THE WORK OF DRINFELD

ARTHUR CESAR LE BRAS

1. NOTATION

Let k = Fy, X/k a smooth projective, geometrically connected curve over k. Let
F = k(X). Chooose a point co € | X|, and assume for simplicity that degoo = 1.

Let F = k(X), Fx be the completion of F' at co. Let Co be the completion of a
separable closure of Fi,, and A = H%(X \ {0}, 0).

2. ELLIPTIC MODULES

2.1. Definition. The seed of shtukas were Drinfeld’s “elliptic modules”. Let G, be
the additive group, and K a characteristic p field. We set K{7} = K ®z Z[r|, with
multiplication given by

(a@7m)be 7)) = ab? @ 7.

We have an isomorphism K{7} = Endg(G,) sending

m ) m )
Zai QT <X — Z%‘sz> .
i=0 i=0

If ap, is the largest non-zero coefficient, then the degree of " ja; € K{7} is defined
to be p™. The derivative is defined to be the constant term ag.

Definition 2.1. Let r > 0 be an integer and K a characteristic p field. An elliptic
A-module of rank r is a ring homomorphism

¢: A— K{r}

such that for all non-zero a € A, deg¢(a) = |a|.
We can also make a relative version of this definition.
Definition 2.2. Let S be a scheme of characteristic p. An elliptic A-module of rank

r over S is a Gg-torsor £/S, with a morphism of rings ¢: A — Endg(L) such that
for all points s: Spec K — S, the fiber L; is an elliptic A-module of rank r.

Remark 2.3. The function a — ¢(a)" (the latter meaning the derivative of ¢(a))
defines a morphism of rings i: A — Og, i.e. a morphism 6: .S — Spec A.
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2.2. Level structure. Let I be an ideal of A. Let (£, ¢) be an elliptic module over
S. Assume that S is an A[I~!]-scheme, i.e. the map 6 factors through 6: S —
Spec A\ V(I).

Let L7 be the group scheme defined by the equation ¢(a)(z) = 0 for all a € I.
This is an étale group scheme over S with rank #(A/I)". An I-level structure on
(L, ) is an A-linear isomorphism

a: (Iil/A)g = Lr.
Choose 0 C I C A. We have a functor
F7: A[I™'] — Sch — Sets

sending S to the set of isomorphism classes of elliptic A-modules of rank r with
I-level structure, with 6 being the structure morphism.

Theorem 2.4 (Drinfeld). F} is representable by a smooth affine scheme M] over
A[I71).

3. ANALYTIC THEORY OF ELLIPTIC MODULES

3.1. Description in terms of lattices. Let I be an A-lattice in C,. (This means
a discrete additive subgroup of Co, which is an A-module.) Then we define

er(z) == H (1—xz/7).
zel'-0

Drinfeld proved that this is well-defined for all x € C, and induces an additive
surjection:

er: Coo/T = Coo.
Given I', we define a function
ér: A — Endo. (Ga)
by the following rule. For a € A, there exists ¢r(a) such that
¢r(a)er(x) = er(az) for all z € C.

If T' is replaced by AI', for A € C%_, then ¢r doesn’t change. Therefore, ¢r is a
function on homothety classes of A-lattices.

Theorem 3.1 (Drinfeld). The function T+ ¢! induces a bijection between

rank r elliptic A-modules
over Coo such that ¢(a) = a

{ rank r projective A-lattices }
Jisomorphism

in Coo/homothety

Remark 3.2. Under this bijection, an [-level structure equivalent to an A-linear
isomorphism (A/I)" =2 T'/IT for the lattices.
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3.2. Uniformization. We now try to parametrize the objects on the left hand side
of (3.1). First we parametrize the isomorphism classes. Let Y be a projective A-
module of rank r. Then we have a bijection

{ homothety classes of A-lattices in Cy

>< .
isomorphic to Y as A-modules } © Coo\nj(Foo ®4 Y, Coo)/ GLA(Y).

Next we observe that there is a bijection
CX\Inj(Fy ®4Y,Cq) & P71 (C) \ U (Fso-rational hyperplanes),

given by sending u € Inj(Foo ®4 Y,Cx) to [u(er),...,u(e,)]. This is called the
Drinfeld upper half plane Q"'

As Spec A = X \ o0, a projective A-module of rank r is the same as a vector
bundle of rank 7 on X \ co. We saw yesterday that there is an isomorphism (Weil’s
uniformization)

{ rank r vector bundles on X \ oo } /isom. <> GL,.(A%)/ H GL, (O0).

plus generic trivialization
vF£00

-~

Set GL,(A4) :=]] GL,(O,), and

VF0O
GL,(A, I) := ker (GLT(ZD - GLT(,Z/J)) .
In conclusion, there is a natural bijection
M7 (Coo) = GLy (F)\(GL,(AF)/ GL,(A, 1) X ' (Cx))
This can be upgraded into an isomorphism of rigid analytic spaces:

Theorem 3.3 (Drinfeld). We have an isomorphism of rigid analytic spaces over
Foo:
(M7)* = GL(F)\(GL,(AF)/ GL,(A, I) x 2"(Cc)).

4. COHOMOLOGY OF M7 AND GLOBAL LANGLANDS FOR GLg

4.1. Cohomology of the Drinfeld upper half plane. We now outline Drinfeld’s
proof of global Langlands for GLs using the moduli space of elliptic modules. Set
r =2, and Q := Q2. Then one has

Q(Cy) = PLHCL)\P(Fy).
There is a map A from Q(Cs) to the Bruhat-Tits tree, sending (2o, z1) to the ho-
mothety class of the norm on F2, defined by

(ao,al) € FOQO — |a020 + alzl\.

The pre-image of a vertex is P! minus ¢+ 1 open unit disks, and the pre-image of an
open edge is an annulus (which can be thought of as P! minus 2 open disks). There
is an admissible covering of Q given by {U, := A7!(e)} as e runs over the closed
edges. We have an exact sequence

HY(Q,Z/n) = [ H' (U, Z/n) —» [[ H' (U, Z/n)
ecE veV
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and using this, we get that for ¢ # p, the vector space Hélt(Q,QZ) is naturally the
space of harmonic cochains on the Bruhat-Tits tree, which is the set of functions ¢
from oriented edges to Q, satisfying

(1) e(—e) = —c(e) and
(2) 2een) cle) = 0.
Any such harmonic cochain defines a (Q,-valued) measure on 952 = P}(F,,). In
other words, we have

H(9,Qp) = (C®(PY(Fx), Q) /Qy)* = St*.

The isomorphism is GLg(Fi)-invariant.

4.2. Cohomology of M12 Now we use the uniformization of M[2 We can rewrite
it as follows:

MP = (Q x GLay(F)\ GLa(Ar)/ GLa(A, 1)) / GLa(Fs0).

(Some elementary trickery is required to go from the previous formulation to the one
above.) Now you use the Hochschild-Serre spectral sequence for Y — Y/T to get a
long exact sequence

0— Hl(raHO(KQE)) — HI(Y/Fvaé) — Hl(XaQZ)F e
From this we deduce

HY (M} ©p F,Q,) = Homgy,(r.,)(St, C®(GLy(F)\ GLa(AF)/ GLa(A, 1)) @ sp

where sp is a 2-dimensional representation of Gal(F/Fs), which should be the
Galois representation corresponding to Steinberg. This isomorphism is compatible
for the action of GLa(Ar) x Gal(Foo/Fi).
Remark 4.1. This is cheating a little; we really need to work with a compactification
of M? instead.
Drinfeld shows that

. 1,572 - ~ 00

ling ' (M ©r F, Q) = P 7> @ o(n)

I s
where 7 runs over cuspidal automorphic representations of GLo(Ap) with 7y =

St. Here o(n) is a Gal(F/F) representation. Moreover, Drinfeld shows that at
unramified places, m, and o(m,) correspond by local Langlands.

4.3. The local Langlands correspondence. Using this, one can construct the
local Langlands correspondence for GLo over K, a characteristic p local field. Indeed,
let m be a supercuspidal representation of GLo(K). Write K = F), for a global F.
Choose a global automorphic representation II such that I, = 7 and Il =& St. By
the work of Drinfeld, we get o(II) and we know that II,, and o(II),, have the same
e-factors and L-functions at all w outside some finite set S. Then for any global
Hecke character y, we have

HLw(Hw ® Xw) = Hew(Hw X Xw) HLW(HvYU & X;l ®wHw)
w w

w
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and similarly for o(IT). We can divide these two equalities by the product for w ¢ S,
getting an equality of two finite products

[T € ® xw) = ] €ulou @ xuw)

wES weS

/ _ L(7Y®wr)
where €, (7) = €,(7) R

Now for a trick: we can choose x such that y, = 1 and x, is very ramified
for all other w € S — v, thus forcing the L-factors at those w to be 1. Then
e, (I, ® xw) = €(Ily, ® xq) only depends on x,. In this way one can isolate an
equality for the € and L-factors of II, = .

5. ELLIPTIC SHEAVES

(This material is from a discussion session.) We will explain the connection be-
tween elliptic modules and shtukas. The relation passes through an intermediate
object called an “elliptic sheaf”.

Definition 5.1. An elliptic sheaf of rank r > 0 with pole at oo is a diagram

Jit1
~(—>le( ‘7 fl+1‘ > e

/ / ZH /
T < "\T.
7

.7+1
‘ T};+1(—>...

(here as usual 7*F = (Idx x Frobg)*}") with F; bundles of rank r, such that j and
t are Oxxgs-linear maps satisfying

(1) Fipr = Fi(oo) and jiyp 0 ... 0 j;y1 is the natural map F; — F;(00).

(2) Fi/j(Fi—1 is an invertible sheaf along ',

(3) For all i, F;/t;(7*Fi_1) = is an 1nvert1ble sheaf along T", for some z: S —

X \ oo (independent of 7).

(4) For all geometric points 5 of S, the Euler characteristic x(Fo|x,) = 0.
Definition 5.2. Let J C A be an ideal cutting out the closed subset I C Spec X.
An I-level structure on an elliptic sheaf is a diagram

Folrxs

=
N

TFolrxs

Theorem 5.3. Let z: S — Spec A\ I. Then there exists a bijection, functorial in
S,

rank r elliptic A-modules rank r elliptic sheaves over S
with J-level structure /isom. <> with zero z /isom.
such that ¢(a) = z(a) and I-level structure
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We'll define the map for S = Spec K. Let (F;,7.,t.) be an elliptic sheaf. Define
M; = H'(X ® K, F;), and
M =lim M; = HY((X — 00) ® K, F;).
This is a module over A ®j K.
The t. induce a map t: M — M which satisfies
o t(am) = at(m), fora € A
o t(Am) = At(m), for A € K.
This ¢t makes M a module over K{7}. Furthermore:
e Because the zero and pole are distinct, ¢ induces an injection
"(Fi/§(Fiz1)) = Fixa/§(Fi).
This implies that 7: M;/M;_1 — M;+1/M; is injective.
e We claim that My = 0. Otherwise, we would have for some i < 0 a non-
zero x in M; \ M;_1. The previous bullet point implies that for all m > 0,
we have t"'z € M;im \ Mitm—1, so dim M,, > m + 1 because there are
independent vectors (z,tx,...,t"x). For really large m, we would then have
X(Fm) =m = dim M, > m + 1, a contradiction to x(Fp) = 0.
e For all i, M;/M;_; is 1-dimensional by similar estimates as in the previous
bullet point. Finally, if u is a non-zero element of Mj, we have M = K{7}u.

The action of A gives a ring homomorphism A %, End K{r} (M) = K{7}.
e The action of A on M/K7(M) = M; being in the fiber of F; at z implies
ola) = ().
One can show that if (F;, ¢, j) is an elliptic sheaf, then for all 4
t(r* Fi—1) = F; N t(7*F;)as subsheaves of F; .

You can actually reconstruct the entire elliptic sheaf from the triangle

Fo —1> F
e
TF
which is just a shtukal
You can’t go in the other direction - shtukas are more general. (You need to

impose special conditions, namely “supersingular”, on shtukas to construct elliptic
sheaves.)
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