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1. A FIRST EXAMPLE

1.1. Representations of SO; as spherical harmonics. Today we'll talk about the char-
acters and the representations of SO3(R), the Lie group of rotations in R3. We start by
constructing its irreducible representations.

Definition 1.1.1. Let P, be the R-vector space of homogeneous polynomials of degree
n in R3, viewed as a representation of SO3(R) via its natural action on R3.

Example 1.1.2. Py = R consists of the constant functions. One can easily see that
dimg P, =3, dimg P, =6 and so on.
Remark 1.1.3. The representations P, are not irreducible in general! For example, P,
contains the element x? + y2+ z2 which is the square radius r? and hence is preserved
by any rotation in SO3(R).
More generally, there are maps

xr?: P,_, — P, multiply by 7% = x* + y? + z*
which are SO3(R)-equivariant. We also have maps in the opposite directions

A:P,— P, , applyLaplacian A= 8xz + 3y2 + 622
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Consider the direct sum P := ,,>o P,- Then the operators xr? and A define a Lie
algebra action of sl, on P.

Thisis notjust a curiosity, but a specialization of a more general fact that we’ll discuss
later in the course.

Fact 1.1.4. The representations
V,:==ker(A: P, — P, )= P,/r*(P,_5)
are a complete collection of irreducible SO3(R)-representations. The V,’s are some-
times called spherical harmonics.
This will be shown below.
Example 1.1.5. Explicitly, V, =Spang{xy, xz,yz, x> —y?,y?—z?%}.
One can easily compute that dimg V,, =2n + 1.

Remark 1.1.6. The restriction of the functions on V,, to the unit sphere in R® yields an
eigenspace for the Riemannian Laplacian. This is a well-understandable model of the
representation V,,, and in fact it is how they arise in physics.

1.2. Characters. Our next goal is to find a character formula for the V,’s. Recall that
the character of a finite-dimensional representation

p:G—-GLV

is the class function
Ch:g—Tr(p(g))-

When later we will talk about infinite-dimensional representations, we’ll need to be
more careful. Since the trace is additive, we clearly have

Ch(V,)=Ch(P,)—Ch(P,_).
Any g € SO3(R) is conjugate to a rotation around the z-axis of angle 6 - let’s call this
element gy, so it’s enough to determine Ch(V},) on the elements gg.
Fact 1.2.1. We have

Ch(V,)(gg)=e'"0 + /10 1 4 o7in0

More precisely, the eigenvalues of gy on V,, are ei"?, ei("=10 | ¢=in0 each with mul-

tiplicity one.

Proof. This is an exercise worth doing. It’s just a routine computation by writing down
basis of P, and P,_, and explicitly computing how g, acts on it. 0

Some algebraic manipulations yield

i(n+1)0 __ e—in@ ei(n+%)6 _ e—i(rH—%)B

xn(80)=Ch(Va)go)=— ="~z (1.2.1)

If we normalize a Haar measure on SO3(R) so that the total volume is 1, then the
X »’s are orthogonal with respect to it. In coordinates gy, this measure is proportional
to |ei9/2 — ¢=i9/2]2 where the constant of proportionality is simply to make the Haar
measure be a probability measure.
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Proof of Fact[I.1.4, Theirreducibility of the representations V;, follows by orthonormal-
ity of the characters y,,. To show that the V},’s are a complete collection, one checks that
the span of the y,,’s is dense in the space of class functions on SO3(R). g

That orthogonality of characters alone is enough to find and classify irreducibile rep-
resentations for compact, connected Lie groups is a great insight by Weyl.

1.3. Kirillov’s formula. Kirillovfound (in another contest) a reformulation of Fact
which holds in a greater generality - for example allowing non-compact groups and
many infinite-dimensional representations. The slogan is

. ( Fourier transform of surface )

measure on a sphere in R3 (1.3.1)

Clearly this slogan “as is” does not make sense, so we now modify the two sides to get
areasonable statement.

Our first step is to make the left hand side take values on a linear space, since this is
certainly true for the Fourier transform on the right hand side. In other words, we need
to pull y back to the Lie algebra.

Recall that in coordinates we have

SO3(R)={A€GL3(R) | AA" =1ds}.
By thinking of A as “infinitesimally close” to the identity matrix Ids, we get by “differ-
entiating” a description of the Lie algebra
Lie(SO3(R)) = {X € Matz(R)| X + X" =0.}.
Under this description, the exponential map
exp : Lie(SO3(R)) — SO3(R)

is simply given by exponentiating the matrix X - so in fact in the left hand side of our
slogan we mean y(eX) for X € Lie(SO3(R)).

Let’s coordinatize Lie (SO3(R)). Let J, be the rotation of 90 degrees around the axis a.
More explicitly, we have

0 0 0 0 0 1 0 10
Jo=|0 0 1|, s,=|0 0 0|, L=|-1 0 0
0 -1 0 -1 00 0 00

so that []xr]y] = ]z! []y)],z] = ]x and []z) ]x] = ]y-

Any element of the Lie algebra can then be written in coordinatesas X = x J,+y J, +
z],. In fact, this choice of coordinates determines a map Lie(SO5(R)) — R3 which is
an isomorphism of SO3(R)-representations: on the left we have the adjoint action by
conjugation and on the right the tautological action by rotation.

In particular, since every point on the sphere x>+ y2+z2 = r? can be transformed to
(0,0, ) by a rotation in SO5(R), for the purpose of computing the class function y(e*)
we can assume that X = r J,. In this case, we can use the formula[l.2.1]to obtain

¥ ei(n+%)r_e—i(n+%)r
):

Xnle 1.3.2)
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where r = /x2+ y2+z2 = |X| is the length of X with respect to the standard coordi-
nates.

The right hand side of (I.3.2) can be thus thought of as a radial function on R3. Its
Fourier transform is a mess. Kirillov’s insight was then by putting a little twist to it, one
can turn the Fourier transform into a much nicer function.

To explain the genesis of this twist, notice thatif f, g : SO3(R) — R3 are nice functions,
we can pull them back to Lie(SO3(R)) and integrate:

f fe®)gle®)dx
Lie(SO5(R))

with respect to the Lebesgue measure d X. On the other hand, we can also integrate
them against the Haar measure y mentioned before:

f f(y)g(y)duly).
SO4(R)

These two integrals are not equal to each other. The issue is not simply that the expo-
nential map is finite-to-one (rather than one-to-one), in fact the two integrals do not
coincide even locally. The problem is that the map X — e* has nontrivial Jacobian.

In order to retain orthogonality of characters when pulling back to the Lie algebra,
we need then to twist by a quantity related to the Jacobian of the exponential map.
More precisely, let j(X) be the Jacobian of the exponential map at X € Lie(SO3(R)), and
instead of y(e*) welook at y(e*)+/ j(X). Then the twist factors will cancel out with the
Jacobian when comparing the two integrals above, and they will make the two integrals
match up locally.

Fact 1.3.1. In the system of coordinates chosen above, one has

) eir/z_e—ir/z 2
o=

ir
Proof. We'll prove this next time, using a more general formula worth seeing. O

Let’s see what this buys us. By substituting the expression from (I.3.1) into (I.3.2),
one gets that

ei(n+%)r _ e—i(n+%)r
X .
an(e”)V j(X)= . ;
ir
so to prove our slogan it remains to show that the right hand side is the Fourier trans-
form of some surface measure for a sphere in R3.

Definition 1.3.2. Consider the sphere of radius R in R3, centered at the origin, and
denote it S3. Given a surface measure i on it, its Fourier transform is

fk) = f e'® %) dpy(x)
s

where k, x € R3 and (k, x) is the usual dot product.



GEOMETRIC QUANTIZATION AND REPRESENTATION THEORY 5

Lemma 1.3.3. For u the standard measure on the sphere of radius R,
eiRA _ p—iRA

(k)= (@rR) *——°

i
where A = |k| is the length of k € R3.

This completes the explanation of our slogan. We also record that we obtain that
the y,’s are Fourier transforms of surface measures of sphere with half-integral radius.
One explanation is that the area of the sphere matches up the dimension of the repre-
sentation - we discuss this more later in the course.

Proof of Lemmal[1.3.3 We compute the Fourier transform of the surface measure. Since
the surface measure is radial, so is its Fourier transform. Therefore it suffices to com-
pute (k) at k =(0,0,A). The projection onto the z-axis of the sphere surjects onto the
segment [—R, R], and the pushforward of the surface measure on the sphereis (2 R)d z:
we obtain then that the Fourier transform is

R eiRA _ p—iRA
e**2nRdx)=2nR—M8M—.
R i

1.4. Summary. Here’s a summary of what we've done today:

o We listed irreducible representations of SO3(R).

e We pulled back their characters to Lie (SO3(R)).

o We twisted them by a quantity related to the Jacobian of the exponential map.

e Up to pinning down a few constants, we obtain that the character of a repre-
sentation of SO3(R) is indeed the Fourier transform of a surface measure on a
sphere in R3.

2. THE GENERAL PICTURE

2.1. Review of the example. Last time we described a model V) for the irreducible
2N + 1-dimensional representation of SO3(R), and a formula for its character y,. De-
noting by gy the rotation of angle 8 around the z-axis, we had

eiN+3)0 _ o—i(N+3)8

After massaging this formula, we reformulated it as

eiN+3)s _ p—=i(N+3)s

(xnovi)(eX)= : 2.1.1)

I

where

e X € Lie(SO3(R)), and s = |X] is the length of X in the coordinate system de-
scribed last time in
e j is the Jacobian at X of the exponential map exp : Lie(SO3(R)) — SO3(R)
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Last time we compared this formula (2.1.1), in particular the right hand side, to the
Fourier transform of the surface measure of a sphere. In fact, we calculated that the
Fourier transform of the area measure of a sphere of radius R in R? is
eiRA _ g—iR2

(k)= ————2nR

(k) o
where A = |k| is the length of k € R3.
Remark 2.1.1. The twist by the Jacobian 4/ is important algebraically, but today we
focus on a heuristic description of what’s behind the scenes of the equality above, and
for this purpose we can disregard this twist.

In other words, we obtain that y - 1/ is the Fourier transform of the area measure

of a sphere of radius N + %, with the measure normalized so that the (27t R) factor dis-
appears and the total area is 2N + 1 = dim Vjy. We can then rewrite (2.1.1) as

()(Nﬁ)(eth el®Xqe. 2.1.2)
geSNJr;

which specializes for X =0 to

2N+1:dimVN:ZN\/7(e°):f
£€Sys

d§=Area(S§,+%). 2.1.3)

[N

2.2. Some speculations. Why do these formulas hold? One could speculate that (Z.1.3)
is true because there is a basis of Vjy that is in bijection with bits of Sy, each having
area 1.

Speculation 2.2.1. There exists a basis {vy,..., 1y, 1} of Vo4 in bijection with a par-
tition
2N+1

SN+ = ]_l Ok
k=1

such that y(0;) =1 for each k.

To explain the more general formula (2.1.2), we need to go beyond this. We could
ask how G or Lie(G) act on the basis {v;} and we may hope that they are approximate
eigenvectors.

Speculation 2.2.2. For some &, € 0;, we have that each X € Lie(SO3(R)) yields
X Vi &~ i(ik,X)vk.
Notice that this latter speculation would explain formula [2.1.2), as it implies thatE|
Tr(eX)NZei(g’“X)wf elcXlde.
k

N
N+%

Together, Speculations and say that the decomposition Sy, 1 = [ [, 0k
should correspond to an approximate diagonalization of the SO3(R)-action.

l1gnoring /7 as usual



GEOMETRIC QUANTIZATION AND REPRESENTATION THEORY 7

Remark 2.2.3. The above picture is really an approximation: it cannot be true literally
as it imply that Vyy is a sum of 1-dimensional representation, which is not.

In particular, Speculation[2.2.2cannot be true as stated, because it would imply that
for two non-commuting elements X, Y € Lie(SO3(R)) we have on one hand

[X’ Y]'Uk:i<§k,[X,Y]>Uk§é0
and on the other hand
[X,Y]'Uk:X'YVk—Y'XVkZO.

One of the goal of the course is to flesh out a picture like this for a general Lie group
G, where the role of these spheres is taken by more general spaces (we'll describe the
one for SO4(R) later). The Kirillov formula makes the above speculations precise, but
it is even more important because of the picture behind it - which is one of the most
useful aspects from the viewpoint of representation theory.

Remark 2.2.4. Notice that we have been very imprecise about how to choose & € 0.
This adds some fuzziness to the picture.

The best interpretation of Speculation is saying that if we decompose v} as a
sum of X -eigenvectors, the eigenvalues appearing are of the form i (£, X) for some & €
Oy.. This yields a map

ﬁk —R
&— (& X)
whose image is a closed small interval in R, let’s say of length Iy : this can be thought of
“length of 0} in the X-direction”.
With this description, Speculation is saying that X acts on vy via some range of

eigenvalues around i(&, X) of length approximately Iy. The argument with the com-
mutators given before implies that to have no contradiction we must get

lX . lY > (ikr[X) Y]>

The upshot is that Speculation is a sensible statement as long as 0y is “not too
small” - in the sense given by the inequality above.

Remark 2.2.5. Notice that this “non-smallness” condition is defined purely in terms of
the Lie brackets; we did not have to introduce any non-canonical measure.

2.3. The general formula. Let’s come back to reality, after our speculations. Making
formal the reasoning explained above, one gets

Fact 2.3.1. Let G be a Lie group, and & € Lie(G)* be an element of the dual Lie algebra.
Let 0 be the G-orbit of &.

Then there is a natural G-invariant non-degenerate symplecti(ﬂ form w on O de-
fined by the following rule: for each 7, #, € Tans(0) choose X, Y € Lie(G) such that
Hh=X:& tb=Y-%andset

w(ty, 1) =&(X, Y]).

2That is to say, an alternating non-degenerate bilinear form on the tangent bundle of ¢, varying G-
equivariantly.
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The condition above obviously determines w, one needs to show that it is well-defined,
for example independent of the choices of X, Y.

Remark 2.3.2. (1) This canonical form is completely canonical. In particular, one
can prove that it does not depend on the choice of £ € 0.
(2) Itis hard to grasp what this symplectic form “is”. We'll come back to this point
later.

Example 2.3.3. As seen last time, in the case of G = SO3(R), the orbits ¢ turn out to be
spheres in R.

Corollary 2.3.4. The orbits O are even-dimensional.

This is immediate, as any symplectic manifold with a non-degenerate symplectic
form is even-dimensional.

Theorem 2.3.5 (Kirillov, others). LetG bea connected Lie group which is either nilpotent
or semisimple (the latter includes the compact case). Let T be a tempered representation
of G. Then there is an orbit 0 of G on Lie(G)* such that the twist (;{n ﬁ)(ex) is the

. d ; . .
Fourier transform of the measure (%) on O, where w is the symplectic form associated
to 0 as above, and 2d is the real dimension of 0.

The upshot is that the canonical choice of the symplectic form w fixes the area dis-
crepancy that we have seen in the example of SO3(R).

Remark 2.3.6. The dimension of an orbit ¢ is the dimension of G minus the rank of
G, where the latter should be thought of the dimension of the centralizer of a typical
element of G.

Exercise 2.3.7. In the case G = SO;(R), check that the measure 5~ gives area 2N +1 to
the sphere of radius N + 3. You could even get rid of the 27 in the expression of the
measure if you normalize the Fourier transform accordingly.

Exercise 2.3.8. What does orthogonality of the characters y’s of G say about the Fourier
transforms of the twists y4/j’s? You should expect to recover properties of “areas of
spheres”.

Exercise 2.3.9. Here’s the decomposition in orbits of the sphere S, 1 inside R3 = Lie(SO5(R)).
Centering the sphere at the origin, the projection onto the z-axis surjects onto the in-
terval [—(N + %) , (N + %)], which we partition in 2N + 1 subintervals of length 1 in the



GEOMETRIC QUANTIZATION AND REPRESENTATION THEORY 9

obvious way.

Then the orbit decomposition | [ 0, = Sy, 1 is given by the preimages of these intervals.
In particular, you can check that each of them has area 1. Which basis of V}; does this
orbit decomposition correspond to?

Later in the course we'll prove the promised general formula for the Jacobian j(X).

2.4. Vista. Where do we go from here? The Kirillov formula is interesting from several
points of view:

(1) In representation theory, it is related to the Duflo isomorphism, a completely
algebraic way of describing the center of the universal enveloping algebra of
Lie(G) that involves factors of /.

(2) From the point of view of symplectic analysis, one could ask why the Fourier
transform of the measure on & is so nice (having properties resembling those
of a character of a representation). An explanation has been given by Diuster-
maat and Heckmann, with a later explanation using equivariant cohomology
by Atiyah and Bott.

(3) In general, the formula for the Jacobian is

. ad X
](X): det(m).

This expression 57— appears in many areas of mathematics. Why does it show

up here?

In the rest of the course we will try to explain why the correspondence between rep-
resentations V of G and orbits ¢ of G on Lie(G)* is a special case of quantization: a
correspondence between Hilbert spaces H and symplectic manifolds (M, w). Our first
goal starting next time is to study the case of M = R? via the theory of pseudodifferential
operators.
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3. PSEUDO-DIFFERENTIAL OPERATORS

3.1. Motivation. Recall the picture from last time: we had the SO3(R)-representation
Vy on the space of harmonic polynomials of degree N in R3. This was related with
a sphere 0 C Lie(SO3(R))* whose normalized area is 2N + 1 = dim Vj, via the Kirillov
character formula:

(XVNﬁ)(eX):j elf-xdg‘
o

The heuristic picture for this (which we will make more precise today
setting) is the following: we can dissect the sphere in pieces 0; of area 1, in bijection
with a basis {v;} of Vjy of approximate eigenvectors - in the sense that

X.l/i Y (gi!Xﬁ}i for some 5,- Gﬁl’.

This formula is not quite well-defined because we have not specified which £ we pick
in 0;, so there is some fuzziness going on.

The above description should hold for a large class of groups G and representations
V. Today we will instead established a related picture, in a different context: Vjy is re-
place by L?(R) and ¢ by R?. There will be no groups involved (for now, but in a few
lectures we'll see that this picture is related to the Heisenberg group), so the connec-
tion between L?(R) and R? will come from pseudo-differential operators - in fact, the
Kirillov character formula will be “replaced” by the formula for the trace of a pseudo-
differential operator.

3.2. Fourier transform. The discussion today will belong to the realm of microlocal
analysis, but we will be a bit informal, not worrying about convergence issues or the
exact regularity of our functions - this will be made more precise next time. Our next
mini-goal is to write every f € L?(R) as a sum of functions f; € L?(R) which are localized
(that is to say, they are supported in a small interval) and whose Fourier transforms ﬁ
is also localized.

To fix normalizations, recall that the Fourier transform of f(x) € L(R) is

f(é)zjf(x)e”g dx

f= J flee e d&

In particular, the above normalizations yield that

and its inverse is

(557 Jo=cinfe.

3For ease of notation, we are sweeping under the rug all the factors of (27) that usually appears when deal-
ing with Fourier transforms. To make the statements literally true, one needs to normalize the measure
d¢ to be the Lebesgue measure divided by 27.
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Remark 3.2.1. Why are we shooting for the goal of decomposing f into localized func-
tions? The reason is that such functions f;’s will be approximate eigenfunctions of a
differential operator.

More generally, a constant-coefficient differential operator acts on the Fourier trans-
forms as multiplication by a polynomial in £. This is not true anymore for differential
operators with non-constant coefficients, but the situation is very similar when con-
sidering localized functions.

Lemma 3.2.2. We cannot have both g and g be compactly supported.

Exercise 3.2.3. Describe a quantitative version of the failure above. More precisely, if
g is mainly supported in an interval of length N, how localized is g?

Since the lemma says that our mini-goal is impossible when stated as above, we will
content ourselves with coming up with f;’s that are “mainly” localized, and similarly
for the ﬁ’s.

Let’s be a bit more precise. Fix an interval I of R of length L and an interval J of
length M, and let y;, y; be the two characteristic functions. Then y; f is supported
on /, and ( f ¥ has Fourier transfor supported on J. The properties of the Fourier
transform also yields that

(i) =x) 1
is the convolution of f and the Fourier transform of the characteristic function of J.
The upshot is that we have two possible ‘operations’ to do on f*:
(1) f— y;f localizes f, while
2) f+ y) *f localizes f.

We'd like to do both (to enforce both f and f to be localized), but these two operations
do not commute! So we just ignore this failure of commutative, do it anyway, and hope
for the best. We'll get a pseudo-differential operator which will have good properties.

3.3. Example of pseudo-differential operators. Let’s get down to the computations.
First, pick smooth approximations a, b € C °°(R) for the characteristic functions y; and
X7, so that convolution and Fourier transform will have nice properties. Applying b (&)
to f we get

(b&F) () =f b(Ef(Ee ™ dE
and multiplying by a(x) yields
f a(x)b(E)f (e de.

Definition 3.3.1. More generally, let a(x, &) be a function in two variables x and £. We
can write down a similar formula, which will have nice properties if C>°(R?). We define
Op(a): L%(R) — L?(R) by the rule

(Op(a)f)(x)= f a(x,£)f(£)e ™ d&. (3.3.1)

“We denote by gV the inverse of the Fourier transform.
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This is a pseudo-differential operator with symbol a.

Morally, we want to take a(x, &) to be the characteristic function of the rectangle I x J,
and we hope that Ob(a) localizes f at I and f at /. But as the two operations do not
commute, something delicate needs to happen for our hope to be (approximately) ful-
filled. Since clearly localizing a function f — y; f is a projection operator on L?(R), we
expect Op (}( Ix ]) to be a projection and hence Op(a) to be an approximate projection:

2
Op(a)” ~Op(a)

if a is constructed from the two smooth approximations of y;, y; as in the discussion

above.

Fact 3.3.2. The larger the area of I x J is (in particular, larger than 1), the better the
approximation Op(a)? ~ Op(a) will be. In particular, Op(a) will almost localize f at
Ix].

Fixa(x,&)and b(y, v) two “regular” functions: we want to compute Op(a)Op(b). We
have

(Op(a)Op(b)f)(x) :J a(x, 5)(Op(b)f)(§)e—ix§d§

=Ja(x,§)u Op(b)f(y)e'’= dy)e—”g d&

=f a(x,&) (f (f b(y, »f(»e Vd V) eiyidy) e EdE,

Notice that multiplying all the exponentials in the last integral yields eV X&) gix7,

If we define

c(x,v) :=Jfa(x, V)e"(y_x)(g_v)b(y, v)dédy
we finally obtain that
(Op(a)Op(b)f)(x)= f c(x, v)f(v)e™ ™ dv=(0p(c)f)(x),

Shifting variables, we obtain equivalently that

c(x, v):ffa(x, v+s)e ' b(x+1,v)dsdt.

Denote now by &, the derivative in the second variable, we can expand a as a Taylor
series in the second variable to get

ala(x,v
a(x,v+s)= Z #sl
120 ’
and plugging this into the formula for c¢(x, v) one gets

o) , ;
c(x, v)zzwf stb(x+t,vesdsdt.
1>0 ’
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The last integral is easy:

Fact 3.3.3. Let g be a Schwartz function. Then
. d\!
J stelstg(r)dsdt :J s'g(s)ds= (ia) (0).
Therefore, we obtain
1
c(x,v) :Z %32161()6, v)a{ b(x,v). (3.3.2)
>0

Remark 3.3.4. Clearly the above passages will need to be justified for a, b, f in some
class of functions - we’ll do this next time.

Explicitly, we have

1
c(x,v)=a(x,v)b(x,v)+id,a(x,v)o,b(x,v)+ Eajaajb +...

=:axb
and we denote the first-order and higher terms by a + b.

Remark 3.3.5. This is quite a nice expression, and yet it is not literally true - it needs to
be interpreted as an asymptotic series.

Notice that a + b # b x a, and we can measure the failure of commutativity:
axb—bxa=1i(0,a0,b—0,ad,b)+ (higher order terms)

where the second-degree term is called the Poisson bracket, which plays an important
role in symplectic geometry.

Let’s go back to our question: to what extent is Op(é’ Ix ]) a projection operator? To
be precise, let’s assume I =[0, L] and J = [0, M ]. Fixa smooth approximation ¢ of &y 1,

so that
a(x, V)=¢(§)¢ G)

is an approximation of y ;. Then the explicit formula (3.3.2) yields that

1 1 )?
2 e 2 — i i — . 1 i
Op(a)=Op(a“)+ ; (derivatives of ¢) + ( ) (second derivatives of ¢) +...

The upshot is that as long as LM >> 1, we have
Op(a)® ~ Op(a®) ~ Op(a)

where the last approximation is due to the fact that a® ~ a, since a is a smooth approx-
imation of a characteristic function.

Remark 3.3.6. Again, we are postponing to next time the formal, rigorous version of
the above reasoning, that takes care of all the convergence and well-posedness issues.
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3.4. Trace of pseudo-differential operators. Goingbackto our heuristic picture, here’s
what we found. Given a decomposition

R=[]o

ieN

in blocks of very large area, we obtain

1d=0p(1)=">_Op(a;)
ieN
where each Op(a;) is approximately a projection operator. In particular, this yields
morally a decomposition of L2(R) which is completely geometric in nature!

L*R)=DV;

ieN
and moreover the dimension of the V; is related to the trace of the pseudo-differential
operator. More precisely:

Lemma 3.4.1. We have
Tr(Op(ai)):f a(x,&)dxd& ~Area(0)).
0;
Proof. Assuming f is Schwartz, we have

(Op(a)f)(x)= f a(x,£)f(§)e ™ d¢g

= J a(x,aUel‘yﬁf(y)dy)e‘”f dé

= f a(x,&)e’VE f(y)dy d&

=JK(xyy)f(y)dy,
where we defined the kernel
K(x,y):=Ja(x,i)ei(y_x)gdé.

Assuming the standard conditions for Op(a) to be trace class, we have that its trace is
the integral of its kernel on the diagonal:

Tr(Op(a))=fK(x,x)dx:fa(x,i)dxdi.

The last approximation f a;(x,£)dxd& ~Area(0;) is clear, since a;(x, &) is an approxi-
mation of the characteristic function of &;. O

We'll see more examples, but it's worthwhile (and nice!) to see that in this example
we were able to compute everything.



GEOMETRIC QUANTIZATION AND REPRESENTATION THEORY 15

3.5. Making this rigorous. We now want to sketch how to make the preceding discus-
sion more rigorous. We wrote down a formal infinite sum for the composition of two
pseudo-differential operators:

Op(a)Op(b)=0p(ab +id:ad,b+...) (3.5.1)

To make this rigorous, we need to impose analytic conditions on the functions involved.
So we specify a class of “allowable symbols” a(x,&). A convenient class S, of such is
“differentiable operators of order < m with bounded coefficients”. The simplest version
of the definition is: a(x,&) e S™ if

sup /0] a(x, 5.)|
xe (A+|E)m=
Note that we don'’t force i, j to be less than m. Note also that there is an asymmetry
between the £ and x variables. This is because we are thinking of the symbol as a dif-
ferential operator, with & being the “derivative symbol”, and we want to model an “al-
most constant coefficient” differential operator, meaning that its coefficients and their
derivatives are bounded.

< const(i, j)forall i, j > 0.

Fact 3.5.1. Here are the important facts about this definition.

e Ifacs, and b €§,,,, then there exists ¢ € S,,,,,,,» with Op(a)Op(b) = Op(c).

e Moreover,
N

w .
i .
c— E —3NaoNp esgmtm—w-1
N! & X
N=o 'V

Informally, this says that if w is large then ¢ —ZZ:O ’%851\7 a@é\’ b decays very quickly in
the second variable. Thus the right interpretation of the formal infinite sum is
to truncate the sum at some large w.

The formula (3:3.1) works well a priori if a € C>°. But we can extend it to a € S°, and
for such a we have that Op(a) is L2-bounded.
Remark 3.5.2. The theory is not very symmetric. It is adapted to our specific system
of coordinates in R?>. We have a decomposition corresponding to the dissection of R?
into rectangles parallel to the axes, and wouldn’t work as well for rotated rectangles.

4. THE KIRILLOV PARADIGM FOR THE HEISENBERG GROUP

4.1. Review. Last time we defined a pseudo-differential operator Op(a) for a function
a on R?:

Op(a)f(x) =f a(x,&)f(E)e " dE.

Recall that if a is (approximately) the characteristic function of I x J, then Op(a) is an
approximate projector onto the space of functions f with supp(f) ¢ J and supp( f )1,
as long as the area is large, i.e. £(I1){(])> 1.

In particular, dividing up R? into rectangles of pretty large area, we get an approxi-

mate decomposition
LAR)~P ;.
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This decomposition is meant to be the same relationship as that between representa-
tions of a group and the decomposition into orbits @ of its action on Lie(G)*.

4.2. Where we are headed. The next goal is to show that this discussion is a special
case of something that fits into the Kirillov paradigm: we'll exhibit (L?(R), R?) as a pair

(representation of some Lie group H, orbit of H on Lie(H)*).

In this situation there will be an exact Kirillov character formula, corresponding to theh

formula
TrOp(a)= f a(x,8)dxd&
R2

which we discussed last time.

It’s not very hard to guess what H is, using that the approximate decomposition
of L?(R) into localized functions should correspond to approximate eigenvectors for
the action of H. For a function to be localized in the R? picture means that both the
function and its Fourier transform are localized. In the Kirillov picture, being localized
means being approximately eigenvector. (Roughly speaking, dividing an orbit of H into
little pieces should correspond to a basis of the representation.)

The condition that f is localized is equivalent to f(x)~ e’<*, which is equivalent to
being an eigenvector for translation. This suggests that the H should contain transla-
tions. Let 7, be the translation operator

(Ty - )= f(t+y)

We can take the Fourier transform of this condition to get the story for f. Let m, be the
multiplication operator

(my f)(x)=e"™ f(x).
Essentially H will be the group generated by the 7,’s and m,’s. We'll now set this up
abstractly.

4.3. The Heisenberg group.
Definition 4.3.1. The Heisenberg group is
1 x z
Heis := 1 y|lx,y,z€eR

1

with the group operation being matrix multiplication:

1 x z\[1 x' Z 1 x+x" z+z/+xy’
1y 1y |= 1 y+y’
1 1 1

Let’s define some subgroups of Heis. We define
1 x
U, = 1

o O



GEOMETRIC QUANTIZATION AND REPRESENTATION THEORY 17

1 00

V, = 1 y
1

1 0 z

W, = 1 0
1

Then {U,},{V,}, and {W,} all form subgroups. Furthermore, W, is centralin H (in fact,
itis the center). These operators satisfy the commutation relation

U,V =V, U Wy,

The Heisenberg group is the basic example of a “2-step nilpotent group”: it has a filtra-
tion by a central subgroup, and the commutators land in it.

Remark 4.3.2. There is a better system of coordinates on H. We have

0 x =z
Lie(Heis) = 0 y|lxy,z€eR
0
The matrix exponential sends this to
0 x z 1 x z+%
exp 0 y|= 1 y
0 1

This coordinate system is more symmetric.
Fact 4.3.3. The rule

U= te (f(1)= flx+1)
Vy—my, (f(t)— e f(1)

W, — scalar multiplication by e?"*

extends to a representation
H — U(L*(R)).

The remark essentially gives a presentation of the Heisenberg group, so you just
check that it satisfies the commutation relations. We'll see later that this is very con-
nected with the theory of pseudo-differential operators. Furthermore, it is character-
ized in a very intrinsic way: the Stone-von Neumann theorem says that it is the unique
irreducible representation where W, acts by the scalar ™%,

We're heading towards establishing the Kirillov character formula for Heis.

4.4. Infinite-dimensional unitaryrepresentations. When dealing with compact groups,
there are enough finite-dimensional representations for all intents and purposes (Peter-
Weyl theorem). But noncompact groups (e.g. the Heisenberg group) typically don’t
have “enough” finite-dimensional representations.
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Itis alittle subtle to say what an infinite-dimensional representation should be. Once
the representation is not finite-dimensional, you need to pick a topology, since other-
wise it would be equivalent to talking about representations of the underlying discrete
group, which is obviously not what we want to do. So we want to impose some kind of
continuity on the map

G — End(V).

There is no strict need for V to be a Hilbert space, but it gives a convenient theory. So
in the rest of the course, infinite-dimensional representations will always be on Hilbert
spaces.

What should we mean by continuity? The model case is G =R, acting by translation
on L%(R). This should be a representation under whatever definition we decide on.
This is not automatic: the strongest topology on the unitary group of H is the operator
norm, but this is way too strong because a small translation is very far from the identity
operator, so the preceding model case would not be continuous in this topology.

Definition 4.4.1. A unitary representation of G on a (separable) Hilbert space H is a
homomorphism

G — Unitary(H)
such that the action map
GxH—H

is continuous.

Policy. Henceforth, if we ever refer to infinite-dimensional representa-
tions then we will mean a unitary representation on a Hilbert space, as
above.

Definition 4.4.2. A unitary representation H of G is irreducible if H has no closed G -
invariant subspaces.

Example 4.4.3. The model example L?(R), with G = R acting by translation is not irre-
ducible. This is a little tricky to see (you might think that constant functions form an
invariant subspace, but they aren’t in L?(R)!). However, it's much clearer on the Fourier
side, where the action is multiplication. The subspace of functions whose Fourier trans-
form is supported on, for instance, [0, ©0) is invariant.

Definition 4.4.4. Let G be the set of irreducible unitary representations of G, up to
isomorphism.

We will be able to understand nicely the set of irreducible representations of the
Heisenberg group. We want to give you an example that shows that G can be a really
pathological object. Consider the “discrete Heisenberg group”

1 x
1

Heisyz := | x,y,z€Z

—< N

It has “pathological” representations, so there is no nice structure on its space of repre-
sentations. To see this, for x, y, z € Zdenote by Uy, W, V, the same operators as before.
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Pick a, B € R. We make an action of I; on L?(Z) as follows:
(U Y1) =f(t +x)
(Vy f))=(m(r) = > *P). f(1)
(W, F)(2) = e f(1)
Exercise 4.4.5. Check that this defines a representation, which we call V(«, ).

Fact4.4.6. If ¢ is irrational, then V(a, ) is irreducible.

Fixing a, we get a family of irreducible representations parametrized by 8 € R/(Z +
Za). Note that Z+Za is dense in R, so this index set is something horrifying, and cer-
tainly doesn't have a reasonable topology.

How do you show that V(a, B) is irreducible? We have a version of Schur’s Lemma
for infinite-dimensional representations (of a group with countable basis):

Lemma 4.4.7 (Schur’s Lemma). A unitary representation H of G is irreducible if and
only if any bounded operator A € End(H) commuting with the action of G is scalar.

Proof. If H isn't irreducible, it has a closed subspace H; which is G-stable. Since H is a
unitary representation, we get an orthogonal decomposition

H=HoH

So we can take A to be projection to H, to get a non-scalar endomorphism.

What about the converse? Following the proof of the finite-dimensional version of
Schur’s Lemma, we would like to take an “eigenspace” of A. However, this requires some
more care in the infinite-dimensional theory.

First we reduce to the case where A is self-adjoint. If A commutes with the G-action
then so does its adjoint A*:

gA=Ag = A'gr=g*A*

and g* = g, since the G-action is unitary. So we can express A in terms of self-adjoint
operators:

A— A*
2A:(A+A*)+i( )
1

thus reducing to the case where A is self-adjoint. An informal expression of the spectral
theorem for self-adjoint operators says:

Let A be a self-adjoint operator on a Hilbert space H. For each Borel set
T c R, itmakes sense to talk about H; =“sum of eigenspaces with eigen-
valuesin T"”. (To do this, you approximate the characteristic function of
T by polynomials, and apply them to A.) In particular, the spectrum of
Aon Hy is contained in T.

Assume that H is an irreducible representation. Then Hy =0 or H for each Borel set
T, because it is a closed G-invariant subspace (since it is intrinsically defined). These
behave as you would expect: if T =T’U T” then Hy = Hy, @ Hyo.

Now we can play the following game. If we take T to be a sufficiently large interval,
then Hy = H. Then we can divide T up and narrow in on the spectrum: we get a de-
creasing sequence of intervals Ty > T, > T3 O ... with H_H. The spectrum of A is then
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contained in the intersection of these intervals T;, which is a single point. This implies
that A= 2A,1d.
0

Exercise 4.4.8. Check that V(a, 3) is irreducible. [Hint: The idea is that the matrix of
V, is abig diagonal matrix with different entries. If you commute with it, then you have
to be diagonal. If you commute with a shift as well, then your entries have to be all the
same.]

Corollary 4.4.9. IfG isabelian, then every irreducible representation of G is 1-dimensional.

Example 4.4.10. If G =R, then the irreducible representations of all of the form x —
e''* for some t €R. Thus, G =R.

Corollary 4.4.11. In any irreducible representation of G, the center Z(G) acts by scalars.

This is going to be important for us. After we understand the Kirillov formula for Heis
acting on L?(R), we'll check it for every representation of Heis.
Recall that we defined subgroups

1 x O

U, = 1 0
1

1 00

V, = 1 y
1

1 0 z

W, = 1 0
1

The action on L?(R) is given by
Ui— 7y (f(t)'_)f(x+ £))
V,—my,  (f(e)— eV (1)
W, — scalar multiplication by e iz

Remark 4.4.12. According to our preceding discussion, in any representation of Heis
the operators W, must act by scalars of this form.

In other words,
(VU W, f)t)=

This is a unitary representation of Heis on L?(R).

Exercise 4.4.13. Prove that this representation is irreducible. [Hint: check that an op-
erator commuting with all V, is a multiplication operator. Then check that commuting
with U, forces it to be constant.]
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Now we want to consider the character. Recall that we are aiming for a formula

char(e®)= f e &X) dé.

But we have a problem. The element W, acts as a scalar, so can’t have any meaningful
notion of trace. In fact, no g € Heis gives a trace class operator.

However, elements of the “group algebra” will have a trace. In the end, we will get
the character as a distribution.

4.5. The group algebra. Let G be a (locally compact) group, and an irreducible repre-
sentation 7: G — U(H). For a finite group, the group algebra can be regarded as func-
tions on the group. Fix a Haar measure on G. We can extend the action of G to L'(G)as
follows: for A€ L'(G), we define

n(A)v =J Alg)g-v)dg.
G

Then 7(A) gives a bounded operator H — H, and in fact ||n(A)v|| < [|Allz1 - [|v]]. (The
algebra structure is by convolution.)

Example 4.5.1. Let G =R, acting on L?(R) as translation. Then
n(A)f(t):fA(x)f(t +x)dx.

If we denote A(x) = A(—x), then we can rewrite this as
m(A)f(£)=(f = A)r).
Thus, the L'(R) action on L?(R) is basically by convolution.

Remark 4.5.2. In usual functional analysis, if you want to approximate a function by
a smooth function, you can convolve with a smooth approximation to the 6 function.
The same works here.

From here on G is a Lie group.

Definition 4.5.3. Avector v € H is smoothif the map g — g v defines a smooth function
G — H. We define the subspace of smooth vectors to be H°.

Then Lie(G) acts on H®°. Of course, you don'’t see the distinction come up for finite-
dimensional representations.

Fact 4.5.4. H*° isdense in H.
Proof. Take A€ C°(G)be an approximation to the delta function at e. Then 7(A)v ~ v
is smooth. U
This shows that H*° = H in the finite-dimensional case.
Example 4.5.5. For R acting on L?(R) by translation,
H®={feC®|d'feL*R)Yi}.
You can sort of guess this because the derivative of the translation action on f looks

just like the derivative of f. However, it is not completely formal because the limit is
being taken in L2(R), not pointwise.
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Example 4.5.6. For Heis acting on L? as above, H*° is the Schwartz space
{f € C°°(R): x/ @' f are bounded for all i, j}.
For fe H®®,

d /

E(Uxf):f

d d i .
E(Vyf)=ﬂ(€ Y =@n)f

d .
ZE(sz)I if.

i.e. the action of
X z

y|-f=(xf+ityf+izf).
Remark 4.5.7. If G acts unitarily, then Lie G acts skew-adjointly. This lets you figure
out where the factors of i should be.

4.6. Computing the character. The hope to define the “trace” of an operator in L'(G)
on H as a distribution.
Start with a function A € C°(Heis). We'll write a formula for 7(A)- f for f € L?(R):

1 x z
7T(A)‘f=fA 1 vy f(t+x)ei(ty+z)dxdydz
1

To simplify this, we can first integrate out the z. Letting
1 x
1

B(x,y)=A e'* € C(R?).

—< N

we have

n(A)f(t)= f B(x,y)f(t+x)e'Vdxdy. (4.6.1)

We claim that this is essentially Op(B)f, up to a few signs, where B is the Fourier trans-
form in both variables.

The equation (4.6.1) obviously involves a Fourier transform of B in the y variable.
To rewrite it in terms of the Fourier transform of B in both variables, we need to put in
an inverse Fourier transform in the x-variable. Denoting

B(u,t)= J B(x,y)d ") dxdy.
Equation (4.6.1) then becomes

n(A)f(t) =J B(u,t)e " f(t+x)dxdu. (4.6.2)
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Integrating e ~*“* f(¢ + x) in x yields e””f—u) so ([@.6.2) can be rewritten as

f(r)= J (u, t)e’ f(—u)d

which, up to signs, coincides with Op(B)(f
Now we compute the trace. In fact we saw earher that

TrOp(a):fa.

(The picture was that if @ approximates the characteristic function then Op(a) approx-
imates a projection.) So

Trr(A) NJ B(u,v)dudv = B(0, 0)=fA(O, 0,z)e*dz.

In fact we were a little careless with the constants of normalization. Taking care with
the factors of 27, the result is

Trr(A) = 271] A(0,0,z)e"* dz. (4.6.3)

What does this tells us about the trace of 7 as a distribution? If 7= had a character
x(g), then we would have

Trr(A)= J x(g)Ag)dg.
So we should interpret the formula (4.6.3) as saying that

X = (zn)eizaz—axis-
Remark 4.6.1. This in particular implies 7, (resp. m,) should have trace 0 if x # 0
(resp. y # 0). If you think about it, you'll see that this makes sense for 7,: you can
choose a basis in which 7, has entries supported strictly above the diagonal. It’s a little
harder to see why the trace should be 0 if y is non-zero.

4.7. The character on the Lie algebra. We now pull the character back to the Lie alge-
bra using the exponential map:
x z 1 x z+%
exp 0 y|= 1
0

— <

For the Heisenberg group, the exponential map enjoys a few special properties. It de-
fines a (global) diffeomorphism

Lie(Heis) — Heis.
Moreover, the Haar measures are also preserved:
dxdydz—dxdydz

i.e. the Jacobian factor j is equal to 1 in this case.
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Ifwe pull back the character by the exponential map, we get a distribution on Lie(Heis):
for

X
X = 0 - Z(QX):(Zﬂ)eiZ‘sz—axiS'

o< N

(One might object that the exponential factor should be e!(*+*¥/2) but on the z-axis we
have x =y =0.)
This means that for ¢ € C°(Lie Heis),

TI(J YP(X)eX dX) = 2nf (0,0,2)e* dz.
Taking Fourier transform, we have
1 .
y(eX)= —f e *PY+3) qadp. (4.7.1)
21 a,feR

Here we are using that

f (0,0,2)e"* dz ~f$(a,/3, 1dadp

:f (f e(i“x+ﬁy+z)w(x,y,z)dxdydz) dadp
z a,feR

=JU e(i“x+ﬁy+z)dad/5)lp(x,y,z)dxdydz.
z a,feR

4.8. Orbits of Heis on (Lie H)*. In terms of the x, y, z coordinates on Lie H, put coor-
dinates @, 8,7 on (Lie H)* by

X
X= 0 —ax+pPy+rz. (4.8.1)

o< N

Then H acts on (Lie H)*, with the following types of orbits:
e For each yy € R—{0}, we have an orbit
0}’0 = {(a,ﬂﬁ’) | 7/ = 7’0}

e Ifyq =0, then the functional is actually a character of the Lie algebra (i.e.
preserves the Lie bracket). So you get for each (ay, ;) € R? an orbit

ﬁaoﬁo = {(ao, Bo, 0)}.
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So we can rewrite (4.7.1I) as

1 .
X(eX)zz_f e(lax+ﬁy+z)dad/5
T a,feR

:f Jiex dadp
Eeo, 2m

4.9. Summary. So we've seen that the action of Heis on L?(R) corresponds to the orbit
0, ={(a, p,1)} c (Lie H)* in the sense that

2e¥)= J e'eXac.
O

Also, from B € C2°(0, = R?) we get an operator on L*(R), which realizes the heuristic
picture from early on: if you decompose ¢, into rectangles, then you get something like
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a basis for the representation.

If the dissection is into rectangles of area about 1, then the trace of the projection has
rank 1, hence you get projection onto a rank 1 thing. (This is inaccurate, but gets more
accurate as the areas get larger.) These rank 1 spaces are spanned by approximate
eigenfunctions v; in the sense that

Xy~ <€;X>Ul’.
The picture is of course not right, although it gets better as the area gets larger. The
Kirillov formula is manifestation of this picture that miraculously happens to be exact,
rather than asymptotic.
5. THE STONE-VON NEUMANN THEOREM

5.1. Kirillov’s theorem for Heis.

Theorem 5.1.1. There is a 1-1 correspondence between Heis (the space of irreducible
unitary representations of Heis) and orbits 0 of Heis on Lie(H)*.

The correspondence is determined by the following condition: for each O there exists
a unique irreducible representation 1, satisfying the Kirillov character formula

Trnﬁ(ex):f ei<‘§'X)d§ (5.1.1)
Eeo

Equation (5.1.1) is meant in the sense of distributions, which means concretely that

for any f € C°(Lie),
Tr U f(X)eX dX) =J f&yde.
o

Remark 5.1.2. We make the convention that when & is a point, the measure on @ is a
point mass of measure 1.
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Concerning the proof: it is easy to make the representations. The hard part is the
uniqueness aspect, saying that there is only one representation with a given central
character. For Heis this is the “Stone-von Neumann Theorem”

Remark 5.1.3. This holds for any simply-connected, nilpotent Lie group, i.e. a con-
nected Lie subgroup of an upper-triangular group

1 x % %
1 *x %

*
1

Remark 5.1.4. In general we have a pairing between representations and conjugacy
classes (trace). But you don’'t know how to attach representations to conjugacy classes.
However, in this case the theorem is telling us that we can parametrize representations
by conjugacy classes in Lie(Heis)*.

5.2. Constructionofr,. For 0 =0, g, therepresentation (necessarily 1-dimensional)
is
1 x z
1 yl|— e ll@ox+poy)
1

For 0 = 0y, we've seen that L?(R) works.
For 0 = 0, for y( # 1, we make a representation that looks very similar to the one we
constructed on L?(R). Notice that R* acts on Heis by conjugating by the matrix

u

1

This takes 0,  — 0,,.;,. You can also do this explicitly by replacing “1” by 7, judiciously
in the definition of the action on L?(R).

5.3. Uniqueness. Now we need to classify all 7= € Heis. By Schur’s Lemma the
center

1 0 z

1 0

1

acts by the scalar e’’? for some y. If y = 0, then the representation factors through
Heis /Z(Heis) = (R?,+). Since this is abelian, all the representations are 1-dimensional.

If y # 0, then we may as well assume that y = 1, by composing with an automorphism
of Heis. Itis a theorem of Stone - von Neumann that the only irreducible representation
with y = 1 is, up to isomorphism, the one that we wrote down on L?(R). We are going to
describe two proofs: von Neumann'’s original proof, and a later proof by George Mackey.

Remark 5.3.1. Why might Stone and von Neumann been thinking about this? The
motivation could have come from quantum mechanics.
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If we have an action of Heis on a Hilbert space H, then we get an action of Lie(Heis)
on H*°. Now, Lie(Heis) is generated by the operators

U=

W=

<
I
o o O o o O S o O
o O O o O O S O -
—

which satisfy the relation [U, V]=W.

We know that W acts by a scalar since it is central; in our normalization it is i Id. So
such a representation is the same as giving two operators U, V on a Hilbert space H
such that [U, V] = ild. (Note that this is impossible to achieve in finite-dimensional
representations, since the trace of a commutator is 0.) This is a situation that natu-
rally arises in quantum mechanics, with the operators corresponding to position and
momentum.

5.4. von Neumann’s proof. We begin with the following observation.

Observation. For suitable Gaussian a(x, £), meaning that a is the expo-
nential of a quadratic function, Op(a) is a rank 1 projection.

We had discussed that if a approximates the characteristic function of a region of
area 1, then Op(a) is approximately a rank 1 projection. The claim is that in one mirac-
ulous case, Op(a) is an exact projection.

An indication of the subtlety of this situation is that it doesn’'t hold for all Gaussians.
A quadratic form on R? has one invariant with respect to the symplectic form, which is
its area, and there is exactly one value for the area that works.

Earlier we noted that for a function B(x, y) on R?,

1 x
fB(x,y)n 1

For convenience, we would like to use a slight variant of this. Note that this formula
essentially depends on choosing a section R?> — Heis. This isn’t the best section, for
instance because it isn't stable under inversion. A better section is given by the expo-
nential map

1 —~
dxdy = o= Op(B).

—_< o

0 x O 1 x xy/2
exp 0 y|= 1 y
0 1
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So we prefer to use a slightly twisted version of the pseudo-differential operator:

1 x xy/2 1
JB(x,y)ﬂ 1 y dxdy=: —OpW(E).
1 27

(There isn't really any significant difference, however.)
von Neumann showed that if you take C = %e‘xz_l’ * orany Le=Qx)) withdetQ =1,
then

Op"(C)= rank one projection.
(This is consistent with C having total integral 1.)

Exercise 5.4.1. Check that this property breaks if you alter Q a bit. For instance, what
do you get if you scale Q down first, then scale up the exponential to have area 1?

von Neumann proves this by just computing

op"(c)op"(c)=0p"(C).

Now let’s see how this is useful. The upshot is that there exists some function B such
that

1 x xy/2
f B(x,y)n 1 ¥y |dxdy = rank one projection.
1

Now take 7’ to be another representation with the same central character; we want to
show that 71/ = 7. We can consider the same operator, with 7t in place of 7. Morally, the
argument is that we get a vector from this rank one projection, and we can reconstruct
the representation from that vector. So let

1 x xy/2
szB(x,y)n/ 1 y |dxdy.
1

von Neumann shows that

(1) P isnon-zero, and is a rank one projection. Let Im P = Cuy,.
(2) Compute explicitly (g vy, 1) for g € Heis. This can be done by a universal com-
putation in the group algebra of G; the answer is a Gaussian in the coordinates
of g.
We can then recover 7’ from the knowledge of (g vy, 1) for all g € Heis. Why? If we
know all the matrix coefficients (g vy, ), then we also know

((a1g1+...+a,8n)v0,(b1g1 +...+ by gn)p).

From this you can reconstruct the Hilbert space: as a vector space it should consist of
formal linear combinations (3_a;g;)v,, and since we know the matrix coefficients we
know the inner product. Technically, we also need to take the completion.



30 LECTURES BY AKSHAY VENKATESH

5.5. Afinite model. We are now going to move on to discuss Mackey’s proof. To moti-
vate it, we first discuss a finite model, replacing R by Z/pZ. Define

1 x
1

Heis, = |x,y €Z/pZ

—< N

Theorem 5.5.1. The irreducible representations of Heis,, are, up to isomorphism:

e characters e?™'@X+bV)/P fora, b € Z/pZ, and
o (p —1) representations of dimension p, one for each non-trivial character of the
center.

Proof. Ifthe center acts trivially, then the representation factors through Heis,, / Z(Heis,) =
(Z/p)?, hence is one of the characters enumerated above.

We'll show that there is a unique irreducible representation where the center acts by
e?™i2/P Take such a representation V. Since we can twist any other non-trivial central
character to this one, that will prove the theorem.

A general strategy for understanding representations is to first restrict them to the
largest abelian subgroup. So look at the abelian subgroup

1 0
A= 1

—< N

Then
ViaZ @ characters y of A.

Pick one character )y. There is a map V|4 — ¢, so by Frobenius reciprocity we have
anon-zero map
Heis),

V —Ind,” (). (5.5.1)

Fact 5.5.2. For every character i of A extending the central character, IndZIEiS” is irre-
ducible, and (up to isomorphism) independent of .

The proof of this fact is left as an exercise. Since (5.5.1) is a non-zero map of irre-
ducible representations it must be an isomorphism, so we have characterized V, con-
cluding the proof.

O

In fact we can be a little more precise. Since A is a normal subgroup of Heis,,, the set
of characters appearing is acted on by Heis,, (by conjugation). There are p characters
extending a given central character form a single orbit under this action, so we may as
well look at a single ¢:

1 z
1 y|[—e
1

2niz/p
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The definition of Indgeis” (y0) is the set of functions
f: Heis, - C
such that f(ag)=1(a)f(g) for g € Heis,, a € A. If we restrict such a function f to

1 x
1

1

0
0|=Z/p

1

then we get a function in LZ(F,, )- This is the exactly analogous to our model of the “stan-
dard representation”, replacing R by F,,.

In summary: to construct the unique irreducible representation of Heis,, where the
center acts by some fixed non-trivial character w, we extended w to a larger abelian
subgroup and then induced to Heis),. [t will turn out that some analog of this procedure
works for all nilpotent groups.

5.6. Disintegration into irreducibles. We now give Mackey’s proof, which is an ana-
logue of this argument. To transpose the argument to Heis, we need an analogue of the

decomposition
Via= @ Y.

In other words, we need to know how to decompose a unitary representation into irre-
ducibles.

Example 5.6.1. Consider our model example, R acting on L?(R) by translation. This is
certainly not a direct sum of irreducible representations. Indeed, since R is abelian an
irreducible representation would be 1-dimensional, and then an eigenfunction would
be f(x)=e**. But these aren’t in L2.

So we need to enlarge the notion of “direct sum” to “direct integral”.

Let G be a locally compact topological group. Recall that the unitary dual G is the
set of irreducible unitary representations. There is a o-algebra of “Borel” sets on G,
which we will define shortly.

To get a sense of what this o -algebra looks like, we first consider the space of framed
irreducible n-dimensional representations Frlrr,,. It is the set of unitary irreducible G-
representations on C”. The space Irr,, of irreducible representations of dimension 7 is
a quotient of Frlrr,, by an equivalent relation.

The space Frlrr,, has a reasonable topology, which is cut out by the following func-
tions: foreach 1< i, j <n and each g € G we get a function on Irr,,, taking

(7,C") — (n(g)v;, V)

where {v;} is a basis for C". If n = co, then by C"* we mean ¢2(N).

This defines a Borel o-algebra on Frlrr,,, which we can then push down to get a o -
algebra on G. The resulting thing can be quite pathological, however. The problem is
the quotient process: it can look like a quotient by a dense equivalence relation. Recall
that we saw this issue arise for the representations of the discrete Heisenberg group, in

§4.4]
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We now spell out the result of this discussion:

Definition 5.6.2. Let Irr,, be the set of homomorphisms G — U(C") which define irre-
ducible representations. (For n = 0o, we mean ¢%(N) for C>°.) We define a o-algebra
on Irr(n) by requiring all the coordinate functions to be measurable. (The coordinate
functions are the matrix coefficients indexed by group elements and bases of C"). A set
S c G is measurable if for every n, its pre-image under Irr(n) — G is measurable.

This o -algebra is called the Borel o -algebra.

Remark 5.6.3. In good cases one can put a topology on G such that this is the Borel
o -algebra in the usual sense.

We now make a key assumption on G that rules out pathologies.

Assumption (¥). For every irreducible unitary representation 7 and ev-
ery function f € L'(G), the operator 7(f) is compact (i.e. a limit of
finite-rank operators in the norm topology).

This assumption implies that there is a good theory of decomposition of representa-
tions. For example, it implies that the o-algebra on G is “nice”. (A reference for all this
is Dixmier’s book on C*-algebras [Dix96].)

Theorem 5.6.4. Under the assumption (*),
(1) The map
|_| Frlrr(n)— G
n

has a Borel section.
(2) Any unitary representation of G on a Hilbert space H is isomorphic to a direct

integral
em
@ [f ndvm]
meNU{oo} G

for some mutually singular measures v,, on G.

(3) The measures v, are uniquely determined up to equivalence. (The equivalence
relation is v~ v/ ifeach is absolutely continuous with respect to the other, mean-
ing that they share the same measure-0 sets.)

Remark 5.6.5. We make some remarks on what the statement of the theorem means.

(1) Concretely this means that we can make a model for each representation, which
varies in a nice way.
(2) We'll explain what a direct integral of representations is shortly. When G =
Z, this recovers the spectral theorem for unitary operators. However, it looks
slightly different because the usual statement of the spectral theorem doesn’t
have a uniqueness clause. Note that the index m represents the multiplicity of
the representation.
Direct integrals. What is the meaning of a direct integral of representations? By (1) we
can choose a Borel section of the space of irreducible representations, which means
that there is a reasonable notion of a measurable assignment from an irreducible rep-
resentation 77 € G to a vector v, in the space of 7.
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Definition 5.6.6. We define the direct integral

Jndv

to be the space of measurable assignments 7 ~ v, completed for the norm

flvﬂlzdv.

Then G acts on an assignment (7t ~ v,;) by acting pointwise:
g (m~vg)=(m~g-vy).

Remark 5.6.7. If you replace v by an equivalent v/, the resulting directing integrals are
isomorphic. Imagine the simplest case where v =27/; then we can just scale the norm
to make the two spaces isomorphic. In general, if v and v are equivalent then morally
they differ by a reasonable function at all points of G, and we can use this to scale the
norms to be equivalent.

Example 5.6.8. Let G =R, so G =R, with £ € R corresponding the representation 7 of
G on C where x acts as multiplication by e?¢*. The Borel o-algebra here turns out to
coincide with the standard one. Take the standard norm on C.

Consider the direct integral with respect to Lebesgue measure:

fﬂgdg

What is this? As a set it consists of assignments: for each £ an element of the space of
7 which we identify with C, with finite norm. So as a vector space the direct integral
is identified with the set complex-valued function f(&): R— C such that

flf(§)|2d§< 0.

How does the group act? By replacing f(&) with e/*¢ f(£). This is isomorphic to the
G-action on L?(R) by translation; the isomorphism is given by the Fourier transform.
In summary, the Fourier transform gives an explicit isomorphism

(L?*(R), translation) = J medé.

teG
Exercise 5.6.9. What does the theorem say for G = Z?

Example 5.6.10. We want to illustrate the kind of pathology that can occur with the
“r(f) compact” assumption. Once you drop this condition, the structure of G becomes
very bad and you also lose any hope of uniqueness.
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Let’s go back to the discrete Heisenberg group Heisz. One presentation for it is that
it'’s generated by operators

c
Il
[S—
—_— O

<<
Il
— o
—— O

S
—

—
p—

with the relation [U, V]=W.
Consider the representation Vg of Heisz on L?(R) given by

Uf(t)=f(t+1)
Vi) =e! f(z)
Wf(t)=ePf.

Take 3 to be irrational. (We previously constructed a similar representaiton on L%(Z).)
We claim that this representation is not irreducible. Take J [0, 1), and we can take

the set of functions f whose support is contained in J/ +N. Such a support condition is

obviously preserved by the Heisz-action, so this is a closed invariant subspace.

We want to decompose Vj into irreducibles. We can decompose it by shrinking J.
Morally we want to shrink J down to a point. If we do this, we’ll get that V; is a direct in-
tegral of the spaces where J is a point. But are really just like the representations V(«, )
that we discussed earlier in they are irreducible but there are many isomorphisms
between them. The space of irreducible representations looks like R quotiented out by
a dense subset.

So we do get a decomposition into irreducibles, but it looks when we try to express it
as a direct integral over P/Iei\sz since the collapsing of isomorphism type is very violent.
There’s a second problem, which is that this decomposition is not unique. If we take
the Fourier transform we get a similar decomposition, since the roles of U and V are
reversed, but the two decompositions don’t have anything to do with each other.

Remark 5.6.11. Another way to see that this space is not irreducible is to write down
non-trivial operators that commute with it. Clearly any translation commutes with U.
If we translate by the right amount, it will translate with V as well. Define U’: f(t) —
f(t+2m/B); this commutes with U and V' (hence also with W). Similarly, if we define
V’: f(t) — e'! f(t), then it commutes with the Heisz-action. Thus we find two repre-
sentations of Heisz that commute with each other!
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5.7. Mackey’s proof. Let 7 be a representation of Heis, where the center acts as

1 z
1 — multiplication by e’?.
1

Let o, be the representation of the (commutative) subgroup

1
A= 1

— < N

on C given by the character e/(?Y*%), The Decomposition Theorem implies that

mA%eB[ f aadvm(a)]

m

where v,, is a measure on R. (We've snuck a step here: A= R x R, but the subset corre-
sponding to a fixed central character is just R.)

Only one summand is non-zero, because the splitting is intrinsic and the subgroup
Aisnormal. (Conjugation by G preserves the multiplicities, so each multiplicity sum-
mand defines a G -invariant subspace of 7t.) Say m, is the non-zero contributing mul-
tiplicity.

Consider how the U operator acts. Conjugation by

1 x
1
1

sends 0, to 04, . Onthe other hand this conjugation doesn’t change the isomorphism
type of 7, so we conclude that v,, is invariant under translation by x, for all x. That
implies that v,, must be equivalent to the Lebesgue measure. So at this point we have

shown that
PDm
g = (f o da) .

Now we just need to show that m = 1.
What is the representation
f o,da?

To specify a vector in this representaiton, you have to specify a complex number for
each C, with the collection having bounded norm, so as a vector space this is just L2(R).
You can check that the action is given by

1

1y |f(e)=e " f(2).

— < N
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We want to show that m =1, and that

1 x
1 acts by translation 7, f ()= f(t + x).
1
Let
1 x
U, = action of 1
1
1
V, =action of 1 y
1
Then
(U, Vy]=e™

and the same commutation relation holds for 7 ,:
[Tx, Vy] = eiXy.

So this tells us that 7_, U, commutes with A. As we've discussed, anything that com-
mutes with A must be a multiplication operator, so 7_, U, is of the form

f(t)—= my(1)f(t)

where m,(t) € U(C"). Let’s re-index slightly: write M(t, x + ¢) := m(t). The fact that
U, U, = Uy, translates into a cocycle condition M(a, b)M (b, c)= M(a, c). Taking b =
0, we get

M(a,0)M(0,c)=M(a,c).

Remark 5.7.1. The careful reader will notice that we're being a little sloppy here, be-
cause the functions are really only up to equivalence (away from a measure 0 set). This
is problematic because we're restricting to a measure 0 set. However, it works for almost
all values of “0”.

This implies M(a, c¢)= M(a,0)M(c,0)!. So if we replace f(¢) by M(¢,0)f(¢), thenin
these coordinates U, acts by 7.
The conclusion is that 77 = L?(R, C™) with our favorite action

1 x
1 F(t)=f(t+x)e'tr+a),

—< N

This is L?(R)®™, so irreducibility forces m = 1.
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6. THE WEIL REPRESENTATION

6.1. Functoriality of the Kirillov correspondence. We've now completed the dictio-
nary between representations of Heis and orbits in Lie(Heis)*:

ﬂﬁ<—)ﬁ.

We next ask the question: how functorial is this? We'll see that this leads somewhere
interesting.

More precisely, we'll shortly see that SL,(R) acts on Heis, preserving all the orbits 0
of positive dimension. This raises the question: does SL,(R) also act on 77 ,?

We'll now shift to a more convenient set of coordinates for Heis. Write

1 x H+z x z
(x,y;2):= 1 y =exp y
1

In these coordinates the multiplication is

xy' —x'y

2

(x,y;2)-(x,y52) =(x+x",y+yz+2'+

The quantity xy/z;xly is a symplectic form! It is the pairing given by

e )G

It follows that for g € SL,(R), the rule [x, y] — g[x, y] gives an automorphism of Heis.

Remark 6.1.1. More generally, if V is a vector space over R with symplectic form (x, y)
then we can define a group Heisy = V @ R with multiplication

(v, v)

(v; )V t)=(v+v,t+t'+ 5

).
Then Lie(Heisy ) = V @ R, with the Lie bracket being
[(v; 1), (v, £)]=(0; (v, ).

Then Sp(V)={g € GL(V)| (gv,gw) = (v, w)} acts on Heisy .

Everything we've said generalizes to these types of groups. In particular, there is a
unique irreducible representation corresponding to a fixed non-trivial central charac-
ter.

Now check that SL,(R) preserves each positive-dimensional orbit. This implies that
for every g € SL,(R), we must have

Ty =g
where
w8 () =m,(g-h).
This implies that there exists some Ag € Unitary such that

no(g(h)=Agmo(R)A,".
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This A, is unique up to scalars, by Schur’s Lemma. How do they multiply? It is easy to
check that Ag A, has the same formal property as Agg/. So

AgAg = (scalar) - Agg.

Moreover, this scalar is in S!, since the operators are unitary. (Obviously we couldn’t
have done any better, since Ag is only defined up to scalars in S 1)
The upshot is that we get a projective representation

SL, — U(L?(R))/S*

sending g — Ag.
Let G ={g € SLy(R), choice of Ag}. This is a Lie group under composition (although
technically we haven't justified this yet), and it has a map

whose kernel is a central S'. This G acts on L?(R).
So we have an extension

1—>Sl—>G—>SL2(R)—>l.
This gives an extension at the level of Lie algebras:
0— R —Lie(G)— Lie(SL,R)— 0

which is (uniquely) split. This is a general fact about central extensions of semisim-
ple (or even reductive) Lie algebras, but here is a way to see it concretely (which also

generalizes). Let
o (01
00

9
()

be the standard basis of s[,(R), which satisfies the commutation relations

[h,e]=2e
[]’l,f]:—Zf
[e, f]1=h.

To lift sl, to Lie(g): note that for any x, y € sl, and lifts X, ¥ € Lie(G), the Lie bracket
[X, V] is independent of lift, because the ambiguity in the lift is central. So we can lift
commutators uniquely, but everything in sl, is a commutator.

Exercise 6.1.2. Check that this defines a lift of the Lie algebra.
At the group level, this implies that we can find a lift SL,(R) — G from the universal
cover SL,(R) of SL,(R). The conclusion is that we get

p: SL,(R) — Unitary(L?(R))
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such that
p@)me(hp(g ) =ms(g-h) 6.1.1)

where g is the image in SL, R. To see the nature of this universal cover, note that SL,(R)
has a map to the bottom row

SLy(R) (Z Z)
| !
R2—0 (c,d)

whose fibers are lines, which are contractible. So there is amap (c, d): SL, R— R>—{0}
showing 7;(SL, R) =Z.

Remark 6.1.3. The group SL,(R) doesn't have any faithful finite-dimensional represen-
tations.

So far everything is formal. Now a miracle happens: p is trivial on 2Z, so it descends
to a double cover of SL, R:

0 — Z/2 — Mp,(R) — SLy(R) — 0.

Remark6.1.4. Mp, is the “metaplectic” group. This is parallel to the Spin double covers
of special orthogonal groups.

6.2. Summary. We have constructed a “projective representation”
p: SLy(R)— U(L*(R))/S"
or alternately a representation of the universal cover
p: SLy(R) - U(L*(R)).
This is characterized by the relation
p(&)r(h)p(g™") = n(g(h)).

We claim that this miraculously factors through the double cover of SL,(R), which we
will show later.

6.3. A heuristic picture. For g € SL,(R) and h € Heis, we had
p(g)n(h)p(g)=n(g-h).

This implies that for any B € L'(Heis), we have
p(g)n(Bp(g~")=n(g - B).

We saw that 77(B) had something to do with Op(B). So we conclude that fora € C®° (R?),

p(8)Opla)p(g™")~Op(g - a).
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Remark 6.3.1. We only get equality if we replace Op with the Weyl-twisted verison
op":

p(g)op"(a)p(g™)=0p"(g-a)
where

op"(a) :f a(x,y)n(x,y;xy/2)dxdy

We will present some heuristic reasoning to figure out what, roughly speaking, p(g)
should look like for each g.

Let a be the characteristic function of a rectangle of length L and height 1/L, cen-
tered at y-coordinate /.

| Yy

Then Op(a) is approximately a projector onto functions which are localized on this rec-
tangle, i.e. which have support in an interval I of length L and Fourier support in an
interval of length 1/L. For large L, this means that Op(a) should be an approximate
projector onto the line spanned by the function: e?"* truncated to the interval I.

You can pretty much guess the formulas we're about to write down by thinking in
terms of these pictures.
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e First consider g € SL,(R) of the form

(-

Then g-a = aog is the characteristic function of a stretched rectangle of length
as and height 1/sL centered at height sh. So p(g) should be approximately

p(* ) rem St

o Next consider g of the form

Then p(g) should be an approximate projector onto the line spanned by e #'(x)x
where the frequency h’(x) now varies with x.
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\/\ m@)(

h+ 6 x

X

Since the height is h + 8 x, we should have h’ (gc) = h + 0 x the upshot is that
p(g) should be an approximate projector onto e i(h+0x)x Since Op(a) is itself a
projector onto e’*, we conclude that

P (é 1) ~ multiplication by e *0**/2,

o Finally we consider p(g) for g = (_ 1). Since this interchanges the support

1
and Fourier support, we guess that p(g) is something like the Fourier transform.

6.4. The Weil representation. We're now going to write down explicit formulas for p(g),
guessed from the preceding heuristics. For g € SL,(R), we need to write down p(g) such
that

p(g)r(h)p(g™)=n(g-h) (6.4.1)
or in other words the following diagram commutes up to scalars:

pog(t+x)elty
s

L%(R) L2(R)

p(g) p(g)

cpo—»cp(t+x’)e”y/
s

L%(R) L2(R)

where [x', y’]=gl[x, y].
Example 6.4.1. Let’s use this to compute p(g) for

#=(o

so[x’,y']=[x,0x+y].
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If x = 0, then [xf,y’] =[x, y] so the condition is that p(g) commutes with
multiplication by e’*?, which implies - as we have discussed -

Jo, (é 1) = multiplication by some m(t).
To figure out the function m(t), we make the diagram commute:

m(t)=m(t+60x)e'?~.

So m(t) = e~101°/2-10x*/2 Gince really m(t) is only defined up to a scalar in S!, this is
just as good as m(r)=e~101/2,

We claim that the following formulas work:
N 1
p( S—l)-‘P(t)'_’ﬁSO(t/s)
p(é 1)190(t)~>e‘”‘2/290(t)

p (_1 1): p(t)— o(1)

We can check them by explicit computation. In fact these matrices generate SL,(R), so
they tells us the action of all of SL,(R). However, it’s easier to just go to the Lie algebra.

6.5. Action of the Lie algebra. When a Lie group G acts on a Hilbert space H, we get

a Lie algebra action of Lie(G) on the (dense) subspace of smooth vectors H*° c H, by
the rule: for X € Lie(G),

d
X-v= Ebzo(@ux “v)
Let’s determine the action of Lie(SL,) on L2(R). The Lie algebra is generated by

=0 )
= %)
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The action of e is essentially the action of f on the Fourier side. So the conclusion is
that

Actually what we've been doing is not quite well-defined, because we only had a rep-
resentation of SL,(R) up to scalars. However, we know that there is a way to promote
this to an honest representation of Lie(SL,), because there is an honest representation
of §I:2(R) which has the same Lie algebra.

To pin down the representation on the nose, we just need to check that the cor-
rect commutation relations are satisfied. In fact it will turn out that we were fortunate
enough to get the scalars right in the first place.

Recall that we constructed the representation SL, by lifting the commutator relations
[h,e]=2e, [h,f]=—-2f, and [e, f] = h. To confirm that our formulas are correct, we
just need to verify that these relations hold. For instance,

1
e, lo(t) == ((*f) = £ f)=—1/42f +2¢ ')
while
1
hp(t)==3(p+1¢").
We can now check that p descends from SL, to the double cover. We have the defin-
ing extension
0— Z— SLy(R) — SLy(R) — 0. (6.5.1)

We have the subgroup SO,(R) c SL, R, and if we pull this back along then we get
(in suitable coordinates):

0—Z—R—S0,R—0.
So we know that f = 27 generates the kernel of SL, — SL,. Let Z be the action of @ = 27r.
We know that it acts as a scalar in L?(R) since it projects to the identity in SL,(R). Let’s

compute this scalar.
We have

Lie(SO,(R)) = R(_Ol (1))

which acts by
i
p——5(DPp—1%p)

The function ¢(t)=e™* */2 is an eigenfunction (with eigenvalue 1) of the operator, by
the calculation:

D2p(t)=(—te "2y =(t>—1)e /2.
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So the conclusion is that
0 1 .
(5 o)etn=ir2 g0

Then

exp (_09 2) p(t)=e"%¢(1).

(Similar conclusion the other eigenvectors.) So the element

0 2rm
Z =exp (—Zn 0 )
acts as multiplication by —1.
Now let’s try to understand Lie(Heis) as a representation of Lie(SL,).

0 x =z
Lie(Heis) = 0 y
0
is generated by
010
U=|0 0 0
000
0 00O
V=0 0 1
00O
0 01
W=(0 0 0
0 00

with the commutation relation [U, V] = W. Because U generates translation and V
generates multiplication by e?*Y. So in terms of the action on L?(R), we have:

i
Zy?
fes
i
e ——=U?
2
and (writing the & more symmetrically)
heo UV +VU)
Remark 6.5.1. More generally, we can identify
Lie(Spy) < Sym?(V)

Indeed, Lie(Spy,/) consists of A € End(V) that infinitesimally preserve the symplectic
formon V:

(Ax,y)+(x,Ay)=0.
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From A we can make a quadratic form on V: (Ax, x). Using the symplectic form, we
can identify this with an element of Sym?(V').

6.6. Action of a general element. The formulas
S 1
(o )ret— et
1 .
p(e 1):<P(l‘)~>e PR g(n)

p(Ly e

specify the action of all of SL,(R), since the special matrices

<(S ) (1 ) (_ 1)>
s e 1)\ 1 00
generate all of SL,(R).

Nonetheless, it will be useful to explain the what the action of a general element of
SL,(R) looks like. Consider the map

L*(R)— L*(R)
given by

f(x)Hff(x)eiQ("’Y)dx

where Q(x, y) is a (real-value) quadratic form on R?. Strictly speaking, one might com-
plain that the right side doesn’t clearly lie in L?(R), but the following discussion will
make it clear what we mean by this.

If

Q(x,y):ax2+bxy+cy2
(assume b #0) then
f Hf(x)ei(ax2+bxy+cy2)dx

is the composite of three operations:

f(x)— el f(x) HJ h(x)e'?™Y — ei¥ g(y).
N—_——

h(x) D —
g(y)

In fact we can even think of factoring up the middle step into Fourier transform fol-
lowed by rescaling by b. Each of the steps is the action of some special matrix in SL,(R).
In other words, the map

f HJ e QY F(x)dx

gives (up to scalar) the action of

b 30 DG s V)
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which matrix product is

— 2a 1
go:=—b 1(4a6_b2 ZC)GSLZ(R).

The map Q — g, is birational, with image

(I * 7: 0) € SL,(R).

So for any quadratic form Q on R* with b # 0, we get g, € SL,(R) such that

8o f= (Scalar)f f(x)e Q) gy,

Where does the relation Q < g, come from? We'll try to give a high-level overview.
Given manifolds X, Y of the same dimension, and a smooth (R-valued) function K(x, y)
on X x Y (which we'll specialize to X =R, Y =R, and K = Q), its derivative d K(x, y) €
T} x T;‘ gives a graph I'(d K)c T*X x T*Y. In our case,

[(dQ)c R® x R?
and it turns out that I'(d Q) =I'(gq). In the general case, this suggests that the map
C(X)— C(Y)

f— f (x)dx

should be related to the graph of a symplectomorphlsm T*X — T*Y. This is the start
of the theory of Fourier integral operators.

6.7. How to work explicitly with SL,(R). We want to explain how to compute explicit
cocycles describing the extension

0— Z— SL,(R) — SL,(R) — 0

Given a topological group G acting on a connected topological space X, make an
extension of G. Let X be a the universal cover of X and let

G = {lifts of some geGto X}.
i.e. forany g € G, g is some map X : — X making the following diagram commute:
e
L,
X — X
By the theory of covering spaces, such a lift exists but is not unique. There is a map
G — G, whose kernel is the ambiguity of the lift, which is a torsor for 7;(X).

0—m(X)—G— G —0.
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Apply this to SL,(R) acting on X = R?>—{0}/R.,, which you can think of as the space
of oriented lines in R?>. We can identify X = S! c R?. Then G is exactly the universal
cover of SL,(R).

Exercise 6.7.1. Check this. [Hint: restrict to SO,(R).]

From here you can get an explicit cocycle for SL,(R). We have X = R, and the map
X — X sends 6 €R to the line at angle 8. Choose some set-theoretic section

X—-X

(e.g. measure the angle on the x-axis in [, )). Fix a basepoint x, € X, say the positive
x-axis. Write ¥ for the lift of x. For each g € G, we get a lift § € G by asking that
&%, =g Xp. This defines a set-theoretic section G — G.

We want to find an explicit formula for

gh= g~h - (something in 717).

How does g act on general X? Assume that 7, is abelian for simplicity. For any path p
in X from x to y, we can lift to a path § in X from X to to some lift of y, which s J +I(p)
where I(p) € m1(X). (In the example of SL,(R) acting on X, I(p) measures the number
of times that p crosses the negative x-axis with suitable multiplicities.)

We'll just state the result and leave it to you to check it:

g§x=gx+I(gp)—I(p)
where p is a path from x, to x in X.
So for g1, g, € G we get
§182%=§1(82%0) = &182x + 1(&1p)—1(p)
where p is a path from x; to g, xy. The cocycle is then
§1& =818 +U(gip)—1(p)).
~————
€7
6.8. The Weil representation in general. Now we'll go to the general setting. We're
going to try to write down an explicit realization of the Weil representation, in a form
that makes it clear why it is only defined on a cover.
Let (V,(,)) be a symplectic vector space, meaning that V a finite-dimensional R-

vector space with a symplectic (i.e. nondegenerating and alternating) form (x, y). We
can form the group

Heisy =V ®R

with multiplication

(v, )V, t)= (v+ vit+t' + <U’2V/)).

As before, Heis | has a unique irreducible representation where (0, t) acts by e’’.

In the previous case V = R? and the representation was realized on L?(R). In general,
if dim V = 2n then the representation can be realized on L?(R"). However, we want to
phrase this more intrinsically.
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Any symplectic vector space (V, (,)) is isomorphic to a direct sum of (R?,std). Said
differently, we can choose bases (e, f1),(€2, f2),-..,(ey, f,) such that

(ej,ej)=0
{(fi, fj)=0
(ei, fi)=06ij.

So X := Span(e;) is an n-dimensional subspace of V where (,) vanishes, and Y :=
Span(f;) has the same property (“Lagrangian”).

In fact we can go backwards from this: suppose we're given V = X ® Y where X, Y
are Lagrangian, then (,) gives a perfect pairing X x Y — R and we can choose dual bases
(e;) for X and (f;) for Y. Given such a splitting, Heisy acts on L?(X) by

(x,0)f(t)=f(t+x)
(v, 0)f(£) = f(2)e' 7).

This determines the action of R C Heisy, and it is the unique representation where

0, 0)f(t)=e'Vf.

We'll try to turn the collection of models into a canonical one, by establishing com-
patible isomorphisms between them. We won'’t quite be able to accomplish this, be-
cause of the need to pass to a spin cover; we’ll only achieve compatibility up to an 8th
root of unity.

The first step is to realize that the model just constructed depends only on Y, al-
though we formulated it in a way that seems to depend on X as well. Recall that for
the Heisenberg over F,,, we constructed the analogous representation by inducing the
character

1 z
1 yl—e
1

2niz/p

am then restricting. (In fact we could have extended the central character arbitrarily to
this subgroup.)

We now want to discuss induction more generally. It requires some care to write
down a good definition for possibly infinite-dimensional representations.
Definition 6.8.1. If H c G are topological groups such that H\G admits a G-invariant
measure,and y: H — S 1is a character, we define the induced representation

Indf; y ={f: G—C| f(hg)=x(h)f(g)}

||f||=f IfIP.
H\G

The action of G is by right translation. Note that since y is valued in S*, | f|? is well-
defined on the quotient space H\G.

Let H < Heis be the subgroup Y ® R. (Note that H is abelian, because (,) vanishes
onY.) Let y(y,v)=e'’ be a character of H. Then

with the norm
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Claim 6.8.2. There is an isomorphism
Indg Ve L%(X) (with prior action)

givenby f — flx.

Proof. You can just check this by hand. We'll do one example: matching up the action
of (y,0). For f € Indg)(,

((7,00£)(£,0)= £((£,0)-(,0)) = f((, (£, ))£,0)) = &'"¥) £(¢,0).

For the upcoming discussion on the Weil representation, a reference is [LV80].
We have constructed an irreducible representation Iy = Indgzi" x for each Lagrangian

Y ¢ V, which are all abstractly isomorphic. We now define isomorphisms
Pyy I(Y) = I(Y"),

It’s not hard to guess what such a map should look like. It should send f to some func-
tion invariant with respect to Y”, and the most straightforward to arrange this is to in-
tegrate over Y”:

oyy(f):g Hf fy'gay’

Y’ey’

We should specify the measure, but at the end it will be uniquely specified by the con-
dition that it preserves the norm. So we will be quite careless throughout about these
constant factors.

Actually this formula only works if Y N Y’ is transverse. In general, you replace Y’ by
Y'/(YNY').

Remark 6.8.3. The definition suggests that ¢ yy, doesn’t vary in a nice way, since the
definition changes depending on the the nature of the intersection.

We want to compare

PyryroQPyy and Pyry-
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Choose a third Lagrangian subspace X, with XNY =0and XN Y’'=0.

Then we want to understand

1(v) 2% 1(v")
L3(X) —— L¥(X)

It turns out that ? is convolution with a Gaussian. The important aspect is the phase
which appears in the Gaussian.
By transversality, we can write Y’ as the graph of some map

A X—-Y.
In other words,
Y ={x+Ax: x€X}. (6.8.1)

(There is a constraint on A coming from the fact that Y’ is Lagrangian, which we'll flesh
out later.) Let f € I(Y); we want to evaluate

eyy f((£,0))
for t € X. By definition, and using (6.8.1), we have

SOYYff((tyO)):f

f((y',0)-(¢,0)dy’ =f f((x+Ax,0)-(¢,0))d x.

y'ey’ xeX

Since f is invariant under Y, we want to pull everything involving Y to the left. Now
(x+Ax,0)-(£,0)=(Ax,{Ax,x)/2)(x +£,0)

SO
F((x+Ax,0)-(£,0))= e A2 £(x 4+ ¢,0).
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Therefore

wwf(t,m:f e/ AN f(x+1)dx
X

which is the convolution of f with the Gaussian e?(*4%)/2, Then

FT(conv. of f with e!*4%)/2) = FT(f)-FT(e!*4%)/2),

The Fourier transform of e’(*4¥)/2 is another Gaussian. What are its parameters? On

R" if A is a nondegenerate symmetric n x n matrix,

FT(eixTAx/Z)= 7,(14) e—ixTAflx/Z
~—

phase
The Gaussian doesn’t actually matter for us; the only important thing is the phase
¥(A) = ein/4sign(4)
where
sign(A) = #positive eigenvalues — #negative eigenvalues.

This shows that the map in question is quite simple in the Fourier-transformed pic-
ture. Let g(A) = e~ix"A7'x/2 he the Gaussian associated with A. Then we have the com-
mutative diagram

1y) —2— 1y

v

LZ(X) convolution, LZ(X)

FT FT

v ~

12(x) _TWEA L ok

This is enough to see that the maps are compatible up to 8th root of unity. Indeed,
suppose we choose another (transverse) Lagrangian Y”:
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Pyy”

FT FT FT
2 2 2
r(A")g(A")

If the Gaussians are g7, 8> then the composite Gaussian must be g;g, = g3. Indeed,
the difference between these sides commutes with the action of the Heisenberg group,
hence must be a scalar. So only the phases can differ:

Pyyr =@y yrQPyy’- (Bth root of 1)

6.9. The Maslov index. Let V be as before, and X;,X,, X3 € V be Lagrangian sub-
spaces. The Maslov index is an integer 7(X;, X,, X3) € Z which is invariant by the sym-
plectic group. Before we give the general definition, let’s say what it is in 2 dimensions.

Example 6.9.1. Suppose you have three pairwise-transverse lines X;, X,, X3 € V. You
need to attach an integer to the position. One way is to get the cyclic orientation of the
three lines. It should be 1 in one case and —1 in another.

Now we give the general definition.
Definition 6.9.2 (Kashiwara). Consider the quadratic form on X; ® X, @ X3 given by

(X1, X2, X3) = (X1, Xp) + (X2, X3) + (X3, X1)
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Then define the Maslov index 7(X;, X,, X3) to be the signature of this form.

You can also do this algebraically. This is a quadratic form over a general field, and
gives you an invariant in the Witt group.
Example 6.9.3. Let’s see what form this takes in the tranverse case. Suppose X; are
pairwise transverse. We can write X, are the graph of a map A: X; — X5. Then

T(Xl,Xz, Xg) = Sigl’l((x,Ax)).

Properties of the Maslov index:

(1) Itis antisymmetric under Ss,
(2) If X3, X,, X3, X, are four subspaces,

T(Xa, X3, X4)— 7(X41, X3, Xy) + 7(X3, Xp, X4) — 7(X1, X5, X3) = 0.
Exercise 6.9.4. Check these.
The phases for Iyy/, Iy/y» and Iy y~» are

ei%T(X,Y/,Y),ei%T(X,Y//,Y/) and ei%T(X,Y”,Y).
Therefore
— o FTY,Y Y
SOY/Y”SOYY’ =e 4 (pYY//.

Remark 6.9.5. Strictly speaking we have only justified this when Y, Y’, Y” are trans-
verse, but it is true in general.

Now we study the action of the symplectic group. Fix a Lagrangian Y. For any g €

Sp(V), we have a map
g

Iy, = Igy,
given by
f=fg ).
We can use ¢ to go backwards, obtaining
g %

Iy, = Igy, — Iy;.
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Call this composition [g]: it is a unitary operator on Iy,. Now we try to compute the
relation of [g,](g,] and [g; &]:

818%

Pe182Y0, Y

Itis easy to see that the middle square commutes, as does the left triangle. So the failure
to commute is expressed by the righmost triangle, i.e.

[18ole™ FrEEHE 10— (g, g,

From a slightly different perspective, this describes an action of an 8-fold cover of Sp(V)
on Iy,. Explicitly, this 8-fold cover is

{(8,0)€Sp(V) x ug}
with the action being [g]{, and the multiplication law being

(81, 21)(82 {2) = (8182, {1 p e 7 TE18210:81 0. o)),

In fact G has 4 components, and the identity component is a double cover of Sp(V).
The point is that the cocycle is actually valued in £1. We'll skip this computation for
reasons of time, and leave you to look up the proof in [LV80].

Remark 6.9.6. The rule g,8, — 7(g18> Yok, 81 Y, ¥) is a cocycle
SpxSp —Z.
The connected component of the associated central extension is the universal cover of

Sp(V).
For the connection between this presentation and Maslov’s, see [ES76].

7. NILPOTENT GROUPS

7.1. Statement of Kirillov’s Theorem. Let G be a connected, simply-connected Lie
group with nilpotent Lie algebra. The prototypical example is

1 *x % %
1 *x %

*
1

Let’s review what these terms mean. That g := Lie(G) be nilpotent means that the se-
quence

g2(g,0]2(g (g 0ll>...
is eventually 0.
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For such a G, the exponential map exp: g — G is a diffeomorphism. Therefore we
can think of the group structure as being on g, where it is given by the Campbell-Baker-
Hausdorff formula:

exp(X)exp(Y)=exp(X+Y + %[X, Yi+..)

Since g is nilpotent, the multiplication law on the Lie algebra is actually just a polyno-
mial. This means that G is the R-points of a unipotent algebraic group. In particular,
this implies that G is a closed subgroup of a standard upper-triangular unipotent group

1 % *x %

Theorem 7.1.1 (Kirillov). The irreducible unitary representations of G are in bijection
with G -orbits on g*, and the correspondence is characterized by the Kirillov character
formula.

Remark 7.1.2. As with the Heisenberg group, most of these representations are co-
dimensional.

Let’s remind you what the correspondence is. An orbit & C g* corresponds to a rep-
resentation 7, satisfying: for X € g,

ﬁ(eX)Trﬂ(eX) = FT(volume measure on orbit & c g*). (7.1.1)

We explicate some aspects of this formula.

e Here j is the Jacobian of the exponential map exp: g — G. (The Jacobian is de-
fined by taking a volume form on g, transporting it to G by the diffeomorphism,
and propagating it by invariance.)

e There’s a symplectic form on ¢ defined as follows: for X, Y € 0,

(X, Y)=2A(X,Y])

where X, Y are the derivatives of g — g at X, Y. The volume measure on @ is

then
w\4
(35)
where 2d =dim 0.

Remark 7.1.3. The Jacobian simplifies to j =1 in the nilpotent case.
The equality is in the sense of distributions. Concretely, it means that for f €

C>°(9),
Tr(f f(X)n(eX)dX)= f FT(f).
X o

FI(f)(A) = f fX)e' X ax.

The well-definedness (i.e. convergence) of either side is not obvious.

Here
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7.2. Outline of a proof. As for Heisy, we consider restriction to a subgroup. Thanks to
the nilpotence of g, the commutator subgroup is proper:

g2[g,9]

so there exists a Lie algebra homomorphism g — R. Let g; be the kernel; exponentiating
it gives a subgroup G; = exp(g;). If you choose X € g—g;, then
G =G; xexp(R- X).
——
=(R,+)
By induction, we can assume that we know the result for G;. The main point is that you
have a map g* LaN a7
The idea is to take a representation 7 of G, restrict it to G;, and then decompose it
into irreducibles by using the theory of disintegration. It turns out that the possibilities
for this decomposition are limited: either the restriction remains irreducible or it splits
up into a single orbit of an irreducible o of G; under the action of R. By the result for
G,, we match o with an orbit 0 ¢ g}. Then we show that the union of the conjugates of
pr‘l(ﬁ) by exp(R- X;) is a single G-orbit on g*, and is matched with 7.
I wrote down the argument, but the technical details are quite tricky. We won’t go
through it.

7.3. Construction of the representation. We now want to explain an explicit way to
construct 7, from 0 via induction. Fix A € 0. The G-action on A satisfies (by defini-
tion)

gAgX)=A(X).
Differentiating this equation, we find that for Y € g,

YAX)+A(Y,X])=0.

i.e.
YAX)=—A(Y, X]). (7.3.1)
This tells us that if X, Y belong to the stabilizer g, of A € g, then
AMX,Y])=0

i.e. A([g,92])=0. In other words, A defines a Lie algebra homomorphism
ar— R.

For these simply-connected groups we can easily pass between the group and Lie alge-
bra by exponentiation, so we get a corresponding Lie group homomorphism

el*: G, — st
In other words, we've used the orbit to build a character of its stabilizer. Now you might
like to induce it to a representation of G. However, that’s not the right thing to do at this
point. As a general philosophy, you need to extend the character as much as possible

before you inducing it. For example, in the Heisenberg case g, is the center, and we
saw that we should first extend it to a 2-dimensional subalgebra.
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Note that implies that the pairing
X, Y—A([X,Y])

descends to a pairing

g/g,xg/9,—R

which is alternating and non-degenerate. (According to (7.3.), if it vanishes for all X
then by definition YA =0.)

Under the identification g/g; = T, 0, this form A([ X, Y]) corresponds to the canoni-
cal symplectic structure of Fact[2.3.1]

We would like a sub-algebra q O g, aslarge as possible so that A: ¢ — R isaLie algeba
homomorphism, meaning that A([q,q]) = 0. In other words, q should have isotropic
image in g/g;. The largest we can hope for is half the dimension.

Definition 7.3.1. A polarization is a (Lie) subalgebra g; C q C g such that q/g, is La-
grangian (maximal isotropic) for the form

X, Y —A[X, Y]
Fact 7.3.2 (Kirillov). Polarizations exist.
Of course thereisno problem in finding Lagrangian subspaces; the issue is to arrange

them to be subalgebras.
If q is a polarization, and Q = exp(q), and let

2:Q—S!

be given by
z(e?)=e'.

Then Indg x isirreducible, and gives 7.
Remark 7.3.3. The polarizing subalgebras are not conjugate, yet somehow the repre-
sentations are isomorphic. In the Heisenberg group, any two-dimensional subalgebra
containing the center is a polarization.

We'll compute the character to verify that it is right. A polarization gives a picture of
what the orbit looks like.

Exercise 7.3.4. Let H < G be Lie groups. If y is a character of H, then the character of
= IndIG{ X is

0(x)= x(g'xg)dg.
geG/H

This is to be interpreted in the sense of distributions: it means that for f € C>°(G),

Trn(f)zf f x(x)f(gxg dxdg
geG/H J xeH

You can think of this as taking y on H and forcing it to be conjugacy-invariant on G. To
prove this, you write down an integral kernel for 7(f). In other words, there is a finite-
group proof involving summing over diagonal entries of a matrix, and here you do the
same for an integral kernel.



GEOMETRIC QUANTIZATION AND REPRESENTATION THEORY 59

We apply this discussion to Indg x for g apolarization. We want to work out the trace

of the operator
n(f)= J JX

By Exercise[7.3.4} applied with H = exp(q) and in Lie algebra coordinates, says that the

trace is
Trr(f f f flgyg Hdydg.
geG/Q JYeq

For g =1, the contributing term is

f e f(v)d
Yeq

The Plancherel formula tells us that

L f=(%)dLLFT(f)

so, shifting this a little, we find that

d
PO p(y)dy = f FI(f)
JYGCI ’ f . (Zﬂ) ql+2 /

where g = {u € g*: ulq = 0} (note that dim q+dimq* = dimg) and 2d = dim ¢ = dimg—
dimg;,, so d =dimg—dimg.
Therefore,

Trr(f) = f f e™f(gygdydg
8€G/Q JYeq

= J J FT(f)
geG/Q Jg(A+ql)g—!

= f FI(f)du
where u is the measure on g* obtained by pushing forward

G/Qx(A+qh)—g*

Exercise 7.3.5. Show that A+q* is the Q-orbit of A. Then show that G/Q x(A+q') maps
bijectively to the orbit @, i.e. the union of the G-conjugates of A +q* is GA = ¢ and

g(A+qhg =i +ah)g, ! <= 51Q=50Q.
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This presents a picture of & as fibered overG /Q, with each fiber an affine space which
is the corresponding translate of A + .

qg)

G,

This picture interacts well with the symplectic form. It is a Lagrangian fibration, mean-
ing that each fiber is Lagrangian (at every point of every fiber, the tangent space is a
Lagrangian).

Note that

G
ng=Indg y.

Ignoring the character, this looks like the space of functions on G/Q, i.e. functions de-

fined on the space of fibers, i.e. “functions on & constant along fibers”. This is a useful

picture to have. For example, it explains why for the Heisenberg group the induced

representation has a model as functions on R?.

7.4. Alook ahead. The next goal is to prove the Kirillov character formula for compact
groups. We don’t want to assume much familiarity with the general formalism of roots
and weights, so we'll focus on the unitary group U(N).

We first need some of the machinery of symplectic manifolds, including the Duistermaat-
Heckman localization formula. To explain why we need some a formula, recall that in
the Kirillov character formula one side is an integral of a Fourier transform. For nilpo-
tent groups, the coadjoint orbit looks very linear. (In the Heisenberg case it was liter-
ally linear; in the general case it is foliated by linear spaces.) So the Fourier space is
just a function on the dual space.In the compact case we have no linearity, so we need
to identify the Fourier transform somehow. The Duistermaat-Heckman formula deals
with this.

In summary, the unitary case looks very different from the nilpotent one. Afterwards,
we'll turn to SL,(R), which exhibits some features of both.
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8. BACKGROUND ON SYMPLECTIC GEOMETRY

8.1. Symplectic manifolds. A symplectic manifold (M, w) is a manifold M equipped
with a closed, non-degenerate 2-form w € /\2 Tr.

Example 8.1.1. R?" with coordinates (x1,..., X,, J1,-.., J»); the form is Z?Zl dx; Ndy;.
Darboux’s theorem says that any (M, w) locally looks like this.

The following is the most important example for the course.

Example 8.1.2. For any manifold NV, the cotangent bundle 7*N has a canonical sym-
plectic structure. Note that T*N carries a canonical 1-form 1), specified by for a point
(n €N, v € T})the value on a tangent vector Y € T, ,) T*N is

where Y is the projection of Y to T*N.

7 N

Then on T*N we take the symplectic form w = dn.

Let 0 be the G -orbit of A C g* with the form previously defined. We still need to show
that w is closed. For each X € g, we get a vector field X* on ¢ given by

d
Xy = Elt:O(etX -A)

We call this vector field X*. The symplectic form w is defined by: at A
o(X* Y =A([X, Y)).

To show that d w = 0, we want to verify that

?

do(X*,Y*,Z")=0
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(since the map X — X5 defines a surjection g — T, 0). The formula for the derivative of
a form gives

Ado(X* Y5 Z) =X "w(Y*, Z*) = Y (X", Z*)+ Z* w(X*, YY)

Here [ X*, Y*] is the bracket of vector fields on ¢. We can also form [ X, Y]*. These are
obviously going to be related, but in fact they are off by a sign:

(X% Y*]=—X,Y]".
Let’s digest the formula. By the definition of w, the first line is
XAMY, Z)+...=AX,[Y, Z]]+[Y,[Z, X]|+[Z,[X, Y]])=0
by the Jacobi identity. The second line is
MIX,YLZD+...

which again vanishes by the Jacobi identity.
8.2. Hamiltonian flow. We have just seen that G acts on the orbit ¢, preserving the
symplectic form.

More generally, suppose g; is a 1-parameter group of diffeomorphisms of some sym-
plectic manifold (M, w) preserving w: g;w = w. Associated to g;, one get a vector field
X given by

d
i lr=0(g:m).

What property of X corresponds to w being fixed?
When we have a vector field, we have a Lie derivative £y on differential forms, given
by flowing the differential form through the vector field:

d *
Lxv= Eh‘:o(gt) V.

In particular, since the symplectic form w is invertible we have £y w =0.

Remark 8.2.1. Don’t confuse the Lie derivative with the differential. If v is a k-form,
then %y vis a k-form.

An identity of Cartan says that
Lxv=d(Xav)+Xidv.
Here the interior product is defined by: if Q is a k-form, then X .0 is the (k —1)-form
XY, G ) =UAX, Y, ..., Yiy).

The interior product is sort of like an adjoint to wedging.

Returning to the situation with w a symplectic form, by Cartan’s formula
Yxw=d(Xiw)+Xidw

but d w = 0 because w is already closed, so the condition that the flow of X preserves
w is that X .w is closed.



GEOMETRIC QUANTIZATION AND REPRESENTATION THEORY 63

Now assume that H'(M, C) = 0. Then closed 1-forms are automatically exact, so
Xiww=dH 8.2.1)
for some function H: M — R. Concretely, this means (evaluating (8.2.1) at Y)
w(X,Y)=dH(Y). (8.2.2)

Said differently, X assigns to every m € M an element of T,,,. On the other hand, d H
assigns to every m € M an element of T*. The symplectic form w can be thought of
as an identification T, = T forevery m, and the condition is that the elements agree
under this identification.

To summarize, under the assumption H'(M,R) = 0, if X preserves w then X must
arise from H: M — Ras X «— dH under w. In this case we say that X is the “Hamil-
tonian flow” associated to H.

Example 8.2.2. Consider (R?,d x Ad y)with H = x?+ y?. This corresponds to a vector
field Xy, which we will shortly determine. Note d H =2xdx +2yd y. The vector field
Xy is characterized by

dH(Y)=w(Xy,Y).
If Y = Jx, then this says
2Y = (,L)(XH, ay)
Thus Xy =2y0,+?0,. Repeating this for the other direction, we find that
Xu=(2y)ox —(ZX)ay.

Observe that H is constant along the orbits of the flow. This is not a coincidence! It is
true in general that H is constant along the flow Xj.

8.3. Poisson brackets and quantization. Let (M, w) be a symplectic manifold. For
/g € C*°(M), we can make the flows X, X, . The rate of change of g along the X ¢-flow
is, by definition, d g(X ), which is by definition of X, (8.2.2) is the same as w(Xg, Xf) =
—C()(Xf , Xg )

Definition 8.3.1. For f, g € C°°(M), we define the Poisson bracket
{f 8} =w(Xp, Xy).
Example 8.3.2. On (R?",> d x; A d y;) the Poisson bracket is

Y e
So
{xi,x;}=0
{yi,y;}=0
{xi,y;}=0;
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Quantum mechanics suggests that many naturally-occurring symplectic manifolds
(M, w) should have a quantization, which should be a Hilbert space 7. The example to
keep in mind is that for (M, w) = (R?,d x Ad y) the Hilbert space is H = L?(R). In general,
dim 7 is the symplectic volume (which could be infinite), and a function a € C*°(M)
picks out an operator Op(a) on 2 with

TrOp(a) =J advol,

and
[Op(a),Op(b)]=iOp({a, b}).
We've already seen examples of this. The theme of the course is to quantize the orbits
0 of G on g*. The story of the Weil representation showed the limits of this quantiza-
tion: there is a topological obstruction to making it SL,(R)-equivariant.

Remark 8.3.3. The Poisson bracket {,} is a Lie bracket on C°°(M). We would like to
view Lie brackets as coming from Lie groups. In fact, the association

f—Xr
defines a map
C°°(M)— Lie(Symplectomorphisms(M, w))
(whose kernel consists of the constant functions) and we've seen that if H(M,R) =0
then everything comes from this construction. This map is a Lie algebra anti-homomorphism:
(X, Xgl=—Xi1g)-

Now we want to understand the Poisson structure on coadjoint orbit & c g*. Here we
have a very nice class of functions: every Y € g gives a function fy € C°°(0), defined by
fr(A)=A(Y). So we can ask: What is the flow of fy, and what are the Poisson brackets?
[ think the answer is that Xy, = Y*, and

Uy 2} = fivz.

The symplectic structure on ¢ was set up to make this true.

8.4. Summary. We've seen that to a symplectic manifold (M, w) and H € C°°(M) we
can attach a flow (vector field) Xy preserving w, which is characterized by dH € T*
corresponds via w to Xy € T
dH(Y)=w(Xy,)-
In particular, on ¢ one has functions fy for each Y € g, such that

(1) the flow of fy is the vector field corresponding to Y, and
@) {fv,fz}=fiv,2)

(3) the map Y — fy is G-equivariant.
A G-action on a symplectic manifold is Hamiltonian if there exists such a system: a
linear map
g3Y — fy e C®(M)
satisfying (1)-(3).



GEOMETRIC QUANTIZATION AND REPRESENTATION THEORY 65

Example 8.4.1. We explain a simple example, but one which will be important later.

The complex projective space CP" = C**! —{0}/C* has a unique symplectic form in-

variant by U(n + 1). This is called the Fubini-Study metric. It looks a little messy when

expressed in terms of the usual coordinates, so we’ll explain a cleaner point of view.
Let zy,..., 2z, be the coordinates on C"*!. Start with the form

n

D ildz AdZy).

k=0
The i looks a little funny, but in coordinates z; = x; + i y; it becomes
idxp+idy)Ndx—idy)=2dx ANdy;
which is essentially the usual volume. This is not invariant by C*, but it is invariant
under the unitary part:
(2g,.--r24)— (€'%zp,...,e"%Z,).

We can think of CP" = §2"*1/S! where S = {(z;) | Y|2¢[* = 1} ¢ C"*"1. Obviously
w|s2nn1 is not symplectic, since it’s on an odd-dimensional manifold, but it turns out
that the degenerate direction is the S}, i.e. w|gz2n+1 is the pullback of a symplectic form
w on CP".

We'll now write out a formula for this form in coodinates. The usual affine coordi-
nates are not well-adapted to this form, so we’ll introduce some slightly different coor-
dinates.

Let Hy = |z;|?, viewed as a function on $?**! invariant by S. Let 0, = arg(z;.), which
is a function on S?"*1, not invariant by rotation of course. Think about polar coordi-
nates in the plane:

2dxdy=2rdrd6 =d(r*)de.
So we have (on §2"**1)
Zdzk/\dzk =Zde/\d0k. (8.4.1)
We want to descend this down to CP". Since Hy +...+ H,, =1 on S?"*1, we have
dHy=—dH,—dHy—...—dH,

which we can use to rewrite as
n
D dzndZp =Y dHAd(0;—6).
k=1

Now 8. — 6, is invariant by rotation, so it descends to a function 0, =6, — 0, on CP".
They give local coordinates where the z; # 0. This implies that

wcpn ZZde /\dﬁk.
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Let’s have an example of using this form. Suppose we want to compute the volume
of CP":

fwglpn=m!fdHl/\.../\dH,,/\dﬁl/\.../\dﬁn

= n!(2n)”f dH,A...\NdH,,.
The functions H; map CP” to a simplex.

H T (v ) €REHT S 2y =1)

where we normalize H; = lezll - The way we've set thlngs up, the volume form on the

simplexis d x; A...Ad x,, so the n-simplex has volume - -1- So the volume of CP" is (27)".
The flow associated to Hy. is 8; — 0 + t. In other words, in these coordinates the
vector field Xy, is dp, .

2
In summary, on CP”, the flow associated to H; = Z|Z|lz|-|2 rotates zj:

(Z0y-r25) = (20 +» Zke1r €' Zkr Zhos1r - Zn)

which is even true for k =0.

9. DUISTERMAAT-HECKMAN LOCALIZATION

This is a theorem about symplectic manifolds, but the original motivation was from
representation theory. It will be used in the proof of Kirillov’s theorem for compact
groups.

9.1. Stationary phase. Suppose M is a manifold, f € C>°(M) (which is just a technical
device to regularize integrals), and ¢ € C°°(M). Consider the integral

I(A) :=J f(x)e* g x
M

The point of stationary phase is to study the behavior of this integral as A — oco.

Lemma 9.1.1. Ifdy # 0 on supp(f), then I(A) decays faster than any power of A as
A — 00.

Proof. Choose a vector field X on M such that X¢ =1 on supp(f). Now
X(e*)=(ir)e?v.

Iterating this a thousand times (say), we find that

(i)' 1(2) = J FX10e )i x = :I:J XW00f. e dx <.
m
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Principle of stationary phase. By this argument, the asymptotic behavior of I(4) is
controlled by critical points of ¢.

Suppose that the critical points of ¢ are P, ..., P,,. We assume that they are all non-
degenerate, i.e. that the Hessian of ¢ at the P; is non-degenerate. Then near the critical
points the function looks like a Gaussian:

f ei(%xTHx)dxz(Zn)n/Ze%sign(H)
R~

v |detH|

So in this situation

(271')"/29 iT“sign(Hesspl.(ga))

I(A)~ P)eit¢(B) 9.1.1)
) ;f( 2 An/2,/|detHessp ()|

where the Hessian is taken with respect to a system of coordinates (x;, ..., x,,) such that
dx=dx,...dx,. The meaning of ~ in (9.3.1) is that

ILHS-RHS of (@:3.1)| = O(A~"/>71).
Example 9.1.2. If M = S? c R%, with f =1 and p(x, y,z) = z. We want to compute

ezAz.
S2

The critical points occur at the north and south poles. Since

1
z:\/l—xZ—y2~1—§(x2+y2)

—1
Plugging this into (9.3.1) gives

iA —iA
iAz e’ e
~oml S 9.1.2
LZ ¢ ”( ix A ) ©.12)

the Hessian is

SO

But in fact this is even an equality, as we saw way back in Lemma|1.3.3

9.2. TheDuistermaat-Heckman formula. Duistermaat-Heckman understood the gen-
eral context for this phenomenon.

Theorem 9.2.1 (Duistermaat, Heckman). Let(M, w) be a compact symplectic manifold
of dimension2d. Let H € C°°(M), with isolated and non-degenerate critical points, and

consider
f el)\H wd.
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Assume that the flow Xy generates an action of S', i.e. all orbits of the flow return to
themselves after exactly the same length of time. (In other words, all orbits are periodic
with the same length.) Then the stationary phase asymptotic (9.3.1) is exact:

27)d itH(P;)

e eifsign(Hesspi (H))_
rd — /[Hessp (H)|

Remark 9.2.2. In general it is not even clear that the stationary phase asymptotic ex-
tends to all A. For instance, (9.1.2) has an issue at 0 a priori.

f e w1 = (stationary phase asymptotic) = (

Remark 9.2.3. This theorem will be applied to compute one side in the Kirillov char-
acter formula for compact groups.

Example 9.2.4. We claim that in Example|9.1.2} the flow attached to ¢ is the vector field
R corresponding to z-axis rotation. We must check that

do(Y)=w(R,Y).

It suffices to check this as Y runs over a basis. If Y = R, then both sides are 0 because
the z-coordinate is unchanging under rotation along the z-axis. It remains to check
the claim for another Y. We choose Y to generate the longitudinal flow. Then w(R, Y)
is the area of the patch.

Az

This areais d@ - Az so w(R, Y)=dz(Y). The content of the equality is the same as that
the pushforward of the area measure on S? to d z is uniform.

Example 9.2.5. Take S! acting on CP” by

imOG lm19 )

9‘(Z0,Z1,...,Cn):(e 20, € Zlyee-

with mgy, my,...,€ Z all non-zero and distinct (this latter condition corresponds to the
fixed points being non-degenerate). Consider the flow corresponding to H =Y m; H;,



GEOMETRIC QUANTIZATION AND REPRESENTATION THEORY 69

with H; as in Example The Duistermaat-Heckman localization theorem com-

putes
J e iA\H wn
Ccp"

as the sum of (n + 1) terms. Naively one can write

f eMHw":(Zﬂ)”f ei)\szxidxl...dxn
CP” in:l

and the n-fold iterated integral has 2" terms (two endpoints for each integral), so the
Duistermaat-Heckman localization gives a significant amount of collapsing. In Exam-
ple we saw that under the map

CP" — {(xg, ..., x,) €RIFL: in =1}
(21 (202l
D lzif?
the volume form pushes forward as
w" - (2n) nldx,d x,,.

So we have

fe”Hw”:(Zn)”n!J e XM g AL Adx,. 9.2.1)
le-:l
You can compute this explicitly. For n = 2, it comes out to

(27.[)2 .21 eitmo J eit(ml—mo)x1+it(m2—mo)x2 dx,dx,.

X1,X2,05x1+x,<1
Evaluating the integral produces four terms, which collapse as

eitmo

+symmetric terms |.

291
2 2’[(it(mo—ml))(ir(mo—mz))
(Note that it looks singular at ¢t = 0. In fact, when ¢ — 0, this approaches a limit which
is the area of the simplex.)

Let’s compare this to the stationary phase asymptotic. What are the critical points?
They are the points Q € CP” such that d H(Q) =0, but d H is identified under the sym-
plectic form with X, so this is equivalent to Xz (Q) =0, i.e. Q is fixed by the S!-flow.
(As mentioned above, the m; should be distinct to get non-degenerate critical points.)

So the critical points are P; = (0,0,. ..,\1/, 0,...,0) with 0 < i < n. Now we have to

i
compute the Hessian at these points. Put the following local coordinates near P

(ZgyeeerZk1r. 1 Zka1reeerZn)-
k
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Then

2
Zﬁékmjlzjl + my )
H(zy,...,Zk—1,. 1, Zpq1r..r2p)= =1+Z(m-—mk)lz-| +...
’ ) ’ ) ) ’ . . 2 ] ]
k' z]#klzjl +1 7k
Since each complex coordinate gives two real coordinates, one has in terms of the sym-
plectic basis

detHessp (H)= I_I(mj — mk)2
J
(because the symplectic volume form is 2" times the usual one). You can check that
this agrees with (9.2.1).

9.3. Sketch of Duistermaat-Heckman’s proof. We now discuss what goes into the proof
of Theorem[9.2.11 We want to show that
ita;
itH, . n _ : i = ._e l
f e'"" w" = stationary phase expansion = Z ¢ a (9.3.1)
We can push forward the measure w” by the map H: M — R. The result will be »(x)d x
for some function 1(x) (which we can think of as the measure of H~(x, x + d x)) which
is compactly supported. In these terms, the left side of (9.3.1) can be rewritten as

fd%”:f e " y(x)dx =FT(v)(1). 9.3.2)

In the example of CP", we push forward the simplex A” to R by the map > m; x;.

) H

For n =2itis clear that v(x) is piecewise-linear; in general for n = d it will be piecewise-
polynomial of degree d — 1.

In fact we claim that the formula (9.3.1) forces this sort of behavior. That is, assuming
the Duistermaat-Heckman localization theorem we will show that »(x) is piecewise-
linear of degree at most d — 1. Multiplying (@.3.1) by ¢4 and using (9.3.2) implies

t4FT(v)= FT(Z ¢ibq,)
SO

d
FT ((E)d V) =FT(sum of 6 measures)
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d . . . - . .
SO (%) v is supported at finitely many points, hence v is piecewise polynomial.
The argument of Duistermaat-Heckman goes in the converse direction: they begin
by showing that v is piecewise-polynomial, and deduce the theorem from there. We'll
outline their argument, and then switch to a different one.

Outline of why v is piecewise-polynomial.

The first step is to relate ¥(x) to a volume. (What we'll say is valid away from the vertices
of the tetrahedron.) For each x € R, H™'(x) is a manifold of dimension 2d — 1. The
restriction w|y-1(y) is obviously not symplectic, but it is pulled back from a form on
M, := H'(x)/S!, which is a 2d —2 dimensional symplectic manifold. First one checks
that

Y(x)=volume(M,, w.
Remark9.3.1. We saw an example of this already (admittedly not in the compact case):

(€™ dz AdZy).

In this case H should be the function

H(z)=> |z

This generates the S!-action of rotating the coordinates (at the same rate). For example,
H™Y(SY) = §2"*! and H|gn+ is the pullback of the Fubini-Study metric on CP”. (The
M, is the symplectic reduction of (M, w).

In this example

M, =H(x)/s*
we can scale all the coordinates to transform M, to M;. But this doesn’t preserve the

symplectic form, i.e. doesn’t take w , to w;. Instead, one finds that w, — x - w;. This is
indicative of the general behavior.
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In the general case, near x = x all the M, are homeomorphic. So we can think of the
cohomological class of the symplectic form w, € H?>(M,,R) & H*(M xp» R) as a varying
class w, in the fixed group H*(M,,,R), with

vol(M,) :J w?
M

0

The key observation of Duistermaat-Heckman was that the function
x—[wc]€ H*(My,R)

is linear. (So the core of the proofis to interpret things in a cohomological way.) So the
derivative is a canonical class in

d
E[wx] € HZ(MxOrR)-

This derivative is normalized by demanding that X} is d/d 8. What canonical coho-
mology class is this? It is a constant multiple of the Chern class of the S!-fibration
H_l(xo) - Mxo-

Once you know that you want to prove this linearity, the proof itself is quite straight-
forward: just express everything in terms of a connection and compute. g

9.4. Proof of Duistermaat-Heckman by deformation to fixed points. This is due to
Deligne-Verligne. For our symplectic manifold (M, w),
QM)= f 'm).
o0<i<2d
The idea is to take a one-parameter deformation from f eitH
at the critical points.
We introduce a deformation of the usual differential  — dn. For X = X};, we define

w" to an integral localized

dxn=dw+Xn.

Note that this is weird: it doesn’t preserve the grading on 2° because d raises the degree
by 1 and the X decreases it by 1.
The operator dy is no longer a differential: we have

dz(m)=dn+Xm)+X(dn+Xn)
=d(Xun)+Xadn
=Zx1).
So we see that the obstruction to d% = 0 is the Lie derivative. This implies that d3 =0
on forms which are fixed by the flow X}, i.e. forms in Q*(M)%.
We want to write down an example of a form which is closed for dy. The symplectic
form w is not closed, since
dxw=dw +X_w.
~—~—
=0
We claim that Xy 1w =d H: indeed, we have
Xgaw(Y)=w(Xy,Y)=dH(Y).
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Therefore, dyH =dH, so
dx(C()—H):O
i.e. w— H is dx-closed.

Exercise 9.4.1. Check that the form w — H is fixed by S'. (This is basically a tautology
once you remember how we defined everything.)

Recall that d is a derivation in the sense that
dwAn)=dwAn+(=1)"wAdn.
The same is true for X 1, hence also for dx. This implies that (w — H)" is also killed by
dx.
Similarly, expressions like

w—H) —H

e( =e e

interpreted as a formal series (which truncates at dim M), are also dx-closed. (Note
thatsince w is in even degree, there are no worries about commutativity vs anti-commutativity.)
Definition 9.4.2. We define the functional

J (M)—C
M

which simply integrates the top-degree component:

dimM
E wj '—’J WdimM -
i=0 M

Remark 9.4.3. Stokes’ Theorem says that f » @n=0if M is closed, and the same is true
for dy, since X 1 can’t produce any terms in top degree. (This will imply that the integral
descends to a functional on cohomology.)

Lemma 9.4.4. Supopsedxya=0andyc(Q")S'. Setp=dxy €' ®02. Then

f ae‘sﬁ:f a foralls<€R.
M M

Remark 9.4.5. We'll apply this with s — co and a non-negative function f, so that the
integrand ae~*# concentrates around the zeros of 3.

Proof. Using that dya =0 and dxy =0, we have
d
%(ae_sﬁ) =aBe P =dy(aye*P).
O

We want to set this up so that 8 vanishes precisely at the critical points of H. To do
this, choose an S!-invariant Riemannian metric g on M. Use g to turn Xy into a 1-form
v, defined by

}’(Y) = g(XH’ Y)
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Then
dxy=dy+ Xgay .
N——"
8(Xu,Xn)

The function g(Xy, Xy) > 0 and vanishes exactly when X = 0, which is equivalent to
H =0. The other piece dy is a 2-form, so it’s nilpotent. Lemma(9.4.4/implies

f a :f ae_Sg(XHvXH)e_SdY
M M

d_(_s)i .

function J=1 2j—form

Near a critical point, this looks like

d .
Z(_i)] J(a'(d‘)/)j)e_SGaUSSian
=)

~s—d

Letting dim M = 2d, the only term that survivesas s — oo is j =d. So

_(—9) —sg(Xu, Xu)( g and
a=—r ae (dr)*. (9.4.1)
M ar Ju

On therightside of (9.4.1), the only term that contributes is @y. On the left side of (9.4.1),
the only term that contributesis a,,. Also, the right side localizes over the critical points
as

(—s)4

Z aO(P)[SILIgOT')J ae—Sg(XH.XH)(d},)d .
: M

P critical point
Probably this implies the result by pure thought, because once we know the result only
depends on the values at the critical points we can probably deduce that it must be the
stationary phase asymptotic.

However, we're actually going to compute the answer. So we want to know the local
structure near the critical points. The first step is to linearize the S!-action. S! fixes any
critical point P (since the S! action is generated by the flow associated to d H), so S!
actson Tp M.

Lemma 9.4.6. A symplectic vector space with a (linear) S* -action is a sum of
(R?,dx Ady,0 €S rotates by n6).
Proof. Justlinear algebra - left as exercise. g

So we can choose coordinates xi,...,x; and y,..., y; centered at P such that the
action of @ on S! is given by a block diagonal matrix with blocks
_[(cosn;0 —sinn;0
n0 =\ sinn;0 cosn;0
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plus quadratic terms. The vector field Xy is then
d
Xg= Z n;(y;i 0y, — x;0y,)+ (higher order terms).
i=1

From the form of w, we see that (by Example[8.2.2)
1 .
H= > Z ni(xi2 + yl.z) + (higher order terms).

We choose an S'-invariant metric g such that d,., 0y, are an orthonormal basis at P.
This tells us that

8( Xy, Xpy)= Z n?(x?+ y?)+ (higher order terms).

Finally, the form y was obtained by dualizing the vector field, so by the form of g we
just replace the J’s with d’s:

Y= Z n;(y;d x; — x;d y;) + (higher order terms).
(No n; vanishes because we assumed that the critical points are non-degenerate.) Then
dy = Z—Zni(d x; Ad y;)+ (higher order terms).

We can ignore the higher order terms in the limit s — oo.
The conclusion is that (after a little manipulation)

d
f a= Z ao(P) sli%‘o(—s)drl(—Zni)f e_szn"z(xi2+yi2)dxidJ/i
M i=1

P critical point M

Hd 2n
i=1 2n;s
d

=3 aPien[

i=1 !

Now apply this to a = e!(=®) which we saw earlier was a closed form. The left hand

side becomes
ettH : — eltH(_”.)d_
fM (Z]: j! M da!
. 1
— (27T)d eltH(P)
Z l_[ n;(P)

p

so the conclusion is then that

e”Hw_dz(M)dZe”H(P)ﬁ i 9.4.2)
dl - rd ne(P)’ -

p k=1
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9.5. Equivariant cohomology. The Duistermaat-Heckman theorem inspired Atiyah-
Bott’s work on equivariant cohomology [AB84]], which we discuss next.
In the preceding subsection we introduced the deformation

dyw=dw+X_w.
We showed that if dxa =0, then

f a= Z a(P)cp.
M P crit point

To be clear, writing @ = >_a; the left hand side only depends on a4, s and the right
hand side only depends on @,. This makes sense because the condition dx « = 0 forces
the different components to be related in some way.

For a € ker(dy on Q*(M)S"), the evaluation

a— a(P;)

for a critical point P; depends only on the cohomology class of a. To see this, we just
have to show that the evaluation map vanishes on dy-boundaries. The component d
raises degree and thus always vanishes under the evaluation. Since X vanishes at the
critical points, for any 1-form 8 we have X 8(P;) = 0, so the evaluation map also kills
any term of the form X ,(—). Thus we have a map

ker(dy on *(M)S") R

im(dy on Q*(M)S!) (9.5.1)

This is actually an isomorphism. If you believe this, then the Duistermaat-Heckman
formula becomes very reasonable because f @ is also a function on cohomology, so it
can be expressed as a sum over the fixed points P; of some function of a(FP;).

Suppose S acts freely on a compact manifold M. How can we compute H*(M /S?)
using differential forms on M? De Rham theory says that

H*(M/S") = H*Qp1/s1).
If we have a differential form on M /S!, we can pull it back to a differential form on M,

and it will land in the S!-invariants.

Example 9.5.1. This isn't an isomorphism, as one can see in the simple example M =
Y x S'. In this case, the is an invariant form d 8 on S!, which we can also pull back to
M. So

st_
(M) ="y, & (", )Ad6.
To get rid of the extra part, we impose the condition that X .« = 0. We now have an
isomorphism
{diff. forms on M/S'} = {w e Q*(M)S] : Xaw =0}
Remark 9.5.2. We record for later use that if X 1w = 0, then w = X_.w’. To prove this,
use a partition of unity to reduce to the product case.
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The conclusion is that if S! acts freely on M, then
H*(M/S") = H*({w € 2 (M) : X 100 =0}). 9.5.2)

Butifthe S!-action isn't free, then neither side is well-behaved. What we mean by this
is that a given amap f: M — M’ that commutes with the S!-action and is a homotopy
equivalence, it doesn’t necessarily induce an isomorphism for the quotient by S! on
either side of[9.5.2

You can fix the left hand side by using equivariant cohomology H,(M), obtained by
replacing M by a homotopy-equivalent space on which S! acts freely.

We want to talk about how you can fix the right hand side correspondingly. The pro-
cess of taking invariant forms for a group action behaves well. The problem is with the
condition X.w = 0. The construction of taking levelwise kernel on a complex is not
well-behaved.

Note that X (X.w) = 0. So the map €: w — X.w gives an action of the algebra
A:=R[e]/€? on the complex Q*(M)S ' (shifting degrees). In these terms, we can think of
things killed by X s as

{w: Xaw=0}= HomA(A/e,Q(M)Sl).

This clarifies what we should do. This construction is bad because A/¢ is not a projec-
tive A-module, and the way to correct it is to replace it by a projective resolution:

P=.5A5a5A-...5A
Then Hom(P, Q*(M)S") is the total complex of the double complex
o M) S oS S o) S (9.5.3)

(We'll write this out explicitly shortly.)
Note that if the S!-action is free then X1=0 = w = X .o’ (Remark|9.5.2), so (9.5.3)
is quasi-isomorphic to

ker(e on Q*(M)S') = {w € B*(M)®': X 1w = 0}.
The double complex is

BM)S L4 2m)S —— o(M)S —— .

T

2S5 al)s —— o(M)St —— .

q q )

1 X 1 T
Ql(M)S —= Q(m)S 0
!

~

~

QO(M)S > 0 >
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The total complex is then

220 200602 0len® - (9.5.4)
Theorem 9.5.3. The complex computes Hg,(M).

The Cartan model for equivariant cohomology. We can rewrite the double complex
as follows. Consider the space of polynomial functions

R— (Q*)Sl

graded by deg(t’w j)=2i+ j. For example, the terms of degree 3 are rw; + ws. The
differential of a polynomial P has value at ¢ € R being d;x P(¢). (More intrinsically,
R = Lie(S!).) This is the Cartan model. Think of it as a family of differential forms in
QM )S1 indexed by R- X, and the derivative at ¢ is the derivative of the form using the
vector field ¢ X.

Theorem 9.5.4. The inclusion MS' < M induces an almost isomorphism
1
Hy,(M)=Hg,(M*).

The meaning of “almost” is that both sides are modules over R[t], and it’s an isomorphism
after inverting t.

At t =1, you get the isomorphism (9.5.2). Atiyah-Bott traced through it to prove the
Duistermaat-Heckman theorem. It’s basically an issue of finding that the constants are
related to the normal bundles at the fixed points.

10. THE KIRILLOV CHARACTER FORMULA FOR U,

10.1. The Weyl character formula for U,,. First we’ll compute the characters of the ir-
reducible representations of U,,, following Weyl’s classical proof.
Let T c U, be the subgroup of diagonal matrices

z; =elt

2y = eiez

z, =eibn
The irreducible representations of T are all of the form

<1
22

m
-—>| |zl. P= g™,
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Since any unitary matrix can be diagonalized, to describe the character it suffices to
describe the character restricted to T

<1
22
Av . = Z Cmém! Cmezzo-
E mezn
ZYL
Lemma 10.1.1. Forany f conjugacy-invariant on U,,,
1
J fﬁf ] Tie=f's
Un JT i<j
Proof. Compute the Jacobian of the conjugation map
Up/TxT - Uy,

(g, t)-—>gtg*1.

We know that if V is irreducible, then
vixv)=1
so Lemmalf(10.1.1|implies
2
f Z cmgml—[(z,- —zj)| =nl
T i<j
Note that c,, 2™ is symmetric under permutation and [ [, j(zl- — z;j) is antisymmetric,

S0
Z Cmémn(zi —zj)= Z 2™

i<j

L > dmzm’z => ldul = nt.

Since d,,, € Z and is anti-symmetric, we conclude that

is anti-symmetric. So

dezm: + Z sgn(c)z"™)  for some m, € Z".

o€Ss,

This implies that

ZO’ES ég(mo)
(D=t —
rviE [z —zj)

Remark 10.1.2. The fact that characters are complete is sufficient to imply that every
my, up to permutation, occurs.

(10.1.1)
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To summarize, for every m; > m, > ... > m,,, with m; € Z, there exists an irreducible
representation V of U, with character (I0.3.T). We rewrite (10.3.1) in a different way;,
interpreting both the numerator and denominator as a determinant. The numerator

Z 27() :det(zimj)
€S,

and the denominator is manifestly a Vandermonde determinant. So we have

1
1(2) TTz -2
Remark 10.1.3. One feature that makes the character theory simple is that there is an
abelian subgroup that meets every conjugacy class. This can never happen in a finite
group: by counting arguments you can show that no proper subgroup meets every con-
jugacy class.
If we write
xrv= Z C@ék
keZn
which k occur? (These are called the weights of V.)

This question is answered by highest weight theory. It says that m’ = (m; —(n —
1), my—(n—2),...,m,) occurs, with coefficient c,,, = 1. This (and its orbit under S,,) is
the highest weight, which means that if ¢, # 0 then || k|| < ||m/]].

Example 10.1.4. We consider U;. Then V «— m = (m; > m, > m3) has highest weight
m’ =(my—2,my—1,mgz). All k = (ky, ks, k3) with ¢; # 0 have

Zk;=(m1—2)+(mz—1)+m3

which you can prove by looking at the action of the center.

Fact 10.1.5. If ¢, # 0, then k lies in the shaded hexagon, which is the convex hull of
(cm':0€S;).
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How do the c¢; behave inside this hexagon? We'll come back and discuss this after
we do the Kirillov character formula.

10.2. The Kirillov character formula. We want to establish a formula
_ 1 rwH\d
XV'\/;:FT(E(%) on 0)
for some orbit & of Gon g*, which we will determine.

Remark 10.2.1. In the nilpotent case all orbits occur, but in this case only “discretely
many” do.

First we're going to finally fulfill a promise made long ago (Fact|1.2.1) about a formula
for j(X). Recall that j(X) is the Jacobian at X of the exponential map exp: g — G, with
reference to the Lebesgue measure on g and the right invariant measure on G.

Lemma 10.2.2. We have

i(X)= det(

eddX 1 ) et —1
ad X A eigenvalue ofad X A
In other words, we have an endomorphism ad(X): g — g and we can apply # to
this endomorphism.

Proof. We need to compute the derivative of the exponential map. This means that
we should study exp(X + 6 X), where 6 X is a small element of g. (The symbol 6X is
unrelated to X.) You can write out a power series for this, but it’s a little confusing
because they don't commute. However, they commute to first order, so

. X+6x\V X sx\V
exp-+03) = fim exp( =)=t e (57 )

We can expand out the term in the limit as

X sx \\V
(el )) mgetmmervenomn...

eﬁX/N 2 0X/N —2).”( N 0X/N

=(g g Ng?e®Ng gNe? /N g Nygh

_ eAd(g)ﬁX/NeAd(gz)ﬁX/N . eAd(gN)5X/NeX

zexp(Z%‘i‘O(mXF)) eX
1

mexp(f Ad(efx)5X+0(|5X|2)) e*
0

Finally,

eadX -1

1 1
Ad(e™)ex=| e'™MXgx="— "§X.
0 0 ad X
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Remark 10.2.3. The significance of using a right-invariant Haar measure was the e*
that popped out at the right end.
For U, ={A| AA" = Id,, }, we have

Lie(U,)=u, ={A|A+A =0}={iX|X hermitian}.

If
6,
X=i
6,
the eigenvalues of ad X : u,, — u,, are {0; —0; | 1 < i, j < n}. Therefore
) eilb—01) _q
](X)_lsk,ls;z i(0x—0)

This will mostly (but not entirely) cancel the denominator of the Weyl character for-

mula.
ei(ak_el) —1
jX)= —_—
1Sll;[Sn l(ek - 91)

eil0=01) _1 oi(6i—0c) _q
i(6r—06;) i(6,—06k)

k<l
_ ]—[ o—il0:+0) [ ?iek —e!® ]2
ol i(0r—6))
So the conclusion is that
o i el _ i 77
jeo=] [ )kg[iwk—ez)]

Recall that
det(z lm 5

r@)= [ Ti<i(zi—21)

where z;. corresponds to e %,
det e

X - _ X \—(n—-1)/2
x(e?)y/ j(X)=(dete”) M. i0=0)

The square root makes the global validity of the formula concerning, but near the iden-
tity there is no confusion.
We now prepare to apply Duistermaat-Heckman. Write

u, =Lie(U,)={iA| A Hermitian}.
We identify u¥ = {B hermitian}, the space of Hermitian matrices, via
(iA— Tr(AB)) < B.
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In other words, the pairing on u, X u7 is
(iA, B) =Tr(AB).
Definition 10.2.4. For A=(44,...,4,) € R", the orbit 0, is the conjugacy class of

M
A2

An

In other words (diagonalizability of Hermitian matrices) 0, is the set of all Hermitian
matrices with eigenvalues A4,...,A4,,.

We want to compute the Fourier transform of the symplectic measure for X e u,,.

1 /rwyN\e .
FTﬁ‘A(X):J E(z—) e’(X'g).
= zeo, 4 Vs

The function on 0, given by & — (&, X)) generates a flow, which is the vector X* field on
0, associated to X. (Another way to say this is that G acts on 0, and the flow is the one
generated by the action in the direction of X.)
Take
6
X=i
O

The vector field X* generates an S!-action if (0,,...,0,) = 0(m,, ..., m,) with m; € Z.
We need to assume that the m; are distinct in order to apply Duistermaat-Heckman,
which will ultimately correspond to the representation-theoretic requirement on the
weights.
The action of 0 € S! is conjugation by
ei m;0
ei my 0

eimkG

Duistermaat-Heckman says that
e i(X,P)

ing,0)

FTg,(X)=
B Sl—fixed points PE0 l_[(

where the n, come from the action of S on T(P):

(T(P),w,SY) = @(RZ, std, 8 rotates by n,0).
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Under our assumption that 0; # 0;, i.e. m; # m;, the S !_fixed points are the diagonal
Hermitian matrices in 0, which is just the orbit under permutation:

Ao()
10 €S,
ko'(n)
So
ei(X,P) — eiZ/IU(k)Hk.
Now,
0, ny
X=i =if
911 mn

s0 {ng} at Py is {my(;)— mg(r): k <1}. So
sgn(o)e’ X o0k
aes, i[Tkei(my—my)0
det(e™ %), 1 1<p
T Tl #6=61)

(We proved this for a dense set of 8’s, but it follows for all of them by continuity.)

FTg,(X)=

Remark 10.2.5. The interesting quaitative features of this computation were that the
+/j almost cancels the denominator in the Weyl Character Formula, and the sum over
S,, corresponds bijectively to fixed points.

The conclusion is that

Kmyramy ¥V j(€%) =FT g, (X)
where
n
n, n—1

my

Remark 10.2.6. Note that for V the trivial representation, (m,...,m,) =(n—1,n—
2,0,...,0) so Oy is not {0}.

So we've seen that the irreducible characters of U,, corresponds to certain coadjoint
orbits, namely the orbits of

A
)LZ n—1

, A > A>.. >, A€ +7Z.

An
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10.3. Applications. This supports the idea that the same picture holds for U, as for
nilpotent groups, namely that there is a basis for V indexed by balls of symplectic vol-
ume 1 on 0y, with the ball B centered at & being an approximate eigenvector in the
sense that

eXvgn &Ny,
This heuristic picture lets us guess things about representation theory.
10.3.1. Weights for U;. Let V be the irreducible representation indexed by (m; > m, >

mg).
Then the character of V is

21

k

Av 21 = Z CkZ™
Z3 kez3
Here ¢y is the multiplicity of the character
21
kl k2 k3
z1 — 2,2, 24

<3

in the restriction of V to the diagonal subgroup.

We want to guess what c;. is. The picture says that V corresponds to an orbit 0y c
ui. Let T be the diagonal (maximal) torus and t € ug be its Lie algebra. As we saw, if
V has weights (m,, m,, m3) then 0y, consists of hermitian matrices with eigenvalues
(ml— 1, mZ—l, ms— ].)

A ball of volume 1 corresponds to an approximate eigenvector for U,,, hence also for
T. So V| corresponds to projecting O to t*. Identifying u} with Hermitian matrices,
the projection u} — t* sends a hermitian matrix to the diagonal. So the image consists
of the diagonals of 3 x 3 hermitian matrices with fixed eigenvalues (u;, ..., u,). This was
worked out by Schur: it is the convex hull of permutations of

Ug(1)
Ug(2)
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For n =3, the picture is

This suggests that the weights c; are non-zero exactly when k is in the convex hull
(Mgy—1, Mgy — 1, Mgz —1). This is almost true, but the shifts are not quite right.

We can also estimate how the c; are varying. We expect c; to be approximately the
volume of the pre-image of k in ¢. To calculate the volume, we can push forward the
symplectic measure on 0 to t*. By the same principle as in Duistermaat-Heckman, this
measure is piecewise polynomial of the form L(k)-Lebesgue where L(k) is linear.

Exercise 10.3.1. Analyze the tensor product of two irreducibles of SO3. If dim V =2n+1
and dim W =2m + 1, then 0y, is the sphere of radius n +1/2 and 0y is the sphere of
radius m +1/2 in so} = R3. Consider taking the convolution of measures on 0y + Oy,
corresponding to s03 < s03 X 503 and s0% X 503 — 505,

10.3.2. Thesemiclassical heuristic. Suppose G is a compact Lie group, acting on a com-
pact manifold X. We have a decomposition of G -representations L?(X) =& V. Which
representations V occur and with what multiplicity?

Think back to the case X =R. The theory of pseudo-differential operators suggested
that we can index a basis for L2(R) by a decomposition of R?. (The two directions in
this R? are the “position” and “frequency” in X.) We can think of R? as T*R.

We expect a similar relationship between L?(X) and the symplectic manifold T*X.
Given a ball B in T*X centered at (x € X, & € T}), we should get a corresponding ap-
proximate eigenfunction f3 € L?(X) which is localized near x, with frequency localized
near £. Think of f3 as e?(®*), This suggests that for Y € g near 0, giving Y; € T, X,

e¥ fymel©W £y
The association Y — Y, defines a map
g— T X

or dually
T'X —g*
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which we can promote to a G-equivariant map
O: T*X —g*.

In other words, f5 is an approximate eigenvector for G, with eigenvalue given by
®(x,&). This suggests the following (“semiclassical”) heuristic. We consider pushing
forward the symplectic volume via ®,.. Since the map ® is G -equivariant, the result will
be a G-invariant measure, so we can decompose it into measures on the G-orbits:

o, (symplectic measure) = f Ve du(0). (10.3.1)
o

The orbit ¢ should correspond to a representation V, and the multiplicity of 71, should
have something to do with u(0).

This is obviously can’t be right in general, because if G is compact then the represen-
tations appearing in L?(G) are discrete, while the right side of (I0.3.1) is continuous -
so we need to discretize it in some way.

Example 10.3.2. Consider G = U, acting on X = CP""!. The stabilizer of [0,0,...,0,1]

1S
Un—l
H= =U,_; xUj.

We can view X = G/H. So (by Peter-Weyl)
LAX)= €P (dimn)r.

7 irred.

At xy, we can identify T, X = g/b, hence
T X ={Aeg": Al =0}=h".
The map
®: T; X — g
is then identified with the inclusion
bt —g".

We've been identify g =u} with n x n hermitian matrices. In these terms,

0 ... 0 Y
=yl 0 .. 0 :
0 ... 0 Yy
Y, ... Y, O

so ®(T*X) is the union of the G -conjugates of the h*. What are the eigenvalues of
o ... 0 Y
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Clearly many of them are 0, except 2. Since the trace is 0, and the sum of the squares of
the matrix entries will be the norm of the matrix squared, which is

Y11=/ > %2

we see that the eigenvalues are
(IY11,0,...,0,—[| Y[].
Since the map g* — g*/G takes a matrix to its eigenvalues, we conclude that the com-
posite map
T*X—-g"—g"/G

has image {(r,0,...,0,—r)}. We put the Lebesgue measure on C"~! 2 R?"~2 and push it

forward to R via the map
(xl,...,xanz) — v lez

to obtain a measure proportional to r?*=3dr. Let 0(r) C g* be the orbit mapping to
(r,0,...,0,—r). The dimension of this orbit is 4n—6, so the symplectic volume is homo-
geneous of degree 2n — 3. Since

®, (symplectic measure) = CJ Vo dr

r

this suggests something like each 7 ;(,) occurs with the same multiplicity.
In fact

LZ(Un/Un—l x Up)= @ Vm:(ml,...,mn)

where m’=(m; —(n—1),...,m,)=(k,0,...,0,—k).

11. CLASSICAL MECHANICS

11.1. Newton’s laws of motion. Suppose you have a system of n particles in R3, with
position vectors (gy, §o, . . ., §, ), interacting according to a potential V (g, g, . .., §,, ). New-
ton’s law says

2
miﬁﬁi =~V V(G- rdn)- (11.1.1)

Example 11.1.1. If the ith particle has mass m;, and the potential is all from gravity,
the potential function is

m; m]
= 1di—4d;l

V(ﬁlw'-’zin)z_G
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11.2. Hamilton’s reformulation. Hamilton observed that you can rewrite this as a flow
on a symplectic manifold. One advantage of this is to highlight symmetries that would
otherwise be obscured. We introduce the momentum

-

1 1 dt .

The equations (IT1.2.1) become
dg
“dr
==V V(... Gn) (11.2.2)

pi=m (11.2.1)
dp;
dt

Write

X = (G, G2s---» Gn)
p:(ﬁlyﬁz,..-,ﬁn)

Introduce the “Hamiltonian”

|_)'|2 - o =
H(p,q)::z zprln +V(G1,G2---)Gn)-
i

Using this we can rewrite (IT.2.1) as
d p; OH
—_ = 11.2.3
dt 3xi ( )
dX; OH
dt B 3pl

(11.2.4)

Think of (p, x) € R¥" x R®" as a symplectic manifold with differential form > d p; Ad x;.
Recall that we have a Poisson bracket

_N9fdg 9f og
{f’g}_zapiaxi dx; dp;

This allows us to rewrite (I11.2.3) as

dp; 0H

AP __97 iy p, 11.2.5
dat axi { pl} ( )
dii—aH—{H x;} (11.2.6)
dt _ap,-_ T o

Recall the meaning of these Poisson brackets. A function H on a symplectic manifold
M gives a flow Xg. For f € C*°(M),

Xpf=={H, f}.

So the equations tells us that the time evolution of p and x is given by the Hamiltonian
flow X} associated to H. In particular, H is constant along the flow of X}, correspond-
ing to conservation of energy.



90 LECTURES BY AKSHAY VENKATESH

11.3. Quantization. We'll describe the quantization of this system.

In classical mechanics, the state (position and momentum) is represented by a vec-
tor in R%”, which we view as T*R3". The quantum state is represented by a wavefunc-
tion v € L?(R3") with ||| = 1, which encodes the probability density that a particle is
at position (xy,..., x,).

In classical mechanics observables are represented by a function F on the phase
space T*R3". The corresponding quantum observable is represented by an operator
Op(F),with (Op(F )y, ') being the expected value of F.

Classical Quantum
State (x, p) € T*R3") State ) € L*(R%"), with ||y|| =1
Observable F on T*R3" | Operator Op(F) on L?(R%")

We remind you how to quantize an observable, i.e. how to construct Op(F) from F.
Let n =1, so the potential is

-1
VxE+xZi+x2
Then L?(R) is the quantization of R> = T*R. We wrote down a rule Op from functions
f on T*R to operators. The function x was sent to multiplication by x. The function p
was sent to i(f—x.
What about x p? You might want to send itto x-i %, but this is not self-adjoint, while
operators corresponding to observables should be self-adjoint since their eigenvalues

are real numbers. So you might try %(J’E p + pX), which is the Weyl-twisted operator
Op", corresponding to a different splitting of the Heisenberg group (Remark|6.3.1).

V(ix)=

We also had the Weil representation
Lie(SL, R) — Operators on L*(R)

and there was a map Lie(SL, R) to vector fields on T*R.

What about a vector field Y on T*R not coming from Lie(SL, R)? We want to attach
to Y an operator Ay such that A* =—A. We're going to follow an analogue of our story
for the Weil representation; the analogue of the defining equation (6.1.1) is

[Ay,Op(f)]=0p(Y f).

Suppose Y = Xy for some Hamiltonian H € C°°(T*R), i.e. Y preserves the symplectic
form. Then Op(Y f)=Op(—{H, f}). Recall that

[Op(f),0p(g)]=i0p({f,g}) + (higher order terms).

This suggests that Ay =i Op(H) when Y = Xy associated to H.
This tells us that Xy can be thought of as i Op(H) to first order, which is correct when
you restrict to quadratic H.

Finally, we discuss one more aspect of quantization. The time evolution associated
to a Hamiltonian H is the flow of the vector field Xy. In quantum mechanics, time
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evolution is governed by the time-dependent Schridinger equation

%%zmmmw
Classical Quantum
State (x, p) € T*([R") State i € L*(R®"), with |[y||=1
Observable F on T*R3" Operator Op(F) on L?(R3")
Time evolution (flow of Xj;) | Schrédinger equation g—t =iOp(H}Y

Suppose you're looking for an observable that doesn’t evolve with time. In particular,
if 1y € L?(R%") is an eigenfunction of Op(H ), with

Op(H)yo = Eotpo
then y)(£) =1, - e’ is a “stationary” solution to the Schrédinger equation.

In other words, the quantum behavior of the system is governed by the spectrum of
Op(H) acting on L2(R3").

11.4. The Kepler problem. Consider a singular particle in R® with potential
-1
V(g) o< -
llgl]
The periodic nature of planetary orbits is a special feature of this (inverse square) po-
tential. If you change the exponent slightly, that would fail. In the Hamiltonian formu-
lation, the symplectic manifold is T*R%s, with

1

2 2 2
H—pl+p2+p3_ﬁ'
‘/x + x5+ X
1 2 3

There are some conserved quantities of this flow: the energy H, and the angular mo-
mentum vector Ly, L, L. So this flow should be constrained to a 6—4 = 2-dimensional
space. But in fact the flows are 1-dimensional, which suggests that there are more in-
variants. We'll construct K, K, K, which together with the L’s generates Lie(SO,). The
quantization of this system is SO, acting on L?(R3 — {0}).

We'll work in the 2D case, considering T*(R?), so

1

H=p}+p}———.
Vxi+xz

If we believe that the orbits are closed, then we should be able to find 3 invariants pre-
served by the flow. We'll write down 3 conserved quantities.

First, note that the whole system is stable under rotation. Letting R € SO,, the oper-
ation

(x1, X2) = R(xy, X2)
(p1, p2) = R(p1, p2)

preserves H. The corresponding vector field is (x, 9y, — X, 0x, ) +(p1 9y, — P29y, ). Since this
preserves the symplectic form, it is the flow of some J € C°°(X). The vector field X; of
the flow is defined by

dJ(Y)=w(X;,Y),
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so J = x1pp —p1 X». Then d H(J) is the rate of change of H along the J-flow, which is 0
since the flow of J is rotation. This tells us that {J, H} = 0. By symmetry, the change of
J along the H flow is 0, i.e. J is conserved. This J is angular momentum.

More generally, F is conserved if and only if { F, H} = 0.

So we have the two conserved quantities

J=x1po—Xp1
1

H=p?+p?———.
172 R
vV X{+ x5

Now we have to do something not entirely formal (that depends on inverse square).
We study the level set {T*R?: J = J,}. This is preserved by rotation, so it's preserved
by the S'-action, so we can take the quotient {T*R?: J = J,}/S'. This is an example of
symplectic reduction. It inherits a symplectic form by “descending” the restriction of
the symplectic form on T*R?.

Let’s introduce some coordinates on this quotient. If (x;, x,, p;, p») has J = J;, then
we can rotate so that x, = 0. Since x; p, — X, p; = Jy, this tells us that p, = Jy/x;. So our
pointis then (x;,0, p;, Jo/x1), which is controlled by the coordinates r := x; and p := p;.
The Hamiltonian is then

J2 1 1V 1
H=p'+ = =r (5

Letp=h—ﬁ,so

r

H= p2 + p2 —constant.

. . . . _ r2
The symplectic form in these coordinatesis dp Adr = 7-dp Adp. In(p, p)-space, the

particle moves along circles of the form p? + p? = constant. The factor % just rescales
the speed of the flow. (If the symplectic form doubles then the flow halves speed, so the
rate of change of the angle is 2 J/r? instead of 1. We should be writing things in terms
of p instead of r, but they determine each other and the formulas are cleaner in terms
ofr.)

Although the orbit is closed in (p, p)-space, upstairs in the level set {T*R?: ] = J;}
(before the S'-quotient) you might have precession. This is typical for central poten-
tials. But there is a coincidence that the angular speed of the particle in these coordi-
nates is the same as the original one.

To summarize, in (p, p)-space the orbit is a circle. Letting ¢ be the angle clockwise
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from the x-axis, the angular speed is dy/dt =2],/r?.

(p0)

In (x;, x,)-space, letting 6 denote the angle clockwise from the x-axis atx, = 0, we
have d6/dt = x,/x,. By Hamilton’s equations (IT.2.3) we have

8H_2
xapz— Po.

Since J = x; p, — X» 1, simplifies at x, =0 to x; p», we conclude that

X

% _2h_2h

/
X xf 2

So the miracle is that the angles are changing at the same speed.

(%) (p.0)
AR
NN
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This is a reformulation of one of Kepler's laws: r?d0/dt is the rate of sweeping out
area, which is constant in time.

We emphasize that d0/dt and d/d t are not constant, since r depends on ¢ (the
actual orbits are not spherical), but they are exactly opposite. This leads to a time in-
variance that we now explain.

Call Ry a counterclockwise rotation by 8. Since we have just seen that in time ¢ the
(p, p) vector rotates by R_g(;), we have that Ry(,)(p(t), p(t)) is actually constant in time.
We now compute the consequences of this observation. We have

(p,p)=(P’é—z—;):(p’é)_(o’%ﬁ))

The vector ( p, é) was by obtained by definition from rotating the momentum vector
(p1, p») so that x, =0, which is a rotation by —8. Therefore (p, %) =R _4(p1, p>), so

1
Ro(p.0)=(p1, p2)— Ry (oﬁ)

Now we unravel this by explicitly computing the entries of Ry. We have

_(xl/r —xz/r)

0=\ xo/r  xi/r

Substituting this into the constancy of Ry(p, p) in time, we find that

1 x Loxy\, . .
p1+——,p— ——— | is time-independent.
2]0 r 2]0 r

Exercise 11.4.1. Double check this by computing the Poisson brackets.
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Define
B=Tp+ 32
2r
Ay in
2r

The vector (A, B) is called the Lenz vector. One can check that {H,A}={H, B} =0.

Now A, B, J, H are all invariant under the flow X;;. These are all functions on T*R?,
whichis4-dimensional, yet we found a 1-dimensional orbit. This means that we should
really have 3 “independent” invariants, so there needs to be arelation. Indeed, we com-
pute

1 Xo— X
A2+BZ=]2(,,12+,,22)+Z+]W
—J/r
1\ 1
2 2 2
= +p,——|+-
](pl P2 r) 4
1
2
=J?H+~
J 4

which we rewrite as
() () -3
— |t =] +J=—.
—H —H 4H
(We've written things this way because we want to quantize them in a moment.)

Remark 11.4.2. Unbounded orbits correspond to H positive, so the closed orbits cor-
respond to negative H.

Since {H, A} = {H, B} = 0, the Jacobi identity implies that {A, B} also has 0 bracket
with H. Since we already have enough nvariants, this should be a function of the ones
we already have. In fact, {A, B} = HJ. Similarly, {J, A} =—B and {/, B} = A.

We introduce new coordinates a = A/v—H, 8 = B/+v/—H. In these terms

{a,p}=—J
{J,a}=p
B,]}=—a
which is a presentation of Lie(SO3), with the Casimir
1
iH
(The calculations are simplified by the fact that H Poisson-commutes with everything.)

a*+ B+ =—

Remark 11.4.3. In 3 dimensions we would have gotten SOy, etc. If H were positive, we
would have gotten SO(2, 1) instead.

This means that at least infinitesimally, SO; acts on T*(R?> —{0}). In fact this action
does not exponentiate to SO3, because of the non-compactness of the space. So it does
extend after compactifying.
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Remark 11.4.4. One way to think about the compactification is that you can map S?
by stereographic projection to R?, so you have T*S? — T*R? away from oo, and there
is an SOsz-action on T*S2. This goes back to Fock, and is explained in [Mos]. (We have
given a highly oversimplified account.)

We have defined a map

B,H
TR — {0 <0 L2, 1ie(s0,)*,

In this picture the orbits of energy H correspond to spheres of radius squared is—1/4H.

These are the coadjoint orbits.

We now pass to the quantum story. As we know from the Kirillov character formula,
not all coadjoint orbits correspond to representations. The question is: what are the
eigenvalues of the Schrédinger operator

1
Op(H) =_A_Z on R*?

We have to replace everything by operators. Recall that Op(x;) is multiplication by x;,
(p1)is id;, and

1
Vxi+x: r
What about A, B, J? Let A = Op(A), etc. To compute their quantizations we need to
symmetrize:

Op(H)=0p (P12+I922—

Op(4)= 3(0p/)Op(p1) +Op(pr ) 0P + 5 2

Op(B) = 5[0p(J)0p(p2)+ Op(p2) Op( )}~ 5 2.

These are all differential operators on R?> — {0}.
Miraculously, they turn out to satisfy almost the exact same relations as their classical
versions.

Fact 11.4.5. We have

[TIA\] :_ZE,
[E; f] :—;{’
[A,B]=iH]T,

and

. 1 -
22+Bz=f2H+Z(1+H).

Assume that you can make sense of 1/v' —H. (This is true in > 3 dimensions. It has
to do with self-adjointness; these operators are formally self-adjoint but you also need
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some convergence conditions for functional analysis.) Then we can make sense of the
operators

a=iA/V—H,
B=iB/V—H,
r=iJ.
Then ¢, B,y generate SO3(R), and
1+H!
A+ pErri=— :

4

The space L3(R? —{0})7<° carries a representation of Lie(SO3), which you can actually
lift to SO3. So it decomposes as

AR~ (0D 2(D Vouny
dim2n+1

(possibly with multiplicities). By explicit computation,
a’+ B2+ r? acts by n(n—1) on V1.
This implies that the H-eigenvalues E,, all satisfy

1+E," -1
, =n(n 1):>E"_(2n—1)2'

The Kepler Problem in 3 dimensions. In three dimensions you instead get energy lev-
els 1/n?. This matches with the known energy levels of the hydrogen atoms, so the
theory seems to work!

In summary, you have SO, or SO3; acting on the 3d Kepler problem. In fact there is
a larger symmetry group SO, , acting, after compactification, that preserves the sym-
plectic form, and interpolates between these two cases.

11.5. Summary. For the Kepler problem in 3 dimensions, the classical mechanics are
controlled by the phase space T*(R? —{0}) with Hamiltonian

1
H=)Y pP— ————.
Z ' VxE+ x5+ x2

The periodic orbits led us to discover extra conserved quantities, which generated Lie(SO,4)*.
The quantum version is controlled by the Hamiltonian

1

/12 2 2
X1 +X2 +x3

acting on L?(R®). The Hamiltonian operator has a degenerate spectrum. The eigen-
values are —# with multiplicity n?. In fact the states correspond to n?-dimensional
representations of SOj.

Op(H)=—A—
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12. QUANTIZATION

We have seen so far that for G nilpotent or compact, there is a correspondence from
irreducible representations 7 of G to coadjoint orbits 0, c (Lie G)*, which is described
by the Kirillov character formula.

We now address the questions:

(1) Which orbits ¢ occur?
(2) Can we give a recipe for making n, from 0? (More generally, can we make a
Hilbert space from a symplectic manifold (M, w)?)

12.1. Quantizable orbits. We address (1) first.

Example 12.1.1. Let’s start by considering a very simple Lie group: G = U(1) = S!.
Since G is abelian, its adjoint action on Lie(G) is trivial, so the G-orbits on Lie(G)* are
just points. The corresponding representations are 1-dimensional, and the correspon-
dence sends

1
y — —dy: Lie(G)—R.

i
The elements of Lie(G )* occurring are the ones that exponentiate to G, i.e. which vanish
on kerlog.

In general (for any Lie group G), if ¢ = G - A for some A € Lie(G)*, we have seen (§7.3)

that A defines a Lie algebra homomorphism

Lle(G)L) —R

where G, is the stabilizer of A. In view of Example[12.1.1} this suggests:
Guess 12.1.2. The orbit 0 = G - A corresponds to a representation when you can lift the
character
iA: Lie(Gy)— iR
to a homomorphism A: G; — S1.
Let’s see how this guess plays out for the unitary group U,,. Recall that, identifying
Lie U, with hermitian matrices, the relevant ¢ were orbits of
= n—1
2

+ Id
mn
where m; > ... > m,, € Z. We'll see that Guess|12.1.2|1eads to an answer that is sort of
close to being correct, but for instance it doesn’t know about the 52 Id.
Take A € Lie(U,,)* corresponding to

A
Ae—
An
and without loss of generality assume that

M>A>A3> ...



GEOMETRIC QUANTIZATION AND REPRESENTATION THEORY 99

The stabilizer of A is then
Gy = Uy, x Uy, x...x Uy,

The only possibility for A is (det g (detgy)*...(det g, ) . So the guess is that the rel-
evant 0'-orbits are those of the characters

A
212...2&1;&-62.
An

This is wrong if 72 is even, because it is off by “* Id, and also because we miss the strict
inequalities.

We now describe an improvement due to Duflo. The problem is that even when we
try to quantize a vector space, we really get something like Mp(V) instead of Sp(V'). So
considering these double-cover issues is really unavoidable. Since G, fixes A € 0, we
have a map G, — Aut(T,0). But in fact G, preserves the symplectic structure (clear
from inspection) and so lands in Sp(7) 0)

GA — Sp(TAﬁ)

This symplectic group has a metaplectic cover Mp(T; ). Does this split, i.e. lift to G; —
Mp(T,0)?

S/IP(TA 0)
G, /—> Sp(]l}tﬁ).
We can rephrase this as follows. Let G, be the pullback cover to G, so concretely
G, ={g € G,, lift to Mp(T; 0) of its image in Sp(T3 0)}.
This gives us a double cover
0— {1} - G, — G, —0.
The existence of a lift G, — Mp(T; 0) is equivalent to the existence of a lift G, — G,.

Guess 12.1.3 (Duflo). The orbit ¢ = G - A corresponds to a representation when you
can lift the character A to a character of G, such that A(—1)=—1.

Let’s see how this plays out for the unitary group. If

A
A= eLie(U,)*, A1>...>A,,
An
then
Gy =(SY)x...x(8H
_n,_/
and

G, = {g€Gy,zeSt: 22 =(detg)" !}



100 LECTURES BY AKSHAY VENKATESH

In this case Guess correctly picks out integral A; for odd n, and half-integral A;
for even n. However, it still doesn’t pick out the strict inequalities.

The two guesses are equivalent when the cover G, is split. In the case of the unitary
group, this happens when 7 is odd. From now one we assume that G, is split.

12.2. Konstant’s recipe for quantization. We now turn to (2), the problem of making
7o from @, under the assumption above. We'll give a recipe of Kostant.

We are given a character 1: G, — S! with derivative iA. Then 1 gives a line bundle
(or S'-bundle) £, on G/G; = 0. Explicitly, the total space of .%; is

{(g,2)€ G xC}/(g,2)~(gh,A(h) " 2) for h € G;.
Thesectionsare f: G — Cwith f(gh) = I(h)_lf(g), which you canrecognize as Indga A
However, this is still too big to be the right representation.

Example 12.2.1. For G = Heis, and A on a planar orbit, we have G, = Z(G). Therefore
the induced representation IndgA A is L?(R?), but the correct quantization is L?(R).

We will make a candidate for 7, inside the sections of our line bundle.

Lemma 12.2.2. The Chern class ¢;(<£,) € H*(0,R) is the class of [s=] € H*(M,R). In
particular, |5~ is integral.

Remark 12.2.3. This is significant - for instance if M is compact then it implies that the
volume of M will be integral, which is desirable because that volume is supposed to be
related to the dimension of the representation.

Outline of proof. One way to compute c; is as the curvature of a connection. So we’ll
make a connection on .Z.

Every X € Lie(G) gives a vector field X* on ¢. We will specify the connection by
telling you how to differentiate along X*. For f a section of .Z, equivalently f: G — C
satisfying f(hg)= i(h)_lf(g), we define a connection V by

V. f(g)=X;f—iMg ' Xg)f.

Here
d .
X, f(g):= Eh:of(e_”xg).

This connection is also G-equivariant.
You can compute the curvature:

Vx,Vy,=VyVx, —Vix, v

We won't write out the details, but you explicitly compute that the curvature at e € ¢
sends X,, Y, — —iA([X, Y]). Recall that the symplectic form is (X,, Y,) — A([X, Y]). The
Chern class is then given by

. (curvature) w
li— =[]
s 27
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Let’s highlight some properties of the connection V that we didn’t use above. The
connection is defined by

Vx. f(g)=X;f—iMg ' Xg)f.

This is G-equivariant, meaning that for y € G we have

Vox, (v f)=r(Vx, f)
Also, for sections f,g of &, fgisafunction on 0 = G/G,, and

X(fg)=(Vx[flg+f(Vxg)

i.e. the connection is compatible with a hermitian structure on <. (The concrete con-
sequence is that parallel transport preserves the hermitian inner product.)

In summary, we have for A € Lie(G)*:

e The orbit 0 = G.A, with a canonical symplectic form w,
e A: G, — S! with dA = A, corresponding to a line bundle ¥ — 0 with ¢,(£) =
[57]-

Algebra Geometry
ALO=GA|(M,w)
2G-S | £, e(¥)=121.

Recall that for a nilpotent group N, we constructed 7, using a polarization, i.e. a
subgroup G, € Q C G such that qis Lagrangian for the symplectic form w on Lie(G)/ Lie(G,).
Given this, we make the induced representation Indg . This turns out to be identified
with sections of .¢ which are flat, i.e. V =0, along right Q-orbits, and this will lead us
to a better construction in general.

A polarization is a subgroup Q fitting into G, € Q ¢ G which is maximal isotropic
with respect to A([X, Y]). Geometrically, the map ¢ = G/G), — G/Q is a family of La-
grangians filling out M.

In the nilpotent case the quantization was the induced representation

Ind§ A={f:G—C: f(gq)=f(g)Aqg)"}.

We can view this as sections of . which are flat along the fibers of ¢ — G /Q. To make
this precise, we formalize the notion of a “real polarization”.

Definition 12.2.4. A real polarization on (M, w) is a smooth assignment x € M ~» La-
grangian L, ¢ T, M which is integrable, in the sense that if X, Y are such that X, Y, €
L,then[X,Y],€L,.
Given a real polarization {L, } we can form
{fel(¥):Vxf(x)=0when X, € L,}

is a first approximation to the quantization of (M, w). However we need to give this a
Hilbert space structure. One candidate is

(f,g)=f fg
4
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This isn’t quite right because of the intervention of the metaplectic group, so we need
to correct it by some sort of twist.

Remark 12.2.5. This doesn’t work for unitary groups, or even for SO3. We'll modify it to
something that works better, but everything we describe in this section is a template,
which does not work universally.

Algebra Geometry

A O0=G.A | (M,w)

2:Gy— St | £, e (L)=1L2].

Q real polarization

Indg A sections constant

along Lagrangian leaves

Kostant’s fix was to introduce a notion of a complex polarization.

Definition 12.2.6. A complex polarization on (M, w)is a smooth assignment of a com-
plex Lagrangian L, c T, M for every x € M, which is integrable.

What does this look like? We have
TC=T,®iT,.
If L, is in general position, then it will be the graph of some function &:
L,={v+id(v): d}.
Let’s explicate the Lagrangian condition. It implies
w(v+id(v),w+id(w))=0forall v, w € Txc.
The real and imaginary components are
o(v,w)—ow(@v,ow)=0
w(®v, w)+ w(v,Pw)=0.
This tells us that w(v, w)+ w(®?v, w)=0 => &> =—1. (This also follows from L, being
a complex vector space.) In other words ®? defines a complex structure on Ty, and
w(@v,dw)= w(v, w).
So generically (under a transversality condition) L, arises from a complex structure on
Tx, and
w(Jv,Jw)=ow(v, w).

Another way to say this is that a complex structure on Ty induces a decomposition
TC=T, T, and L, =T;.

The integrability assumption implies that this is an integrable complex structure,
i.e. M is a complex manifold. Assume that it’s further Kéhler, i.e. Im w(J v, v)> 0 for all
veT,.

The line bundle .¥ — M also has a holomorphic structure, (i.e. we can choose tran-
sition functions that are not just smooth but holomorphic.) Indeed, obstruction to en-
dowing a complex line bundle with a holomorphic structure is that its Chern class is
type (1, 1), which is ensured by the Kéhler assumption ensures that.
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The connection
Vi L —-Le0

has (0,1)-component £ — £ ® %Y defining the @-operator. (This is not a formality.)

What does it mean for a section of £ to be “flat along the Lagrangian direction”? It
means exactly that they are holomorphic sections of . So Kostant’s quantization is
holomorphic sections I'(M, &).

Algebra Geometry
AO0O=G.A|(M,w)
A:G,— S| &L, a(L)=[5].

Q real polarization
Indg A sections constant

along Lagrangian leaves
J complex polarization

(e.g. coming from Kdhler structure)
I'(M,%) holomorphic sections

In the nilpotent case, the quantization of an orbit comes from a real polarization. In
the compact case, the quantization of an orbit comes from a complex polarization. The
general case of a semisimple Lie group will be a hybrid between the real polarization
(Lagrangian) and complex polarization (Kihler) pictures.

We mentioned earlier that the presence of the metaplectic group forces a modifica-
tion of this discussion.

Example 12.2.7. Consider the representations of SU,. The quantizable coadjoint or-
bits & = G.A are spheres of radius n + 1/2, with

w
f—=2n+l
27

hence are associated to a 2n + 1-dimensional representation V5, .

The sphere has a complex structure, making it CP!. The symplectic form w is a mul-
tiple of Fubini-study, namely (2n + 1)c;(¢(1)). You can check that £ = 0(2n+1). In
this case the recipe gives I'(CP!, @(2n + 1)) = Sym?" 2 C?, which is 21 + 2-dimensional.
That’s not quite right.

The necessary modification comes from the metaplectic group. We need to twist
by the square root of K. In this case Kgpr = 0(—2), so VK = 0(—1). Another good
thing about this is that it gives you a more canonical inner product: the product of two
sections of v K is an honest differential, which can be integrated. What does this square
root have to do with a lifting to the metaplectic group? For Riemannian manifolds a
square root of K corresponds to a spin structure; an analogue of spin for symplectic
manifolds is metaplectic structure.

(This twist by ¥ K is necessary even for real polarizations.)

12.3. Representations of SL, R. To conclude, we'll use this picture to describe the rep-
resentations of SL, R. This is a non-compact Lie group, with many infinite-dimensional
representations. Let’s think about its coadjoint orbits: Lie(SL,) is the 3-dimensional
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£ 2

which has the invariant quadratic form given by det. The co-adjoint orbits are the level
sets of this quadratic form, which are hyperboloids and paraboloids.

— 7

- ,

vector space

D

The hyperboloids are ruled by lines, which are the real polarizations. (There are
two rulings, which give isomorphic representations.) That gives a family of represen-
tations called the principal series, which satisfy Kirillov’s character formula. All the hy-
perboloid orbits comes from representations, so they form a continuous part of the

spectrum §I:2\I{

The paraboloids correspond to complex polarizations. (They are realized as holo-
morphic or antiholomorphic sections, depending on whether they point up or down.)
In this paraboloids which come from representations are discrete, and the correspond-
ing representations are called the discrete series. The discrete series are quantized by
Kihler forms (taking L? sections).

So SL, R has principal and discrete series, the trivial representation, and one more
mysterious class: the complementary series.
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