We, T(k)). (44.1)

=1

Proof. Suppose first that « is asymmetric, so F, = Fi,. The dual L-homomorphism a: ja —~Tis given by

m

a(f) = [T a")(f(vows)), (4.4.2)

i=1

where f: Wr \Wr — G,, as above. By Remark for w € Wr we have
Ea (W) (vow;) = Ea,0(vo(us(w))). (4.4.3)
Combining ([A:2) and ([IA3) yields [@A1).

Now suppose that « is symmetric. Note that a: J, — T is given by
a(f') = [[wia")(f* (wows) - £ (vawi) ™), (4.4.4)

where we regard f! as a function Wg, \Wr — G, up to multiplication by a function Wg, \Wp — G,,.
By Remark the dual L-parameter & : Wr — (Resp, /p Gp,)" (k) is given for w € W by

Eaw) (vjwi) = Ea,0(v; (us(w))). (4.4.5)

The injective homomorphism J,, — (Resp, /r Gy)" which is dual to ¢ ~— ¢ - vy (¢)~" is given by sending the
equivalence class of a function f': Wg \Wr — G, to the function f: Wg, \Wr — G, given by

flojws) = fHvjwi) - fH(vrjwi) ™"

for all j and . For each w € W, represent the class gé(w) € J,(k) by the unique function normalized by
€L (w)(viw;) = 1 for every i. With this normalization,

€L (w)(vow;) = ga,o(vo(ui(w))) and €L (w)(vw;) =1 (4.4.6)
for all ¢. Combining (4.4.4), , and (4.4.6)), we obtain (4.4.1]). O

4.5. Associated L-embeddings. We have now associated explicit L-embeddings to twisted Levi F-subgroups
of G in two important settings.

Definition 4.5.1. If H C G is an unramified twisted Levi with maximal central torus Z and x is the
canonical set of x-data for ®(G, Z%) (which exists by Lemma, then we let Ljy ¢: “H — LG denote
the L-embedding Ljy ¢ = LjX.

Similarly, if p # 2 and (é,x,ﬁ)?) is a tuple for G as in and T C G° is a maximally unramified
maximal F-torus and x” is the set of y-data associated to (C_j, z, 7 X, T) in let Ljr o I'T — LG denote
the L-embedding Ljr g = £j,». When these two notations overlap, it will be clear from context which is
meant.

We summarize some basic properties of u.c in the following lemma.

Lemma 4.5.2. Let H C G be an unramified twisted Levi F-subgroup. The L-embedding Ljm o enjoys the
following properties.

(1) If H is the Levi of an F-rational parabolic subgroup of G, then Ljy ¢ agrees with the canonical dual
embedding (t,w) — (t,w).
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(2) If m: G' — G is an F-homomorphism which induces an isomorphism on adjoint groups, and we let
H' =7~1(H), then the diagram

L -
JH,G
Lg === Lq

| |
LH/ IM LG/
commutes.
(3) If G 2 Gy x Go, so H= Hy x Hy, then LjH,G is the product oijHl,G1 and Lsz,Gz.

Proof. (1) We may and do assume that G is quasi-split by [Kal2lal, Lemma 6.4], since passing to an inner
twist which preserves H also preserves the property that H is the Levi of a parabolic F-subgroup of G. In
this case, there is a Borel F-subgroup B C G such that BN H is a Borel F-subgroup. In the construction of
§4.371] we may choose Bg = B, By = BNH, and T = Ty = T a maximal F-torus in B. We therefore have
vu,c = 1 for all v € I, and it suffices to show Q) =1 by . Note that we may choose representatives w;
as in §4.3.1so that w; '« is positive (relative to B) whenever « is positive. With this choice, the set M (w)
is empty and thus s = 1. Moreover, every element o € ®((G/H )%, T%) is asymmetric, so the set of x-data
is trivial and thus Qy,o =1 for all a by .

(2) First, it is clear that H' is an unramified twisted Levi in G’, so the diagram makes sense. We may
again assume that G is quasi-split, hence G’ is also quasi-split. In this case, it suffices to observe that the
definitions of s, n, and @ in §4:3.1] are all evidently compatible with 7, since the sets of x-data defining
LjH,G and LjH/,G/ are the same.

(3) This is clear from the definitions. O

5. COMPATIBILITY OF SIGN CHARACTERS AND L-EMBEDDINGS

It will be important to understand the behavior of the L-embedding Ljr ¢ associated to a quadruple
(é, x,T, X ) as in Definition when G is replaced by an unramified twisted Levi subgroup H such that
x € B(H). For such an H, we obtain a quadruple (H,z,7, Xy), where H: = G 0 H for all i and Xf =
X7 |Lie(r1), and from this we obtain an L-embedding Ljrg: T — LH. There is a canonical L-embedding
LjH}G: LH - L@, and we want to compare LjT’G and LjH,G o LjT7H. It is not true that

Yira ~Yimaotirm
in general; see Example The technical issues are twofold: first, the definition of Ljr ¢ (resp. Zjr i)
involves a product over the set of roots ®(G#, Tx) (resp. ®(Hz, Tx)), and these sets are of course different.
Second, the definitions both involve the numbers l¢ (") (resp. £y (), and these differ even when
a € O(Hp, Tr).

However, we will prove in Proposition [5.1.5 that
Lirg o0 ~Yjmgolirmo(Oecenes vcesmm),

where the € are the sign characters from [FKS23| recalled above, whenever T is elliptic and §: T(F) — k*
is a character. We will similarly analyze base change, i.e., the behavior of © Jjr.c under passage from F' to a
cyclic tamely ramified extension E/F. Since the calculations become rather involved, the proofs are mostly
relegated to Appendix [A]

We retain the notation of Sections |3|and |4} Fix a tuple (é, x,T, )?) as in 11, and let k be a ring among
66’ Zg, and F@.

5.1. Unramified twisted Levis. We first deal with the case of descent to unramified twisted Levis. We
assume in this section that p # 2.

Lemma 5.1.1. Let H and M be tamely ramified twisted Levi F'-subgroups of G such that H is an unramified
twisted Levi and H N M contains a maximal F-torus T of (ﬂ such that x € B(T'). Then
G/M _ _H/(MNH)
¢ T
as characters of T(F')(4)-

MNote that this automatically implies that H N M is a twisted Levi F-subgroup of H.
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Proof. Observe that if o € ®((G/M)w,T5) is symmetric ramified then o € ®((H/(M N H))z, Tx) by
Lemma and it is clear from the definitions that fig 1) (o) = fim,1) (). O

Throughout this section, let H C G be an unramified twisted Levi F-subgroup such that H N G° contains
a maximal F-torus of G, and let H* = H N G' for all 0 < i < d. Fix a maximally unramified maximal
F-torus T C HY, and let x{. (resp. x/;) be the set of y-data for ®(G, T) (resp. ®(Hz, TF)) associated to
the tuple (Gﬂ7 x, T, X) where X is as in Below we will use the characters defined in

For the following statements, we recall that for a character n: T(F)p — k*, there is an associated inertial
L-parameter I — “T'(k); we will denote this homomorphism by 7| IFE If T is not anisotropic, then the
notation L7|;, is slightly abusive, because there is no canonical choice of L-parameter n: Wr — LT (k) of
which £n|;,. is the restriction.

Lemma 5.1.2. Let 6: T(F) — k* be a character. Recall from Definition that min x, denotes the
minimally ramified x-data associated to x¢. We have

B 00110 ~ T minx 0 (0 - €Gp0)l1p-
If moreover T is elliptic in G['), then we have
ijg, ol ~ ijinx’c’; o L0 €gp0)-
The completely analogous claims hold for H.
Proof. The proof is given in Appendix [A1] O

Let X’IQ,G denote the unique minimally ramified set of x-data for ®(G4, T) such that for all & € ®(H, TF)
we have X 5 , = min X ,; this determines x; 5 by Lemmam

Lemma 5.1.3. If0: T(F) — k* is a character, then

L . L L - L
dx o © Ve ~ Fiminyg 0 F (0 eap i€ ieana€ip )i

If moreover T is elliptic in G, then
L L L: L
Ixe © 0~ “iminxy © (0 €gpa€npi€cp2€mp,2)-

Proof. The proof is given in Appendix O

Let xp be the canonical (minimally ramified) set of x-data for ®((G/H)w, (Zr)F), and let xm,c be the
unique set of y-data for ®(G,T5) whose restriction to ®((G/H ), Tx) is the inflation of x g in the sense
of [Kal21al, Definition 5.16] and whose restriction to ®(Hz, T7) is equal to the restriction of x% -

Lemma 5.1.4. We have LjX’{{,G|TxIF ~ LjXH‘G|T\>qIF' If T is elliptic in G, then LjX}';,G ~ LjXH,G'

Proof. The two sets of x-data agree on ®(H, T%), so fix a X-orbit represented by o € ®((G/H)#, T) and
let ar be its restriction to Zg. Set
Co = XH,G,a(X%{,G,a)_l'

If o is asymmetric, set (! = (, on J,(F) = F; if a is symmetric, then ¢, is trivial on F},, so it factors
through F* — F! = J,(F), and we denote the factored character by ¢!. Put n, = ¢} o a, so the product
[aco( )y 1 s Mo is the character ¢r of T'(F) from [Kal21a) §3.2].

By Lemma neither o nor ay is symmetric ramified. This implies that the restriction of (7 to
T(F)[g) is trivial (as in the proof of [Kal2lal Proposition 5.27]). Lemma applied to (,, identifies

[QXH,GEQ;;}LG@] = [7/7\&] in Hl(WFaf(k))'

15Note that the restrictions of the good elements X' to Lie(H?) are automatically good relative to H**1, since the roots of
H*+1/H? relative to T form a subset of the roots of G*t1/G?.

16This amounts to the claim that if 51, n2: T(F) — kX are two characters extending 7, then Imilre ~ In2lrp. From the
construction of the Local Langlands Correspondence for tori, this reduces to the case T' = Gy, in which case it follows from
the fact that the isomorphism W;?b = FX from class field theory sends Ir to OF = G (F)p.

17Observe that the following displayed equation would not make sense if 7' were not assumed elliptic, because then T'(F') #
T(F)[g], 80 €g,p,0 Would not be a character of T'(F). Completely similar remarks apply to the subsequent results.
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The right hand class restricts trivially to Ix by local Langlands for tori, so the same is true of the left hand
class. By the definitions (4.3.2) and (4.3.1]), this implies ij%.chch ~ L-jXH,G|f><]IF' If T is elliptic, then
the same argument applies without restricting to Ip. ' O

Proposition 5.1.5. Let §: T(F) — k™ be a character. Then, with eg ., and €qy . defined as in (3.3.2),
we have

L L L L; L
Ixg, © Ol ~ Vi o Vi 070 ecenec pa€ g,a)|1p
If moreover T is elliptic in G, then
L L L L; L
Jxp 00~ "juGo iy 07 (0 ecenec s € tx)-

Proof. By definition, the restriction of x g ¢ to ®((G/H)x, Tx) is equal to the inflation (in the sense of
|[Kal21al Definition 5.16]) of x g7, the canonical set of x-data for ®((G/H)x, (Zu)F). The restriction of x g ¢
to ®(H, T5) is by definition equal to min x%,. Thus by [Kal21al Proposition 6.9], we have

LjXH,G ~ LjH7G o ijinx’F’I-
By Lemmas [5.1.2] [.1.3] and [5.1.4] we have

LjX/G/ ° L9|IF ~ ijinx'c'; °© L(9 : GG,b,O)‘IF

L L
~ xt g © (0 €6 0€GH,1€0 6,166 5,261 ,5,2) |15
L L
~ hxaa © (0 €Gb0€G 5160 0,1€6.5,2€H b ,2) | Ir
L L L
~ "JH,G © Jminxy, © (0 €65.0€G5,1€H 516G p,2€H2) | 1r
lt

L L .
~ i o iy 0 (0 €qpemp)|in,

where eg, and e, are as in (3.3.3). By (3.2.1), (3.3.3), and Lemma we obtain

€EGHEHD = EGEHEG §,2€H 4,7

as required. The calculation in the case that T is elliptic is identical. |

5.2. Base change. Now we move on to the case of base change functoriality. In this section, we continue to
assume p # 2. For any finite extension F/F and any weight «, write Fg o and Fg 1, for the residue fields
of E, and E,, respectively.

Lemma 5.2.1. Let T C M be a tamely ramified mazimal F-torus such that x € B(T), and let E/F be a
finite unramified extension of odd degree. Then

G/M Gr/M
e/ ONmE/F|T(E)[I]:EzE/ Zlr(E) -

Proof. The proof is given in Appendix [A-4] O
Lemma 5.2.2. Let H C G be an unramified twisted Levi F-subgroup, and let E/F be a finite extension.
Recall from @ that B/ E denotes the unramified extension of degree 2. Then

LjHE,GE |f-\[><1WE2 ~ LjH1G|f‘\I><1WE2 :

Proof. By twisting, we may assume that G is quasi-split. In this case, observe that each y, is unramified
of order at most 2 and the maps s and n are essentially independent of F', so the result follows from the

definitions (4.3.1)) and (4.3.2). O

Remark 5.2.3. The restriction to Wg, in Lemma may look strange, but it is necessary in general.
For instance, let G = PGLy and let T C G be an unramified elliptic maximal F-torus. If £ = F5, the
representatives furnished by the construction satisfy Ljr, ¢, (1,w) = (1,w) for every w € Wg, since T is
split. On the other hand, if w € Wy has image Fr? in Wg/Ip, then

LjT7G(1, w) = (71, w).

We expect a more natural-looking compatibility if one uses the c-group in place of the L-group, but the
difference will not ultimately be relevant to this paper.
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Let E/F be a finite separable, tamely ramified field extension. Choose a maximally unramified maximal
F-torus T C G, and let x4 (resp. x}) denote the set of x-data for ®(G,T%) associated to the tuple
(é,m,ﬁ)?) (resp. (éE,m,F,)?)). Let Ljp: BT — LG (vesp. Ljp: L(Tg) — £(GE)) denote the L-embedding
associated to x% (resp. x’;) by the mechanism of §41 Note that since the characters associated to x% and X%
are valued in jy, we may regard Zjr and £jp as homomorphisms of Z[1/p]-group schemes. In particular,
we may consider the base change k-homomorphisms (£jr); and (£jg)s for our chosen coefficient ring k.

Put Y = ¢ o Trg,p, and let ¥%: Fg — k™ be the induced character of the residue field; this is the
character relative to which we define the L-embedding *jz.

Lemma 5.2.4. Suppose that E/F is a cyclic extension of prime degree £.
(1) If £ = 2, then (LjE)f2 ~ (LjF)f2|L(TE). If moreover E/F is unramified, then LjE|:F><11F ~ LjF|1’:>41F.
(2) If £ is odd and E/F is unramified, then *jg ~ LjF|L(TE),

Proof. We may and do assume that G is quasi-split. Note that the characters associated to x% and x%, are
pa-valued, so the products @ associated to both by are trivial after reduction modulo 2; the factor s is
trivial modulo 2 because it is a product of values @V (—1). Finally, the Tits section n: Q(G, T) — Na(f) (F2)
is a homomorphism. Formula therefore proves the first claim of (1).

For the second claim of (1), choose the systems of representatives used in compatibly with the
decomposition of every Gal(F/F)-orbit into Gal(F/E)-orbits. Note that for w € I, the Weyl element yr ¢,
its Tits lift n(yr,¢), and the factor s(w) in are the same over F' and over E. Thus norm functoriality
in local class field theory reduces us to the claim

1 1"
XF,a © Nmg, /F, |o§a = XE,a|o§a
for every absolute root c. In fact, by definition of /-, and x% ., it is enough to show

o3 (5.2.1)

Rt

1
XF,OLi o NmEai /Fai

o
Op.. — XE,a;
T

if a € (G, Ty) — (G, Tx).

If «; is either asymmetric or symmetric unramified over F, then is clear from the definitions (since
both sides are trivial), so we may and do assume that «; is symmetric ramified over F. Since E/F is
unramified, it follows that «; is symmetric ramified over E, and thus both sides of are the unique
nontrivial sign character of O]éa,v and in particular they are equal.

For (2), arguing as above reduces us to proving

XFa, ©NME, /7, = XFa, (5.2.2)
for every absolute root «. Unramified base change of odd degree preserves whether «; is asymmetric,
symmetric unramified, or symmetric ramified. If it is asymmetric, both characters in are trivial. If
it is symmetric unramified, both are the unramified quadratic character: the degree [E,, : F,,] is odd, so
pullback by the norm preserves the value —1 on a uniformizer.

It remains to treat the symmetric ramified case. The pullback X/}/T‘,ai o NmEai /Fa, has the required re-
striction to Oga_, because the quadratic character of OE@ is compatible with norms; it has the required

k3

restriction to Eia, by norm functoriality for the quadratic characters ro,. Thus it remains only to check

the final condition in (4.2.1).
Put fra, = [Fa, : F] and fg o, = [FE.q, : Fg], and let m = [E,, : F,,]. The Hasse-Davenport relation
gives the identity of Gauss sums

~6r,.., (V) = (-OF,, (¥°)".
Since m is odd, we have fp o, = fg.o, (mod 2) and thus (4.2.1) gives

(Xf, © N, /7, )l (@)aa) = XF q, (lap (@”)aa)™

= ((_1)fF,ai+1®Fai(w0))
= (-1)reitiEp, (V).
This is precisely the remaining defining condition, so ([5.2.2)) follows. |

m
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We now deal with the analogue of Lemma for ramified extensions of odd degree. Suppose that
GY =T, so the image of the point = in B((GY,,)r) is a vertex. Let er (resp. €g) denote the sign character
associated to the tuple (G,z, 7, X) (resp. (Gg,z,7, Xg)) as in

Proposition 5.2.5. Let E/F be a cyclic extension of prime degree £. If £ # 2 and 0: T(F); — k™ is a
character and 0 = 0 o Nmg,/p ‘T(E)[w]’ then
ult

Ljg o (0p - €pepgq - (ererss) o Nmp/p)|r, ~ jr o “0],.

If moreover Tg is elliptic, then
LjE o L(QE - €R - €ER O NmE/F) ~ LjF o L9|WE
The same assertions hold if £ = 2 and k = F.

Proof. If £ = 2 and k = F5, then the result follows from Lemma 1) and the fact that eg and ep are
both trivial; thus one may assume ¢ # 2. If E/F is unramified, then the result follows from Lemma
and Lemma 2); thus one may assume that F/F is totally ramified. In this case, the proof is given in

Appendix O

5.3. Composition of canonical L-embeddings. Now drop the assumption p # 2. In this subsection,
let M C H C G be unramified twisted Levi F-subgroups. Let Zj; and Zy denote the maximal central
F-tori of M and H, respectively. Recall that we have defined a canonical L-embedding j MH: Ly — LH,
and similarly for Ljg ¢ and Ljy ¢ in Definition For clarity, let xarm, xm.G, and xar,c denote the
associated sets of y-data. We also define a set of x-data

XMH,G = (XM,H,G.0)acd (G (Z1)5)

as follows: for o € ®(G7, (Zn)7), we set

_ Jxmma if « € ®(Hy, (Zum)7),
XM,H,G,a0 = .
XH.Gan ©Nmp F, if a € ®((G/H)F, (Zm)F),

where oy denotes the restriction of o to Zp.
The following two results will not be used in this paper; they will be used in [CF26b] to accommodate
inductive arguments.

Lemma 5.3.1. We have “jy, ol57r, ~ “dxmmeliivg,: I Z(M)/Z(G) is anisotropic, then *jy, o ~

L .
Ixm,H,G-

Proof. The proof of Lemma adapts nearly verbatim to this setting, so we omit it. O

The following proposition is a technical extension (in view of Lemma of [Kal21al Proposition 6.9]
to the above choices of X—data@

Proposition 5.3.2. We have LjM,G|J\7><1F ~ Ljngo LjM7H|J\7>41F' If Z(M)/Z(G) is anisotropic, then
Liva~Tingolivm.

Proof. The proof is nearly identical to the proof of [Kal2lal Proposition 6.9], but we recall the outline for
convenience of the reader. We will only deal with the case that Z(M)/Z(G) is anisotropic, the general case
being completely similar. By Lemma we have Ljy o ~ ijle,y,c- Applying [Kal21al, Lemma 6.4]
twice, we may and do assume that M, H, and G are quasi-split. Let Qm g, Qum,m, and Qr,m,c be the
functions as defined in using xm,¢, Xm,H, and X m,q, respectively. Unraveling the construction
in (following the proof of [Kal2lal, Proposition 6.9]), one reduces to showing that the 1-cocycle w —
Qum. (W) Qu.c(w)Qu m.c(w)™! is a 1-coboundary.

Let T C M be a maximal F-torus. If ¥ = Gal(F/F) x {£1} as in §4.3 then Qus ¢ is defined as a
product over ®((G/M )%, T5) /(X x Q(Mz,T5)), and Qar i is the subproduct indexed only over the orbits
in ®((H/M)p, T)/ (£ x Q(Mg, Tg)). Thus QuruQ)y g ¢ is equal, in the notation of [Kal21al §6], to the
1-cochain from [Kal2lal Definition 3.17] for the torus M,y and the set ®((G/H )z, (May)w), and the set

I8Note that, despite appearances, [Kal21al Proposition 6.9] if M is a torus then only applies because of Lemma the
sets of x-data implicitly appearing in [Kal21al Proposition 6.9] are xas,m, X#,G, and xar, m,G, 10t Xar,G-
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of x-data inflated (in the sense of |[Kal2la, Definition 5.16]) from x g ¢ as above. Also, Qu ¢ is equal to
the 1-cochain from [Kal2lal, Definition 3.17] for the torus Hay,, the set ®((G/H)w, (Hab)F), and the set of
x-data xp,c. Thus [Kal2lal Proposition 5.23(2)] applied to the surjection M, — Hap, shows that Qg ¢ is
cohomologous to Qyy, HQ&{ 1 ¢ as desired. |

6. YU’S CONSTRUCTION

In this section we recall Yu’s construction of cuspidal representations from Yu data [YuOl], following the
exposition (but not the notation) of [Fin21al. We use the “twisted Yu construction” from [FKS23|, which
incorporates a sign character derived from those recalled in §3] and is better suited for functoriality. With
an eye toward later applications, we work with Q,-, Fy-, and Z-coefficients, and we record the behavior of
the construction under tamely ramified extensions of F' and restriction to twisted Levi subgroups of G. Our
definitions will be slightly broader than the standard ones because of these concerns.

6.1. Yu data. Assume p # 2, let £ # p be another prime, let k be a ring among Q,, Z,, and F;, and
use the fixed additive character 1: F' — k™ introduced at the beginning of As in §2| B(G) denotes
the enlarged Bruhat—Tits building of G over F. In this paper, a k-valued Yu datum for G is a 5-tuple
U = ((GYo<i<d, @, (1i)o<i<d, T» (¢i)o<i<a), Where

(a) G° c G C --- Cc G% = G is a sequence of twisted Levi F—subgroupﬂ of G which split over a tamely
ramified extension of F,

(b) z is a point of B(G®) C B(G),

(¢) (ri)o<i<aq is a sequence of real numbers such that 0 <7g <71 < -+ <7141 <7rgifd >0, and 0 < rg
ifd=0,

(d) 7 is a k-representation of G°(F)(, (where G°(F)j; C G°(F) is the stabilizer of the image [z] of z
in the reduced Bruhat-Tits building of G/F) which is trivial on G°(F), 0+ and whose underlying
k-module is finite free,

(e) (¢i)o<i<a is a sequence of characters ¢;: G'(F) — k*. For 0 < i < d — 1, we assume that ¢; is of
depth r;.

By convention we set r_1 :=01if d =0. If r4_1 < 14, then ¢4 is of depth ry; if r4_1 = 74, then ¢4
is trivial.
The constituents of this 5-tuple are moreover required to satisfy the following properties:

(1) Z(G")/Z(Q) is anisotropic,

(2) [2] is a vertex in B(GY,,),

(3) T ®x Frac(k) is a cuspidal representation of GO(F ), /G®(F)z,0+ in the sense of [Cot26) §2.10]. (See
also [Cot26), Proposition 2.1.4].)

(4) ¢; is G l-generic of depth r; for 0 < i < d — 1: this means that ¢; is of depth r; and under the
Moy-Prasad isomorphism G*(F)y . /G (F)zri+ = ¢/ (F)ar, /0 (F)zr+, there is an element X; €
Lie*(G)% (F)_,, which is G**!-generic in the sense of [YuOIl §8] (see [FKS23, Remark 4.1.3] for a
slight correction) such that ¢;|gi( F)o,, 18 induced by X/ and the fixed additive character 1

If 7 ® Frac(k) is an irreducible representation of G°(F)(;)/G®(F )z 04, then we will call ¥ irreducible. If
G' # G for all 0 < i < d, then we will call U irredundant.

Remark 6.1.1. Typically, one only considers Yu data for which & is an algebraically closed field of charac-
teristic # p and W is irreducible. Our ultimate interest is in representations arising from irreducible Yu data
over Q,, but for the study of L-parameters we will need to understand the modular reductions of Z,-lattices
in these; such modular reductions may a priori arise from Yu’s construction applied to Yu data which are
not irreducible.

19Tn most references, it is further assumed that G* # G**+1 for all 0 < i < d — 1. However, relaxing this requirement does
not significantly affect the theory, and for the purposes of functoriality with respect to unramified twisted Levi subgroups of G,
our convention is more convenient. This generalization (with slightly different conditions on the r; and ¢;) was introduced in
[Yu01l §15], where it was used to analyze the irreducible supercuspidal representations of products.

20Note that if Gt = G+l then every character of G*(F) which is induced by an element of Lie*(Gi)Gi is G*t1-generic.

(This can fail; it is essentially Hypothesis C(G) from [HMO08]| §2.6].
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From a Yu datum ¥, [YuQT] constructs a compact-mod-center open subgroup K C G(F), a k-representation
p of K, and then defines a sign character e: K — k> and sets

() == c-Ind5 (e @ p).
We will now recall the definitions of K, p, and e.

6.2. The inducing subgroup and extended characters. From a k-valued Yu datum W, one constructs a
smooth representation 7 = c—IndIG{(F) (e®p) as follows. First, we define a compact-mod-center open subgroup
KCGF)b

K = K(G,2,7) = G (F) G (F),.r0 -+ GUF)_ ras. (6.2.1)

See Figure [6.2.1] for an illustration of K.

72 T, —5

o
G

o G

1 ro/2

1 /2

1 )2

FIGURE 6.2.1. Tllustration of the subgroup K from (6.2.1). The vertical axis measures
depth, and the horizontal axis records the roots present in G*.

Next, we recall the definition of the representation p as above. We note that K acts on 7 by requiring
that G*(F), s GU(F), ra_1 acts trivially. We will define p = 7 ® Kk ® ¢q, where £ is a representation of
: e

K which we will define below. Roughly speaking, we have

d—1
K= ®VAI_,

where each VA is constructed using a Weil- Helsenberg representation whose central character is derived

from the character 6.7
Fix a maximal F-torus 7’ C G° which splits over a tamely ramified Galois extension E’/F and sat-

isfies © € A(Ty/). As in [YuOll §4], for 0 < i < d — 1 let ¢; be the unique k*-valued character of
GO(F) 2] G (F)z,0G(F), 7 . satisfying the following two properties:

. quIGO(F)[I]Gi(F)E,O = ¢ilGo(F) 0 G (F)s 0
* dilar) factors through
GF)y s /G (Pt = 0(F)y 24 /0(F s
= (¢'(F) @ 0 (F))g, 74/ (0"(F) @0 (F))ar+
0 (F) e 4 /0 (F) i+
= GU(F)y 4 /G (F)ayrits
where n’ is defined as g N @aeq>(G,TI/E,)7<I>(Gi,T{E,)(gE’)av and the map g*(F) @ n’(F) — g*(F) is the
first projection.
Observe that the induced map ¢;: Gi<F>z7%+ — k> is equal to ¢;

+

0 SO the two bullet points are

compatible, hence this construction is well-defined. By convention, we set (;ASd = ¢g.

21This notation is not standard; for example, [HMO8]| use ¢ to denote V@" while uses (w;, Vi, ).
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6.3. The Weil—Heisenb(irg fact0~rs. Let R=RU {r+:r € R}, ordered such that for r < s € R we have
r<r+<s For7>7>%>0inRand 1<i<d,let
G'(F)e 55 = G(F)
(T (E) a7, Ua(E" a7, Us(E ) o i :
o€ B(Gy", Th),
B e (GG p. Th)).

In particular, define .J; = Ji(é,x, 7) = G{(F) ria and J; = GH(F) ri_1, . Observe that
2

T,ri—1, TTi—1,"5

K =G(F)yJi-- Ja
Figure illustrates J;; we learned this picture from Stephen DeBacker.

qi,
Gi—l
- 0 —_—
-+ 7‘1'71/2
+ Ti-1

FIGURE 6.3.1. Illustration of J; = Gi(F)m,m_l,m_l/T The vertical axis measures depth,
and the horizontal axis records the roots present in G*. The roots present in G*~! enter at
depth 7;_1, while the remaining roots enter at depth r;_1/2.

’ symbol \ range \ role ‘
qASi 0 <i<d-—1| extension of ¢; used to define the (i + 1)st Heisenberg datum

Jiy Ji 1<i<d | compact subgroups attached to the jump from G*~! to G*
Vi 1<i<d symplectic quotient J;/ Ji+ , with central character from $i_1
B; 1<1<d F,-valued symplectic form on V; induced by X/ ;

Vq?i 0 <7< d—1 | Weil-Heisenberg representation attached to J;41

TABLE 1. Table of objects and indices appearing in Yu’s construction.

Recall that ¢: F,, — k* is the nontrivial additive character fixed in It is proven in [YuO1l, Proposition
11.4] that if we let V; = %(Cix,?) = J;/J;" for 1 < i < d and equip V; with the pairing (-,); defined by
(a,b); = ﬂil(ai,l(abaflbfl)), then (V;, (-, -);) is a symplectic Fp-vector space.

Lemma 6.3.1. For all 1 < i < d, the Moy—Prasad isomorphism
G (F) g rizn [GHF) y rima  Z @' (F) rica /0" (F) 1

restricts to an isomorphism

Vi = g (F), nia (0 (F), ra 07 (F), ros). (6.3.1)

’ 2

Under this isomorphism, for all v,w € gl(F)x ri_1 we have
P

(0, w); = Trp,/r, X;_ 1 ([v,w]), (6.3.2)

where the bar denotes reduction modulo pr of the element X} |([v,w]) € Op.
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Proof. The identity (6.3.1]) is standard and is observed in the proof of [Yu0ll, Lemma 11.1]. The identity
V(0 @):) = P(X;_ 1 ([v, w]))

is also observed in the proof of [Yu0l, Lemma 11.1], and (6.3.2) follows from the fact that 1 is injective and
Y0 =4 oTrg, ¥, O

Let B; = Bl(é ,x,7): V;xV; = F, denote the symplectic form which is transported under the Moy—Prasad
isomorphism to the symplectic form

(@7 @) = Xz?k—l([vvw])'
Our interest in this symplectic form (as opposed to (:,-);, which is F,-valued) comes from the following
lemma. Recall that F,. denotes the unramified extension of F' of degree 7.

Lemma 6.3.2. The maps f;,: é?x} (Fyr) = Sp(Vi(Gr,), Bi(Gr,)) (for r € Z>1) induced by the actions
of G°(F,)q) on Ji(Gp,) and Jj((_jpr) are algebraic, i.e., there is an F g -homomorphism é?z] — Sp(V;, B;)
which restricts to fi, on Fyr-points for all r.

Proof. Put

L; = Q(F)m,n_l/z, L? = E(F)m,m_l/2+,

considered as vector groups over O, and let QBC] be the smooth separated O p-model of GO with g[(;] (Opunr) =
G°(F ") z)- The relative identity component of gﬁc] is affine and open, and its cosets form an affine open
cover whose O punr-points cover g[oz](OFunr). Applying [KP23| Corollary 2.10.10] to each coset, we see that
the maps GO (F"™) ;) — Aut(L; ® Opunr) and GO(F"7),; — Aut(L; ® Opun) induced by the adjoint action
extend uniquely to homomorphisms of Opunr-group schemes (gﬁr])@mnr — GL(L; ® Opunr), and similarly
for L;r. These maps are Galois-invariant, and hence they are defined over Op by descent. Since wl; C Lj,
these maps induce an algebraic action of (Q[?D])Fq on L;/L{. Thus the action factors through @([)x]. The
inverse image of the unipotent radical of (g&})%q is GO(F""), o4+, which acts trivially on L;/L by the
Moy Prasad commutator relation. Since G° C G*~! C G, equation induces an algebraic action of
é?m] on V;. Finally, the G~ !-invariance of X ; shows that the action preserves B;. This gives the required
algebraic homomorphism, and unramified base change gives the asserted maps on all Fy--points. ]

By [Yu01l, Proposition 11.4] again, for 1 < ¢ < d there is a canonical special isomorphism
ji = 3i(Gya, 7 @): i) (Ji Nker dimr) — Vi, (6.3.3)
where V;ﬁ is the Heisenberg group corresponding to (V;, %<7>) In other words, VZ-ji is the group with
underlying set V; x F,, and group law (v,a) - (w,b) = (v +w,a+ b+ 1(v,w);).

For 0 <7 <d-1, let V& denote the Heisenberg representation of JiH/(JZ—JfH N ker al) with central
character the character of J;;1/(J£1 N ker ¢;) induced by ¢i|J_++1. By (6.3.3) applied with index i + 1, the
group Jiy1/ (J;fH N ker (;ASz) is identified with the Heisenberg group Vi‘_l attached to the symplectic space
Vier = Jiv1/ J;fH. When £k is a field, ng is the unique irreducible k-representation of Vzﬂ_l with central

character 82 For k = Z,, take a Viﬂ_l—stable lattice in the corresponding Heisenberg representation over Q,.
Existence and uniqueness up to isomorphism follow from [Ser77), Part III, no. 15.5, Proposition 43] and the
fact that Vzﬁ-u is a p-group and ¢ # p.

The representation x is defined to have underlying space ®?:_01 V&; we will define the action of K sepa-
rately on each V@_. We let J;;1 act on V$i through its quotient ViH If j # 4, let J; 41 act on V$j through

$j| Jii1- Moreover, G°(F )[z] acts on Vq@: through ¢; - W;, where W; is the representation
GO(F)1a)/G*(F)z04 = Sp(Vig1) = GL(V3),
where Sp(Vi11) — GL(V3 ) is the Weil representation, as defined in [Gér77, Theorem 2.4]. (See also [Fin22,

Lemma 2.5] for an explanation of the existence of these representations over Z, and by extension Fy.)
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6.4. Compatibility with tame base change and restriction to twisted Levis.
Ansatz 6.4.1. In the functoriality statements below, let H C G be a twisted Levi F-subgroup containing
a tamely ramified elliptic maximal F-torus in common with GY, assume z € B(H), and let E/F be a finite
tamely ramified Galois extension. We set H* = G*N H for all 5 and write H = (Hi)ogigd. If ¢; is a character
of GZ(F), we write ¢H,i = ¢2|H7(F)
Lemma 6.4.2. Assume we are in the setting of Ansatz[6.4.1]

(1) K(G,z,/)NH(F)=K(H,z,7).

(2) K(GE,J?E,F)GM(E/F) = K(G,.T,F).
Proof. For (2), we induct on d, the case d = 0 being clear. If d > 0, then there is a short exact sequence

1— Gd(E)z,Td% — K(éE, JTE,’I#) — K((GiE)Ogi<d,$E7 (Ti)0§i<d)/Gd_l(E)xﬁrdT—l — 1. (641)

There is also a tautological short exact sequence

1— Gdil(E)w,Tdel = K((Gp)o<i<d g, (ri)o<i<a) = K((Gg)o<i<d B, (Ti)0§i<d)/Gd71(E)I7rdel — 1.
(6.4.2)
Taking Gal(E/F)-fixed points in (6.4.1) and (6.4.2), applying [YuOll, Proposition 2.2], and using the fact
that the Moy—Prasad isomorphism restricts well with respect to finite field extensions of F' (which follows
easily from the proof of [KP23, Theorem 13.5.1]), we obtain
1— Gd(F)m7"‘(iT—1 — K(G'E, TE, F)Gal(E/F) — K((G%)05i<d, TE, (Ti>05i<d)Gal(E/F)/Gd_l(F)%WTA — 1.
(6.4.3)

By induction, we have
K((GRogica: 7p, (r)ogica) ™77 = K((Gogica, v, (ri)ocica)- (6.4.4)

Since clearly K(G,z,7) C K(Gg,xg, ) E/F) it follows from (6.4.3) and (6.4.4) that this inclusion is an
equality, as desired.

For (1), let Z denote the maximal central torus of H. By (2), we may pass to a finite tamely ramified
extension of F' to assume that there is an element z € Z(F') of finite order prime to p such that Zg(z) = H.
Then the claim is that

K(G,z,7)? = K(H,z,7). (6.4.5)

Since z is of order prime to p, the set H'(z, G'(F), %1) is a singleton. Moreover, we have (G*(F), ,T,l)z =

H'(F), ri-a for all i and (G°(F)}y))? = H°(F)jy), so the same argument as in the previous paragraph allows
)

us to conclude inductively that (6.4.5)) holds. O

To study the behavior of the ggl under base change to a tamely ramified Galois extension E/F, we need

to extend each ¢; from G*(F) to a Gal(E/F)-invariant character of G*(E); this is not possible in complete
generality, and it will lead to some small restrictions on p.

Lemma 6.4.3. Assume we are in the setting of Ansatz[6.4.1].
(1) dni= ¢i|H°(F)[1]H1(F)I’OH(F)‘T1%+ forall0 <i<d-—1.
(2) If ¢; extends to a character ¢p; of G'(E) which is generic of depthr;, then @ = (ZEl
forall0<i<d-1.

GO(F)(2) G (F)a,0G(F), ri |
12

Proof. We begin with (1). It is clear that QASZ-|H0(F)[I]H¢(F)MH(F) e, satisfies the first defining property in

Compatibility of the Moy—Prasad isomorphism with restriction to twisted Levi subgroups shows that
the map

H(F)x,%iJr/H(F)w,rH- — HZ(F)z,%+/Hl(F)w,m+
defined there is the restriction of the corresponding map for G. Since ¢p; is the restriction of ¢;, it is
therefore clear that the second defining property in holds as well. The argument for (2) is completely
similar, using compatibility of the Moy—Prasad isomorphism with tame extensions, as in [Yu0ll Corollary
2.4]. |

Lemma 6.4.4. With notation and assumptions as in Ansatz[6.4.1, we have
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(1) Ji(G,z,7) N H(F) = J(H,x,7) and similarly for J;,
(2) Ji(Gg,zp, 7)) E) = J(G, x,7) and similarly for J;.
Proof. The proof is completely analogous to that of Lemma [6.4.2 O
Lemma 6.4.5. Assume we are in the setting of Ansatz[6.4.1]
(1) Write $H = (¢m,5);j, and let tp;: Vi(ﬁ)ji — V}(C_j)’i be the canonical embedding. Then
1o 52,7, 60) = 5GP o e

2) If (EE = (¢p.); extends (E, with each ¢g ; being Gj+1-genem'c of depth r; for 0 < j < d, let
313 J E J
LB Vi(G)t — Vi(Gp)! be the canonical embedding. Then

tpi 0 Ji(G 2,7, ¢) = ji(GE, g, T, ¢E)|Ji(é7m’F)/(J:r(é,m7F)mker 3y

Proof. We briefly recall the construction of j; as in the proof of [YuOll, Proposition 11.4]. First suppose that
G' is split, let S C G* be a split maximal F-torus, and choose a system of positive roots @ C ®(G?, S). Let
Ji(+) (resp. J;(—)) denote the subgroup of .J; generated by UQ(F)IT% for « € @ (resp. « € —®7) not lying
in®(G~1,9). If N; = J;’ﬂker ggl-_l, then the maps 74 : J;(+)N;/N; — Ji/JiJr and 7_: J;(—)N;/N; — JZ-/J;'
are injective, and they form a complete polarization of J;/J;". By [Yu0l, Lemma 10.1], there is a canonical
isomorphism j;: J;/N; — VZ-jj given by

Jilwsw ) = (mo(wy) + 7 (w), e+ 5 me (wy), 7 (wo))

for wy € Ji(+)N;/N;, w_ € Ji(—)N;/N;, and ¢ € J;"/N;, identified with an element of F,, via EA o qgi,l.
It is shown in the proof of [YuOll Proposition 11.4] that j; is independent of the choices of S and ®*. If
G' is not necessarily split, let 7 C G* be a tamely ramified maximal F-torus, let F’/F be a finite tamely
ramified extension such that Tp: is F'-split, and let j; denote the restriction to J;/N; of the isomorphism
Ji(F")/Ni(F") — (Ji(F")/J;7 (F"))¥ constructed above. As noted in the proof of [Yu0l, Proposition 11.4]
(see also the discussion preceding [HMOS8|, Definition 3.15]), this gives rise to a special isomorphism over F’
by [YuOl, Lemma 10.3] which is independent of the choice of F’. From this construction, both points are
evident. ]

6.5. The FKS twist and compact induction. Finally, for a Yu datum ¥, we define the character € of

K to be trivial on G*(F), ri_1 for 1 <i < d, and to restrict to the character € on G°(F), defined in (3.3.1)
3 ‘

using the twisted Levi sequence (G*) and the generic elements X in the definition.

Finally, we define
d—1

G
m=m(¥) = cIndg " (e@ 1o Q) Vs @ da). (6.5.1)
i=0
For k € {Q,F,}, [Fin22, Theorem 3.1] and exactness of compact induction show that 7(¥) has finite length;
it is irreducible and cuspidal when k € {Q,, F,;} and ¥ is irreducible. If moreover p does not divide the order
of the absolute Weyl group of G, then [Fin22] Theorem 4.1] shows that every irreducible cuspidal smooth
k-representation of G(F') arises from this construction.

6.6. Equivalence and normalization of Yu data. It is natural to ask when 7(¥) = 7(¥’) for two
different Yu data W, ¥’. This leads to the notion of G-equivalence on irredundant Yu data, an equivalence
relation introduced by Hakim—Murnaghan in [HMOS8, Definition 6.1], whose definition we will shortly recall.

6.6.1. Removing redundant stages. Recall from that a Yu datum is irredundant if G* # G for all
0 < i < d. First, we show that one can reduce to irredundant Yu data.
Lemma 6.6.1. Let ‘
¥ = ((G")o<i<a, @, (ri)o<i<da; T, (hi)o<i<a)
be a Yu datum for G. Suppose that G™ = G™F! for some 0 < m < d, and let
V' = ((G")o<iza—1,@, (r))o<i<a—1, 7, (9})o<i<d—1)
be the Yu datum defined by
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(1) G"" =G for0<i<m and G" = G form <i<d-1,
(2) ri=r; for0<i<mandr, =r;41 form<i<d-1,
(3) ¢ =i for 0 <i<m and ¢, = dmPm+1 and ¢, = Pip1 form <i<d—1.
Then (V) = 7(V'). In particular, there is an irredundant Yu datum Uy such that w(¥) = w(¥q).

am — gm+1 Q'™ —gm
—1 rm—1
0 G7Yl G m 0

’
Tm—1

’ L
Py = PmPm+1

’

T‘"L

FIGURE 6.6.1. Collapsing a redundant step in a Yu datum. The vertical axis records
character depth, and the horizontal axis records the roots present in the corresponding
twisted Levi.

Proof. The final claim is immediate from the first by induction, so it suffices to prove the first claim. The
Gm+1/Gm .

fact that ¥’ is a Yu datum is trivial. One checks that K(¥) = K(¥'); moreover, eg = eg, since e, is
trivial. It is just as straightforward to check that the inducing representations p(¥) and p(¥’) are isomorphic,
so we leave this to the reader. O

6.6.2. G-equivalence. We aim to explicitly describe the equivalence relation on Yu data induced by isomor-
phism of the corresponding representations.

Definition 6.6.2. Let ¥ = ((G%),z,(r;), 7, (¢;)) and ¥’ = ((G"), 2, (r}),7',(¢})) be irredundant Yu data
over k. We say that ¥ and U’ are related by an elementary transformation if (G*) = (G"), x = 2/, (r;) = (r}),
727 and (¢;) = (¢}). We say that ¥ and ¥’ are G-conjugate if there exists some g € G(F') such that every
term of U’ is obtained from the corresponding term of ¥ by g-conjugation, where we interpret g - (r;) = (r;).
We say that W’ is a refactorization of ¥ if G' = G'* for all i and [x] = [2/], and the following conditions on
the characters y;: G*(F) — k* defined by x;(g) = H‘;:i ¢j(9)¢;(g)~" hold:

(1) If ¢4 = 1, then ¢/, = 1.

(2) The character x; is of depth at most r;_1 for all 0 < i < d, where r_; = 0.

(3) 7 =7® xo-
Finally, we say that U and ¥’ are G-equivalent if they are equivalent under the equivalence relation generated
by elementary transformations, G-conjugacy, and refactorization.

By |[Kall9, Corollary 3.5.5] (which builds on [HMOS, Theorem 6.6]), one knows that the supercuspidal
representations of G(F) over k = Q, constructed from irreducible Yu data ¥ and ¥’ are isomorphic if and
only if U and U’ are G-equivalent. We expect that the same claim holds for £ = Fy, but we have not checked
it. However, we will use one direction of this result, proven in [HMOS8, Proposition 4.24].

Proposition 6.6.3. Let U and V' be irredundant Yu data for G over a ring k among Q,, Z¢, and Fy. If ¥
and V' are G-equivalent, then (V) = 7(T').

Proof. The proof of [HMOS8| Proposition 4.24] is largely self-contained, and it extends nearly verbatim to
our setting once Hypothesis C(G) from [HMOS8| §4.3] is arranged to hold by passing to a z-extension as in
[Kall9, Lemmas 3.5.2-3.5.4]. O

6.6.3. Normalized Yu data. We introduce the following definition of “normalized” characters, whose nomen-
clature was chosen for consistency with the notion of normalized Yu data in [Kall9, Definition 3.7.1].

Definition 6.6.4. Let H be a connected reductive F-group and let k be a commutative ring. A smooth
character ¢: H(F) — k™ is normalized if it is trivial on the image of Hs.(F) — H(F'), where Hg. is the
simply connected cover of He,.
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With this terminology, [Kall9, Definition 3.7.1] says that a Yu datum ¥ is normalized if each ¢; is
normalized as a character of G(F). By [Kall9, Lemma 3.7.2]@ if p does not divide |71 (Gger)|, then every
irredundant Yu datum is G-equivalent to a normalized Yu datum.

The following lemma will both facilitate the study of modular reductions and allow us to prove finiteness
of L-packets later.

Lemma 6.6.5. If ¥ is an irredundant Yu datum over k, then there is a Yu datum W' which is a refactor-
ization of W such that each @} is of finite order. Moreover, for each i there is some integer N; depending
only on G, z, and r; such that ¢} is of order at most N;. If ¥ is normalized, then W' can be chosen to be
normalized.

Proof. Recall the subgroup G*(F)! C G*(F) defined by

G F)' ={g € G(F): |x(g)| =1 for all x: G* — G}
Note that G'(F)/G(F)! is a free abelian group, so the map G*(F)/G*(F)qer — G*(F)/G*(F)! of abelian
groups admits a section, and thus

GHF)/GY(F)ger = G (F)' /G (F)aer x GH(F)/GH(F) . (6.6.1)
For each i, let ¢; be the pullback, under projection to the second factor in (6.6.1]), of the restriction of ¢;
to that factor. Thus v; is trivial on G*(F)!. Put ¢, = ¢;1; !, Then ¢/ factors through the compact group
G (F)'/GY(F)ger and, since it is trivial on G*(F),.,, 1, its order divides

N; = |G'(F)' /(G (F)aexG' (F)ari+) | -

Put y; = szi Yjlgir) and 7' =7 @ xo. If j > i, then G(F)' € G/(F)', so x; is trivial on G*(F)! and
hence has depth at most 0 < r;_;. Moreover,

d
H¢J¢;_1 = Xi»
Jj=t

while ¢4 = 1 implies ¢/, = 1. Thus V' = ((G%),z, (r;), 7, (¢})) is a refactorization of . Finally, the image
of Gi.(F) lies in G*(F)!, so each ¢/ has the same restriction as ¢; to this image; therefore ¥’ is normalized
whenever ¥ is. ]

7. EXPLICIT CONSTRUCTION OF L-PARAMETERS

In this section, we recall Kaletha’s definition of a Local Langlands Correspondence for non-singular tame
supercuspidal representations. Moreover, we extend Kaletha’s candidate to positive characteristic coefficients
and partially to singular tame cuspidal representations. The key results established in this section are
certain compatibilities of Kaletha’s construction with Langlands functoriality, which will be needed later for
comparison to the Fargues—Scholze correspondence.

Throughout this section, assume that p # 2. Recall from §2|that F,,/F denotes the unramified extension
of degree n. The notation Zjr g for the L-embedding of a torus T associated to a Yu datum is defined in

Definition £.5.1]

7.1. Almost equivalence of torus-character pairs. Recall from the notation G, and é[z] associated
to a point © € B(G). Let F"™ denote the maximal unramified extension of F. If T C G is a maximally
unramified maximal torus and a point x € B(G) is given which lies in B(T), then we let T denote the image
in Gy of the special fiber of the schematic closure of T in G, so T(Fy) = T(F)j41/T(F)s,04- Note in
particular that depth 0 characters of T'(F),) are equivalent to characters of T(Fy).

Definition 7.1.1. Let T,7" C G be two tamely ramified maximal F-tori such that = € B(T) N B(T"), let k
be a field among Q, and Fy, and let §: T(F)(,) — k* and 6': T'(F)},; — k* be characters. Since Z(G)(F)
acts trivially on B(Gyer), it is contained in both T'(F)(,) and T'(F)j,). We will say that (7',60) and (7,0")
are almost equivalent if the following conditions hold:

22The errata on Kaletha’s website notes that Section 3.7 (among others) of [Kal19] does not, but should, require that p is a
good prime for G and that p does not divide the order of mo(Z(G)). However, this error only arises because the proof of [Kall9}
Lemma 3.6.8] uses a misstated form of [Yu0ll Lemma 8.1] in its proof. The proof of [Kall9, Lemma 3.7.2] does not use [Kal19}
Lemma 3.6.8], and it is still correct. Moreover, the proof applies without change over 62 and Fy.
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(1) O]z ) = 0|z om)-
(2) There exists a positive integer n such that the pairs
(TFnaQONan/F ‘T(Fn)[m]> and (TJ.{?,HG/ONan/F |T,(Fn)[a:])
are G(F,)-conjugate.
The notion of almost equivalence should be considered as a weak analogue for p-adic groups of the

equivalence relation on tori arising from rational Lusztig series, as explained in [Cot26], §2.8]. The terminology
is justified by Lemma[7.1.3]

Proposition 7.1.2. Let k € {Fe,i@,agl , let E/F be a finite extension of degree n, and let ¢: G(F) — k*
be a normalized character (cf. Definition|6.6.4). There is a canonical normalized character ¢pp: G(E) — k*
such that

¢E|T(E) = ¢|T(F) ° NmE/F
for every mazimal F-torus T C G. Moreover, ¢g|ar) = ¢", and ¢p is Gal(E/F)-stable when E/F is
Galois.

Proof. Choose a z-extension
1—2Z—G04%a—1
with Z induced and éder simply connected, so that ¢| G is the universal covering map onto G4e;. Put
D = é/éder, write 7p: G — D for the quotient, and let i: Z — D be the induced map. For L € {F, E},
Hilbert 90 and Kneser’s theorem [KP23| Theorem 10.6.4] give
Ap = G(L)/q(éder(L)) —~= D(L)/i(Z(L)

).
Since ¢ is normalized, the pullback ¢*¢ descends to a character ¢p: D(F') — k> which is trivial on i(Z(F)).

The composite

G(E) ™2 D(E) ~“2/%, D(F) 225 |
is trivial on Z(E) by functoriality of the norm, and hence descends to a character ¢p of G(E). It is
normalized, and it is Galois-stable when E/F is Galois. If g € G(F) and § € G(F) lifts it, then

¢e(9) = ¢p(Nmg/p(1p(9))) = ép(7p(9)") = ¢(9)".
Finally, if T C G is a maximal F-torus and T = ¢~'(T), then T(E) — T(E) is surjective. Lifting ¢t € T(E)
to t € T(F) and using functoriality of norms gives
¢5(t) = ¢p(Nmpg/p(rp(t)) = ¢(Nmg,p(1)),

which proves the proposition. ([l

Lemma 7.1.3. Let T,T" C G be mazimally unramified mazimal F-tori such that x € B(T) N B(T"), let
k be a field among Q, and ¥y, and let 0y: T(F)y — k* and 0y: T'(F) — k* be characters of depth
0. Let ¢: G(F) — k™ be a normalized character, and let 0 = 6o - ¢|r(r),, and 0" = 64 - ¢lri(py,,- If
E(G, [T, 00]) = E(Glys [T,,H{)]), with notation as in [Cot26, Definition 2.8.2|, then the pairs (T,0) and
(T",0") are almost equivalent.

Proof. We first reduce to the case ¢ = 1. By geometric conjugacy of (T',6p) and (T,, 0;), there is a finite
unramified extension £/F and an element of G(E) conjugating (Tg,0p o Nmg,r) to (1,05 o Nmg,p). To
show that the same element also conjugates (1,6 o Nmpg,p) to (T7,0" o Nmp,p), it suffices to construct a
character ¢ of G(F) whose restrictions to T'(F) and T'(E) are the corresponding norm pullbacks of ¢. Such
a character is provided by Proposition so we have made the desired reduction.

Let n be a positive integer such that the pairs (qun,é) o Nmg_,/r,) and (T/FQH,G’ o Nmg ,/r,) are
Gy (F ¢ )-conjugate, and let E = F,,. Let § € G|, (Fg) be an clement such that

e . —/
9(Tr,.,0 cNmg_, /p, )G 1 (Tp, . 0" ocNmp _, /p,)-

Let S (resp. S’) denote the maximal unramified F-subtorus of T' (resp. T7”), and let S (resp. S’) denote the
Op-torus with generic fiber S (resp. S’). Note that there are canonical closed embeddings S — G, and
S’ — Giyy by [KP23, Axiom 4.1.20].
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Let
7ot (Gla))Pyn — (Gla))Fyn
be the quotient by the unipotent radical of (Q[x])%qn. By Lang’s theorem, m, is surjective on Fg»-points.
Thus g lifts to G, (Fgn), and then, by smoothness of Gf,; and completeness of O, to some g € G,1(Og).
The images of Sp,, and Sp_, under 7, are T;qn and Tll.fqn, respectively. Hence the tori gSg~! and S’ have
the same image under 7., so they are conjugate by ker 7. After passing to a translate of g by an element of

G121(Og) whose special fiber lies in (ker 7,)(Fgn), we may assume that gSg~! and S have the same special
fiber. By deformation theory for tori [SGA3, Exp. IX, Corollaire 7.3|, there is some

h € ker (G5, (Op) = Gy (Fgn)) = G(E)a 0+

such that hgSg='h=! = §’. Since T'and T" are maximally unramified, we have T = Z5(S) and T" = Zg(5'),
so also hgT'g~'h~! = T"’. Since h has trivial image in éﬁt] (Fyn) and 6, 60" have depth 0, we deduce

hg(Tg,0 o Nmg,p |1(m),, )9 'h ™" = (Th, 0 o Nmg/p | 1/(g),,),
as desired. 0

7.2. Associated torus-character pairs. In [Kal21b|, Kaletha introduced his Local Langlands Correspon-
dence for non-singular tame supercuspidal Q,-representations of G(F'). In this section, we recall this corre-
spondence and partially extend it to general tame cuspidal representations.

Let U = ((G%),z,(r;), 7, (#;)) be an irreducible Yu datum for G over a field k which is either Q, or Fy.
Let Z be the center of @([)m],

Definition 2.1.1].

and recall that 6?4 is a paraductive F,-group scheme in the sense of [Cot26],

7.2.1. Associated depth O torus-character pair. By [Cot26l Proposition 2.6.2|, there is a maximal F-torus
T c (é?w])o and a character 0p: T'(F,) — k>, where T = T°.Z, such that 7 lies in the semi-rational Lusztig

series 5(@?1,}, [T,6y]) (with notation as in [Cot26l Definition 2.8.2]). The pair (T, 6p) is not unique in general;
however, the Lusztig series £ (é&], [T, 6o]) is unique by [Cot26, Lemma 2.8.4]. Moreover, if there is such a
pair with 6y non-singular, then the pair (T, f) is unique up to @?l,] (F,)-conjugacy by [Cot26, Lemma 2.9.2].

7.2.2. Associated p-adic torus-character pair. Choose an O pg-torus Ty of g&] whose special fiber T has image

T° in 6?30] (which exists by [Bor91l Proposition 11.14(1)] and deformation theory for tori [SGA3y, Exposé IX,
Théoréme 3.6, Théoréme 7.1|), and let T be the generic fiber of Tp, an F-torus of G°. If T = Zgo(Ty), then

T is a maximally unramified maximal F-torus of G° and thus also a maximal F-torus of G, and = € B(T).
Define a character 0: T'(F)y — k™ by

d
0=060- ][ bilrr., -
i=0

If 7 is non-singular, then it follows that T° is elliptic and thus T is also elliptic since Z(G°)/Z(G) is
anisotropic.

Definition 7.2.1. Define 7(¥) as the set of G(F)-conjugacy classes [(T',0)] of pairs (T,0: T'(F)j, — k™)
constructed above. It is clear that 7(¥) only depends on the G-equivalence class of ¥, and it is unaffected
by the procedure of Lemma [6.6.1

Let To(¥) C T (¥) denote the set of (T, #)] constructed as above such that 7 € (G, [T, §]), with notation
as in [Cot26l, Definition 2.8.2].

Note that if k = Q, and 7 is cuspidal, then for every [(T,0)] € To(¥), the torus T is elliptic in G. The set
To(¥) will be important for studying the Fargues—Scholze correspondence in [CE26b| because it retains direct
contact with Deligne-Lusztig induction, but the following lemma will eventually show that it is irrelevant
for the study of Kaletha’s correspondence.

Lemma 7.2.2. Assume that ¥ is normalized. If [(T,0)] and [(T",0")] lie in T(V), then the pairs (T,0)
and (T",0") are almost equivalent in the sense of Definition|7.1.1. The central character of ©(V) is equal to

0 z(c)(p)-
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Proof. Put ¢ = H?:o ®ilgo(ry. The inclusions GY., = G, lift to the simply connected covers, so the hypoth-
esis that ¥ is normalized implies that ¢ is normalized. The fact that (T, 0) and (7”,6’) are almost equivalent
is immediate from Lemma [7.1.3] The final claim is clear from the fact that the inducing representation
€®T®K® Pg in Yu's construction has central character 6|z (q)(r) (since €|z () r) = 1). O

Lemma 7.2.3. Assume that U is normalized. If [(T,0)] and [(T,0")] lie in T(V), then
Lira o M (0lraey e ~ Pira o H 0|0y )1

Proof. By Lemma there are an unramified extension E/F and g € G°(E) such that g(Tg,0 o

NmE/F)g_1 = (Tg,0' o Nmp,p). Let cy: Tg = T}, be the conjugation map, and let Lcy: YTy, = LTy
be the associated L-isomorphism. It is visible from (4.3.2)) that

LJT'E,GE ~ Y irp.ap 0 e (7.2.1)
Let
9E ::HonE/F |T(E)[I]7 9/E = G/ONHIE/F |T'(E)[I]'

The choice of g implies that 029}5 = 6, so naturality of the inertial Local Langlands Correspondence for

tori and ([7.2.1)) yield

L L L; L

JTy,,Ge © (H/E'|T/(E)b)‘IE ~ JTg,Gg © (eE‘T(E)b)llE'

Thus we conclude by norm functoriality for the inertial Local Langlands Correspondence for tori and

Lemma [5.2.4(1)—(2) (applied to a filtration of E/F by extensions of prime degree). O

Lemma 7.2.4. If T C G° is a tamely ramified mazimal F-torus such that x € B(T), then ¢;|rpy is of
depth r; for all 0 < i < d, and dq|r(ry is of depth rq if ¢qg # 1.

Proof. Fix i < d. By genericity, the character induced by ¢; on G*(F)y., /G*(F)z .+ is represented, under
the Moy Prasad isomorphism and the fixed additive character ¢, by the class of some X € Lie*(G))¢ (F), _,.

Choose Y € g(F),,, whose pairing with X lies in O; this exists since X} has nontrivial image in
Lie*(G")(F)4,—r;:—r;+- Let E/F be a tame extension splitting 7', so there is a direct sum decomposition

gi(E)z,m =H{E), ® @QQ(E)xmr

Since X is G'-invariant, it annihilates every root space, each of which lies in [g%, g!]. Thus the projection of
Y to t(E),, has the same nonzero pairing with X;. This projection lies in t(F);,, so ¢i|r(r),, is nontrivial.
Thus ¢;|7(py has depth ;.

Now assume ¢g # 1, so ¢4 is of depth d by assumption. Choose a z-extension 7: G— G, and note that by
[Kall9, Lemma 3.5.3], the map C:’(F)x“ — G(F)y,r, is surjective; thus the induced character ¢q of G(F) is
of depth rq. Now [Kall9, Lemma 3.5.2] shows that ¢ is represented by an element X; € Lie*(é)é(F)m’,rw
so the same argument as above shows that if T = 71 (T) then q~5d|f(F) is of depth r4. Since T(F),, — T(F),,
is surjective by [Kall9, Lemma 3.5.3] again, we conclude. O

7.2.3. Non-singular characters. We adapt the following definition from [Kal21bl Definition 3.1.1]@

Definition 7.2.5. Let k be a field of characteristic not equal to p. Let T' C G be a maximally unramified
maximal F-torus, fix a point z € B(T) C B(G), let Ey/F be a finite tamely ramified extension splitting
T, and let F’/F be the maximal unramified subextension, so F’ splits the maximal unramified F-subtorus
S C T. Let Fg be the residue field of F’, and let S° denote the special fiber of the relative identity
component of the Ift Néron model of S, viewed as a maximal torus of éﬁ’v]' Fix a subgroup TT C T(F)
containing T'(F);,, and a character §: TT — k*. Assume

0 o Nmp, poa’|iy, =1 for every coroot o € (G g,, Tx,)- (7.2.2)

We say that

(1) 0 is F-non-singular if (6 o Nmp /g oy,

res

for each ayes € ‘b((éfm])FF,,?OFF,) C ®(Gpr, Spr).

”o;, is nontrivial

231n fact, for reasons explained below, our definition differs slightly from [Kal21bl Definition 3.1.1].
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Y

(2) 0 is F-non-singular if (6 o NmF’/F oares)|ox is nontrivial for each ayes € ®(Gpr, Spr).
F/

We now generalize Definition beyond the case of maximally unramified tori as in [Kal21bl Definition
3.4.1], for which we must introduce some notation. Let k be a field of characteristic different from p, fix
a tamely ramified maximal F-torus T C G, a subgroup TT with T(F), € TT C T(F), and a character
§: Tt — k*. Define the depth of 8 to be the depth of 0|7 (F),- Let E/F be the splitting field of T'. For each
positive real number r, we define

B, = B,(T,60) = {0 € B(Gr, T): 6(Nm (0 (E)) = 1}
where EX =1+ pgﬂ for e the ramification degree of E/F. Put E), = J,., EX. Let &4 =[),.,

and say that r € Rs¢ is a break in the filtration ®4(7T,0) if ®, # ®,.,.. There are finitely many (possfl?lgf 0)
breaks, which we denote r4—1 > rq_2 > ... > rg > 0. We define by convention r_; := 0 and ry := depth(6).
If d > 0, then this gives a sequence rq4 > rq—1 > -+ > rg > r_1, while if d = 0 (no breaks in ®,.) then
To Z r_1 = 0.

For d > i > 0, we define G* = G*(T,0) C G to be the connected reductive subgroup with maximal torus
T and root system ®,, . We define G~! := T, so we have

T=G'cGc...cci=aG.

Note that if p is good for G and does not divide the order of 1 (Gger), then G¥ is a twisted Levi subgroup of G
by |[Kall9, Lemma 3.6.1]. In fact, Lemma will show that this is true for arbitrary p when (7, 6) € T (¥)
for a normalized Yu datum V.

Definition 7.2.6. We say that §: Tt — kX is F-non-singular (resp. F-non-singular) if T is maximally
unramified in G° and, when 7T is considered inside G, the character  (which satisfies the hypotheses of
Definition is F-non-singular (resp. F-non-singular) with respect to G° in the sense of Definition
These notions and the groups G*(T, #) depend only on Ol7(F),-

As in [Kal21bl Fact 3.1.4(1)], an F-non-singular character is automatically F-non-singular.

Remark 7.2.7. Definitions and differ slightly from [Kal21bl Definition 3.1.1, Definition 3.4.1]:
indeed, [Kal21bl Definition 3.4.1] requires that 6 is non-singular with respect to G° in the sense of [Kal21bl,
Definition 3.1.1], which strictly speaking implies that € is of depth 0; however, this is clearly an unintended
restriction.

Definition 7.2.8. We will say that an irreducible Yu datum ¥ = (C_j, T, T T, (5) over k € {F;,Q,} is F-non-
singular if 7 is non-singular in the sense of [Cot26], Definition 2.9.3].

Lemma 7.2.9. Assumep # 2, let ¥ = (é, T, 7T, (E) be an irredundant normalized irreducible Yu datum for
G over a field k among Q, and Fy, and let [(T,0)] € T(¥).
(1) G' = GYT,0) for all 0 < i < d, where GY(T,0) is defined from the filtration ®4(T,0) preceding
Definition [7.2-6, - -
(2) The canonical (@(k)-conjugacy class of ) embedding(s) GO — G realizes GO as the (@(k)-conjugacy
class of ) connected centralizer(s) Zg((“jr,c o “0)(Pr))°.
(8) VU is F-non-singular if and only if 6 is F-non-singular. In this case, T is elliptic and T (¥) consists
of the single conjugacy class [(T,0)].
Proof. We begin with (1). Let E/F be a finite tamely ramified Galois extension splitting T'. It is enough to
prove
q)Ti—1+(T79) :(I)(GlE'vTE) (OSZ < d)
If 7 < ¢, then ¢; has depth at most r;_1, so we have

d
O(Nmpp(a” (B L)) = [[ &5 (Nmpr(a¥ (B L))). (7.2.3)
j=i
If « € ®(G%,Tg), then the coroot aV: G,, — G% factors through a map aY: G, — (G!.)g, where
m: Gi, — GY, is the simply connected cover. Since ¥ is normalized, functoriality of the norm on the
inverse-image torus in GJ_ gives
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By (7.2.3)), this means that o € ®,, , (T, 0).
Conversely, suppose that « € ®,., | (T,0). If « € ®(G%, Tg) for j < i, then a € ®(G%, Ty) immediately.
Otherwise there is a unique ¢ < j < d such that
a € ®(GL, Tr) — ®(G%, Tg).
Equation (7.2.4) shows that ¢, o Nmpg,poa" is trivial for m > j + 1, while ¢,,, o Nmp,poa" has depth
smaller than r; for m < j. The assumption o € ®,, ,,(T,0) and the inequality r; > r;_; therefore give
¢;(Nmp/p(a’(E)))) = 1. (7.2.5)

Let vg denote the extension to E of the normalized valuation of F'. Let X} € Lie” (Gj)Gj (F)g,—r; represent
bilqi(F),.., through the Moy—Prasad isomorphism and 1. Genericity means that vg((X;, Ha)) = —7;. Let
z € E be such that vg(z) =r; and
U(Trg p(2(X5, Ha))) # 1;
such a z exists because E/F is tame. The Moy-Prasad isomorphism T'(F),, /T(F)y, 4 — t(F)r, /t(F)y,+
and its analogue for E sends Nmg,p(a¥ (1 + 2)) to Trg,r(2Ha). Since X7 is F-rational and represents ¢,
on ¢/ (F)gr, /0 (F)ar,+, it follows that
¢ (Nmp (¥ (14 2))) = ¢ (X, Trg p(zHa)))
=(Trg p(2(X;, Hy))) # 1,

contradicting Equation (7.2.5)). This proves ®,, ,(T,0) = ®(G%, Tk).

For (2), note that since 7T is tamely ramified, the restriction £jr g | 75q p, 1s simply the canonical embedding
T x Pp — G x Pgp. Thus Zg((*jr,c 0 10)(Pr))° is the reductive k-subgroup of G with maximal k-torus T
and root system consisting of those a (for a € ®(G,Tx)) such that @ o 0|p, = 1. By duality, this means
O(Nmp/p(aV(Ey,))) =1, ie, a € ®(G%, TF). So the claim follows from (1).

We now prove (3). Let S C T be the maximal unramified subtorus, and choose a finite unramified

extension F’/F splitting S. Part (1) shows that the restriction of 6 to every coroot occurring in GY has
depth 0. More precisely, for each restricted coroot ay of Sg in G%,, the same argument which led to

Equation (|7.2.4) gives

Thus 6 is F-non-singular if and only if 6y is non-singular. Since 7 lies in £ (é?x], [T, 00]), [Cot26, Defi-
nition 2.9.3 and Lemma 2.9.2] show that 7 is non-singular if and only if 6y is non-singular. Under these

equivalent conditions, [Cot26, Lemma 2.9.4] shows that T is elliptic. Hence T is elliptic in go; the anisotropy
of Z(G®)/Z(G) then makes T elliptic in G. Moreover, [Cot26, Lemma 2.9.2| shows that (T, 6y) is unique up

to é?x] (Fy)-conjugacy. Lemma therefore shows that 7 () consists of the single orbit class [(7T,6)]. O

Definition 7.2.10. Let ¥ be an irreducible Yu datum over k € {Fy, Q,}. We say that ¥ is F-non-singular
(or just non-singular) if some class [(T,0)] € T(¥) has the property that 0 is F-non-singular in the sense of
Definition We will then say that m = 7(¥) is non-singular.

Remark 7.2.11. If ¥ is a normalized irreducible Yu datum with G° = T, then ¥ is F-non-singular.

Note that Lemma 3) and [Kal21b, Fact 3.1.4(1)] show that any F-non-singular Yu datum is F-non-
singular.

Definition 7.2.12. Let ¥ = (G, z,7,7,¢) be an irreducible Yu datum for G over k € {F;,Q,}, let Wi
be the irredundant datum obtained by iterating Lemma and assume that U'' is G-equivalent to a
normalized Yu datum. Choose a class [(T,6)] € T(¥). When VU is F-non-singular, Lemma [7.2.9|3) shows
that 7(¥) consists of this single G(F)-conjugacy class, with T elliptic and 0: T(F) — k* non-singular.
Define pX2(¥) to be the @(k)—conjugacy class represented by

Wi % L7(k) 2%, LG(k) (7.2.6)

where L0: Wr — LT (k) is dual to 6 under the Local Langlands Correspondence for tori, and Zjr ¢ is the
embedding from Definition [£.5.1]
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Under the same hypothesis on ¥'™", without assuming that ¥ is F-non-singular, define p?al(\ll) to be the

@(k)—conjugacy class represented by

L 7] ) L -

I~ Ly 29, L (7.2.7)
where “(6|7(r),): Ir — “T'(k) is the inertial L-parameter corresponding to 6|7 (r), under the inertial Local
Langlands Correspondence for tori, as in the discussion preceding Lemma [5.1.2] The fact that this is well-
defined is proven in Lemma [7.2.13]

The superscript “Kal” is used here in recognition of Kaletha’s work, although strictly speaking Kaletha
only defines p¥2(¥) in [Kal21Db] in the case that k is of characteristic 0 and ¥ is non-singular. Note that if
¥ is F-non-singular but not F-non-singular, then the recipe defining p#!(¥) still makes sense, but it does
not yield the “correct” semisimple L-parameter.

Lemma 7.2.13. The conjugacy classes p?al(\ll) and, when U is F-non-singular, p¥*'(¥), only depend on
the G-equivalence class of V.

Proof. Independence of the chosen pair [(T,0)] € T(¥) for the inertial parameter is Lemma when ¥ is
F-non-singular, there is a unique such pair. The fact that G-equivalent Yu data yield the same (inertial) L-
parameter is simply a matter of unraveling the definitions recalled in §6.6.2] which we leave to the reader. [

Remark 7.2.14. If k = Q,, then it follows from Lemma [7.2.13| and [Kal19, Corollary 3.5.5] (which builds
on [HMOS8, Theorem 6.6]) that pX2!(¥) and p¥2!(¥) only depend on m(¥). We expect that the analogous

assertion over Fy is true, and that it can be established by similar methods, but it will not be used or proven

here. Our eventual results compare pX () and p¥&l(¥) to the parameters arising from the Fargues—Scholze

correspondence, establishing a certain amount of independence a posteriori.

Remark 7.2.15. We regard p?al(\ll) as our guess for the restriction to I'r of the L-parameter associated
to m(¥) under the “true” semisimple Local Langlands Correspondence. As a sanity check, we will show in
Lemma 1) that p¥2l(W) is semisimple; this is nontrivial if & is of positive characteristic.

It seems to be a difficult problem to give a reasonably concrete definition of a full (semisimple) L-parameter
X3 () when V¥ is a Yu datum over Q, which is not F-non-singular, even when 7(¥) is of depth 0.

The following lemma is a straightforward generalization of [Kal21bl Lemma 4.1.10] beyond the case of
characteristic 0 coefficients.

Lemma 7.2.16. Let k € {Q,,F}, let U be an irredundant normalized irreducible Yu datum for G with
coefficients in k, and choose [(T,0)] € T(¥). Let p: Ir — LG(k) be the representative of p&a (W) given by
[7:2.7) using (T,0), and identify T with its image under Ljr . The following are equivalent:

(1) Za(p(IF))geq is a torus,
(2) 6 is non-singular.

Under these hypotheses, Zg(p(Ir))%q = (T17)%04.

Proof. The proof of [Kal21bl Lemma 4.1.10] can be read nearly verbatim in our setting, so we omit it. O

7.3. Modular reduction. Our ultimate aim is to prove results about the L-parameters of supercuspidal
Q,-representations of G(F') obtained from Yu’s construction. However, in order to analyze these we need to
relate such supercuspidal representations to those constructed over Fy.

Lemma 7.3.1. Let ¥ = ((G%),z, (r;),,(¢:)) be a Yu datum over Z,. Put
7:7'@2[, Fe, @: ((Gl)"ra (Ti)7?7 (gz))a

where ¢, is the reduction of ¢;. The tuple ¥ is a (possibly reducible) Yu datum, and there is a natural
isomorphism

(V) = 7(V) @z, Fo. (7.3.1)
Moreover:

(1) Every irreducible subquotient To of T is cuspidal, and the tuple
o = ((G"), , (r:), To, (7))

is an irreducible Yu datum. The representation w(Wo) is an irreducible subquotient of w(¥) ®7z, Fy.
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(2) Every irreducible subquotient of m(¥) @z, F, is isomorphic to w(Wg) for some irreducible subquotient
To of T.

If U is irredundant (resp. normalized), then every Wy is irredundant (resp. normalized).

Proof. First observe that [Cot26, Lemma 2.10.1] and exactness of the formation of Jacquet modules (since
¢ # p) imply that 7 and each of its irreducible subquotients are cuspidal. Next, note that modular reduction
preserves the depth and genericity of each ¢;, since £ # p. Thus ¥ is a Yu datum and every ¥, is an
irreducible Yu datum. Now and (1) follow from unraveling the definitions.

Since Yu’s construction is exact as a functor of the depth 0 representation, applying it to a composition
series of T proves part (2); the resulting representations are irreducible by [Fin22, Theorem 3.1]. If ¥ is
normalized, its reductions are normalized because each ¢; remains normalized. Preservation of irredundancy
is also clear. |

Lemma 7.3.2. Retain the notation of Lemma and assume that ¥ ®7z Q, is irreducible. For an
irreducible subquotient To of T let Wy be the associated normalized irreducible Yu datum. For every class
[(T,0)] € T(Vg,). the character 0 takes values in Z, , and its reduction 0 satisfies [(T,0)] € T(¥y). In
particular,

(1) p¥el(Wy) is the (semisimplified) modular reduction of plfal(\llaz).
Wq is F-non-singular, then ¥ is F-non-singular and p¥(Wy) is the (semisimplified) modular
2) If ¥ F l h ‘IJQ[ F l d p%l (W h lified dul

reduction of pXa! (Vg,)-

Proof. Fix [(T,0)] € T(¥g,), arising from a depth O character 6p. The group T(F,) is finite modulo
A (é?z])(Fq). On this central subgroup, [Cot26l Definition 2.8.2] identifies 6y with the central character of
T ®7, Q,, which is ZZ -valued because 7 is a finite free Z,-lattice. Hence 0y is ZZ -valued on T(F,), while

each ¢; is ZZ -valued by hypothesis. Thus

d
0 =6 H bilT(F)

=0

is ZZ -valued. Since Tg is an irreducible subquotient of the reduction of 7, [Cot26, Definition 2.8.2] shows
To € 5(6&]7 [T, 0]). Hence [(T,0)] € T(¥y). From this, (1) and (2) are both clear from the definitions. [J

7.4. Compatibility with central isogenies. Finally, we record a basic compatibility, which is improved
considerably for non-singular supercuspidal representations with characteristic 0 coefficients in [BM25] under
some technical conditions. Fix an F-homomorphism f: G — G’ inducing an isomorphism G.q = G, let
k€ {Q,,F¢}, and let V' = ((G"), ', (r}), 7, (¢})) be a normalized irreducible irredundant Yu datum for G’
with coefficients in k. Choose a Yu datum ¥ = ((G?), z, (r;), 7, (¢;)) as follows:

(1) G* = f~YG") for all i,

(2) z € B(G) is any point with the same image as 2’ in B(Gaqa) = B(GLy,),

(3) r; =} for all 4,

(4) 7 is an irreducible constituent of 7/ as a éﬁr} (F,)-representation,

(5) ¢ = ¢l o f for all i.
Suppose that each ¢; has the same depth as ¢.. In this case, the fact that ¥ is a normalized irredundant
irreducible Yu datum is clear.

Lemma 7.4.1. If Lf: LG’ — LG is the dual L-homomorphism, then pRa (W) ~ Lf o pKal(W’). [f ¥ s
F-non-singular, then V' is also F-non-singular and pX¥3 () ~ L f o pKal(@’),

Proof. If [(T",0")] € T(¥') and we define T = f~1(T"), 0 = ¢’ o flr(F)y,, then [(T,0)] € T(¥): indeed, the
definition of eg involves passing to G4, so it is clear that e¢ = eg o f, and it is enough to invoke [Cot26]

Lemma 2.10.3]. Moreover, we have Ljr g o X(f|r) ~ Lf o Ljr o by Lemma ). This implies the
claim. ]
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8. BASE CHANGE FUNCTORIALITY FOR YU DATA

Kal Kal

Throughout this section, assume that p # 2. We will study the behavior of p** and p;** under base
change in two cases: base change of “large” prime degree for arbitrary cuspidal representations, base change
of “small” prime degree for “toral” representations (i.e., those arising from Yu data such that G is a torus).
Both cases have important simplifying features.

e In the first case, individual apartments in the Bruhat—Tits building are unchanged after base change
of large prime degree (see [Cot26, Proposition 4.1.2]).

e In the second case, the reduced building of a torus is a point, so no issues from Bruhat—Tits theory
arise. Furthermore, the irreducible representations of an abelian group are 1-dimensional, so no
complications from Deligne-Lusztig theory arise.

8.1. Preliminaries on characters. In this section, we collect a number of technical results which will allow
us to extend characters of unramified twisted Levi subgroups after base change. Throughout this subsection,

let k € {F¢,Qy,Z¢}, and let G' C G C G be tamely ramified twisted Levi subgroups.
Let E/F be a tamely ramified cyclic extension of prime degree ¢ # p, let ¢: G(F) — k* be a nor-
malized character (in the sense of Definition |6.6.4), and let ¢p: G*(E) — kX be the character defined in

Proposition [7.1.2]

Lemma 8.1.1. The characters ¢ and ¢ are of the same depth.

Proof. Suppose that ¢ is of depth r. By definition, this means that
(1) there exists a point = € B(G") such that ¢|gi(r), .
(2) if r > 0, then for any point y € B(G?), the restriction ¢
First, we show that ¢g|gi(p), ., is trivial. Let 2 € B(G") be a point such that condition (1) holds for ¢, and
let T C G be a tamely ramified maximal F-torus with = € B(T). By Lemma the restriction ¢|p(p) is
of depth 7. The norm map Nmg,p: T(E)z,r4 — T(F)qrq is surjective by [Kall9, Lemma 3.1.3], so indeed
(1) holds.
Now suppose r > 0, let y € B(G%,) be any point, and suppose for the sake of contradiction that ¢z Gi(E)y.,
is trivial. Let ¢ be the center of mass of the Gal(E/F)-orbit of y, so ¢ € B(G*) by [KP23, Theorem 12.9.2].
Since ¢ is a character, it is trivial on G*(E)g.,» for every g € G*(E). Choose an apartment A containing
c and a point yo € ANG*(E) -y, let S be the maximal E-split torus defining A, and put Z = ZGE(S). For
each relative root «, choose a vector v, in the image of S(F) in Aut(A) with (a,v,) > 0. Then yo + nv,
lies in AN GY(E) -y, and [KP23, Lemma 6.1.6] gives

U(x (E)c,r C Ua(E)yg—i-nva,r

for all sufficiently large n: indeed, once a(yo) + na(vy) > a(c), we have

is trivial,

Gi(F),., is nontrivial.

r—a(c) =1 —a(yo) — no(va),
so the condition defining U, (E).,, is stronger than the one defining Uy (E)yy+nv,,,r-
By [KP23| Definition 13.2.1], the group G*(E).,, is generated by Z(FE),. and these U, (E).,. Hence ¢ is
trivial on G*(E).... By [KP23, Proposition 12.9.4], this implies that ¢° is trivial on G*(F).., contradicting
the depth of ¢. Thus ¢g|gi(g),, is nontrivial, as desired. ([l

Lemma 8.1.2. If ¢ is of depth r > 0, then ¢ is G'T-generic of depth r if and only if ¢r is G?l—generic
of depth r.

Proof. Choose a z-extension G — G. By [Kall9, Lemma 3.5.3], the map é(F)wr — G(F)g, is surjective,
so by construction of ¢ we may pass from G to G to assume that Gge, is simply connected. Therefore
hypothesis C(G) of [HMO8, §2.6] holds by [Kall9, Lemma 3.5.2]. Recall that we have fixed a choice of
additive character 1): F' — k*. Let x € B(G") be a point such that @lGi(F)y,.,. factors through a character of
G (F)zr/GY(F)zrt. Under the Moy-Prasad isomorphism

Gi(F)w,r/Gi(F)w>r+ = gi(F)Lr/gi(F)w,rJra

Hypothesis C(G) shows that there is an element X* € Lie*(G')¢" (F)_, such that ¢ Gi(F),., is induced by
X* and 9. We may consider X* as an element of Lie*(G*)%" (F)_,, in which case we will denote it by X%
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for clarity. Then the restriction of ¢ to G*(E), , is induced by X} and the additive character 1 o Trg /Fs
since both of these characters are the (th powers of the unique Gal(E/F)-stable extension of ¢|gi(py, , to

G (E)yr-
For a twisted Levi M C G, let M. denote the_preimage of M in the univeisal cover Ggc of Gger, and fix
a maximal F-torus T of G®. For a root a € @(G%rl,Tf), let oy, denote the F-coroot G,, — (Gif')#, and

let H, = daY.(1) € Lie(G™1)(F). Recall from [Yu0ll §8] (noting the mild correction of [FKS23, Remark
4.1.3]) that genericity of ¢ is equivalent to the conjunction of the following two conditions:

(1) We have v((X*, H,)) = —r for all & € ®((G"T /G") 5, Tx).
(2) Recall that there is a natural isomorphism

Lie" (Gl ap) ©F F = X*((Gic an)F7) @2 F € X (Tie)7) @z F.

Let w, € F denote an element of valuation =, and let X" denote the residue class of w,X* in
X*((GL, .)F) @z Fy. Then the stabilizer of X" in the absolute Weyl group of G*t! is equal to the

sc,ab

absolute Weyl group of G*.

The conditions for genericity of ¢ are completely similar. It is clear that these two conditions hold for ¢ if
and only if they hold for ¢g. O

8.2. Large prime degree base change. In this section, let k € {Fy,Z;, Q,} be the coefficient ring.
Suppose that £ is a banal prime for G such that £ > rk G+ 1, and note that ¢ is also banal for G, by [Cot26,
Proposition 4.1.2(2)]. Throughout the subsection, let

U = ((GYo<i<as @, (14), 7, (61))
be a normalized irreducible Yu datum for G over k.

Lemma 8.2.1. There is a character x: G°(F) — k*, trivial on G°(F)!, such that 7 ® x~! factors through
a finite quotient of G°(F),) of order prime to {.

Proof. Choose a splitting Z(G)(F) = Z(G)(F), x M, where M is a finitely generated free abelian group.
The induced map M — G°(F)/G°(F)! is injective, and since k* is divisible there exists an extension of the
central character of 7|y to GO(F)/G°(F)!. Since ¢ is banal for G(F), it follows that the central character
of 7 ® x~! is finite of order prime to ¢, and in particular 7 ® x ! has finite image. O

Definition 8.2.2. For k € {F,,Z,,Q,}, the base change of T is the k-representation 7y of G° (Fe)[q) defined
as follows: first, choose a character y as in Lemma Let ?X denote the Frobenius twist of the /~-modular
reduction of the Glauberman correspondent (in the sense of [Cot26, §3.5.3]) of 7 ® x ™!, and let 7,, denote
the unique irreducible lift of ?x which factors through a finite quotient of G°(F, ?)[2) of order prime to £. Note
that 7, is irreducible by [Ser77, Part III, no. 15.5, Proposition 43]. Then set

70 =T ® XF | go gy, (8.2.1)

[Cot26l, Remark 3.5.10] shows that 7, does not depend on the choice of x; in particular, if 7 itself factors
through a finite quotient of order prime to ¢, one may take x = 1. If G® = T is a torus, then (8.2.1)) shows
that 7, is the character 7g, of Proposition [7.1.2]

We define a Yu datum W, = ((G%), z¢, (14.4), ¢, (¢e,i)) as follows.

(1) Gi = (G")p, for 0 <i<d.

(2) x = x, considered as a point of B(GY,); its image in B((GY%, )der) is a vertex by [Cot26, Proposi-
tion 4.1.2(3)].

(3) 7¢; =1r; for all 4.

(4) Let 74 be the representation of Deﬁnition this is irreducible and cuspidal by [Cot26, Lemma 3.5.9
and Proposition 4.2.2].

(5) Let ¢y,; be the character of G(F}) defined as (¢;)r, in Proposition[7.1.2] Note that ¢¢,; is (G*+!)f,-
generic of depth r; for 0 < i < d by Lemma and Lemma [8.1.2

Observe that the isomorphism class of w(¥,) is Gal(F,/F)-stable. If k = Z, and ¥ denotes the modular
reduction of ¥, then the modular reduction of ¥, is equal to (¥),.
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Proposition 8.2.3. Let ¢ be a banal prime for G such that £ > 1k G + 1. Assume that k € {Fy,Q,}, and
let W, be as above. Then

pr(We) ~ pF (W) 1y, -

If U is moreover F-non-singular, then so is Wy, and
P (W) ~ p" (W) |y,

Proof. If k = F,, then Lemma [Cot26, Lemma 3.5.16], and Teichmiiller lifting give a normalized
integral lift of ¥ with cuspidal generic fiber. After applying Lemma [6.6.1] to assume ¥ is irredundant,
Lemmas and reduce both assertions to the case k = Q,. Let [(T,6)] € T(¥) as in §7.2l For

the first statement, write 6 = 6 H;‘i:o ¢i|T(F)[m] as in the construction of T(¥), so 7 € 5(6&], [T,60]). By
[Cot26, Proposition 4.3.4(2)] and the definitions, the representation 7, lies in the semi-rational Lusztig series
70 —
5<<G[m]>qu’ [Tqu ;02,0]), where 69 = g 0 Nqué/Fq'
Let

d
O =000 | [ brilr(rn,
i=0
The definition of ¥, gives
(T, 00)] = (T, 0 ©c Nmp, p)] € T(Wo).
Norm functoriality for the inertial Local Langlands Correspondence for tori identifies the parameter of
0o Nsz/F with L0|IF£ . Thus

p¥al(\P)|1F€ ~ L.jT7G °© L0|IFZ
~ LjTFZ,GFZ o L(e o NmFg/F)hFZ
~ 1 ().

The second relation follows from Lemma and the third follows from Lemma 2) and norm func-
toriality. If ¥ is F-non-singular, then so is ¥,, and the same calculation holds on all of Wp,. ([l

8.3. Small prime degree base change. We do not currently have a robust general theory of low degree
base change for Yu data, but for our main results we need only the following special case. Let k € {Fy, Q,},
and let

U = ((GMo<izds z, (13), 7, (¢4))
be a normalized irreducible Yu datum for G over k such that G° = T is a torus. In particular, 7 is a
character. Let E/F be a Galois extension of prime degree ¢ # p, and assume that T is an elliptic maximal
E-torus of Gg. This implies that T'(E) = T(E)[;) and T(F) = T'(F).
Define a Yu datum
Vg =((Gg)xp, (rei), 76, (¢5.,))
as follows.
(1) G4, = (G for 0 <i <d.
(2) xg = x, considered as a point of B(GY); its image in B((G%)der) is the unique point, hence a vertex.
(3) rgi=mr; for 0 <i<d.
(4) 75 = ((Terepy ) oNmE p)epep 4 o, Where €p, €py . and €g, €p g, are the sign characters associated
to (é, z,T, 5) and (Cf B,x,T, gE), respectively, as in this is trivially irreducible and cuspidal.
(5) ¢g; = (¢;)r as in Proposition this is Glgl—generic of depth r; for each 0 < i < d by Lem-
mas [B.1.1] and B1.2l

Observe that Vg is normalized.
Proposition 8.3.1. If ¢ is odd, then

P ) ~ (T
The same holds if £ is even and k = Fs.
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Proof. Ellipticity of T implies that T(E) = T(E), and T(F) = T(F)|). Since G® = T, the torus—character
pairs associated to ¥ and Vg are (T,6) and (Tg,0g), where

d d
0=r]]¢ilrr), Op=1e]]oe.

i=0 i=0
By construction, we have 0 = ((ferepy,.) o Nmg/p) - €pep g .. By Proposition we therefore have

T(E)-

pKal(\IINWE ~ LjT,G o L0|WE ~ LjTE,GE o LQE ~ pKa1<\IIE)7
as desired. 0O

9. UNRAMIFIED TWISTED LEVI FUNCTORIALITY FOR YU DATA

Throughout this section, continue to assume p # 2 and let ¥ = ((G")o<i<a, @, (ri)o<i<a, T ($i)o<i<a) be
a normalized irreducible Yu datum for G with coefficients in a field k € {Q,, F,}. Fix an unramified twisted
Levi subgroup H C G for which there exists [(T,0)] € T(¥) with T' C H, let H' = H N G*, and fix an
embedding B(H®) c B(GY).
This section constructs a Yu datum ¥ on a Levi subgroup L of an unramified twisted Levi subgroup
H C G for which
pr (W) ~ Fjrg o pf* (V).
When ¥ is F-non-singular, the construction gives L = H and proves the full comparison
pR(W) ~ PG o p (W)
In general, one cannot take L = H; this reflects the fact that functoriality for twisted Levis does not
always preserve cuspidality. For instance, if ;¢ is the unipotent supercuspidal Q,-representation of Sp,(F')
and H C G is a twisted Levi such that H = SLs xS for an anisotropic F-torus S, then each smooth

representation of H(F') functorially associated to 61 is unipotent, and H (F') has no supercuspidal unipotent
representations.

9.1. Constructing the Levi. Let (TI, 0;) be a pair consisting of a generalized maximal torus T of ﬁ([)x]c
and a character 6): T/(Fq) — kX such that 7 lies in the semi-rational Lusztig series &£ (é?m], [T/, 0y]), with

notation as in [Cot26] Definition 2.8.2]. By [Cot26, Lemma 2.8..4], this set is uniquely determined by 7.
—0

We first extract an irreducible k-representation of H [z]c (Fy) 4 Let Tr,0 be an irreducible k-representation

of F?w}g (F,) occurring in S(H?x]c, [TI, 65]). Note that 74,0 might not be cuspidal (see [Cot26, Remark 3.4.4]),
so it cannot be the depth 0 representation in a Yu datum for H. Instead we will use parabolic induction to
descend further to a Levi subgroup of H.

0

By [Cot26, Lemma 2.10.2|, there is a split Fy-subtorus 5= C Hy,,

F,-torus of L :== Zﬁ([; | (S°), a parabolic Fy-subgroup P~ C (F([)w] )¢ with Levi factor L°, and an irreducible
zlg

which is the maximal central split

— o (F
cuspidal k-representation 7y, ¢ of L(F,) such that 74 ¢ is an irreducible subrepresentation of indﬁ([;]f)( 2 (TL0),
where P=1-P".

Let H[OI]G be the smooth separated Op-model of H® with H?I]G((’)F) = H(F)ys, s0 H?I]G is an open

O p-subgroup scheme of H([)I]H. Let S C H?I]G be an Op-subtorus lifting §°7 as in the construction :

Let S be the generic fiber of S and set L = Zg(S). For all 0 <i < d, put
L'=LNG'=LNH"

Since S C ’H?l_]c, IKP23l §9.7.6(2)] shows that there is a maximally unramified maximally split maximal
F-torus T, C HY containing S whose apartment in B(H°) contains z; we will also regard x as a point of
B(T,) via a choice of embedding B(T,) C B(L"). By definition of L, we must then have T, C L°. Fixing an
embedding of B(L?) in B(H®), we may regard x as a point of A(T,) C B(L°). Note that the Moy—Prasad
filtration depends only on the image [z];, of  in B(LY,,), hence is independent of this choice of lift. Recall

the notation E?I]L and f?x] , from

24We are careful to write ﬁ([)x] instead of F?ac] for clarity, because in this generality it may happen that [z]g # [z]¢-

G
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Lemma 9.1.1. The torus S is the mazimal F-split central subtorus of L°, and thus Zo/Zy, is F-anisotropic.

Proof. Let A be the maximal F-split central subtorus of L°, so S C A. By [KP23 Axiom 4.1.20], if A is the
split Op-torus with generic fiber A, then the inclusion A C L° extends to an Op-homomorphism A — E?xh
which is a closed embedding. But then the special fiber A° is an F,-split central subtorus of (ZE,E]L)O, SO
A’ =5 by choice of 5°. For dimension reasons, it follows that S = A. O

Note that Lemma shows that B(LY.,) C B(Lder), so the notation [z], above is consistent with
Lemma 9.1.2. The point [z]y, is a vertez in B(LY,,).

Proof. Let F be the facet of B(LY,,) containing [z]r,, and let y be a vertex in the closure of F; we aim to show
y = [z]r. By [KP23, Axiom 4.1.22], there is an associated Op-homomorphism (ﬁ([)z]L)O — (L£))° between
the associated parahoric models, and the associated map on special fibers gives rise to an isomorphism of
(f?mh)o with a Levi factor of a proper parabolic F,-subgroup of (ZZ)". In particular, if [z];, # y then the
maximal F,-split central torus of (f([;] ,)° is of strictly larger dimension than that of (fg)o.

By construction, the F-split central torus S~ of (f?w] _)° is maximal, and S° is the special fiber of an
Op-torus § C E?z]L with generic fiber S. Since S is an F-split central torus in L?, it follows that the maximal

F ;-split central torus of (f;)o is of dimension at least dim .S, concluding the proof. O

9.2. Constructing the depth 0 representation. We are almost ready to define a Yu datum W¥p, but
there are two remaining technical subtleties:

e 71,0 is a representation of f?x]G(Fq), which is generally smaller than f([)w]L (Fy).
e Even when E([Jx]c(Fq) = f?w]L(Fq), the representation 77,9 must be twisted by a sign character to
give the “correct” Wy,.
Let E([Jx]c = ZH? | (S), a smooth separated Op-model of LY with
zlg
L0, (OF) = LY(F) a6 = LY (F) NG (F)pa) -

Let f?w] . denote the quotient of (L?I]G)Fq by the unipotent radical of (.C([)I]G)%q, S) f?g;] .

F,-group scheme.

is a paraductive

By [Cot26, Proposition 2.6.2], there is a generalized maximal torus-character pair (T'z,70) in fﬁr]c

that

such

70 j—
70,0 € E(Lig)e- [TL,m0))-
By [Cot26], Proposition 2.8.5], for either k € {Q,, F;} we have

70 —
TH,o € 5(H[x]cv [TL’nO])'

9.2.1. The sign twisting. Fix an F-parabolic subgroup P C H with Levi factor L. Since Z(G°)/Z(G) is
F-anisotropic, the groups G° and G share a maximal F-split central subtorus. By compatibility of the
Moy—Prasad filtration with respect to Levi F-subgroups, we have

LY(F)por = LY(F)NH(F)p04.

Let efg’cL be the (depth 0) sign character of L(F),), defined in (3.3.4). Define a sign character kg, 1, on
LO(F)a)6 by

G

KG,La = EGGLGE;CL- (9.2.1)

9.2.2. The extension. By [Cot26, Lemma 2.1.3], we have
-0 —0
Lo = Za, (). (9.2.2)

. =0 .
By construction, the character k¢, r,» of (9.2.1) factors through Ly, (Fy); we use the same notation for the

resulting quotient character. Let T, ; = Zfl[)] (TOL) By [Cot26l Lemma 2.10.3|, if 77, is a representation of
zlL
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—0 _— —0 . . . . .
Ly, (Fg) whose restriction to Ly, (Fg) admits 71,0 ® g, 1,2 as an irreducible subquotient, then there exists

a character 11 : T11(F,) — k* and an irreducible cuspidal k-representation 7, of f([)x] . (F,) such that
o) (9.2.3)

—0 J—
TL,0 ® Ka,L,x C TL|Z‘[3 L (F) TL € 5(L[I]L, Tr1,m))- (9.2.4)
@l

mlr, ¥, = MkKG.Le

9.3. The descended Yu datum and functoriality. With notation as above, we also use 7, to denote
the inflation of 77, to LO(F)[I]L. For every 0 < i < d, define ¢, ; = ¢;|:(r). We may now define the 5-tuple

U = ((LYo<i<d, T, (ri)o<i<ds TL, (1.1 )o<i<d)- (9.3.1)

We proceed to verify that it is a Yu datum.

Lemma 9.3.1. For every 0 <i < d, the character ¢r,; is L**1-generic of depth r;. Moreover, if rq_1 < Ta,
then ¢r.q has depth rq.

Proof. Since each L' contains a tamely ramified maximal F-torus of G°, the depth claims follow from
Lemma and the fact that the Moy-Prasad filtration restricts in the obvious way from G* to L*. For
the genericity assertion, fix 0 < i < d. If L? = L**t! then genericity is vacuous, so we may and do assume
that L? £ L+

Observe that X;|pie(ri) is Lt generic of depth —r; by definition of genericity. Functoriality of the
Moy-Prasad isomorphisms shows that X[[r;ezi) induces ¢r; on the depth r; quotient at x, so ¢r; is
Li*1_generic. (]

Proposition 9.3.2. The 5-tuple ¥y, -, from (9.3.1) is a normalized irreducible Yu datum for L over k.

Proof. Tt is clear that the constituents of ¥y, are of the kind described in (a)-(e) of §6.1} the depth requirement
in (e) for ¢g4|pa(r) holding by Lemma Condition (1) follows from Lemma Condition (2) is the

statement of Lemma For (3), note that 77 is an irreducible cuspidal k-representation of f([)m]L(Fq)
by definition. Finally, condition (4) follows from Lemma It is obvious that ¥ ,, is normalized and
irreducible. 0

Since L is an unramified twisted Levi F-subgroup of G, Definition shows that there is a canonical
L-embedding Lj ¢: 'L — LG.

Theorem 9.3.3. Suppose that p # 2. We have

PRNT) ~ P o pf (WL ). (9.3.2)
If U is F-non-singular, then L = H, the datum VY, ,, is F-non-singular, and
P (W) ~ Lo pRN (W ). (9.3.3)

Proof. We consider the general case first. We will use the notation of the preceding sections freely. Choose,
—/

by the construction of an Op-torus S’ C H?I]G whose special fiber maps onto T (with notation as in

§9.1), and let S’ be its generic fiber. Let

T = Zgo(S') = Zyo(S') € HY,
so T" is a maximally unramified maximal F-torus of both G° and H°. Let 6} also denote its inflation along
the reduction map from 7"'(F)(y,, to T’(Fq). The pair [(T”,0")] € T(¥) associated to (T, 0}, satisfies

d
0/ = 96 H ¢i|T/(F)[l.] .
1=0

Note that (£, )° = (/.Z?w]L)O. Let T, € L° be the torus associated to Ty in the same way that T" is

[z]a
associated to T'. Choose compatible embeddings B(Ty) c B(L°) c B(H"), so we may regard z as a point
of B(T1) and B(LP).

Define
d

d
o =m0 [[bilremy,. =m]]orilre.,
=0 =0
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on T (F),; and Tp(F ), , respectively. By (9.2.3), we have
Mty 7y, = (0 66,L0) 1 (), = (Mo €GeLec suerpa)lry (7)., -

By construction, T, T', and T} are maximally unramified in G. By [Cot26, Lemma 2.8.4], we have
5(5([1:]» [T,00]) = 5(6&], [T/,%]) since both sets contain 7. Meanwhile, the definition of 74 shows that

S(F&,]G, [T/, 6y) = S(FFxlm [Tr,m0]). Thus Lemma shows that (T, 0), (T",0"), and (T, 7) are almost
equivalent in G°, and hence they are almost equivalent in G.
By Lemma [7.2.3] it follows that

Lir o P Oleey e ~ Fit.c o P (Molry (r),)| e
Hence (9.3.2) reduces to the claim

Yipaotir,.L o P Mlryry)lie ~ Fire.a o P (ol (), ies (9.3.4)

where © Jr,,. and L Jr, ¢ are the L-embeddings from Definition Since k* is divisible and T, (F)y is
open, 7jo|r, (r), extends to a smooth character of Tp,(F'). Then (9.3.4)) follows from Proposition applied
to any such extension.

Now suppose that ¥ is F-non-singular. The proof of is similar to the above except easier, since
no parabolic induction is needed, so we will be concise.

Lemma [7.2.13] Lemma[7.2.9(3), and [Kal21b, Fact 3.1.4(1)] show that the chosen 6 is F-non-singular and
that 7 is non-singular. [Cot26, Lemma 2.9.4], applied to &£ (F([)w] o [T',6}]), implies that Th o is non-singular
and cuspidal; thus L = H and 7y = 7, is non-singular and cuspidal by definition. We now follow the
same argument as above for the general case, except that we use [Cot26, Lemma 2.9.2] in place of [Cot26l
Lemma 2.8.4]. Since ¥ and ¥y ,, are F-non-singular as above, Lemma and Lemma imply that
(T",0") is G(F)-conjugate to (T,0). From the definitions, it follows that Wy -, is F-non-singular. Note
that Lemma 3) implies T is elliptic in G, so T" is also elliptic in G. Then Proposition and
yield

PR (W) ~ Eir, g o M (o) ~ Fina o im0 F () = FiLg o pMH(WL).
This proves ({9.3.3]). ]

9.4. An example. The following example justifies the pains to which we have gone in defining sign twistings.

Example 9.4.1. It can happen that kg 1, # 1. For example, let S1,S2 C SLy be elliptic F-tori such that
51 is unramified and Sy is ramified. Let G = Sp,, and let T = 57 x So C SLy x SLy C G. Let H = 51 x SLa,
so H is an unramified twisted Levi F-subgroup of G. Let

U= ((GO ,C«_ Gl)vxa (TO =r1=r> O)aTa (¢Oa 1))

be a normalized Yu datum for G over Q,, where G° = SLs xS5. Choose compatible embeddings B(T') C
B(G°) C B(G), denote the images of the unique point of B(T) by z, and suppose that 7 is non-singular.

éO

Every irreducible constituent of *R_5" (7) is non-singular and cuspidal by [Cot26, Lemma 2.9.4], so the
Hiayg

construction of this section gives L = H and a Yu datum ¥y with H® =T and H' = H. If ¢ and €y are

constructed from ¥ and ¥y as in then we claim egemeg s €08,/ 7(F), # 1. By Lemma we have

€EGEHEG #,x€H 2 = €EGHEH D>

¢l/g® at/a® Ggt/GP ..
where e, = €0 €1 o and similarly for ez .

Let e; € X*((S;)7) be a Z-basis element for i = 1,2 such that the absolute roots of T% are (up to sign)
given by
a=e) — e, B = 2es, a+ B =-e + e, 2a0+ B = 2e;.
Thus ®(Hy, T%) = {£8} and @(G%, Tr) = {£(2a+3)}. Let E/F be the totally ramified quadratic splitting
field of S5, and let F5/F be the unramified quadratic splitting field of Sy, so Es is the splitting field of T'. Let
E'/F be the other ramified quadratic subfield of E5/F. Thus both Es/E and Es/E’ are unramified quadratic
extensions. Let oy be the nontrivial element of Gal(E;/FE) and oo the nontrivial element of Gal(FEy/Fy).
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The elements o and o alter the signs of e; and es, respectively, and the Gal(F/F)-orbits on (G, TF)
are as follows:

Gal(F/F)-orbit ‘ F,/Fy, ‘ type ‘ location
{5} E/F symmetric ramified | GT/G° and H/H° (9.4.1)
{£(2a+ B)} F,/F | symmetric unramified G° o
{xa,+(a+ B8)} | F2/E’ | symmetric unramified G'/G°
We now compute the three sign factors. Fix ¢ € T° (F,). For ebG;/GO, the restriction ag of o to 1 x S is

symmetric ramified, and F,, = F, so e(a/ag) = 1. Thus (3.2.3) gives

G'/G° H'/H°
Gb,o/ (t) = sgng1 (a(t)), Eb,o/ (t)=1.

The two €, ; factors come from the orbit of 5 and, by (3.2.6), are equal to

G1/G° 1/HO sgngpx (2) if B(t) = -1,
em/ (t) :effl/H (t) :{ F;

1 otherwise.

Similarly, (3.2.7) gives

Gl/G° H'/H°
eb’(/ (t):em/ t).

Thus we conclude
(egpemp)(t) = sgnps (a(t)).

Note that this character is nontrivial: the restriction a|g, «{1} identifies S; with Res};Q /F G,,, and hence
identifies S1(F) with ker(Nmp,,r : F5 — F*). Reduction identifies S1(F)/S1(F)o4 with F}, on which
sgnp: is nontrivial.

Remark 9.4.2. One consequence of Example is that, if 0: T(F) — Q@X is a regular character (in
the sense of [Kall9 Definition 3.7.5]) and = is the Q,-representation constructed from (7', 6) as in [Kall9

Corollary 3.7.10], then the representation ﬂ'(h},g) does not always satisfy the obvious guess p¥&! (7r(GT79)) ~

L. o pkal (W{{Tﬂ)). By Theorem [9.3.3, we have

el (W(GT,9)> - LjH,G o pKal (77(];,96)) 7

where € := eg e, T(F) — {£1}. This character can be nontrivial, as Example shows. If 8 is of odd
order, then we claim

Yigaolirm o0 o Y ina ol jr 0" (be)

To see this, note that if these two L-parameters were é(@@—conjugate, then they must be T (Q,)-conjugate:
indeed, any element of G(Q,) not lying in T(Q,) changes the restrictions of these L-parameters to Wg for
some quadratic extension E/F since § o Nmp,p is regularﬁ Since 6 and fe are different characters, the

Local Langlands Correspondence for tori implies that these two L-parameters cannot be f(@e)—conjugate.

10. A PARTIAL CHARACTERIZATION OF THE SEMISIMPLE LOCAL LANGLANDS CORRESPONDENCE

This section contains the main theorem of this paper (Theorem [10.2.1)), which gives a partial characteri-
zation of pR2! in terms of the various functoriality results that we have established in the previous sections.

0
der

25Note that = was chosen to have hyperspecial image in B(GY_ ), so the rational Weyl group appearing in [Kall19] Definition

3.7.5] does not change after base extension.
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10.1. Generalities on L-parameters. We begin with a number of technical results on reductive groups.
The following lemma generalizes [DM94, Lemme 1.10].

Lemma 10.1.1. If a is an automorphism of a connected reductive group H over a field k such that
H*/Z(H)~ is finite, then H is a torus.

Proof. By passing from H to Hge, we may assume that H is semisimple. Every automorphism of H lifts
to an automorphism of the universal cover of H, and using this fact one reduces easily to the case that H
is simply connected. Let o denote a pinning-preserving automorphism of H lying in the same component
of the automorphism scheme Autg,;, as a. By [Spr06, Proposition 1| (which applies since H is simply
connected), the group H® is semisimple, say of rank r. In fact, r > 0: for instance, if ag preserves the
pinning (B, T,{X,}) and 8Y is a simple coroot with respect to this pinning, then ZWEa%(BV) YWViGn — H
is a nontrivial cocharacter factoring through H°.

Since the identity component of Autg,, is H/Z(H), acting via inner automorphisms, it follows that
a = ¢, o ag for some h € H(k), where ¢}, denotes the inner automorphism of H induced by h. In the
notation of [XZ19, §5.2], we have H* = I, and it follows from [XZ19l Remark 5.2.2(1)] that dim H* > r.
This proves the lemma. O

Lemma 10.1.2. Let k be a field of characteristic # p, let H be a reductive k-group such that mwo(H) is a
finite p-group, and let A be a finite p-group acting on H. Then mo(H?) is a finite p-group.

Proof. By induction, we may assume that A is cyclic, and we may further assume that H is connected. In
this case, the result is [SteT7h, Corollary 2.16(b)]. O

Lemma 10.1.3. Letk € {Q,,Fy} with £ # p, and let H be a (possibly disconnected) reductive k-group. Let T
be a finite group with a normal p-subgroup P such that I/ P is cyclic of order prime to p. Let p1,p2: I — H(k)
be homomorphisms such that

(1) pilp = pz|p,

(2) the induced maps I — mwo(H)(k) are equal,

(8) Zu(p1(P))° is a torus.

Then there is some ¢ € Zgo(p1(P))(k) such that cprc™ and ps induce the same action of I on Zy(p1(P))°.

Proof. By (1), the map

2 pr(@)pa(e) !
is a 1-cocycle p: I/P — Zy(p1(P))(k); by (2), the map ¢ is valued in Zgo(p1(P))(k). The map ¢ induces a
1-cocycle : I/P — mo(Zpo(p1(P)))(k), and the lemma is equivalent to the statement that @ is a coboundary

(since Zg (p1(P))° is commutative by (3)). But I /P is of order prime to p and 7o (Z g0 (p1 (P)))(k) is a p-group
by Lemma [TI0.1.2] so this is automatic. O

10.1.1. Semisimple and irreducible L-parameters. Recall from [CGPT5 Lemma 2.1.4 and the following para-
graph] that if k is a field, H is a reductive k-group, and A\: G, — H is a cocharacter, then there are associated
subgroups Zy(\) and Py (A) of H: by definition, Zg()) is the centralizer of the cocharacter A, while P ()
represents the functor parameterizing local sections h of H such that the limit lim;_,o A(¢)hA(t) ™! exists.
Following [BMRO3), §6], we call Py (A) an R-parabolic subgroup of H, and we call Zy () an R-Levi subgroup
of Py(A\). By [CGP15, Proposition 2.2.9|, the identity component Py (A)° is a parabolic subgroup of H°.
Moreover, by [CGP15l Proposition 2.1.8] we have Py (\) = Zgy(A) x Ug(X), where Uy ()) is the unipotent
radical of Py ())°; in particular, there is a natural projection map Py (\) — Zg()\), given informally by
“sending h to lim;_o A(t)RA(t) 1"

Definition 10.1.4. Let T' be a(n “abstract”) group, and let H be a reductive group over a field k. If
p: T — H(k) is a homomorphism, then p is semisimple if for every R-parabolic k-subgroup P C Hy such
that p(T') C P(k), there is an R-Levi k-subgroup L C P such that p(T') C L(k).

If p: ' — H(k) is any homomorphism, then a semisimplification of p is a semisimple homomorphism
p¥®: T — H(k) such that there exists an R-parabolic P C H with R-Levi L C P such that p factors through
P(k) and p™ factors as T 2 P(k) — L(k) ¢ H(k). We will use p* to denote a choice of semisimplification
of p.
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The proof of the following lemma is surprisingly complicated, and we do not know whether one should
expect a simpler proof.

Lemma 10.1.5. Let k be a field, and let H be a reductive k-group. Let T’ be a group which admits a normal
subgroup Ty such that T' /Ty is cyclic. If p: T — H(k) is a homomorphism, then the following are equivalent:

(1) plr, is semisimple and there is a p(I')-stable Borel-torus pair (B,T') in Zg(p(T'0))oq;
(2) p is semisimple.

Proof. We may and do assume k = k. Passing from I' to the Zariski closure of p(I'), we may assume that
p is the inclusion of a smooth closed subgroup I" such that T'/T is topologically generated by an element
v € I'(k). If p is semisimple, then p|r, is semisimple by (the disconnected version of ) [BMR05, Theorem 3.10].
Thus by [BMROS8| Corollary 3.7], the homomorphism p is semisimple if and only if p|r, is semisimple and the
induced homomorphism «: I'/Tg — Ny (To)reda/To is semisimple. The identity component of Ng(Ig)red/Io
admits a central isogeny from Zg(I'g)2 4, so « is semisimple if and only if I' preserves a Borel-torus pair
of Z(To)pq (if and only if conjugation by v induces a quasi-semisimple automorphism of Zg(I'g)g.4) by
[Spr06, Proposition 3].

Lemma 10.1.6. Let k € {Q,, Fy} be a field.
(1) If E/F is finite Galois, G = Resg,p(Hg), and p: Wp — “H (k) is semisimple, then the composition
Ao p is semisimple, where A: VH — LG is the canonical homomorphism arising from base change.
(2) If H C G is an unramified twisted Levi and p: Wp — LH(k) is semisimple, then (Ljpc o p)li, is
semisimple. Consequently,

(z- Fjnc o)l ~ (“jmeop)lie

for every unramified cocycle z valued in Z(H)(k)
(3) In (2), if € >tk G+ 1, then z - L'jy g o p itself is semisimple.

Ir

Proof. In (1), the Shapiro isomorphism identifies A o p with p|w,. This isomorphism is easily checked to
preserve semisimplicity, so (1) follows from the fact that p|w, is semisimple by [BMR05, Theorem 3.10,
§6.3].

For (2) and (3), write H = Z5(S) for an unramified F-torus S, and choose an unramified extension E/F
splitting S. Lemmas and 1) identify Ljp | FxWs, with the standard embedding, which preserves
semisimplicity by [BMROS|, Corollary 2.10]. Since I C Wg,, this proves the first assertion of (2); the second
follows from [BMRO5, Theorem 3.10, §6.3].

For (3), we may assume G is not a torus, so £ > 2. Let E/F be splitting field of S, so every prime r
dividing [F : F] satisfies r — 1 < dim S < rk G. Thus [E; : F] is prime to . Twisting p by the central cocycle
z preserves semisimplicity, so z-¥j H,G© p|WE2 is semisimple. The image of this restriction is normal of index
prime to £ in the image of 2 - Ly g o p, so (3) follows from [BMROS, Corollary 3.7(ii)]. O

Lemma 10.1.7. Let k be a field, and let H be a reductive k-group. Let I' be a group which admits a normal
subgroup Ty such that T' /Ty is cyclic. If p: T — H(k) is a homomorphism, then the following are equivalent:
(1) plr, is semisimple and Zyo(p(T))/Z(H®)PT) is finite,
(2) p is irreducible.

Proof. For (1) = (2), note that Zy(p(I'0))S, is connected reductive by [BMRO5, Proposition 3.12|, so
applying Lemma [10.1.1) to o = p(v), we find that S = Zg(p(I'g))5eq is a torus. Thus p is semisimple by

Lemma [[0.T.5

For (2) = (1), note that Zg.(p(I'))2, is connected reductive by [BMRO5, Proposition 3.12]. Thus if
Zo(p(T))/Z(H®)T is not finite then there exists a non-central torus Sy C H° centralized by I'. This implies
that p(T') C Zg(So)(k) and Zg(So) € H, contradicting irreducibility of p. O

10.1.2. Non-singular characters. We now use Lemma to study non-singular characters of tori. Recall
that an F-torus T is totally ramified if T" does not admit a nontrivial unramified F-subtorus.

Lemma 10.1.8. If T C G is a maximal F-torus, then T is elliptic if and only if TWr /Z(CA?)WF is finite.
Moreover, T N Gqe; is totally ramified if and only if T'F /Z(G)'F is finite.
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Proof. We may and do assume that G is sem1s1mple so TWr /Z(G )WF is finite if and only if TYr is finite.
The cocharacter group X. *(TWF ) is equal to X, (T) = X*(T)"r and this is clearly trivial if and only if T
is elliptic. The same argument works for the second claim. O

Lemma 10.1.9. If k is either Fy or Q, and p: WF — LG(k) is an L-parameter, then p is irreducible if
and only if pli, is semisimple and Zg(p(Wr))/Z(G G\Wr s ﬁmte and in this case Zg(p(IF))geq is a torus.

Similarly, plr,. is irreducible if and only if Zg(p(Ir))/Z(G G)IF is finite, and in this case Zz a(p(Pr))° is a
torus.

Proof. The first claim is immediate from Lemma applied to I' = p(Wp) and I'y = p(Ir). For the
second claim, note that p|p, is automatically semisimple since £ # p [BMROS, Lemma 2.6, and Zz(p(Pr))
is automatically reductive (and in particular smooth) by [PY02, Theorem 2.1]. Thus the result again follows
immediately from Lemma [10.1.7] O

The following lemma is similar to [Kal21b, Lemma 4.1.3]. The main difference is that our lemma handles
L-parameters p for which p|p, may not factor through a maximal torus of G; this generality will show up
when studying the Fargues—Scholze correspondence, for which this property is not known a priori when p is
small.

Lemma 10.1.10. Let k be a field among Q, and Fy, and let p: Wr — LG (k) be a semisimple L-parameter.
There exists a p(Ig)-stable Borel-torus pair (B, T) in Zg(p(Pr)), and for any such pair the torus (T1F)S,
is a mazimal k-torus of Zg(p(Ir))seq- Moreover, T can be chosen to be p(Wr)-stable.

Proof. The first claim follows from Lemma [I0.1.5] applied to suitable finite quotients I and Ty of I and P,
respectively. The second claim follows from [DM94] Théoréme 1.8(iii)]. For the final claim, note that another

application of Lemma [10.1.5 shows that there is a p(Wp)-stable Borel-torus pair (By,Ty) in Zz alp (IF))red
By [DM94, Théoréme 1.8(iv)], the pair (B,T) can be chosen such that 7' = ZZé(p(pF))o(fo) and By C B,
proving the claim. O

Lemma 10.1.11. Let k be a field among Fy and Q,, let U be a normalized irreducible Yu datum for G with
coefficients in k, and let [(T,0)] € T(¥).

(1) pKel (W) is semisimple.

(2) The k-group scheme Zg(p5™ (W) (Ip))eeq is a torus if and only if U is non-singular, and in this case

Za (PN (W) (Ip))5q = (T e (10.1.1)
In particular, in this case pX2 (V) is irreducible.
(3) pKel(W) is irreducible if and only if ¥ is non-singular and T N Gaer is totally ramified.

Proof. By Lemma we may assume that VU is irredundant. For (1), note that if (G?) is the twisted Levi
sequence of ¥, then by construction 7' is a maximally unramified maximal F-torus of G°. By Lemmal7.2.9(2)
the canonical embedding G — @ identifies GO with Z5 (P (W) (Pr))°. Since T is maximally unramified in
G, there is a p (W) (I)-stable Borel subgroup B C Zg(pk* (¥)(Pr))° containing 7. Since pi*(¥)|p, is
automatlcally semisimple by [BMR05], Lemma 2.6], the clalm follows from Lemma [10.1.5

The first claim of (2) follows from Lemma [7.2.16| and Definition [7.2.10, To prove (10.1.1)), it is enough
to show that (Tplf(al(‘l')([*”))‘r’e is a maximal torus of Zg(pX*(¥)(IF))S., and this follows from the previous
paragraph and Lemma [10.1.10]

Now assume that ¥ is non-singular, so 6 is non-singular and thus 7T is elliptic by Lemma [7.2.9] Let
p = pX#(W). First, (1) shows that p|, is semisimple. Moreover, Z5(p(Ip))ouq is a torus by Lemma [7.2.16

so Zg(p (IF>)red C T'F by Lemmal10.1.10{and thus Za(p(WF))peq C TWr . Since T is elliptic, it follows that
Za(p(Wr))/Z(G ()Wr is finite. Thus Lemma|10.1.9|shows that p is irreducible, proving the final claim of (2).

For (3), first suppose that T N Gqe is totally ramified. Then G° = T since the elliptic torus Tpunr
is a maximally split torus of G%..., which is quasi-split by Steinberg’s theorem. Thus ¥ is non-singular

by Remark [7 By (2), we have Za(p Kal(\ll)(IF))red = (TA“IF)red By Lemma |10.1.8] the statement that
TNGger is totally ramified is equivalent to finiteness of 777 /Z(G)!F . Tt follows that Z (o (v )(Ip))/Z(G)IF
is finite, and Lemma [10.1.9| implies that pXa!(W) is irreducible. Conversely, if pKal(\Il) is irreducible, then
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Lemma [10.1.9| shows that Z@(/)?al(\IJ)(IF))/Z((A}’)IF is finite; by (2), this implies that ¥ is non-singular.
Since T1r C Z5(p¥*(¥)(IF)), the quotient T'r /Z(G)™r is finite, and thus T N Gge is totally ramified by
Lemma [I0.1.8] as desired. O

10.2. The main theorem. For a field k¥ among Q, and Fy, let IT;(G);. denote the set of isomorphism
classes of k-representations of G(F') which arise from Yu’s construction applied to a normalized irreducible
Yu datum for G over k, and let ®$*(G) denote the set of semisimple L-parameters Wr — LG(k) up to
@(k‘)—conjugacy.

Theorem 10.2.1. Let S be a set of prime numbers containing p, let F' be a non-archimedean local field
of residue characteristic p # 2, let G be a connected reductive F-group, and let k be a field among Q, and
Fy. Suppose that we are given, for each finite tamely ramified extension E/F and each connected reductive
E-group H of semisimple rank at most that of G, a map of sets

p: g (H)pe = OF(H).
Abbreviate p; = p|1.. Suppose that p enjoys the following properties.
(1) When G is a torus, p agrees with the Local Langlands Correspondence for tori.
(2) p is compatible with central characters.
(3) p is compatible with homomorphisms which are isomorphisms up to center, i.e., Lemma holds
with pr (resp. p) in place of pRal (resp. pKal)
(4) for every £ ¢ S, if ¥ = ((G"),z, (r;), T, (¢:)) is a normalized irreducible Yu datum for G over k such

that GO is a torus, and every tamely ramified extension E/F of degree £ such that G% is elliptic, we
have

p(m(¥))|pe ~ p(m(¥E))|Pp,
with notation as in Proposition[8.3.1]
(5) If ¥ = ((GY),x, (r;), 7, (¢;)) is a normalized irreducible Yu datum for G over k such that GO NGqer is
not a totally ramified torus, then there exists a proper unramified twisted Levi L C G and a Yu datum
Wy, for L over k such that the conclusion of Theorem holds for both p; and p. Moreover,
(a) if Sy = Zz(pr(m(V))(IF))seq s a torus, then one can choose representatives such that pr(m(¥)) =
LirLgopr(m(¥L)) and the actions of Wi on Sy through p(m(¥)) and Lji ¢ o p(m(Vy)) are the
same.
(b) if p(w(¥)) is irreducible, so L = H, then there exists a cocycle z: Wp/Ip — Z(fI N @der)(k)IF
such that
p(n()) ~ 2 Ljme o p(n(T)).
Let U be a normalized irreducible Yu datum for G with k-coefficients, and let [(T,0)] € T(¥) (with notation
as in . Let Ty be the maximal unramified subtorus of T, and let n be the ramification degree of the
splitting field of the torus T N Zg(To)der-

(A) If no prime factor of n- [F(uy) : F| lies in S, then
pr(m(¥)) ~ pr (V). (10.2.1)

Therefore W is non-singular if and only if Sy = Zg(p1(m(V))(IF))seq 5 @ torus.
(B) Suppose moreover that p is good for Zg(Ty) and ¥ is non-singular, and let

X = X((T/Z2(Z26(To))red) 7)1 and - Xaa = X (T/Z(Z6(T0))) 7)1
If N is the least integer such that the map
H'(Wg/Ip,Hom(Xaq, k) — H (Wg, /Ir, Hom(X, k™))
18 trivial, then
PO Wiy, ~ P (0) iy, - (10.2.2)

Moreover, there exist G(k)-conjugates such that p(x(9))|1, = pX¥*(¥)|;,. and the actions of p(w(T))
and pR* (W) on Sy are the same. In particular, a normalized irreducible Yu datum ¥ is non-singular
if and only if p(w(Wy)) is irreducible.
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Remark 10.2.2. The main case of interest for Theorem is the Fargues—Scholze correspondence
p = p¥S. This is known to satisfy hypotheses (1), (2), and (3) of Theorem by [ES21], Theorem 1.9.6].
In [CF26b|, we will verify (5) using the existing [Fen24, Theorem 1.3.1], and (4) with S = {p} assuming
[CF26b, Hypothesis 4.1.4] for cyclic base change at all primes ¢ # p, as discussed in Remark

10.2.1. Some bounds on the index. Before proving Theorem [10.2.1] we explain how one can get some handle
on the complicated-looking integer N appearing in (B). First, if 7' is maximally unramified, then X =0 in
Theorem [10.2.1|B), and thus N = 1.

Example 10.2.3. Suppose Gpunr 2 SL, and T C SL, is a totally ramified maximal F-torus, so Ir/Pr acts
on X, (T%) through an elliptic Weyl element. The only elliptic Weyl element of the absolute Weyl group
of G is the Coxeter element, so X = Z/rZ = X,q, and the map X — X,q is trivial. Thus N = 1 in
Theorem [10.2.1[B). In fact, we will see in [CF26D, Theorem 10.4.3] (by a longer argument) that one can
take NV =1 for arbitrary ¥ in this case.

Now we establish some elementary methods for computing N.

Lemma 10.2.4. Let Y be a finite abelian group equipped with an automorphism «. Let m be an integer
such that for each prime €y dividing |Y|, the action of ™ on Y/UY is of order prime to Ly, and let ng be
the exponent of the image Z of Y =Y,y >1" Y ai(y). Then the restriction map
H'(a,Y) — HY(a™™,Y)
is trivial.
Proof. Note that
H'(a,Y) =Y, = P Yl
LollY|
and similarly for H' (o™ Y), so we may pass to Y [(°] to assume that |Y| = £§ for some e. The image
of the map H(a,Y) — H(a™,Y) lies in the image of H'(a™, Z), so it is enough to show that the map
H'(a™, Z) — H'(a™™) is trivial. Note that the elements o™ and oo™ generate the same cyclic subgroup
of Aut(Y/£yY), so the restriction map H'(a™,Y/yY) — H'(a’™,Y/4yY), which is induced by the map
Y =Y, y— Zfo 01 a™(y), is identified with multiplication by ¢y on (Y/£yY )4m and hence vanishes. Thus
the restriction map H'(a™,Z) — H!(a’™,Y) factors through £oH!(af™ Y), and the result follows by
induction. O

The following special case is useful in examples.

Lemma 10.2.5. Let Y = (Z/0)* @ (Z/¢*)" for some a,b € Z>q, and let a be an automorphism of Y. If
= gMoge(max(Latb.t))I+1 *yhen the restriction map
H'Y(a,Y) = H'Y(a",Y)

1s trivial.
Proof. By passing from Y to Y,r, we may and do assume that o” = 1. Let Yy be the image of Y[/ in
Y/¢Y, and let Y; be the image of {1} @ (Z/¢?)" in Y/CY, so Y/{Y = Yy @ Y] and « stabilizes Yy. If
ry = (Moge(max(LO)] " then since dimp, Y; = b, the automorphism oy of Y/(£Y 4 Y[¢]) induced by a satisfies

aj’ = 1. On the other hand, if ro = é“og@(max(l @+0))1 then the automorphism @ of Y/¢Y induced by «

satlsﬁes @™ = 1. It follows that a™®*(r1.72) — 1. By ch01ce of rq, the map Y — Y, y — Ze” ! at(y),
factors through Y[¢], and the claim therefore follows from Lemma O

Example 10.2.6. Let G be a connected reductive F-group such that G punr is isomorphic to one of GL,,
SO2;11, Spa,., and SOg,.. Suppose p # 2 and p is a map as in Theorem
Assume that T'N Gge, is totally ramified. In this case, T corresponds to an elliptic Weyl element of the
absolute Weyl group of G' (namely, the element through which Ir/Pr acts on X, (T%); here we use that G
splits after an unramified extension). We split into cases:
(1) If Gpuar is isomorphic to GL,, then the only elliptic Weyl element is the Coxeter element, and
in the notation of Theorem (B) we have X & X,q = Z/r. By Lemma applied to
Y = Hom(X, k*), we may take N = r: indeed, Y/{yY is either trivial or isomorphic to Z/¢ for all
primes £y, and Z /¢y has no automorphisms of order ¢;.
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(2) If Gpunr is either SOg,41 or Sp,,., then [GPO0O, §3.4] shows that every elliptic Weyl element is the
Coxeter element of a Weyl group of type B,, X --- x B,,, where (a1, ...,as) is a partition of r. For
such an element, the group X of Theorem B) is isomorphic to (Z/2)%, so m divides 21°82(5)]
in the notation of Lemma and ng|2. In particular, since s < r we may take N < 9Moga (211 ¢
be a power of 2.

(3) If Gpunr is isomorphic to SOg,., then by [GP00, §3.4] every elliptic Weyl element is a twisted Coxeter
element of a Weyl group of type D,, X -+ x D,_, where (a1, ...,as) is a partition of r with s even.
For such an element, the group X of Theorem B) is (Z/2)* ® (Z/4)°, where a + 2b < s, and
Lemma shows N < 2M1082(21)1 ig 5 power of 2.

Note that in all cases above, every unramified twisted Levi F-subgroup of G becomes isomorphic to a product
of groups, each of which is either isomorphic to GLs (s < r) or of the same type as G (of smaller rank).
From this, if one assumes that p respects products and Weil restriction then one can obtain similar upper
bounds to the above for general T. However, the bounds are of a more combinatorial nature and appear
tricky to state cleanly.

Using Lemma and the classification of elliptic (twisted) Weyl elements as in [GP00, §3.4], [GM97,
§3], [GKP00, §§3 and 4|, and [He07, §7], it should be possible to give reasonably sharp explicit bounds on
the integer N in Theorem B) in all cases. Indeed, it is possible to bound both integers m and ng
in Lemma using the characteristic polynomial of «, as the following well-known elementary lemma
(inspired by |Reelll Lemma 4.1]) shows.

Lemma 10.2.7. Let Yy be a finite free Z-module, and let ag be an automorphism of Yy such that (Yp)a, is
finite. Let p (resp. x) be the minimal (resp. characteristic) polynomial of ag. Then

(1) (YO)ao is killed by H’(l);
(2) (Y0)a, %s of order |x(1)].

Proof. For (1), observe that u(1) acts by p(ag) = 0 on (Yh)a,. For (2), note that Yy admits a finite index
ap-stable submodule Y; which is a direct sum of Z-submodules on which «q acts by a matrix in rational
canonical form. Applying Tate cohomology for ag to the exact sequence 0 — Y7 — Yy — Yy/Y; — 0 and
noting that (Yp)® = (Y1) = 0 and |T%(ap, Yo/Y1)| is independent of i (by standard results on Herbrand
quotients), we thereby reduce from Yj to Y. But the claim is easily checked by direct calculation for ;. O

Example 10.2.8. Let G be an unramified absolutely simple F-group of exceptional type, suppose that p is
good for GG, and suppose that p is a map as in Theorem with § = {p} which is compatible with Weil
restrictions and products. Let 7 be a non-singular supercuspidal Q,-representation of G(F) with associated
torus-character pair (7', 6). The torus T/Z(Zc(Tp)) is a totally ramified torus of (a semisimple quotient of)
a Levi subgroup of G, so to bound the integer N in Theorem B) it suffices to bound N when T is
totally ramified and G has the same type as a Levi subgroup of an exceptional group.

For each element of the Weyl group €, there is a Weyl subgroup Qg of Q (i.e., the Weyl group of a root
subsystem of ®(G4,T5), as in [Car72, §3, Example (iii)]) such that w € €y and w is not contained in a
proper Weyl subgroup of Qq. If w is elliptic, then this root subsystem must span X*(7%) ® Q. The set
of possible g which occur can be described using Borel-de Siebenthal theory, as explained in [Car72], §4].
Moreover, given g, the set of w satisfying this property is classified in [Car72, §5, Theorem A], and the
possible characteristic polynomials of such w are described in [Car72, §6, Proposition 21].

Using these considerations and Lemmas[10.2.4]and[10.2.7] we can bound the integer N in Theorem[10.2.1|(B)
effectively. The calculations are straightforward but tedious, and we will not use them, so we only summarize
here:

(1) If G is of type Go, then N < 4.
(2) If G is of type Fy, then N < 9.
(3) If G is of type Eg, then N < 18.
(4) If G is of type E7, then N < 24.
(5) If G is of type Eg, then N < 36.
By inspecting [Reelll Table 1], one sees that if G is of type Eg and T is totally ramified, then there are 30

possible elliptic Weyl elements w corresponding to 7', and for most such elements IV is considerably smaller.
For instance, N = 1 for nine possible such w (those with X,, = 0, with notation as in [Reelll Table 1]),
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and N divides 4 for seven more (those with X,, = 22). There are only five such w for which we cannot
ensure N < 9 (those labeled A}, A3Ds(a1), A%, A3, and AsAsA;, for which N divides 16, 16, 25, 27, and
36, respectively).

10.3. Proof of Theorem [10.2.1] Fix a connected reductive F-group G and a normalized irreducible Yu
datum ¥ = ((GY), z, (r;),7, (¢;)) for G with k-coefficients. We start by proving (A).

10.3.1. Reductions. Let Tyer :== (T'NGger)®, and let Tyer o be its maximal unramified subtorus. Let 7 = ().
We will prove and the first statement of (B) by induction on the dimension of G4e and on the size
of the image of I'r in Aut(X*((T4er)7)). The base case in which G is a torus is clear from (1). If Tyer o # 1,
then H := Zg(T4er,0) is a proper unramified twisted Levi subgroup of G, so the induction hypothesis applies
to H, and it proves (A) for G by (5) and Theorem [9.3.3] We may therefore assume Tyer,o = 1, so Tp is
central in G and Ty, is totally ramified. Since T is maximally unramified in G°, it follows that Zgo(Tp) =T
and thus G° = T since T is central in G°. In this case, observe that ¥ is automatically F-non-singular by
Remark [7.2.11]

Since Tye, is totally ramified, it follows from Lemma 3) that pXal(W)]|;,. is irreducible. Lemma
then shows that Zg(p™*(¥)(Pr))° is a torus, and since it contains the maximal torus T through which
PR3 (W)| p,. factors, it equals T. Irreducibility of PR (W)|r, implies that Tlr/Pr /Z(é)IF/PF is finite.

We first prove

p(m)lpe ~ ) . (10.3.1)

10.3.2. Killing Frobenius. Note that Lemma 3) implies that p¥a!(W¥)|;, is irreducible. Let M be
a positive integer such that the image of Wg,, in Aut(X*((Taer)s)) is equal to the image of Ir. Write
M = MyMy, where My divides a power of n and M; is prime to n. Write My = {1 - - - {;, for primes ¢;, with
b=0if My =1. If b > 0, then since Ty, is totally ramified, TFe1 is still elliptic. If \IJF/{1 is the Yu datum
from (4), then

(Wi, )lew ~ PO ey PN (T, g ~ P5(0) (10.3.2)

and thus we may pass from F to Fy, in order to prove (10.3.1). Repeating this process for the b prime
factors of My, we may pass from F' to Fj, and thus reduce to the case that M is prime to n. Repeating
this procedure for the prime factors of [F'(uy,) : F], all of which lie outside S by assumption, we may further
assume that p,, C F.

10.3.3. Killing ramification. The torus Ty, is now totally ramified, and n is the ramification degree of its
splitting field. We will now make further base changes to kill the ramification.

By the choice of M, the image of Wr,, in Aut(X*((T4er))) is the same as the (cyclic) image of I, and
it is of order n. Hence the splitting field E/Fy; of (Tger)r,, is a totally ramified cyclic extension of degree
n. We may therefore write E = Fj;({/w), where w € F}; is a uniformizer. Let wy € F* be a uniformizer.
We claim that there is an element ¢ € F'* such that the extension E' = F({/cwg) (which is Galois since F
contains all nth roots of unity in F) is a tamely ramified degree n extension of F, is linearly disjoint from
E, and has the property that EE’/E’ is unramified.

EFE’
E = Fa(3/3) B = F(/c0)
A/Zo
Ep

AEO

To see this, let n = ¢1"* --- £i°* be the prime factorization of n, and for each i choose a unit ¢, € O} which
is an n/{;°th power but not an ¢,th power; such a unit exists because u, C F. Since £, f M, the extensions
Fr( §/@0)/Far and Fiy( %/cgwo) /Fys are linearly disjoint, so at least one is linearly disjoint from E/F);.

F
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Choose ¢; € {1,¢;} giving that extension and set ¢ = Hle ¢;. One checks that F and E’ are linearly disjoint
and F'E’ is unramified by Abhyankar’s lemma, proving the claim.

10.3.4. Congruence on wild inertia. Let E|/F be a cyclic subextension of E’/F of prime degree £y. Since
Ej{ is linearly disjoint from FE, base change to Ej preserves the image of Wr in Aut(X*((T4er)7)) and
thus T is still elliptic. Thus holds with Ej) in place of Fp,. By construction, the image of I B, In
Aut(X*((Taer)F)) is of order n/fy, so the induction hypothesis applied to W, therefore gives

p(m(W i) pe ~ P (Vi) Py (10.3.3)
Combining the two comparisons in ((10.3.2) (with E{ in place of Fp,) with the induction hypothesis gives

(10.3.2) 1' lb
p(ﬂ—(\II)NPF p(ﬂ—(\I’Eé))lPF ~ pKal(\IJE(]NPF pKa1<\P)|PF'
Thus ((10.3.1]) follows by induction on the size of the image of Ir in Aut(X*((Ther)w))-

10.3.5. Promoting from wild inertia to all of inertia. With established, we may pass to @(kj)-
conjugates to assume that

p(m)|pe = p(D) Py
Identify the dual torus 7' with its image in G via LjT7g|fX{1}. We have already seen Zg(p(7)(Pr))° =
Zg(pRl (W) (Pr))° = T, so Lemma implies that the two actions on 7' agree after conjugating p(m)
by some element of Zz(p(m)(Pr)). After making this conjugation and renaming p(7), let s € Ir lift a
topological generator of I/ Pr, define hy = p(7)(s) and hy = pRal (W) (s).

Set fder =TnN @der, SO fé’elr is finite. Let f: 'G — LG/CA?der be the quotient map. Compatibility with
central characters in hypothesis (2) shows that there is an element I € (G/Gae)(k) such that f(hs) =
ff(hl)f_l; let t € f(k) lift ¢, so d = h;lthlt*I € éder(k). Since hy and hs induce the same action on T’
and have the same image in W, we have d € Z5 (f)(k) = fder(k). This means that the images of h;

and hgy in N@NWF (f)/fder are conjugate under f/fder, so [Cot26, Lemma 5.3.4] implies that hy and ho are

f(k)—conjugate. This means precisely that p;(7) ~ pX2(¥), proving (10.2.1)). The final claim of (A) follows
from Lemma [10.1.11{(2).

10.3.6. Proof of (B). Next, we prove (B), so assume p is good for Z5(T}) and ¥ is non-singular. In particular,
Sy 18 a torus in this case.

We begin with some reductions. Let H C H be an embedding with Hger = I;fder such that Z (ﬁ ) is an
induced torus, and let T =T - Z(H). If X and X,q are the Z[Wp/Ix]-modules attached to (H,T) as in (B),
then X = X,q = Xaq. By (3) and Lemma we may and do therefore assume that Z(G) is an induced

~

torus, which implies that G has simply connected derived group.

Note that the torus Sy lies in the image of LjT’G|f>ql by Lemma (2), and thus it does not change
when applying Theorem [0.3.3] in the above reduction to the case that T N Gqer is totally ramified. By
condition (5)(a), the action of p(7(¥)) on Sy is also unchanged by this reduction step. Thus to check that
there are G(k)-conjugates such that p(x(¥))|;, = p¥* ()|}, and the two actions of Wx on Sy are the same,
we may argue as above to reduce to the case that G° = T and Tger,0 = 1.

Once we have established the action claim of (B), we can also reduce to the case that T N Gger
is totally ramified: indeed, if the result is known in this case and we let H = Zg(Tp), then condition
(5)(b) shows that we may choose representatives for p(m(¥)) and p¥a!(Wy) such that there is a cocycle
2 W /Ip — Z(H N Gaer) (k)7 such that

p(m (N wpy = (2 im0 o™ (Yn)) lwe, -
Thus for the reduction step it suffices to show that Z\WFN /I 18 @ coboundary.
For this, note the short exact sequence
1= Z(Haer) = Z(HN Gaer) = (H N Gaer)/Haer — 1,

where (H N Gaer)/Haer is dual to Z(H)/Z(G). Since Z(H)/Z(G) is the center of an unramified twisted
Levi subgroup of G,q, it follows that (Z(H)/Z(G))pun is an induced torus and thus ((H N Gaer)/Haer)'®
is a torus. Since ((H N Gger)/Haer)WF is finite, [Cot26, Lemma 5.3.4] implies that z is cohomologous to a
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Z(ﬁder)(k)IF—valued cocycle. If fder —7N fAIder, then fder(k)“’ >~ Hom(X, k*), and thus indeed z|WFN isa
coboundary by definition. We have thus reduced (B) to the case that T'N Gqe, is totally ramified. Since Tj
is now central in GG, our assumption implies that p is good for G.

By (10.2.1), we may pass to @(k)—conjugates to assume p(m)|r, = p**(V)|1,. Let Cp == Zz(p(m)(Pr)),
so C% = T as above. By [GH91, Proposition 2.1] and [Ste75l Theorem 2.15] (using that G has simply
connected derived group, G is tamely ramiﬁeﬂ, and p is good for G), if v € Pp is any element then
Za(p(m)(7)) is a Levi k-subgroup of G. Applying this inductively to a composition series of p(m)(Pp) with
cyclic subquotients, we learn that Cp is connected, and thus Cp = T.

Let S = Z5(p(m)(IF))%q, 50 S is a (central) torus. Let py = p(w), and let py = p**(W) = Ljp g o6, Let
w € Wg be any element. For v € Ir, we have

2209 by () = p2() = p1(y) = pi(7) = 71 ps(y), (10.3.4)

so p1(w) and pa(w) have the same effect on p1(Ir) = p2(Ir). Since Zz(p1(Pr)) = T, the parameters p; and
p2 differ by a cocycle valued in f(k) and induce the same action on f, hence also on S , as desired. The final
two claims of (B) now follow, the latter from Lemma ).

Finally, we turn to the proof of . For this, we first pin down the images of p; and py in LG/@der.
As above, let s € Ir be a lift of a pro-generator of tame inertia. Let f: ‘G — LG/(A;?der be the natural
quotient map, and note that f o p; and f o py are (G/Gqer)(k)-conjugate by (1) and (2). Since Z(G) is an
induced torus, the coinvariant group X, (Z(G%))r, is torsion-free and thus the k-group scheme (G/Gaex)'r
is connected. For dimension reasons, it follows that the map Z(G)'F — (G/Gaer)'* is surjective. Thus, after
conjugating by an element of Z(G)'* (k), we may assume that the central characters of p; and ps agree.

For w € Wp, we define p(w) = py(w)pa(w)~' € Gaer(k). Now, implies that p;(w) and ps(w)
induce the same automorphism of the common subgroup pi1(Ir) = p2(IF), so in fact we have ¢(w) €

Zg,. (p1(Ir))(k). The map ¢ is constant on the right cosets of /r and hence factors through a map, again

denoted by ¢,
o: Wp/Ip — Zg, (p(Ip)(k) = TP k), o(®@) = p1(w)pa(w) 2,
j—\vpl(IF)

and it is straightforward to check that this defines a cocycle. Note that the character group of 17,
is isomorphic to X = X.((T/Z(Z(T0))sed)F) I, SO fgelr(lp)(k) >~ Hom(X, k™). By hypothesis on N, the
restriction <P|WFN /Ir is a 1-coboundary, proving (10.2.2). O

APPENDIX A. SOME CALCULATIONS WITH SIGN CHARACTERS
In this appendix, we establish certain technical lemmas related to the FKS sign character and y-data.
A.1. Proof of Lemma [5.1.2]

Proof. By passing to an inner twist as in the construction of Jx,» we may assume that G is quasi-split.
We only prove the assertion for G when T is elliptic; if T is not elliptic, the same calculation works after
restricting the characters to T(F)p, and the corresponding cocycles to Ip. Write L0(w) = (B(w),w) for a
1-cocycle 9: Wp — f(k) By definition , our claim reduces to the following equality of cohomology
classes:

Qs Qi) = [Eap0]  in H' (Wi, T(k)). (A.1.1)

Observe that in ([@:3.1)), the elements v (u;(w)) and w; 'a" do not depend on the choice of set of y-data.
Moreover, the terms ng’a and min X/c/:,a only differ if « is either asymmetric or symmetric unramified. Thus

we have
Qs Quminn = I1 Qs @ Qmin g
a€(®(G5 TF)asymUP(G5,TF) sym,unram ) /2
Now set G~! := T and fix a root a € ®((G'! /G )&, Tx), where 0 < j < d — 1, which is either asym-
metric or symmetric unramified, and let a; = af(z_;), € ®((G'1/G7 )%, (Zgs)7) denote the corresponding
restricted character. There are five cases, as in the proof of [Kal2lal Proposition 5.27]:

26This follows from the existence of a Yu datum for G.
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(1) o and «; are both asymmetric,
(2) o is asymmetric and o is symmetric unramified,
(3) a is asymmetric and «; is symmetric ramified,
(4) « and «; are both symmetric unramified,
(5) « is symmetric unramified and ¢; is symmetric ramified.
Define a character €, o ,: T(F) — k™ as follows: in cases (1), (2), and (4), let €, o o, be the trivial character.
In case (3), define
€,0,0(t) = sgngy (a(t) /7).
In case (5), define
€,0,0(t) = sgups (a(t))**/*).

€0 = H €5.,0,a

a€(®(Gw,TF)asymUP (G5, TF) sym,unram ) /
so it suffices to show the following equality of cohomology classes for each a:

Qs 5@ty ) = [Er.0.0] 10 H' (W, T(R)). (A1.2)

In cases (1) and (4), observe that x¢ , = minxg,, so (A.1.2) is immediate from the definitions. Next,
suppose that « is asymmetric; in this case, we have min XGa = 1, and by definition of @, for w € Wg we
have

By definition, we have

=

Qi (0)Quiny, ()™ = T8 ) (e, (0 (us(w))). (AL13)
i=1

Suppose first that we are in case (2). Then X&a, is the unique unramified quadratic character of FX]
SO ngya is also unramified of order < 2. Lemma identifies the cohomology class represented by the
left side of (A.1.3) with the cocycle associated to x¢ , o @, where a: T" — J, = Resp, /r Gy, is the F-
homomorphism arising from the root . Since T'is elliptic, o(T(F)) C Op,_, on which x¢, , is trivial. The
resulting cohomology class is therefore trivial in case (2).

Next suppose that we are in case (3). Once again, a(T(F)) C O . On OF , the character x¢, , is equal
to
;(://ai) = sgn ;(f/a])-
Lemma therefore identifies the class represented by (A.1.3)) with the cohomology class dual to €, g 4,

which proves (A.1.2) in this case.

inally, suppose we are in case (5). Since bo and min restrict to K, on , the quotien
Finally, supp i 5). Since both x¢; , and min xg, , restrict t FY., the quotient
X .o + (min X/c/; .) ! factors through the map FX — Fl t+ t-v1(t)~!. By the same argument as in the

sgnFéj o Nm

asymmetric case, the factored map is sgnF(a/ @) FL — k*. Therefore Lemma [4.4.2] applied to this quotient
character, gives the following identity of classes:

[€.0,0] = |wr— H (X0 - (minx¢ o) 7" (recr, (vo(ui(w)))))
This is exactly (A.1.2) in case (5). O

A.2. Proof of Lemma [5.1.3l

Proof. By twisting, we may and do assume that G is quasi-split. We will assume that 7" is elliptic; the general
case is the same after restricting characters to T'(F')y, and cocycles to Ir. As in the proof of Lemma
the proof reduces to the following equality of cohomology classes:

[Qx’;’;,ch:nlnxg] = [fapi€mpieapatipal in HY (Wp, T(k)). (A.2.1)

Since X%I,G and min x¢, are both minimally ramified, these sets of y-data only differ at symmetric ramified
roots, at which they agree with x% and x¢, respectively. Thus we have

—1 —1
QXII./[,G Qmin Xg = H QX;-/]anX,CG Yoy

a€®(GF,TF)sym,ram /T
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If we further decompose e, ; = Haeé(Gf,Tf)Sym v /T €G bt for i = 1,2 as in the definitions (3.2.6)), (3.2.7)),
then it suffices to prove the following equality for all @ € ®(G, TF)sym,ram:

[QX;’I,EQ;&E] = [€Gp1.0€H.1,06Gp.2,0€Hp2.0] 10 H (We, T(k)). (A2.2)

Set G™! := T and fix a root a € ®((G'! /G?)#, T%)symram- By Lemma |3.2.1} we have o € ®(Hp, T).
For w € Wg, we have

m

Quppa(@)Qypa(w) ™ = [J(wi @) (o - (X)) (e, (vo(us(w)))))-

i=1
Let ag,j (resp. ap,;) be the restriction of a to Zgs (resp. Zpi). Note that X, is a tamely ramified
character of F;* whose restriction to O, is sgnpx oNmp,, F., » and whose restriction to F¥, 18 Kag, ©
@ EleN] 5J ’
Nmp, ,/r.., - By the final paragraph of the proof of [FKS23, Lemma 4.2.7] (the statement of which
2J
assumes, but the proof of which does not really use, that p does not divide the order of any bond in the
Dynkin diagram), replacing {¢(a") from loc. cit. by £ ("), we have
Kol (07 )00) = (~1)F 41 B, (8°) - g (1) (/20012 (A23)

These properties uniquely characterize X/C/;,Oc; there is a similar characterization of X},La' Note that the
definition of a, does not change when one passes from G to H, justifying the notation.
We have

SganfGJ_ o NmFa/FQG’j = Sgn;(g/aG,j) =sghpx on O;;a7
because e(a/ag,;) is odd by [FKS23, Lemma 5.6.5]. The same calculation applies to H, so the quotient
Coz = X/I{I,a(X/CIJ,a)il

is unramified. Moreover, both x7% , and x¢ , restrict to K, on FZ,, so (a\Fix = 1. Applying (A.2.3) to G
and H, we see that (, is the unique unramified character with these properties and satisfying

Calag) = SgNp x (EG,p’(Oév)gH,p' (a\/)) . ,ia(_1)(e(a/ac,j)—1)/2+(e(a/aH,j)—1)/2. (A.2.4)
Because (, is trivial on F, it factors uniquely through t — tvq(¢t)™!, giving a character ¢}: F} — {£1}.
Since a,, has odd valuation (with respect to the normalized valuation on F,,), we have a,v; (aa)*l € —1+pa,
and (A.2.4) therefore yields, directly from the definitions,

(o 0= €Gh1.0€HH1,0EGH2.0EH ) 2.0

on T(F), or on T(F)p in the inertial case. Lemma identifies the dual cohomology class of the left side
with [QX};@Q;,; ,a]’ proving (A.2.2)) and hence the lemma. O

A.3. Rootwise formulation of the FKS sign character. Recall the notation T from There is another
useful way of organizing ef/ M|T(F) as a product of characters: namely, one can write

eg/M 7(E) = H egéM,
a€®((G/M)F,TF)/S

where E%M is a {4-1}-valued character of T(F), defined as follows. If « is asymmetric, then we define

if g € ord, () xor

Gy = e (@) (anr € B((G/M)F, (Zar)7)sym pam
0 and QTE(Q/QM))a
1 otherwise.

If a is symmetric unramified, then we define
if % € ord,(«) xor

€G/M () = | P8UFL (@) (au € ((G/M)F, (Za)7)symrom
z,a and 2 ¢ G(Oé/OéM))a
1 otherwise.
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Finally, if « is symmetric ramified, then we define

fiam (@) (=1)Fe: FIH
G%M(V) = - 88N (%ép’(av)(*l)

1 otherwise.

e(a/a2M)71) if a(y) € =1+ pa,

We will use this notation freely in the next two subsections.

A.4. Proof of Lemma [5.2.7]

Proof. By definition of the sign characters, we may assume that G is of adjoint type and thus T'(E)[,) =
T(E)p. Filtering the extension E/F by finite extensions of prime degree, we may assume that E/F is cyclic
of odd prime degree £ (possibly equal to p). For each ¥-orbit in ®((G/M ), T%), choose a I'-orbit w contained
in it. Then either

(1) w is a single Gal(F'/E)-orbit, or

(2) w= Uf;é w; for pairwise distinct Gal(F'/E)-orbits wo, ...,wr—1 C w.
In case (1), ENF, = F and [E, : F,] = ¢, while in case (2), E C F, and E, = F,. Fix some such w and
fix o € w. In case (2), fix §; € w; for 0 <i < £. We will show

Gr /Mg )
G/M ) ez in case (1),
61’{1 oNmg/r |r(g), = {Hg_l Ge/Me @) (A.4.1)
=0 “z,B; :

We separate further into cases according to whether a is asymmetric, symmetric unramified, or symmetric
ramified. Since E/F is unramified of odd degree, it follows that « is asymmetric (resp. symmetric unramified,
resp. symmetric ramified) for the action of Gal(F/F) if and only if it is the same for the action of Gal(F/E).
In case (2), each such condition for « is equivalent to the corresponding condition for each ;. Completely
similar remarks apply to aj; in place of a.

Suppose first that « is asymmetric. Note that the good element X remains good over FE, so the real
number r remains the same. Since F/F is unramified, we have ord,(«)r = ord,(a)g. Moreover,

e(a/ap)r =e(a/apy)g  (mod 2).

Thus by definition, in case (1) above it suffices to show that for t € T'(E)y,, we have

sgnpx (a(t)) = sgnpx («(Nmpg/r(t))),

E,a

where the overline denotes reduction modulo the maximal ideal. Note that a(Nmg,r(t)) = a(Nmg,, /r (%))
since E//F is unramified. Since [Fgo: Fo| is odd, we have sgnpx = Sghp lpx. 1f 7 is a generator for

Gal(Fg o/F.), then for all £ € T(Fg) we have

-1
st (N, e (D) = g (N, (D) = [[seng (4(a(®))
i=0
= Sganya (O‘(E))E
= sgup:_(a(D),

where the second equality follows from the fact that Gal(Fg o/F,) stabilizes a and the third follows from
the fact that sgnp- is Gal(Fg,o/F)-invariant. This proves (A.4.1) in case (1) when « is asymmetric.

Using the same réasoning as above, in case (2) (still assuming that « is asymmetric) we reduce to showing
that for ¢ € T(Fg) we have

-1
H Sgnpgﬁi (Bi(1)) = Sghpx (Oé(NmFE/F(t_)))~
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In this case, we have E C F,, so Fg 3, =F, for 0 <i < (. Fixt € T(Fg). Let o; € Gal(F/F) be such that
Ui_loz = f3; for all ¢, and note

-1 -1
[T senps (8:@) = [ snpx (07 (a(0:8))) = sgnpe (a(Nig, jx (D)),
1=0 =0

and holds in general when « is asymmetric.

The case that « is symmetric unramified is entirely similar to the previous case; in fact, the previous two
paragraphs may be read verbatim in this case if one replaces each instance of FX (resp. Fga, resp. FE Bi)
by FL (resp. F}E’a, resp. F}E,ﬁi)'

Finally, suppose that « is symmetric ramified. Unramified base change preserves e,, e(a/ans), and the
element ¢, from defining f(G 1)(). Moreover,

KE.o = KFaoNmMg, /F, .,

and [Eiq : Flio] is odd, so the fiq r)-factors in (3.2.5) agree. The quadratic characters in (3.2.6) agree for
the same reason, while the factors in (3.2.7) agree because e(a/ayy) is unchanged upon passage from F to

E. Since / is odd, the exponents occurring in (3.2.6) have the same parity in both cases. Since the elements

a and f3; take values in {£1} on T(Fg), by definition of ef,/aM it suffices to show that for each ¥ € T(Fpg)

we have
a(t) in case (1),
[T Bi(f) in case (2).

In both cases, one shows this via exactly the same calculations as before, using that E/F is of odd degree. O

a(Nmp, /r(t)) = {

A.5. Proof of Proposition [5.2.5

Proof. We will assume that E/F is totally ramified and ¢ is odd. We may and do assume that G is of
adjoint type. By [Kal2la, Lemma 6.4], we may pass to an inner twist of G to assume that G and each of
the G* are quasi-split: indeed, G°(F);]/G°(F)s0+ is unaffected by such twisting since G® = T is a torus.
We will only prove the claim when T is elliptic, in which case T'(F') = T'(F)[,); the general case is obtained
by replacing all cocycles in the argument below by their restrictions to Ir. Write “0(w) = (é(w),w) for a
1-cocycle 9: Wp — f(k;) By definition , our claim reduces to the following equality of cohomology
classes:

(QuQ}) = lerersalleenzal in H' (Wi, T(k)). (A5.1)
Indeed, since [E : F] is odd, the character s of §4.3.1| does not change upon passage from F to E. Let

Yp = Gal(F/F) x {£1} and similarly for Xg. By definition of Q,» and Q,u, it suffices to show that for
each a € ®((GIT1/G7), T=) one has the following equality of cohomology classes:

1 _ Gj+1/m+1/Gj GGl GGl
Q. I @y, | = {em €00 } II [ez,g “eap " (A.5.2)
BEEF-Q/ZE BEEF-OC/ZE

in H' (Wg, T(k)).
Fix a root a € ®((G'!/G)5,Tx), and let a; = ;. Since £ is odd, the root « is asymmetric (resp.
F J—
symmetric unramified, resp. symmetric ramified) for the action of Gal(F/F) if and only if it is the same for

the action of Gal(F/E). The same equivalence holds for ;. By precisely the same argument as in the proof
of Lemma [5.2.1] we have

G+1 i GIitlGI GJ+1 Gj Gj+1 Gj
(G /e / )oNmg, p = H 5/ Eemfﬁ/ £ (A.5.3)

T, 2,0 2.8
BEXF-a/YE
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whenever « is asymmetric or symmetric unramified. Moreover, if « is symmetric ramified, ¢t € T(Fg), and

m is the order of X - /3 g, then the formulas (3.2.5)—(3.2.7) give

G+l i Gt qa
(5.7 oNmpp) - J[ % /“P)@)

BEXF-a/YE
e(8/B) p—e(8/8))F (A.5.4)
= I senpx (esresn(-1) > :
BEXF-a/EE
B(H)=-1

Here e, r (resp. eq,p) is the ramification degree of F,/F (resp. E,/E), and similarly for e(e/a;)p and
e(a/aj)p. If a; is asymmetric or symmetric unramified, then X’A% oNm Eu,/Fa; = X%,aj by definition since
[Ea, : Fu,] is odd, and thus

XFa ©Nmg, /k, = XE o (A.5.5)
Note that the element a, does not change upon passage from F' to E, so if o; is symmetric ramified then
by we have

ela/aj)p—1
2

Nl (0V)a0) = (~ D)7 p, (1) sgngy (-1) 7+,
e(a/aj)p—1
Nl (@¥)ae) = (—1) 2 16p, (65 sangy (-1)7 F0

There are now six cases, namely cases (1)—(5) in the proof of Lemma and an additional case that
a (and hence also «;) is symmetric ramified. In cases (1), (2), and (4), the displayed equations and
immediately imply by definition . Cases (3) and (5) proceed in almost precisely the
same way as in the proof of Lemmal[5.1.2] so we omit them.

It remains to understand the case that « (and hence also «;) is symmetric ramified. Choosing the
representatives in compatibly with the ¥ g-orbits, Lemma and norm functoriality identify the
left side of with the class dual to []gcy, 05, (&5 © B), where £5: B} — k™ is induced by the
unramified character

(A.5.6)

(Xlzfﬂ,ﬁonEﬁ/Fﬂ)‘ (X%ﬂ)*l: E; — k* (A.5.7)
through ¢ ~— cvi(c)™'. The character &} is trivial on EZ N (1 + pgg). Since £y (8Y)ag maps to —1,
equation (A.5.4) reduces the claim to the following identity for each orbit, written for 8 = a:

e(a/aj)p—ela/aj)p

sgpx (ca,reap(-1)7 = ) = ((Xfa o Nmp,/r,) - (o)) (b (@")aa). (A.5.8)
First, we compute the right side of (A.5.8)). Since ¢ is odd we have (—1)/Fetl = (=1)fE.at1 We compute
SgnFé (€)®Fa (’lpo) if FE,a = Fay
sgnpx 08k, (V0)" if Fg o # Fa,

where the first case comes from the fact that 1% (z) = °(2)¢ by definition, and the second case comes from
the Hasse-Davenport relation. Since [E,, : F,] = ¢{/m, in the case Fg o, = F, we have

®FE,O< (d’%) = {

(X 0 Nmp, k) - (X)) (U (a¥)as) =
e(a/aj)p—1 e(a/aj)p—1

G, (60 sy (1) L e, (08) smnge (<) (a5
- e(a/aj)Efe(aQ/a_,»Fu/m—l)
since G, (%)% = sgnpx (—1). If instead Fg o # Fo, then m = 1 and thus similarly
(X oNmp, /£,) - (Xia) ™) (G (a¥)aq) =
= G, (1) sgups (1) Op,, (65)  senpe (-1)

e(a/aj)p—ela/aj)F

Since E/F is a Galois extension of degree ¢, it follows that |F,| =1 (mod ¢) and thus

e(a/o) g1
2

(A.5.10)

£—1

sgngs (- (—1)F) =1 (A.5.11)
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by quadratic reciprocityﬂ Thus by (A.5.9) and (A.5.10)), we have
((X/Ié',a © NmEa/Fa) ' (X%,a)_l)(fp’(av)aa) =

e(a/a;)p—e(a/a;)
sghgx (—1) e if B, /F, is ramified, (A.5.12)
- e(a/a;)gp—e(a/as)
sghpx (¢ (—1) s - ) otherwise.
Next, we compute the left side of (|A.5.8). There are three cases:

(A) EC F,,
(B) E./F, is unramified of degree ¢,
(C) E,/F, is ramified of degree /.

In case (A), we have ey p = leq g and m = £. Thus the left side of (A.5.8) is
e(a/aj)p—e(a/aj)p

sgnpy (£-(=1) : );

which agrees with (A.5.12) since E, = F,.
In case (B), we have eq r = leq, g and m = 1. Thus the left side of (A.5.8) is

e(a/aj)p—e(a/aj)p

sgngx (€ (=1) 2 ,

which again agrees with (A.5.12)) since Fg o # F,.
Finally, in case (C) we have e, p = €4 g and m = 1. Thus the left side of (A.5.8) is

e(a/aj)p—e(a/aj)p

Sghpx (-1 2 ,
which again agrees with (A.5.12)) since E,/F, is ramified of degree /. O
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